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COFREENESS IN REAL BORDISM THEORY AND THE SEGAL
CONJECTURE

CHRISTIAN CARRICK

ABsTrRACT. We prove that the genuine Can-spectrum Ng;" MUy is cofree,
for all n. Our proof is a formal argument using chromatic hypercubes and the
Slice Theorem of Hill, Hopkins, and Ravenel. We show that this gives a new
proof of the Segal conjecture for C2, independent of Lin’s theorem.

1. INTRODUCTION

In this paper, we establish the following result:

Theorem 1.1. For all n > 0, the Can -spectrum Ng;" MUy is cofree, i.e. the map
N& MUg — F(ECon NG MUg)

is an equivalence.

The equivariant spectra Ngj" MUR play a central role in the solution to the Ker-
vaire Invariant One problem by Hill, Hopkins, and Ravenel [7]. Their detecting spec-
trum §2 is the homotopy fixed point spectrum of a localization Qg := D’lNng Ur

of Nng Ugr. An essential piece of their argument is the Homotopy Fixed Point
Theorem ([7], 1.10), which states that this homotopy fixed point spectrum coincides
with the genuine fixed point spectrum, i.e. that Qg is cofree. Our result shows
that this holds even before localization away from D.

In the case n = 1, Hu and Kriz show that MUy is cofree via direct computation
[8]. They compute the Cs-homotopy fixed point and Tate spectral sequences for
BPg, and deduce that (BP]R)tC2 = HIFy, so that the result is an immediate con-
sequence of the Tate square for BPg. We give a new, more conceptual proof of
their result that generalizes readily to n > 1. The idea is that BPg[v; '] is cofree
for formal reasons, so one can take an approach via local cohomology and form
cartesian cubes

LyBPy ——— BPFp[t7 Y]

| |

BPp[vz~ '] —— BPg[(v173) "]
1
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BPy[v37] BPe[(v303) "]
L3BPg / l BPe[v37 "] /
BPa|(v793)"Y] BPg[(v1v303) ]
BPR[Wl]/ BPR[(W)_/

and so on, and L, BPg is cofree for all n. Applying the slice tower to each vertex
BPg[(T;; - - -7;,) "], one forms a cartesian cube in filtered Cy-spectra, and the limit
term gives a modified slice filtration of L,, BPg. It is then a formal consequence of
the Hill-Hopkins-Ravenel (HHR) slice theorem [7] that, taking the limit in n, one
recovers the slice tower of BPg.

The n = 1 case may then be used as the base case for an induction argument
which allows us to reduce to showing that

(N&2" MUR)“2" — (NG MUg)"C"

is an equivalence. This map may be analyzed by a separate induction argument
that originates in various inductive proofs of versions of the Segal Conjecture. In
[17], Ravenel showed that the Segal conjecture for Cpn follows from the case n = 1;
he provided both a computational approach via a modified Adams spectral sequence
as well as an approach using explicit geometric constructions. Bokstedt, Bruner,
Lunoe-Nielsen, and Rognes [2] generalized the geometric approach and proved the
following:

Theorem 1.2. (|2], Theorem 2.5) Let X be a Cpn-spectrum. Suppose for each
Y € {X,0%(X),..., 0%~ (X)} that m.(Y) is bounded below, H,(Y) is of finite
type, and YO» — Y'Cr is a p-complete equivalence. Then X¢ — X"C is a p-
complete equivalence.

In [I6], Nikolaus and Scholze strengthen this result by giving a description of
the subcategory of genuine Cp»-spectra whose geometric fixed points spectra are
bounded below in terms of iterated pullbacks and gluing maps. In the case of
MU(C2")  we identify these gluing maps with either the map in the n = 1 case,
or maps of the form

MO —5 (NC2(MONkY)tC:
Each of these in the latter case is an equivalence by the Segal conjecture:
Theorem 1.3. For any bounded below spectrum X, the Tate diagonal
X = (NG ()
is a 2-complete equivalence.

