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The Kervaire invariant of framed
manifolds and its generalization’

By WILLIAM BROWDER

In 1960, Kervaire [11] introduced an invariant for almost framed (4% + 2)-
manifolds, (k # 0,1, 3), and proved that it was zero for framed 10-manifolds,
which was a key step in his construction of a piecewise linear 10-manifold
which was not the homotopy type of a differential manifold. Haefliger [9]
showed that Kervaire’s invariant and the invariant of Pontrjagin [17] for 2,
6, and 14 dimensional framed manifolds, could be defined in a common fashion,
and this invariant is the surgery obstruction in dimensions 4% + 2 (see [12],
[15], [6]). A central question has remained, for which dimensions can a framed
manifold have a non-zero Kervaire invariant. Pontrjagin’s invariant is non-
zero for certain framings on S* x S!, S® x S®and S7 x S7, but until now all
the results for the Kervaire invariant have been in the negative; Kervaire [11]
showed it was zero in dimensions 10 and 18, and Brown and Peterson [8] show-
ed it zero in dimensions 8% + 2.

In this paper we will show that the Kervaire invariant is zero for dimen-
sions # 2¥ — 2, For dimension 2% — 2 we show that there is a framed manifold
of Kervaire invariant 1 if and only if in the Adams spectral sequence for the
stable homotopy groups of spheres the element %} in E* persists to £, (see
[1], [2]). But it is a fact due to Mahowald and Tangora, (Topology 6 (1967)
349-370, § 8) that A2 in dimension 80 persists to E~. Hence there is a framed
30-manifold of Kervaire invariant 1. (We are informed that recently Barratt
and Mahowald have shown h? persists to £=, so there is a framed 62-manifold
of Kervaire invariant 1.)!

Now we list some of the geometric corollaries which follow from our
result (see [12]).

COROLLARY 1. The Pomntrjagin construction from the group FO, of
framed homotopy spheres to the stable m-stem w,.,(S*), k large, is onto if
n #*= 2% — 2, Its cokernel is Z, in dimensions 2, 6, 14, and 30.

COROLLARY 2. The group bP,,, of homotopy mn-spheres which bound
parallelizable manifolds is Z, if n = 4k + 1, n = 2* — 3. It is zero in dimen-

* Research supported in part by an NSF grant.
L This implies we may add dimension 62 to the lists in Corollaries 1 and 38 below and
61 to Corollary 2.



158 WILLIAM BROWDER

sions 5, 13, and 29.
For the following corollaries see [15], [6].

COROLLARY 3. Let X be a 1-connected finite complex satisfying Poin-
caré duality in dimension n, n =5. Suppose that T(£) is the Thom complex
of a k-plane bundle over X, aem,,.,(T(£)) is such that k() is a generator
of H,+i(T(£)), where h is the Hurewicz homomorphism. If n = 6,14, or 30,
then X is the homotopy of a smooth manifold with normal bundle &. If
n =4k + 2,n #= 2' — 2, and ¢ is the trivial bundle, then X has the homotopy
type of a T-manifold with normal invariant « if and only if the Kervaire
invariant c(y) of (X, @) is zero (see § 3 for definition of c(+)).

This corollary covers some cases not solved in [15] or [5]. Unfortunately
there are some difficulties in defining an absolute invariant, analogous to the
Kervaire invariant, in the case of a general bundle, but one can do this for
some bundles.

Our general approach to the problem of the Kervaire invariant is the
following. Find the most general possible and simplest situation in which the
Kervaire invariant can be defined and then study the place of framed mani-
folds in this situation.

The Kervaire invariant is the Arf invariant of a certain quadratic func-
tion defined in a 2k-connected almost framed (4% + 2)-manifold. In [11] and
[12] this quadratic function is obtained from the cohomology operation which
detects the Whitehead product [¢,¢], while in [7] it was shown that this could
be used to define a generalization of Kervaire’s invariant to Spin-manifolds of
dimension 8% + 2. In dimensions 8% + 2 the operation is secondary, but in
other dimensions the operation may have higher order.

We define here a quadratic operation in a new way, using a functional
operation associated with Sq’*' to define a quadratic operation + in a 2¢-
dimensional Poincaré duality space M?* with a certain extra structure. This
extra structure is a lifting of the classifying map of its normal spherical fibre
space [21] to a classifying space in which the Wu class v,,, = 0. Any M* has
such a lifting, but it is not unique and different lifts lead to different results.
A framing induces such a lifting. We note that the definition works for all ¢,
not just ¢ odd. The operation + is defined on a subgroup of HY(M?*; Z,), and
if this subgroup has certain properties the Arf invariant of + can be defined.
It coincides with the Kervaire invariant for framed manifolds.

We show that if M* is a boundary in the cobordism theory above (using
the theory where v,,, = 0) and if the Arf invariant is defined, then it is zero.
Then we study this cobordism theory and the image of framed cobordism in
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it to get our results.

In §1 and 2, the theory in which v,,, = 0 is developed, and the operation
4 defined for a Poincaré duality space M?** which is oriented in this theory.

In § 3 it is shown that the Arf invariant which can be described in certain
circumstances, coincides in the case of framed manifolds with Kervaire’s and
Pontrjagin’s invariants. Then it is shown that if a framed M* is a boundary
in the theory based on v,,, = 0, then the Kervaire invariant of M¥ is zero.
Thus if the image of framed cobordism in this new cobordism theory is zero
in dimension 2¢, the Kervaire invariant is zero for framed 2¢-manifolds. This
is shown in §§ 6 and 7 for ¢ = 2 — 1.

In § 4, we discuss some general properties of orientations (or “liftings”
of the structural group of a bundle). Let 7: £ — B be a principal fibre space
with fibre G, where B is the classifying space for a category € of fibre spaces
or bundles, v the classifying fibre space or bundle over B, ¥ = w*(¥) over
E, 0: ¥ — v the induced fibre space or bundle map. Let & be in the category
€, with base space X. An E-orientation of &, (or lifting) is a map b: £ — 7 in
the category C. We define a natural notion of equivalence of E-orientations,
and show that the equivalence classes of E-orientations of &, are in one-to-one
correspondence with cross-sections of the fibre space E’ over X induced from
E — B by the classifying map of £. This generalizes the many well known
special cases in the literature, such as Spin structures (see [13]).

In § 5, we use the results of § 4 to show how to construct a structure on
S¢x S¢ in the theory with v,,, = 0, which has Arf invariant 1. Then in §§ 6
and 7, it is shown that if ¢ = 2! — 1, the image of framed cobordism in our
theory is exactly this element if (%,;)? in the Adams spectral sequence repre-
sents an element in the stable homotopy group of the sphere.

In § 6 it is shown in general how to calculate up to group extensions the
cobordism groups in the theory with v,,, = 0 in dimensions <2¢q, in terms of
the original theory. We get an exact sequence with the original groups, the
new groups, and relative groups. It happens to be easy to show that the relative
groups are the homotopy groups of a space with only one non-zero k-invariant
in stable dimensions <2q + 1.

In § 7 the k-invariant is computed and the case where B= B, is considered.
In that case it is shown that the image of framed cobordism is zero if ¢ = 2! — 1
using Adams results [1], and that if ¢ = 2' — 1 only an element corresponding
to A} can go non-trivially. In that case, it will go to the element constructed
in § 5, which therefore has Kervaire invariant 1.

In a later paper we plan to further study the invariants here defined. We
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shall prove a product formula analogous to formulas of Brown-Peterson [8]
and Sullivan (unpublished), compare our invariant in dimension 8k + 2 to
Brown’s, and study the invariant if ¢ is even.

I am indebted to Ed Brown for some illuminating conversations.

1. The operation

A cospectrum X is defined to be a sequence of spaces X = {X,, X, X;, +-+}
and maps f,: X,., — 2X,, (where X is the suspension). If A is a space then
define a cospectrum A, A = {4, ZA4, Z*4, - ..}, with f, = identity map. If X
and X’ are cospectra, a map g: X — X' is a sequence of maps {9, 9.1, - - -} for
k> 1, somel, g;: X, — X! such that the diagram

gi+1l ) lZgi
L Lsx
is commutative.

If g: A — B is a map of spaces, g induces g: A — B in the obvious way.
If X ={X,, X,, ---}isa cospectrum we let S*X = {X,,, X, ---}if £ >0, S*X =
{%, +o+, Xy, Xi, -+ -} (X, in the —k + 1 place) if £ < 0.

A cospectrum X = {X,, X,, X,, ---} will be called a Wu (g + 1)-cospectrum
if the following conditions are satisfied:

(i) Xismod 2 coconnected, i.e., H;(X; Z,) = lim; H,,(X,; Z,) is zero for
©>0and H.(X,; Z,) = H,.(X,+; Z,) = H(X; Z,) = Z.

(ii) Sq*t': H-"(X; Z,)— H°(X; Z,), is zero (H(X; Z,) =lim; H"+/(X,; Z,)).

We note that if X is a cospectrum satisfying (i) then condition (ii) is equiv-
alent to the statement:

(ii"y Sqtt: H*YX,; Z,) — H"(X,; Z,) is zero for every n.

If A is a space and » ¢ H,(A) we will denote by x e H;(A) = H,;(A), the
corresponding element.

