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(GGeometric approach towards stable homotopy
eroups of spheres. The Kervaire invariant

P.M.Akhmet’ev *

AnaHoTa s

The notion of the geometrical Z /2@ Z/2-control of self-intersection
of a skew-framed immersion and the notion of the Z/2® Z/4-structure
(the cyclic structure) on the self-intersection manifold of a D4-framed
immersi?)glgqare introduced. It is shown that a skew-framed immersion
f: M7 & R"0 < g << n (in the %T" + e-range) admits a
geometrical Z/2 @ Z/2-control if the characteristic class of the skew-

framing of this immersion admits a retraction of the order ¢, i.e. there
. . 3ntq 3(n—q) . .
exists a mapping kg : M 4 — RP ™ 2 | such that this composition
3n+q 3(n—q)

Tokyg: M1 — RP™ 7 — RP% is the characteristic class of the
skew-framing of f. Using the notion of Z/2 @& Z/2-control we prove
that for a sufficiently great n, n = 2! — 2, an arbitrary immersed D-
framed manifold admits in the regular cobordism class (modulo odd
torsion) an immersion with a Z/2 @ Z/4-structure. In the last section
we present an approach toward the Kervaire Invariant One Problem.

1 Self-intersection of immersions and Kervaire
Invariant

The Kervaire Invariant One Problem is an open problem in Algebraic
topology, for algebraic approach see [B-J-M], [C-J-M|. We will consider a
geometrical approach; this approach is based on results by P.J.Eccles, see
|E1]. For a geometrical approach see also [C1],|C2|.

Let f: M" 1o R" n=2"-2 1> 1, be a smooth (generic) immersion
of codimension 1. Let us denote by g : N"? 95 R” the immersion of self-
intersection manifold.
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08-01-00663, INTAS 05-1000008-7805.
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Definition 1

The Kervaire invariant of f is defined as

n—2

O(f) =< w,” [N"7] >,

where wy = wy(N"7?) is the normal Stiefel-Whitney of N™"~2,

The Kervaire invariant is an invariant of the regular cobordism class
of the immersion f. Moreover, the Kervaire invariant is a well-defined

homomorphism
O : Imm*(n—1,1) — Z/2. (1)

The normal bundle v(g) of the immersion g : N"2 ¢ R" is a 2-
dimensional bundle over N"~% equipped with a D,~framing. The classifying
mapping  : N" 2 — K(Dy,1) of this bundle is well-defined. The D,-
structure of the normal bundle or the Ds—framing is the prescribed reduction
of the structure group of the normal bundle of the immersion g to the group
D, corresponding to the mapping 1. The pair (g, n) represents an element in
the cobordism group ImmP4(n — 2,2). The homomorphism

6 Imm® (n —1,1) — ImmP*(n — 2,2) (2)

is well-defined.

Let us recall that the cobordism group I'mm®/(n — k, k) generalizes the
group Imm*/(n — 1,1). This group is defined as the cobordism group of
triples (f,Z, k), where f : M™% a5 R" is an immersion with the prescribed
isomorphism = : v(g) = kr, called a skew-framing, v(f) is the normal bundle
of f, k is the given line bundle over M™% with the characteristic class
wy (k) € HY(M™*:7/2). The cobordism relation of triples is standard.

The generalization of the group ImmP+(n—2, 2) is following. Let us define
the cobordism groups I'mmP4(n — 2k, 2k). This group ImmP4(n — 2k, 2k) is
represented by triples (g,Z,7), where g : N*~2¢ 95 R” is an immersion, =
is a dihedral k-framing, i.e. the prescribed isomorphism = : v, = kn, where
n is a 2-dimensional bundle over N"~2*_ The characteristic mapping of the
bundle 7 is denoted also by n : N"2* — K(Dy,1). The mapping 7 is the
characteristic mapping for the bundle v,, because v, = kn.

