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The purpose of this paper is to study and compute E. Brown’s generalized

Kervaire invariant {5]
K: Q$—-7Z/8

where Q¢ is an appropriate cobordism theory of immersed submanifolds of
Euclidean space. By generalizing techniques of Browder [2] we shall give
necessary and sufficient Adams spectral sequence conditions for an element in
Q¢ to have nonzero Kervaire invariant. Also we will prove that for every j>1
there exists a closed, differentiable manifold of dimension 2/*!—2, together
with an immersion in R?’"" which has nonzero Kervaire invariant. Before we
state our results more precisely, we first recall some preliminaries about the
Kervaire invariant.

The classical Kervaire invariant of stably framed corbodism, K:
Q.. ,—Z/2, is the obstruction to a framed cobordism class containing a
framed homotopy sphere. The question of the existence of smooth, stably
framed, closed manifolds with nonzero Kervaire invariant has intrigued topo-
logists since the early 1960’s.

By using the Thom-Pontrjagin construction which equates framed cobor-
dism, QF, with the stable homotopy groups of spheres, (5%, W. Browder
gave necessary and sufficient conditions on the mod 2 Adams spectral sequence
for there to exist elements in QY =mn% (S°) which have Kervaire invariant one.
In [2] he proved the following.

Theorem. The Kervaire invariant K: Qf, —Z/2 is zero unless n is of the form 2/

—1. Furthermore, an element 0,€QY,.._,=n5;.1_,(S°) has Kervaire invariant

one if and only if it is represented by h;h,€Ext (Z/2,Z/2) in the E, term of the
Adams spectral sequence.
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In this theorem, A is the mod 2 Steenrod algebra and h;cExt (Z/2,Z)2) is
the generator in bidegree (1, 2’). By work of Mahowald and Tangora and of
Barratt, Jones, and Mahowald (see [21, 1]) an element 0,em5;.1_ ,(S°) with the
required properties is known to exist for j<5.

As observed by Browder [2], the essential ingredient contained in a framed
2n-dimensional manifold (M?" f) that allows one to define its Kervaire in-
variant, is a trivialization of the (n+1)* Wu class, v, ,, of the stable normal
bundle. This idea was carried further by Brown in [4, 5] when he described
how to define a Z/8-valued Kerviare invariant

K: Q5,—Z/8

where QF, is any cobordism theory with vanishing (n+1)* Wu class, v, (£).

Now let G be one of the Lie groups 0(1) or U(1)=S0(2), and let Q¢ denote
the cobordism group of manifolds together with a reduction of the structure
group of their stable normal bundles from the infinite orthogonal group O to G.
By work of M. Hirsch [13] Q3" can be thought of as cobordism classes of
manifolds immersed in codimension one Euclidean space. Similarly Q§°?®
=cobordism classes of oriented manifolds immersed in codimension 2 Euc-
lidean space.

Notice that QY can also be thought of as an immersion-theoretic cobordism
theory since SO(1)=the trivial group, QY =Q5°V=the cobordism group of
oriented manifolds immersed in codimension one Euclidean space.

An easy calculation shows that

n+2—2  if G=0(1)

- n+ 1 . if
0=v,, ,eH""(BG;Z/2) 1{n4=2"—3 it G=50(2)

and therefore we have a Brown-Kervaire invariant
K: Q5 —Z/8

for n as above. Our first result is a generalization of Browder’s theorem, both
in its statement and its proof.

Theorem. Unless n=1 or 3 and G=0(1), the Kervaire invariant of a class
xe€QS ,=n5,(MG) is nonzero if and only if x is represented in the Adams spectral
sequence by a class in Ext2(H*(MG),Z/2) in the image of multiplication by h;h;
under the Yoneda pairing

ExtS(H*(MG), Z/2) ® Ext3(Z 5, Z,)— Ext2(H*(MG); Z,).

Here MG is the Thom spectrum of the universal G-vector bundle over BG.

We will actually significantly cut down the list of classes in
Ext2(H*(MG),Z/2) that can represent cobordism classes with nonzero Kervaire
invariant by showing that many of the classes occurring in this theorem carry
nonzero differentials in the Adams spectral sequence. A more precise, stronger
version of this theorem is stated in Sect. 1 (Theorems(1.6) and (1.8)).

Our second main result is the construction of classes in Q5°?® having
nonzero Kervaire invariant. These are constructed using techniques of Ma-
howald [197]. More specifically we will prove the following.
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Theorem. Let u,: Ext (Z,,Z,)— Ext ,(H*(MSO(2)), Z/2) be the homomorphism
induced by the Thom class, u: S®°— MSO(2). Then for every j=1 there exists an
element 0,S0(2))eQ30?_,=75,.._,(MSO(2)) which is represented by u,(h;h)) in
the Adams spectral sequence. In particular 0,(SO(2)) has nonzero Kervaire in-
variant.

We remark that this result can be viewed as in some sense the second best
possible solution to the Kervaire invariant problem in the oriented immersion
setting, since QY = Q3%

As we shall see, a direct corollary of this theorem is a recent result of R.
Bruner [8] stating that h, h}€Ext}(Z/2,Z/2) is an infinite cycle in the Adams
spectral sequence for the homotopy groups of spheres. Also, our techniques
will yield a simplified proof of Mahowald’s theorem [19] that h, h;eExt,
-(Z/2,Z/2) is an infinite cycle.

This paper is organized as follows. In Sect. 1 we describe a generalization of
Brown’s Kervaire invariant and state our results. In Sect.2 we use Browder’s
techniques to describe a secondary cohomology operation that detects the
Kervaire invariant. In Sect.3 we apply this operation in the case of Q¢ and
prove Theorems (1.6) and (1.8). The construction of the classes 6,(SO(2)) having
nonzero Kervaire invariant is done in Sect. 4. Certain Witt group calculations
referred to in Sect. | are done in the appendix.

We remark that the results of this paper solve problems described by
Browder in [3].

Throughout the rest of this paper all (co)-homology will be taken with Z/2
coefficients, unless otherwise indicated.

§ 1. Brown’s Kervaire invariant and the statement of results

Let B be a space and &: B— BO represent a stable vector bundle over B. Let
T(&) be the associated Thom spectrum, normalized so that the inclusion of the
fibre determines an element of #}(7(£)). Let M be a manifold with stable
normal bundle v(M).

(1.1) Definition. 4 &-orientation for M is a map @: M— B so that the pull-
back bundle, ®*(¢&), is isomorphic to v(M).

Let Q% (—) denote the bordism theory of ¢-oriented manifolds. Thus for any
space X ©5(X) consists of bordism classes of triples (M, ®;f), where M is a
closed n-manifold, @ is a &-orientation of M, and f: M — X is a map. Write
[M,®;f] for the associated bordism class. Recall that the Thom-Pontryagin
construction gives isomorphisms

Qi(X);n;(X+ A T(&))
and

QLX) = (X A T()).

In the first isomorphism X , denotes X with a disjoint basepoint.
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Let K, be an Eilenberg-MacLane space of type (Z/2,n), and let (M, ®) be a
{-oriented 2 n-dimensional manifold. In [5] Brown studies the function

q: H\M*")— @5, (K,)
defined as follows: Regard ae H*(M?") as a map «: M— K, then
a(0)=[M, @;a] - [M, @]€0,,(K,).
Brown studied the group 95,(K,) by considering the function
P: & (K)—H,B

defined by P[M, ®;a}=®, ([M]na). Here acH"(M), [M]eH, (M) is the fun-
damental class, and “n” denotes the cap product operation. In [5] Brown
proved the following:

(1.2) Theorem. a) Suppose_the (n+1)-st Wu characteristic class, v, (&) is
nonzero. Then the map P: Q5,(K,)— H,(B) is an isomorphism, and the map q:
H"(M)— Q5,(K,) is a group homomorphism.

b) If v,, (£)=0. then there is an exact sequence
0—Z/2— @ (K,)— H,B—O.

In this case q: H"M— (5, (K,) is quadratic; that is, gla+f)=q(2)+g(p)
+i(a- f), where a- feZ/2 is the mod 2 intersection number of o and f. Further-
more, this exact sequence is split if and only if v,(£)=0.

In the case when v,, (£)=0, the Kervaire invariant of a &-oriented ma-
nifold (M?", @) is defined to be the Witt group classification of the quadratic
form g. Recall that this classification works as follows:

Let 4 be an abelian group and suppose i: Z/2< A is an injection. Let V be
a finite dimensional Z/2 vector space equipped with a nonsingular bilinear
pairing

L, D VX V-Z)2.

A function g: V— A4 is said to be guadratic if it satisfies g(v+w)=q{v)+g{w)
+i{v,w). The form (V,q) is said to be Witt equivalent to zero if there is a
subspace Q of V with 2 rank Q=rank V and ¢(v)=0 for all veQ. Two forms
(V1,4,) and (V,,q,) are said to be Witt equivalent if the form (V,® V,,q, —q,) is
Witt equivalent to zero. The Witt group of A, W(A) is defined to be the set of
Witt equivalence classes of such forms. Addition is induced by direct sum. If
(V,q) is a form, let [V, ¢] be its Witt class in W(A).