Let M* be a Z, Poincaré duality space of dimension 2g, i.e., there is an
element pc H,(M; Z,) such that ~ p: H*(M; Z,) — H,,_(M; Z;) is an iso-
morphism for all s.

Let X be a Wu (¢ + 1)-cospectrum. An X orientation of M* is a map of
cospectra n: X —S~*M, such that n*(a) =g where a € H(X; Z,) is a generator.
That is, there are maps 7y, ,: Xoi, — Z"M, for all n > m, some m, such that
the diagram

7 +
Xoginir I, men Y
fzq+nl identity
ZNaq+n i NF
X2q+n — X M
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commutes and 73 ,(@,,,) = Z"(¢2) where a,, ., is a generator of H; i o Xogin; Zs).

Suppose M* is X oriented where X is a Wu (¢ + 1)-cospectrum, 7n.X—
SM.,, let x ¢ H-%(S™**M,; Z,) be such that 7*(x) = 0.

This means that there is an » > 0 such that 73.,(2"(x)) = 0 (which im-
plies 75, (2*x) = 0, for s = 7).

We define a map +: (ker )~* — Z, as follows.

Take a map f: M, — K(Z,, q) such that f*(c) = «, where ¢ € HY(K(Z,, q); Z,)
is the fundamental class. Let g = fop

f
X 15 §UM, — S"K(Z,, q) .

We define y(x) = Sq?+',(¢) where

H'(X; Z,)
im Sq** 4+ im g*

Sqrt,: (ker p*)— —

is the functional Steenrod square (see [22]).
It is equivalent to consider a single map 7y, ,: X,,4+, — Z*M,, or suppress-

ing subseripts 7: X — Z*M,. We may assume 7*(Z*()) = 0, and we may take

Y(@) = SqU+,(Z*(¢)), where

H""™"(X; Z,)

Sqe*t,: (ker g*)itt —
q**,: (ker g*) mSe rimgr

9= (E)en.

These two definitions of y can easily be seen to agree (cf. (1.2)). We
will use the second for the remainder of this section.

We note that Sq*'(c) = 0 since dim¢ = ¢, so Sq"*',(Z*(¢)) is defined. We
must take X*K(Z,, ¢) on the right, rather than =*M. in order to make the
indeterminacy zero, as indicated in the lemma below.

LEMMA 1.1. The indeterminacy (im Sq?*! + im g*)*+* = 0, so that range
v = Z,

Proor. By hypothesis (im Sq?+!) N H*+*(X; Z,) = 0 so it remains to show
that (im g*)*** = 0. But H***(Z*K(Z,, q); Z,) = H*(K(Z,, q); Z:) = ()%, by
a theorem of Serre [1], where (,)? is the g¢-dimensional component of
the Steerod algebra ;. Hence (im g*)*+* = (,)(g*(Z*)), and g*(Z4() =
NHEFf)*(Z*e) = p*Zke = 0, so (image g*)**+* = 0 and the lemma follows.

LEMMA 1.2. The value of + is independent of k, i.e., if one uses
EX——ZL> ZEM in place of 1 it defines the same .

LeEmMMA 1.3. If Y and X are Wu (q + 1)-cospectra and if Y — X is a map
of degree 1 (i.e., tsomorphism on H,) then X orientable spaces get a natural

Y orientation which defines the same function + on the intersection of their
domains of definition.
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THEOREM 1.4. + is quadratic, i.e., if ®,, @, € (ker *)?,
"#(xl + (l?z) = “/’(xl) -+ “/’(xz) + 77*(551"’372) .
Proor. Let f .: M— K(Z,,q) such that f*(¢)=x;. Then

M2 x ML K2, ) % K(Zey @) 2 K(Z4y q)

represents @, + ¥,, where A is the diagonal, and p is the multiplication in
K(Z, q).

Let X, Y be connected complexes with base points w,, ¥,,

nX—-XxY, ix)=(,¥Y)

1 Y-X XY, j@¥ =,y

p: X x Y—X, ¢:Xx Y—Y, theprojections,

$: XX Y->XANY=XxY/XVY, the natural identification map,
and

hS(X A Y)—Z(X x Y), the Hopf construction on the identity map.

LEMMA 15. St + 2 + A ZXVIYVIEX A Y)—-I(X x Y)
and
Sp+Zq+3s: (XXY)-IZIXVIYVIXAY)
are natural inverse homotopy equivalences.

For a proof see [10].
Applying Lemma 1.5 to our situation we get a commutative diagram:

Z(f1 X f2)

s s x )y 2 sk« k) 2 5K

Zp—&—Zq—i—Zsl z,oJr2q+2sl T‘Zp(Zi—i-Zj—{—h)

i+ Zfe+ Z(f1 A Sf2)

SM\ ZM VNV EZM AN M) KV IKVIKANK).

It then follows that the composite map of M — ZK which represents x, + «,
is Cp) @i+ 25 + WS+ Sf + 2(f A £))Ep + ¢ + Z5)(2A) = Zr. Now
(Ep + Zq + Zs)(ZA) = 21, + 21, + ZA where A: M—M x M— M AM, 1 M—M
in 7 place in M \V M. Now Zf;031; =0 if ¢ % jand Zpo(Ze + Zj + k) =
=9, + 29, + h(y) where J; is identity on K in the i* place in K \V K. Hence
Lr = 3f, + Zfy + R A f2)ZA.

LeEmMMA 1.6. If Xg: A — IB, g = Za + Zb, a*(x) = b*(®) = 0 and
(im a*)¥** = (im b*)*** = 0, then

Sa¥, = Sat, + Saf, .
ProOF. Za + Zb is defined by

Za Vv b

——>Z,B\/EB——>ZB

A
SA—ZAV ZIA
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where A’ is the “folding map.”

(ZB V 2B) = 030 CZA ~25 (ZB V ZB) = rayss C(SA V ZA) = (3B—+, TA) V (EB—, CE4)

A~ 11 lA’vl
—A
(ZB)~5, CZA '1"—’ (ZB)~ s/ (zaszn C(ZA Vv ZA)

The proof is immediate from the above commutative -diagram and the
calculation of Sq*(A"* (%)) in (£B —y, ZA) V (EB —y, ZA).

LEMMA 1.7. Sqq—i—lh(/‘) (Zl) - E(l /\ ‘)-

The proof is the same as [23, (5.3)].
Then it follows from Lemmas 1.5, 1.6, and 1.7 that
Y@ + @) = 8q" ek, = 8Q ks, (2F0) + SqT e, (Z4) + ¥ (2, — )
= "V(%) + (@) + U*(xlvxz)

which proves Theorem 1.4.

We shall say that an X oriented Poincaré duality space M?* is an X
boundary if there is a map ¢: M* — W+ such that (W, M) is a relative
Poincaré duality pair and the map

7 ski
X2q+k — XM, — Z* W,
is null-homotopic, some k.
ProproOSITION 1.8. Image ¢* C ker n* and y(x) = 0 for x € Image 7*.

The proof is obvious.

2. Wu spectra and cospectra

Let Y ={Y,, Y, Y, ---} be a spectrum, i.e., there are maps XY; — Y,,,.
Then Y will be called a Wu (¢ + 1)-spectrum if the following conditions are
satisfied.

(1) H(Y;2Z) = Hi (Y3 2,) = H(Y; Z,) = Z,and H(Y; Z,) = 0 for ¢ <0,
and

(ii) x(Sa’*": HYY; Z,) — H**\(Y; Z,) is zero, (where ¥ is the canonical
anti-automorphism of the Steenrod algebra, see [23].

If Y is a spectrum of cw-complexes of finite type, we may define the
Spanier-Whitehead dual of Y to be a cospectrum X = {X,, X, - --} where X; =
S*+t — (Yy)*, and Xy, = Z°X,; for € = 1 or 2, (where (Y,)* is the 2i-skeleton
of Y,).

LemMmA 2.1. If Y is a Wu (@ + 1)-spectrum, the Spanier- Whitehead dual
of Y ts a Wu (q + 1)-cospectrum.

Proor. This follows immediately from the fact that Sq’+' and yx(Sq**')
correspond under Spanier-Whitehead duality.
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Now let B, be the classifying space for an (n — 1)-spherical fibre space
theory, n >2q. (E.g., B, = By, B:v,, Bs,, By, ,,, Bsp, , €tc.) Define the Wu class
V=1+4+wv+v+ +++,v,€ H(B,; Z,) by the formula V = Sq~' W', where
Sq~' =1 + %(Sqa') + %(Sq?) + - -+ so that SqSq~ = Sq~'Sq = 1 (see [23, p. 36]),
W=1+w,+ w,+ - is the total Stiefel-Whitney class defined by W—U =
Sa U, (Ue HYT(v); Z,) is the Thom class) and W— W~ = 1. The following
propositions give some standard properties of V.

PROPOSITION 2.2. Let Ue H*(T(7,); Z) be the Thom class. Then V—U =
Sq~U, so v;— U = x(Sq*)U.

PrOOF. V = Sq~'W—!, so that

Sq(V—=U)=8qV—8qU = SqSq- ' W)—(W—-U)
=W'i-W-U=U.
Hence applying Sq~!, we get V—U = Sq~'U.

Let (X, Y) be a connected Poincaré duality pair of dimension N and let
h: X — B, be a map which induces the normal spherical fibre space v of X
from v, (see [21]).

PROPOSITION 2.3. The map Sq*: HY-4(X, Y; Z,) — HY(X, Y; Z,) is equal
to — h*(v,).