This theorem was shown for X with finitely generated homotopy groups by
Lunge-Nielsen and Rognes ([II], 5.13) and for all X bounded below by Nikolaus
and Scholze (J16], II1.1.7). These both rest on the the case X = S°, due to Lin:
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Theorem 1.4. [10] Let v denote the canonical line bundle over RP*, and for each
integer n > 0, let RP>, denote the Thom spectrum of —ny. Then there is an
equivalence of spectra

RP>_ = holim,, RP=, ~ (S~1),

We refer the reader to the introduction of [5] for a discussion of the different
forms of the Segal conjecture for Co and their relation to Lin’s theorem. Lin’s
theorem follows from a difficult calculation of a continuous Ext group

Ext(H*(RP>®_;F,); Fy)

where A is the Steenrod algebra. Nikolaus and Scholze showed, however, that
follows formally for all X bounded below from the case X = HF,. Hahn and
Wilson [5] used this to show that can be established by analysis of the descent
spectral sequence for the map

NE2HFy — HF,

which reduces to a continuous Ext group calculation over a much smaller polynomial
coalgebra Fa[z]. We use Lin’s theorem to prove the following, from which [l
follows.

Theorem 1.5. Let Y be a bounded below Cs-spectrum. If Y12 s a cofree Cs-
spectrum for all 0 < k < n, then Ng;"Y 18 cofree.

Our argument for [Tl may be reversed: knowing that
(MU((Czn)))Czn _)(MU((Czn)))hCQn

is an equivalence may be used to show that the corresponding gluing maps are
equivalences, and, using the reduction of Nikolaus and Scholze to the case of X =
HTF5, we may deduce the Segal conjecture for Co. This gives a proof of the Segal
conjecture for Cs that involves no homological algebra - apart from the Tate orbit
lemma of Nikolaus and Scholze - and proceeds from a chromatic approach. In
particular, the main piece of our argument that is not formal is the use of the HHR
slice theorem.

Remark 1.6. Essential to our proof is the identification ®¢2 (Ng;BPR) ~ N& HF,.
In [15], Meier, Shi, and Zeng use this identification to deduce differentials in the
homotopy fixed point spectral sequence of N2 HF, from differentials in the slice
spectral sequence of Ng:BPR. Our results should shed light on these spectral
sequences.

In particular, the map from the Slice SS of Ng;BPR to its HFPSS is an isomor-
phism below a line of slope 3 (see [18]). The Slice SS vanishes above this line, but
there are many classes above this line in the HFPSS. By Theorem [[L1l the map
between them must give an isomorphism on their E.-pages, so there must be some
pattern of differentials killing all the classes above this line in the HFPSS.

Summary. In Section 2 we show that the cofreeness of MU follows formally
from (and is equivalent to) the Hu-Kriz n = 1 case together with Lin’s theorem.
This is the most direct way to Theorem [T, using these known results. In Section [3]
we withhold knowledge of these theorems and give a different proof - via chromatic
hypercubes - that BP((C4)) is cofree. In turn, this result implies the n = 1 case and
Lin’s Theorem, which then gives the result for n > 2 by the same induction used
in Section
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Notation and Conventions. We use Sp© to denote the category of orthogonal G-
spectra or the associated oco-category given by taking the homotopy coherent nerve
of bifibrant objects in the stable model structure of Mandell and May [14]. We use
the notation MUUE) and BP(%) to denote NgQMUR and NngPR respectively,
as in HHR.

Acknowledgments. The n = 1 case of our chromatic hypercubes result - namely

that BPgr = holim,, L,, BPg - is due to Mike Hill. It was his idea to use this approach
to establish the n > 1 cases. We thank him for introducing us to this problem and
for his guidance throughout the project.

2. COFREENESS AND GLUING MAPS

2.1. Cofreeness. We begin by reviewing the notion of cofreeness for a genuine
G-spectrum.

Proposition 2.1. For X € Sp©, the following are equivalent
(1) X —» F(EG1,X) is an equivalence of G-spectra.
(2) XH — X" s an equivalence of spectra for all H C G.
(3) X is G4-local.

Proof. For 1 <= 3, it suffices to show that Lq, (X) = F(EG4,X). The map
X - F(EG,, X)

becomes an equivalence after smashing with G4 by the Frobenius relation, and the
target is Gy-local because if Z A G4 ~ *, then

[ZvF(EGJraX)]G = [Z/\EGJHX]G =0

as FG4 is in the localizing subcategory generated by Gy. 1 <= 2 follows from
the fact that the fixed point functors (—) are jointly conservative, and

iG(F(EGy, X)) = F(EHy,ifX)
as can be seen from the more general statement
Zg(LE(X)) = LigE(igX)
(see [3], 3.2). O

Definition 2.2. We say a G-spectrum X is cofree if any of the equivalent conditions

in 2T hold.
Corollary 2.3. The category of cofree G-spectra is closed under homotopy limits.