Obviously, the Kervaire homomorphism (1) is defined as the composition
of the homomorphism (2) with a homomorphism

Op, : ImmP*(n —2,2) — Z/2. (3)



The homomorphism (3) is called the Kervaire invariant for Dj-framed
immersed manifolds.

The Kervaire homomorphisms are defined in a more general situation by
a straightforward generalization of the homomorphisms (1) and (3):

OF : Imm* (n — k, k) — Z/2, (4a)
Op, : ImmP(n — 2k, 2k) — Z/2, (4b)

(for £ = 1 the new homomorphism coincides with the homomorphism (3)
defined above) and the following diagram
) ©p
Imm¥(n—1,1) —  ImmP*(n—2,2) — 7Z/2
WL L Jg, ) I (5)

Imm® (n — k, k) 4, ImmP4(n — 2k, 2k) o5y 7)]2
is commutative. The homomorphism J* (J§ ) is determined by the
regular cobordism class of the restriction of the given immersion f (g) to
the submanifold in M"* (N"72) dual to wi(k)*! € HFY(M"1;Z/2)
(wa(m)"t € H*72(N""2 2/2)).

Let (g,Z,n) be a Dy-framed (generic) immersion in the codimension 2k.
Let h : L" % 9 R™ be the immersion of the self-intersection (double points)
manifold of g. The normal bundle v}, of the immersion A is decomposed into
a direct sum of k isomorphic copies of a 4-dimensional bundle ( with the
structure group Z/2 [ Dy. This decomposition is given by the isomorphism
VU : v, = k(. The bundle v, itself is classified by the mapping ¢ : L" % —
K(Z/)2 [ D4, 1).

All the triples (h,(, V) described above (we do not assume that a triple
is realized as the double point manifold for a Dy-framed immersion) up to
the standard cobordism relation form the cobordism group Imm®/?/P1(n —
4k, 4k). The self-intersection of an arbitrary Dy-framed immersion is a
Z/2 [ Dy-framed immersed manifold and the cobordism class of this manifold
well-defines the natural homomorphism

op, : ImmPt(n — 2k, 2k) — ImmP?IP(n — 4k, 4k). (6)

The subgroup Dy & Dy C Z/2 fD4 of index 2 induces the double cover
L% — L["*_ This double cover corresponds with the canonical double
cover over the double point manifold.

Let ¢ : L"* — K(Dy, 1) be the classifying mapping induced by the
projection homomorphism Dy @ Dy — Dy to the first factor. Let { — L*~%*
be the 2-dimensional D,~bundle defined as the pull-back of the universal
2-dimensional bundle with respect to the classifying mapping (.
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Definition 2

The Kervaire invariant @Z/”m . Imm?%?IP1(n — 4k, 4k) — Z/2 for a

Z/2 [ Dy-framed immersion (h, ¥, () is defined by the following formula:

n—4k

@Z/QID4(h> \117 C) =< ’lUg(ﬁ) z [Ln—4k] >

This new invariant is a homomorphism © : Imm2/?IPi(n, n —
Z/2 [ D4 ’

4k) — Z/2 included into the following commutative diagram:
o

ImmP® (n — 2k, 2k) %72

L 0p, I (7)

@k
ImmZ2IPs(n — 4k, 4k) 2L 72,

Let us formulate the first main results of the paper. In section 2 the
notion of Z/2@7Z/2-control (I,—control) on self-intersection of a skew-framed
immersion is considered. Theorem 1 (for the proof see section 3) shows that
under a natural restriction of dimensions the property of I,-control holds for
an immersion in the regular cobordism class modulo odd torsion.

In section 4 we formulate a notion of Z/2 @ Z/4-structure (or an I,—
structure, or a cyclic structure) of a Dy-framed immersion. In section 5 we
prove Theorem 2. We prove under a natural restriction of dimension that an
arbitrary Dy-framed I-controlled immersion admits in the regular homotopy
class an immersion with a cyclic structure. For such an immersion Kervaire
invariant is expressed in terms of Z/2 @ Z/4—characteristic numbers of the
self-intersection manifold. The proof (based on the two theorems from [A2]
(in Russian)) of the Kewrvaire Invariant One Problem is in section 6.