PRrOOF. h*(V)~—U = Sq~' U, where U is the Thom class in H*(T(v); Z,),
by naturallity. Now Hy..(T(®), T(v|Y); Z,) is in the image of the Hurewicz
homomorphism since v is the normal spherical fibre space of X (see [21]).
Hence, if A=a,+a, + -+, a;€e H(T(v), T(v|Y); Z,), it follows that
(Sq~*A)"+" = ay.,,, (since no non-trivial cohomology operation can hit the top
dimension).

Note that — U: H«X, Y; Z,) — H***(T(v), T(v| Y); Z,) is an isomor-
phism. Then if xe H" X, Y; Z,), (Sq@—U)""" = (Sq*2) —U. But

(Sa(Sqz—0))"*" = (¢ ~8q'U)"*" = (x = *V-=U)"*" = e~ h*v,~U,
but
(Sa(Sqa—U))"" = (Sq2)—U)"*" = (Sa‘x)-~U .
Hence @ —h*v,— U = (Sq* ) — U, and since — U is an isomorphism, & — h*v; =
Sqt .

Definition. B,{v,..> is the total space of the fibre space 7: B,{v,:,) — B,
with K(Z,, q) (the Eilenberg-MacLane space) as fibre induced from the space
of paths of K(Z,, q + 1) by a map f: B, — K(Z,, ¢ + 1) such that f*(¢) = v,1..

The space B,{v,;,> and its associated spaces and theories will play a
central role in this work.
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We let ¥, = 7*(v,) be the canonical fibre space pulled back to B,{v,:.),
and we note that since 7*(v,,,) = 0, it follows that %(Sq'*)T = 0 where
Ue H*T(%,); Z) is the Thom class. Therefore we have proved

ProposITION 2.4. T(7,) defines a Wu (q + 1)-spectrum, so that the dual
X of T(¥,) defines a Wu (q + 1)-cospectrum.

Since the index = plays no role if it is large enough, we will suppress it
from now on, i.e.,, B = B,, v = v,, ete.

If M*™ is a Poincaré duality space (or smooth manifold, PL. manifold, ete.),
a B{v,,y-structure on M* will be a map of fibre spaces (or vector bundles, or
PL bundles) of v into 7, where v is the normal spherical fibre space (or normal
bundle) of M** in S*+*, Then this gives a map of T(v) — T(¥) and hence the
S-dual is a map of the Wu (¢ + 1)-cospectrum X — S-*M, which gives M an
X orientation.

M* is a B{v,.,>-boundary if there is an i: M — W such that (W, M) is
a relative Poincaré duality space and the map v, — 7 extends to a map of
Yy — 7%, where v, is the normal spherical fibre space of W+ in Drarirn
(qu C Sutr — aD2q+l+n).

PROPOSITION 2.5. If M* is a B{v,.,>-boundary, then M is an X-bound-
ary in the sense of § 1, (where X is dual to T(7)).

PrRoOF. Considering the map of v,, as going into ¥ x I over Blv, .y x I
we get a map of pairs (v, v,) — (¥ X I, ¥ x 0), inducing a map

TWy)/ T(¥xn) — TF) % I/x x TU T(F) % 0
such that the diagram commutes:
Tw)Ty) — TF) x I|xx TU T(F) x 0
l Zg 1 _
ZT(y) —ZT®)

where g: T(v,) — T(¥) is the map induced by the B{v,, >-orientation. Taking
S-duals and using the Milnor-Spanier-Atiyah theorem [4] that the S-dual of
T(w)/T(vy) is ZFW ., we get

X — XM,
Y — Dk w.

where Y is the dual of T(¥) x I/ x I'U T(¥) x 0. But the latter space is
clearly contractible, so Y is also contractible and the result follows.
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3. The Kervaire invariant

Using the results of § 1 and 2 we may now define an Arf invariant in
certain circumstances.

Let M* be a B{w,,,y-oriented Poincaré duality space and suppose that
the bilinear form given by the — product is symplectic and non-singular on
a subspace A C (ker 7*)?. Then the Arf invariant [3] of ¥ on A may be defined
as follows.

Let x;, y; € A be a symplectic basis, i.e., .2, = y;y; = 0, all 7, 7, x,y; = ;5.
Then c(vyr, A) = Y. ¥(;)¥(y,) is the Arf invariant of 4 on A and is independent
of the choice of basis, (see [3]). Note that it is defined this way for any q.

In general ¢(vy, A) will depend on the choice of A4, as well as the B{v,;.)-
orientation of M*,

LEMMA 3.1, If M* is B{w,.,y-boundary of W and if (imi*) N Aisa
submodule of rank = 1/2(rank A), then c(y, A) = 0 (:: M— W is the inclusion).

ProoF. (Image i*)? is a self-annihilating subspace, so that a basis of
(Image 1*)? N A is 1/2 a symplectic basis for A. By Proposition 1.8, 4» = 0 on
image ¢* so that ¢(y, A) = 0.

An important case is when the — product is symplectic and non-singular
on all of (ker 7*). In that case we set ¢(v, (ker 9*)?) = ¢(v). (We emphasize
again that the definition of + and hence c(++) depends strongly on the B{v,;,>-
orientation, as will be demonstrated in § 5.) This will be the case for example
if (ker 9*)? = HY(M; Z,), which will be the case if M is a 7-manifold.

Now if M* is framed, then the framing is a reduction of v, to the trivial
bundle, i.e., the fibre over a point of v,. Thus a framing induces a B{v,;,)-
structure of M*. (In fact a trivialization over the g-skeleton of v, induces a
B{w,,.y-structure on M*.) Now we relate the Kervaire invariant (see [11], [9],
[12]) to e(v).

THEOREM 3.2. If (M*, F) is a framed manifold, q odd, and + is defined
using the induced Blv,. )-structure, then c(y) = Kervaire invariant of
(M, F).

(Actually this holds with similar proof if F' is a framing on the g-skeleton
of M.)

PRrOOF. To define the Kervaire invariant, we do framed surgery on M?*
to make it (¢ — 1)-connected. By Lemma 3.1, this will not affect the invariant
c(v). Thus we may assume M% is (¢ — 1)-connected, and in fact using more
surgery we may assume HYM; Z,) = Z, + Z,, with generators «, y, such that
x—x =y—y =0,z—y =1, (see[12]).
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Now ¢q +# 1, 3,7 the Kervaire invariant is defined as e(x)&(y) where e(x) =0
if the normal bundle of an embedded S? dual to « is trivial, and e(x) = 1 if
the normal bundle is non-trivial. Hence to prove the theorem when ¢ #1, 3,7,
it suffices to show that ++(x) = &(x) in this case.

Let S?c M* be an embedded sphere, £ its normal bundle and let a;: M% —
T(¢%) be the natural collapsing map. Let Ue HY(T(£); Z;) be the Thom class,
so that a*U = =, the cohomology class dual to S Then the map f: M —
K(Z,, q) such that f*¢ = x may be factored

M- 1) L5 K2, 9)
where f'*(¢) = U.

Now the map T(v,)— T(7,) factors through T'(v,) — S — T(7,) since it
comes from a framing, so that the dual map » factors

X —gutk B sepr

Hence by Lemma 1.3, 4 may be defined using 8 instead of 7.
Now suppose & is trivial, so that T'(¢) = S? v S*. Then we have

(%) S2a+k i ZkM+ Tka ZkT(S) Efﬁ Zk.K(Zg’ q)
so that we may look at the map
Si2q+k _Eia_’L Sk T(E)
g? lzkp

SHK(Z, q) —L srge

where p: T(£) — S? comes from the trivialization of £ and f”: S*— K(Z,, q) is
such that f"*(¢) = w, generator of HY(S? Z,). It follows easily that

Sqe+,(Z4(0) = Sqr+'5(Z4(w))

where
g = (Zf")-(Z*p)-(Z'a)-B
and
g = (Z*p)-(Z*a)-B: S+ — S7 .

But if Sq***;(Z*(w)) # 0, then g is a map of Hopf invariant 1, so that is im-
possible by the Theorem of Adams [1], if ¢ = 1, 3, 7. Hence if ¢(x) = 0, then
¥(x) = 0.

Now suppose &(x) = 1 so that & is non-trivial, and since & is stably triv-
ial, it follows that & = 7. So we must consider a map 6,
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st 2w 2L s k(2 q)
Set t = (Z¥f7)-a.
If 6 = (Z*a)-B, then y(z) = Sq’**,(Z*(¢)). Then the result follows from
the following.

LEMMA 3.3. If & = 74, q # 1,8,7, and 8: S*** — T(§) is any map such

that
8*: H+(SFT(E); Z) — HMHH(SH; Z)

is an isomorphism, then Sq*+,(2*(¢)) # 0.

ProOF. First let us note that g, = normal bundle of the diagonal in
S? x S¢ Hence we have the natural map S? X Se-%, T(&) such that
a(U)=0Q®1+1Qwe H(S* x S% Z,). Hence, if f": T(¢) — K(Z,, q) is
such that f*(¢) = U, then (f”ca@)*(t) = ® ®1 + 1 ® w. Embedding S x S*
in S%+! with trivial normal line bundle, we get

s 2, 587 x 89 =L SK(Z,, q)

where f = f"-a.

