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Abstract

Classical homological algebra takes place in additive categories. In homotopy theory such additive categories arise
as homotopy categories of “additive groupoid enriched categories”, in which a secondary analog of homological
algebra can be performed. We introduce secondary chain complexes and secondary resolutions leading to the concept
of secondary derived functors. As a main result we show that the E3-term of the Adams spectral sequence can be
expressed as a secondary derived functor. This result can be used to compute the E3-term explicitly by an algorithm.
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The paper introduces secondary derived functors obtained by secondary resolutions. This generalizes
the concept of the classical derived functor Ext”. It is well known that the groups Ext” describe the E»-term
of the Adams spectral sequence. As a main application we show that the secondary Ext groups, in fact,
determine the E3-term of the Adams spectral sequence. Using the theory in [6] this yields an algorithm for
the computation of the E3-term, as described in a sequel to this paper [12]. The algorithm is achieved by
taking into account the track structure: one considers not just homotopy classes of maps between spectra,
but instead maps and homotopy classes of homotopies between maps, termed tracks. These form a track
category, that is, a category enriched in groupoids. It then turns out that in appropriate track categories
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secondary Ext groups can be defined which are unchanged if one replaces the ambient track category
with a weakly equivalent one. In fact in [6] a manageable purely algebraically described track category
weakly equivalent to the track category of Eilenberg—Mac Lane spectra has been completely determined
by the computation of the Hopf algebra of secondary cohomology operations. It is this algebraic model
that will be used on the basis of the main result 7.3 below to compute explicitly the E3-term of the Adams
spectral sequence as a secondary Ext-group.

Since the work of Adams [1] it has been generally believed that secondary cohomology operations can
be used to compute the d>-differential and hence the E3-term of the Adams spectral sequence. Adams
gave particular examples of such computations. A global algorithm for the complete determination of do
and the Ez-term, however, was not achieved. In [12] it is shown precisely how such an algorithm can
be realised using the algebraic model from [6] and techniques of the present paper. The corresponding
algorithm in a first approach has been implemented on a computer, elaborating on the MAPLE package
“Steenrod” by Kenneth Monks. Calculations performed so far have reached total degree 40 and confirm
all the previous calculations of the E3-term in this realm.

We are presently refining the implementation by combining our methods with a dual approach using
an analog of the algebraic model from [6] for the Milnor dual of the Steenrod algebra [13]. Our goal is to
compute the E3-term as far as the E>-term is presently known, i.e. up to degree 210 as given in the work
of Nassau [22].

1. Derived functors

We first recall the notion of a resolution in an additive category from which we deduce (primary)
derived functors. What follows is a version of relative homological algebra as originated in [18] and then
further developed in e.g. [29] and many subsequent works. Later we introduce the secondary version of
these notions in the context of an “additive track category”, see Section 3.

Our initial data consist of an additive category A and a full additive subcategory a of A. The basic
situation to have in mind is the category R-Mod of modules over a ring R and its subcategory R-mod
of free (or projective) R-modules. As another motivating example, coming from topology, one considers
for A the opposite of the stable homotopy category and for a its full subcategory on objects represented
by finite products of Eilenberg—Mac Lane spectra over a fixed prime field [F; then a is equivalent to the
category of finitely generated free modules over the mod p Steenrod algebra.

1.1. Definition. A chain complex (A, d) in A is a sequence of objects and morphisms

o A I A, AL s
from A, with d,_1d,, =0 (n € 7).
A chainmap f : (A,d) — (A’,d’) is a sequence of morphisms f,, : A, — A, with f,d, = d), fn+1,
n € Z. For two maps f, f' : (A,d) — (A’,d’), a chain homotopy h from fto f’ is a sequence of
morphisms h, : A, — A}, satistying f, = f, +d,hpt1 + hndy—1,n € Z.
A chain complex (A, d) is called a-exact if for any object X from the subcategory a the (ordinary)
chain complex Homa (X, A,) of abelian groups

Homy (x4,
T

) Homp (X, Ap) LOmAXdi-)

-+ — Homp (X, Ay+1) Homa (X, A1) — - -
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is acyclic, i.e., is an exact sequence. Explicitly, this means that for any n € Z, any object X from a and any
morphism a, : X — A, with d,—1a, = 0 there exists a morphism a,+1 : X — A,+1 with a, =d,a,+1.

A chain map f : A — A’ is an a-equivalence if for every X in a the chain map Homy (X, f) is a
quasiisomorphism. Thus a chain complex (A, d) is a-exact if and only if the map (0, 0) — (A, d) is an
a-equivalence.

1.2. Definition. For an object A of A, an A-augmented chain complex A% is a chain complex of the form
> Al > A)>A—>0—->0— -,

i.e.,with A_; = A and A_,, =0 for n > 1. We will consider such an augmented chain complex as a map
between chain complexes, ¢ : A, — A, where A, is the complex --- - Ay > Ag > 0—> 0 — ---
whereas A is considered as a complex concentrated in degree 0, with e =d_1 : Ag — A called the
augmentation.

An a-resolution of A is an a-exact A-augmented chain complex such that all A, for n>0 belong to
a. Thus an a-resolution A% of an object A is the same as a chain complex A, in a together with an
a-equivalence ¢ : A, — A.

There are obvious dual notions of an A-coaugmented complex and a-coresolution of A. Namely, this
means a complex (resp. a-exact complex) with Ay = A and A, =0forn > 1.

1.3. Lemma. Suppose

e the coproduct of any family of objects of a exists in A and belongs to a again;
e there is a small subcategory g of a such that every object of a is a retract of a coproduct of a family
of objects from g.

Then every object of A has an a-resolution.

Proof. We begin by taking

Ay = ]_[ G,

Geg
a:G—A

with the obvious map ¢ : Ag — A having a for the a-th component. Next, we take

A= ]_[ G,

Geg
t):G—Ag
etp=0
with a similar map dy : A1 — Ao whose #fpth component is 7y (so obviously edy = 0). One continues in
this way, with

An—l—l = ]_[ G,

Geg
th:G— A,
dp—1t,=0

n>1,withd, : A,+1 — A, having #,th component equal to #,. Once again, d,,_1d,, = 0 is obvious.
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To prove exactness, first note that if Homa (X, A,) is exact, then for any retract A of X Homa (A, A,)
is exact as well. Similarly if Homy (G;, A,) are exact, so is Homa (] [; G;, A,). Thus it suffices to show
that Homa (G, A,) is exact for any object G from g. Thus suppose given t, : G — A, with d,,_t, =0.
Then t, = dyty+1, where t,41 : G — A,y is the canonical inclusion of the #,th component into the
coproduct. [

The following is the analog, in our a-relative setting, of the Fundamental Lemma of homological
algebra on the comparison of two resolutions of an object.

14.Lemma. Letc: Ay — Aandé : A, — A be A-augmented chain complexes. If A, are ina forn>0
and A, is a-exact, then there exists a chainmap f : Ay — A, over A (i.e., with f_| equal to the identity
of A). Moreover this map is unique up to a chain homotopy over A, i.e., for any two f, f' : Aq — A,
over A there is a chain homotopy he from fto f' over A (which means hy = 0).

Proof. Since Ay is in a, by a-exactness of A, the map Homa (Ao, ¢) is surjective; in particular, there
is a morphism fy : Ag — A{ with ¢ fo = &. Next, as Ay is also in a, and ¢ fody = edy = 0, again by
a-exactness of A, there is a map f; : A; — A} with fody = d; fi.Continuing this way, one obtains a
sequence of maps f, : A, — A}, withd), f, = fy—1d, for all n>0.

