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THE KERVAIRE INVARIANT OF 8k - 2-MANIFOLDS.
By Epcar H. BrowN, Jr. and FRANKLIN P. PETERSON.!

1. Introduction. The main results of this paper were announced in [6].
Let Q,(e), Q.,(SU), and Q,(Spin) denote the n-th framed, SU, and Spin
cobordism groups respectively (see [7] and [11].). In [8] Kervaire defined
a homomorphism ®: Qu.s(e) = Z,, k540,1,3, which is the obstruction to a
framed 4% + 2-manifold being framed cobordant to a homotopy sphere ([9]).
Kervaire showed that ®=0 for ¥=2,4. In [4] a homomorphism :
Qsps2 (Spin) — Z, was defined such that ® =yp where p: Q,(e) = Q. (Spin)
is the obvious map. The obvious map of Q,(SU) into Q,(Spin) defines a
homomorphism of Qg (SU) into Z, which we also denote by . This latter
map is the main object to the investigated in this paper. In an appendix
we briefly discuss ¢: Qgr.a (Spin) — Z,.

The main results of this paper are as follows:

THEOREM 1.1. ®: Quue(e) = Z, is zero for k> 0.

The following corollaries of (1.1) are implied by the results of [9],
[8] and [3].

COROLLARY 1.2. bPgp = Z,, where bPg., is the group of homotopy
spheres which bound stably parallelizable 8k - 2-manifolds [9].

CoroLrARY 1.3. If K is the topological manifold obtained by plumbing
two copies of the tangent disc bundle of S*+ together and then attaching an
8k +- 2-disc, then K does not admit a diffedentiable structure.

(1.8) follows from [8] if one has the result that a C'* manifold with
underlying topological space K is stably parallelizable. In Appendix 2 we
give a proof of this due to John Milnor.

CorROLLARY 1.4. Ewvery element of Qepiz(e) can be represented by a
homotopy sphere, k= 1.

CoroLLARY 1.5. A finite, 1-connected CW complex has the homotopy
type of a stably parallelizable 8k 4 2-manifold if and only if there is a stably

Received June 7, 1965.

* The first named author was partially supported by the N.S.F. and the second
named author was partially supported by the N.S.T. and by the U. S. Army Research
Office.

815



816 EDGAR H. BROWN, JR. AND FRANKLIN P. PETERSON.

spherical class m € Heyn(X) such that m N: HY(X;Z) = Hegpn-o(X;Z) for
all g and y(X) =0 (see § 3 for a definition of ¢(X)) ([3], [1R]).

It is known that Q,(SU) =Z, [7]. Let « be the generator. Define
¥: Q(8U) > Z; by y(a) =1.

THEOREM 1.6. If B€ Qg.2(SU) and y€ Qg(8U), k=0, 1 >0, then

¢(By) =v(B)I(v)

where I(y) 1s the index of v reduced mod 2. (I(y) == Euler characteristic of
ymod? also.)

In [7] it is shown that Qc(SU) contain an element y*® with I(y*)=£<0
mod 2.

By (1.6) we have:

CoroLLARY.1.7. ¢ (oy*®) =1.

In §2 we give some preliminary results about cohomology operations.
In §3 we define ¢: Qe (SU) > Z, and in §4 we prove Theorems (1.1)
and (1.6).

2. Some cohomology operations. Throughout the remainder of the
paper all homology and cohomology groups will have Z, coefficients unless
otherwise specified. m will denote an integer of the form 4k 1, k> 0.
Below we show that various cohomology operations are equal. This will
always mean equal modulo the largest indeterminacy involved.

In [5] it is shown that the relation

S¢*8qm™ + 8¢* (8¢°8qm*) =0
on m-dimensional cohomology classes gives rise to a secondary operation
¢: H™(X) N Ker §g™* N Ker §¢2Sqm-2
(2-1) — Hn(X) /Sq H 2 (X) 4 Sq2Hm (X).

Furthermore, the following is proved:
2.2) If ¢(u) and ¢(v) are defined, ¢ (u -+ v) is defined and
b (u40v) = (u) +¢(v) +-uv

Let om € H™(K(Z,m) ; Z) be the generator and let oy, be 64 reduced mod 2.
Let p: E— K(Z, m) be the fibration with fibre K(Z,,2m —2) and k-invariant
8q¢™*6m. Then ¢(p*om) is defined since, by the Adem relations,

qusqm—z J— Sqm '+' Sqm—lsql _ SqISqm—l + Sq —1Sql
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is zero on p*sy. Choose an element 2 € ¢(p*om). % defines a cohomology
operation

$: H™(X,Z) N Ker Sgm*— H*m(X)/Sq*H?™2(X)
The following is immediate.
(.83) If4€H™(X;Z), Sg"*t=0 and » is & reduced mod 2, then

$(#) = (u).