From here on we restrict to the case when ¢ is a stable vector bundle with
Up 1(&)=0.

Let W, denote the Witt group W(5,(K,). We define the Kervaire in-
variant homomorphism

K: an—> an
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by the rule K[M?", &]=[H"(M),qle W;,, where q is the quadratic form de-
scribed above.

To see that K is well defined, observe that if there exists a (2n+1)-
dimensional ¢&-oriented manifold (W, ¥) with (W, ¥)=(M,®), then gq:
H"(M)—%,(K,) vanishes on Q=Image(H" W— H" M). A standard Poincare
duality argument shows that 2rank Q =rank H" M. Therefore the Witt class
[H"M,q] is zero.

We now briefly discuss some algebraic properties of certain Witt groups
W (A). Proofs will be supplied in the appendix. Observe first that if 4= (K,),
then by (1.2b) 44=0. In what follows we shall assume that 4 is an abelian
group with 4 4=0.

Let (V,q) be an A-valued quadratic form, and let h: A—Z/4 be a homo-
morphism with the property that the composition hi: Z/2->A—Z/4 is in-
jective. Then the composite q,=hq: V—Z/4 is also quadratic. In [4, 5] Brown
constructed an isomorphism o: W(Z/4)— Z/8. Define 6,(V,q)=0(V, h g).

(1.3) Lemma. Let (DZ/8 be a direct sum of copies of Z/8 indexed by all
h

homomorphisms h: A—Z /4 with ih: Z/2— Z/4 injective. Then the homomorphism
c=®a,: WA)—DZ/8 is injective.
b

Now suppose h,,h,: A—Z/4 are two homomorphisms such that ik, and
ih, are both injective. Then h,q—h,q: V—Z/4 is a homomorphism so it is
given by x—j<{d,x) for some deV, where here, and for the rest of the paper we
let j: Z/ncZ/2n be the obvious inclusion. An elementary argument using
Brown’s invariant ¢ proves the following:

(1.4) Lemma. g, (V,q)—0,,(V,9)=jq,,(d)Z/3.

In the case when A=@5 (K,), we write K,(M;®) for the Z/8-valued in-
variant determined by h: A—Z/4. If h, and h, are two such homomorphisms,
then in view of (1.2) part b we have that h, —h, = fP where feH"B. In view of
(1.4) we may conclude the following:

(L5) Lemma. K, (M,®)—K, (M;®)=jq, (P*f).

Recall that W(Z/2)=Z/2 and the Arf invariant of a quadratic form de-
termines its Witt class. In cobordism theory this reappears as the case B
=point, ¢ is therefore trivial, and Q% is framed cobordism Q. Then QY K,
=75,K,=Z/2 and we recover the classical Kervaire invariant K: Qf —Z/2
[17].

We now come to the main results of the paper. The prototype for our
theorems is Browder’s result [2] in which he reduces the calculation of K: Qf,
=75, (S%—Z/2 to an Adams spectral sequence question. In order to state our
results we first adopt some notation. If X is a spectrum, let Ext(X) denote the
group Ext (H*(X),Z/2), where A is the mod 2 Steenrod algebra. Recall that
Ext(X) is the E, term of the Adams spectral sequence converging to the 2-
primary part of 7} (X). Recall also that Ext(X) is a module over the algebra
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Ext(S°), and that

Extl"(SO)z{Z/z generat.ed by a class h; if t=2'
0  otherwise.

Our first result concerns the case B=BO(1)=RP%®, and {=y, the universal
line bundle. Then Q,=0Q%" is the cobordism group of codimension one
immersions, as observed in the introduction. An easy calculation gives that the
Wu classes v,(y)=0 if and only if q+2F~—1, and we therefore get a Kervaire
invariant for 2n-dimensional manifolds for 2n#2*¥+** —4. From 1.2 we read off
the bordism groups

z2 if n=2¢-2
Q9D (K,)={Z/4 if n=2"-1
ZR@LR  if nk2—1, 22,

From now on we exclude the cases n=2—2, since the Kervaire invariant is
not defined in these dimensions. From the appendix we can read off the Witt
groups

Wow _ ZROZP2  if n¥2 -1
2n Z/8 if n=2—1.

(1.6) Theorem. a) K: Q91— WM is zero if 2n+42¢+1+2m -4,

b) K: Q9V—7Z/8 is an isomorphism.

c) K: Q9 7Z/8 is surjective.

d) If 2n+2,6, then 2K(x)=0 for allxeQ".

e) If 2n=2%+*142"—4 but 2n+2,6, then xeQy" =r3 (MO(1)) has nonzero
Kervaire invariant if and only if x is represented by a class of the form
€ym_rhy for m<3 or kL2, ey bk, or eyrs_, h b eExt*(MO(1)) in the
Adams spectral sequence.

Here e,eH (MO(1))=H,, ((RP%) is the generator. It determines an element
in Ext®9(MO(1)) if and only if q=2"-2.

Remarks. 1. The qualitative statement of this theorem is the same as that of
Browder’s [2]. Namely, unless n=1,3, the only clements in Q9" that have
nonzero Kervaire invariant are those elements in =%,(MO(1)) detected by
classes in Ext?(MO(1)) in the image of multiplication by h ;h; under the pairing

Ext®(MO(1)) ® Ext?(5°) — Ext>(MO(1)).

2. Let xef9) be in the image of the natural map from framed cobordism,
Q- Q9" Then by Browder’s theorem [2] x has nonzero Kervaire invariant
if and only if x is represented by e, h;h,eExt>(MO(1)) in the Adams spectral
sequence.

Recall that in [12] Cohen and Mahowald showed that there exist elements

Aeny (RP®)=n%;_,(MO(1))

detected by e,;_,h,€Ext’(MO(1)). Under the Kahn-Priddy map i: RP*-—S°
it was shown that #; maps to n,en%,(S°), the class constructed by Mahowald in
[19] that is detected by h, h,ceExt?(S°).
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Define p;en3,(MO(1)) to be the class
pj=m;An: S¥ "1 AS' - MO(1) AS°=MO(1)

where nen}(S°)=Z/2 is the generator. Since 5 is detected by h,eExt'(5%), p, ;18
detected by e,,_,h, h,eExt?(MO(1)). By (1.6) we then have the followmg

(1.7) Corollary. For each j>2 the class p;en,,(MO(1))=Q%" has nonzero
Kervaire invariant.

Remark. The classes p, €9 are of only limited interest since as observed
above they are not in the image of framed cobordism.

We now turn to the case B=BSO(2)=BU(1)=CP™, and ¢=1y, the canoni-
cal complex line bundle. Thus Q) =0Q5%% is cobordism classes of oriented
manifolds immersed in codimension 2 Euclidean space. In this case the Wu
class v, (y)=0 if and only if g=2*—2 and we therefore get a Kervaire invariant
in dimensions 2n so long as n is not of the form 2*—3. Again, we read off the
cobordism groups from (1.2) and the Witt groups from the appendix:

QP =ZNDL/2,
WSO =L 2@L)2.

(1.8) Theorem. a) K: Q3P S Z2@Z)2 is zero if 2n+2K+1 42" —6,

b) If 2n=2*142"—6, xe@50P =n5, MSO(2) has nonzero Kervaire in-
variant if and only if x is represented by a class of the form e,._,h h, for m
=23 or k2, esn_ M by, or egu-i_ 4 b eExt*(MSO(2)) in the Adams spectral
sequence.

Here e, €H, MSO(2)=H,,, ,(CP¥) is the generator; it determines an ele-
ment of Ext®24(MSO(2)) if and only if g=2"—2.

Remark. Let xeQ3%? be in the image of the natural map from framed cobor-
dism, Qfr = QSO“)HQSO(Z) Then by Browder’s theorem x has nonzero Kervaire
1nvar1ant if and only 1f x is represented by eg h; h; eEth*MSO(Z)) in the Adams
spectral sequence. The main positive result of this paper is that these classes
are in fact infinite cycles. That is, we shall prove the following.

(1.9) Theorem. For every j2 1 there exists an element 0,(SO(2))eQ3%?_, which
is represented by ey h;h; eExtz(MSO(2)) in the Adams spectral sequence. Hence
8,(SO(2)) represents a 2’“—2 dimensional, SO(2)-oriented manifold having non-
zero Kervaire invariant.

§ 2. Detecting the Kervaire invariant

In this section we use techniques of Browder to detect the Kervaire invariant.
As in the last section let (M, ®) be a &-oriented 2n-dimensional manifold.

Choose a homomorphism h: G5, (K,)—Z/4. Let v,=v,(M)e H"M be the nth

Wu class. The following result is an easy consequence of the results in the

appendix on the invariant o,: Wg, — W(Z/4)—— Z/8 (cf. [4]).
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(2.1) Lemma. a) K,(M; ®)=rank H"(M)=(v?;[M]) mod 2.
b) K,(M; ®)=gq,(v,) mod 4.