Now suppose we are given two such sequencesf, f’. Take hop=0 : A — Aj,. Since ¢ (fo— f)=0, thereis
ahy : Ay — A/l with fo—f6:d6h1:d6h1+h0do.Next Sinced(/)(fl—fl/—h1d0):(f0—f6)do—d6h1d0:0,
there is a hy : Ay — A}, with fi — f{ — hido = djh,. Continuing one obtains the desired chain
homotopy h. O

As an immediate corollary we obtain that any two a-resolutions A,, A, of an object are chain homotopy
equivalent, i.e., there are maps f : A, — A,, f' : Aq = A/, with ff’ and f’f chain homotopic to
identity maps. We thus see that all the standard ingredients for doing homological algebra are available.
So we define

1.5. Definition. The a-relative left derived functors L3F, n >0, of a functor F : A — ./ from A to an
abelian category .« are defined by

Ly F)A = H,(F(A,)),

where A, is given by any a-resolution of A. Similarly, a-relative right derived functors of a contravariant
functor F : A°P — .o/ are given by

(RLF)A = H"(F(A,)).
By the above lemmas, L2 F' and R]] F are indeed functors and do not depend on the choice of resolutions.
Note also that these constructions are functorial in F, i.e., a natural transformation F — F’ induces natural

transformations between the corresponding derived functors.
In particular, we have a-relative Ext-groups given by

Ext) (A, X) = (R (Homa (_, X)))A = H" (Homa (A, X)),
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for objects A, X of A and an a-exact a-resolution A, of A. Note that these groups can be equipped with
the Yoneda product

Ext!' (Y, Z) ® Exta(X,Y) — ExtI'T"(X, Z).

On representing cocycles this product can be defined as follows: given a-exact a-resolutions X, of X and
Y, of Y, we can represent elements of the Ext groups in question by maps f : Y, — Z with fd,, =0and
g+ X, — Y with gd,,=0. Then similarly to the proof of 1.4, we can find maps ho : X, — Yo, ..., hpm—1:
Xntm—1—> Ym—1, hm : Xyym — Yy giving a map of complexes, and define [ f1[g] =[fh,,]. A standard
homological algebra argument then shows that this product is well-defined, bilinear and associative.

1.6. Remark. Note that, as usually in relative homological algebra, we do not impose any requirements
to the effect that the subcategory a generates A in any sense. To put it differently, our relative derived
functors are only sensitive to that part of A which can be “seen from a”. For example, it does not contradict
anything to take a consisting of the zero object only—which results in trivial relative derived functors,
identically zero. Thus the content of relative derived functors depend crucially on an appropriate choice
of the subcategory a.

1.7. Examples. 1. A typical situation for the above is given by a ringoid g, with A being the category of
g-modules, i.e., of linear functors from g to abelian groups. The abelian version of the Yoneda embedding
identifies g with the full subcategory of A with objects the representable functors. The natural choice for
a is then either the category of free g-modules, which is the closure of this full subcategory g C A under
arbitrary coproducts, or that of projective g-modules—the closure under both coproducts and retracts. In
particular, when g has only one object, we obtain the classical setup for homological algebra given by a
ring R, with A being the category of R-modules and a that of free or projective R-modules.
2. When A has finite limits, we obtain the additive case of derived functors from [31].

1.8. Remark. There is an obvious dual version of the above which one obtains by replacing A with the
opposite category A°P. Explicitly, chain complexes get replaced by cochain complexes (with differentials
having degree +1 rather than —1); exactness of the complex Homa (X, A,) becomes replaced by that of
Hompy (A®, X), etc.

1.9. Example. Let A be the stable homotopy category of spectra and let a C A be the full subcategory
consisting of finite products of Eilenberg—-Mac Lane spectra over a fixed prime field F,. Let .o/ be the mod
p Steenrod algebra. The mod p cohomology functor restricted to a yields an equivalence of categories for

which the following diagram commutes

A — Lo o Mod = Ay

a® — > o7 —mod = a.

Here A°P denotes the opposite category of A, .«/-Mod is the category of positively graded A-modules and
o/-mod is its full subcategory of finitely generated free modules. Given a spectrum X, its
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a-coresolution (A%, d)
= Al A< X <0 «—0«---

is an X-coaugmented chain complex in A, with A,, in a for n >0, which is a-coexact, that is Homy (A%, A”)
isacyclic forall A’ € a. Hence (A%, d) is an a°P-resolution of X in A°P which is carried by the cohomology
functor H* to an a_,-resolution of H*(X)in A ;s above. For this reason we get for a spectrum Y the binatural
equation

Exthy (X, Y) = Ext!' (H*(X), H*(Y)).

Here the left hand side Ext}o, (X, Y) is defined in the additive category A°P which is the opposite of the
stable homotopy category. Moreover the right hand side is the classical Ext group

Exty (H*(X), H*(Y)) = Ext}, (H*(X), H*(Y)).

2. Secondary resolutions

We have seen in Section 1 how relative resolutions yield the notion of relative derived functors. We
now introduce relative secondary resolutions from which we deduce relative secondary derived functors.
For this we need the notion of tracks.

A track category is a category enriched in groupoids; in particular, for all of its objects X, Y their
hom-groupoid [X, Y] is given, whose objects are maps f : X — Y and whose morphisms, denoted
o: f = f', are called tracks. Detailed treatment of various aspects of this notion and its applications in
homotopy theory and homological algebra can be found in [3-5,7-11,14,15,19,25,26].

Equivalently, a track category is a 2-category all of whose 2-cells are invertible. For a track o : f = f’
above and maps g : Y — Y', e : X’ — X, the resulting composite tracks will be denoted by gu : gf =
gf' and ae : fe = f’e. Moreover there is a vertical composition of tracks—composition of morphisms
in the groupoids [X, Y]; fora: f = f’and f: f/ = f”, it will be denoted B0« : f = f”. An inverse
of a track « with respect to this composition will be denoted by «=. Identity tracks will be denoted by the
symbol =.

By a track functor we will mean a groupoid enriched functor between track categories.

A track category B will be also depicted as B; = Bo. Here Bg being the underlying ordinary category of
B obtained by forgetting about the tracks, whereas B is another ordinary category with the same objects
but with morphisms from X to Y being tracks o : f = f’ with f, f': X — Y in By, composite of « and
p in the diagram

! 3
LN /L\
z_ e "¥v_ s x
Nf,/ v

4

being

af=ag'nf = f'poag: fg= f'g. (2.1)
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There are thus two functors B — B which are identity on objects and which send amorphisma : f = f’
to f, resp. f.

A track category B has the homotopy category B~—an ordinary category obtained by identifying
homotopic maps, i.e., maps f, f’ for which there exists a track f = f’. It is thus the coequalizer of
B; = By in the category of categories.

We now assume given a track category B such that its homotopy category is an additive category like
A from Section 1,

B: - A,
and that moreover B has a strict zero object, that is, an object * such that for every object X of B, [ X, *]
and [*, X] are trivial groupoids with a single morphism. It then follows that in each [X, Y] there is a
distinguished map Oy y obtained by composing the unique maps X — * and * — Y. The identity track
of this map will be denoted just by 0. Note that Oy y may also admit non-identity self-tracks; one however
has

Oy,zp=0=0a0xy (2.2)

foranyo: f= f,f.f Y —>Z p:g=¢,8,¢ :X—>Y.
In Section 3 we introduce the notion of an “additive track category” which is the most appropriate
framework for secondary derived functors and which has the properties of the track category B.

2.3. Example. The most easily described example is the track category ¢%a whose objects are chain
complexes in an additive category A, maps are chain maps, and tracks are chain homotopies.

Our basic example is the track category 2«4 ; it is the full track subcategory of %/ whose objects are
chain complexes concentrated in degrees 0 and 1 only. Thus objects A of 2«24 are given by morphisms
04 : Al = Apin A, amap ffrom A to B is a pair of morphisms (f; : Ay — By, fo : Ao = Bp) in A
making the obvious square commute, and a track f = f’for f, f' : A — Bisamorphism ¢ : Ay — Bj
in A satistying ¢p0, = f1 — f{ and dg¢ = fo — f;.

2.4. Remark. The secondary homology #, as defined in [6], yields a track functor
H L Cha — Palipr.

Here A is an abelian category, AZ denotes the category of Z-graded objects in A, and for a chain complex
(A, d) in A the nth component of # (A, d) is given by

Hn(A,d) = (d, : Coker(d,+1) — Ker(d,—1)).

