
IV.l 

Chapter IV.  Generalized Equivariant Cohomology 

In this chapter we show how to construct generalized 

equivariant cohomology theories, using G-spectra. We then show 

how any generalized theory is connected by a spectral sequence 

to the "classical" theory of Chapter I. 

I. Equivariant cohomology via G-spectra 

We work with the category of spaces with base points 

in this section. Let Y be a G-spectrum. 

X we have homomorphisms 

nk : [[sk-nX|Yk]] w [[sk-n+Ix~SYk ]] tk~ 

Thus, with these maps, the groups [[S k-n 

system and we define 

Then for any G-space 

[[S k-n+l X~Yk+ll]- 

X~Yk] ] form a direct 

~n 
( 1 . 1 )  HG(X;Y ) -- l i m k [ [ S k - n X ~ Y k ]  ] = l i m k [ S k X ~ Y m + k ]  ] .  

N o t e  t h a t  i f  X i s  l o c a l l y  c o m p a c t  t h e n  t h i s  i s  t h e  same as  

( 1 . 2 )  = CECX,Y)) = l i m  k = k - n  -n -- -- (E(X'Yk))" 

N o t e  t h a t  [ [ s k X ~ Y n + k  ] ] = [ [ x ~ k Y n + k ] ] .  I f  A c X i s  

i n v a r i a n t  u n d e r  G, t h e n  f o r  a n y  G - s p a c e  W t h e r e  i s  t h e  e x a c t  

s e q u e n c e  

[ [ X U C A ; W ] ]  § [ [ X : W ] ]  § [ [A :W] ]  

o f  ( 2 . 1 )  i n  Chap te r  I I I .  I f  (X ,A)  i s  a p a i r  o f  G -comp lexes ,  

then XUC A has the  same e q u i v a r i a n t  homotopy t ype  as does X/A. 

t a k i n g  W = ~kYn+k,  and p a s s i n g  to  the  l i m i t  ove r  k ,  we Thus,  

o b t a i n  the  exac t  sequence 

n ~ -n  CA;Y) ( 1 . 3 )  flG-(X/A;Y=) § fi ( X ; Y ) - ~  H G _ 

on the  c a t e g o r y  "~0 o f  G-complexes w i t h  base p o i n t .  
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Using t h e  natural homeomorphism sk-nx ~ sk'(n+l)sx we 

obtain a natural isomorphism s k: [[sk-nX~Yk ]] ~* 

[[sk-(n+l)sX;Yk]]. These commute with the n k and hence 

define a natural isomorphism 

* G "n+ 1 (SX' Y--) " S : H (X;Y) -~ H G 

We have shown that HG(X;Y ) defines an equivariant cohomology 

theory on ~0" 

2. Exact couples 

In this section we provide some background from the 

theory of exact couples. Let 

( 2 . 1 )  

i D * D 

s 

b e  an  e x a c t  c o u p l e  w h e r e  E a n d  D a r e  b i g r a d e d ,  k h a s  t o t a l  

2 
d e g r e e  1 a n d  i a n d  j h a v e  t o t a l  d e g r e e  0 .  N o t e  t h a t  ( j k )  = 0 

a n d  l e t  H(E)  be  t h e  h o m o l o g y  o f  E w i t h  r e s p e c t  t o  t h e  d i f f e r -  

e n t i a l  j k .  The  d e r i v e d  c o u p l e  o f  ( 2 . 1 )  i s  

i ! 
iD ~ iD 

H(E) 

w h e r e  i '  = i J i D ,  j '  i s  i n d u c e d  b y  j i  - I  a n d  k '  i s  i n d u c e d  b y  k .  

L e t  D = D a n d  E = E .  
1 1 

I t e r a t i n g  t h e  a b o v e  p r o c e d u r e  we o b t a i n  

t h e  ( r - l ) s t  d e r i v e d  c o u p l e  
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3 
T 

s 
r 

D 
r 

 /Jr 
E 

r 

w h e r e  E 
r 

= H ( E r _  1) and D r = i D r _  1 
= i r - I D .  