Notice that v,(M)=9*v,(¢) and in view of Lemma (1.5) it becomes interesting
to compute g,(P*(x)) or better yet g(®*(x))e€25,(K,).

(22) Lemma. If xeH"B, then Pq(®*(x))=9®,[M]nxeH, B, where P:
@ (K,)— H, B is the homomorphism of Theorem (1.2).

Proof. This is an easy exercise with the definitions and we leave it to the
reader.

We will have considerable use for functional cohomology operations de-
fined using the operation

z Sq"““': @Hi+k(X)—>H"+l+k(X)
i=0 i

and a map f: Y— X. The functional operation is defined on those classes

(Xgs---» X, ) D H'**(X) such that ) Sq"*+*~¥(x;)=0, and f*(x;)=0 for all i. The
i=0 .

value of the functional operation is denoted by (

Hes in H"*(Y)/Im(f*).

For any stable vector bundle { over X let ¥,: HYX ) HY(T({)) be the
Thom isomorphism given by cup product with the Thom class. Finally, let o
=o[M, ®]en, (T(£)) be the homotopy class corresponding to the cobordism
class [M; @].

We come now to the two main technical results of this section.

Sq"““')f(xo, ...,x,) and

0

(2.3) Theorem. a) If xcH" B then

M=

Sq"+ 1 (F(x 0,(0) =0.

i=0

Hi

b) Suppose ®,[MleH,,B is zero. Then, for all xe H(B), q(@*(x)) is in the
image of i: Z/2— (25,(K,), where i is as in (1.2). Moreover, q(®*(x)) is nonzero if
and only if

( Sq"“"') (Xgs..-» X, )EH?" §2"
i=0 a

is nonzero, where x,=y (x - v,(£))e H*+{(T(&)).

To state our next result we need some more notation. Let H, denote the
Eilenberg-MacLane spectrum H,=2"KZ,. That is,

Z)2 if g=n
T Hy= { 0 otherwise.

Let H, denote the cofiber of the nontrivial map &: S°— H,. Notice that
H*H,=4, the augmentation ideal of the Steenrod algebra A. Also observe
that H*(Ho A T(8)=A® H*(T(Z)).
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Finally if yen, X is a stable homotopy class, where X is a spectrum, we
write AF(y)=s to mean that y is represented in filtration s in the Adams
spectral sequence. In particular AF(y)=1 means that y has zero Hurewicz
image in H X, and AF(y)22 means that all functional cohomology operations
defined using y vanish.

(24) Theorem. a) In H*(H, A T(¢)),

t

:Osq” o ( 2 (H(; q) 2184+ ®@ Y (v,(8) vp(f))) =0

S+t=1i
p+gq=n+1

where y: A— A is the canonical antiautomorphism.

b) If aen’, (T(£)) and AF(2)=2, then o has nonzero Kervaire invariant if and
only if there is ane element fens, (Hy A T(E)) such that 0, f=a and

(Zsa =) (2 (TN asar90v@0,@)) o

s+t=i
p+g=n+1
Here 0: nk+1(ﬁ0/\ T(E)— n, (T(&)) is the boundary homomorphism in the ho-
motopy long exact sequence induced by the cofibration sequence

T(&)=5° A T~ Ho A T(O)— Ho A T(Z).

Our procedure for detecting the Kervaire invariant is contained in (2.1)-
(2.4). First we use characteristic numbers to determine the congruence of
K,(M; ®)mod 2. Characteristic numbers also give some information on
K, (M; ®)mod 4 and how K,(M; ®) depends on the choice of homomorphism
h. Next we assume that & _[M]=0, or equivalently, that AF(x)=1. We then
use (2.3b) to determine K,(M;®)mod4 and to determine how K,(M,d) de-
pends on h. Finally we assume that AF(¢)=2 so that K, (M; ®)e{0,4}<Z/8
and is independent of h. We then use (2.4b) to compute K, (M; ®).

We remark that our procedure has gaps in the most general setting. In
particular it is possible that @, ,[M]+0 but charcteristic numbers give no
information concerning the Kervaire invariant. We will not pursue this possi-
bility because as we shall see, this cannot happen in the cases in which we are
most interested (Q2 and Q5°?).

We begin with the proofs of Theorems (2.3) and (2.4). First, we need an
algebraic lemma, whose proof is contained in Papastavridis’ paper [23]. Let P
and Q be A-modules. Let P® Q have the diagonal A-module structure.

(2.5) Lemma. If xeP and yeQ then
x®S¢" (Y=Y ST T (S )X ®y).
i=0

The proof of this formula is given in [23]. It is a rather straightforward
k

exercise using the defining relation for the antiautomorphism x: ¥ Sq¢'x(Sq*~%)
=0. i=0
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We next need a lemma from [2]. Define the spectrum E, to be the fiber of
the map
u;@quHl: T(C)AHn_)HZIH-l'

where uéeHO(T(ﬁ)) is the Thom class. The obvious map T(H)AK,— T(E)A H,
lifts to E, since Sq"*' acts trivially on the fundamental class a,e H*(K,). We
therefore have a homotopy commutative diagram

E

"

S
TEOAK,—— TEAH,
(2.6) Lemma. f_: n{(T({) A K,)—n, E, is an isomorphism for i<2n.

The proof of this is a direct cohomology calculation and is done in [2].

Before we proceed with the proof of Theorem(2.3) we need one more
formula. By abuse of notation let g, denote both the nontrivial element in
H"K, and in H"H,. Recall that a Z/2-vector space basis for H* T({)®a, is in
turn a basis for the free A-module H*(T(&) A H,). Using (2.5) we can express
the k-invariant, u,® S¢"* 1 of E, in terms of this basis:

n+ 1
uy®Sq"* (a)= 3, S (S ¢ u) ®ay,)
@2.7) =0

=

Sq" (v ®a,).

i=0

The last equality holds because by definition of the Wu classes, x(Sq')u,
=,(v,(£)), and because v, , ;()=0.

Proof of Theorem(2.3). Let xe H" B, then since Sq"t1x=0, 0=u§®Sq"“x in
H(T(&) A B,). Using formula (2.7) we get that

0= Z Sq"* ! _i(‘zfg(vi(é))® X).
i=0

Now let 4: T()—T{()AB, be the map of Thom spectra induced by the
diagonal B— B x B. Using the fact that 4*(y.(a) ® b)=y(ab) we can apply 4*
to the above formula and get that

s

Sq" (e v,()=0.

0

1

It

This is the statement of (2.3a).
To prove (2.3b) assume that & [M]=0; ie. that AF(x)=1. Let 6 be the
composition

f: S2" — T({) y T(é)AB+—1A—x—+T(£)/\K,‘.

By definition the homotopy class of € is just q(@* x)eQ5,(K,)=7,,(T(£) AK,).
Now since 0 induces the zero homomorphism in homology the projection of §



The Kervaire invariant of immersions 105

to m,,(T(&) A H,) is trivial. Thus by Lemma (2.6) and formula (2.7) we see that 6
=q(P*(x)) is nontrivial if and only if the functional operation

(T 50 ) oo ®a, be0r( )@ty . V(6. (E) @)

is nonzero. Theorem (2.3b) is now immediate.

Proof of Theorem(2.4) The strategy for our proof of (2.4) is the same as what
we used for our proof of (2.3), but considerably more complicated. First, we
need to recall a result of Mahowald [19].

Let L be the double loop space of S3, Q%S> Let n: L BO be the unique
(up to homotopy) double loop map that induces an isomorphism on H,(_; Z/2).

(2.8) Lemma [19]. The Thom spectrum T(n) is equivalent to the Eilenberg-
MacLane spectrum H,.

Now let X=Bx L and let y be the stable vector bundle £ x#. Note that
v, 1(y)*0 so there is no Kervaire invariant in y-cobordism theorem. Following
the idea of Browder [2] we get around this as follows. Let X (v, ;> be the
homotopy fiber of the map

vn+ l(y): XHKnﬁ—l

determined by (n+1)st Wu class, and let y<v,, ;> be the pull back of y over
X <v,, ). Notice that the map

f=1xv,,: X>XxK,
determines, up to homotopy, a map of pairs
(X, X (v, 1) = (X XK, X x#)

where x€K,, , is the basepoint. By letting T(y,y{n+1)) denote the Thom
spectrum quotient T(y)/Ty{(n+1)> we get an induced map

F: T(%V(UH 1>)*—)T(XXKn+ 1)/TX=T'))/\K"+1.

