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ABSTRACT. We describe in terms of generators and relations the ring structure
of the RO(C2)-graded Ca-equivariant stable stems 72 modulo the ideal of all
nilpotent elements. As a consequence, we also record the ring structure of the
homotopy groups of the rational C2-equivariant sphere 7'(‘92 (Sg).

1. INTRODUCTION

One of the motivating problems in stable homotopy theory is to understand the
stable homotopy groups of spheres, 75 = colimy_,[S**", S*]. An early struc-
tural result by Nishida [Nis73] says that every nonzero element in 75 for n > 0 is
nilpotent. It is also well known that 7§ = Z, and so we may repackage this result
by saying that the reduced ring of mi—namely 77 modulo the ideal of nilpotent
elements—is isomorphic to Z. In this paper we obtain an analogous result for the
Cs-equivariant homotopy groups of spheres m¢2. Here % stands for the RO(Cs)-
grading: ﬂgfu is the group of homotopy classes of stable maps S5~ A S¥ — S0,
where $"7 denotes w copies of the sign representation and S°~" has trivial action.

In Theorem [[3, we give explicit generators and relations for 7¢2 /M, where N
is the ideal of nilpotent elements. The main input is the knowledge that the non-
nilpotent elements are concentrated in specific computationally accessible degrees,
combined with Cs-equivariant Adams spectral sequence computations. All of the
main pieces of this calculation can be read off of previous work, but the result itself
does not appear in the literature. Our contribution is to put the pieces together,
handling a number of details along the way such as the determination of part of
71'3: 2, and turning 2-completed into integral information.

As Nishida’s theorem can be thought of as the starting point of chromatic homo-
topy theory, our work answers an analogous question in Cs-equivariant chromatic
homotopy theory. Other parts of equivariant chromatic homotopy theory have been
studied, giving some expectation about the complexity of the answer. For exam-
ple, for a finite group G, Balmer and Sanders [BS17] proved that G-equivariant
thick prime ideals are exactly those pulled back from non-equivariant thick prime
ideals via the geometric fixed points functors ® for subgroups H < G. More to

the point, the equivariant nilpotence theorem [BS17[BGH20] says that an element
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r € 7€ in the RO(G)-graded homotopy groups of the sphere is non-nilpotent if
and only if ® (x) is non-nilpotent for some subgroup H of G. At G = Cy, there
are only two subgroups to consider, and we have an assembly problem whose pieces
can be described simply, but has a fairly complicated answer (see Theorem [L3)).

1.1. Main theorems. We describe a Z-additive basis for 7¢2 /9% in Theorem [[1]
which emphasizes the 2-divisibility of n° and makes the module structure over the
Burnside ring 71'3: 5 apparent; then we describe the ring structure of 72 /9% in The-
orem [[L3] which is our main purpose. We also include a description of the ring
structure of the rationalization 72 (Sq) (Corollary [L4).

Let p € 7T€i_1 denote the Euler class §%° — S of the sign representation. The
element 7 € 7r1C21 is defined so that ®“2(n) = 2 and its underlying non-equivariant
map is ®¢(n) = —n., where 1y € 75 is the classical Hopf invariant one element.
For more on the notation and choices of generators, see Section 2.2

Theorem 1.1. The reduced ring of the Ca-equivariant stable stems is concentrated
in degrees (s,w) where s = 0 and w is even, or s —w = 0. Its underlying group
structure is a free abelian group of rank 1 in each of those degrees, except for degree
(0,0) in which it has rank 2. The additive generators of 72 /M are

o in degree (—i, —i) fori >0
wy, forn € Z in degree (0, —2n)

i

2;7(2,) in degree (i,i) fori>1
where
44 -1 =28t
At i=8t+j forj=1,2,34

n(@)=<4t+1 i=8t+5
4 +2 i=8t+6
4+3 1=8t+7.
In particular, fori > 1, 0 is uniquely 2™ -divisible in 72 /N, and is not on(i)+1_
divisible. Let [Cy/e] € A(Cs) denote the nontrivial generator. Then [Ca/e] = wy
acts by multiplication by 2 on w, for all n, and acts as zero on QZ]T and p* for
1> 1.