Let 4€ H*(X;Z) be viewed as a map 4: X—>K(Z,m). Then the
following is proved in [13].

(2.4) If Sgm*i=0,
¢ () = 89% (8¢ *om)
Let f: (X,4)—> (Y,B) and let g: X— Y be the map defined by f.
We need a product formula for functional operations.
(2.5) Ifwu€e HY(Y,B),v€ H?(Y) and g*v==8¢*v = Sq¢*u = Sq*u =0,
then
8q*(uv) = (f*u) (8¢%)

(This formula is proved, in the absolute case, in [1].)

Proof. Let h: A— B be the map defined by f. Note that (X,4) is
contained in the mapping cylinders (Cy C3) and that A =0, N X. Hence
we may assume f is an inclusion map and 4 =X N B. Cup product with »
maps the exact sequence of (¥,X) into the exact sequence of the triad
(Y,X,B) giving the following commutative diagram:

HrY(X) ——> H?(Y,X) H»(Y) Hr(X)
U f*u Uu Uu

Hra1(X,A) - Hre(¥, X U B) > Hr(V, B) - Hr (X, A)

Since S¢*u = S¢*u =0, Sq?uz = uSg¢* for any z. Hence S¢*> maps the above
ladder into itself giving a large commutative diagram. (2.5) now follows
by chasing around this diagram.

3. Definition of the Kervaire invariant. Throughout this section we
view classes u € H2(X) as maps u: X — K (Z,,q). Again, m =4k 41,k > 0.
Q,(X;80) will denote the n-th SU bordism group [7]. Recall, this
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818 EDGAR H. BROWN, JR. AND FRANKLIN P. PETERSON.

group is the set of equivalence classes, under an appropriately defined co-
bordism relation, of triples (M,\,f) where M is a closed, compact C* n-
manifold, A is an SU reduction of the normal bundle of M embedded in
R for large k and f: M > X. Q.(SU) =Q.(pt;SU). One may easily
show that if X is connected, every element of Q,(X;SU) can be represented
by (M, ), f) where M is connected. Hereafter we assume all spaces are con-
nected. Also we assume all manifolds have an SU structure on their normal
bundle, (M, A, u) will be denoted by (M, ) and vy: M — BSU; will denote
the map defined by this SU structure.

Lemma 3.1. If {M,u} € Qom(K (Z2,m);8U), then {M,u}={M,u'}
where M’ 1is 1-connected. Furthermore, there is a cobordism (N,v) between
(M,u) and (M’,w') such that if i: M—> N and j: M’— N are the inclusion
maps,

©*: HY(M) = HI(N) for ¢ >2
j*¥: HY(M') = H4(N) for ¢g5<2m—1,2m—2.

Proof. We form M’ by killing =, (M) by surgery [10]. This pro-
cess yields a manifold N with an SU reduction such that 0N — M — M’.
Furthermore N consists of M X I with handles D? X D?*" attached by maps
h: 8* X D*™1— M X {0}. Up to homotopy type, N is M with 2-cells attached
and N is also M” with (2m —1)-cells attached. (3.1) now follows from these
properties of N.

Let

¢: Qo (K(Zyym) ;8U) > Z,

be defined as follows: Let ¢ be the cohomology operation described in (2.1).
Let {M,u} € Qom (K (Z2,m) ;SU). Since M has an SU reduction, its Stiefel-
Whitney classes w, and w, are zero. Therefore by the Wu formulas,

Sq*H*™ (M) = w,H?**(M) =0 and 8gH?*m2(M) — w,H>m2(M) =0.
Hence,¢: H™(M) N Ker Sq»*— H>™»(M). If Sqm'u=0, we let
{M, u} — ¢ (u) ([M])

where [M] € Hyu(M) denotes the fundamental class. By (8.1) we may
always choose M to be 1-connected and hence so that

SgmiH™(M) C H*mt(M) =~ H, (M) = 0.

