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Homology of the double loop space of the homogeneous space
SU(n)/SO(n)

By

YOUNGGI CHOI

Abstract. We study the mod 2 homology of the double loop space of SU(n)/SO(n)
using the Serre spectral sequence along with the Eilenberg—Moore spectral sequence.
Then we also get the homology of the double loop space of the set of all Lagrangian
subspaces of the symplectic vector space R>".

1. Introduction. Let SU(n) be the group of n x n unitary matrices of determinant 1 and
SO(n) the group of n x n orthogonal matrices of determinant 1. In this paper we study the
homology of the double loop space of the homogeneous space SU(n)/SO(n). For an odd
prime p, we have the Harris splitting [8]

SU@2n + 1) =, (SUR2n +1)/SO@2n + 1)) x SO2n + 1)

where ~~(,) means homotopy equivalence localized at p. So the mod p homology of iterated
loop spaces of SU(n) contains the information about that of SU(n)/SO(n). Since the mod p
homology of the double loop space of SU(n) is known in [12] and [15], the computation with
Z, coefficients is not interesting. Here Z,, is the group of integers modulo p. In this paper we
concentrate on Z, coefficients and every homology is considered as the homology with Z,
coefficients unless mentioned otherwise. The case of SO(n) is covered in [5].

We study the cohomology of the loop space of SU(n)/SO(n) through the combined use
of the Serre spectral sequence and the Eilenberg-Moore spectral sequence. In order to deter-
mine the algebra structure, we make use of the Steenrod operations in the Eilenberg-Moore
spectral sequence. With this result, we compute the homology of the double loop space of
SU(n)/SO(n). Since SU(n)/SO(n) is closely related with the set of all Lagrangian subspaces
of the symplectic vector space R*', we also get the cohomology of the loop space and the
homology of the double loop space of the set of these Lagrangian subspaces.

2. Single loop space of SU(n)/SO(n). Let E(x) be the exterior algebra on x and I'(x) the
d_iv_ided power algebra on x which is free over y; (x) as a Z,—module with product y; (x)y;(x) =
(’J;./ )¥i+;(x). In this paper the subscript of an element means the degree of the element, that
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is, deg(x;) = i. We recall the following fact in [4], [11].
H*(BSO(n)) = Zy[w; :2=i=n], n=2

J

; i—k—1
Sq](wi) = Z( ]—k )w,ur_,-,kwk, 0= j =1i.

=0
For x; = o(w;4;) in H'(SO(n)), we have that
H'SOm) =V(x;:1=i=n-1),

Sq’ (x)) = (’,)xiﬂ., 0=j=i.
J

Here V(x;,, x;,, ..., x;,) is the commutative associative algebra over Z, satisfying the following
conditions,
L), .., () e; =0, 1} is a basis.

2. (x;,)* = xy, if 2iy = i for some 1 = s = r and xizq = 0 otherwise.
We also recall the following.
H*(SU(n) = E(@xy:1=sisn—-1), n=2.
We can compute H*(SU(n)/SO(n)) from the Serre spectral sequence converging to
H*(SU(n)/SO(n)) with E, = H*(BSO(n)) ® H*(SU(n)). Then we have
H*(SU@n)/SO(n)) = E(e; :2=i=n), n=2,

- I fi—k—1
Sq](ei):Z< j—k )@ijke‘k, Oéjél'

k=0
where ¢; = i*(w;) for the inclusion i : SU(n)/SO(n) — BSO(n). We refer Theorem 6.7 of
Chapter 3 in [11] for more detail explanation.

Let £2* M be the k—fold loop space of a space M, that is, the space of all base point preserving
continuous maps from S* to M. Now we calculate the cohomology of $2SU(n)/SO(n).

Theorem 2.1.
H ($2SUm)/S0m)) = ® ®Zz[Vzk(Zzi+1)]/(J/2k(ZZI-H)ZJ(”‘D)

0=2i=n-2 k=0

where o(n, i) is the positive integer satisfying the relation

Qi+ D22 =n—1 < 20 +1)2°"7.