Remark 1.2. In the Cy-Adams spectral sequence, the elements w,, are represented
by 72"hy when n > 0 and —27= (which some authors notate as T_;L_z,) when
7

n < 0. The Adams spectral sequence representatives for 57 can be read off of

Table [ in Section @l Also, note 7 is the element in degree (1,1), as n(1) = 0.
Theorem 1.3. As a ring, 7°2 /M is generated by
p in degree (—1,—1)
wy, forn € Z in degree (0, —2n)
7
2n(i)
subject to the following additional relations.

(a) 2=wo +pn

fori>1,i=1o0r7 (mod 8) in degree (i,i)
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(b) wn W =2 Wy for n,m € Z.

(¢) Ifi =1 (mod 8), then

5.0 s 0
T ont TP gure)

If i =7 (mod 8), then

/A
T 5nGy =P nGr2)
(d)O:p'wn:%wunforallnGZ,iZI.

The next statement is obtained by rationalizing Theorem The additive
structure of this ring is previously known; see for example [GQ22].

Corollary 1.4. Let Sg denote the Cy-equivariant rational sphere. As a ring, we
have
Trgz(SQ) = 7T§2 ®Q = Q[pan7w17w—1]/ ~
where
‘p‘ = (_]-a _1)7 |77| = (1, 1)a |w1| = (Ov _2)7 |w*1‘ = (032)
and ~ denotes the relations
wy-w_1 =4—-2pn
prwer =0 -wrr =0
p-(2=pn)=mn-(2-pn) =0.
For the rest of this paper, we will implicitly work over the reduced ring to avoid

problems arising from nilpotent elements in the same degree. In particular, one
should think of a non-nilpotent element as a coset.

1.2. Notation.

my: the classical stable homotopy groups of spheres.

ﬂgfvz the RO(C3)-graded stable homotopy groups of spheres with RO(Cs)-degree
(s —w) +wo.

. the nilradical of ng.

wgfu /M the reduced ring of RO(C5)-graded stable homotopy groups of spheres in
degree (s, w).

WEUJ: the R-motivic homotopy groups in stem s and motivic weight w.

M$2: the RO(Ch)-graded HTF3-homology of a point.

MS: the C-motivic Fo-homology of a point.

MZ: the R-motivic Fo-homology of a point.

Extfc’f ': the Ey-page of the C-motivic Adams spectral sequence in stem s, Adams
filtration f, and motivic weight w.

Extscl'zf . the Es-page of the Ch-equivariant Adams spectral sequence in degree
(s, f,w).

Exti’f ™ the Ea-page of the R-motivic Adams spectral sequence in degree (s, f,w).
Exti}'éw: the summand of Ext?j;j’w from [GHIR20, §2,3].

E: the p-Bockstein spectral sequence which converges to Extg.

E: the p-Bockstein spectral sequence which converges to Extyc.

@2 the Cy-geometric fixed point functor as in [BS17].
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®¢: the forgetful functor taking a Cy-equivariant spectrum to its underlying non-
equivariant spectrum.

1.3. Organization. In Section[2lwe review general results about equivariant nilpo-
tence and define several important elements. We also briefly discuss the C-motivic,
R-motivic, and Cs-equivariant Adams spectral sequences, which will be used in
later sections. In Section Bl we describe 7¢2/91 in stem zero (i.e., s = 0). In
Section @ we describe 7¢2 /91 in coweight zero (i.e., s —w = 0). In Section [§ we
assemble previous results to prove the main theorems. In Section [6]l we discuss the
p-completed ring structure and higher multiplicative structure in the reduced ring.

2. NOTATION AND PRELIMINARIES

2.1. Prior results on equivariant non-nilpotence. Next we recall some theo-
rems about Cs-equivariant non-nilpotent elements that form the starting point for
our work. Iriye first proved an analogue of the Nishida nilpotence theorem in the
equivariant context.

Theorem 2.1 ([Iri83]). Let G be a finite group. Every torsion element of ©€ is
nilpotent.

From now on, we specialize to G = Cs.

