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Chapter IV. Generalized Equivariant Cohomology

In this chapter we show how to construct generalized
equivariant cohomology theories, using G-spectra. We then show
how any generalized theory is connected by a spectral sequence
to the '"classical'" theory of Chapter I.

1. Equivariant cohomology via G-spectra

We work with the category of spaces with base points
in this section. Let Y be a G-spectrum. Then for any G-space
X we have homomorphisms

k-n+l Ext k-n+1

X xssy, 11 =4 (s

et [15°7"x3y, 11 8 (s X3Y, 11

Thus, with these maps, the groups [[Sk-nX;Yk]] form a direct

system and we define

(1.1 HGOGY = lim (1857™xsv, 3] = 1im 185 x5, 11,

Note that if X is locally compact then this is the same as

(1.2) T (E(X,X0)) = limg w, (E(X,Y,)).

k k .
Note that [[S X;Yn+k]] 2 [[X38 Yn+k]]‘ If ACX is

invariant under G, then for any G-space W there is the exact
sequence

[[XUC,iWI] » [[X:W]] » [[A3W]]
of (2.1) in Chapter III. If (X,A) is a pair of G-compleXes,
then XLJCA has the same equivariant homotopy type as does X/A.

k

Thus, taking W = QY and passing to the limit over k, we

n+k’

obtain the exact sequence

n, 1 PPMENSUE) Y
(1.3) AG(X/A;Y) » HG(X;Y) = Hg(A; D)

on the category «&0 of G-complexes with base point.
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Using the natural homeomorphism sk-nyx x gk-(M*lgy ye

KPxsy 115

obtain a natural isomorphism Sy’ [[s
[[Sk-(n+1)SX:Yk]]. These commute with the Ny and hence
define a natural isomorphism

s*: R (GY) - H“*l(sx Y).

P
We have shown that HG(X;L) defines an equivariant cohomology

theory on 1&0

2. Exact couples

In this section we provide some background from the

theory of exact couples. Let

p —2—— D
(2.1) :\\\ a//j
E

be an exact couple where E and D are bigraded, k has total
degree 1 and i and j have total degree 0. Note that (jk)2 = 0
and let H(E) be the homology of E with respect to the differ-

ential jk. The derived couple of (2.1) is

1D———r iD

N\

H(E)
where i' = i|iD, j' is induced by ji~’ and k' is induced by k.
Let D, = D and E, = E. Iterating the above procedure we obtain

1 1
the (r-1)st derived couple
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D —r . D

\/

. .r-1
where Er = H(Er-l) and Dr = 1Dr_1 = 1 D.
We shall now assume that

deg i = (-1,1)
(2.2) deg j = (0,0)

deg k = (1,0)
and it is then easy to check that

dep i, = (-1,1)
(2.3) deg jr = (r-1,1-1)

deg k_ = (1,0)

We let dr = jrkr which has degree (r,l-r). The system {Eg’q}
together with the differentials dr then form a spectral
sequence.

We shall now assume that, for some integer N,

EP:9 =9 for p < 0 and for p > N
(2.4)

pP:% = ¢ for p < 0.
From the exact sequence
» pP»a i, gPra _k, pp*l,q _i, pp,q+l _3, gPra*l
we see that
i: Dp+1,q E;_Dp.q+1 for p > N.
For n = p+q we let J" be a group which is isomorphic to Dp’q+1

for p > N and let 0p,q+1: J"— Dp,q+1 be some isomorphism chosen

so that
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,ii:ijﬂ,,;vpp*l’q
n

(2.5) J i

»q+1l
;;:;:YRHEHHQ.DP b

commutes. Following O by iterates of i we have homomorphisms
oP-a*l, gm 4 pPsa*l 4ofined for all p (with n = p+q) such that
(2.5) commutes.

If r > N we see that dr = 0, since Eg’q = 0 for p < 0

and for p > N. Thus

P>q . gP-9

for r > N and we let Eg’q denote the common value. The (r-1)st

derived couple has the form

j kr

.ir-IDp,q r Eg,q ir-le+r,q-r+1 i ir-le+r+1,q-r

-

Now i¥ 1pPs4 ¢ pP-T*lsa*r-1 _ 4 £00 & sufficiently large and

.r-le+r,q-r+1 -

i Im gp+1,q C:DP+1’q for r sufficiently large.

Thus, for r large, this exact sequence has the form
(2.6) 0 » EP»% 5 1m oP*1oa d, py gPsatl , o

That is, we have an exact sequence

P*q i P+q
(2'7) 0 -» Ep’q -+ J 1_; J 0.
” keraP*l:4d kergP A+l
Put
(2.8) JgP:q _ ker{Op’q+1: Jp+q - Dp,q+1}

so that (2.7) provides the isomorphism

(2.9) gP*q ~ JP,Q/bp+1,q-1 .
Thus we have that the spectral sequence Eg’q converges to the

graded group associated with the (finite) filtration
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.o JPrd o yptlia-l o

of JP*4 . DM'”’p”‘l'M for M > N.