We s h a l l  n o w  a s s u m e  t h a t  

(2.2)  I 
d e g  i = ( - 1 , 1 )  

d e g  j = ( 0 , 0 )  

d e g  k = ( I , 0 )  

a n d  i t  i s  t h e n  e a s y  t o  c h e c k  t h a t  

(2.3)  

We l e t  d 
r 

f d e g  i r - ( - 1 , 1 )  

d e g  j r  ( r - l , l - r )  

d e g  k = (1 O) 

= J r k r  w h i c h  h a s  d e g r e e  ( r , l - r ) .  

t o g e t h e r  w i t h  t h e  d i f f e r e n t i a l s  d 

The  s y s t e m  (EPr 'q}  

t h e n  f o r m  a s p e c t r a l  
r 

s e q u e n c e .  

C 2 . 4 )  

We s h a l l  now a s s u m e  t h a t ,  f o r  some  i n t e g e r  N, 

~ E p ' q  = 0 f o r  p < 0 a n d  f o r  p �9 N 

O p ' q  = 0 f o r  p < 0 .  

From t h e  e x a c t  s e q u e n c e  

. . .  § D P ' q  J ~ E P , q  k~ D P + l , q  _ _ ~  D p , q + l  j . E p , q + l  § �9 �9 �9 

we s e e  t h a t  

i :  D P + I ' q  ~:-~ D p ' q + l  f o r  p > N. 

F o r  n = p+q  we l e t  j n  b e  a g r o u p  w h i c h  i s  i s o m o r p h i c  t o  D p ' q + l  

f o r  p �9 N a n d  l e t  O P ' q + l :  j n  ~ V p , q + l  h e  some  i s o m o r p h i s m  c h o s e n  

s o  t h a t  
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( 2 . s )  

Op j q + 1 ~ ~ - - - ~  DP ,q  +1 

c o m m u t e s .  F o l l o w i n g  0 by  i t e r a t e s  o f  i we h a v e  h o m o m o r p h i s m s  

O p , q + l  " j n  § D p , q §  d e f i n e d  f o r  a l l  p ( w i t h  n = p + q )  s u c h  t h a t  

( 2 . 5 )  c o m m u t e s .  

I s  r > N we s e e  t h a t  d 
r 

a n d  f o r  p > N. Thus  

= O, s i n c e  E p ' q  = O f o r  p < 0 
r 

r 1 " ' "  

f o r  r > N a n d  we l e t  E p ' q  d e n o t e  t h e  common v a l u e .  The  ( r - 1 ) s t  

d e r i v e d  c o u p l e  h a s  t h e  f o r m  

. . . i r - l D p , q  J r ~  E p , q  k r ~  i r - l D P + r , q - r + l  
r 

Now i r ' l D  p ' q  C D p - r + l ' q + r - 1  

i r - I D P + r , q - r + l  

i t i r - I D P §  § 

ffi 0 f o r  r s u f f i c i e n t l y  l a r g e  a n d  

ffi Im 0 p + l ' q  C D p + l ' q  f o r  r s u f f i c i e n t l y  l a r g e .  

T h u s ,  f o r  r l a r g e ,  t h i s  e x a c t  s e q u e n c e  h a s  t h e  f o r m  

( 2 . 6 )  0 § E p ' q  § Im 0 p + l ' q  i "  Im 0 p ' q + l  § O .  

T h a t  i s ,  we h a v e  an e x a c t  s e q u e n c e  

( 2 . 7 )  0 § E p ' q  * J P + q  --~i  J P + q  

| k e r O P +  1 ,q  ker@ p , q + l  
+ Oo 

P u t  

( 2 . 8 )  j P , q  = k e r { o P , q  +1.. j P + q  § D P , q  +1} 

s o  t h a t  ( 2 . 7 )  p r o v i d e s  t h e  i s o m o r p h i s m  

( 2 . 9 )  Ep,q| ~ j p , q / j p §  . 

T h u s  we h a v e  t h a t  t h e  s p e c t r a l  s e q u e n c e  E p ' q  c o n v e r g e s  t o  t h e  
r 

g r a d e d  g r o u p  a s s o c i a t e d  w i t h  t h e  ( f i n i t ~  f i l t r a t i o n  
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. . .  ~ j p , q  ~ j p + l , q - 1  ~ . . .  

o f  JP+q = D M+I'P+q-M for M > N. 