Theorem 2.2 ([Ling0], [GM95], [BS20], [GQ22]). «{2, has infinite order if and
only if
s=w or s=0 andw is even

Moreover, in these cases the rank of ﬂgfu as a free abelian group is 1 unless (s, w) =
(0,0), in which case the rank is 2.

Remark 2.3. Greenlees and Quigley [GQ22] studied the analogue of Theorem
for general finite groups.

Balmer and Sanders [BS17], and Barthel, Greenlees and Hausmann [BGH20]
proved the following equivariant nilpotence theorem.

Theorem 2.4. An element o € 7€ is nilpotent if and only if both its geometric
fized points @2 (a) € 7 and its underlying non-equivariant map ®°(a) € 7 are
nilpotent.

By Theorem 21} Theorem 22 and Corollary 5 72 /9 is a free abelian group
with ranks bounded above by those specified in Theorem We will see that this
upper bound is achieved in all degrees.

Corollary 2.5. 7¢2 /0 is torsion-free.

Proof. Suppose © € 7¢2 is non-nilpotent. By Theorem 4] and the fact (from
Nishida’s Nilpotence Theorem) that the non-nilpotent elements of 72 are concen-
trated in 7§ = Z, there is some H C Cy such that ®(z) # 0 is in stem 0, hence
non-torsion and non-nilpotent. We need to check that nz is non-nilpotent for every
n # 0. But ®((nz)*) = nk*®H (z)* is nonzero for every n,k, and, hence, so is
(nx)F. O
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2.2. Some elements in 7¢2. Recall RO(Cy) is generated by the trivial 1-dimen-
sional representation and the sign representation ¢. In accordance with the grading
convention for R-motivic homotopy theory, we use the double grading

Ca
s,w

to indicate the RO(Cs)-degree (s —w) +wo. We call s the stem, w the weight, and

s — w the coweight.
In coweight 0, there is a map

™

p: 500 _y g1l

given by inclusion of fixed points, which is a non-nilpotent element in wf’i_l.
Equivalently, this is the Fuler class of the sign representation o of Cs, sometimes
written as a,.

The nonequivariant Hopf map 7 : S® — 52 can be modeled as the defining
quotient map C? — {0} — CP! for complex projective space. The quotient map
is compatible with the action of complex conjugation so we get a Csy-equivariant
homotopy class, and we define 7 in Wf"i to be the negative of this map. This
definition is the negative of that in [GHIR20] and for most other authors since it
satisfies ®¢(n) = —n., but we choose it here because it satisfies

% (n) =2

(see [GHIR20, Remark 10.8]). Since 2 is non-nilpotent, this relation implies that 7
is non-nilpotent.

For a finite group G, let A(G) denote the Burnside ring. Segal [Seg71] proved
that there is an isomorphism

AG) 5§,
In the case G = (3, we have 71'06:’6 = A(C3) with free basis 1 and [Cy/e], where 1
denotes the identity and [C3/e] denotes the generator of Cy, which means we have
the relation [Ca/e]?> = 2[C3/e]. Note that elements of the Burnside ring are all

non-nilpotent.
There is also a key relation in 71'8% (see [GHIR20, Lemma 10.9]):

(2.6) [(Cafe] =2—p-n.
Moreover, [Cy/e] is represented by hg in the Cy-equivariant Adams spectral se-
quence (see [GHIR20, Definition 11.6]).

2.3. Review of relevant Adams spectral sequences. We review the setup of
the C-motivic, R-motivic, and Cs-equivariant spectral sequences; references for this
material can be found in [DI10], [WX23|, [DI17], and [GHIR20]. The homology of
a point in the C-motivic, R-motivic, and Cy-equivariant cases, respectively, is given
by

M5 = Fy[r]
M]5 = IFQ[p, T}
MS? =Falp, 7@ NC,  NC =P —]Fjg] {pl}

s>0

where |p| = (=1, -1), |7| = (0,—1), and || = (0,2). The algebra NC'is called the

negative cone, and it is generated by elements of the form p]Tb fora > 0,b > 1,
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where p- 1 = 0 = 7. 2; note that v is not itself an element in MQCQ. There is
a functor (“Betti realization”) from the R-motivic category to the Cs-equivariant
genuine category that takes p € wﬂfl’ﬂ to the element of the same name p € F?i’_l,
which is described in Section Let Ac, Ag, and A, denote the C-motivic, R-
motivic, and Csy-equivariant Steenrod algebras, respectively. Then the C-motivic,
R-motivic, and Cs-equivariant Adams spectral sequences have signatures

