
ar
X

iv
:0

80
1.

14
12

v1
  [

m
at

h.
G

T
] 

 9
 J

an
 2

00
8

Geometri
 approa
h towards stable homotopygroups of spheres. The Steenrod-HopfinvariantPyotr M. Akhmet'ev ∗ÀííîòàöèÿIn this paper a geometri
 approa
h toward stable homotopy groupsof spheres, based on the Pontrjagin-Thom [P℄ 
onstru
tion is proposed.From this approa
h a new proof of Hopf Invariant One Theorem byJ.F.Adams [A1℄ for all dimensions ex
ept 15, 31, 63, 127 is obtained.It is proved that for n > 127 in the stable homotopy groupof spheres Πn there is no elements with Hopf invariant one. Thenew proof is based on geometri
 topology methods. The Pontrjagin-Thom Theorem (in the form proposed by R.Wells [W℄) about therepresentation of stable homotopy groups of the real proje
tive in�nite-dimensional spa
e (this groups is mapped onto 2-
omponents of stablehomotopy groups of spheres by the Khan-Priddy Theorem [A2℄) by
obordism 
lasses of immersions of 
odimension 1 of 
losed manifolds(generally speaking, non-orientable) is 
onsidered. The Hopf Invariantis expressed as a 
hara
teristi
 number of the dihedral group for theself-interse
tion manifold of an immersed 
odimension 1 manifold thatrepresents the given element in the stable homotopy group. In thenew proof the Geometri
 Control Prin
iple (by M.Gromov)[Gr℄ forimmersions in a given regular homotopy 
lasses based on Smale-Hirs
hImmersion Theorem [H℄ is required.Let f : Mn−1
# R

n, n = 2l − 1, be a smooth immersion of 
odimension1. The 
hara
teristi
 number
〈

wn−1
1 (M); [Mn−1]

〉

= h(f)
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is 
alled the stable Hopf invariant or the Steenrod-Hopf invariant. This
hara
teristi
 number depends only on the immersed manifold Mn−1 itself.The relationship with the de�nition of the Steenrod-Hopf invariant inalgebrai
 topology is 
onsidered in [E℄,[K℄,[L℄.Theorem (by J.F.Adams), [A℄For l ≥ 4, h(f) = 0.Skew-framed immersionsLet f : Mn−k
# R

n be an immersion of 
odimension k. Let κ : E(κ)→Mn−kbe a line bundle over Mn−k and let Ξ : kκ→ ν(f) be an isomorphism of thenormal bundle of the immersion f with the Whitney sum of k 
opies of theline bundle κ.We shall 
all the triple (f, κ, Ξ) a skew-framed immersion with
hara
teristi
 
lass κ ∈ H1(Mn−k; Z/2). (If n is odd then w1(κ) is theorientation 
lass of Mn−k, see [A-E℄ for more details).The Steenrod-Hopf invariants for skew-framed immersionsThe 
hara
teristi
 
lass 〈

w1(κ)n−k; [Mn−k]
〉

= h(f, κ, Ξ) is 
alled theSteenrod-Hopf invariant of the skew-framed immersion (f, κ, Ξ).The Main Theorem 1Let (f : Mn−k
# R

n, κ, Ξ) be a skew-framed immersion, n = 2l − 1,
dim(M) = n− k = n+1

2
+ 7. Then for n ≥ 255 (i.e. for l ≥ 8)

h(f, κ, Ξ) =
〈

w1(κ)dim(M); [M ]
〉

= 0 (mod 2).CorollaryAdams' Theorem for n ≥ 255.Let D4 be the dihedral group of order 8,
D4 = {a, b|a4 = b2 = e, [a, b] = a2}.This is the group of symmetries of the two 
oordinate axes in the plane. Let

Ia = {e, a, a2, a3}, Ib = {e, b, a2, a2b}, Ic = {e, ab, a2, a3b}2



be the subgroups in D4 of index 2. The 
y
li
 Z/4�subgroup Ia is generatedby rotation of the plane through the angle π
2
. The Z/2 ⊕ Z/2�subgroup Ib(Ic) is generated by symmetries (or re�e
tions) with respe
t to the bise
torsof the 
oordinate axes. The Z/2�subgroup Ib ∩ Ic = {e, a2} is generated bythe 
entral symmetry.Let (f : Mn−k