Proof. This is true of any category of E-locals. O

Remark 2.4. Cofree G-spectra are often called Borel complete, or just Borel. The
source of this terminology is the fact that there is a forgetful functor

Sp — Fun(BG, Sp)

from genuine G-spectra to so-called Borel G-spectra. For formal reasons, this func-
tor admits a right adjoint, and it is not hard to show that this right adjoint is an
equivalence onto the full subcategory of cofree G-spectra.
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We will make use of the slice filtration on G-spectra, introduced for Cs-spectra
by Dugger [4] and generalized to all finite groups G by HHR [7]. To fix notions,
we use the regular slice filtration, as in Ullman [I8], although for the G-spectra we
consider, using the original slice filtration in HHR would not change anything. Let
X > n denote that a G-spectrum is slice > n, i.e. X is slice (n — 1)-connected. We
need the following useful lemma:

Lemma 2.5. Suppose {X;}ien is a family of G-spectra such that, for all n € Z,
all but finitely many X; have the property that X; > n. Then the canonical map

is an equivalence.

Proof. 1t suffices to show that, for all n € Z, the map of Mackey functors

@En(Xi) = En(\/X) — zn<HX> = UEn(Xi)

is an isomorphism. This follows immediately from the observation that for all but
finitely many ¢, r,(X;) = 0. Indeed, by ([7], 4.40), if Y > n, then 7, (Y) = 0 for
k< [n/|G]|]. O

Proposition 2.6. If MUg is cofree, then MUL™ is cofree for all n > 1, and
similarly for BP{™.

Proof. We proceed by induction on n. Since M UDQ (=1 g Real-oriented, we have
MUR™ = MU, Doy 5,.. )=\ 852 A MU
meM
where M is a monomial basis of Z[by, b, ...]. By the lemma, the canonical map

\/ s=eaMup™ Y o I s e A MUp™ Y
meM meM

is an equivalence, as MUDQ("_D > 0 and S** > 2k, so that S*° A MUDQ(W_U > 2k
by ([7], 4.26). This completes the proof, as the category of cofree Cy-spectra is
closed under limits and smashing with a dualizable Cs-spectrum, hence the target
is cofree. O

2.2. Gluing maps and cofreeness. We set up an inductive argument to prove
Theorem To fix notation, we use ®“2* to denote the functor Sp©>" — Sp
and ®C2* to denote the functor S’pCQ” — S’pcz"*’“, so that ieczn’k 0 Car = PCak |
Nikolaus and Scholze use a result of Hesselholt and Madsen ([6], 2.1) along with
their Tate orbit lemma, to show:
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Proposition 2.7. ([16], Corollary 11.4.7) If X € Sp® has the property that ®“2+ X €
Sp is bounded below for all 0 < k < n, there is a homotopy limit diagram

XC2n (I)C2n X

!

(&)an,l X)hCa ((502”71 X))t

|

(§C4X)h02”*2 - 4.

!

hCyn—1 hCyn 2
((I)CQX> (((T)CQX)tC2>

|

hCyn—1
XhCQn <Xt02)

Theorem 2.8. Let Y be a bounded below Cs-spectrum. If Y12 s a cofree Ca-
spectrum for all 0 < k < n, then Ngj"Y 18 cofree.

Proof. Set X := Ngj"Y. We proceed by induction on n, with the base case n =1
being tautological. For all 1 < k < n,

.an X — Ng;n—k (Y/\zk)

chnfk

is cofree by induction, so it suffices to show the map X 2" — X"C2" is an equiva-
lence. Since Y is bounded below, so is X, and this map is an equivalence if all of
the short vertical maps in 2.7 are equivalences. Each such map is of the form