Byl = Bxtg" = Ext5) (MS, M5) = (r5,)%

5,
By = Bxty™ = Bxty" (ME, ME) = (%,))
BT = Bxtg! " = Exty ] (MG?, M£?) = (w525

where f denotes homological degree, (s,w) in the equivariant case is described
in Section 2.2 and (s,w) in both the C-motivic and R-motivic cases is the pair of
total degree and motivic weight. Our grading convention follows that of [DITOLDII7]
TWX23| which has been widely adopted in computational motivic homotopy theory,
but differs from the classical convention where s denotes the filtration instead of
the stem. Betti realization induces a map of spectral sequences from the second
spectral sequence to the first, and Proposition 2.7] says that the map of Fs-pages
Extr — Extc, is a split inclusion.

Proposition 2.7 ([GHIR20]).
(a) The splitting MS? = ME @& NC' induces a splitting
Extc, = Extr @ Extyc

where Extnc = Ext 4., (MS2, NC).

(b) There is a p-Bockstein spectral sequence converging to Exte, such that a
Bockstein differential d, takes a class x of degree (s, f,w) to a class d.(x)
of degree (s — 1, f + 1,w). Under the splitting in part (a), the spectral
sequence decomposes as

Ef = Extclp] = Extg
B = Extye.

Guillou, Hill, Isaksen and Ravenel [GHIR20, §3] explicitly describe the Fa-
generators of E :

Proposition 2.8. E| is generated over Fy by elements of the following two types:

o FElements of the form p]jx where 0 < a,1 < b, and x is an element of Extc

that is T-free and not divisible by 7. If x has degree (s, f,w) in Extc, then
@ has degree (s +a, fw+a+b+1).
e Elements of the form pgb

x where 0 < a,0 < b <k, and x is an element of

Extc that is T-torsion and divisible by 7% but not by 7F+1. If = has degree
(s, f,w) in Extc, then pf?jz has degree (s+a+1,f—Lw+a+b+1).

Remark 2.9. There is an element hg in degree (0,1,0) in Extc, and it survives the
p-Bockstein spectral sequence that converges to Extg. Moreover, it also survives
the R-motivic Adams spectral sequence. In particular, it detects the homotopy
element in the Burnside ring by convention. Combining facts in Section 2] the
homotopy element 2 € 7700) 5 is detected by ho + pn in the Eo-page.
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3. NON-NILPOTENT ELEMENTS IN STEM 0

By Theorem [2.2] there are two cases to consider. In this section, we determine
ngu modulo nilpotents when s = 0 and w is even. In Propositions 3.2 [3.3] and
we identify the additive generators in terms of the Cs-equivariant Adams spectral
sequence. In Theorem [3.8 we give a multiplicative description.

3.1. Additive generators in stem 0. We remark here that the results in this
subsection are largely known (see, for example, [BI22], [BI20], [DI17], [Hillll),
though not all of the exact statements have been written down before. In this
subsection, we assume knowledge of the FEs-page of both the R-motivic and Coa-
equivariant Adams spectral sequences and describe the generators w,, that appear
in Theorem [Tl Since these spectral sequences converge to 2-completed homotopy
groups, results must be translated from the 2-completed to the integral context
(Lemma B.7]).

We start by proving Lemma BTl used in the determination of (77007 2,,)5 forn >0
using the Adams spectral sequence in Proposition [3.3]

Lemma 3.1. Any class in negative stem in Extc, is p-free.