The author is grateful to Prof. M.Mahowald (2005) and Prof. R.Cohen
(2007) for discussions, to Prof. Peter Landweber for the help with the
English translation, and to Prof. A.A.Voronov for the invitation to Minnesota
University in (2005).

This paper was started in 1998 at the Postnikov Seminar. This paper is
dedicated to the memory of Prof. Yu.P.Soloviev.

2 Geometric Control of self-intersection
manifolds of skew-framed immersions

In this and the remining sections of the paper by Imm?®/ (n—k, k), ImmP*(n—
2k, 2k), Imm®/? I Ps(n—4k, 4k), etc., we will denote not the cobordism groups
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themselves, but the 2-components of these groups. In case the first argument
(the dimension of the immersed manifold) is strictly positive, all the groups
are finite 2-group.

Let us recall that the dihedral group D, is given by the representation
(in terms of generators and relations) {a,bla® = b* = e, [a,b] = a*}. This
group is a subgroup of the group O(2) of isometries of the plane with the
base { f1, fo} that keeps the pair of lines generated by the vectors of the base.
The element a corresponds to the rotation of the plane through the angle 7.
The element b corresponds to the reflection of the plane with the axis given
by the vector f; + fs.

Let I,(Z/2®7Z/2) =1, C D4 be the subgroup generated by the elements
{a?,b}. This is an elementary 2-group of rank 2 with two generators. These
are the transformations of the plane that preserve each line [y, [, generated
by the vectors f; + fo, fi — fo correspondingly. The cohomology group
H'Y(K(T,,1);Z/2) is the elementary 2-group with two generators. The first
(second) generator of this group detects the reflection of the line Iy (of the line
[1) correspondingly. The generators of the cohomology group will be denoted
by 7, o correspondingly.

Definition 3

We shall say that a skew-framed immersion (f,Z), f : M™% a5 R" has
self-intersection of type I, if the double-points manifold N"~2* of f is a D4-
framed manifold that admits a reduction of the structure group Dy of the
normal bundle to the subgroup I, C Dy.

Let us formulate the following conjecture.

Conjecture

For an arbitrary ¢ > 0, ¢ = 2(mod4), there exists a positive integer Iy =
lo(q), such that for an arbitrary n = 2! — 2, [ > [y an arbitrary element
a € Imm*/ (3"73”1, “71) is stably regular cobordant to a stably skew-framed
immersion with Ij-type of self-intersection (for the definition of stable framing

see [E2], of stable skew-framing see [A1]).

Let us formulate and prove a weaker result toward the Conjecture. We
start with the following definition.



Let w: Z/2 [ Dy — Z/2 be the epimorphism defined as the composition
Z]2 [Dy C Z)2 [¥4 — ¥4 — Z/2, where ¥y — Z/2 is the parity of a
permutation. Let o' : Imm®/2/Ps(n — 4k, 4k) — ImmBe(n — 4k, 4k) be
the transfer homomorphism with respect to the kernel of the epimorphism
w.

Let P be a polyhedron with dim(P) < 2k—1, @) C P be a subpolyhedron
with dim(Q) = dim(P) —1, and let P C R" be an embedding. Let us denote
by Up the regular neighborhood of P C R" of the radius rp and by Ug, the
regular neighborhood of ) C R" of the radius g, 7g > rp. Let us denote
Uqg = UpNUj.

The boundary 0Up of the neighborhood Up is a codimension one
submanifold in R™. This manifold OUp is a union of the two manifolds with
boundaries Vg Uy Vp, Vg = Ug N OUp, Vp = 0Up \ Uy along the common
boundary 0V = dVp.