Let A be the cohomology class x(S¢"*)u®i,, +u®Sq"*'i,,, in
H"™*Y(TyAK,, ). It is easy to check that F*A=0 and we therefore get a
commutative diagram

Y,

n
h

T(V’ b <Un+ 1>)“—F_’ T(’))) A Kn+ 1 "7—") H2n+2

where Y, is the homotopy fiber of A. Let : T(y,y<v,, D)= Z T(y{v,, ) be
the connecting map for the cofibration sequence

T(y < 1 2) = Ty = T (7,7 <0s1 1)

The following was a key technical lemma from Browder’s work [2].
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(29) Lemma [2]. a) h,: nj(T(y,7<v,, D)7} Y, is an isomorphism for j<2n
+1.

b) If xen}, T(y<v,,,>), and AF(x)Z2, then x has nonzero Kervaire in-
variant if and only if there is an element yen$, (T(y,y<v,, ) with 5, (y)=x
and such that h,(y) is the nontrivial class in the kernel of ig:
o 1Y) =75, TOIAK, .

Using Lemma (2.5) we can rewrite the k-invariant of Y,.

n

2.10) A=x(Sq"* Hu®i,, 1 +u®Sq"* iy 1= S¢" W, 00 iy )

1=

Now the inclusion B—LxB=X yields a map of pairs (L
x B,B)—(X,X {v,,») because v, ,({)=0. Therefore by passing to Thom
spectra and using the fact that y=xx ¢ and that Th=H, we get a map of
relative Thom spectra

R: T(1,8)=Ho A T(E) = T 700y 1))

Now given aen),(T)()) with A(F)22 then there exists an element
Bens,, (Hy A T(E) such that 0, f=a. Then by combining (2.9) and (2.10) we
see that a has nonzero Kervaire invariant if and only if the functional oper-
ation

@.11) (z Sq"“-f) W, 0N ® 1y, 1) 0
i=0 [

where 0=F, R, (f).
Recall that y=#x&. We will need the following lemma whose proof we
postpone.

(2.12) Lemma. v,(n)v,(n)= (t:q) v, ()

The proof of Theorem (2.4a) comes from the fact that

O0=R*F*A=Y Sq""''R*F*(Y,(0;(y)) ®i,, 1)
i=0

1

and thus, by (2.12) we have that

o
!

Sq"* 1T R* XY, (0,(0) ® 1, )

Sqrti- i('/’(y,{)(“i()’) )

It
.Ma c":Mx :‘:Ms

Il
<

e oo 2 () @0 05,0)

s+t=i

=éosqn+x—f( z (t:q)x(Sq'H)@wé(vs(é)v,,(@)).

p+q=n+1
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In the above calculation the notation V¥, . stands for the relative Thom
isomorphism
V.00 H* (X, B)— H¥(T(1,{)).

The proof of Theorem(2.4b) uses this same calculation. Namely, by (2.11)
and the naturality of functional cohomology operations, aen, (T(£)) with
AF(2)=2 has nonzero Kervaire invariant if and only if there is a class
perns, . ((HyA T(E) with

0+

5 Sq"“-")ﬁ(R* F* 01 ® i 1),

i=0

which, by the above calculation occurs if and only if

0+ (ZSq)ﬂ (2 (TN aserneem,e).

s+t=1i q
p+a=n+1

We are therefore reduced to proving Lemma (2.12). To do this, consider the
Milnor basis, Z/2[{,,(,,...], for the dual of the Steenrod algebra, 4, =H H
=H, T(n). Recall that the evaluation {Sq’,{") is nonzero if and only if {'={].
Thus if we define the class t,=y({,)e H, H=H (T(n)), we have that the evalua-
tion {x(Sq’),t'> is nonzero if and only if ' =t;. Now let x;eH (Q?S?) be the
Thom isomorphic image of t,eH,(T(y)). Thus H, (Q*>S’)=Z,[x,,x,,...], and
since y: 225*— BO is an H-map, the multiplication in this algebra is induced
by the loop addition in Q2 S3. Moreover we have that the evaluation

(2.13) oim), x> =1

if and only if x’=x}. To prove (2.12) it is therefore sufficient to prove that

(o) ) x> = {(”{;") if =
0 if x! is any other monomial.
To check this, let 4: Q%$3— Q% S3 x Q? S be the diagonal map. Then
v, () vy (), x> = {A* (v, () ® v,(m)), x>
=0, (N® v,(n); 4, x>

which, by (2.13) is nonzero if and only if 4, x' has as a summand x{ ®x].
Lemma (2.12) now clearly follows.

§ 3. Proofs of Theorems (1.6) and (1.8)

In this section we evaluate the Kervaire invariant in the cobordism theories
Q9% and Q50 and prove Theorems (1.6) and (1.8). To do this we interpret the
relations in (2.3) and (2.4) as elements in certain Tor groups, and the existence
conditions in (2.3) and (2.4) as statements that certain elements in Ext groups
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are infinite cycles in the Adams spectral sequence. The most convenient vehicle
for this step is the bar resolution, so we begin by recalling some basic facts
about this resolution.

Let M be an A module and give M ® A the diagonal A-action. Let M® A
denote the free A-module which, as a Z/2-vector space is M ® A, and has 4-
action given by the formula am®b)=m®ab. There is a well known A-
module isomorphism F: M® A— M® A induced by formula (2.5).

(3.1) Fm®a)=Y,1(@)(m) ®a;

where a— ) a;®a is the Cartan coproduct of the element a€ 4.

Thus M® A is a free A-module and as is well known, the following chain
complex, the reduced bar resolution, has as its homology the groups
Tor' (M, Z,).

M<—d—M®fi<d—M®fl®/i<——... —MQEA ...

where A’ in the i-fold tenor product of the augmentation ideal 4 with itself,
and the differentials d; are given by the formula

dm®a, ®..®a)=a(mM®a,®...Daq
i—1
+YmRa®..Qa_®a;4;,,80;,,8...0a,eMQA .
j=1

J

Now let M=H*(T({)) as in Sect.2, then the relations in Theorem (2.3a)
determine cycles pu,,(x)e[H*(T(£))]® A as follows:

(3.2) Mzn(x)=._io'p(x'Ui)®54"“"i-

Here xe H"(B), ¢ =V, and v;=v,(¢). The reliitions in Theorem (2.4a) similarly
determine cycles x,,e H* T(E)Q AR A=A® AQ H* T(¢) as follows:

K= 2S¢ OF () (T usara@ve.))

i=0 St=i
p+qg=n+1

or, applying formula (3.1) for F: M® A—>M® A we have

63 m=Ysevte T () s Ieseue,s,)

S+t=1i
ptg=n+1
05jst+gq

eA® A® H*(T?).

These cycles determine classes yu,,eTory?"*'(H*T(¢),Z,) and
Ky,€Tory 2"+ 2(H* T(&),Z,) respectively. The following is an immediate trans-
lation of Theorems (2.3) and (2.4) into Adams spectral sequence language.
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(3.4) Theorem. If xeH"(B), then there is a &-oriented manifold (M; ®) with
@, [M]=0 and q(®*(x))#0 if and only if a(M;P)en (T({)) is represented in
the mod 2 Adams spectral sequence by a class {eExtl "t (H* T({),Z,) such
that the evaluation, {(, u,,(x))> is nonzero.

(3.5) Theorem. Let (M,®) be a &-manifold with AF(a(M,®))=2. Then the
Kervaire invariant K(M, ®) is nonzero if and only if a(M,®)en (T(£)) is repre-
sented in the mod2  Adams spectral sequence by a class
OeExt% 2"+ 2(H* T(§),Z,) such that the evaluation {0,x,,> is nonzero.

We now apply Theorems (3.4) and (3.5) to the cobordism theories Q9" and
Q30 We first pursue the case B=BO(1) and prove Theorem (1.6). We begin
by recalling the calculation of Ext}'(H*(MO(1)),Z,)=Ext5'*! (H*(RP™);Z,)
from [12].

Z72  if t=2'-2
(3.6) Theorem. a) Ext%'(H* MO(1): Z/2)=1generated by a class e,. ,
0 if t£2'-2.
b) Exty*(H*MO(1);Z/2) is the Z/2 vector space generated by class € _yh;
represented by the classes e,._,® {3 in the cobar resolution, subject to the
relations e+, _, h;=0.

¢) Ext3*(H*(MO(1));Z,) is the Z/2 vector space generated by classes
€., h;hy and by classes ¢, represented by

e3-21_2®5§”2®Cfi+2+ez-+1_2®(Cf‘”®cfl“Cgl
+ETRE T+ ERGT)
in the cobar resolution. These classes are subject to the following relations:
(D) eqi_shihj=ey 5 hihy
(2) eyr_ h;h, ;=0 forallr

i1

(3) eyr_yh,_ =0 forall k
@) eyea_ Bi=epeei_ b,y
(5) egiva_y by, h;=0.

We remark that the cobar resolution is the dual of the bar resolution
and the (s are the Milnor ring generators of 4, [22].

We now follow our procedure for detecting the Kervaire invariant.