_ hCQH,k - hcgn—k
(f)hcgn—k . <(I)Czkx) N <((I)Czk1X)tC2)

for k > 0, which is induced by the map in Sp©zn—*
[ @ X — (§Ck-1 X)1C2

It therefore suffices to show that for all £ > 0, f is an equivalence of Borel Con—x-
spectra, which by definition is simply an underlying equivalence. The underlying
map is the natural map

tC2
.Con— = .Con— =
PO (ZCE k41 HCok—1 X'> (ZCE k41 500k —1 X'>

. Conpir =
so it suffices to show i2" P HC

have

2k=1 X is a cofree Cy-spectrum. When k& = 1, we
DS D G
2
and for k > 1, one has

i RO X i (NG (002 )) = NE2 (@02 (yre " ))
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using the identification
$Cr X ~ NS * (8C2Y)
(see [15], Theorem 2.2). NC2&C2(Y 2" ") is cofree by Lin’s theorem: since Y2" "
is bounded below and cofree,
(I)Cg (Y/\2”7k) ~ (Y/\2"7k)t02

is bounded below and 2-complete. (I

Remark 2.9. This result has various converses. For example, if Y is a bounded
below Cs-spectrum, then Ng;kY is cofree for all 1 < k < n if and only if yr2t
is a cofree Cs-spectrum for all 0 < k£ < n. The other direction follows because if
Ng;’““Y is cofree, then Y/2" = ig;k“Ng;k“Y is also cofree.

If Y is also a ring spectrum, then the direct converse of [Z.8] is true: Ng;"Y is

cofree if and only if Y/2" is a cofree Cs-spectrum for all 0 < k < n. This follows
because Y2 is a retract of Y2 ' = zgzn Ng;"Y in this case.

Corollary 2.10. For alln > 1, MU2") is cofree, and similarly for BP(C2")),

Proof. MUy is bounded below, so this follows immediately from 2.6] the Hu-Kriz
n = 1 case, and the theorem. [l

We have shown that the case n = 1, due to Hu and Kriz, along with Lin’s
theorem, implies that MU(C2") is cofree for all n > 1. The argument can be
reversed to point to another proof of Lin’s theorem, namely:

Proposition 2.11. For any n > 1, the cofreeness of MU(¢2m))

theorem and the n = 1 case.

implies both Lin’s

Proof. If for any n > 1, MUU(C2") is cofree, then a smash power of BP(C1) ig
cofree, and it follows that BP((¢4)) is cofree, as a retract; similarly for BPg and
therefore for its smash powers by In this case, the limit diagram in 2.7 is as
follows:

(BP((C4)))C4 (I)C4(BP((C4)))

|

B2 BPUCONC: ____, (§C2 gpUC))iCs
( ) ( )

|

(Bp((C4))>h04 SN ((BP((C4))>tCQ>hCQ

The lefthand vertical arrow is an equivalence by assumption, and the middle arrow
is an equivalence since BPr N\ BPg is cofree. We find that the righthand vertical
map is an equivalence, and this is the Tate diagonal HFy — (N2 HF4)'“2, which
is an equivalence if and only if Lin’s theorem holds, by ([16], II1.1.7). O

3. CHROMATIC HYPERCUBES

3.1. Generalities on Hypercubes. We give some general results on hypercubes
that look like (summands of) our chromatic hypercubes. In this section, we use
the language of oco-categories following [L3]; in particular, we work in the model
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of quasicategories, and use stable oo-categories following [I12]. For a discussion of
cubical diagrams in the context of co-categories, see (|12], Section 6) or [I].

We fix C a stable oco-category that has all finite limits. Let [n] denote the totally
ordered set {1,...,n}. For T a totally ordered set, let P(T) denote its power set,
regarded as a poset under inclusion. Let Py(T) denote the sub-poset P(T") \ {0}.

Definition 3.1. An n-cube X in C is a functor X : P([n]) — C, and a partial
n-cube is a functor Py([n]) — C. We say an n-cube X is cartesian if the map

X(0) — hOlimTePo([n])X(T)
is an equivalence.
Construction 3.2. Suppose for each T € P([n]), one has an object Cp € C. We

construct inductively an n-cube X in C as follows:

(1) When n =1, X is the canonical inclusion Cyp — Cp @ Cy1y.

(2) We may assume inductively that we have constructed (n — 1)-cubes Yo and
yl with

W)= Cs and V(7)) = P Csupny
S<T S<T

for T € Po([n — 1]), where the maps in Yo and Y1 are the canonical inclu-
sions. X is then given by the canonical inclusion of (n — 1)-cubes Yy —

Yo ®V1, via the identification Fun(P([n]),C) = Fun(Al, Fun(P([n—1]),C)).
Definition 3.3. Suppose for each T € P([n]), one has an object Cp € C and
Cp = *. Let X be the associated n-cube as in 2] and define a partial n-cube

Y : Po([n]) = P([n]) = C

We say a partial n-cube in C is built from disjoint split inclusions if it is equivalent
to ) for some choice of objects {Cr}pep,(n))- If X is a cartesian n-cube such that
the corresponding partial n-cube is built from disjoint split inclusions, we say X is
a cartesian n-cube built from disjoint split inclusions.