2.5. Example. A further basic example we have in mind is the track category B which is opposite to the
category of spectra, stable maps, and tracks which are stable homotopy classes of stable homotopies.

Next we describe the secondary analogues of the notions of chain complex and resolution in 1.1, 1.2.
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2.6. Definition. A secondary chain complex (A, d, o) in a track category B is a diagram of the form

C—————> Ay —d—> Ay d—> Ay —dn1—> Ay ———>

0 0

i.e., a sequence of objects A,, maps d, : A,+1 — A, and tracks o, : d,d,+1 = 0, n € Z, such that for
each n the tracks

dp—10n

dp_1dy dn+1:>dn 10:>0

and

an ldn+l

coincide. Equivalently, the track d,_ 1dn+1an_15§ in hom[ Ansa, A,H](O, 0) must be the identity.

It is clear that a track functor F : B — B’ between track categories as above (which preserves the zero
object) carries a secondary chain complex in B to a secondary chain complex in B’.

2.7. Examples. 1. In the example 2«4, a secondary chain complex looks like

dip1 dip dyp-1
A1n+2 Aln+1 Aln Aln—
// On 6,,_
Aoz Ao

with the equations andl,n = d(),nan_H, dl,n—ldl,n = 5n—lan+1e dO,n—ldO,n = an_lén—l and dl,n—lén =
On—1do.n+1 satisfied for all n.

More generally for /4 what one obtains is a bigraded group A, , with differentials 9,, , : Am+1.n —
Amon, Om.nOm+1.n =0,and mapsdy, n : Am.n+1 = AmnsOmn @ Am—1.n+2 — Apm.p satisfying analogous
equalities for all m and n.

One thus obtains a structure strongly related to what is called multicomplex or twisted complex in the
literature; cf. [17,20,24].

2. In [30], the notion of complex of categories with abelian group structure is investigated. One can
show that a slightly strictified version of their notion coincides with that of the secondary chain complex
in an appropriate track category. On the other hand we could relax the requirement of existence of the
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strict zero object to that of a weak zero object; then the construction of [30] would be subsumed in full
generality.

2.8. Definition. A secondary chain map (f, ¢) between secondary chain complexes (A, d, §) and
(A’,d’, &) is a sequence of maps and tracks as indicated

0

m

n n—1
An+1 An An—l

lfnll U¢n lfn Ugn 1 lfn 1

Al A=A

n+1 d, n—-1

a,_

0

such that pasting of tracks in this diagram yields the identity track =: 0 = 0, that is, the resulting track
diagrams

’ dr/k én ’ ’
dn_lﬁtdn — dn_ldnfn+1

% \ (2.9)

Ju-10n- = =
frio1dn1d, === £,_10 0 0fi1

commute for all n € Z.

For secondary chain maps (f, ¢) : (A,d, ) — (A’,d’, &) and (f', ¢') : (A',d',5) — (A”,d", "),
their composite is given by (f, fu, ¢ fa+10f¢n), n € Z. It is straightforward to check that this indeed
defines a secondary chain map, and that the resulting composition operation is associative. Thus these
operations determine the category of secondary chain complexes.

As in Section 1 we now fix a full track subcategory b of B, with a = b~.

2.10. Definition. For a secondary complex (A, d, ) in B and an integer n, a b-chain of degree n of
(A,d,0) isamap X — A, for some object X of b. A b-cycle is a pair (c, y) consisting of a b-chain
c: X — A, andatrack y : d,_1c = 0 such that the track d,_»y : dy—2d,—1¢ = d,,—20 = 0 is equal to
On—ac : dp—ody—1c = 0c = 0. A b-cycle (b, p) of degree n is a b-boundary if there exists a b-chain a of
degree n + 1 and a track « : b = d,a such that the following diagram of tracks commutes:

5,,.1&

dy_1dya —— 0a

ZTN

dp1b 0.
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A secondary complex (A, d, ) is called b-exact if all of its b-cycles are b-boundaries. In other words,
every diagram consisting of solid arrows below
X

-~
- 0
a -~
-~ - ¢ ¥
s === 2,

An+1 dy An tp-1 An—l - An—2
0 0
in which the pasted track from d,,_20x 4, , to 04, 4,_,c is the identity track can be completed by the

dashed arrows in such a way that the resulting pasted track from 04, 4,_,a to Ox 4,_, is the identity
track.

2.11. Example. Consider the track category 2«2 from 2.3, with A the category of modules over a ring
R, and choose for b the full track subcategory on the objects 0 — R", n>0. Then for a secondary chain
complex asin 2.7, a secondary cycle of degree nis a pair (¢, y) € Ag,, X A1 ,—1 satisfying dy ,—1¢=0,_;y
and 6,_2c = dj ,—27. Such a cycle is a boundary if there exist elements a € A ,4+1 and a € Ay, with
c=doya+0,0and y=9,_1a +dj p—10.

Note that we can arrange for a fotal complex

(dO,n—l _an—l d(),n —an
on—2 —din—2 on—1 —din—1

< Agu—1 B Al p—n ~— . Aon ® Ap o1 <— . Aon+1 ® Ay < -+

in such a way that secondary cycles and boundaries will become usual cycles and boundaries in this total

complex. In particular then, secondary exactness of the secondary chain complex of type 2.7 is equivalent
to the exactness in the ordinary sense of the above total complex.

We now turn to the secondary analog of the notion of resolution from 1.2.

2.12. Definition. For an object B in B, a B-augmented secondary chain complex is a secondary chain
complex (B, d, 6) with B_; = B, B_, =0 forn > 1, and ¢_, equal to identity track for n > 1. For a full
track subcategory b of B, a B-augmented secondary chain complex is called a b-resolution of B if it is
b-exact as a secondary chain complex and moreover all B, for n >0 belong to b.
As in the primary case, denoting ¢ = d_1, ¢ = d_1, a B-augmented secondary chain complex can be
considered as a secondary chain map (e, £) : B, — B from the secondary chain complex B, given by
-— By - By > 0 — 0 — --- with 6_, identities for all n > 0, to the secondary chain complex B

concentrated in degree 0, with trivial differentials:
0

et N

do

B, B By 0
NN
0 0 B 0

Accordingly such an augmented secondary chain complex will be denoted Bf’8 , and the pair (e, &) will
be called its augmentation.
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Dually, we have the notion of a B-coaugmented secondary chain complex—the one satisfying B =
B, B, =0 for n>1, and J,, equal to the identity track for n > 1. Accordingly, there is a notion of a
b-coresolution of B.

To have the analog of 1.3 we need an appropriate notion of coproduct; we might in principle use
groupoid enriched, or strong coproducts, but for further applications more suitable is the less restrictive
notion of weak coproduct, which we now recall.

2.13. Definition. A family of maps (iy : Ax — A)ycg in atrack category is a weak (respectively, strong)
coproduct diagram for the family of objects (Ay),cx if for every object X the induced functor

[A, X] - [] [4x X]

keK

is an equivalence (resp., isomorphism) of groupoids.
Thus being a weak coproduct diagram means two things:

(1) for any object X and any maps x; : Ay — X, k € K, thereisamap x : A — X and a family of
tracks y; 1 xk = xip, k € K;

(2) for any x,x’ : A — X and any family of tracks (y; : xix = x'ix)rex there is a unique track
x:x — x' satisfying y; = yix forall k € K,

whereas for a strong coproduct one must have

(1") for any object X and any maps x; : Ay — X, k € K, there is a unique map x : A — X satisfying
xx =xiy forallk € K

and (2). N

We will use notation A = | © Ak (resp., A = 11 « Ak) to indicate that A occurs in a weak (resp. strong)
coproduct diagram for the family (A ), as above; we will say then, that A is a weak (resp. strong) coproduct
of the Ag.

Note that any weak (a fortiori strong) coproduct diagram in a track category B becomes a coproduct
diagram in its homotopy category B~. In particular, if (ix : Ax — A); and (i; : Ay — A’); are weak
coproduct diagrams with the same family (Ay); then the objects A and A’ are canonically isomorphic in
B, i.e., homotopy equivalent in B.