Proof. Since the C-motivic Steenrod algebra is concentrated in nonnegative stems
(see [DII0]), so is Extc. Using this fact and Proposition 28 we see that E| is
concentrated in nonnegative stems. By Proposition 2.7 it suffices to study Extg.
By [BI22, Proposition 3.1], there is an isomorphism Extg(S/p) — Extc from the
Es-page of the R-motivic Adams spectral sequence computing 7=, (S/p), and Extc
is concentrated in nonnegative stems. Suppose z € Extg has stem s < 0 and has
p-x = 0. Then in the long exact sequence

cee— Extiff_l’w_l(S/p) — Exti’f’w LA Extf{l’f’w_l — ...

the element x in the middle term pulls back to an element & € Extr(S/p) = Extc
in stem s < 0, a contradiction. O

In Propositions B.2] B3] and B.5, we introduce the generators w, for n € Z.
While we identify wg 2 /M directly in Proposition B2l in the other cases we start
by working in the 2-completed context because of our Adams spectral sequence
methods.

Proposition 3.2. We have Wg:'é/fﬁ >~ 7{1,wo} 2 Z{1, pn} where wy is detected by
ho in the Cy-equivariant Adams spectral sequence. Moreover, we have ®¢(wp) = 2
and 2 = wq + pn.

Proof. For n = 0, we saw in Section that 7TOC:  has Z-module generators 1 and
[Ca/e] = 2 — pn, which is detected by hy in the Adams spectral sequence. As
®°([Ca/e]) = 2 these generators are both non-nilpotent, and so are all of their
integer multiples. Let wp := [C2/e]; then the above relation gives 2 = wo + pn. O

Proposition 3.3. For n > 0 there are nonzero elements w,, € (WEQ_QH)Q detected

in the Co-equivariant Adams spectral sequence by 7*"hy. They are non-2-divisible
and satisfy ¢ (w,) = 2.

Proof. Let n > 0. In the p-Bockstein spectral sequence computing Extr there is
a differential d;(7) = phy [DIL7, Proposition 3.2], and so there are differentials
dy (72"H) = pr27hy. By [DI1T, Lemma 3.4], 72"hg is a nonzero permanent cycle in
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the p-Bockstein spectral sequence for every n > 0, and hence it represents a non-
trivial class in Ext?R’l’f%. By the splitting in Proposition 2.7] these are nontrivial
classes in Extc, as well.

We show that they are permanent cycles in the Cy-Adams spectral sequence.
Recall the Adams differential d, decreases stem by 1, increases filtration by r and
preserves weight. Since every element in stem —1 is p-free by Lemma Bl and 72" hg
is p-torsion, 72"hg cannot support any differential. Since 72"hyg is in filtration 1, it
cannot be hit by a differential.

The functor ®° induces a map of Adams spectral sequences from the Cs-equiv-
ariant Adams spectral sequence to the classical Adams spectral sequence for the
sphere, and ®¢(72"hg) = hg where hg detects 2 € m§. Choose a homotopy rep-
resentative w,, € (WgZQn)é\ such that ®°(w,) = 2. (Note that other choices have
image 2u for u € ZJ.) It remains to check that these classes are non-2-divisible
in (7¢2)). Note that any homotopy class = such that 2 -z € 7 is detected
by 72"hg would be detected in filtration 0. On the other hand, we claim that
Ex tOO <0 = 0. Since Ext?"* = Fy[r], Proposition 8 shows ExtOO <0 = 0. To

see Extl%’go’<0 =0, note (E;)%%<0 = 7Fy[7], and these classes all support Bock-
stein differentials [DI17] Proposition 3.2]. Thus w, is non-2-divisible for degree
reasons. 0

Remark 3.4. Balderrama, Culver and Quigley [BCQ21, Theorem 7.4.2] proved a
stronger result which determines whether p"72" 4"+ h, is a permanent cycle in
Extg. This also implies Proposition 3.3l

Proposition 3.5. For n > 0 there are nonzero elements w_, € (7r0 2,)5 detected

in the Co-equivariant Adams spectral sequence by —=r. They are non-2-divisible
and satisfy P (w_p) = 2.

Proof. According to Proposition .8, there are generators —7= for n > 1 in degree
(0,2n) in B

We clalm that each Q,L T is a permanent cycle in Exty¢, and also a permanent
cycle in Extc,. Indeed, F; and Extyc vanish in the (—1)-stem by Proposition
and Extr vanishes in negative coweight: Morel’s connectivity theorem [Mor05]
implies that Extc vanishes in negative coweight, and hence so does E;". Therefore,
the elements % are permanent cycles in the p-Bockstein and Adams spectral
sequences for degree reasons.