To make this definition clearer, note that any partial 2-cube built from disjoint
split inclusions is equivalent to one of the form

Cs
Ci, — C1®Cy @ Cha

and any partial 3-cube built from disjoint split inclusions is equivalent to one of the
form

C3 Co® C3 @ Cas

/

CieC3@ Ch3 CirdCr@®C3@Cia® Ciz ® Caz @ Cias

/

C Ch @ Cy @ Cha

Cs
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where the inclusions are the canonical ones. We want to identify the limit of a
diagram of this form, and we use a result of Antolin-Camarena and Barthel on
computing limits of cubical diagrams inductively:

Proposition 3.4. ([1],2.4) Let X : Py([n]) — C be a partial n-cube in C. One has
a pullback square

hOlimSepo([n])X(S) —_— hOthePo([n—l])X(S)

| l

X({n}) ———— holimgep,(n_1))X(S U {n})

Proposition 3.5. Let X' be a partial n-cube in C built from disjoint split inclusions
s0 that it is equivalent to ) for some choice of objects {Cr}repy(n)) s 33 Then
X satisfies

(1) hOlimSepo([n])X(S) ~ Q"flc{lw.’n}
(2) The map
holimgep, () X' (S) — holimgep, (n—1)) X (5)

s nullhomotopic.

Proof. We proceed by induction on n. For n = 1, a cartesian 1-cube is an equiva-
lence

holimgep, (1)) X (S) = X({1})
and the map in (2) is the map to the terminal object. It is straightforward to show
that the partial (n — 1)-cube
Po([n — 1]) = Po([n]) = €
is built from disjoint split inclusions, and

—Un
Polln — 1)) =2 po(n]) L ¢
is of the form C{,} ® Z where Z is a partial (n — 1)-cube built from disjoint split
inclusions using the objects {Cr ® Crygn) frepy(jn-1]), as in B3l By induction, 3.4
gives a pullback square

holimgep, () X (5) Q" 2Cq,...n-1}

| !

Cipy ————— Crny @20, 1y ®Q"2Cu, .y

which is a cartesian 2-cube built from disjoint split inclusions. It therefore suffices
to prove the proposition in the case n = 2, which is the claim that for objects
C1,C5,Ch5 € C, there is a pullback square of the form

QClQ 40 > 02

o] |

ChL ——— C1Cy® Cra
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One may form a morphism of partial 2-cubes

* Cy
| = |
**}Clg 01%01@02@012

via which, taking limits, constructs such a square. Taking fibers along the
vertical maps, one has the identity map of QQC; & QC42; the square is therefore
cartesian by ([I], 2.2). O

3.2. Chromatic Hypercubes and Slice Towers. We introduce the chromatic
n-cubes we need to prove Theorem [[L1] and show they split as a summand that is
constant in n and a cartesian n-cube built from disjoint split inclusions.

Definition 3.6. Consider the following hypercubes:
(1) Let H,, be the cartesian n-cube so that for {i1,...,i;} € Po([n])
Ho({irs---i5}) = BPUOD (N - N(E;) 7]
One may form this cube inductively in a manner similar to[3.2]by working in
the category of MU, ((2()04))—m0dules and applying the functors (—)[N(Z;)~1].

See ([1, 3.1) for a similar construction.
(2) Let S, 4 be the cartesian n-cube defined on Py([n]) by

. Hn c, P Cy
Sn.d : Po([n]) — Sp~* —=% Sp
where Pfg is the 2d-slice functor.