Proof. Consider the Eilenberg—Moore spectral sequence [7], [13] converging to
H*(2(SU(n)/SO(n))) with
Ey = Torg+sum)/somy (£2, Z2)
= TOI‘E(Q.M,en)(Zz, Z,)
= ®_, Torge,(Z2, Z5)
=1z, ..., 201)
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where z;_; = o(e;). We claim that this spectral sequence collapses at the E,-term. We have
the map of fibrations

£2SU(n) —— $£2(SU(n)/SO(n)) ——— SO(n)

o el .| |

2sU —— £2(SU/SO) — SO

where each row is a fibration. In the Eilenberg—Moore spectral sequence converging to
H*(2SU(n)) with

Ey = Torpxsumy)(Z2, Z2)
= Torg ... xs, (Z2, Z2)
=T(y2 ... s Yon-2)s

the spectral sequence collapses at the E,—term because E, vanishes in all odd total degrees.
And so does the Eilenberg—Moore spectral sequence converging to H*(£2SU) with E, =
Tor y+su)(Z2, Zy). Hence (£21)* is surjective.

We consider the Serre spectral sequence for the bottom row with £, = H*(SO) @ H*(£2SU).
Then we can easily check that as a graded vector space this E,-term has the same size in every
total degree as H*(£2(SU/SO)) where H*(£2(SU/SO)) = H*(BO) = Z,[w;, wy, ...]. Note
that there is a homotopy equivalence between £2(SU/SO) and BO [3], [4]. So the spectral
sequence collapses at the E,-term. That means that there are no nontrivial differentials.
Now we consider the Serre spectral sequence for the top row in the diagram (1) with E, =
H*(SO(n)) ® H*(£2SU(n)). Since the Serre spectral sequence for the bottom row collapses at
the E,—term, we have d, = 0 forr = 2,3 ... . Since (£2¢)* is surjective, by naturality we also
have d, = 0 for r =2,3... for the top row. This implies that the Serre spectral sequence for
the top row also collapses at the E,-term.

We have studied two spectral sequences going to the same destination space
H*(£2(SU(n)/SO(n))). One is the FEilenberg—Moore spectral sequence with E, =
Tory*sumysom)(Z2, Z>) and the other is the Serre spectral sequence with E, =
H*(SO(n)) ® H*(£2SU(n)). But as a graded vector space, the E,-term of the Eilenberg—
Moore spectral sequence has the same size in every total degree as the E.-term of the Serre
spectral sequence. Hence the Eilenberg—Moore spectral sequence collapses at the E,—term
and E,, = I'(zy,...,2,_1) Where z;_; = o(e;).

Now we determine the multiplicative structure of cohomology. Since H*(£2(SU(n)/SO(n)))
is a connected, associative and commutative Hopf algebra over Z,, by the Hopf-Borel theorem
H*(£2(SU(n)/SO(n))) is the tensor product of monogenic Hopf algebras which are of the

J
i—

form Z,[x] or Zz[x]/(xzk) as an algebra. Since Sg’(e;) = (
H*(SU(n)/SO(m)), -

) ) i i—1
Sq’zi = Sq’ (o(ei+1)) = o <<j>€i+j+1 + (j B 1)€i+j€1 +- )
i i
=\ .)oleirjr) =\ .|zitj-
J J

Hence z? = Sq'(z;) = z5; for | =i = (n — 1)/2. In the bar construction, each z; is represented
by [ei11] and y,(z;) is represented by [e;1]---|ei1 ] (2F factors). Since Sg’e;y; =0 for

k—1

i )eisj—rex for 0= j =iin
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Jj =i+ 1, by the Cartan formula,

k; k;
(ot (@) = 847 (o (2)) = S¢* ' (leia] -+ leia])