# R
n, κ, Ξ) be a skew-framed generi
 immersion. Itsdouble points manifold Nn−2k is immersed into R

n, g : Nn−2k
# R

n, and thenormal bundle ν(g) admits a 
anoni
al de
omposition Ψ : ν(g) = kη∗, where
η∗ is a two-dimensional bundle over Nn−2k with D4-stru
ture. The bundle η∗is a pull-ba
k of the universal bundle E(D4)→ K(D4, 1), via the 
lassifyingmap η : Nn−2k → K(D4, 1).Let us 
onsider the 
anoni
al 2-fold 
overing N̄n−2k → Nn−2k over thedouble point manifold of the immersion g. This 
overing 
orresponds to thesubgroup Ic ⊂ D4, Ic = {e, a2, ab, a3b}.Let κ̄ ∈ H1(N̄n−2k; Z/2) be the 
ohomology 
lass 
orresponding to theepimorphism Ic → Id with the image Id = {e, a2 ≃ ab} = Z/2 (the kernel isgenerated by the element a3b). By the de�nition κ̄ = i∗(κ), i : N̄n−2k

# Mn−kis the 
anoni
al immersion of the double point 
overing. Let us de�ne thefollowing 
hara
teristi
 number
h̄(g, η, Ψ) =

〈

κ̄n−2k; [N̄n−2k]
〉

.Lemma 2
h(f, κ, Ξ) = h̄(g, η, Ψ).Proof of Lemma 2Immediate from Herbert's Theorem. (Con
erning Herbert's Theorem, see e.g.[E-G℄.)De�nition (Cy
li
 stru
ture for skew-framed immersions)Let (f, κ, Ξ) be a skew-framed immersion, Nn−2k be the (odd-dimensional)double self-interse
tion point manifold of f . A mapping
µ : Nn−2k → K(Ia, 1)(Ia = {e, a, a2, a3}) is 
alled a 
y
li
 stru
ture for f if

〈

µ∗(t); [Nn−2k]
〉

= h(f),where t ∈ Hn−2k(K(Ia, 1); Z/2) is the generator.The following lemma is proved by an expli
it 
al
ulation.3



The Main Lemma 3 (jointly with P.J.E

les (1998))Let n−k = n+1
2

+7 (n−2k = 15), n ≥ 31, µ : Nn−2k → K(D4, 1) be a 
y
li
stru
ture for f . Then h(f, κ, Ξ) = 0 (mod2).Lemma 4. Cy
li
 Stru
ture for skew-framed immersionsFor n ≥ 255, an arbitrary skew-framed immersion f : Mn−k
# R

n, n− k =
n+1

2
+ 7 is regularly homotopi
 to an immersion with a 
y
li
 stru
ture.ProofThe proof is a 
orollary of Lemma 5 and Proposition 6.De�nition (Cy
li
 Stru
ture for generi
 mappings of the standardproje
tive spa
e)Let g : RPn−k → R

n be a generi
 mapping, n ≥ 3k, n = 2l − 1 with doublepoint manifoldNn−2k and 
riti
al points (n−2k−1)-dimensional submanifold
(∂N)n−2k−1 ⊂ RPn−k.Let η : (Nn−2k, ∂N) → (K(D4, 1), K(Ib, 1)) be the stru
tured mapping
orresponding to g. This stru
tured mapping is de�ned analogously with the
ase of skew-framed immersions. Obviously, the restri
tion of the mapping
η to the boundary of the double points manifold, i.e. to the 
riti
al pointssubmanifold, has the target K(Ib, 1) ⊂ K(D4, 1). The standard in
lusion
Id ⊂ Ia as the subgroup of the index 2 is well-de�ned. We shall 
all a mapping

µ : (Nn−2k, ∂Nn−2k−1)→ (K(Ia, 1), K(Id, 1))a 
y
li
 stru
ture for g, if the following 
onditions hold:
(∗) the homologi
al 
ondition:

〈

µ∗(t); [Nn−2k, ∂Nn−2k−1]
〉

= 1 (mod 2),where t ∈ Hn−2k(K(Ia, 1), K(Id, 1); Z/2) is the generator in the
okernel of the homomorphism Hn−2k(K(Ia, 1), K(Id); Z/2) (remark: thisrelative 
hara
teristi
 number is well-de�ned, by expli
it 
al
ulations
µ∗([∂Nn−2k−1]) ∈ Hn−2k−1(K(Id, 1; Z/2)) is trivial);