Therefore ¢ is defined on all of Quy(K(Z,,m);8U). We show that it is
well defined. Let € Qo (K (Z;,m);SU). Choose an (M,,u,) € B such that
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M, is 1-connected. Let (M., u,) be any representative of 8 such that S¢™u,
=0. We show ¢(u,) ([M.]) =¢(us) ([M,]). Let (N,v) be a cobordism
between (M,,u,) and (M, u,). By surgery we make N 2-connected. Let
ji: Mi—> N be the inclusion maps. H?*™(N,M,) = H,(N,M,) =0 since
H,(N) = H,(M,) =0. Therefore j,*: H**(N)— H*™*(M,) is an injec-
tion. §,*Sg™'v = Sg™*u,=0. Hence Sq™'v =0 is zero. In a similar way
one shows that ji*: H*»(N)— H?*(M,;) is an injection and hence that
S8q?8qm2v—=0. Therefore ¢(v) is defined and, since ¢ (u;) = ji*¢(v),
¢ (u,) =0 if and only if ¢(uz) =0. Thus ¢ is well defined.

LeMmA.3.2. If {M,u} € Qom(K (Zs,m);8U), Sqm*u=0 and u is the
reduction mod 2 of an integer class i, then

{M,u} =8q; (8¢"*m) ([M])
Proof. By (2.3) and (2.4),

¢ (u) = $(4) =8¢ (8q™"m).

Thus the only thing to check is that the indeterminacy for each of these
operations is zero. The indeterminacy of ¢ is Sq*H?*"2?(M) = w.H*™*(M)
=0. The indeterminacy of Sq?% is

Sg*H*m2(M) + a*H*" (K (Z,m))

Thus we must show that v = Sq#8¢%- - - Sqiu=0if i, 4,4 -+ G1="m.
By the Wu formulas v =2u where 2z is a polynomial in the Stiefel-Whitney
classes of M. Therefore z—=v*y2’ for 2"€ H*(BSU). But m is odd and
hence 2’ € H™(BSU) =0.

We next define the Kervaire Invariant ¢: Q.m(SU) > Z,. Let {M}
€ Qm(8U). Choose a symplectic basis {us,v;|1=1,2," - -,v} for H™(M),
that is, w4y, * *, %, vy, - -,v, is & basis for H™(M), wwu;—vw;=0, and
uw;=2J;. Since M is orientable, u? =0, u € H™ (M), and hence such a basis
exists. Define

(3.3) V() = S S0 w)- $(, 0.}

We show that ¢ is a homomorphism and that it is well defined. By (3.1)
we may change M by surgery so that it is 1-connected. Furthermore, by
(8.1) {us,v;} goes over, under this process, to a symplectic basis. Hence
we may assume M is 1-connected. By (2.2)

o{M, }: H"(M) > Z,
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is a quadratic function whose associated bilinear form, namely, cup product,
is non-singular. Therefore the right side of 3.3 is independent of the choice
of the symplectic basis [2]. One may easily check that the right side of
3.3 is additive with respect to the connected sum operation on manifolds.
Thus ¢ is & homomorphism and to show that it is well defined it is sufficient
to show that the right side of (8.3) is zero if M =40N. We may make N
2-connected by surgery. Recall, if j: M — N is the inclusion map, u € H™(N),
v€ Hm(N), then u-&%v=38*(j*(u) v), where & : H"(M)—> H™*(N,M).
From this fact and Poincare duality one may obtain classes u; € H™(N) and
v, € H™(M) such that {j*u;,v;} is a symplectic basis for H™(M). H*™*(N)
~H,(N,M) =0 and H**(N) = H,(N,M) =0. Therefore ¢(u;) is defined
and equals zero. Therefore ¢ ({M, j*us}) = ¢ (j*us) ([M]) = 7*¢ (ws) ([M])
=0. Thus ¢ is well defined.

Remark 3.4. The secondary operation ¢ is not uniquely determined by
the relation between primary operations from which it arises, that is, it is
only determined up to the addition of a stable primary operation. (3.2) shows
that ¢: Q2 (SU) — Z, does not depend on the choice of ¢ since for any
{M} € Qo (SU), one may choose M 1-connected and with every element of
Hm™(M) the reduction of an integer class (See §4.).

Let « be the generator of Q,(SU) =~Z,. We define y: Q,(SU) > Z,
by ¢ (a) =1.