=[Sq'eis1] - 1Sq" €]

= [eyi41 + decomposables |- - - |e); 1 + decomposables]

= [ezip1] - - leaipa ] + D5y |-+ 157 ]
r

where for each r, some s,_ is a decomposable element. Here Z[s,.1 [--- |S’2k] represents zero
r

in Tor g+ sum)som)(Z2, Z») because of the following reason [1, p. 424-425]. The product
in I(o(ey), - - -, 0(e,))=Tory*sumsom)(Z2, Z») is induced by the shuffle product in the bar
construction [9, § 10.12], [10, § 7.2]. The form of the shuffle product implies that every
element of I(o(ey), -, ale,)) have a representative ) [u, |- - |isy, ] Where no u,_ is de-

t
composable. And from the definition of differential of bar construction, Z[s,l [--- |s,2k] +
Z[u,l [+ lus, ] can not be target of the differential. Therefore Z[s,l [--- |s,2k] represents
t r

zero in Tory+sue/somy (Z2, Z2). So we have that (v (z:))* = [ezi1] - - - leais1] = Yk (z2) for
l=i="landk = 0.
I'(z) = E(yx(2) : k 2 0) as an algebra. Let o(n,i) be the positive integer such that

. oni)—1 < ,, . o(n,i) . p0(n.i)—m _ p0(n.i)—m—1 = = N
i+ 1)2 =En—-1<Qi+1)2 .Smcez(zm)zm,l—z(zl.H)Zm forl=m=on,i) —1,
we have

q0(n,i)—1 _ 20(n,i) 2 _ .
Z2i+1 == Z(2i+1)20'(n,i)71 5 Z2i+1 - Z(2i+1)2d(n,i)71 = 0, 0 = 2l =n-— 2.

In the same way, for0 = 2i = n —2

Za(n,i)fl Za(n,i)
Yok (22i41) = Vok Ziprypomi-1)s Yok (22i41) =0.

Hence it follows from these relations that for0 = 2i = n —2and k = 0,

E(x(z2i41) ® ... ® E(yk (Z(2i+1)2”(n-i)fl))

in the E.—term produces Z;[y,k(z2i+1)]/ ()/Zk(zz,-+1)25(”‘i)). We claim that there is no rela-

tion among y,k(z241) for 0 = 2i = n —2, k = 0. Consider the Eilenberg—Moore spectral
sequence [6] converging to H,(£2(SU(n)/SO(n))) with

E; = CotorSUm/S0m) (7, 7))
= ExXtpssum/somy (Z2, Z2)
= EXtpe,,...e0)(Z2, Z2) = Zoc1, .., Cpa ]
Then it also collapses at the E,—term by duality. So H,(£2(SU(n)/SO(n))) = Zs[cy, ..., cui]
and
(820). * H(£2(SU(n)/SO(n))) — H.(£2(SU/S0O))

is injective where H, (£2(SU/SO)) = Z[¢; : i = 1]. Here H*(£2(SU/SO)) = H*(BO) is a poly-
nomial algebra with one generator in each degree, so thatits dual A, (£2(SU/SO)) has one prim-
itivesin each degree i = 1. Since 2% power of a primitive is also primitive, H, (2(SU(n)/SO(n)))
has primitives of degrees (2i +1)2% for 0 =2i =n—2, k= 0. Hence from duality,
H*(22(SU(n)/SO(n))) has generators of degrees (2i +1)2% for 0=2i =n—2, k= 0. So
there is no relation among y,« (z2;41) for 0 = 2i = n — 2, k = 0. Hence we get the conclusion.

Archiv der Mathematik 77 15
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In fact, when n goes to infinity, each y,(z2i41) gets to have infinite height, so that each
Yok (z2i41) becomes a generator in H*(£2(SU/SO)) = H*(BO). Note that numbers (2i + 1)2*
for i, k = 0 cover whole natural numbers. [

Consider the fibration SU(n)/SO(n) — U(n)/O(n) N K(Z, 1) where [ f] is a generator
of H'(U(n)/O(n); Z) = Z. By looping one more time, we get

QU(n)/0m)) = 2(SU(n)/SO(m)) x Z.