Now & is the Hopf construction on the identity S? x S?— S? x S?, and
f = pa x a), where a: S*— K(Z, q) such that a*(¢) = w. Hence Sfd=
h(f), the Hopf construction on f. But A(f) = h(#):s, where s:S** —
3(K(Z, q) A K(Z,, q)) is a map such that s* is an isomorphism on H**', so that
Sa L (2(0) = 8* Sa™w(E(9).  But 8q7,(Z(9)) # 0 by Lemma 1.7. Hence
the lemma is proved for § = (Sa)-é.

Now if 6’ is another map ¢’: S¥+* — Z*T(£) such that ¢'* is an isomorphism
on H¥+* then &’ = & + 1,(, where { € T,,.,(S***) and 4: S*** — Z*T'(§) is the
suspension of S?— T(&), which comes from the inclusion of the fibre. Let
a=Skf-0,l=3FF(i-C) so that a+1=(Z*f)-6’. Then by Lemma 1.6, Sq"*',,,=
Sq*, + Sq*+',. But, if Sq7+(Z*(¢)) =0, it follows easily that £ has Hopf invari-
ant 1, which is impossible by Adams [1]. Hence Sq°*"; = 0 and the lemma
follows.

This completes the proof of Theorem 3.2 if ¢ # 1,3, 7.

In case ¢ = 1, 3 or 7, one may give a similar proof, using the different
definition of the Kervaire invariant (i.e., the Pontrjagin invariant) in these
dimensions, which depends on a framing. Here the normal bundle £’ to an
embedding S’ M is always trivial, but the map 8: S*+* — T'(¢) (as in (3.3))
plays an important role. We omit the details. (See [6, Ch. III, § 4].)

COROLLARY 3.4. If (M*, F) is a framed manifold and as a B{v,.)-
manifold (M, F) is cobordant to zero, then the Kervaire imvariant of
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(M, F)=0.

This follows immediately from Theorem 3.2 and Lemma 3.1, using
Poincaré duality.

Hence if the image of Qf*™ in B{w,,,»>-cobordism of smooth manifolds in
dimension 2q is zero, then the Kervaire invariant of any framed 2¢g-manifold
is zero. We will show in § 7 that this is the case if ¢ = 2» — 1.

4. Orientations

In this section we discuss some generalities about “orientations” or
“liftings of the structural group” of a bundle, which will be convenient to
have. Special cases of these results are well known such as in the case of
Spin structures [13]. We then apply these generalities to the case of B{w,, >-
orientations.

Let v, be the canonical bundle over B, the classifying space for “bundles”
in some category, (such as linear or PL bundles, or even spherical fibre spaces),
and let 7, = 7*(7,), the induced bundle over E, where n: E — B is a fibre map.
Let p: ¥ —7 be the natural bundle map, and let & be a bundle in the category
over a space X. An E-orientation of ¢ is a bundle map b: £—7. Two E-orienta-
tions b,, b,: £ — 7 are equivalent if there is an orientation b: & x I — ¥ where
& x Iis the induced bundle over X x Iand b(x, ¢) = bi(x), ¢ = Oorl,xeé.

Let ¢: £— be a bundle map, and call an E-orientation b: £ — ¥ canonical
(with respect to ¢) if pb = ¢. Two canonical orientations b,, b, will be called
camonically equivalent if there is an equivalence b:& x I—# which is canonical
for each t e I.

Let us denote by O(£) the set of equivalence classes of E-orientations of
&, and by O(&, ¢) the set of canonical equivalence classes of canonical E-orienta-
tions of £&. There is a natural map 7: O(&, ¢) — O(§).

LEMMA 4.1. 7 is a one-to-one correspondence.

ProOF. First we show 7 is onto. Let b: £ — 7 be an E-orientation of &.
Since 7 is universal, the maps ¢ and pb, on & x 0 and & x 1 respectively, extend
toa bundle map e:& x I—~. If h: X x I— B is the map of base spaces covered
by e, then by the covering homotopy theorem for 7: E — B, h is covered by
h: X x I— E. Then the pair of maps (e, k) defines a map of £ x I into the
induced bundle 7*(v) = ¥ which defines an equivalence of b with a canonical
orientation.

Now we show 7 is one-to-one. Let b,, b, be canonical E-orientations and
let b: £ x I—# be an (ordinary) equivalence between them. We must find a
canonical equivalence.
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Now we define a bundle map a:& x I*| X x 6I*— v as follows. On
ExIxO0UEXOXxTIUE x1xIwetakea(x,t,s) =c@),vrecé,s=00rt=0
orl. Oné& x 1 x I define a(x, t, s) = b(x, t). Since v is universal, a extends
to@: & x I*—~. Let h be the map, h: X X I x I — B covered by @, and note
thatif Y= X x IXx0UX xIx1UXx1x I, h|Y is covered by a map
H:Y —E. Since Y is a deformation retract of X x I, the covering homotopy
theorem implies that H extends to H: X x I* > E. Then (@, H) together
define a map & x I*—#, and on £ x I x 0 it yields a canonical equivalence be-
tween b, and b,.

This proves (4.1).

THEOREM 4.2. The set O(£) of E-orientations of & is in one-to-one corres-
pondence with the set of homotopy classes of cross-sections of f*(E), where
f: X — B is a classifying map for &.

PROOF. By Lemma 4.1 it suffices to prove this for O(¢, ¢), where ¢ covers
f. Now homotopy classes of cross-sections of f*(E) are in one-to-one corres-
pondence with homotopy classes of maps g: X — E such that 7g = f, (where
the projections of the homotopies are also constantly ). Nowamap g: X — E
such that 7g = f, together with ¢:£—, induces a bundle map b:&—7 = 7*(7)
such that ob = ¢, i.e., a canonical E-orientation. Similarly a homotopy lying
over f induces a canonical equivalence so that a map is defined from classes
of cross-sections to O(&, ¢). On the other hand, if b€ O(£, ¢), b covers a map
g: X — E such that g = f (since pb = c¢). Similarly, canonical equivalences
yield homotopies lying over f, so that a map is defined from O(§, ¢) to cross-
sections. It is easy to verify these two maps are inverses, which proves
Theorem 4.2.

COROLLARY 4.3. If 7: E— B is a principal fibre space with group G,
and if & has an E-orientation, then O(€) is in one-to-one correspondence with
[X, G](= the homotopy classes of maps X — G).

For [X, G] is in one-to-one correspondence with sections of a trivial G-
bundle, and since f*(E) has a section, it is trivial.

COROLLARY 4.4. If a bundle & over X has a Bvy,p-structure, then the
equivalence classes of B{v,,y-structures are in one-to-one correspondence
with elements of H(X; Z,).

For B{v,,,> — B is a principal fibre space with group K(Z,, ).

We note that if 8: X — G and g: X — E such that 7g = f, the new map
corresponding to 8 is given by ¢’'(z) = p(B(), g(x)), where v € X and p:G X E—
E is the action of the group on K.
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5. Examples of manifolds with ¢(y) = 1

LEMMA 5.1. With any Blv,,. >-orientation on a mw-mani fold M*,
(ker »*)* = HY(M; Z,).
PRroOF. Since 7: B{v,,,> — B is a fibre space with K(Z,, q) as fibre, and
non-zero k-invariant v,,,,
Hq(B<vq+l>; Z2) - Hq(B; Zz)
is mono. Since M is a 7-manifold, the classifying map ¢: M — B is null-homo-

topic and if a: M — B{v,,,> is an orientation, 7a = ¢, so Ty = C,. Hence
ay: H(M; Z,)) — H(B{v,..>; Z,) is zero, and by the Thom isomorphism,

T(b),: q+n(T(vM) Z) q+n(T(7n) Z)
is zero. Since for the map of Spanier-Whitehead duals,
7]: X—) ZkM+ y

= (T®),)*, n*: H**(M; Z,) — H* X ; Zy)
is zero.

Let us consider S? x S¢ framed in S+, so that it is naturally framed
cobordant to zero. Then, of course, c(y) = 0, for the + coming from this
framing. We will construct a new B{v,,,y-orientation on S* x S? so that
c(y) = 1, for each q. (Here B may be taken to be B, Bp.,, Bg,, etc.)

Let ¢: S? x S*— B{v,;,»> be the map coming from the framing above,
which we may take to be the constant map, and let d: S* x S*— K(Z,, q) be
such that d*(¢) = g ®1 + 1 ® g, g = generator of HS? Z,). Then let us
consider the B{v,.,»-orientation corresponding to q(x) = p(d(x), q(x)) (see § 4).

THEOREM 5.2. With the Blw,, y-orientation on S? x S9 corresponding
to q, c(v) = 1.

ProoF. By (5.1), v is defined on all of H%(S? x S¢; Z,). We must show
that v(9 @ 1) = (1 ® g) = 1, for this . Now the map f:S? x S*'— K(Z,, q)
such that f*(¢) = g®1, factors through the projection p: S*x S*— S9, p(x, y) =
x, i.e., f = rp where r: S* — K(Zz, q) is such that r*(¢) = g. Hence we have
X1 5487 x 89, =5 5480 27, SK(Z,, q) and if ¢ = (S*p)-y, and ¢ =
(E*r)-t, then clearly Sq*+'((Z*r)*(Z*)) = Sq**, (Z%(9), and then (g ®1) =
Sat'(Z4g)).