Finally, to complete the statement of Corollary 1.5, we define y(X) € Z,
when X is a 1-connected, finite CW complex which has a stably spherical
class m € Hgy,o(X ;Z) such that

Nm: H(X ;Z) = Hgpyoq(X 3 Z)

for all ¢. Since Hgpi2(X ;Z) is generated by a stably spherical class, Sqt is
zero on H®**-1(X). Also

Sq#H*+ (X)) C B (X) ~ H,(X) —0

Therefore ¢ defines a quadratic function

¢ : H4k+1 (X) —_ H8k+2 (X)
Let

$(X) = S (w) (m) (00 (m)

where {u;,v;|i=1, - -,r} is a symplectic basis for H#*1(X).

4. Proofs of Theorems (1.1) and (1.6). We first prove (1.6). Let
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BE Qs (S8U), k=0 and let y€Qu(SU), 1 >0. We wish to show that
¢(By) =y (B)I(y) where I(y) is the index of ymodR.

Let M€ B and N €. Applying surgery to M and N we may choose
them so that vy«: m(M) — = (BSU) is an isomorphism for ¢ < 4k 41 and
vyt mi(N) = m(BSU) is an isomorphism for ¢ < 4l. Then H(M) =0 for
q 0odd and ¢s44k -+ 1 and H¢(N) =0 for q odd. Furthermore the elements
of H¥+1 (M) and H*(N) are reduction mod?2 of integer classes because
H(N;Z) =~ Hyuy,(N;Z)=0 and H¥*(M ;Z) = Ha(M ;Z) = Huw(BSU ; Z)
which is free abelian. Note H#+0+(}Y X N)= H4%+ (M) H*Y(N).

Lemma 4.1. If u€ H¥** (M) and ve H*(N),
P(u®v) =¢(u)®v? if k>0
=0 if k=0 and v*=0.

Proof. Let € H¥*(M;Z) and 0€ H*(N;Z) be classes which give
% and v when reduced mod 2. Below we denote Sq*u by Sq¢*(f,u).

(4.2) d(u®v) =¢(a®v)

(4.3) =8¢ (4® 0, Sg*** DG4 (41y41)
= 8¢*((2 X id) (Gara ® V), SG*** V4 1y 1)
(4.4) = 8q¢* (4 X id, Sq*®*D (G434, O v) )
(4. 5) = 8¢?(u X id, 8¢*G 4141 © v?)
(4.6) = 8¢ (u, 8¢%G41:1) @02
(4.7) =¢(u) ®v?

(4.2) follows from (2.3), (4.2) and (4.7) from (3.R), (4.4) from the
naturality of S¢?%, (4.5) from the Cartan formula, and (4.6) from (2.5).
In the case k=0, one needs v2=0, in order that ¢ (¥ ®wv) be defined and
(4.5) yields ¢ (u®wv) =0.

We continue with the proof of (1.6). Let vu(N) € H*(N) be the class
such that 22 —=2v,(N) for all z€ H*(N). Recall, vy(N)?([N]) =index N
mod 2 (the proof of this is contained in the argument below). Let u € H*(N)
be a class such that u=0 if v4(N) =0, u=v4(N) if v4(N)?540 and
W (N) 540 if v,(N) 540 and vu(N)2=0. Let V C H*(N) be the sub-
space spanned by w and v, (N) and let U C H*(N) be its orthogonal com-
plement, that is, U = {z€ H*(N) | 2u=1204(N) =0}. H** (M) QU is the
orthogonal complement of H*+ (M) ® V in H4**D*1(M X N). Hence a sym-
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plectic basis for each of these subspaces will provide a symplectic basis for
Hw&01 (M X N). By (4.1) H*'(M)®U makes no contribution to
Y{M X N} as 22=1204(N) =0 if 2€ U. Let {z;,y:} be a symplectic basis
for H¥+1(M). We now consider four cases.

Case T. vg(N)—=0. Then V=0 and ¢{M X N} =0 = y{M}v?(N).

Case TI. v, (N) =0, va(N) 5£0. A symplectic basis for H*(M)QV
is given by {2;Qva(N),yi®vu(N)} as the first group of terms and
{(:® (va(N) +u), s ®u} as the second group. By (4.1) ¢(z:®vu(N))
— ¢ (4 ®vy(N)) =0. Hence y{M X N} =0.

Case I1I. v®2(NV)5£0,k>0. {2:®vy(N),y®vyu(N)} is a symplectic
basis for H¥+**(M)® V. Therefore by (4.1),
YU XN} =Z¢ (@@ va(N)) (M X N]) ¢ (5:®@va(N)) ([MXN])
=2 ¢ () ([M]) ¢ (3:) ([M])va® (V)
=y ({M})I{N}).
Case IV. v2(N)s£0, k=0. The generator of Q,(SU) is repre-
sented by M = §* X S* with the non-trivial SU reduction of its normal bundle.