Let us assume that the two cohomology classes 71 € HY(Q;Z/2),
T2 € HY(Q;Z/2) are given. The projection Ug — @ of the neighborhood
on the central submanifold determines the cohomology classes 7,1, 7v,2 €
H'(Ug;Z/2) as the inverse images of the classes 71, 7g 2 correspondingly.

Let (¢9,Z2n,m), dim(N) = n — 2k be a Dy—framed generic immersion,
n—4k > 0, and g(N"2*) N dUp be an immersed submanifold in Uy C dUp.
Let us denote g(N™=2%)\ (¢(N"~2%)N (Up)) by N';?*, and the complement

wnt

N7=2k\ N2k by N"26 - The manifolds N™;%* N'?* are submanifolds
in N"=2k of codimension 0 with the common boundary, this boundary is
denoted by Ng_%_l. The self-intersection manifold of ¢ is denoted by L"#*.
By the dimensional reason (n — 4k = ¢ << n) L"* is a submanifold in R",
parameterized by an embedding h, equipped by the Z/2 [ D,-framing of the
normal bundle denoted by (W, (). The triple (h, ¥, () determines an element

in the cobordism group Imm?%/2/P4(n — 4k, 4k).

Definition 4

We say that the D,—framed immersion g is an I,—controlled immersion if the
following conditions hold:

—1. The structure group of the Dj—framing =y restricted to the
submanifold (with boundary) g(N";?*) is reduced to the subgroup I, C Dy
and the cohomology classes Ty, 1,7v,2 € H'(Ug;Z/2) are mapped to the
generators Ty, Ty € Hl(Ng_%_l;Z/Q) of the cohomology of the structure
group of this Iy-framing by the immersion g‘Ng—Qkfl : NS_%_l + d(Ug) C
Ug.

—2. The restriction of the immersion ¢ to the submanifold Ng_%_l C



N"2k is an embedding g|N572k71 : Ng_zk_l C 0Ug, and the decomposition
L4k = etk g gtk ¢ (Up UR™ \ Up) of the self-intersection manifold

int ext
of g into two (probably, non-connected) Z/2 [ Dy-framed components is
well-defined. The manifold L",* is a submanifold in Up and the triple

wnt

(L% Wiy, Gine) represents an element in Imm/ €™ (n — 4k, 4k) in the image

of the homomorphism w' : Imm?/2/Pi(n — 4k, 4k) — ImmBe(n — 4k, 4k).

Definition 5

Let (f,Zy,k) € Imm*(n — k,k) be an arbitrary element, where f :
M™% 95 R" is an immersion of codimension k with the characteristic class
k € HY (M™%, 7Z/2) of the skew-framing Z,,. We say that the pair (M"* k)
admits a retraction of order g, if the mapping x : M™% — RP is represented
by the composition Kk = [ o & : M™% — RP"*=4=1 — RP>. The element
[(f, =M, )] admits a retraction of order ¢, if in the cobordism class of this
skew-framed immersion there exists a triple (M™% Z,., k') that admits a
retraction of order q.

Theorem 1

Let ¢ = ¢(I) be a positive integer, ¢ = 2(mod4). Let us assume that an

element o € Imm®f (2452, 229 admits a retraction of the order ¢ and 3n —
12k — 4 > 0. Then the element §(a) € ImmP*(n — 2k,2k), k = 3¢, is

1
represented by a Dy-framed immersion [(g, Ux,n)] with I,-control.

3 Proof of Theorem 1

Let us denote n —k —q—1 =3k — 1 by s. Let d : RP® — R" be a generic
mapping. We denote the self-intersection points of d (in the target space) by
A(d) and the singular points of d by X(d).