So we get 20(U(n)/O(n)) = £2(SU(n)/SO(n)) where §2,(U(n)/O(n)) is the zero component
of 2(U(n)/O(n)). On the other hand, it is well-known [14] that U(n)/O(n) is diffeomorphic
to £ (R*), the set of all Lagrangian subspaces of the symplectic vector space R*" with the

symplectic form @ = Y dx; A dy;. So we obtain the cohomology of 2, Z(R*").
i=1

i=

Corollary 2.2. The space 2o.Z(R*") has the same cohomology algebra as 2(SU (n) /SO(n)),
which is explicitly given in Theorem 2.1.

Since H*(£2(SU(n)/SO(n))) has the same size as I(zi,...,z,-1) in every total degree as
a graded vector space, the Poincaré series of the space 202 (R*") is given by

P(20ZL(R™) = Y dimz, H' (20.Z(R*)1'
i=0

=04+ +24+ ) A4+ 22

For n = 3, the i—th Betti number grows at least linearly as i increases. So does the i—th Betti
number with coefficients in Z.

3. Homology of the double loop space of SU(12)/SO(n). We will compute
H,(£22(SU(n)/SO(n))) using the Serre spectral sequence for the fibration
2*SU(n) — 23(SU(n)/SO(n)) —> §2,S0(n) .

Hence we need to know H, (£22SU(n)) and H,(£2,SO(n)). Recall the following fact in [12].

Theorem 3.1.

~1
H.(2SU(n)) = E (WHH 0<l= ”T k= 0,lodd)

®z[ 0<r=""1 ey —1ldd]
2| Ugk+2;_p t U < = B s =n , Lo

n—1
® Zy | Upkt1y_y - —

I

lén—l,kzo,lodd}.

Since Spin(n) is a double covering space of SO(n), £20SO(n) is homeomorphic to £2Spin(n).
It is known [11, Chapter 4, Theorem 2.19] that
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H*(Spin(n)) = V(x;[3=i = n— landi # 2/) ® E(zps41_,)

Sq" (x;) = (i)an r=i, i+r=n-—1

where s is the number satisfying 2* < n = 2°*!. The following lemma comes from the compu-
tation of the Eilenberg—Moore spectral sequence converging to H, (£20SO(n)) = H,(£2Spin(n))
with

E? = Cotor™ M) (7, 7)) = Exty+spiney) (Z2, Z2) -

Lemma 3.2.

-3

H*(.QOSO(n))=E<a2,- 1=i=z” )
n—2 . n—2

®Zz|:a2,~: =i = i|

n—4 . n-3
®Zz b4i+22—§l§ .

~
[\

4 2

Proof. We consider n modulo 4. Once we find H,(£2,SO(4n)), the other cases can be
obtained by a similar way. Here we compute H, (§2Spin(4n)) instead.

H*(Spin(4n)) = V(x;[3=i =4n—landi # 2/) ® E(zys+1_,)
Sq" (x;) = (l)xi+rv r=i, i+r=4n-1
,

where 2° < 4n = 2**'. As in Theorem 2.1, o(n, i) is the number satisfying the relation,
(2i + 120601 = 4p — 1 < (2i + 1)2°¢"D _ From the Steenrod actions on x;, we have x,; =
Sq'(x;) = x? for | =i = 2n — 1. By applying the method in the proof of Theorem 2.1, we get

et = X(i41y0tni—1 and 2 = (Xis1yotni-1)* =0for 1 =i = 2n — 1. So we get
e o(4n.i)
H*Spinn) = { Q) Zalxai]/ (o)™ )}
1=i=n—1
®{ ® E(x3i41)} ® E(zys41_y) -
n=i=2n—1