(∗∗) the boundary 
ondition :
pc ◦ η|∂N : ∂Nn−2k−1 → K(Ib, 1)→ K(Id, 1),

Ib = {e, b, a2, ba2}, where pc : K(Ib, 1)→ K(Id, 1) is the standard proje
tionwith the image Id = {e, a2 ≃ ba2}, 
oin
ides with µ|∂Nn−2k−1 .4



Lemma 5. Geometri
 ControlLet
(f, κ, Ξ), f : Mn−k

# R
nbe a skew-framed immersion. Let us assume (see Proposition 6 below) thatthere exists a generi
 mapping

g : RPn−k → R
n, n ≥ 3k,with a 
y
li
 stru
ture

µ : (Nn−2k, ∂Nn−2k−1)→ (K(Ia, 1), K(Id, 1)).Then there exists a skew-framed immersion (f ′, κ, Ξ′) in the regular homotopy
lass of f with a 
y
li
 stru
ture.The idea of the proof of Lemma 5.Take the mapping
g ◦ κ : Mn−k → RPn−k → R

n.By [Gr℄, 1.2.2, in the regular homotopy 
lass of f there exists a generi
immersion
f ′ : Mn−k

# R
nde�ned as a C0-
lose generi
 regular perturbation ( arbitrary small) of a(singular) mapping

g ◦ κ.A 
onstru
tion by S.A.Melikhov (2004)Let us denote by J the join of (2l−4 +1) = r 
opies of the standard Z/4- lensspa
e S7/i, dim(J) = 2l−1 +7 = n−k. There is a PL�embedding iJ : J ⊂ R
nfor l ≥ 8.Let p′ : Sn−k → J be the join of r 
opies of the standard 
over S7 → S7/i,

p̂ : Sn−k/i → J be the quotient mapping of p′, p : RPn−k → J be the
omposition of the standard proje
tion π : RPn−k → Sn−k/i with p̂. The
omposition iJ ◦ p̂ : Sn−k/i → J → R
n is well-de�ned. Let ĝ : Sn−k/i → R

nbe an ε-small generi
 alternation of the mapping iJ ◦ p̂, d : RPn−k → R
n bede�ned by a ε1-small generi
 alternation, ε1 << ε, of the 
omposition ĝ ◦ π.

5



Proposition 6 1The Melikhov map d : RPn−k → R
n is equipped with a 
y
li
 stru
ture.The rest of the paper 
on
erns the proof of this result. This Proposition withLemma 5 implies Lemma 4 and Lemma 4 with the Main Lemma 3 impliesLemma 2 and the main Theorem 1.The beginning of the proof of the Proposition 6Let Γ0 be the delated produ
t of the standard proje
tive spa
e RPn−k

Γ0 = (RPn−k ×RPn−k \∆diag)/T
′,where the quotient is determined with respe
t to the free involution

T ′ : RPn−k × RPn−k \∆diag → RPn−k × RPn−k \∆diag

T ′(x, y) = (y, x).The 
lassifying map
ηΓ0

: Γ0 → K(D4, 1)is well-de�ned. (Note that π1(Γ0) = D4 and the involution T ′ 
orrespondsto the subgroup Ic ⊂ D4.) Let ∆antidiag ⊂ Γ0 be a subspa
e, 
alled theantidiagonal, de�ned as
∆antidiag = {(x, y) ∈ (RPn−k ×RPn−k/T ′)|T (x) = y},where

T : RPn−k → RPn−kis the standard involution on the 
overing
RPn−k → Sn−k/i.Let us denote by Γ the spa
e

Γ0 \ (U(∆antidiag) ∪ U(∆diag)),where U(∆antidiag) is a small regular neighborhoods of ∆antidiag , U(∆diag is asmall regular neighborhood of the end of Γ0 near the deleted diagonal ∆diag.1The author was developed this proof following 
onversations with Prof. O.Saeki andDr. R.R.Sadykov (2006)) 6



(The radius of the regular neighborhoods depends on a 
onstant ε of anapproximation in the Melikhov 
onstru
tion.)The spa
e Γ is a manifold with boundary. The involution
T : RPn−k → RPn−kindu
es the free involution

TΓ : Γ→ Γ.A polyhedron
Σ0 = {[(x, y)] ∈ Γ0, p(x) = p(y)}, Σ0 ⊂ Γ0of double points of the mapping

p : RPn−k → Jis 
alled the singular set or the singular polyhedron.The mapping
ηΣ0