Moreover, T’m%l is non-2-divisible because it is in Adams filtration zero. We have
®¢(2=r) = ho in the E.-page according to [Kon20, Proposition 3.5]; therefore,
as in Proposition B3 we have ®¢(—=r) = 2, and we may choose homotopy classes

w_n detected by these elements such that ®¢(w_,,) = 2. O

Corollary 3.6. Forn #0, (7r0 2 on)5 /I is generated by wy,.
Proof. Combine Theorem [Z.2] Proposition [3.3] and Proposition |

Now we need to show that the generators in Corollary are in the image of
the uncompleted homotopy groups.

Lemma 3.7. Forn # 0 let T C 7r0 ® o denote the torsion subgroup. Then the
completion map
L2752 5, [T = (15200)5 /T = Lo
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sends the generator to wy,.

Proof. By Theorem and Corollary 2351 7Tg: 2,5, for n # 0 is a rank-1 abelian
group.

Let n > 0. Consider the following diagrams for any prime p, where the vertical
maps are completion.

(752 5,) /T —2—> 7 T_>T
l l Z,—>17,

2 o° S
(76,20 )p /T —— ()}

For p = 2, we know from Proposition B3] that ®°(w,) = 2 and w, is not 2-
divisible, and so ¢ can be expressed as 2 times a 2-adic unit. For p odd, we have
(ﬂgz 2n)/\ =~ Z,{7?"} (see [BS20, before Proposition 7.11]) and the underlying map
of 72” is 1 up to p-adic units. This shows that ¢ is invertible in Z,. Putting
together the information at all primes, we have ¢ = 2. Since ®¢(w,,) = 2 its image
in wgz’_Qn/T is a generator.

Next we consider the negative coweight case. The element w_; € (775’: 2)5 is
detected by an integral class 2 : §%% — §22/Cy ~ §%9 which forgets to 2 €
(see [Kon20, Definition 3.4]). Proposition Bl says that w_; is not divisible by 2 in
(ﬂgg)é\, and so it is not divisible by 2 in w&%. Thus w_; is a generator of wgé/T.

For n > 1, we will show that (w_1)" € 7Tg:22n is divisible by (exactly) 2. Consider
the following diagram.

(7§3,)/T —>—m} Z—>z

T

o° s Lo —— 1o
(M630)8 /T —— (73)3

Since ®¢((w_1)"™) = 2™ we know that 2" is in the image of the top row, which implies
£ | 2™. Moreover, Proposition says that 2 is in the image of the bottom row,
and 1 is not in the image. Thus ¢ = 2, and (w_1)™ is 2"-divisible in (71'0 2)/T. O

3.2. Multiplicative relations in stem 0.

Theorem 3.8. As a ring, P,y ngn/m is generated by 1 € ng) and wy, € 7Tg:2_2n
for n € Z where ®¢(wy,) = 2 € 7§, subject to the relations

Wn * Wm :2'wn+m
for all n,m € Z. Moreover, p-w, =0 in 72 /N for alln € Z.

Proof. First we verify the additive statement. For n = 0, this is Proposition
For n # 0, Theorems 2.I] and imply 7TOC 2., 2 Z&T, for a torsion group Ty,

and 91 O T,,. Since w, is non-nilpotent and torsion-free, we have 71'0 on/ M =

Cy

0.2 9n/Tn = Z. Thus the additive description in these degrees follows from Lemma

For the multiplicative relations, observe that for degree reasons, w, - w,, €
Z{wn+m}, and we have wy, - wy, = 2wy, 1+, because of the underlying maps ®¢(w,,) =
D¢(wy,) = 2 from Propositions B2 B3] and For n # 0, we have p-w, = 0 in
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72 /N for degree reasons. For n = 0, the relation wp - p = 0 can be observed in

7R, (see [DIT7, p. 2] using the expression for wy in Proposition B.2)). O

Remark 3.9. Guillou, Hill, Isaksen and Ravenel computed the homotopy of koc,

and kR [GHIR20], where the Hurewicz images also detect most of these nonzero
product relations.