Recall the Kahn-Priddy map A: RP®— S§° It is well known that on the
Adams spectral sequence level 4 raises filtration by one, and induces the homo-
morphism  Ext$!(H* MO(1), Z/2)=Ext%'* ' (H* RP®; Z/2)— Ext}'* Y(Z/2,Z)2)
given by e,;_, —h;. Thus by the Hopf invariant one results of [0], e,,_, is an
Adams spectral sequence permanent cycle if and only if 1<i<3. Thus by
Lemma (2.1), the Kervaire invariant K,(x)=0mod2 for all xeQ%» for n>3.
Moreover, recall that v,,0(1)) is nonzero if and only if m is of the form 2% —1.
Thus v2(0(1)) and v%(0(1)) are nonzero and hence by (2.1)

Ky Q,,(01)—Z/8
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is surjective for n=1,3 and is congruent to 0 mod 4 for all other n. Using the
fact that Q9 =rn%(RP*)=Z/8 Theorem (1.6) parts b-d are proved.

By Theorem(2.4b) we are now reduced to computing the evaluations
{x; Ky, for xeExt%2"+2(H* MO(1); Z,). Our first result is the following:
(3.7) Lemma. {C,;x,,>=0 for all r.

Proof. We calculate this evaluation directly from the bar and cobar resolution
descriptions of k,, and ¢, given in (3.3) and (3.6) respectively.
¢, has bigrading (2,11-2"—2) so that we must have 2n+2=11-2'-2;ie. n
=11.2""1-2 Recall that
G=e3.0 Q7@ " +epn ,®F

where Pe A* @ A* is given by
E=C%T+Z®C§r+l C§r+C§r+l®(C?.2r+cgr)+ggr®cfr+l.
We will prove this lemma in two steps, that is, we will show that both
<€3‘2r_2®ﬁ”2®ﬁ”2; Ki1.2ray and  {epi 2, ®F; Ky1.00 4>

are zero.
Now recall that

t+ . . .
K= (qq>Sqfv/(vsvp)®x<8q‘+q-1)®Sq"+1-'.
iy

p+gq=n+1

05jst+q

Thus after observing that v,(0(1))=0 if and only if k=2"—1 we note that in

evaluating vz o yaeea,
Ce3.2 @01 "®L S Kigzr_a)

we need only consider the summands of K, .,._, where <S¢/ (v,v,), e5.5,_,>
=1 where s and p are both of the form 2™ —1. This occurs in three cases

L j=2", s=p=2"—1; 2. j=0, s=2"+1—1, p=2"-1;
3. j=0, s=2—1, p=2+1_1.

We study case 1 first. To get nonzero in the evaluation of this summand, we
need that both

r+2 t r r+ r—1 i
<C§ ;(Zq>x(3q‘*"‘2)> and (¥ SgttrTiotoly

are nonzero. In particular we need that t+g—2'=2"*? and 11.2"~1—1-j
=2"*2. But using the restriction that p+g=n+1, ie. that 2" —14+g=11.2""!

r2 v
—1; ¢=9-2""!, we have that the binomial coefficient <t+q) = (29 2;*__3 )EO.
q .
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Thus the summands of x,,.,._, when j=2", and s=p=2'—1 evaluate trivially
on e;.,_,®{¥ 7 ®(¥ . The fact that we get zero evaluations in the other
two cases as well is verified in the same manner. This then shows that

r+2 +2
Ce3.0r 2 ®LT LY Kyy.0ra»=0.

Now in evaluating {e,.+:_,®P; K,,.,-_4> we need only consider the
summands of «,;.,,_, where (Sq’¥(v,v,); €,..._,>=1 where s and p are both
of the form 2™—1. This occurs only when j=0, s=p=2"—1. The fact that we
get zero evaluations even on these summands is verified in a straightforward
manner as above. In this case Milnor’s result [22] that if {* is a monomial in
the {’s in A*, then {{';Sq*>=1 if and only if {*=¢&* is helpful. Details are left
to the reader. This completes the proof of Lemma (3.7).

We now complete the calculation of (X Ky, for
xeExt%2"*2(H* MO(1); Z/2) by proving the following:

(3.8) Lemma. {e, _,h.h,;x,,>=1 if and only if k=m%r—1, and n=2"
+271-2,

Proof. In evaluating <e,._,®{3*®(}";k,,> we need only consider summands
of Ky, (n=2"""142¢"142m=1 —2) where {S¢/¥(v,v,); e,-_,>=1 where s and p
are both of the form 2*—1. This occurs only when j=0 and s=p=2""1 -1, To
get nonzero in the evaluation of this summand we need that both

k t+ m r-1 k-1 m-—1 i
<f; ( qq)x(Sq”“)> and ({37 SgF T iHFTIAAMISLN

are nonzero. In particular, we need that t+q=2and 2’ "' +2¥- 142"~ 1 1
t 2k L
=2" Now the binomial coefficient ( —;q) = (q) which 1s zero (mod 2) unless

q=0 or 2*. We are therefore reduced to two cases.
a) j=0,s=p=2""1-1, 4g=0, t=2% and
b) j=0,s=p=2""1-1, g=2% and t=0.
Now in case a), the two requirements that 2'~142%=14+2"-1—1—j=2" and s

+t=i (2! 4+2*—1=i) yield a contradiction. We are thereby reduced to case
b.

In this case the two requirements 2"~ +2F—1 4 2m=1 1 —j=2" and s+t=i
(2"~ ! —1==1i) yield that k=m. And indeed in this case both

k -+ m r-t k-1 m-1_;
<%; ( qq)x(Sq'+q)>=<ci L SgY eI iy

so that (e, ,® (¥ ®(™"; Ky, siem_gp =1 if and only if k=m, which com-
pletes the proof of Lemma (3.8).

We've therefore completed our calculations of the evaluations (x;x,,> for
xeExt% 2"+ 2(H*(MO(1)); Z,). In fact we’ve shown that this evaluation is non-
zero if and only if x=e,m_,h h, and n=2+2"-1—-2. Thus to complete the
proof of Theorem (1.6) it suffices to prove the following.
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(3.9) Lemma. e,,._,h, h,eExti3(H*(MO(1)): Z/2) can be an infinite cycle in the
mod 2 Adams spectral sequence for n, (MO(1)) only in the cases m=k, m=k—1,
m<3 and k arbitrary, or k <2 and m arbitrary.

Proof. Consider the Kahn-Priddy map A,: Ext}4(H* MO(1):Z,)=Ext}*"!
(H*RP®;Z,)—~Ext3UZ,,Z,). Then A, (eym_,h h)=h,hh,, so if e,m_,h by
is an infinite cycle, so it h,h h, (in the Adams spectral sequence for 75(S°).)
Now as proved by Adams in [0] for m=4

d,h,=hoh,, h

m—-1""m—-1"

Moreover, since d,(h, h,)=0 we have that
dylh, ) =hohy,_y by By

in Ext}*(Z/2,Z/2). Now except for the cases of m and k described in the
statement of the lemma these classes were shown to be nonzero by W.H. Lin
in [18]. Thus except for these cases h, h, b, carries a nonzero differential in the
Adams spectral sequence, and hence so does e,._,h, h,. This completes the
proof of (3.9) and thus of Theorem (1.6).

The proof of Theorem(1.8) is completely analogous to the proof of (1.6)
after observing that ?MSO(2)=~CP®. In this argument the calculation of
Ext (H*MSO(2); Z/2)= Ext ,(H*(CP~); Z/2) of [12] are used instead of (3.6).
(For example, Exty *(H* MSO(2); Z/2) is generated by classes ¢,.._,®h,h, and
¢; represented by

3.2 a®L TR0 THen @ TG G+ GO T+
+3G.
Taking the place of the Kahn-Priddy map we use the stable map A: * MSO(2)
=C P> $? defined as follows.

Let i,: €P"—QU(n) be the usual inclusion map defined as follows. Fix a
point xeCP". By considering x as a complex line through the origin in C",
every vector veC" can be written uniquely as v=t+v’, where tex and t-v'=0.
Let i,(x)eQU(n) be defined by the requirement that if zeS', then i (x)(z) is the
complex linear transformation which maps v=t-+v' to zt+v'.

Let a(i,): £ CP"— U(n) be the adjoint of i,. These maps fit together to yield

a map .
a(i): 2CP>*-U.

Let A: CP®—S° be the stable map defined to be the adjoint of the
composition

A: ZCP® = > Uln)— >Q8S°.

Here 0S%= lim Q™ >™S°. A standard and easy calculation shows that, like

the Kahn-Pridd)T map, A raises Adams filtration by one and the homomor-
phism
A, ExtS(H* MSOQ2); Z/2)—Exty(Z/2,Z/2)

is given by e,m_,— by,
We leave the details of the proof of Theorem (1.8) to the interested reader.
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§ 4. The Proof of Theorem (1.9) and some related results

In order to construct elements 6,(SO(2))€Q,,.:_,(SO2))=n%;..(CP*) neces-
sary to prove Theorem (1.9), we shall need to recall some techniques Mahowald
used in his construction of elements #;en’,(S°) represented by h, h;
eExt (Z/2,Z/2) in the Adams spectral sequence. We first fix some notation.