3. The spectral sequence of a filtered G-complex 

Let K be a G-complex and let ~K r) be a sequence of 

G-subcomplexes such t h a t  

(3.1) 
t K C_K 

r r+l 

K 1 = ~ _ 

K N -- K 

where N is some given integer. 

Let {Y~ ,6 } be any equivariant cohomology theory and 

put  

( 3 . 2 )  ~E p'q ~ P+q Kp 1) = (Kp , _ 

Dp,q ~ p+q-I = (Kp_ 1 ) - 

Then the exact cohomology sequence of the pair (Kp,Kp_I) pro- 

vides an exact couple 

D >D - . . , /  
E 

as in section 2. 

(3.3)  

The differential d I is the composition 

EIP'q ~P*q K ) § ~P+q i p+q§ = (Kp, p-1 (Zp) ~ (Zp+ 1,Kp) 

= E~ +l,q 

And the spectral sequence converges to the graded group associ- 

ated with the filtration 

JP'q = ker{,~P+q(K) § ~P+q(Kp_l )} 

of JP+q = ~P§ 
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4. The main spectral sequence 

Let {~*,~*) be any equivariant cohomology theory and let K be a G- 

complex of dimension N < ~. If K is not finite then we shall assume that 95* 

also satisfies the axiom: 

(A) If S is a discrete G-set with orbits S~ then ~ ig: ~n(s) 

~n(s~) is an isomorphism, where i~: S~-* S is the inclusion. 

Letting K = K p, the p-skeleton of K, the preceding section provides 

a spectral sequence with 

Now 

E~l'q = 9~P+q(KP,K p-I) ~ 94P+q(KP/KP-I). 

KP/KP -1 sPc § 
P 

the p-th reduced suspension of the discrete G-set C + where C 
P P 

set of all p-cells of K. Thus 

stands for the 

~i 'qz~p+q P + ~q(Cp) (S Cp) • ~q(Cp). 

Now let hqgC G denote the coefficient system of Chapter I, section 4, 

example (i). That is 

hq(G/H) = ~4qCG/H) = ~qC(G/H)+). 

We shall define an isomorphism 

(4.1) ~: ~q(Cq)S$ ~G(K;h q) 

as follows : 

For ~C let 
P 

ia.: (G/G~) + -~ Cp + 

be the equivariant map defined by i~(gG~) = gsg%. 

c § + J~: p 

Also let 
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be  d e f i n e d  by  j a ( g o  ) = gG a a n d  J o  

i n  t h e  o r b i t  o f  a .  N o t e  t h a t  

(T) = b a s e  p o i n t  i f  T is n o t  

i : i ~ 
go 

( 4 . 2 )  "lgcr g Jc 

j via = 1 

jxi = 0 (the base point) if x~GCa), 

Also n o t e  t h a t  
�9 ~ 

i s  w h e r e  ~ = R : G/G = G / g G a g ' l  § G/G . ZoJ o 
g go a 

t h e  i d e n t i t y  on G ( a )  a n d  c o l l a p s e s  e v e r y t h i n g  e l s e  t o  t h e  b a s e  

point. 

We h a v e  t h e  i n d u c e d  maps  

' i : :  '~q(Cp)§ "~qC(G/Go)+) = 

D e f i n e ,  f o r  ~ e ~ q ( c ; )  a n d  a e C p ,  

( 4 . 3 )  a C e ) C o )  = i (~).  
O 

hq (G/G a ) 

To c h e c k  t h a t  a ( ~ )  i s  e q u i v a r i a n t  we c o m p u t e  

a C X ) C g o )  = i g a ( ~ )  = ( i a ~ )  (~ )  

O 

as  was  t o  be  s h o w n .  ( S e e  C h a p t e r  I ,  s e c t i o n s  S a n d  6 . )  

We m u s t  c h e c k  t h a t  a i s  an i s o m o r p h i s m .  We s h a l l  show 

t h a t  i t s  i n v e r s e  i s  g i v e n  by  t h e  map 

B: c P ( K , h  q)  ~ " ~ q ( c ; )  

d e f i n e d  as  f o l l o w s :  L e t  f e C P ( K , h q ) .  