We can also weaken the notion of retract in 1.3: call an object X a weak retract of an object Y if there
existmaps j : X — Y, p:Y — X and atrack 1x = pj.

2.14. Lemma. Suppose

e the weak coproduct of any family of objects of b exists in B and belongs to b again;
e there is a small track subcategory g of b such that every object of b is a weak retract of a weak
coproduct of a family of objects from g.

Then every object of B has a b-resolution.
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Proof. The first step is exactly as in the primary case: for an object B we take

By = ]_[ G,
Geg
b:G—B

i.e., we choose any object By occurring in a weak coproduct diagram for the indicated family. Thus in
particular there is a map d_1 : By — B and a family of tracks 1, : b = d_1i, foreachb : G — B.

Suppose now we are given a (—1)-dimensional b-cycle (b, f8) in the b-resolution. This means just a map
b: X — B foranobject X of b, since f : d_»b = 0 is then necessarily the trivial track. By hypothesis we
then can find some weak coproduct G = [ [, .x G« of objects from g, maps j : X — Gandp : G — X,
and a track 0 : 1x = pj. Then by the weak coproduct property, for the maps ipp;, : Gx — Bo, where
ix : Gy — G are the weak coproduct structure maps, there exists a map fo : G — By and a family of
tracks 1 : ippi, = foix, k € K. This then gives composite tracks

d_q1g bpiy,
d—1 foix <= d—1ippi, < bpiy.

Again by the defining property of weak coproducts there is thenatrack ¢ : bp = d—; fo withd_ 1y Opp;, =
@iy for all k € K. Denoting foj by a, one then obtains a track « : b = d_a, namely the composite

b0 Y '
b bpj d_1fo0],

which means that (b, ) is a boundary, since both  and d_ja0id_»o are zero for trivial reasons.
We next take

B = /_]:[/ G.

Geg
t):G— By
©:d_1t0=0

Then by the weak coproduct property, for the family (19 : G — Bo)r.q_,4,=0 there exists dp : By — By
and tracks 1; : 9 = dpi,, where the i; : G — B are the structure maps of the weak coproduct. Moreover
for the family

. dar? T .
d_1doi; d_119 0=0¢,8 =0p,,Bi;

©:d_1t90=0

there exists 0_1 : d_1dy = 0 with
O_1i; = ‘CDd_llTE (o)

for all = : d_1t9 = 0. Since 6_, by definition must be the identity track of the zero map, whereas d_;
is the unique map to the zero object, the condition d,_19,, = d,_1d,+1 from 2.6 is trivially satisfied at
n=-—1.

To prove b-exactness at By, let by : X — Bg and 8 : d_1by = 0 be given, for some object X of b. By
hypothesis, there is a weak retraction j : X — G, p: G — X, 0: 1x = pj for some weak coproduct
G= ]_[keK G of objects G from g. Then for the family (igpi, : Gk — Bi)iek, Where iy : G — G are
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the structure maps of the weak coproduct, there exists a map fi : G — By and tracks i @ igpi, = fiik,
k € K. One thus obtains the composite tracks

. dor . 1Bpig .

Then again by the second property of weak coproducts there is a track ¢ : bop = do f1 with ¢gix =
doi Dy, k € K. One then gets a; = f1j and o = ¢ jobo0 : by = doay. To prove that (a1, «) exhibits
(bo, ) as a boundary, it remains to show f§ = d_ja10d_1a, that is, = d_1 f1j0d_1¢¢jOd—_1bo0. Now
we have

o—1 frix0d—1¢oix = 01 frixOd—1dowOd—11pi,
= 0_1igpi,Od_11ppi,.

=!

Bpi,> SO One obtains

On the other hand by (o) one has 6_1igpi, = ppi;0d_11

o—1 f1ikDd—1¢oix = Ppiy
for all k; by the weak coproduct property this then implies d_1 f10d—1¢g = fp, hence

01 f1j0d_1¢ojOd_1bo0 = pjod_1bo0
=00op

Now take some n > 1 and suppose all the B;, d;—; and J;_, have been already constructed for i < in
such a way that the conditions of 2.6 and b-exactness are satisfied up to dimension n — 1. Moreover we
can assume by induction that exactness is constructively established for b-cycles originating at g, that
is, for each (n — 1)-cycle (t,—1 : G — Bj—1,ty—2 : dy2t,—1 = 0), G € g, withd,,_371,—2 = 6,31,
we are given explicit maps i, , : G — B,_ and tracks 1, , : t,—1 = dy—1i,, , satisfying 1,_» =
Op—2iz, ,0dn—21¢, ,. At least this induction hypothesis is certainly satisfied for n = 1, by (f¢) above.

We then define

P

Bpp1 = 11 G.

Geg
th:G— B,
Tp—1:dp—1t,=0
dp—2T—1=0p—2ty

Then for the family (z, : G — Bu) (1, ;:d,_1,=0 | dy_2tn_1=6,_o1,) there exists dy : By — B, and tracks

Iy, ; . th = dyig, ,, where the i, , : G — B4 are the coproduct structure maps. Moreover for the
family

. dn7115171 Th—1 .
dn—ldnl‘cn_l s dn_ltn > 0 = Olrn—l
{tn—1:dn—16,=0 | dy—27tp—1=0n—21n}

there exists 6,1 : d,—1d, = 0 with

. =
5n—llr,,_1 = 'L'n—lan—llTnf1 (Tn)
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forall 7, : dy—1t, = 0 withd,_27,—1 = d,—2t,. To prove the condition d,, 25,1 = d,,—2d, from 2.6,
it suffices by the weak coproduct property to prove

dn—ZTn—lir,,,lan—Zdn—llr,,,l = 5n—2dnir,,,1an—2dn—llr,,,1

foreach t,—1 : dy_1t, = 0,1, : G — B,, withd,,_21,—1 = d,-»t,. Now by (%,,) we have
dn—20n—1ic, Odp_2dy—111, | =dp_275—1,

whereas by naturality we have
On—2dyiy, Ody_2dy 117, | = 01y, 00,2ty = 0p—21y.

Next note that the maps i;, , and tracks 1, , fulfil the induction hypothesis, i.e., explicitly exhibit
cycles with domains from g as boundaries. Finally to prove exactness at By, consider any X, any weak
coproduct G = | [, x G of objects from g, any weak retraction j : X - G, p: G — X,0: 1x = pj,
and any b, : X — By, f,_1 : dy—1b, = 0 with d,,_2f,,_1 = d,—2b,,. Then for each coproduct inclusion
ix : Gk = G onehascycles givenby b, pi, : Gk = By, f,—1Piy ¢ dn—1by pi = 0, hence for the family
(g, piy - Gk = Bnt1)rek there exists amap fy41: G — By and tracks i @i pi, = fu+1ik. We
then can consider the composite tracks

. dy 1k . "Bn—1pik .
dnfn+1lk<: d”lﬁnflpik < bﬂplk

and by the weak coproduct property of G find for them a track ¢,, : by p = dy fu+1 With dyiOig | pi, =
¢,ix forall k € K. This givesus an (n+ 1)-chaina,4+1 = f,+1j and atrack a = ¢, job, 0 : b, = dyan+1.

To show that these exhibit (b, f5,_;) as a boundary, one has to prove f§,,_| = d,—1a,+10d,,—1 0. The proof
goes exactly as for the case n = 0 above. [

Now to the analog of 1.4.

2.15. Lemma. Let B, and B, be B-augmented secondary chain complexes. If all B, belong to b and B,
is b-exact, then there exists a secondary chain map (f, ¢) : Be — B, over B (i.e., with f_| equal to the
identity of B).