If X is a space, let QX =lim Q"2" X, and let Q,S° denote the connected

component of QS° consisting of maps of degree k. Recall that Q, S°, a space
often denoted by F or G in the literature, is an H-space, and in fact an infinite
loop space, under the composition pairing of self maps of spheres.

Let n: S*—Q, S° generate n, @, S°=n3(S°)=Z/2. Since Q, S° is an infinite
loop space # extends to a two-fold loop map

fi: Q283x0?528150, 8°

If Q2S? denotes Q%S> with a disjoint basepoint, then we have a basepoint
preserving map
fi,: Q*83 —0S8°.

Let g: Q*S3 —S° be the stable map (i.e, map of the associated suspension
spectra) given by the adjoint of 7j, . By construction, g is a map of ring spectra.
In particular we may conclude the following.

Consider the stable splitting of Q?S? due to Snaith [24]. (See [10] for a
simple spectrum level proof.)

Q*83 ~ k\>/0Dk.
Here D,=S° and for k21 D,=F(R? k), Ay S'®, where F(R? k) is the con-
figuration space of k-tuples of distinct points in R?% We then have com-
mutative diagrams

D AD 55, 5O A 80
(4.0) e, s

D s°

—_—
k+s Sk+s

Here g;: D;— S° is the restriction of g to D;, and the pairings y, , are induced
by the H-space structure of Q2 S3.
The following two results were proven by Mahowald in [19].

(4.1) Lemma. H*(D,,) is isomorphic to the cyclic A-module
M,=A/A{x(Sq'):i>k}, generated by a class uy,eH**(D,,).

For ease of notation let f;=g,.: D,.— S° Consider the functional cohomol-
i+l

ogy operation Sq7,

(42) Lemma. If o,eH’(S°) is the generator, then Sq7, '(d,) is defined, has
zero indeterminacy, and equals

Sq*~Mu)=x(Sq* ' Sq* 7 ...S¢* Sq")u)e H* (D).
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We wish to reinterpret (4.2) as a statement about the representative of f; in
the mod 2 Adams spectral sequence converging to the stable cohomotopy of
D,.. To do this, first notice H4(D,,)=0 for g>2'+'~1, and H* '~ Y(D,)=Z/2
generated by Sq%'~'(u,). This implies that when localized at 2, D,, is 2*1—1
dimensional, with only one cell in dimension 2+ —1.

Let p: D,,—S*"'~! be the projection onto the top cell. p induces a
homomorphism

p,: Ext§'(Z/2,Z/2)—Exts~ 2"+ Y(Z/2, H*(D,.).

(4.3) Corollary. fiend(D,:) is represented by p,(h;, )€Exty (Z/2, H*(D,)) in
the mod 2 Adams spectral sequence converging to the stable cohomotopy of D,.,
7 (D9).

Proof. The translation of (4.2) to (4.3) is standard after noticing that for
dimensional reasons (see (4.1)) if jFi+1, Sq}j(ao)zo.
Now consider the stable map

f(_z) D(Zx) 1——D2. 1/\D2; lmS AS0=S°

The following is then immediate.
(4.4) Corollary. £, en®(D'2)..) is represented by

PP (h;h)eExt32(Z/2, H* (DY) ),
where
p'2: Ext$(Z/2, Z/2)— Exts'~ ¥ "'+ 2(Z/2, H*(DP- )

is induced by the projection
PP DR =Dy ADy - T SH I ASY =g 2,

Now let D, be the 2i+!1—2 skeleton of D,.. (All spaces and spectra are
assumed to be localized at 2.) So

N p i+1_
Dy —~D,—> 8% -1

is a cofibration sequence. Notice that by (4.1), H*"'~2(D,,)=Z/2, generated by
Sq*2(uy)=x(Sq* 'Sq* " ..8¢*)(u,). Let p: D,;—5*"'~2 be the projec-
tion onto the top cell.

(4.5) Corollary. Let f; fien®(D,:) be the class represented by the restriction of f; to
D,.. Then f, is represented by p, (h;h,)eExt%2((Z/2, H*(D,.).

Proof. First notice that the complex D)., is 2(2‘ 1)=2'+!—2 dimensional, so
we may assume the palrlng B=Hpi-1 gi-1t D)., — D, has its image in D,..
Furthermore, an easy exercise with 4.1 and the Cartan formula shows that the
map

p: DR, — D,
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induces an injective map in cohomology. {This was verified in [7].) Thus the
diagram
D(22!)_ [ —— Dzi

n
;&/

sz
homotopy commutes (up to sign).
Now let
— S Si 1 >S, W S0
Pi JP:— 1 P1 pPo
K, K, K,

be a minimal Adams resolution of S°. That is, it is an Adams resolution based
on the minimal free resolution of Z/2 as a module over the Steenrod algebra.
So the sequences S;,— S, ,— K,_, are fibrations of spectra, with K, being a
product of Eilenberg-MacLane spectra satisfying

n, K, 2 Exti®+{(Z/2,Z)2).

Now consider the following diagram.

20412
SZ 02 KZ
7
p? P // Py
/
/
/S, ——K,
/ o1
/
/ ‘l
/
/
(2) )) 0
D2i‘1 u Dz,' fi S oo KO

The map f;: D,.— S° lifts to a map g,: D,.— S, since f; is zero in cohomol-
ogy, and since all functional operations Sq7,(o,) are zero. The map h;h;:
§2'*'-2_, K, represents the element of the same name in Ext% %" (Z/2,Z)2).

Now by the commutativity of diagram (4.0), fou=f*,en?(DF.,), and so
by (4.4), hhop'P=pjogop=p*(p,og;), where p,og,e[D,:, K,]. But pP=pou
so we conclude that

1*(p508)=p*(h;hiop).

But since p* is injective, this implies that p,oq,=h;h,op which, by definition
determines the class

P, (h;h)eExt , Z/2, H*(D,),
which proves (4.5).
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The suspension spectrum D, is a finite spectrum so it has a Spanier-
Whitehead 2'+'-dual, D%.. That is, = D =n3"""~4(D,), etc.

Let ¢,ens,. (D%) be the dual of fien?(D,:), and let 1ex,(D%) be the dual of
pen? "'~ 1(D,:). The map 1: S' — D%, induces a map

1,0 Ext$(Z/2, Z/2)— Ext’;' Y (H*(D%.), Z/2).

(4.6) Corollary. ¢.e7,:.(D%) is represented by 1,(h;, )eExty? "' (H*(D%),
Z/2) in the Adams spectral sequence.
Proof. This follows from (4.3) and S-duality.

Now let D% be the stable cofibre of i: §'— D%,. Since 1 is the dual of p:
D,—S*"'~1 D%, is the 2'* !-dual of D,,.

Let jens(D%) be the dual of pen? '~2(D,), and let ¢,ens.. (D%) be the

dual of f,en?(D,:). (Note @, is the composite S2”1—¢_—> D% — D%.)

(47) Corollary. ¢.ens.. (D%) is represented by j,(hh)eExty? " ~2(H*(D%),
Z/2) in the Adams spectral sequence, where j, is the homomorphism induced by j:
SZ—)DZ:,‘.

Proof. This follows from (4.5) and S-duality.

The results described above are slight variations of the results obtained by
Mahowald in [19]. Since the writing of that paper, however, more results
about the stable homotopy type of the spaces D, (and thereby 2% S?) have been
obtained by Brown and Peterson [7] and by Cohen [9, 11]. The essential
outcome of these results is that when localized at any prime, D, has the
homotopy type of an appropriate Brown-Gitler spectrum [6, 117]. In particular
at the prime 2 Brown and Peterson proved the following. (Again all spaces and
spectra are assumed to be localized at 2.)

(4.8) Proposition [7]. D, satisfies the following properties:

(a) Let u,: D,— H, be the generator of H*(D,) as a module over the Steenrod
algebra. Then if X is any C.W complex, the induced homomorphism.

(uk)*: n2+k(Dk A X)—‘) Hq(X)
is surjective for q<k, where

E_{k if k is odd

k+1 if kis even.

(b) Let M be a closed manifold of dimension n<k, and let T(v,,) be the Thom
spectrum of the stable normal bundle v, of M. (Again the Thom class
uy€H (T(vy,)) lies in dimension zero.) Then there is a stable map

fiy: S T(vy)— D,

that makes the following diagram commute.
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KT ()

Dk
Thun i

Hk
Remark. (b) follows from (a) by the S-duality relation between M and T(vy).

(4.9) Corollary. Let M be a closed 2'-dimensional manifold with Stiefel-Whitney
class 4. (vy) nonzero in H*~1(M), then there is a stable map

yu: D3—M
which is nonzero in H, ().

Proof. Let y,, be the S-dual of the map 4,,: £* T(v,)— D, described in (4.8b).
Now H,(D¥)~H*"'- 1(Dzl) Z/2 generated by Sq*~'(u,). So y, is nonzero
on H,(_) if and only if 4%(S g*'~*(u,) is nonzero.