J go 

N o t e  t h a t  

CfCgo)) = c ~ - l j a )  C~*CfCa))) = JoCfCo))-  

L e t  T C C b e  a s y s t e m  o f  r e p r e s e n t a t i v e s  o f  t h e  o r b i t s  o f  G 
P 

on t h e  s e t  C a n d  d e f i n e  
P 
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(4.4) 

Now we compute 

t 

BCf) = ]-[J (fOG)). 
ofT o 

aC~Cf))CG) = ioCsCf)) = ioCTE]~T jzCf(z))) 

= ioJG(f(o)) = (joio 

SO that aB = i. Also 

sCa(~)) = j (a(~) (o)) 
GET G 

) ( f ( G ) )  = f ( G )  

r~ j (i (~)) = ~=~ (ioJ G) (x) = 
GET GET 

so that Ba = 1. Thus a is an isomorphism as was to be shown. 

Now we claim that under the isomorphism 

EPl'q ~ ~ q ( c ; ) - - ~  CPG(K;hq ) 

the differential d I becomes, up to sign, the coboundary. 

We first remark that, up to sign, dl: E p'q § EPl § 

be identified with the homomorphism 

~p p+q+l +I/ ~ P + q ( K P / K  p - l )  ~+ ~P+q+I(s(KP/KP-I)) , ~ (K p K p) 

may 

where ~p: KP+I/K p § s(KP/K p-I) is an equivariant map defined as 

follows: If o is a (p§ and re: Sp "~ Kp is a characteristic 

map (chosen equivariantly} we follow fo by collapsing K p § KP/K p-I 

and suspending S p*I § s(KP/K p-l) (unreduced on the left, reduced 

on the right). Then the celil o/o C KP§ p is identified with 

sP+I in  a c a n o n i c a l  way ( t a k i n g  t h e  ba se  p o i n t  i n t o  t h e  n o r t h  

p o l e  o f  s P §  The r e s u l t i n g  maps G/~ § s(KP/K p - l )  a r e  pu t  

t o g e t h e r  to  form t h e  map @p: KP+I/K p § s ( K P / K P - I ) .  The v e r i f i -  

c a t i o n  o f  t h i s  r e l i e s  on t h e  f a c t  t h a t  in  t h e  Puppe s e q u e n c e  f o r  

t h e  i n c l u s i o n  i :  KP/K p-1  § KP+I/K p-1  t h e  map C i § s(KP/K p ' I )  may 

be i d e n t i f i e d  w i t h  ~p+l"  The d e t a i l s  w i l l  be l e f t  t o  t h e  r e a d e r .  
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§ 
Now KP+I/K p ~ s P + I c ; + I  and s (KP /K  p - l )  = sP+ICp  

+ 
t h e  map ~p i s  d e s c r i b e d  by t h e  i n d u c e d  maps o /~  C sP+ICp  § 

= ~/T sCT/~)  § S ( T / ~ )  ( w h e r e  CECp+l, TeCp) . It i s  easy to see 

t h a t ,  in  f a c t ,  t h i s  map h a s  d e g r e e  [3 :  o] ( s e e  C h a p t e r  I ,  

so  t h a t  

sP+Ic + 
P 

s e c t i o n  1 ) .  

Thus d I i s  i n d u c e d ,  up t o  s i g n ,  by 

t 

where np: SC;+ 1 = V S § V S ffi SC + is an equivariant map such 
o a T T p 

t h a t  t h e  i n d u c e d  map S § S h a s  d e g r e e  [T: o ] .  ( l t e r e  we u s e  
0 T 

S o t o  s t a n d  f o r  a copy  o f  t h e  c i r c l e  i n d e x e d  by t h e  c e l l  o . )  

We claim that t h e  following diagram commutes  

(4.s)  

~ q + l  (SO; )  

~ aS -1 

c P ( K ; h  q ) 
6P 

~ q + l ( s c ; +  I )  

l aS 1 

P + l ( K ; h q  ) C G 

where we use S to denote the suspension isomorphism. The proof 

is straightforward but will involve some cumbersome details. 