Let us recall a classification of singular points of generic mappings RP* —
R™ in the case 4s < 3n, for details see [Sz|. In this range generic mappings
have no quadruple points. The singular values (in the target space) are of
the following two types:

— a closed manifold X110



— a singular manifold X%° (with singularities of the type 31:19),

The multiple points are of the multiplicities 2 and 3. The set of triple
points form a manifold with boundary and with corners on the boundary.
These "corner" singular points on the boundary of the triple points manifold
coincide with the manifold X519, The regular part of boundary of triple
points is a submanifold in X0,

The double self-intersection points form a singular submanifold in R"
with the boundary $1°. This submanifold is not generic. After an arbitrary
small alteration the double points manifold becomes a submanifold in R"
with boundary and with corners on the boundary of the type X140,

Let Uy, be a small regular neighborhood of the radius €; of the singular
submanifold X190, Let Ux be a small regular neighborhood of the same radius
of the submanifold A(d) (this submanifold is immersed with singularities on
the boundary). The inclusion Uy C Uy is well-defined.

Let us consider a regular submanifold in A obtained by excising a
small regular neighborhood of the boundary. This immersed manifold with
boundary will be denoted by A". The (immersed) boundary A" will
be denoted by >"9. We will consider the pair of regular neighborhoods
Us? C U9 of the pair ¥ C A" of the radius ey, g9 << e1.
Because 2dim(A"™9) < n, after a small perturbation the manifold A" is
a submanifold in U\™.

Let (fo,Z0, k), fo: M * @ R n—k = 3”:‘1 be a skew-framed immersion
in the cobordism class a. We will construct an immersion f : M™% 9= R™ in
the regular homotopy class of fy by the following construction.

Let kg : M™* — RP*® be a retraction of order ¢. Let f : M 9 R"
be an immersion in the regular homotopy class of f; under the condition
dist(d o ko, fo) < e3. The caliber 3 of the approximation is given by the
following inequality: €3 << e5.

Let g, : N"? 95 R" be the immersion, parameterizing the double points
of f. The immersion g; is not generic. After a small perturbation of the
immersion ¢; with the caliber e3 we obtain a generic immersion g, : N" 2% 9
R".

The immersed submanifold go(N™""2*) is divided into two submanifolds
G2 (N72F) | go(N2) with the common boundary go(ON";?*) = go(ON;%*)

ext wnt ext

denoted by gg(Ng_Qk_l). The manifold go(N”;?*) is defined as the

int

intersection of the immersed submanifold go(N"~2?*) with the neighborhood
U, The manifold go(N?,**) is defined as the intersection of the immersed
submanifold go(N""?*) with the complement R™ \ (U3™¥). We will assume
that g is regular along OUL™. Then g2(Ng_2k) is an immersed submanifold

in U ™. By construction the structure group Dy of the normal bundle of the



immersed manifold g,(N™;%) admits a reduction to the subgroup I, C Dy.

Let us denote by L™ ** the self-intersection manifold of the immersion
g2. This manifold is embedded into R™ by h : L% C R™. The normal
bundle of this embedding h is equipped with a Z/2 [ D,-framing denoted
by U, and the characteristic class of this framing is denoted by (. By the
analogous construction the manifold L"~** is decomposed as the union of the
two manifolds over a common boundary, denoted by A: L'~ = L=

L7 * . The manifold (with boundary) L7 * is embedded by h into Ux?, the
manifold L",** (with the same boundary) is embedded in the complement
R™\ U,?. The common boundary A is embedded into OUL,™.

The manifold L"* is a Z/2 [ Dy-framed submanifold in R". Let
us describe the reduction of the structure group of this manifold to
a corresponding subgroup in Z/2 [ Dy. We will describe the subgroups
L, ;(Z/2®Dy) CZ/2 [ Dy, j = z,y, 2. We will describe the transformations
of R* in the standard base (fi, f2, f3, f1) determined by generators of the
groups.