Remark 3.10. William Balderrama also has an argument for the product relations
in stem 0, using the transfer maps

] Ca
try, 1 Ty — Ton

and the double coset formula. His method has more potential for generalization to
groups of larger order.

4. NON-NILPOTENT ELEMENTS IN COWEIGHT ZERO

Proposition 4.1. For: > 0, 7710;"/‘)’{ > 7 is generated by an element x; satisfying
2"z, = ' modulo M, where n(i) is the function in Theorem LIl For i < 0,
7rzcl2 /M= Z is generated by p'.

Proof. Landweber [Lan69] showed that the image of 2 : 72 — 75 for i > 0 is

1,7
2007, for a certain function b : Z — Z. It is straightforward to show that
b(i) =1 —n(1).
For ¢ > 1, let z; denote an element of 7TZCZ2 satisfying ®°2(z;) = 2°(®. We have
@2 (2i-0Wg; — n¥) = 0 which implies 2°"*Wgx; — n* = 2"z, — y' is nilpotent.
Moreover, if  is any other element such that 2*()z — 5" is nilpotent, then = = z;
in 72 /N since the reduced ring is uniquely divisible. Thus

/.
on(iy - Ti

X2

is a well-defined element of ﬂf 2 /M. To see it generates 71'5 2 /M, simply observe that
it cannot be p-divisible for any prime p since ®“2(x;)/p is not in the image of ®¢2
by definition of x;.

For the statement about ﬂf 7 for i < 0, observe that p' is in a non-nilpotent
element in this group, and it must be a generator of Z because ®“2(p’) = 1. In
particular, p’ cannot be divisible by a non-unit in Z. O

Lemma 4.2. We have 2n = pn?® and 2p = p?n in 7¢2.

Proof. As p, 2, and 7 are all in the image of 7715* — W,Si, the relations follow from

the corresponding R-motivic relations (see [DILT, p. 2]). O

Lemma 4.3. For 0 < j < i, we have that 1" is divisible by 27 in €2 /N if and only
if n'~7 is divisible by p? in wC2 /N.

Proof. First we show that 7¢2 /9 is uniquely 7-divisible and p-divisible in stems
# 0; i.e., for homogeneous elements z,y € wgfv/‘ﬁ with s # 0, if nx = ny then
x =y, and similarly for p. If pz = py, then © — y is p-torsion, which implies
®2 (z —y) = 0. Since the stem is nonzero, ®*(x —y) = 0, and so = — y is nilpotent
by Theorem 24 If nz = ny, then p?nx = p?ny, and using Lemma we have
2px = 2py. Since 7¢2 /M is torsion-free, we have pxr = py, reducing to the previous
case.
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Suppose n° = 272 modulo M. Then 7’p = 2/px = (pn)’px by Lemma and
'~ = pix by n- and p-divisibility. This argument is reversible, establishing the
converse. ]

The next statement is about the Z[p]-module structure of the coweight-zero part
of the reduced ring, which is natural from the point of view of the Adams spectral
sequence.

Proposition 4.4. @, ., 752 /M is generated as a Z[p|-module by
"' :

W f07" 1 Z 1

subject to the relations 2n = pn? and 2p = p*n, where

i—1 ¢=0o0rl (mod4)
m(i)=<i—2 i=2 (mod 4)
1—3 i=3 (mod 4).
Proof. The relations are in Lemma It is a straightforward computation to use
Lemma 43l to convert the 2-divisibility information modulo 9% in Proposition [£1] to

n-divisibility information modulo 9: for all 4 one must check that m(i—n(i)) > n(i)
but m(i — (n(i) + 1)) < n(i) + 1. O

Remark 4.5. Guillou and Isaksen [GI20] specify the Adams spectral sequence names
for the elements n’/p™®. We reproduce this information in Table [l

TABLE 1. Adams spectral sequence representatives for coweight 0
elements of 7&2 /M

stem | name in 7¢2 /9 | name in Extc,

1 n h1

b1 k-1 _ ik Q i
24k—1 7 pak—1 | Hdk—27"1
8k—+1 4k+1

k41| L_—=" Q_pet
94k Pk prE—1

Remark 4.6. One can also prove the results in this section using the Mahowald
invariants M (2%) for 4 > 1, which were calculated in [MR93|, as input instead of
Landweber’s result. In the formulation given by Bruner and Greenlees [BG95], the
Mahowald invariant describes the p-divisibility of Cs-equivariant elements after 2-
completion; note that Proposition [£4]is essentially a result about the p-divisibility
of ni for ¢ > 1.