: Σ0 → K(D4, 1)is well-de�ned as the restri
tion of the mapping
ηΓ0
|Σ0

.The subpolyhedron
Σ0 ⊂ Γ0de
omposes as

Σ0 = Σantidiag ∪K, K ⊂ Γ,where
Σantidiag = Σ0 ∩ U(∆antidiag).The restri
tion ηΓ0

|K will be denoted by ηK : K → K(D4, 1).Boundary 
onditions of ηKThe diagonal and antidiagonal boundary 
omponents of K will be denotedby
Qdiag = K ∩ ∂U(∆diag), Qantidiag = K ∩ ∂U(∆antidiag).The restri
tion ηK |Qantydiag

: Qantidiag → K(D4, 1) is de
omposes as
ia ◦ ηantidiag : Qantidiag → K(Ia, 1) ⊂ K(D4, 1).The restri
tion ηK |Qdiag

: Qdiag → K(D4, 1) is de
omposed as
ib ◦ ηdiag : Qantidiag → K(Ib, 1) ⊂ K(D4, 1).7



The resolution spa
e RK.Let us 
onstru
t the spa
e RK 
alled the resolution spa
e for K. This spa
eis in
luded into the diagram
K(Ia, 1)

φ
←− RK

pr
−→ K.Let us denote pr−1(Qdiag) by RQdiag, pr−1(Qdiag) by RQantidiag . Theboundary 
onditions on Qantidiag are:

RQantidiag
pr
−→ Qantidiag

φց ւ ηantidiag

K(Ia, 1).The boundary 
onditions on Qdiag are:
RQdiag

pr
−→ Qdiag

φ ↓ ↓ ηdiag

K(Id, 1)
pb←− K(Ib, 1).The diagrams above are in
luded into the following diagram:

K(Ia, 1)
↑ φ տ
RK ←− RQdiag ∪RQantidiag

↓ ↓
K ⊃ Qdiag ∪Qantidiag

↓ η ւ
K(D4, 1).Let us 
onsider Melikhov's mapping d : RPn−k → R

n (this is a smallgeneri
 alternation of the 
omposition i◦p◦π : RPn−k → Sn−k/i→ J ⊂ R
n).Let Nn−2k be the double point manifold (with boundary) of d, the embedding

Nn−2k ⊂ Γ0 is well-de�ned. The manifold Nn−2k is de
omposed into twomanifolds (with boundary) along the 
ommon 
omponent of the boundary
Nn−2k = Nantidiag ∪Nd,

Nantidiag = Nn−2k ∩ U(∆antidiag),

Nd = Nn−2k ∩ Γ.8



Lemma 7There exists a mapping res : Nd → RK 
alled the resolution mapping thatindu
es a mapping µ : Nd → K(Ia, 1) in
luded into the following diagram:
K(Ia, 1) = K(Ia, 1)
↑ φ ↑ µ տ

RK
res
←− Nd ⊃ Wdiag ∪Wantidiag

↓ η ↓ η ւ
K(D4, 1) = K(D4, 1),with boundary 
onditions on Wantidiag :

µ|Wantydiag⊂Nd
= ia ◦ ηantidiag : Wantidiag −→ K(Ia, 1)

ia−→ K(D4, 1),and with boundary 
onditions on Wdiag:
µ = ia ◦ pb ◦ ηdiag : Wdiag → K(Ib, 1)→ K(Id, 1)→ K(Ia, 1).Lemma 8The mapping

µa = η|Nantidiag
∪ µ : Nn−2k = Nantidiag ∪Nd → K(Ia, 1)determines a 
y
li
 stru
ture for d.Proof of Lemma 8We have to prove the equality ∗ in the De�nition of the Cy
li
 Stru
ture forgeneri
 mappings.Let us 
onsider the free involution TΓ : Γ → Γ and the quotient Γ/TΓ.The fundamental group π1(Γ/TΓ), denoted by E, is a quadrati
 extension of

D4 by means of an element c ∈ E \D4, c2 = a2. The element c of order 4 is
ommutes with all elements in the subgroup D4 ⊂ E. The following diagramis well-de�ned: 9