First, suppose o is a (p+l)-cell and t is a p-cell of K with 

t d e n o t e  t h e  e q u i v a r i a n t  map G/Go§ K(T) C K ( o ) .  Then l e t  0 o 

G/G T i n d u c e d  by i n c l u s i o n  G o C G T. U s i n g  [T: o] t o  d e n o t e  maps 

o f  d e g r e e  [T: o] we n o t e  t h a t  t h e  d i a g r a m  

Si np 
+ O § + 

S(G/Go)  > SCp+ 1 > SOp 

V[T: a]i TVSiT 
Vs0 T 

V S(G/GT)  T~cT S(G/Go )+ o .>TcT 
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of e q u i v a r i a n t  maps commutes, where T is the set of a l l  p-cells 

Z with K(~) C K ( o ) .  

The induced diagram in cohomology i s  

(S (GIG .) + 
o ) < 

~. ~(S(G/G )+) ( 
xcT o 

S i n c e  (S "f)  

a np 

g ( S ~ * )  * 
Q 

; ( s i )  
T 

T 

~. qy (S(G/G)+)  
TET T 

-i = So c{ o S we obtain from this diagram that 

* * ~ * - 1  �9 : s [ [  [~: o ] ( i  o ) IS  . (4.6) (51 o ) np 

Now let us verify that (4.5) commutes. Let ~r 

and, as usual, let o be a (p§ of K. Then 

-I * * -I * 
aCs ( n p C X ) ) ) ( o )  = ioCS ( . p ( ~ ) ) )  

-I * * (4.73 = S (Sio) np(X) 

= [[3: o](i o T * - o) (s Ix). 
T 

( T h e  l a s t  e q u a l i t y  c o m e s  f r o m  ( 4 . 6 3 . 3  On t h e  o t h e r  h a n d  

+Pc~s-lcx))(o) = X[T: o]C0~)*C~cs-lcx))(~)) 
T 

directly from the definition of 6 p. This may be further 

s i m p l i f i e d  t o  

[[T: al(O~)*ix(S IX), 
T 

the same as in (4.7). This shows that (4.5) commutes and hence, 

finally, that dl: E~ 'q § E~ +l'q becomes the coboundary under our 

isomorphism with CG(K;hq ). Thus we have 
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As noted before, the spectral sequence converges (when dim K < =) 

to the graded group associated with some filtration of ~P+q(K). 

5. The " c l a s s i c a l "  uniqueness theorem 

Suppose that 9~ is an equivariant cohomology theory 

satisfying the dimension axiom (4) of section 2, Chapter I. Let 

hr 
G 

=;~0 
d e n o t e  t h e  " c o e f f i c i e n t s "  o f  t h i s  t h e o r y .  T h a t  i s  h (G /H)  

( G / H ) ,  and  so o n .  Let  K be a f i n i t e  d i m e n s i o n a l  G ' - c o m p l e x .  

If K is infinite we assume that (A) of the last section is satisfied. 

In t h i s  c a s e  t h e  s p e c t r a l  s e q u e n c e  o f  t h e  l a s t  s e c t i o n  

degenerates for r > 2. 

E; 'q = 

In f a c t  

H P ( K ; h ) ;  q = 0 

0 ; q ~ 0 

I t  f o l l o w s  t h a t ,  i n  f a c t ,  

( 5 . 1 )  94 P(K) ~ HPG(K;h ) 

and naturality is not hard to verify. Thus  t h i s  i s  t h e  o n l y  

e q u i v a r i a n t  c l a s s i c a l  c o h o m o l o g y  t h e o r y  h a v i n g  c o e f f i c i e n t s  h .  

The r e a d e r  s h o u l d  n o t e  t h a t ,  f o r  g e n e r a l  h C ~ G ,  h i s  i n d e e d  t h e  

c o e f f i c i e n t  s y s t e m  o f  t h e  c o h o m o l o g y  t h e o r y  H G ( K ; h ) .  T h a t  i s ,  

t h e r e  i s  a n a t u r a l  i s o m o r p h i s m  

0 
h(G/H) z HG(G/H;h). 