3. The spectral sequence of a filtered G-complex

Let K be a G-complex and let {Kr} be a sequence of

G-subcomplexes such that

K KX

r T+l
(3.1) K-l = ¢
KN = K

where N is some given integer.
* *
Let {%# ,8 )} be any equivariant cohomology theory and

put

P>q _ o/ P*q
E = K ,K
(3.2) ( P p-l)

P>q _ 4 p*q-1
pP*q = ¥ (Kyoq)-

Then the exact cohomology sequence of the pair (Kp,Kp_l) pro-

vides an exact couple

as in section 2,

The differential dl is the composition

(3.3) Ell”q = Wp*q(xp,xp_l) > %p*q(l(p) 8 Pratlig K_)

p+l, p

- gP*l.q
Ej .

And the spectral sequence converges to the graded group associ-
ated with the filtration

JPoq = ker{yP'9x) » ',vp*q(xp_l)}
of JP*Y = 4/ P* gy,
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4. The main spectral sequence

Let {‘W*,S*) be any equivariant cohomology theory and let K be a G-
complex of dimension N <%, If K is not finite then we shall assume that °H'*
also satisfies the axiom:

(A) If S is a discrete G-set with orbits S, then TV i:: NE(s) »
TT'Aln(a,() is an isomorphism, where i : 8-> S is the inclusion.

Letting Kp = Kp, the p-skeleton of K, the preceding section provides

a spectral sequence with

EI:E’q = WEYI(RP K1) o NPT/,

Now
/P gPct
P
the p-th reduced suspension of the discrete G-set C; where Cp stands for the
set of all p-cells of K. Thus
BP0 o N PSP = WUCT) = NC ).
1 P p P
Now let hqecG denote the coefficient system of Chapter I, section Ui,
example (1). That is
b +
h(e/H) = Ho/m) = ¥(e/m)").
We shall define an isomorphism
(4.1) a: Ncy) & cg(x;nd)

as follows:

For o0¢C_ let
P
.. + +
i (6/Gg)" = Cy
pe the equivariant map defined by i t,_(gGu,_) = gO'ECP.» Also let

+ +
P ->
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be defined by jo(gc) = gGo and jo(r) = base point if t is not

in the orbit of o. Note that

igc = 1 g
3., = &
(4.2) 80 ¢
jcic =1
jriu = 0 (the base point)} if t¢G(0g),
a -1 .. .
where g = Rg. G/Ggo = G/gGog + G/Go' Also note that i3, is

the identity on G(o) and collapses everything else to the base
point.

We have the induced maps
LY aiq Nt ~1d +. _ .q
1,0 H ) » HT((6/6) ) = hT(6/G )
YL + PP
gr HRGI6 DT » HR(C),
Define, for Ae?}q(cg) and oeCp,

(4.3) a(2) (o) = i;()\).

To check that a(A) is equivariant we compute

a(A) (go) = i. (A)

vo (1,8) ()

A*.*
g i ()

7 (a(0) (9))
as was to be shown. (See Chapter I, sections 5 and 6.)
We must check that o is an isomorphism. We shall show
that its inverse is given by the map
g: cR(k,n) » 'ﬂq(c;)
defined as follows: Let fecg(K,hq). Note that

Jog(£(80)) = (@715 ) @7 (£00))) = 3 (£(o)).

Let T CZCP be a system of representatives of the orbits of G

on the set Cp and define
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(4.4) 8(£) = T3 (£(0)).
oeT ©

Now we compute

a(B(£)) (o) = i (B(£)) = i (TTjl(£()))

1T
i3 (£(0)) = (3,i)) (£(e)) = £(o)

so that aqf = 1. Also

*
B(a(N)) = TTJ _(a(Ar) (o)

g

oeT
-* -* - - *

= T 3 Ga)) = TTGE G)) (A) =2
ogeTl oeT
so that Ba = 1. Thus o is an isomorphism as was to be shown.