Proof. The pair d_; : By — B, identityg : d_2d_; = 0 can be considered as a (—1)-cycle in B, so
by b-exactness of B, there exist fo : By — Bjand ¢_; : d_; = d’ | fo. Next fody, 6_1D¢'f'1d0 :
d" | fodo = d_1dy = 0is a O-cycle in B, so again by exactness of B, there are fi : By — B and
oo : fodo = d(/)fl with

6_10¢%,do = 0", fiod’ ¢y, (*)

which ensures the condition of 2.8 for n = 0. Then f1d|, f050Dq§Ed1 : d6f1d1 = fodod; = f00=0
is a I-cycle in B). Indeed () above implies 5/_1f1d1 = 5_1d1Dq§_1dodlmd/_l¢(?d1; on the other hand
o_1d10¢° | dod =d_100¢° | dod1 = ¢=,00d" | fodo=d' | fodo. 509", fidi=d’ | fodord' | pgd1,which
precisely means that the cycle condition is fulfilled. One thus obtains f> : B, — Bé and ¢, : f1d) = di 12
such that fodo0p5'd1 = 3, f20d}¢,, so the condition of 2.8 at n = 1 is also satisfied.

It is clear that continuing in this way one indeed obtains a secondary chain map. O
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3. Additive track categories

The secondary analogue of an additive category is an additive track category considered in this section.
For related conditions, see [16].

3.1. Definition. A track category B is called additive if it has a strict zero object x, the homotopy category
A = B~ is additive and moreover B is a linear track extension

D — B1 ZKB() — A
of A by a biadditive bifunctor
D:A® x A — /4.

Explicitly, this means the following: a biadditive bifunctor D as above is given together with a system of
isomorphisms

or:D(X,Y) - Aut[[X’Yﬂ(f) (3.2)
for each 1-arrow f : X — Y inB, suchthatforany f : X — Y,g:Y — Z,a € D(X,Y),b € D(Y, Z),
«: f = f’ one has

ogr(ga) =gay(a;
Ugf(bf) = O'g(b)f;

a0 r(a) = o p(a)0o.

3.3. Remark. Using 3.2 we can identify the bifunctor D via the natural equation
D(X,Y) =Aut(0x,y),

where 0 =0x y : X — % — Y is the unique morphism factoring through the zero object.

A strict equivalence between additive track categories B, B’ is a track functor B — B’ which induces
the identity on A and is compatible with the actions 3.2 above. Thus for fixed A and D as above, one
obtains a category whose objects are additive track categories which are linear track extensions of A by
D and morphisms are strict equivalences. This category will be denoted by Trext(A;D). For an additive
category A and a biadditive bifunctor D on it, there is a bijection

no(Trext(A; D)) ~ H>(A; D),

where 7 (C) denotes the set of connected components of a small category C. Two additive track categories
are called equivalent if they are in the same connected component of Trext(A;D). Thus in particular (as
shown in [7,25]) each additive track category B as above determines a class (B) € H3(A; D).

As shown in [27], when A is the category of finitely generated free modules over a ring R and D is
given by D(X, Y) = Homg (X, BQRY) for some R-R-bimodule B, there are isomorphisms

H*(A; D)~HML*(R; By~THH?(HR; HB),

where HML* denotes Mac Lane cohomology, THH is topological Hochschild cohomology, and HR and
HB are the Eilenberg—Mac Lane spectra corresponding to R and B.
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3.4. Definition. An additive track category B is X-additive if an additive endofunctor > : A — A is given
which left represents the bifunctor D, i.e., B is a linear track extension of A by the bifunctor

D(X,Y) =Homa(ZX, Y).

Dually, B is Q-additive if an additive endofunctor Q : A — A is given such that B is a linear track
extension of A by the bifunctor

D(X,Y)=Homa (X, QY).

For objects X, Yin a X-, resp. Q-additive track category B we will denote the group Homy (2™ X, Y), resp.
Homy (X, Q"Y) by [X, Y]™.

In examples from topology the functor X is the suspension and the functor  is the loop space, compare
also [8].

3.5. Example. Asin 1.9 let A be the stable homotopy category of spectra. Since the category of spectra
has a Quillen model structure we know that A is the homotopy category of all spectra which are fibrant and
cofibrant. Using the cylinder of such spectra we obtain the additive track category B. That is, B consists
of spectra which are fibrant and cofibrant, of maps between such spectra, and tracks between such maps.
Then B is both >-additive and Q-additive, if one takes for Z the suspension and for Q the loop functor.

2- or Q-additivity of a track category enables one to relate secondary exactness of a secondary chain
complex to exactness of the corresponding chain complex in the homotopy category.

3.6. Lemma. Let B be a track category with the additive homotopy category A =B~, let b be a full track
subcategory of B and denote a = b~. Suppose that one of the following conditions is satisfied.:

(a) B is X-additive and a is closed under suspensions (i.e., for each X € a one has X € a); or
(b) B is Q-additive and the functor Q is a-exact (i.e., for an a-exact complex Ao in A, QA, is also a-exact).

Then for any secondary chain complex (A, d, ) in B, a-exactness of its image (A, [d]) in A implies
b-exactness of (A, d, 9).
Ifmoreover (A, d, 0) is bounded below, then conversely its b-exactness implies a-exactness of (A, [d]).

Proof. Unraveling definitions, we have that for any a, : X — A, with X in b and for any track o, :
dy—1a, = 0 there exists a1 : X — Auy1 and a track o, : a, = dpa,+1. From this, we have then to
deduce that for (a,, o,—1) as above with the additional property d,,_»a,_1 = d,_2a, one can actually find
(Gn+1, %) as above with the additional property oy, —1 = 8, —1an+10d,—105-

Indeed foranya, : X — Ay, 04—1 : dy—1ap, = Owithd,, 0,1 =0,_2a, and any a,+1 : X — Au41,
op © dp = dpay41 consider the element w,_1 € Aut(d,—_1a,) given by the composite

B
dp—10 On—1an+1 Op—1

dy—1ay ———= dp_1dpay 1 —— Oay 1 = 0———=d,_1a,.
For this element one has d,_m,—1 = 0. Indeed, this equality is equivalent to the equality

dn—25n—lan+ludn—2dn—l‘“n =dan-20n—1
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of tracks Aut(Ox, 4, ,). Butd,_»0,—1 = 0,—2a,. Moreover by naturality there is a commutative diagram

dn—20p-10n+1
dn_2dn_1a, > dy_2dn_1dnan11
6n2anﬂ ﬂ‘sﬂ—ﬂlna’w 1
Oap+1
Oa, > 0dpan.
0

showing that 6,,_2a,, = 6,_2d,a,+10d,—2d,—10p,+1. It thus follows that d,,_>w,,—; = 0 if and only if one
has

dp—20pn—10n410dy—2dy 1041 = Op—2dnay10dy—2dy 10041,

which is clear since (A, d, 0) is a secondary complex.
Now if (a) is satisfied, then there is a commutative diagram

[ZX, Ayl — b (52X, Ay ] — 225 o [3X,4,]

Aut(@,) — " Aut(dy- 1) — 2> Aut(dy-ody-1an)

Similarly if (b) holds, then one has the diagram

Qldy-1]- Qldy-2]-

(X, QA,] [X, QA,1] [X, QA,,]

Aut(a,) —2" " Aut(dy_1a,) — Aut(d,_od,_1ay).

In both cases, it follows that there exists w, € Aut(a,) such that w,_| =d,_1w,.
Let us then choose

&n—I—l =dn+1,

Oy = ocnlja),?.
Then oc,‘ilmén_lanﬂmdn_l&n = wn_lmdn_lw,? is the identity track of d,,_1a,, that is,
On—1 = 5n—1an+lan—l&na

as desired.

For the converse, by boundedness we can assume by induction that (A, [d]) is exact in all degrees < n.
Let us then consider any a-cycle [c] € [X, A,]in (A, [d]), choose a representative map ¢ : X — A, and
a track y : 0 = d,_;c and consider the composite track w = d,—2c0d,—2y in Aut(Ox 4, ,).