Nd −→ RK −→ K ⊂ Γ
↓ ↓ ↓ ↓

Nd/T −→ RK/T −→ K/T ⊂ G/T
↓ ↓ ↓ ↓

K(Ia, 1) = K(Ia, 1) K(E, 1) = K(E, 1).The 
omposition RK → RK/T → K(Ia, 1) 
oin
ides with φ (The c ∈
π1(RK/T ) \π1(RK) 
ommutes with all elements in the subgroup π1(RK) ⊂
π1(RK/T ) of the index 2 and the mapping RK/T → K(Ia, 1) is well-de�ned.The image of the element c is the generator of the 
y
li
 group Ia.) The
omposition of the left verti
al arrows in the diagram Nd → Nd/TNd

→
K(Ia, 1) 
oin
ides with the mapping µ : Nd → K(Ia, 1). The pair (Nn−2k, µa)is 
obordant to a pair (N ′n−2k, µ′

a), where N ′n−2k = N ′n−2k
cycl ∪ N ′n−2k

d , and
N ′n−2k

cycl is a 
losed manifold. The manifold (with boundary) N ′n−2k
cycl is thedouble 
overing over the oriented manifold (with boundary) N ′n−2k

cycl /TNd
. Thebase of the 
over represents a 
y
le in Hn−2k(K(Ia, 1), K(Id, 1); Z). Thereforethe relative 
y
le µ′

a,∗([N
′n−2k
d , ∂N ′]) ∈ Hn−2k(K(Ia, 1), K(Id, 1)) is trivial and

〈

µ∗

a(t); [N
n−2k, ∂Nn−2k−1]

〉

=
〈

µ′∗

a (t); [N ′n−2k
cycl ]

〉

.The last 
hara
teristi
 number 
oin
ides with
〈

κn−k; [N̄n−k]
〉

= 1.Lemma 8 is proved.A natural strati�
ation of the polyhedron K. Proof of Lemma 7Let J be the join of lens spa
es (S7/i)j, j = 1 . . . , r. The spa
e J admitsa natural strati�
ation de�ned by the 
olle
tion of subjoins J(k1, . . . , ks)generated by lenses with numbers 0 < k1 < · · · < ks < r.The preimage
p−1(J(k1, . . . , ks)) ⊂ RPn−k,

p : RPn−k → J , is denoted by R(k1, . . . , ks).A point
x ∈ R(k1, . . . , ks) ⊂ RPn−kis determined by the 
olle
tion of 
oordinates

(xk1
, . . . , xks

, λ)(up to the antipodal transformation of the �rst s 
oordinates), where xkj
∈

S7
j , and λ is a bary
entri
 
oordinate on the standard (s− 1)-simplex.10



The polyhedron K admits a natural strati�
ation
K(k1, . . . , ks), 1 ≤ s ≤ r,
orrespondingly to the strati�
ation of J . The maximal stratum K(1, . . . , r)is represented by the disjoin union of 
onne
ted 
omponents of di�erent types.Let a point (x1, x2) belongs to K(1, . . . , r). Let (x1,1, x2,1, . . . , x1,r, x2,r, λ)be the 
olle
tion of the 
oordinates of the point. The �rst 2r terms ofthis 
olle
tion is r ordered pairs of points on the standard sphere S7. The
olle
tion is de�ned up to the permutation of the 
oordinates in the pairand up to the independent antipodal transformation of �rst point or se
ondpoint in ea
h pair. The equivalen
e 
lass of a 
olle
tion of the 
oordinates ofa point (x1, x2) 
ontains 8 
olle
tions.Types of 
omponents of the maximal stratumLet x ∈ K(1, . . . , r) be a point with the pres
ribed pair of 
olle
tionsof spheri
al 
oordinates (x1,i, x2,i). The following possibilities are: the
oordinates in the i-th pair(1) 
oin
ide, or (2) are antipodal, or (3) are related by means of thegenerator of the Z/4-
y
li
 
over.This determines a sequen
e of r 
omplex numbers vi ∈ {1,−1, +i,−i},

i = 1, . . . , r, with respe
t to (1),(2), or (3). We will 
all su
h a sequen
e the
hara
teristi
. For an arbitrary point in a pres
ribed 
omponent K(1, . . . , r)the 
hara
teristi
 is well-de�ned up to the multipli
ation of ea
h term by −1and this 
hara
teristi
 does not depend on a point on the 
omponent. Weshall say that the pres
ribed 
omponent of the maximal stratum is of the
Ia-type (Ib-type) if the 
orresponded 
hara
teristi
 