Let us consider the subgroup I,,. The generator ¢, (a generator will
be equipped with the index corresponding to the subgroup) defines the
transformation of the space by the following formula: ¢, (f1) = f3, c.(f3) = fi,
Cz(f2) = f47 Cz(f4) = f2-

For the generator a, (of the order 4) the transformation is the following:
az(f1) = fo, ax(fo) = —f1, ax(fs) = f1, az(fs) = —f3. The generator b, (of
order 2) defines the transformation of the space by the following formula:
bo(f1) = fa, bu(f2) = f1, b(f3) = fa, ba(fs) = f3. From this formula the
subgroup D, C Dy & Z/2 is represented by transformations that preserve
the subspaces (fi1, f2), (f3, fa). The generator of the cyclic subgroup Z/2 C
D, @ Z/2 permutes these planes.

The subgroups Iy, and I, are conjugated by the automorphism OP :
Z]2 [ Dy — Z/2 [ Dy given in the standard base by the following formula:
fi = fi, fa = fs, fs — fo, fs — fi. Therefore the generator ¢, € I,
is determined by the following transformation: c¢,(f1) = fa, ¢,(f2) = fi,
cy(fs) = fa, ¢y(f1) = f5. The generator a, (of the order 4) is given by
ay(fr) = f3, ay(f3) = —f1, ay(f2) = f, ay(f1) = —fo. The generator b, (of
the order 2) is given by b,(f1) = f3, by(f3) = f1, by(f2) = fu, by(fa) = fa.

Let us describe the subgroup I .. In this case the generator c, defines
the transformation of the space by the following formula: c,(f;) = —f;, i =
1,2,3,4.

For the generator a, (of order 4) the transformation is the following:
a.(f1) = fa, a:(f2) = f3, a.(fs) = fa, a.(fs) = fi. The generator b, (of the
order 2) defines the transformation of the space by the following formula:

b.(f1) = fa, b:(f2) = f1, b(f3) = fa, b.(fa) = f5.
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Obviously, the restriction of the epimorphism w : Z/2 [ Dy — Z/2 to
the subgroups I,,I,, C Z/QfD4 is trivial and the restriction of this
homomorphism to the subgroup I . is non-trivial.

The subgroup Iy C I, is defined as the subgroup with the generators
Czyby,a. This is an index 2 subgroup isomorphic to the group Z/23.
The image of this subgroup in Z/2 [ Dy coincides with the intersection of

arbitrary pair of subgroups Iy ;, I, I .. The subgroup I3 C I, is generated

by ¢y, by, az. Moreover, one has ¢, = b;, b, = c,, az = a?. It is easy to check
that the following relations hold: ¢, = a2, a? = ¢, = by, b, = b, = ¢,.

Therefore Ker(wly, ) coincides with the subgroup Iy C I .

The subgroups I ., I, I ., I3 in Z/2fD4 are well-defined. There is a
natural projection m, : I3 — I,.

We will also consider the subgroup I, C Z/2fD4 from geometrical
considerations. This subgroup is a quadratic extension of the subgroup I,
such that I, = Kerwly,,, C Io,|. An algebraic definition of this group will
not be required.

In the following lemma we will describe the structure group of the framing
of the triad (L7;* Uy L"**). The framings of the spaces of the triad will be

int ext

denoted by (‘Ilf Ug UW st Gint Uca UCe:ct)-

Lemma 1

There exists a generic regular deformation g; — g» of the caliber 33 such that

the immersed manifold go(N”;,?*) admits a reduction of the structure group

of the Dy-framing to the subgroup I, C D4. The manifold L% is divided

int
into the disjoint union of the two manifolds (with boundaries) denoted by
(Ln_4k Azl)a (Ln_4k Ay)

int,z]” mnt,y

1. The structure group of the framing (W .), Vs, ) for the submanifold
(with boundary) (L'-* A,|) is reduced to the subgroups (I, ,I5.). (In

int,x]’

particular, the 2-sheeted cover over L?n_tffl, classified by w (denoted by

Tn—4k n—4k \ : : s
Liviz — Lin ) is, generally speaking, a non-trivial cover.)