Remark 4.7. The elements in Proposition 4] comprise the Bredon-Landweber re-
gion of m¢2 described in [GI20]. In that paper, Guillou and Isaksen provide an
alternate proof of the Mahowald invariants M (2?). They also illustrated this p-
divisibility of * in [GI20, Figure 2].
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5. PROOFS OF THE MAIN THEOREMS

Proofs of Theorems [[L1] and [[.3. The additive generators in Theorem [Tl are given
in Propositions [3.2] B.3] and Il By Lemma we have

2—=pn)-n=I[Cofe]-n=0, (2=pn)-p=[Cs/e]-p=0
which concludes the proof of Theorem [Tl Theorem [[3(a) and Theorem [[3(b) are

proved as Proposition and Theorem B8 Theorem [[3(c) follows from Lemma
and Proposition [£.4l More explicitly, Proposition .4l and the fact that

m(i)+1 i=0 (mod 4)

i =1 d4
mii+1) = ™0 ’ (mod 4)
m(7) i=2 (mod 4)
m(i)+3 i=3 (mod4)
imply the relations that if i = 0 (mod 4), then
i i+1
o,
(5.1) 1 m@ TP mED
and if =1 (mod 4), then
S A T
(5:2) 1 mGy TP sy
Since = pﬂ—il) and 7 - pﬂzi) = pm"(—jl) if i = 1,2 (mod 4), we do not need to

incllude % for i = 2,3 (mod 4) as ring generators. So the ring generators are

p%;i) for i = 0,1 (mod 4), and by Lemma (3] they correspond to the elements

i

soy for i = 0,1 (mod 7). Similar calculations allow us to convert (B.1]) and (5.2])
into the relations in Theorem [[3c). The relations in Theorem [[L3{(d) are true for
degree reasons: any nontrivial element of 7¢2 /91 must have stem zero or coweight
Z€ro. ]

Proof of Corollary 4. By Corollary 25 the rationalization of 7¢2 /9 in Theorem
[[3lis a subring of 7¢2(Sp). Comparing the rank in each degree with Theorem 2.2}
we see that the inclusion is in fact an equality. O

6. A FEW REMARKS

Remark 6.1 (Higher multiplicative structure). The Toda bracket structure on 7¢2

does not in general descend to a Toda bracket structure on 7<% /9. However, we
may consider Toda brackets in 72 (Sg). For degree reasons, all three-fold Toda
brackets in 72 (Sg) are 0.

There exists a nontrivial four-fold Toda bracket in 72,

w1 € <W3,P,WO;P>~

To see this, use the p-Bockstein differential dy (1) = pho (where hg detects wq) to
show that 72hg is in the Massey product (hZ, p, hg, p) which has zero indeterminacy
for degree reasons, and then use the Moss convergence Theorem [Mos70] to show
wy € {wd, p,wo, p). This Toda bracket in 7¢2 does not contain zero, but it does

contain zero after rationalization, as w1 = fw3 - wy in 792(Sg).



THE REDUCED RING OF #{2(S) 13

For another example, the shuffle

<wga P, wo, p> W1 = wg : <p7 wo, P, w—1>
shows that (p,wo, p,w_1) contains 1 in 7¢2. After rationalization this bracket equals
71'3: 2(Sg), so in particular it also contains 0.

Remark 6.2. We have implicitly calculated the 2-completed ring structure of
(72 /M), Tt has the same generators and relations as a Zs-algebra as in Theorem
In particular, the information can be directly read off using the Mahowald
invariant of powers of 2 and the Cy-Adams spectral sequence.

The p-completed ring structure (72 / ‘ﬁ)g for odd primes p can also be deduced
from Theorem [[3
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