ontains only {+i,−i}({+1,−1}); the 
omponent is of the Id-type, if the 
hara
teristi
 
ontains atleast 3 di�erent values. It is easy to prove that the restri
tion of the 
anoni
almapping η : Γ → K(D4, 1) on a stratum of the Ia, Ib or Id-type admits (upto homotopy equivalen
e of the mappings) a redu
tion with the target in thesubspa
e K(Ia, 1), K(Ib, 1), K(Id, 1) of the spa
e K(D4, 1) 
orrespondingly.This redu
tion (for strata of the Ia and Ib-types) is well-de�ned up to the
omposition with mapping of the 
orresponding 
lassi�ed spa
e given by the
onjugation automorphism D4 → D4, x→ (ba)x(ba)−1, x ∈ D4, ba ∈ Ic.The resolution spa
e RKLet us denote by K1 ⊂ K the disjoint union of all singular strata of thelength 1, by K0 the disjoin union of maximal strata, and by Kreg ⊂ K�the subpolyhedron de�ned as Kreg = K0 ∪ K1. The 
omponent of the11



boundary Kreg ∩ Qantidiag is denoted by Qreg,antidiag and the 
omponent ofthe boundary Kreg ∩ Qdiag is denoted by Qreg,diag. Note that Qreg,antidiag(Qreg,antidiag) 
ontains only points for whi
h no more then two numbersin the 
hara
teristi
 are di�erent from +i (+1). Components of the spa
e
K0 are divided into 3 
lasses: diagonal, antidiagonal and generi
 
lass. A
omponent of the diagonal (antidiagonal) 
lass interse
ts with the diagonal(the antidiagonal) by a maximal sub
omponent of the boundary. A regularstratum of the 
onsidered type 
ontains only points for whi
h the only numberin the 
hara
teristi
 is di�erent from +i (+1).Let us denote by K̄1 the 2-sheeted 
overing spa
e over K1 with respe
tto the in
lusion Ic ⊂ D4. This 
overing 
oin
ides with the 
anoni
al double
overing over the polyhedron of self-interse
tion points.The spa
e RK is de�ned from the following diagram:

K̄1 → K1 ⊂ K ⊃ Kreg.The spa
e Kreg is de�ned by the gluing by means of the 
olle
tion of 2-sheeted 
overings over a regular neighborhood of ea
h 
omponent of thesingular stratum of the length 1 with respe
t to the mapping
U(K̄1) \ K̄1 −→ (Kreg \K1).The 
y
li
 mapping φ : RK → K(Ia, 1)The union of all 
omponents in the given 
lass is denoted by K0,diag,

K0,antidiag ,K0,int 
orrespondingly. The restri
tion of the mapping η : K →
K(D4, 1) to K0,diag ⊂ K (K0,antidiag ⊂ K) is given by the 
omposition

K0,diag → K(Ib, 1) ⊂ K(D4, 1)

(K0,antidiag → K(Ia, 1) ⊂ K(D4, 1)).Be
ause of the pres
ribed boundary 
ondition, the stru
tured redu
tionfor a sub
omponent of K0,diag, K0,antidiag is 
anoni
al. The stru
turedredu
tion for a 
omponent of K0,int is non-
anoni
al.The mapping
φ0 : K0 → K(Ia, 1)extends to a mapping
φ : RK → K(Ia, 1).The 
omposition

K̄1 → K1
η
−→ K(D4, 1)12



admits a natural redu
tion with the target
K(Ic, 1) ⊂ K(D4, 1).Let K0,α, K0,β ⊂ K0 be two pres
ribed 
omponents of the same type Ib(or Ia) with a 
ommon boundary stratum K1,γ ⊂ K1. A 
y
li
 mapping

φ0,∗ = πd ◦ η∗ : K0,∗ → K(Ib, 1)→ K(Id, 1)

(η∗ : K0,∗ → K(Ia, 1)), ∗ ∈ {α, β},where K0,∗ → K(Ib, 1) (K0,∗ → K(Ia, 1)) is well-de�ned up to a 
ompositionwith the mapping
K(Ib, 1)→ K(Ib, 1) (K(Ia, 1)→ K(Ia, 1)).The last mapping is indu
ed by the automorphism