Let € H(S*) be the generator. {t®1Q v, (N),1 Q2 ®uvy(N)} is a sym-
plectic basis for H*(M) ® V. Hence

WU XN} =M XN, 2Q100,(N)}F{M X N,10z@v,(N)).

By a symmetry argument this equals ¢{M X N,2Q1®v,y(N)}. By Wu
formulas vy (N) is a polynomial in the Stiefel-Whitney classes of N. There-
fore vy (N) =vy*(24) Where 24 € H*(BSU). 24 is the reduction mod?2 of
an integer class 2, Hence if 0P =8* X N—N’

(P, vp*2a) = (§* X N, 1@ vu(N)) — (N, vy*241)

By (8.1) we may choose N” to be 1-connected. Let y —vy*24. y*>€H® (N’)
~ H,(N’) =0. Therefore ¢(z®y) is defined. Let §—yy*2,; and let
£€ H*(S*;Z) be the generator. By (2.3) and (2.4),
Y{(M X N} =(£®9) ([S* X N'])
65(:;:‘@:17) = 8¢%07(8¢*G41.1)
= 8¢Piaxy(Sq* (£ @ 6a1) )
= 8¢Piaxs (¢ @ ou®)
=2® 8¢% (04?).

Hence we must show that S¢%; (o4?) 540.
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Let v be the normal bundle of N’ embedded in R¥** for large r. Let ¢,
be the canonical, real 2r bundle over BSU,. let A: v— ¢, be the SU reduction
of v, T(v) and T'(¢) the Thom spaces, U € H*> (T (¢,) ;4) the Thom class,
and let f: S®%*r— T'(v) be the map obtained by the Thom construction. Note
T(A)f is homotopic to gn where 5 is suspension of the Hopf map and
g: 8wt T'(g) is the map obtained from N by the Thom construction.
This is because N’ and S* X N are SU cobordant.

8¢%(0s®) = 8¢%, (24%) a8 § =240 9y
Note S¢*U = w,U =0 and Sq°U = w,U =0.

FE(8¢%y (24°) - T (M) *U) = f*8¢°r o (2°U)
= 8¢%r0n1 (220
= 8¢%pm (2°U)
=8¢ (9%22°U).

But Sg¢% is an isomorphism and g¢*(2,20) ([S*27*]) = v4?([N]) 54 0.
This completes the proof of (1.6).

We next prove (1.1). Suppose y={M} € Qgz,2(SU) where M is stably
parallelizable. We must show that ¢(y) =0. Conner and Floyd [7] and
Lashof and Rothenberg (unpublished) show that if u€ Q,,(SU) has all its
Chern numbers zero, then u=af where a € Q,(SU) is the generator and
B€Q2.(SU). Hence y=—aB. By (1.6) y(y)=y(2)I(8)=1I(B)
=v4(N)2([N]) where v4(N) and N are as above. Suppose vy*(N) 540.
Then by (4.3) in Case IV above, Sq%y(242U) 54 0.

Let 6 be the secondary cohomology operation associated with the relation
8¢°Sq* =0 on integer classes.

(4.8)

0: H(X;Z) N Ker S¢*—> H*(X) /S¢q*He* (X).
Let 6; denote the associated functional operation. In [14] it is shown that
(4.9) Oz = Sq*Sqye.
8¢*(24°U) =0, hence 0(2,2U) € H8"3+r(T(¢,)) =0 is defined and is zero.

8¢°18¢%y (2°U) = 8¢y 8¢y (g* (22U ) )
=0y (9% (24°T))
=0y (24°U).

We show that 6,4y (24°U) is zero and has zero indeterminacy. Since S¢?, is
an isomorphism, this shows that S¢%y,(242U) =0, which is the contradiction
we seek. Note gyp: §812+2r— T'(¢,) is the map corresponding to 8* X 8* X N
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under the Thom construction. By hypothesis, S* X 8* X N is SU cobordant
to a stably parallelizable manifold. Hence g¢wy is homotopic to 4k where
1: 82r— T'(¢,) is the inclusion of a fibre and h: §8%2+2r — §2r.  Therefore,

091,77 (ZuzU) = Oh (1:*2412U) = 0.
The indeterminacy of 04y (24°U) is
(gm)* (B (T (&) + 0 (HEw2r2(5%1))
_|__ qu (HSZ+2r-2 (SB l+2r) ) __I_ qug'r]'r] (H81+27'—1 (T(gr) ) ) — 0'
The above argument shows that if B€ Qg (SU) and f: S84 — T'(¢,)
is the map associated with «f3, then
y(af) =05 (24°U) ([S21227])

By examining how the operation 6; is related to the Thom isomorphism one
may prove:

TrEOREM 4.10. If a€Q,(SU) is the generator and B € Qg (SU), then
y(aB) =0y, (24°) ([M])

where M is o 3-connected manifold representing ap.