Consider the Eilenberg—Moore spectral sequence converging to H,(§2Spin(4n)) with
E? = Exty+spincany (Z2, Z2)
=FE@y:1=i=n-1) ®Zz[b(2i+1)2ﬁ(4n,i)72 l=i=n-—-1]
R Zylay :n =i =2n—1]1® Zy[bys+1_,].
Since {(2i + 1)2°¢mD-1: 1 =i =n — 1JU{2°} = {20 : 2n = 2i = 4n — 1}, {(2i + 1)2°¢D — 2
I1=Si=n—-1JU{2M =2} ={4i —2:n =i = 2n — 1}. Hence we get
E*’=E@:1=i=n—-1)Q®Zfay:n=i=2n—1]
®Zz[b4,-+2:n— l=i= 2n—2]
Since E? vanishes in all odd degrees, the spectral sequence collapses at the E2-term. Hence

E? = E*™.

15%
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We claim that there are no multiplicative extension problems here. First we recall the follow-
ing in [2]. The generating variety for the homology of £2Spin(4n) is V4,_» = SO(4n)/(SO(2) x
SO®4n — 2)) and lggo Vin_n = CP* is the generating variety for the homology of £2Spin,
that is, we have 2}11 map from V,, , to £2Spin(4n) such that the image of H,(Vy,_») under
the induced map generates H,(§2Spin(4n)) as an algebra. Here H*(Vy,_») = Z>[u,]/ (u%") ®
E(v4,—2) and H,(Vy,_,) isfreeon {1, @y, oy, - - -, ap—2} U {Ban—2, Bans - -, Bsn—s}. By the Hopf-
Borel theorem, H*(£2Spin(4n)) is the tensor product of monogenic Hopf algebras which are
of the form Z,[x] or Z,[x]/ (xzk) as an algebra. If there were any extension, the only possible
extension would occur in E(ay; : 1 =i = n — 1) to make the square of a,; equal ay; by the
degree reason.

Now we consider the following diagram

Voo —> $2Spin(4n)

iJ, QLJ,
CP>® ——  2Spin
where i and ¢ are inclusion maps. Then for 1 =i = 2n — 1, the image of each ay; under the
generating map is ay; modulo decomposables in H, (£2Spin(4n)). From the diagram we can
find that each a,; under (£2¢), corresponds a generator in H,(£2Spin) which is the exterior
algebra on generators of every even degree [4], [11]. In fact, there are choices of generators
such that H,(£2Spin) is E(a,, a4, as, - - . ). Note that £2¢ is an H-map. So if a3, = ay;,
0 # (20).(as) = (20).(a3;) = (20 .(a2) (204 (ar) = 0.
This is a contradiction. So there is no extension. In fact, we can also derive the same result
from [2]. Now we get
H,(2Spin(4n)) = E(ay; : 1S i=n—-1)Q Zlar; :n =i =2n—1]
®Zz[b4,-+2:n— l=i= 2]’!—2]
In a similar way, we also get
H, (2Spin4n+ 1) =E(ay:1=i=n—-1)®@Zay :n=i =2n—1]
®Zz[b4i+2 n=i=2n-— 1],
H, (2Spin(4n+2)) =E(ay:1=i=n—-1)® Z[ay : n
®Zz[b4i+2 n=i=2n-— 1],
H,(2Spin(4n+3)) =E(ay: 1 =i =nQ2Zay n+1=i =2n]
®Zz[b4i+2 n=i= 2n] .

i = 2n]

1A

‘We can rewrite the above as follows.