The track d, 3w is the identity track O of Ox 4, ;. Indeed d,_36,—2 = 6,—3d,—1 by definition of a
secondary chain complex, so d,_3» = 0,_3d,—1c0d,_3d,,—>y. Then by (2.1) for 6,,_3 : d,_3dy—2 =
04, ,.4, 3and y:0x 4, , = dy—1c one has 6,_3d,_1c0d,—3dy,—2y =04, .4, 3790,—30x 4, , and by
(2.2) both of the constituents in the last composition are identity tracks.
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Now by induction hypothesis (A, [d]) is a-exact in degree n — 2, hence if (a), resp. (b) holds, then the
diagram

[dn-2]- [dr-3]-

[ZX,Ap] [ZX,An-2] [ZX, Ap3]

N

Aut(Ox4,_) —22 o Aut(Oxa,,) —22" > Aut(Ox4,_,),
resp.

Qldy-2]1- Qldy-31-
(X, QA, 1] —— [X, QA,»] — > [X, QA, 3]

Aut(Oxa,_) — 52" > Aut(Oxa,_,) —2" > Aut(Ox.a,.).

shows that there exists « € Aut(Ox 4, ,) such that w =d,_»a. Then for y = 00~ one has 6,_>c0d,_27 =
On_2¢0d,_2y0d, 200 = wOw® = 0, so that (c, 7) is a secondary cycle. Then by secondary b-exactness of
(A,d, o) thereisab : X — A,41 and f : ¢ = d,b, so [c] is the boundary of [b] in [X, (A, [d])]. Thus
(A, [d]) is exact in degree n and we are done. [J

3.7. Remark. Note that the additive track category from our 3.5 above satisfies both hypotheses of 3.6.

4. Secondary Ext

In this section we deduce from a secondary resolution a differential defined on “primary” derived
functors as studied in Section 1. This differential is the analogue of the d»-differential in a spectral
sequence. We use the secondary differential to define certain “secondary” derived functors.

Let B be an additive track category with the additive homotopy category A = B~. Let us furthermore
fix a full additive subcategory a in A; it determines the full track subcategory b of B on the same objects.
It is clear that if b satisfies the conditions of 2.14, then a will satisfy those of 1.3. We can then consider
the a-derived functors in A. In particular, the Ext groups Ext; (X, Y) are defined for any objects X, Y in
B. Moreover if B is X-, resp. Q-additive, then derived functors of the functor D(X, Y) = Aut(Oy y) are
given by

Dy (X,Y)~Ext;(2X,Y),
resp.
D} (X, Y)~Ext; (X, QY).
We will use these isomorphisms to introduce the graded Ext groups Ext} (X, Y)™ =Ext} (2" X, Y), resp.
Ext] (X, V)™ = Ext](X, @"Y). Evidently if B is both 2- and Q-additive, these groups coincide.
We will from now on assume in what follows that for the pair (B, a) one of the conditions in 3.6 is
satisfied, i.e., either B is X-additive and a is closed under X or B is 0Q-additive and Q preserves a-exactness

of chain complexes in B~; moreover in the latter case we also assume that a is closed under Q.
We are going to define the secondary differential

doy =d5)" 1 Exty(X, )" — Ext't2(X, y)"*l,
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Replacing, if needed, X by ™ X (resp. Y by Q"Y) we might clearly assume m = 0 here. Moreover by
2.14 we may suppose that a b-exact b-resolution (X, de, de) of X is given. Then by 3.6 it determines
an a-exact a-resolution (X,, [d,]) of X in A. Hence an element of Ext} (X, Y) gets represented by an
n-dimensional cocycle in that resolution, i.e., by a homotopy class [c] : X;,, — Y with [c][d,] = 0. Thus
we may choose amap ¢ € [c] and a track y : 0 = cd,, in B, as in the diagram below:

0

m

n+2
Xpi3 ——> Xppo —dp—> Xpp1 —di—> X,

W » 4.1)

Then the composite track co,0yd,+1 € Aut(Oy, +2,y) determines an element I' = I'c, in the group
Aut(0x,,, v). One then has I'd,, 1 = 0. Indeed

Idyy2 = (copOydpi1)dpy2
= Condp207dn11dn12
= cdnon+10ydp+1dn42
= 0006, +1
=0.

Thus I' determines an (n + 2)-cocycle in Aut(O(x, [4.1),7) =[(Xe, [de]), Y ]1. We then have

4.2. Theorem. The above construction does not depend on the choice of c, y and the resolution, up to
coboundaries in [(X., [do]), Y1'; hence the assignment [c] > [I'¢ ] gives a well-defined homomorphism

dis)"  Exty(X, Y)" — Extp2(x, )"+,
4.3. Remark. Of course the above homomorphism depends on the additive track category B in which
we define the secondary resolution. In fact, d(2) depends only on the track subcategory b{X,Y} C B
obtained by adding to b the objects X and Y and all morphisms and tracks from [Z, X, [Z, Y] for all
objects Z from b. We shall see in Section 5 below that additive track categories B, B’ with subcategories
b, b’ such that the track categories b {X, Y} and b’ {X, Y} are track equivalent yield the same differential
d(z).
If the composites d5)" d™ 2™ are all zero (as this is the case for examples derived from spectral
sequences), we define the secondary Ext groups

. —2,m—1

Extp (X, Y)" := ker(dé’;")/lm(dé) M), (4.4)
This then will be, in examples, the E3-term of a spectral sequence. We point out that the secondary
Ext-groups are well defined and do not depend on the choice of the secondary resolution. We shall use
the secondary Ext-groups for the computation of the E3-term in the Adams spectral sequence, see [12].
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Proof. We will first show that the cocycles corresponding to (c,y) and (c,y) for 7,7’ : 0 = cd,, are
cohomologous. Indeed the first one is cd,0yd,,+1 and the second is

C(Snlj'y/dn+1 = oy D"/dn+1 DyEldn+1 D'y/dn+1
= oy Dydn—l—lD(VElDV/)dn—i—l’

so these cocycles indeed differ by the coboundary of yZ0y’. Thus we obtain a map d(2) from the group of
n-cocycles of Homa (X, [ds]), ¥) to H"2(Aut(0x, [4.)).7)) ZExtIT2(X, V)L

Next let us show that the map we just constructed is actually a homomorphism.

To see this, let us choose maps pi, V, p2 : Y @Y — Y in the homotopy classes ([1y], 0), ([1y], [1y]),
O, [1y]) e[Y®Y, Y]respectively. Thus forany twomapscy, ¢c2 : X — Y thereisamapcip: X — Y@Y
such that there exist tracks n; : p;c1.2 = ¢;,i =1, 2, and moreover [c1]+ [c2] =[Vc1,2]. Now suppose ¢;
represent cocycles, then [c 21[dn 1= ([c11[dn], [c2][dn]) = (0, 0) € [Xpt1, YIX [Xp41, Y] R [Xpy1, Y ©
Y], sothereisatrack y : 0 = c1 2d,. Consequently, the cohomology class do)([c1]+[c2]) =d2)([Vc1,2])
can be represented by the cocycle

Ve¢1,2000Vydp 1 = V(c1,26n07dn+1)-
On the other hand d(3)([ fi]), i =1, 2, can be represented by

;0,0 dndn10p;ydp1 = 1;00p;c1,20,0pi ydp+1
= pi€1,20,0p;iydn 41
= pi(c1,20n0ydp41)

(see the diagram below).

But by assumption Aut(0) is biadditive, which in particular means that the map

(p1_, p22) : Aut(Ox ygy) — Aut(Ox y) x Aut(Ox y)

is an isomorphism, and moreover addition in Aut(Oy y) is given by the composite of the left action V_
with the inverse of that isomorphism. This obviously means do)([c1] + [c2]) = do)([c1]) + d2)([c2]).
It follows that in order to show that d(2) factors through a homomorphism from the group Ext; (X, Y)
= H"([(X,, [d.]), Y]) it suffices to show that d(») vanishes on coboundaries, i.e., on cocycles of the
form [c] = [ad,—1], for some map a : X,,_1 — Y. But for such a cocycle we may choose the track
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: 0 = ady_1d, to be ad? |, and then the value of d(2) on it will be represented by the cocycle
adn 10p0ad,—1d, = 0—see the diagram.