To understand the n-cubes S, 4, we need to determine the slices of

BP_((C4)) BP(C4)) [(N(Z) .. N(tij ))*1]

(5 ij T

and this follows as expected from the HHR slice theorem for BP(C4) We follow
the discussion in ([7], Section 6) and use their notation: in 7%(BP(¢1))) = 7, (BPA
BP), there are classes {t;};>1 with the property that

4 (BPUCD) = Zioy[t;, y(t;) + i > 1]

as a Cy-algebra, where v is the generator of Cy and 72(t;) = —t;. Inverting the
classes above, we see that

mU(BPYO)Y = Loyt y(ta) = 62 1[(ts, o,y (tiy) - (t,) 7Y

1500505

and the restriction map

w2 (BPYC)) = my (BRI

P2\ T 21,0, 1/ AR T .., 5

is a split surjection (in fact an isomorphism, but we don’t need this). Lifting the
classes t; along this map, we have an associative algebra map

A= S+ 0 > 1)[(E -8y - ig BRACY

..... ij
Using the method of twisted monoid rings (and the Cy-commutative ring structure

on MU((2()04))), this gives a map

SOCy -+ i > 1)[Cy- (&, ---F,) "] = BPUY)

..... 5
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Proposition 3.7. The above map
SCy -t : i > 1)[Cy - (T -+ T,

]

)71] N BPl((C4))

1yeeer?j
gwes a refinement of homotopy. Let My be the monomial ideal in A consisting of
the slice sphere summands of underlying dimension > d, and set

Kq=BP\%) na My

.....

Then the cofiber sequences

are equivalent to
Kogyo — BP((C“)% — BP“)C47ZJ/K2d+2;
P2d+1BP-((C4)-) ~ P2dBP»((C4)-) and
Ulyeensly T U] yeeeyly?
Koa/Kaqr2 ~ HZg) N Maa/Maay2
Proof. The proof is identical to that of (|7], Section 6), where the last identification
follows from the key computation: the reduction theorem. ([l

Remark 3.8. The previous proposition should be interpreted as follows: the slice
tower for BP((C4)) forgets to the ordinary Postnikov tower of zC4BP((C4)) which

i)
has P;j_ 11 ~ % and
P ~ HZ o) N Way

where Wy, is a wedge of S2%’s over the set of monomials of degree 2d in

7 (BPYO)Y = Loyt y(ta) = 62 1[(ts, o,y (tiy) - (E,) 7Y

%
The slice tower is an equivariant refinement of this wherein the odd slices vanish,
HZ ) is replaced with HZ,y, the spheres in Waq corresponding to a summand of
the above Cy-module with stabilizer Cy are grouped with their conjugates in a

Cuy Ao, S92,

the spheres corresponding to a Cj-fixed summand are replaced with S 2P4, and

there are no free summands. For BP((C“)) we let Wzlli’ "% denote the quotient

,057

Msq/Magyo as above, and ng the corresponding quotient for BP ((Ca))

Note that for any 41, ..., , W;g” has Wag as a split summand, corresponding
to the split inclusion

This splitting is natural in {11, ...,1;}, SO we see that there is a splitting
Sn,a = (HLy N Waa) ® Xna
where X, 4 is a cartesian n-cube satisfying
Xn,a({ir, ... ij}) = HZ ) (th " [ Woag)
We have the following connection to the generalities in 3.1}

Proposition 3.9. X, 4 is a cartesian n-cube built from disjoint split inclusions.
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Proof. X, 4 is cartesian by definition. The result - and the terminology - follows
from the fact that for any {41,...,4;}, the maps

(BP((C4))) < (BP((C4)))

21500525

are split inclusions, and after factoring out 7%(BP((C))  the maps

(BP((C4))) (BP((fi)Z)])
Te(BP(@)) " qu(BPCO)
are split inclusions with the property that im(c;) Nim(ey) = {0} for k # k. In
particular, for T < T in Py(n), the map
Xnyd(T) — Xnﬁd(T/)
is the split inclusion of the free H Z(Q)—module on wedges of slice spheres corre-
sponding to the split inclusion

c “ c
7T2d(BP(( 4))) N 7T2d(BP}(/ 4)))
ﬁQd(Bp((Co)) ﬁgd(Bp((Cm))

so the claim follows from the fact that

((C) ., o
me(BP i) _ ( P s (BP:(F(C4)))> (tiy - ti,y(tsy) -+ y(ti,) ~tr(BPUCD))

Lk

nu(BP(Ca)) mu(BP(Ca) nu(BP(Ca)
* T<{i1,...i;} * *
TePo(n)
u(BP»((C4))
where the latter summand denotes the subgroup of % generated by mono-
mials containing (;, -+ t;,v(ti,) - v(ti;)) " O

The following is an immediate consequence of and
Corollary 3.10. The map Sp,qa(0) = Sp—1,4(0) can be identified with

o 9

(HZ 5y A Waa) ® Xna(0) ~— (HL) A Waq) ® Xn_1,a(0)

3.3. Proof of Main Theorem. The canonical map BP((C ) BP((C“)) by
universal property, determines compatible maps BP((¢4) — %, () so that there is
a map

BPUC4)) s holim,, H,, ()
We will show this map is an equivalence, and this will complete the proof that
BP((€41) ig cofree by the following:
Proposition 3.11. holim,H,(0) is cofree.