Appendix 1.

We state here, without proof, those parts of our results which go through
for ¥: Qepse (Spin) — Z,.

The first difficulty in generalizing our results to the Spin case is that
¢ Qom (K (Zy, m) ; Spin) = Z, depends on the choice of the operation ¢
associated to the given relation among primary operations. One choice would
be to choose ¢ so that the third suspension of ¢ is zero on all classes of dimen-
sion m—3. This is possible and gives rise to two choices for ¢, each of
which give the same ¢.

The only part of 1.6 that we can prove is the case k=0, namely:

TuroREM Al.1. If a€ Q,(Spin) is the generator and B € Qg (Spin),

y(ap) =1(B)

where I(B) is the index of Bmod 2.

This theorem follows from the arguments used to prove (1.6), except
that one must use slightly more complicated cohomology operations. One
.also sees that ¢(aB) is independent of the choice of ¢.
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Recall, quaternionic projective space PQ, admits a Spin structure and
has Euler characteristic 1 if n is even. Hence,

CoroLLARY Al.2. If a€Q.(Spin) is the generator,

Y (a{PQu}) =1

The proof of (1.6) breaks down in the Spin case for k>0 because
HeD+1 (Y X N) is very complicated even if M and N are simplified by
surgery. Also, it is.not clear whether an analogous theorem to 4.5 goes
through in the spin case.

Appendix 2.

In this appendix we give a proof, due to John Milnor, that a differentiable
manifold of the same homotopy type as a Kervaire manifold ([8]) is stably
parallelizable.

Let n be odd and ns41,3,7%, let p: T— 8 be the tangent disc bundle
of S, let D» be the closed n-disc, h: D*»— S* a homeomorphism into,

k: D» X D*— T a bundle map covering h, T a copy of 7 and let L=TU T
with A (z,y) identified to A(y,z) for each (z,y) € D*» X D», L is a manifold

with boundary and 4L is homeomorphic to S2»*. Let f: 82**— 9L be a
homeomorphism and let K?*=L | J D?». K?* is the manifold constructed by
7

Kervaire.

TrEOREM A2.1. If M is a differentiable manifold with the same homo-
topy type as K**, then M 1is stably parallelizable.

Proof. Let 87, §» and 8,* C K?* be the zero cross-section of 7', the zero
cross-section of 7' and a cross-section of the associated sphere bundle of T,
respectively. Clearly K2» has a cell structure S* \/ S*U ¢*» and hence, since
87 and 8,» are isotopic,

K= 8"V §*U ¢*n, K/8m=8rU e, Ken/Kn—Int T
is the Thom space of +(S") which is §* | J ¢*». Consider the quotient map

[ese]

u: K2n/8n— K2n/K2n — Int T

u is of degree one on the n and 2n cells and hence is a homotopy equivalence.
Therefore K2/8" = K?**/8,» = §» | ] ¢

[e,ed

Let g: K*»— M be a homotopy equivalence. We first show that M is
almost parallelizable by showing that g*r(M) is trivial on 8 VV §». Choose
g so that g | 8 is a smooth embedding and let v be the normal bundle of
g(87). Let T'(v) be the Thom space of v, t: M —> T'(v) the usual map and
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f: K2»— K?n/8n the quotient map. tg | S» is homotopically trivial. Hence,
up to homotopy, tg= g for some §. One may easily check that § is a

homotopy equivalence. Hence T'(v) =8"|J ¢** where a=[¢,:]. Recall,
[+

a=dJ(B), BE m-1(0,) where B is the characteristic class of v. The stable
J homomorphism on =, (0) is a monomorphism and hence g is stably trivial.
Hence v is stably trivial and therefore g*r (M) | S» is trivial. The same argu-
ment shows that g*r(M) | S is trivial.

Recall, the obstruction to an almost parallelizable m-manifold being
stably parallelizable is in the kernel of J on mu-;(0). J is a monomorphism
on mz,1(0). Hence M is stably parallelizable.

BRANDEIS UNIVERSITY.
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