D4 → D4, x→ (ba)x(ba)−1,

x ∈ D4, ba ∈ Ic.The transfer with respe
t to the in
lusion Ic ⊂ D4 determines a uniquemapping
η!
∗

: K̄0,∗ → K(Id, 1).This proves that the extension φ with the pres
ribed boundary 
onditionsexists.The lift res : Nd → RKLet us 
onsider a generi
 PL-homotopy
F (τ) : Sn−k/i→ R

n, τ ∈ [0; 1]with the boundary 
onditions
F (0) = i ◦ p̂ : Sn−k/i→ J ⊂ R

n.For a given τ ∈ (0; 1] the double points of F (τ) is denoted by N̂(τ). Thismanifold with boundary is a submanifold of a quotient of the spa
e Γ/TΓ ×
{τ}. The polyhedron ∪τN̂(τ), τ ∈ (0, ε] (ε is su�
iently small) is denoted by
N̂(0;ε].Be
ause the mapping F is a PL-mapping, the bottom boundary of N̂(0;ε],denoted by N̂0, is a 15-dimensional subpolyhedron in a quotient of the spa
e13



Γ/TΓ×{0}. The polyhedron N̂(0;ε] is the base of the 4-sheeted 
over N(0;ε] →

N̂(0;ε], where N(0;ε] is the set of self-interse
tion points of the 
omposition(after a small alteration)
F (τ) ◦ π : RPn−k → Sn−k/i→ R

n.Be
ause of the general position arguments the following 
ondition holds:(1) the polyhedron N0 does not interse
t (if ε is small enough) withsingular strata in Γ of the length ≥ 2 (of 
odimension ≥ 16).(2) the polyhedron N0 is in general position with respe
t to the stratum oflength 1; in parti
ular, the restri
tion of F (τ)|p−1(J1), J1 ⊂ J , τ ∈ (0, ε] tothe singular stratum of length 1 is an embedding.A resolution mapping
res : Nd(ε)→ RKwith the pres
ribed boundary 
onditions is well-de�ned from (1),(2). Notethat diam(Uantidiag), diam(Udiag) has to be less then the distan
e between N0and K2 ⊂ K.Proposition 6 is proved.Dis
ussionConje
ture 1There exists a 7-dimensional manifold K7 with a normal D4-framing ΞK in
odimension 2l−8, l ≥ 4, su
h that the pair (K7, ΞK) has the Steenrod-Hopfinvariant 1.RemarkAn arbitrary 
y
li
 Ia-framed manifold (N7, ΞN) in 
odimension 2l − 8 hasthe trivial Steenrod-Hopf invariant. The 
onje
tured D4-framed manifold

(K7, ΞK) 
annot be realized as a double-point manifold for a skew-framedimmersion f : M2l−1+3
# R

2l
−1.Conje
ture 2The Main Theorem holds for n ≥ 31, i.e. for an arbitrary skew-framedimmersion f : M2l−1+7

# R
2l
−1, l ≥ 5 the Steenrod-Hopf invariant is trivial.14



RemarkA proof of the Conje
ture 2 
ould be obtained by means of a straightforwardgeneralization of the Melikhov mapping. The join of the standard mappings
RP7 → S7/i ⊂ R

14is repla
ed by the join of several 
opies of the standard mapping
RP3 → Q3 ⊂ R

4,where Q3 is the quotient of the 3-sphere by the quaternions group of theorder 8 (a homogeneous spa
e) standard spa
e,
RP3 → Q3is the standard 4-sheeted 
over,
Q3 ⊂ R

4is the Massey embedding. This embedding is expli
itly des
ribed in [M℄,Example 4.This generalized 
onstru
tion determines the mapping
RP4k−1 → R

5k−1(below the metastable range) with a 
y
li
 stru
ture. The 
ase
k = 6, 4k − 1 = 23 = 24 + 7,

5k − 1 = 29 < 31 = 25 − 1is required for a generalization of the The Main Theorem 1.The present paper was started at Postnikov's Seminar in 1996 andwas �nished at Prof. A.S.Mishenko Seminar. This paper is dedi
ated tothe memory of Prof. M.M.Postnikov. The paper was presented at theM.M.Postnikov Memorial Conferen
e (2007)� "Algebrai
 Topology: Old andNew". A preliminary version was presented at the Yu.P.Soloviev MemorialConferen
e (2005) "Topology, analysis and appli
ations to mathemati
alphysi
s". 15
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