O

X2 Xy u,l—>X —)Xn 1

S

Finally we must show that d() does not depend on the choice of the secondary resolution. Indeed
consider any two b-exact b-resolutions (X, de, de) and (X, d,, §,) of X. By 2.15 there is a secondary
chain map (f, ¢) between them over X. Obviously then [ f] determines a chain map between (X,, [de])
and (X, [d_]) inducing isomorphisms f* on cohomology of the cochain complexes obtained by applying
[_, Y] and Aut(0_ y). We must then show that the diagrams

H"([(Xo, [da]), YD) —>H"(Allt(0(x [.1.))

f*l l -

HY([(X,,[d.]), Y]) ———— H"(Aut(Ogx:,[4:),v))

commute. This can be seen from the diagram

0

& AN
X, ;H-l X; d:x X,
n+2 n+l n
|
fn+2 l Mml fn&-l u¢n fn
Xn+2 Xn+1 Xn

d,

NN
Y

0

in more detail, one considers the track diagram

Cfuly C¢n Y14y,
Cf},lo : Cﬁld’ ;l+l :’Hl Cdnﬁ+]d;+l ntl O‘fTH']d;l+]
0 = Clnn1 Ofn+1 0
Cp fs2 Yane1 for2

cOfns2 cd dn+1fn+2 < 0dn+1ﬁn+2
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whose left part commutes by 2.9 and the right part by naturality. Now the lower composition of this
diagram is

(c8,0ydp1) fry2 = fFd2)([cD),

whereas the upper one is
(f 3,0 0 far e,

which represents d) (f*([c])), since we might choose for ;" : 0 = f*(c)d), the track C(ﬁ?[}y Jat1: 0=
cf,d, = f*o)d,. O

5. Invariance of the secondary differential in the equivalence class of the track extension

In this section we will prove that the secondary differential

di5)"  Exty(X, V)" — Ext' T2 (X, )"t

constructed from an additive track category B depends only on the class
(B) € H*(A; D).
More precisely one has

5.1.Theorem. Forany additive track categories B and B’ withB~=A=BL and any additive subcategory
a C A, the secondary differentials d(nz’)m constructed from B and B’ coincide provided there is a strict
equivalence of track subcategories b{X, Y} Sb {X,Y}.

Proof. Recall the construction of

dis" : Exty(X, ¥)" — Ext" T2 (X, y)"*1,
Letb C B, b’ C B’ be the full track subcategories in B, resp. B/, on objects from a. Then F(b) C b'.
One starts from a b-exact b-resolution (X,, d, de) of X in B; according to 4.2, the resulting d() does
not depend on the choice of such a resolution. Suppose now we are given an element in Ext; (X, Y)
represented by a Y-valued n-cocycle [c] € [X,,, Y] in the a-exact a-resolution (X,, [d,]) of X in A. By
our construction, the value on this element of the d(;) corresponding to B is obtained by choosing a
representative [c] 5 ¢ : X;, — Y and atrack y : 0 = cd,, in B, as in 4.1. One then has

dy([c]) = [conTydyy1].

But it is clear that F(X,, d,, de) is a b’-exact b’-resolution of X in B’. We then might choose F(c)
and F(y) for the corresponding data in B’, which would give us the element of Autp (O, +»,v) €qual
to F(c)F(6,)0F (y)F(dy—1) = F(co,0ydy,). Since by assumption F induces the identity on Aut(0), the
theorem follows. [
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6. Resolutions of the Adams type
Let B be a track category with a strict zero object and homotopy category B~ = A.

6.1. Definition. For an object X of A, an X-coaugmented sequence # is a diagram in A of the form

% Ypr <2 Ay <, UL PPLIE UL P (R
satisfying

Boin =0
inAforalln=0,1,2,.... The associated X-coaugmented cochain complex of such a sequence is then
defined to be

Cad): - in-+1Pn A, npn-1 D Al i1 0 Ao io X

For an additive subcategory a C A = B~, an X-coaugmented sequence # as above will be called an
a-sequence if A, belongs to a for all n. Moreover it will be called a-exact if for any object A from a, the
induced sequence

Homa (Yy+1, A) — Homy (A,, A) — Homa (Yy, A)
is a short exact sequence of abelian groups for all n>0. Thus in this case, the chain complex Ca (%)

is a-exact in the sense of 1.1. In fact, for any object A in a the differential d, : Homa (A 41, A) —
Homa (A, A) in Homp (CA (), A) is then Homa (i, 41 pn, A), and one has

ker(d,—1) = im(d,) = Hom (Y, 11, A)

for all n and all A € a.

6.2. Proposition. For each X-coaugmented sequence # in A, any choice of representatives i, € i,
Pn € pn in By and of tracks o, : pyiy = Oy, y,., determines an X-coaugmented secondary chain
complex in B of the form

0 0
CB(%) 1 <—igps— Az <—ispp— Ay <—iapi— Ay <—iipo— Ay <—i— X,

0 0
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Proof. Consider the diagram

¢ <is— Yg ~<ps— A4 ~<iy— Y4 <pP3— A'; ~<i3— Y3 <pr— A2 ~<ih— Y2 <p1— Al ~<i— Y] ~<po— AO <ip— X
\{_Ly W
0 0
0 0
That this diagram yields on Cg(£) above the structure of a secondary chain complex, is equivalent to the
identities
In+1Pnln®%n—1Pn—2 = in+1% Pn—1in—1Pn—2-
These are satisfied since one actually has

Pnin®n—1 = 0y Pp—1in—1,

as the next lemma shows. [

6.3. Lemma. Foranymaps f : X > Y, f':Y — Zandtracks o : f = Oxy, o : f' = Oy, z one has
fla=d f.

Proof. This is a particular case of 2.1. [

6.4. Remark. Strictly speaking, Cp(#) depends on the choice of the i,, p, and o,; however it will be
harmless in what follows to suppress these from the notation.

6.5. Example. Let B be a track category and suppose that A = B~ is equipped with the structure of a
triangulated category. Thus there is a self-equivalence @ : A — A, with an inverse equivalence Q!
which we will call delooping in the following, and one has a distinguished class of diagrams of the form

A<« B« C <« QA,

called exact triangles, which satisfy certain axioms (see e.g. [23]). A fiber tower J over an object X is a
diagram in A

X Xo X, X,
ol
Ao Ay Ay (6.6)

such that each A, <« X, < X,4+1 <« QA, is an exact triangle in A. In particular, the composites
Q_IX,,H < A, < X, are zero maps in A. For an additive subcategory a in A, call a fiber tower 7
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a-exact if A; € a for all i and moreover each of its exact triangles induces a short exact sequence
0— Hom(Q_an+1, A) - Hom(A,,, A) - Hom(X,, A) - 0

forall A € a.
A fiber tower yields a system of coaugmented sequences in A of the form
Ay =— X

Ay X1 QA QX

A, X, QA Qx; Q2A, <—— Q2X (6.7)

which via delooping in A yields the X-coaugmented sequence
RT): QA QX « Q1A <« 071X « Ay <« X.
Thus by 6.2 each fiber tower over X gives rise to an X-coaugmented secondary chain complex Cg(%(7)).

6.8. Remark. Before the authors obtained the construction from 6.2, a direct topological proof that
Adams resolutions give rise to a secondary complex has been kindly provided to them by Birgit Richter
[28].

One then has

6.9. Theorem. Assume either B is X-additive and A € a implies XA € a, or B is Q-additive and Q
preserves a-exactness of complexes in A (cf. 3.6). Then for any a-exact fiber tower over an object X, any
X-coaugmented secondary chain complex associated to it (as in 6.5 and 6.2) is a b-coresolution of X.
Hence for any object Y there is a secondary differential

dy : Extlep(X, Y)™ — Ext’h*(X, v)" 1,

where Ext}o, (X, Y)™ denotes either Extyo, (2™ X, Y) or Ext;o, (X, Q"Y) in A°P. The differential d») is
well-defined by the cohomology class (B) € H3(A; D) with D in 3.4.