But by (4.8b),

(S q* ) =S q* itk (uy)
=Sq> " (up)s

which is nonzero since w,._(v,,)+0.

(4.10) Corollary. For every i>1 there exists an element 7, (€T« (RPY)
represented by j, (b, JeExty* "+ (H*RP>,Z)2) j, is the homomorphism in-
duced by the inclusion of the bottom cell j: S*' —RP?*.

Proof. Let #j;, ; be the stable composition s>’ - —— D3~ RP* where ¢, is as

in 2.6 and y,= ygp2: is as in (4.9). (Recall w,,_,(vgpz)+0.)
The corollary follows from (4.6) and the fact that by (4.9) the following
diagram homotopy commutes.

——»RPZI

N/

ﬁiﬂenfk(RPz') is nontrivial since j,(h;, ;)€Exty(H* RP*,Z/2) is nonzero, and
cannot be hit by a differential in the Adams spectral sequence.

An interesting outcome of the above analysis is that we can recover
Mahowald’s theorem that h, h,eExt (Z/2,Z/2) is a permanent cycle in the
Adams spectral sequence. That 1s if we let 17,em5,(S°) be the composition

r’j: Szj—T?szj~lCRPm—A——?SO

where / is the map studied in the Kahn-Priddy theorem [16], then we have the
following:
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(4.11) Corollary. nem,(S°) is represented by h, h,eExt3***(Z/2,Z/2) in the
Adams spectral sequence.

Proof. This follows from (4.10) and the well known fact that 4, when restricted
so S'<RP™, is the generator of = (S°), which is represented by k.

We now have all the necessary preliminary results to complete the proof of
Theorem 2.

Let 6,(802)ens« (CP*)=75i+1_,(MSOQ2)=9,:+1_,(S0(2)) be given by
the following stable composition.

0,(S0(2)): §*'"' > RP™ P L RPY—2CP,

where RP>® is the mapping cone of the inclusion j: S'cRP*® and p is the
projection, and w: RB®—CP™ generates H*(RE®; Z)=~Z. We need to show
that 6,(SO(2)) is represented by u, (h;h)eExt>2" "'+ 2(CP*), where u: 2 — CP™
is the inclusion of the bottom cell.

Now since the map y;: D% —> RP* induces an isomorphism on H,(_) and
hence on =,(_), it induces a map

y:: D% — RE>,

which we claim is an isomorphism on H,(_). This is true since H,(D%)
~H*"'~%(D,)=Z/2 generated by Sq* *(u,). So by S-duality , induces an
isomorphism on H,(_) iff the Stiefel-Whitney class @,; _,(vgp2¢) is nonzero. But
this is standard.

Now since w,: H,(RE*)— H,(CP%) is an isomorphism, we may conclude
that the following diagram homotopy commutes

b,
[ J
S2i+1 R})Zoo Sz
CP>

where j and ¢; are in the Corollary (4.7). Theorem (1.9) now follows from the
commutativity of this diagram and (4.7).

We conclude this section with a proof of the following theorem, originally
observed by R. Bruner [8].

(4.12) Theorem. For every j25 h, h?eExt}(Z/2,Z/2) is an infinite cycle in the
Adams spectral sequence.

Proof. Let i: EXCP®— S° be the stable map described at the end of Sect.2.
Define {; to be the composition

{0 §HTIt 2’ MS0(2)=XCP* — §°.

0;(S0(2))
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The fact that {; is detected by h, h;h; is immediate from the fact that 6,(SO(2))
is detected by u,(hjh)=e,®h; hjeExti(H* MSO0(2);Z/2) and from the fact
that, as observed at the end of Sect. 2, 1, (e,)=h,€Ext}(Z/2,Z)2).

§5. Appendix: Algebra of quadratic forms

In this appendix we do the Witt group calculations described in Sect.1. The set up for these
calculations is the following.

Vis a Z/2 vector space.

(x - y) denotes the value of a nonsingular, symmetric pairing V x V—Z/2,

A is an abelian group equipped with an embedding i: Z/2— A4, and

q: V— A is a quadratic form; that is it satisfies g(x +y)=q(x)}+q(» +i(x- y).

Notice that 2¢g(x)=i(x-x) and that 4¢(x)=0. We therefore assume without loss of generality
that 24 ci(Z/2) and 4 A=0. We write 4, < A4 for the subgroup of elements of order 2.

Recall that (V,q) was defined to be Witt equivalent to zero if there is a subspace K<V such
that 2 rank K=rank V and ¢(K)=0. (V,,q,) is Witt equivalent (V,,q,) if (V,@®V,,q,—4q,) is Witt
equivalent to zero.

N.B. i) If rank(¥) is odd V is never Witt equivalent to zero.

ii) It is easy to check that if K<V and ¢(K)=0, then 2 rank K <rank V.

Our aim is to compute the Witt group, W(A); the set of equivalence classes [V, 4] under
addition given by {V;,q,]1+[V,.4,1=[V, ® V3,4, +4,].

We begin by classifying nonsingular bilinear forms. The function V-—2Z/2 given by x—x-x is
a homomorphism, hence by the nonsingularity of the pairing there exists a unique veV such that
x-x=x-v for all xeV. We call v the Wu-class of V. We then divide nonsingular bilinear forms on V
into the following three types:

L v=0 1II v%0, v-v=0 I v#£0, v-v=1

We will classify these bilinear forms as direct sums of the following three basic ones.

1. Let E=Z/2@®Z/2 with basis x, y and bilinear form given by x-x=y-y=0, x-y=1. Here
v=0.

2. Let F=Z/2@® Z/2 with basis x, y and bilinear form x-x=0, x-y=y.y=1. Here v=x.

3. Let G=2Z/2 with basis x and bilinear form x-x=1. Here v=x.

(5.1) Lemma. Let V be a vector space with nonsingular bilinear form x - y.
a) Vis of type I iff V;é E,.
b) Vis of type IT iff V;élEi@F.
¢} Vis of type 111 iff V;éEi®G.

In all cases, isomorphism means bilinear form preserving isomorphism.

Before we prove this lemma we adopt the following notation.

1 If x,...,x,eVlet {x,,...,x,> denote the span of x,,...,x,in V.

2. If WV is a subspace, let W= {xeV: x-w=0 for all weW}. Note that in general Wn W+
*0.

Proof. a) If xeV then by nonsingularity there is an element yeV such that x-y=1. Since V is of
type I this means x and y are linearly independent. Thus V={x,y>® {(x,y>* and an obvious
induction completes the proof.

b) Choose a w such that v-w=1. By assumption v and w are independent. Clearly V=<{v,w)
@ (v, wd*. If xedv,wd?, then x-x=v-x=0 so that {y,w)* is of type 1. By assumption v-v=0 and
v-w=1. Now by the definition of v, w-w=v-w=1 so {v,w) = F and (b) now follows from (a).

¢) Since v-v=1, then clearly V={v)@® (v)*. Moreover one can check that {v)* is of type I
and it is obvious that {(v) =G. Part (1) therefore completes the proof.

This completes the classification of nonsingular bilinear forms.
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(5.2) Lemma. Let veV be the Wu class and let q: V— A be a quadratic form. Then q(v)=0 iff (V, q)
is Witt equivalent to an A ,-valued quadratic form.

Proof. There are three cases according to the type of the bilinear form.
Casel. Vis of type I: Since v=0, x-x=0 for all xeV. So 0=x-x=2¢(x) and thus q is 4, valued.

Case2. V is of type 1I: Pick w such that v-w=1 and set F={v,w), P={v,w)*, gr=¢qlp, and g,
=gl|p. Then V=(F,qp) @ (P,qp). If we assume q(v)=0 then (F,q,)~0 so (V,q)~(P,qp). But P is of
type I, so as in case 1, g, is A, valued.

We now assume that q(r)+0 and will show that g is not equivalent to an 4, valued form. We
compute g,:

qp(v)%0, by assumption. gp(v+ w)=qp(v)+qp(w)+i(v-w). Now 2¢,(r)=0 since v-v=0. More-
over 2i(v-w)=0, but 2q (w)=0 since w-w=v-w=1. Therefore

0%2g,(w)=2qp(v+w).

Now suppose (Q,q,) is an A,-valued form with (¥,9)@®(Q,q5)~0. Then there is a subspace
K< V@Q with 2rank K=rank V +rank Q and such that g+ ¢, vanishes on K. But by the above
calculation of g, we have that KnF=0 so that K= P@® Q. But by the remark at the beginning of
this Sect.2 rank K <rank P+rank @ <rank V+rank Q. This contradiction shows that (V,q) is not
equivalent to an A,-valued form.

Case 3. V is of type Ill. By Lemma (5.1) we know that rank ¥ is odd. If (Q,qp) is any A,-valued
form then Q has type I since 0=2g4(x)=i(x-x)=x-v for all x. Again by (5.1) this implies that
(Q,q,) has even rank. Therefore V@ @ has odd rank and hence cannot be Witt equivalent to zero.
Thus (V, ) cannot be Witt equivalent to any such (Q,q,).