Now considering the natural embedding of S¢ x S¢ in S#+! one can
deduce from the Milnor-Spanier theorem that (S¢ x S 9, is stably (2¢ + 1)-
dual to itself (see [4]) and that the inclusion in the second factor i: S7— S7x S*
is S-dual to p. Hence Z"i: £"S¢— =%(S? x S9), is S-dual to p, and the
composite I: Z*S? — 2*(S? x S, — T(¥,) is S-dual to t. It follows from
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[16] (see also [23]) that Sq*';: H*™*(Z*SY; Z,) — H*™M(X; Z,) 1is dual to
x(Sa*),;: HNT(7,); Z,) — H"+(2"S4; Z,). We will show x(Sq**"), is non-zero
so that Sq*, is onto, and hence Sq**',(£*(g)) # 0. (We use here the fact that
if f:X—Y,Sq"", is calculated from Sq’*' in the space Y —,cX, and
(Y —;¢X)* = X* —,. cY*, where = denotes S-dual.)

Now the composite map s = gz, S* L8 x 802, B{v,.,) generates
the (kernel ,),, T, T (BLv,:.») — 7 (B). Hence, T: B{v,.,)—, ¢’ — B which
extends x, is an isomorphism on 7;, 7 < q.

If ¢g=1,3, or 7, then the inclusion j: K(Z,, q) — B{w,;., is zero on
7 (K(Z,, q)) = Z,, while if ¢ # 1, 3,7,

752 T K(Z,, @) — 7 BLg:1)
is mono. This comes from the fact that there is a spherical fibre space over
S+ with v,,, 0 if and only if ¢ + 1 = 2, 4 or 8, (cf. proof of (5.3)).
Hence if ¢ = 1, 3, 7, then 7, is onto ,,,(B), for any choice of T extending
7, while if ¢ = 1, 3 or 7, then s is homotopic to a constant so that
By, ~—, e = B,y V ST,
and if we choose 7 on S+ to go onto a generator of x,,,(B), T will map onto
T,+1(B). Therefore we may assume T,: 77:,-(B<vq+1>vse"+1)—»n:,-(B) is an isomor-
phism for ¢ < ¢ and onto for ¢ = ¢ + 1, and hence 7;(7) = 0 for 1<q+1. By
the relative Hurewicz theorem, H,(T) = 0 for 4 < ¢ + 1 so that H(7;Z,) = 0
and H(%; Z,) = 0 for i < q + 1. Hence 7*: H(B; Z;) — H(BLv,1.,) —, €"*; Z,)
is mono for ¢ < ¢ + 1, and hence 7T*(v,+,) # 0.
Now S?— S? x S?— B{w,,,> is covered by a bundle map inducing I,
2"S? —— Z*(S* X 89y — T(7.,)
and hence T(7,) —, ¢***** is the Thom complex of the induced bundle 7*(7,)
over Bv,,.>—, e, Since T*(v,,) = 0, it follows from (2.2) that x(Sq**)U # 0
in T(7*(v,)), and hence %(Sq’*"), # 0 on H "(T(7.); Z.), and Sq°*',(Z*g) # 0,
which completes the proof of Theorem 5.2.
We note the following

PROPOSITION 5.3. The structure g on S X S? comes from a framing if
and only if ¢ = 1,3, or 7.

PrROOF. If 7 comes from a framing, then g is homotopic to a constant
map into B{v,.p, so that if j: K(Z,, q) — B0y, §4(7( K(Z,, ¢))) =0 and
0: T,1(B) — w(K(Z,, ) is onto, where 0 is the boundary in the exact sequence
of the fibre space. By the natural relation between ¢ and the transgression
in cohomology, since ¢ € H(K(Z,, q); Z,) transgresses to v ., it follows that if
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oa generates 7,(K(Z, q)), @: S** — B, then a*(v,.,) # 0 and « induces a
spherical fibre space over S*+' with v,., # 0. But then the Thom complex has
two cells and (Sq’*") # 0 (by (2.2)) so that ¢ = 1, 3, or 7 by Adams [1].

If ¢ =1, 3, 0r7, then there are linear bundles over S with Vo, # 0,
and by an argument similar to the above, we may deduce from this that q is
homotopic to a constant.

The structure g on S? x S?¢ determines an element of B{v,,,y-cobordism
for any classifying space B, any ¢, which is non-zero since it has c(y) = 1.

THEOREM 5.4. The structure g on S x S* has Thom invariant (tn
T T(7))) which is equal to 7, (w), where j: Z"K(Z,, q) — T(¥) coming from
the inclusion of K(Z,, q) — Bv,,.>, and where @ ¢ Tored 2" K(Z,, Q)) = Z, 18
a generator.

The proof is routine from the definitions, using the fact that the Hopf
construction on p: K(Z,, q) x K(Z,, q) — K(Z,, q) sends the generator of
To0ii(ZK(Z:, ) A\ K(Zy, q)) into the generator of Tuni(ZK(Z,, q)).

6. B{x)-cobordism

Let B be a classifying space as usual and let 7: E — B be a fibre space
with K(Z,, q) as fibre, induced by f:B— K(Z, q + 1) such that X0 =
ve H'"(B; Z,). Let ¥ = *(7). In this section we shall compute ( T(7)) for
1 = n + 2q up to a group extension in terms of 7 (T(™) and H (T(); Z,). If
® = v,., and B is a classifying space for which transversality holds (such as
Bo,,, Bso,, By, etc.), this gives us a computation of B{v,.,y-cobordism in dimen-
sions =2q in terms of B-cobordism and H,(B; Z,). We will use these results
in § 7 to prove that the Kervaire invariant of a framed manifold M* is zero
unless ¢ = 2™ — 1, and in that case that the Kervaire invariant is related to
the element £}, in the Adams spectral sequence.

Below we use concepts of “disk” bundle associated with a fibre space with
some fibre F, etc., notions which are explained in detail in an appendix. In-
tuitively one may think of the “disk” bundle as the mapping cylinder of the
projection and make analogous constructions as in the case of linear bundles.

Let w: E — B be a fibre space with fibre K(Z,, q), let B be connected, and
let v be an (n — 1)-spherical fibre space over B, n very large, ¥ = n*y. Let
7: E— B be the disk bundle associated with w, with contractible fibre
cK(Z,, q), (see appendix) and let #: . — B be the sum of 7 with a trivial S°
bundle, so that the fibre of # is ZK(Z,, q). Let 7*(7) also be denoted by 7,
and let ¥ = #*(7). The fibre space £ = E, U E_, where &,, E_are two copies
of E,E.NE_=E, and let v,,v_ be the restrictions of 5 to E ,E_, (sov.
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corresponds to v under the identification of E, with E).
Now we have the exact sequence of the pair (T(’Y), T(”7)),

¢« = T TN, T@)) — s T(T))
I 7Tn+i( T(’Y)) E— TL',,H(T(’Y), T(’?)) — e,

THEOREM 6.1. There is a map h: T(V)/T(7)— K(Z,, ¢ + 1) A\ T(v) which
is an isomorphism on H*( ; Z,) for 1 < 2q + 1, and with kernel h* in di-
mension n + 2q + 2 generated by a single element X.

THEOREM 6.2. 7,.(T(7), T¥) = Hpriel T(V); Z2), Sfor i <2q and 1is
detected by the Hurewicz homomorphism mod 2, and for ¢ = 2q + 1, the
sequence

0—Z,— 77-'n+2q+1( (), T(7_’)) — Hn+q( T(); Zz) —0

is exact, and the Z, on the left is the kernel of the Hurewicz homomorphism
and generated by the image of

ﬂn+2q+1(can(Z2’ Q), ZnK(ZZy Q)) = Z2 in 7z'-'n+2q+1( T(’Y)! T(i)) .
The first part of (6.2) is equivalent to

THEOREM 6.2'. K(Z,,q + 1) A T(¥) is a product of K(Z,,t;) in dimen-
stons =m + 2q + 2, with w,(K(Z,, q + 1) A T(7)) in these dimensions iso-
morphic to Hq+1(K(Z2y q + 1); Zz) X ﬁ*(T('Y), Zz)-

PROOF OF THEOREM 6.1, If we include the pair (E,, E) — (K, E_), this is
an excision map so that it induces an isomorphism on H,( ; Z,). Hence the
map of Thom complexes above this inclusion (7(v.), T(7)) — (T(%), T(v-)) also
induces an isomorphism in H,( ; Z,). We are interested in stable homotopy
groups and since n is assumed very large, we have that (T(v.), T(%))—
(T(v4)/T(), *) and (T(F), T(v-)) — (T(9)/T(v-), *) induce isomorphisms on
stable homotopy groups. Hence we shall deal with T'(7)/T(v_). But if a: B—
E is the canonical cross-section a(B)  E_, then (E, E_) is homotopy equiva-
lent to (E‘, a(B)), and T(9)/T(v_) is homotopy equivalent to T(7)/T(7), where
v is identified with ¥ | a(B).