_3

H.(2Spin(n)) = E(azl- l=is ”—)
n—2 . o n—2

®Zz|:aziIT§l§ ]

—4 -3
®Zz[b4,-+2:n—§i§n ] |
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From the homotopy exact sequence
- = m(SU®@m)) — m,(SUMn)/SO(n)) — 7,(SO(n)) — 7 (SUMn)) — ---,

we get 7,(SU(2)/SO(2)) = Z and m,(SU(n)/SO(n)) = Z, for n = 3. Since there is an Hopf
fibration forn = 2, SO(2) — SU(2) — SU(2)/SO(2) = S?, we obtain that £22(SU(2)/SO(2)) =
£2?SU(2) x Z. Hence by Theorem 3.1,

H.(23(SU2)/S0(2))) = H,(£2’SU?2)) = Zs[ups1_; : k = 0].

Theorem 3.3. Forn = 3, H,(23(SU(n)/SO(n))) is

. n-—3
E()c(zl-Jrl)zz{_1 =i 7 k= O)

1A
MIA

lIA

.. n-—3
® Zy | Yairiypkaotniy o+ L =1 k=0

n—=3 . n—2
® Zy [ X@ip1ypkot <1

lIA

4 2
® Z2[y2k+120(n‘0)_2 k= 0] by Z2[y20(n,())_2]

where o(n, i) is the integer defined in Theorem 2.1.

k= 0} ® E(tys1_, 1k = 0)

Proof. We have the morphism of fibrations
2°SU(n) —— 22(SU(n)/SO(n)) ——— £2,S0(n)

2) = 2] o)
28U —— 22(SU/SO) —  £2,SO
where i, j, and ¢ are inclusion maps. By Bott periodicity, we have the following [3], [4], [11].
H,(£2°SU) = E(us;yy 1 i = 0)
H,(£25(SU/SO)) = E(x;:i = 1)
H.(£20SO) = E(ay :i = 1).

So the Serre spectral sequence converging to H,(£23(SU/SO)) for the bottom row collapses
at the E>~term because as a graded vector space the size of the E?>~term is the same as that of
the total space. We know from [12, Theorem 1.11] that for all us;; in H,(2?SU(n)),

(£2%0) 4 (U2 +1) = Unis1 -

Now consider the Serre spectral sequence converging to H,(£22(SU(n)/SO(n))) for the top
row. We claim that it collapses at the E>~term. Since it is a spectral sequence of an Hopf
algebra, the first nontrivial differential which is from an indecomposable element to a primitive
element acts in a transgressive manner. Assume that it does not collapse at the E*~term. Then
there exists a first nontrivial differential from a,; or by, , for some i. Since u,;_; and uy4;,; are
the only primitives of possible degree, we have

dyi(ay) = upi—y  OF  dyiyr(bsin) = Uiy .
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Since the spectral sequence for the bottom row of the diagram (2) collapses at E,—term, by
naturality

(2%0).(di(a)) = dyi ((20).(a2)) = 0.

Ifdzi(azi) = U1, (.in)*(dzl-(az,-)) = (in)*(uzi,l) = U] which is a contradiction. So d2i (llzi)
= 0. Similarly we can show that dy; ;»(b4;12) = 0. Hence the spectral sequence collapses at
the E®>—term and the E®—term is

—1
E (WHH 0<l= "T,k = 0,lodd)

i —1
3) ®Z, v2k+z,,2:0<l§"T,zk“lzn—l,lodd]
[ n—1 . n—3
® Z, u2k+1171:Télén—l,kéO,lodd]@E(uzi:lété 1 )
27 _a_.n—2<l_<n—2 %7 | ba 'n—4<i<n—3
2_2:~4==2 2haive: —— == — .