Proof. This follows directly from 3.6. O

7. The E3 term of the Adams spectral sequence

Let us return to our main Examples 1.9 and 3.5. Thus let A be the stable homotopy category of spectra,
let a C A be the full subcategory of finite products of Eilenberg—Mac Lane spectra over a fixed prime
field [, and let B and b be the corresponding additive track category and its subcategory as in 3.5.
Thus B is both X- and Q-additive, with ¥ and Q having their usual meaning (i.e. suspension and loop
functors).
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Let X be a spectrum of finite type, that is, one for which the cohomology groups H! (X; F p) are finite
dimensional [ ,-vector spaces for all i. Then the Adams fiber tower of X is given by

X————————X, X X, .
| | l a.
HAXy HAX; HAX, LN

Here H = HF, is the Eilenberg—Mac Lane spectrum, the map X; — H A X; is given by smashing
SO - H with X;, and X i+1 1s the fiber of this map. Since X is of finite type all spectra H A X; can be
considered to be objects of a. By construction the Adams fiber tower is a-exact.

As noted in 3.7, conditions of 3.6 are satisfied, so that we can apply Theorem 6.9 to the Adams fiber
tower. Hence we get for a spectrum Y the following diagram whose top row is defined by any secondary
b-coresolution of X and the bottom row is the differential d(») in the Adams spectral sequence.

d,
#) EXt:;}Z(X, y)m+1

l l (7.2)

d
Ext’, (H*X, H'Y)" — > Ex{"/2(H"X, H*Yy™"!.

Extly (X, V)™

The vertical isomorphisms in this diagram are defined in Example 1.9.
7.3. Theorem. The diagram 7.2 commutes.

This shows that d(2)d(2) = 0 so that the secondary Ext in Section 4 coincides with the Ez-term of the
Adams spectral sequence. In the book [6] a pair algebra 4 is computed which can be used to describe
algebraic models for secondary b-coresolutions. This, in fact, yields an algorithm computing the d(2)
differential in the Adams spectral sequence since we can use Theorem 7.3.

Proof. In our terms the second differential of the Adams spectral sequence can be understood in the
following way: one is given a fiber tower 7 like 6.6 or 7.1 over an object X in the stable homotopy
category, with the associated X-coaugmented sequence %Z(7 ) as in 6.5. To it corresponds by 6.1 the
associated X-coaugmented cochain complex

dO

—n—1 Q"d" Q—lAl AO X

_ Q gt
App1 <—— Q7"A, .

CaR(T)): - c—-2Q

where d" : A, — Q_lAnH are the composites A, — Q_an+1 — Q_lAn+1 of maps in the exact
triangles X,+1 — X, —> A, — Q_IX,,H and A, — Q_an+2 — Q_an+1 — Q_IA,,H. Here
all A, are [F,-module spectra, i.e., Eilenberg-MacLane spectra of [ ,-vector spaces, and moreover the
sequences X, — A, — Q_an+1 are Fp,-exact, i.e., applying H*(_; F)) to them yields short exact
sequences. In particular, H*(Ca(£(7)); [Fp) is an .«/-projective resolution of H*(X; [F,).

Now choose new spectra B, fitting in exact triangles

n —d"

B, ! Ay Q_lAn_H—)Q_an
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and observe that by the octahedron axiom there is a commutative diagram of (co)fibre sequences of the

form
SN TN TN T

NN\ NS

RS ' (7.4)

NN NS\

1
X n+2

\_/\/\/

so that in particular the original fiber tower 7 “doubles” to give two new fiber towers 7 starting at
Xo, resp. X1, of the form

X Xn+2 Xn+a
B, B2 Byia

The associated sequences %(7 ?)) and the cochain complexes

Q‘”d(Z)”

CA@TD)): i Q" 2B e 0B, Q"B ...

where d(2)" : B, — Q_an+2 is the composite B, — Q_an+2 — Q_an+2, are then obtained as in
6.5.

Let us now take any spectrum Y and apply the stable homotopy classes functor {Y, _} to the whole
business. Because of the exact triangles B, — A, — Q_IAHH — O~ !'B,, there are isomorphisms

im({Y, B} = (¥, A)) = ker({Y, Au} — (¥, @7 Ayir)).
On the other hand it is known (see e.g. [21]) that the canonical maps
(Y, Ay} = Hom/ (H* (Ay; ), H*(Y; F,)) (15)

are isomorphisms; it thus follows that the groups

f—s;
im ({Y, o'—sB,) L il Q’_SAS})

E;J(Y’ X) = y. Qt—s+lgs—1

{Yv Qt_sAS})
are isomorphic to Ext},(H*(X; Fp), H*(Y; Fp))'.

Moreover (see again [21]) the Adams differential E5' — E5 AR

is induced by the map

im ({Y, @ Bg) — (¥, @A) — im ({Y, @ 7' Bypo) — {V, @ Ag40))
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which sends the class of a stable map
Y > Q°B; - Q%A
to the class of the composite

Qd2)*
—_—

Y — @'V B; QB — @ A

or, which by 7.4 is the same, the composite
Y > Q*B; —» Q’_S_IXHz — Q’_S_IAHZ.

To see then that the differential so defined coincides with the secondary differential as constructed
in 4.2, 4 and 6.9, let us choose zero tracks «, for the composites X,, — A, — o 1lx n+1 and switch
from Ca (2(7)) to the X-coaugmented secondary cochain complex Cg(#(7)) as defined in 6.2. Then

according to 4.2, given an element (c) of Ext’,(H*(X; F,), H*(Y; [Fp)))’ , the corresponding element
s+2

dp) (c) € Ext;“(H*(X; Fp), H*(Y; Ep))”rl is constructed in the following way. First represent (c) by
a cocycle in CA(2(7)), i.e., by a homomorphism of .Z-modules [c] : H*(Q'~* Ay; Fp) = H*(Y;Fp)
with [c] o H*(Q2'~°d*; F,) =0. By 7.5, this homomorphism is in turn induced by amap ¢ : ¥ — Q' 7% A
such that d* o ¢ is nullhomotopic. Choosing a homotopy y : 0 = d* oc, according to 4.2 the class d() (c) is
represented by themap ¥ — Q' 1A, =0Q'~5~2 A, which corresponds to the composite homotopy

= t—s—1 35+1 oty t—s—1 75+1 t—s g8 —oc =
0——0Q d 0) ——— Q d o Q' d’oc Oc 0

from the zero map ¥ — Q' 572A 5 to itself, as in
Y

4

PN + 1 Qi-s=1gs+1 . 2
— —5— —y—
QA o QA Q24

W

0

Now according to the construction of Cg(#%(7")) given in 6.2, this diagram reduces to the following
diagram:
Y

0

23 (7.6)

Qt_sAx - 5 Qt—s—lXHl - s Qt—s—lA.Hl - s Qt—s—ZXHZ - 5 Qt—szAﬁz.

W

0

Next note that because of the fibre sequence

Q7 By > QA > QA — @B,
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choosing y : 0 = Q'*d® o c is equivalent to choosing a lift of ¢ to a map ¥ — Q'~*B;. Similar
correspondences between homotopies and liftings of maps take place further along the sequence, as can
be summarized in the following diagram

Y Qt—sBs (21‘—5—1)(“_2 Qt—s—le+2 - 5 QI—S—IAHZ

| | | |

Y QA, Q5 Yy e
e e T
A Q5 Ay ——> QK ——— O A,

in which the columns form fiber sequences and the upper horizontal maps are liftings corresponding
to the homotopies indicated in lower squares. That the resulting upper horizontal composite is indeed
the lifting corresponding to the composite homotopy in 7.6 now follows from the following standard
homotopy-theoretic lemma which can be found e.g. in [2, (2.9) on p. 263]:

7.7. Lemma. Given a diagram

F—— —>F — — — > F”
l . j j
E El EII
B B/ b BII

whose columns are fiber sequences and upper horizontal maps are liftings corresponding to the indi-
cated homotopies, then the composite F — F" is the lifting corresponding to the composite homotopy
dedby. O
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