Now #: Bl — B is a fibre space with ZK(Z,, q) as fibre, and with a cross-
section a:B— E (as above). Hence, it follows that there exists a
g’ e H*\(E; Z,) such that j*(¢’) = Z(¢) the generator of H**(2K(Z, q); Z),
where j: 2K(Z,, ) — E is the inclusion. If g = ¢’ — #*a*(¢’), then j*(g) = Z(2)
also, for j*7* = (£j)* = 0 as #j is the constant map. Further

a*(g) — a*(gl) — a*ﬁ*a*(gl) — a*gl _ a*gl — 0 ,

since a*#* = (Ra)* = (identity)*, (« being a section of 7). Let B: B —
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K(Z,,q + 1) be such that 8*(¢) = g and define
SiE——K(Z,q+ 1) x B by f()=(8@), #(x)) .
Then the diagram
E— KZ,q+1) xB
nl lprojection
B identi_ty_) B
clearly commutes, so that fis a map of fibre spaces. Now
I = fI2K(Z, q): 2K(Z,, q) —> K(Z,, q + 1)

is the usual suspension map, so that S'* is an isomorphism on H¥( ; Z,) for
1 = 2q +1, and (kernel f"*)*+? is generated by Sq*+(¢,.,) € H 2 K(Zy g +1); Z,),
(see [19]).

Now from the commutative diagram

SK(Zy q) — E — B
/| 1

KZyq+1) -2 KZ,q+1)x B —B

we get a commutative diagram of Thom complexes

SY(2K(Zy, q).) 1o T(9) — T(7)

4 d !

ZM(K(Zyy g + 1)) 2> K(Zyy q + )4 A T(v) — T() .
Now the section a: B — £ has the property that p, fa is null-homotopic where
p::K(Z,,q+1) x B—K(Z,,q+1) is the projection. Hence fa:B—K(Z,,q+1)x B
is homotopic to the inclusion of the second factor B—ux,x B,x,€ K(Z,, q + 1).
Then we get

() — T/ T(v-)

(R) 7| 7|

K(Zyy q + 1) AT(Y) —> K(Zy, q + 1), A T™M/T(v)
where T(v) = x, x T(v) € K(Z,, q + 1), A T(v). Hence

K(Zyy ¢ + 1) ANT(V)/T() = K(Z,, g + 1) AT(M) .

Using diagram (8), the fact that S'* is an isomorphism on H( ; Z,) for
1 =< 29 + 1, and kernel f'* c H " K(Z,, q + 1); Z,) is generated by one element
Sq?*'(¢,+,), we get using the spectral sequences of the two fibre maps that
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F* H(K(Z,, ¢ + 1) x B; Z) — H'E; Z)

is an isomorphism for ¢ < 2¢ + 1, and j’* maps (kernel f*)*+* isomorphically
onto (kernel f'*)*+2, Hence (kernel f*)¥*+* is generated by a single element Y,
and 7*Y = Sq**!(¢,.,). Similarly, it follows that (cokernel f*)*** is generated
by a single element Z and j*(Z) = Z(¢—S8q" ¢).

Then using the Thom isomorphism for the spherical fibre spaces 7, 7, etc.,
we find that in diagram (T),

F* HK(Zey ¢ + )2 N TOV); Zs) — H*(T(); Z2)

is an isomorphism for 7 < 2¢ + 1, and (kernel F*)** is generated by a single
element X = ®(Y), (® is Thom isomorphism) and j'*(X) = Z*(Sq** ty4,) =
Sq?*!(%"¢,,,). This proves Theorem 6.1.

To prove Theorem 6.2 we have to compute H*(K(Z, ¢ + 1) A T(); Z,)
and show that it is a free module over the Steenrod algebra @, in dimensions
<n + 2¢ + 2, with basis in dimension [ isomorphic to H'-*(T(7); Z),
1<2¢+2+m.

Now we have the following well known lemma. Let @ be a connected,

locally finitely generated (1.f.g.) Hopf algebra over a field, associative as an
algebra, (see [14]).

LEMMA 6.3. If F isa freel.f.g. module over @ in dimensions <r, F; =0
for i <0, and M is any 1.f.g. module over @, with M; = 0 for 1 < n, then
F ®M is free over @ in dimensions <r + n, with basis, V. Q M, where
F=QQYV (where ® is as modules over the Hopf algebra @, see [23]).

Proor. F ® M is additively isomorphic to @ Q V ® M in dimensions
<7 + n, and has the structure of an @-module using the diagonal map, i.e.,
if ya =33, a;Qai,

a@@v@@m) =), a.dQvRQ aim

where : @ — @ ® @ is the diagonal of @. We will show that ® M is iso-
morphic as an G-module to @ @ (V @ M) where a(@® (v Q m)) = a@d @ (v Q m).

Since @ ® (V ® M) is free over @, the inclusion VQQ M — F ® M extends
to a map of G-modules, £: @ @ (VQ M) — F & M.

Now we show that fis onto in dimensions <r+n. By induction suppose f
is ontoEKm(f@V,-@MCF@Min dimensions <r+4n,andlet2 e ARV, R M,
dimension x = s < r + n, (where if m < 0, this is trivial). Assume by a second
induction that f is onto @, @V, @ M, k < I, (where for k = 0 this is obvious).
Let aQv®@me @ Q V., QM. Sinced is connected, ya=a@1+ 3. a;: Q ai,
dima; < !. Then
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f(a®(v®m))=a(l®v®m) =2..6QvRam+aRQvRm .

Hence a @v@m — fla @ (v @ m)) e 2@ ®V, ® M, so that

a@v@m — fla® (v Qm)) e (image f) by induction, and hence f is onto
@ ®V.&® M. Hence by induction @ Q V,, ® M C image f, so by induction f
is onto.

But F ® M and @ Q (V Q M) are isomorphic as graded vector spaces, and
finite dimensional in each dimension (i.e., 1.f.g.). Hence fis an isomorphism
in dimensions <7 + n.

We apply Lemma 6.3 to @ =@, the Steenrod algebra, F =
H*K(Z,, q + 1); Z), r=2q+2 M= H*Tx,); Z,), m =mn. Hence
H*(K(Z,, q + 1) A T(7); Z)) is free over @, in dimensions <2q + 2 + n,
so that K(Z, q + 1)A T(v) is homotopy equivalent to a product of
K(Z,. k;)’s in these dimensions where the homotopy groups are isomorphic to
H*(K(Z,q+1); Z)Q H *(T(7); Z,) in these dimensions, by Lemma 6.3.

Let t: T(9)/T(v) — K(Z,, n + 2q + 2) such that t*() = ®(Z). Then

Fxt: THTO) — (K(Zey ¢ + 1) A T(0)) X K(Zyy n + 2 + 2)

is a map into a product of K(Z, k)s, (f x t)* is an isomorphism on
H™( 5 Zy),1 < 29 + 1, (f x t)* is onto for ¢ = 2¢q + 2, and kernel (f x t)n+
is generated by X, where

F™(X) = Sq(E,) € H S K(Z,, q + 1); Z)) .

Then in dimensions <n + 2¢ + 2, f x t is the projection into the first stage
of a generalized Postnikov system for T(7)/T(v) (generalized meaning we
use products of Eilenberg-MacLane spaces). Using diagram (T), since
Sq**(Z"¢,.,) generates (kernel F)"+%+2 it follows that, for a generator
W € Tp10041(2"K(Z,, q)), 7 () generates the Z, subgroup of Tuizeed( T(R)/ T(7))
detected by the element X, considered as a cohomology operation.

This completes the proof of Theorem 6.2.

7. The Kervaire invariant of framed manifolds

In this section we show that the image of framed cobordism Qframed i
BKv,+.p-cobordism is zero if ¢ # 2! — 1, so that by Corollary 3.5 the Kervaire
invariant is zero if ¢ == 2' — 1.

If ¢ = 2' — 1, we shall show that image Qe in Bv,.,»-cobordism is the
subgroup generated by (S¢ x S¢, 7) (see § 5) if the element h} in the Adams
spectral sequence (see [2]) represents an element in the stable homotopy
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groups of spheres, and the image Q™ is 0 otherwise. But for (S x S¢, q),
c(¥) = 1, (see (5.2)) so that we get

THEOREM 7.1. There exists a framed manifold M* of Kervaire in-
variant 1 if and only if ¢ = 2' — 1 and the element h} in the Adams spectral
sequence represents an element of the stable homotopy groups of spheres.

COROLLARY. Thereisa framed manifold of dimension 30 with Kervaire
invariant 1. Equivalently, the Kervaire manifold of dimension 30 is
smoothable.

It has been proved by Mahowald and Tangora (Topology 6 (1967), 349~
370 § 8) that A} persists to K. in the Adams spectral sequence. Hence the
corollary follows from (7.1).

Coupling this example with the framed S* x S, S* x S? and S” x S” of
Pontrjagin, we get

There are framed manifolds of Kervaire imvariont 1 in dimensions
2,6,14, and 30.

Now the inclusion of the fibre of 7 induces the map S™ — T(7) and the
question about the image of Qi*™ in B(v,,,>-cobordism is, by transversality,
equivalent to the question: “What is the image of 7,.,,(S") in Tsal T(7))?”

Consider the exact sequence of the pair (T(“/), T(ﬁ")):

e T TO), TO)) = T TT)) > Tagn D) — -+
Since by the theorem of Thom, T(v) = [] K(Z,, t;), so that the Hurewicz
homomorphism is mono in 7(v), it follows that
image (7, 1,,(S™)) C image 0 C 7,0 T(7)) -
We first prove

PROPOSITION 7.2. image (7,+:,(S™)) CO(J (Tur2t:1(cZ" K(Z:, ), " K(Z,, 0)))
so that the only possible mon-zero element inm image , ,(S™) is the Thom
wnvariant of (S¢ x SY, q).