Since all u;, v;, @; and b; in E? survive to E® = E°(H,(£25(SU(n)/SO(n)))), we consider them
as elements in H,($23(SU(n)/SO(n))). From the diagram (2), we know that (£22)).(u;) = x;
and (£22)),(ay) = xy; for all u;, ay; in H,(23(SU(n)/SO(n))). We will show that there are
no multiplicative extensions. Here H, (523 (SU(n)/SO(n))) is the tensor product of monogenic
Hopf algebras which are of the form Z,[x] or Z,[x]/ (xzk) as an algebra. If there were
extensions, there would be two possibilities. One is u? = a,;. Then these elements u;, ay;
are mapping to x;, x; by (£22),, respectively in H,(£23(SU/SO)). Since £2% is a H-map, in
H,(£22(SU/SO)) we have

Xoj = (-sz)*(aZi) = (-sz)*(uiz) = (sz)*(ui)(gzj)*(ui) =xix; =0.
This is a contradiction. The other possibility is u? = b,;. We show that it cannot occur. Consider

the map h : 2(SU(n)/SO(n)) — K(Z,, 1) such that h*(w;) =z, in H*(2(SU(n)/SO(n)))
where H*(K(Z,, 1)) = H*(RP*) = Z,[w,]. Then we have the fibration

£2(SU(n)/SO(n))(1) —— £2(SU(n)/SO(n)) LN K(Z,, 1)

where £2(SU(n)/SO(n))(1) is a 1—connected cover of £2(SU(n)/SO(n)). Since the lowest
generator z, has the height 2°**? by Theorem 2.1, wf”("‘o) in H*(RP*°) should be the target of
adifferential in the Serre spectral sequence for above fibration. Since this is a spectral sequence
of a Hopf algebra, there should be some generator of degree o(n,0) — 1, let ¢yom.0)_;, such

that
H@SUm /S0 ={ @ {Q Zolyareal/ aa)™)})

2=2i=n—-2 k=0

®{ Q) Zolyat (22)1/ (vt (22)

k=0

a(n,0)
7" @ E(cyomo ) -

Note that Zo[ywu(zaip1) 1 52 <i = 52k = 0]/()/2k(22i+1)20("’i)) is E(y(zaipn) : 52 <
= % k= 0). Consider the Eilenberg—Moore spectral sequence converging to
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H,(£22(SU(n)/SO(n))) where E>~term is
Exta+@sumysomy iy (Z2, Z2)

2i+1)2%—1 * = = 4

k=0

.. n—3
® 2, |:y(2i+1)2k2”(”-i)—2 l=is ) })}

n—73 . n—=2
® ®Zz[x(2i+1)2k,1: 1 <i= > “

k=0

® { ®(E(x2k+1,1) ® Z2[y2k+120(n‘0)_2])} ® Zo[Yr00.0)_5] -
k=0

~

Then by simple calculation, this E?-term has the same size in every total degree as the
E>~-term (3) as a graded vector space. In fact, inspecting on degree of each generator, we
can find that both are exactly same as an algebra. Hence the above Eilenberg—Moore spectral
sequence collapses at the E>~term and E*> = E™.

Now we go back to the extension problem. If there were such an extension, u? = by; in
(3), then it would force an extension x? = y,; + some decomposables in above E*~term. This
implies that y,; becomes a decomposable element in H, ($22(SU(1)/SO(n))). Consider the
Eilenberg-Moore spectral sequence converging to H*(£23(SU(n)/SO(n))) with

Ey = Torg+sumy/somiy(Z2, £2) .

By duality, this Eilenberg—Moore spectral sequence also collapses at the E,—term. Then it
follows that y,; is dual to a transpotence element which becomes a primitive element in
H*(£22(SU(n)/SO(n))). Hence y,; becomes an indecomposable element, which gives a con-
tradiction. So there is no extension and we get H,(£22(SU(n)/SO(n))). O

Since £2(U(n)/O0(n)) = £2(SU(n)/SO(n)) x Z, by looping one more time, we get
2%(U(n)/0(n)) = 2%(SU(n)/SO(n)). With the same argument for Corollary 2.2, we also
get the homology of the double loop space of .Z(R*").

Corollary 3.4. The space 23 (R*") has the same homology algebra as £23 (SU(n) /SO(n)),
which is @ Zylu,+1_,]1for n =2 and is explicitly given in Theorem 3.3 for n = 3.
k=0
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