Proof. The category of cofree Cy-spectra is closed under limits, hence it suffices to
show that each H,,(0) is cofree. There is by definition an equivalence

Hn(@) E—> hOhmTEPO([n])HH(T) = h01im{i1,...,ij}6730([ ])BP((C4))

TLseeeyly
so it suffices to show each BPi(l()'CTi)i)j

have that ®¢ (BPi(l(C“)i)_) ~ §C2 (BPZ-((C“)i)V) ~ %, as
yeeeyly 1seeesty
(NG (Ti,)) = (1) = 0

is cofree. This is as in (|7], Section 10): we
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and similarly

®(NG; (1)) = @ (igi N&; () = (T, -7 (t:,)) = 0

To show that the map
BPU(C) — holim, H,, (1))

is an equivalence, we use the slice filtration to work in the co-category Fun(Z°?, Sp%)
of filtered G-spectra (see [12], 1.2.2). We refer to [19] for a treatment of the slice
filtration in an oco-categorical context. Let

T : Sp® — Fun(Z°7, Sp%)

be the functor which associates to a G-spectrum its slice tower, which may be
obtained as in ([I2], 1.2.1.17). Functoriality gives a map of filtered Cy-spectra

----------

Theorem 3.12. BP((%4) is cofree, independent of Lin’s theorem.

Proof. Let holim : Fun(Z°P, Sp©*) — Sp® be the functor sending a tower to its
homotopy limit. Limits are computed pointwise in functor categories, so we find
that

holim(holim{il ij}epo([n])T(BPﬁ(C‘l).)_)) ~ 7, (0)

----- 11500525

It therefore suffices to show that f is an equivalence. Note that the filtration
induced on H,, (@) is not its slice filtration, hence we use the notation

P¥ : Fun(ZoP, Sp©t) =k, 5pCa

and B B B
Pf = fib(P¥ — P" 1)
Note that

= . C . 5 C
P,iC <h0hm{i1 peeeri }EPO(M)T(Bpi(l(,..i)% )) ~ hohm{i1 7,“)”}6730(["])1:’;5 (T(Bpi(1(7f,)i)j ))

L k=2d—-1
| Sna(0) k=2d

The map 16225( f) is then identified with the map
HZ 9y AWaq — holimy, (HZ 5y AWa2a)®X,q) = holimy, (HZ ) AWaq)@holimy, X, (D)

By B0, the lefthand summand is constant in n, and the righthand summand is
pro-zero, hence the map is an equivalence.
To establish that f is an equivalence, it therefore suffices to show that

colimk f)k (hohmn <h0hm{“ yeeeri }EPO([n])T(BR(l(,C4,)z)J )) ) ~ %

i.e. that the filtration on holim,, H,, () strongly converges. Note that by (7], 4.40),
if X € Sp®1, then m,(P*X) =0 for | > [(k 4 1)/4]. Taking limits, it follows that

= . C
m <Pk (hohm{z‘l,...,ij}ePO([n])T(BPi(l(,..ﬁ)i)j)>) =0
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for I > [(k+1)/4], and so

m (f)k <h01imn (hOhm{il 7...,ij}EPO([H])T(BB(I(fj‘i)gj )> ) ) =0

for I > [(k 4 1)/4] by the Milnor sequence. It follows that, for any [, taking the
colimit as k£ — —oo of m; gives zero. g

Remark 3.13. This result recovers the Hu-Kriz result that BPg is cofree: since
BPUC4) ig cofree, ig;‘BP((C‘*)) = BPr A\ BP; is cofree, hence so is the retract B Pg.
Alternatively, as discussed in the introduction, one may argue similarly to to
show that BPg is cofree, and the result in this case is due to Mike Hill.
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