Here, j: (c="K(Z,, q), 2"K(Z,, 9)) — (T(7), T(7)) is the map of Thom com-
plexes induced by j: (¢K(Z,, q), K(Z,, q)) — (E, E), (see § 6).

PROOF OF PROPOSITION 7.2. We consider the map of ¢: S*— T'(¥), and
suppose a: S™ — S™ represents some element of 7,.,(S"”). Then pix is
homotopic to zero, so we may factor Z(ia) through the map 7: T(v)/T(7) —
ST(v). Since we are considering a stable homotopy group, it suffices to study
(i) = (Z0)(Ea).

If we set Y = S" —, e"*¥+! we get a commutative diagram (see [18]),
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Srw X, gr Py O, gmmen X gan L,

| s

T(7) — T(¥) —— T()/T(7) "> =T(3)

which yields a map of exact sequences (coefficients Z, throughout)

Zak

Hk(Sn+2q) — Hk(Sn) (_é*_ Hk( Y) (__‘E*_ Hk(Sn+2q+1) -— Hk(Sn+1)
(H) Jie i Jiz [
HYT®)) — HYT() <— HXT)|T®) <L— HYST())

where the horizontal sequences are the usual cohomology exact sequences.

Since J,7ss04:(cE"K(Z,, q), 2"K(Z:, q)) is the kernel of the Hurewicz
homomorphism mod 2 in (T(v), T(7)) (by Theorem 6.2), it follows that Proposi-
tion 7.2 is equivalent to the statement that i* = 0 in diagram (H). So we
consider, in (H), k = n + 2¢ + 1, and we note that i*1* = 0 since (2¢)* = 0 in
this dimension, and {7* = (2a)*(Zi)*. Hence, if xe H*(T(v)/T(7)), and
15(®) # 0, then ¢"*x = 0. Now T(7) is (in the stable range) a product of K(Z,, t,),
so that 6’*x corresponds to a 1* order cohomology operation mod 2. Now
6*: H¥S™***') — H*(Y) is an isomorphism for ¥ = » + 2¢ + 1, so that
12(0"*)(x) = 6*¢}(x) = 0, and hence the operation corresponding to 6’*x is non-
zeroin Y. But by the result of Adams [1], the only 1* order cohomology
operations mod 2 which can be non-zero in a space Y with only two cells are
Sa’, 8q?, 8q* and Sq®, and since 6"*x changes dimension by an odd integer
29 + 1 and ¢ > 0, we get a contradiction.

Hence it follows that ¢} = 0 and the Proposition 7.2 is proved.

Thus to prove Theorem 7.1 it remains to determine under what conditions
the element in the kernel of the Hurewicz homomorphism in ﬂ:nmﬂ( T(7)/T(7))
may be in the image of 4,,, (Where 4, is as in diagram (S) above). We will do
this in a similar fashion to the proof of Proposition 7.2, but in order to do
this we must identify the k-invariant X of T(%)/T(v), and find out which
elements in 7,,,,(S™) can be detected by the second order cohomology opera-
tion which X will determine.

Let ¢ce H**(K(Z,, q + 1); Z,) be the generator, Ue H “(T(v); Z,) the Thom
class, and w; € H'(B,; Z,) the Stiefel-Whitney classes of v, v; e Hi(B,; Z,) the
Wu classes, so that w;, — U = Sq'U, v;— U = %(Sq’)U, where y: @, — @, is the
canonical anti-automorphism of the Steenrod algebra.

PROPOSITION 7.3. The first non-zero k-invariant of T(v)/T(7) is given
by
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X = Sq4+1({v U) + o~ Vg1 — U+ E(_)ﬁi_sq (Sqi{)v(’wjv U)

i+ji=q+1
e H" " (K(Z,, q + 1) A T(7); Zs) ,
(see (6.1) and (6.2))) .
To prove this proposition we need the following elementary lemmas,
which generalize the standard property of the Euler class.

LEMMA 7.4. Ifj: X — (X, Y) s the inclusion, xc HYX, Y; Z,), then
Sq*(x) = x—j*w.

PrOOF. Sq"x = #® = x—j*x, by the standard property of relative cup
product.

LEMMA 7.5. If ge H*\(E, E; Z,) is the generator, where E s the total
space of the fibre space m: BLv,:,) — By, E is the associated “disk bundle”,
then 8q"*'(9) = 9~ Vgs1.

PrOOF. By (7.4) Sq**'g = g— (j*g) where j: E — (E, E). But j*g is the
lowest dimensional element in kernel *,

m*: H(By; Z,) — H* (B4 Zy)
$0 j*g = “k-invariant” of & = v,,,.

PROOF OF (7.3). By (6.1), (6.2") X is the unique non-zero element in
(kernel h*)*+2¢+2 h: T(7)/T(Y) — K(Zy, ¢ + 1) A T(v). Now h*(¢—=U) = g—=U
(where H*(T(7)/T(7); Z) is considered as a left H*(E, E; Z,) module). Hence

R*(Sq (e~ U)) = 8a*(g—U) = 3., -, Sd’9)— (8q’U)
= g=Vu=U+ 22, 8d9)—(w;—U) .

1<q+1
But h*(¢—v,0,=U) = g =0, —U, and h*(Sq’c— (w;—U)) = Sa'g— (w;—U)
(since 2* is a map of @,;-modules, and also of H*(B,; Z,) modules). Hence, it
follows that A*(X) = 0. But X = 0, since j/*(X) = Z"(Sq**'¢) + 0, where
7' 2"K(Z,, q + 1) — K(Z,, q + 1) A T(7) (since j'*(I) = 0 where I is the ideal
generated by H*(B,; Z,)). Hence X is the first non-zero k-invariant of
T(v)/T(7), and Proposition 7.3 is proved.

Now if 4,: S**¥+ — T(v)/T(7) (from diagram (S)) represents a non-zero
element in 7, .,,.,(7(7)/T(7)) then it is detected by the functional 1* order
cohomology operation defined by X. Then we shall show that the composite
map

Z)(Za): S et — TT()

will be detected by a functional 2°¢ order operation which X defines in a
natural way, and we shall use the theory of Adams [1] of second order co-
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homology operations to study it.
To define a second order cohomology operation, we consider the composite
map

T(7) —2 T(r)| T(7) — K(Z,y g + 1) A T(Y) .

Now T(v) is a product of K(Z, t;)’s in the stable range, and by (6.2"),
K(Z,, q + 1) A T(7) is a product of K(Z,, t;)’s in these dimensions, so that the
composite d = hd’ is a map of “generalized Eilenberg-MacLane spaces”, and
using the methods of Adams [1], is a universal model for certain 2 order
cohomology operations. On the other hand (hd’')*(X) = 0 since A*(X) = 0 so
that, in the notation of [1], the pair (d, X) defines a stable 2" order
cohomology operation ®. Since K(Z,, q + 1) A T(7) is a product of many
K(Z,, t;)’s, ® is an operation of many variables.

PROPOSITION 7.6. The functional operation associated with ® detects the
element 07 ,(®) € Tppa0( T(7)), where @ generates mpypi(Z"K(Zs, q)) -

ProoF. First we recall the construction of ® from (d, X) following
Adams [1].

Themap d gives us a map of generalized Eilenberg-MacLane spaces which
is realized geometrically in our context as

T(1) —2 T(1|TH) —2 K(Zoy q + 1) A TOY) .

Then we let p: U — T(7) be the induced fibre space from the path fibration
over K(Z, q +1)A T(7), so that the fibre F' = Q(K(Z,, ¢ + 1) A T(?)) is a
generalized Eilenberg-MacLane space. Given a space Y, and a map a: Y —
T(v) (which is essentially a collection of elements in H*(Y, Z,)) such that
(hd")aa~0 (which means that the 1% order operation d is zero on this collection),
we lift the map a to a;: Y — U, such that pa, = @. The choice of maps «,
depends on an element of [Y, F'].

Let X' € H**+Y(U; Z,) be such that k*(X')=0*(X), k: F — U is inclusion,

o*: H"*HK(Z,, ¢ + 1) A T(0); Z) — H(F; Z)

the cohomology suspension. Then @ is defined as a;(X’) and the ambiguity
of ® depends on the choice of @, and X’ with the above properties.

We show first that for Y = T'(¥), «: Y — T(v) the natural map « = g in-
duced from the bundle map o, we can choose «,, X’ so that ® = 0.

Since we are dealing with stable operations we consider the suspended
situation (where we have made obvious identifications which are valid in the
dimension range of our interest).
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" K(Z,, 9)

3|
TTE) 1o ST —s 5T =2 (T T))
| b Jv
KZ,q+1)ANT(rvy— U’ i ZT(7) K(Z,, q +1) A ZT(7)

Then «, is defined as the map of “fibre spaces” induced by the map %', so that
1 is the map on fibres. Such interpretations are valid in the stable range;
here U = QU’, a, = Qa,. Now k'*(X’) = X, and h*(X) = 0 so by exactness,
af(X') eimage p’*. Hence X’ e H*(U’; Z,) may be changed by an element in
image 0'*, X" = X' + 0'*(a) so that af X" = 0.

On the other hand, since the functional operation associated with X
detects 7, (), it follows from naturality that the functional operation associ-
ated with X" detects 7,7 (@) = £(07 +(®)), which completes the proof of (7.6).