Now we claim that under the isomorphism
:Pyq o 5%, Pryx.nd
E}’" & % (cp)ﬁ Co(K5h™)
the differential d1 becomes, up to sign, the coboundary.
We first remark that, up to sign, d,: P9 » E§+1,q may

1 1

be identified with the homomorphism
*

o~ - —~ ~ - w ~

HPTA(KP/kPTYy 5 FPrAt (5 (kP/kPT 1)) —Bu FPTATL (kP /Py
where wp: Kp+1/Kp > S(Kp/Kp‘l) is an equivariant map defined as
follows: If o is a (p+1l)-cell and £,: sP » kP is a characteristic
map (chosen equivariantly) we follow fU by collapsing kP » Kp/l(p-1
and suspending Sp+1 + S(Kp/Kp-l) (unreduced on the left, reduced

P+l

on the right). Then the cell o/6 C K /Kp is identified with

Sp+1 in a canonical way (taking the base point into the north
pole of Sp+1). The resulting maps o/c - S(KP/KP'I) are put
together to form the map wp: Kp"l/Kp + S(KP/KP-I). The verifi-
cation of this relies on the fact that in the Puppe sequence for

the inclusion i: Kp/Kp°1 -+ Kp"l/Kp-1 the map C, + S(Kp/Kp-l) may

be identified with wp+1' The details will be left to the reader.
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Now KP*1/kP » sp*lc;+1 and s(kP/kP 1) =~ sp*lc; so that

the map l1’p is described by the induced maps o/0 C SP+ICS - SP*ICS
=\{ S(t/1) + S(t/%) (where cecp+1,recp). It is easy to see

that, in fact, this map has degree [t: o] (see Chapter I,

section 1).

Thus d1 is induced, up to sign, by

* ~
n_: ﬂ/q+1

+ ~q+l +
sc’) » ¥ 1" (sc
b (sc,) (sC )
where n_: SC’ =Vs »V s = sc’ is an equivariant map such
P p+l o o T T P

that the induced map So + ST has degree [1: ¢]. (Here we use
So to stand for a copy of the circle indexed by the cell o0.)

We claim that the following diagram commutes

*

~qel ot ", Garl ot
3 sc) > FV e,
(4.5) 51 as-1
sP

A 2

Prrv.p4 p+l,.., ., q
Cg(K;h™) Cg  (K;h™)

where we use S to denote the suspension isomorphism. The proof
is straightforward but will involve some cumbersome details.
First, suppose o is a (p+l)-cell and T is a p-cell of K with
K(t) € K(o). Then let 0; denote the equivariant map G/Go*

G/GT induced by inclusion G0 C:Gr’ Using [t: o] to denote maps
of degree [t: o] we note that the diagram

Si n
S(G/Go)‘-———2+ sc;+i———2—+ sc;

Vir: o]l /[VSiT
. Vse v .
;!T S(G/Go) 7 1eT S(G/Gt)

Q ~
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of equivariant maps commutes, where T is the set of all p-cells
T with K(1) < K(o).

The induced diagram in cohomology is

. . (i) . o,
¥ (/60" «———F(sc ) <= F(sc))
Tlt: o] 2(511)*
' Isel)” j
I #(s6/6)") < . I #(s/6 ™)
TeT teT

* * -

Since (S¥?) = Se ¢ oS 1 we obtain from this diagram that
4.6 si ) =5[] i 0%y 157!

(4.6)  (Sig)ny = SIL [v: al(i,05) 7187

Now let us verify that (4.5) commutes. Let Ae’ﬁqﬁl(scg)

and, as usual, let o be a (p+l)-cell of K. Then

*

io(s'l(n;(x)))

a(S-l(n;(A)))(c)

(4.7)

s'l(Sio)*n;(x)
1

[lr: o1(i 00) (s™M).
T

(The last equality comes from (4.6).) On the other hand

6P (as™ (M) (o) = Ilr: 0101 (a(s™ (1)) (1))

T
directly from the definition of 6P. This may be further
simplified to
* * -1
g[r: 0] (03) 1_(S771),
the same as in (4.7). This shows that (4.5) commutes and hence,
finally, that d1: E?’q > E€+1’q becomes the coboundary under our

*
isomorphism with CG(K;hq). Thus we have

Psq o~ 4P g.4n9
(4.8) ED*Y = nP(x;n?).
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As noted before, the spectral sequence converges (when dim K < «)

to the graded group associated with some filtration of ﬂHp+q(K).

5. The '"classical" uniqueness theorem

Suppose that ﬂd* is an equivariant cohomology theory
satisfying the dimension axiom (4) of section 2, Chapter I. Let
he(fG denote the '"coefficients" of this theory. That is h(G/H)
= Q*O(G/H), and so on. Let K be a finite dimensional G-complex.
If X is infinite we assume that (A) of the last section is satisfied.

In this case the spectral sequence of the last section

degenerates for r > 2. 1In fact
2 {chx;h); q =0

0 ; 9 # 0
It follows that, in fact,
(5.1) ¥ P(x) =~ HE(K;h)
and naturality is not hard to verify. Thus this is the only
equivariant classical cohomology theory having coefficients h.
The reader should note that, for general heé?G, h is indeed the
coefficient system of the cohomology theory Hé(K;h). That 1is,

there is a natural isomorphism

h(G/H) =~ Hg(G/H;h).