Now define a homomorphism ¢: W(4)— A by ®[V,q]=4(v). Lemma (5.2) implies that this is
well defined since if (V] q) ~0 then ¢(v)=0. Clearly ¢ is a homomorphism.

(5.3) Lemma. Suppose 2 A +0, then there is a short exact sequence

0 W(A,)— W(d)—2> 40,
This sequence is never split.

Proof. From (5.2) it is clear that this sequence is exact at W(A4). Moreover it is also clear that
W(A4,)— W(A) is injective. We now show that ¢ is surjective.

Suppose first that a4 is such that 2a=+0. Define i: Z/2— A by i(1)=a. Take the bilinear form
G and define g(x)=a. Clearly ¢[G,q]=a.

Now assume a€ A4 is such that 2a=0. Take the bilinear form F and define q by g(x)=a, q(y)
=b where b is an arbitrary element of 4 of order 4. (N.B. y-y=0 so 2q(y)+0). Clearly ¢ [F,¢]=a.
This shows that ¢ is onto.

To show that the sequence is not split we exhibit an element of W(4) of order 8.

Let acA be an element of order 4. Define the form (G, q) as above; namely, g(x)=a. Recall
that 4(G,q) is the direct sum (G,q)D (G, q)®(G,q)® (G, g). Thus it has basis x,,x,,x;,x, and the
quadratic form q,=¢® q@® q®q is given by the formulae:

gu(x)=a forall i, q,(x;+x)=2a for i%j,
qa(x;+x;+x)=3a for i+j+k, and g,(x;+x;+x;+x,)=0.

Hence g, vanishes on only two elements (0 and x, +x, +x;+Xx,) and so it never vanishes on a
rank two subspace. This shows that 4[G,g]+0, and completes the proof of Lemma (5.3).

Notice that (5.3) allows us to easily reduce the calculation of W(A4) to the calculation of
W(A,). We therefore assume until further notice that 24=0.

Let h: A—Z/2 be any homomorphism such that hi: Z/2->A—Z/2 is the identity. Then the
function g,: V—Z/2 given by hoq is quadratic and it therefore has an Arf invariant

Arf(q,)=Arf,(q)eZ/2.
Recall that Arf: W(Z/2)—Z/2 is an isomorphism. This gives a homomorphism
Arf: W(A)-PZ/2
h

given by (¥, q)— Z Arf,(q). Here h varies over those homomorphisms h: V—Z/2 such that b i=1.
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(54) Lemma. Arf: W(A)—>@Z/2=(Z/2)*""" is injective. Here d=rank 4.
h

Proof. We use induction on d. The case d=1 is the assertion that Arf: W(Z/2)—Z/2 is an
isomorphism.

Assume the result is true for 4 and set B=A®Z/2 where i: Z/2— B is given by Z/2— A<>B.
Let g: V— B be any quadratic form, then we can write

4=4,DY

where g,: V— A is quadratic and ¢: V—Z/2 is a homomorphism. Similarly, if h: B—~Z/2 is a
homomorphism such that hei=1, then h=h,® ¢, where h,: A—Z/2 is a homomorphism with h i
=1, and ¢: Z/2—Z/2 is any homomorphism. Then we have

gu(%) =4, () + ¥ (x).

Now since ¢y V—Z/2 is linear, ¢ Y(x)=x-z for some unique zeV¥, and

4(xX)=q, () +x-z
By a standard result on the Arf invariant
Arf(q,) = Arf(g, ) +4,(2)
(N.B. d-d=0since 24 =0, so that g, ,(2)=4,(2)).
We now show that Arf: W(B)—»(—}]BZ/Z is injective. So suppose Arf(g,)=0 for all choices of h.

By choosing ¢=0 so that z=0, we therefore have that Arfg, =0 for all suitable h,, and so
Arf(g ,)=0. Thus by our inductive assumption; we have [V,q,]1=0 in W(A).

This also shows that for all suitable choices of h
0=Arf(g,)=q,(d).
By the definition of d we have that d must be zero and hence ¥ =0. Therefore g is the composite
V~> A< B. However [V,q,]=0 in W(4) so there is a half rank subspace K=V with ¢ ,(K)=0.

But then g(K)=0 so [¥,¢q]=0 in W(B). This completes the inductive step in our proof of (5.4).
We are now reduced to computing the rank of the image of Arf: W(4)—@Z/2.
h

We adopt the notation {a,b) for a,beA, for the quadratic form defined on the module E by
the formula x —a, y—b. It is clear that every quadratic form over 4 (where 24 =0) is a direct sum
of such forms. Write [a,b]eW(A) for the Witt class of <{a,b). Thus W(A) is generated by the
elements [a,b]. There are certain obvious relations.

(5.5) Lemma. In W(A), (i) [a,b]=1[b,a], (ii) [0,5] =0, (iii) [a,b+c]=[a,b] +[a,c].
Proof. The only nontrivial part is (iii). To prove this we compute Arf invariants. Let h: A—Z/2 be
any homomorphism with #i=1. Then by definition,
Arf,{a,b+c) =g,(x) g,(y)

=h(a)h(b+c)

=h(a)h(b}+h{a)h(c)

=Arf, (a,b) + Arf,{a,c).
Thus by 5.4 [a,b+c]=[a,b] +[a,c].

We now set up some more notation, Pick a basis for 4, {a,,...,a;} where a, =i(1). Let
{hy,....h;} be the dual basis for A*=Hom(4;Z/2). Let H< A* be the subspace consisting of those
homomorphisms that vanish on a,. So H=<h,,...,h,)>. Thus if h: A—Z/2 is such that hi=1, then
heh, + H.

Now from Lemma (5.5) we see that W(A) is spanned by [a;, ;] such that 1<i<j<d. We need
to extract a basis from this set.
(5.6) Lemma. [a,,a]=1[a,,a.] for each k.

Proof. We compute Arf invariants. If heh, + H, then h(a;)=1, so Arf,{a,,a,>=h(a)=h(a)h(a,)
=Arf, {a, a).
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(5.7) Lemma. The set {[a;,a,]} V{la;,a,]: 1Si<j=£d} is a basis for W(A).

Proof. By Lemmas (5.5) and (5.6) the above set spans W(A). To show it is linearly independent
order the elements [a;,q;] in this set lexicographically. Now order the elements of h,+H as
follows. Let ¢, yeh, + H. Define I(¢) to be the number of hs in the expression of ¢ as a linear
combination of the h;’s. Then

(i) If I(¢)<l(y) then ¢ Sy,

(11) If I(¢)=1(y)) then order ¢ and ¥ lexiocographically.

We introduce the following notation for elements ¢eh, + H with I(¢)<3.

Let hy y=hy; hy ,=h,+h, for 2£k; and let h, =h,+h,+h. Observe that there are the same
number of elements ¢eh, +H with I(¢)<3 as there are elements [a;,a] in the above set.

Moreover observe that
Arfy [a;,a]=1

and Arf,,  [a;,a;1=0if (k,)<(.})).

The linear independence of the set {[a;,a,]} U{[a;a]: 12i<j<d} now follows easily from
Lemma (5.4).
In conclusion we get the following general calculation of W(A) for A such that 4 4=0.

d
1
(5.8) Theorem. (i) if 24 =0 then W(A)=(Z/2)(2)+ where d=rank A.
(i) Suppose 2A+0, then there is a short exact sequence
d
1
0—»(1/2)<2)+ S W)= 40

that is not split. Here d=rank,, 4,.

Before the final theorem we need some preliminaries. First observe that by the above theorem
W(Z/4)=Z/8. Let B: W(Z/4)—Z/8 be the invariant in Brown’s paper [5]. We need also to know
that the inclusion j: Z/2<>Z/4 induces a commutative diagram

W(Z/2)— s W@
JA!‘( JB
Z2 —— IS

Finally, if h: A—Z/4 is any map such that h i: Z/2—Z/4 is injective, define B,: W(4)—Z/8 by
B, (V,q}=B(V, hq). Define

B: W(A)-~DZ/8
h
to be the sum of the B,’s.
(5.9) Theorem. B: W(A)— DZ/8 is injective.
h

Proof. First note that A —@Z/4 is injective so that if (V,q) is an A-valued form with Wu class veV
h

then g,(v)=0 for all suitable h implies that g(v)=0. Thus if B[V, q]=0 then by Lemma (5.2) (V,q) is
Witt equivalent to an A,-valued form. So without loss of generality assume (V,q) is 4,-valued.
Now as h: A—Z/4 runs over all allowable choices, then h,=h|,,: A,—Z/4 runs over the
allowable choices 4, —Z/2, followed by the inclusion Z/2<—Z/4. But by the above remarks about
the relation between B and Arf we see that Arf, (V,q)=0 for all h,: A,—Z/2. But by (5.4) we
conclude that [V,q]=0.
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