Let : S* — T(7) be the inclusion of a fibre. Then from Proposition (7.2),
and (7.6), it follows that 4,7, .5,(S") # 0 if and only if the functional opera-
tion ® (using the map S™ AN T®) £, T(v) to define it) detects an element
in 7,.,,(S"). Such a question can be settled in many cases using the tech-
niques of Adams [1] and ]2].

Now to detect an element of 7, ,,(S™) the operation ® reduces to an op-
eration of one variable ¥ of dimension n. Adams [1] has described such 2™
order operations in terms of Ext% (Z,, Z,), which is the E, term in the Adams
spectral sequence. It follows from Adams work that ¥ corresponds to some
relation in the Steenrod algebra (,, and we will try to identify it.

Now the element X ¢ H"**K(Z,, q + 1) A T(7); Z,) can be written in
the form Y a,c; where a; € @, and ¢; are part of an (t,-base for the free @,-module
H*(K(Z,, q + 1) A T(7); Z,). We consider the map

d = hé": T(v)—> K(Z,,q + 1) \ T(7)

and a map
& K(Zyym) — T(7)
where §*(U) = ¢e HK(Z,, n); Z,) is the generator, and ¥ is defined on
g = hd'é: K(Z,,m) — K(Z,, ¢ + 1) A T(Y) .
Then g*(c;) = by(¢), b; € @,, and the relation defining ¥ is > ja;b; = 0.
Since K(Z,, ¢ + 1) A T(7) is (g + n)-connected, it follows that dimension c;

>q+1+nforalli. We recall some theorems of Adams (see [1,§2.1,§3.8
and Th. 2.5.1]).
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THEOREM 7.7 (Adams). A basis over Q, for stable 2™ order cohomology
operations of one variable is m natural one-to-ome correspondence with
a basis (over Z,) of Exty¥(Z, Z,). Further there ewxist elements
h; € Extg: (2, Z,) = Pmm@twe elements of @F in dimension 2¢, so that these
{h:} are a baszs SJor Exty* (Z,, Z,) and so that the products h;h; j =1 = 0,
J# 1+ 1, form a basis for Extza'z* (Z,, Z,).

The following theorem is also contained in the work of Adams (see [1,in
particular Lemma 2.2] and [2]).

THEOREM 7.8. Let ¥ be a stable 2° order cohomology operation based on
the relation in the Steenrod algebra D .ab,=0,a,b,eQ, Then V¥ detects an
element in 7w, (S*) of and only if (h;h,) (3 a:b;) = 2. hi(@)hy(b;) # O for some
J,k and (h;h,) is a permanent cycle in the Adams spectral sequence.

Here h;ec Extj? 2 (Z,, Z,) is considered as an element of Hom,, (@, Z,),
which annihilates decomposable elements, and h;(Sq*) = 0.

Now our operation ¥ is based on the relation Y a;b, = 0, where dimension b,
= ¢ + 1, dimension a;b; = 29 + 2. Hence for dimension reasons,

(hih) (35 @:bi) = DoRhi(a)h,(b) = 0 ifj>k.

Hence the only element in Ext%* (Z,, Z,) which may have a non-zero value
on Y ab; is h?, so that ¥ cannot detect an element in Toie(S™) if ¢ + 1 5 2%,
Hence there is no framed manifold M* of Kervaire invariant 1 if ¢ == 2* — 1,
which proves part of Theorem 7.1.

Now suppose ¢ = 2* — 1. Consider

X =8a™(—U) + 3, ;_00r ST — (w,U) + t— vy~ U,
0=<i=gq

the k-invariant of T(v)/T(7). Since ¢ + 1 = 2*, Sq**' is indecomposable, and it
follows that x(Sq**") = Sq*** + D, where D ¢ subalgebra of @ generated by
Sq*, %< k. Hence V11 = Wyy, + €, Where e € subalgebra of H *(B,; Z,) generated
by w;, 1 < ¢ + 1, (see [25]). Then X = Sq+'(¢—U) + 2 oeizli— %, ~—U where
C; e H‘+"+1(K(Z2, q + 1); Zz) and x; € H*"'~(B,; Z,).

Now ¢— U goes to x(Sq"*)U in H*(T(7); Z,), so that b, = %(Sq**!) and
since ¢ = 2* — 1, hy(x(8q*™)) = 1. Also a, = Sq**', so (hi)(a.b,) = 1.

Let us write } (;—wo;—U =3 ac;, a;€@, ¢; are generators of
H*K(Z,, q + 1) A\ T(7); Z,) over @&, so that dimension ¢; = ¢ + 1. It follows
that if dimension ¢, =¢ + 1 and dimension ¢; > ¢q + 1 for i > 2, then
(he)*Q_aic) =hi(a,). Now a, € @7+, so (ht ) (3_aic:)#=0if and only if a,=Sq**'+ D
where D is a decomposable element in @,. But ¢, = ¢— U, so that would mean
that a,e, = Sq**'(¢— U) + D(¢— U) and hence "*(a,¢,) = 8™ (¢4 s g41) + Dt g11)
where
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7' EMK(Zyy q + 1)) — K(Zoy g + 1) A TOV) .

Now since dimension ¢; > g + 1, for 7 > 2, it follows that 7*(c;) = €,Z"¢;+,
where ¢, € @, so that 7'*(a;c;) = a;e;2",.,. Hence j*(a;c;) = S;Z"¢,;, Where
S; is a decomposable element of @ when ¢ > 2, while 7% (aye,) =
Sq+'Z¢,,, + DE",,, and Sq**' is indecomposable since ¢ + 1 = 2*. Hence
T*(5 5, :0:)#0. But Y., aic; =Y (;—;— U where(; e H*(K(Zsyq+1); Z2),
x; e H*(By; Z,). Now j*({— 2 —U) = 0 if dimension & > 0, v € H*(By; Z),
since ;' is induced by the inclusion map K(Z,, ¢ + 1) — K(Z,,q + 1) x B, and
¢ —ax~U={~—p*@)~ U where p: K(Z,,q + 1) x B,— B, is the projection on
the second factor. Hence j'*(3_C; —®;—U) = 0, and hence 2}(3_C;i—2:~U) =
0. Therefore, hi(X) = hi(Sq’+(c— U)) # 0, and it follows that the image of
Qirsed in Bi(v,,,>-cobordism is non-zero if and only if ¢ = 2* — 1 and h} persists
to E= in the Adams spectral sequence. Then the remainder of Theorem 7.1
follows from Proposition 7.2 and Theorem 5.2.

Appendix

“Disk” bundles, ete. In this appendix we describe some constructions of
fibre spaces which we used in §§ 6 and 7. One could use different construc-
tions, analogous to those of linear bundle theory, but it is harder to verify
the necessary facts with this approach. We refer to [20] for the constructions
used here.

Let f: A— B be amap. Using the mapping cylinder construction we may
replace f by an equivalent map g: A — C so that g is an inclusion with the
homotopy extension property.

Consider the function space C’, and the two projections r,1: C' — C,
r(a) = a(l), a) = a(0), for «c C’. Both r and I are fibre maps, where the
homotopy lifting is functorial, using the path defined by the homotopy in C
to define the homotopy in the path space. The fibres of » and I are just the
path space P of C beginning at a base point, so are contractible.

Let 7": C’ — A be the induced fibre space over A from »: C‘ —C, so C’' =
{(x,®) e A x C” such that « = r(a) = @(1)}. Then i: A— C’ is defined by
i(x) = (%, @,) where a,(t) =« all t. Then +’ and 7 are inverse homotopy equiv-
alences. We have a commutative diagram

C’ 4 s C7

lr’ l’r

4 -L.¢
where o(z, a) = a.



KERVAIRE INVARIANT 185

Define ¢’: C' — C by ¢’ = lp. Clearly I is homotopic to r so g’ is homotopic
to gr’, and further ¢’ is a fibre map, using the functorial lifting of homo-
topies.

If f: A— B is a fibre map it is routine to show that there is a homotopy
equivalence of fibre spaces

A—C'

|

B—C

so that the new situation is equivalent to the original, for homotopy theory.
So we replace f by ¢'.

Now C’ c C7%, and the fibre of I: C? — C is contractible, being the based
path space of C. Hence we shall call I: C' — C the “disk bundle” or “cone
bundle” of ¢’ (or f) and its fibre is a contractible space containing the fibre of
g’. Further, the pair (C’, C’) satisfies the homotopy extension property, since
the pair (C, A) does, and (C?, C’) is a fibre pair (under r) over (C, A).

Then we may define the “Whitney sum of f: A— B with a trivial S°-
bundle” as follows. Take two copies of C7, call them C! and C’ and identify
C. and C’ to get C. Since the covering homotopies for CZ, CZ and C’ are all
given functorially by the same formula, the covering homotopy theorem works
for C = C! U CL. Clearly the fibre of g: C — C is the union of the fibres, so
it is P, U P_ with P, N P_ = fibre of ¢’. Since P, and P_ are contractible,
this is homotopy equivalent to the suspension of the fibre of g'.

We will use the following (abuse of) notation.

If m: E — B with fibre F, 7: E — B will be the “disk bundle” of 7= with
fibre ¢F, #: E — B will be the sum of 7 with a trivial S®-bundle, with fibre ZF
and E/E = E/E_is the Thom complex of 7.
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