2. The structure group of the framing (V;,:,, ¥a) for the submanifold
(with boundary) (LI;* A,) is reduced to the subgroup (Iy,,I3). (In

int,y

particular, the 2-sheeted cover I:?n_tfyk — L?n_tfyk classified by w, is the trivial
cover.) Moreover, the double covering I:;L_‘““ over the component LZIM is
naturally diffeomorphic to Z?Z“”“ and this diffeomorphism agrees with the
restriction of the automorphism OP : Z/2 [ Dy — Z/2 [ D4 on the subgroup
I, ., OP(1y,) =15,.

3. The structure group of the framing (V.. Cerr) for the submanifold
(with boundary) h(L"* A"=%%) c (R™\ U)?,0(Ux?)) is reduced to the

ext
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subgroup I .. (In particular, the 2-sheeted cover L=k [k classified
by w, is, generally speaking, a nontrivial cover.)

Proof of Lemma 1

Components of the self-intersection manifold g; (N"~2%) \ (g(N"~%) N Us)
(this manifold is formed by double points z € g, (N"~%), x ¢ Us, with inverse
images 71, 7o € M" %) are classified by the following two types.

Type 1. The points x(Z1), k(Z2) in RP?® are eo-close.

Type 2. The distances between the points k(Z1), k(Z2) in RP® are greater
then the caliber €5 of the regular approximation. Points of this type belong
to the regular neighborhood Ua (of the radius &y).

Let us classify components of the triple self-intersection manifold Az(f)
of the immersion f. The a priori classification of components is the following.

A point x € A3(f) has inverse images Z;, To, T3 in M"F.

Type 1. The images k(Z1), k(Z2), k(ZT3) are eo-close in RP?.

Type 2. The images (1), k(Z2) are es-close in RP® and the distance
between the images x(Z3) and k(Z;) (or x(Zs)) are greater than the caliber
g9 of the approximation.

Type 3. The pairwise distances between the points k(Z1), k(Za), k(Z3)
greater than the caliber 5 of the approximation.

By a general position argument the component of the type 3 does not
intersect d(RP®). Therefore the immersion f can be deformed by a small
eo-small regular homotopy inside the e3-regular neighborhood of the regular
part of d(RP?) such that after this regular homotopy As(f) is contained in
the complement of U,*. The codimension of the submanifold Ay(d) C RP*
is equal to n — 3k +1 = ¢+ k+ 1 and greater then dim(A3(f)) = n—3k. By
analogical arguments the component of triple points of the type 1 is outside
U9,

Let us classify components of the quadruple self-intersection manifold
Ay4(f) of the immersion f. A point x € A4(f) has inverse images Z1, T, T3, T4
in M™% The a priori classification is the following.

Type 1. The images (1), k(Z2) are es-close in RP® and the pairwise
distances between the images k(1) (or k(Z2)), k(Z3) and k(Z,)) are greater
than the caliber €5 of the approximation.

Type 2. The two pairs (k(Z1), k(Z2)) and (k(Z3), £(Z4)) of the images are
go-close in RP® and the distance between the images x(Z;) (or x(Z2)) and
k(Z3) (or k(Z4)) are greater than the calibre €5 of the approximation. (The

11



described component is the complement of the regular €5 neighborhood of
the triple points manifold of d(RP*).)

Type 3. Images r(Z1), £(Z2) and k(Z3) on RP* are pairwise eo-close in RP*
and the distance between the images k(%) (or k(Z2), or k(Z3)) and k(Z4) is
greater than the caliber 5 of the approximation.

Type 4. All the images r(Z1), k(Z2), k(Z3) and k(Z4) are pairwise e,5-close
in RP*.

Let us prove that there exists a generic f such that the components of
the type 1 and the type 3 are empty. For the component of the type 3 the
proof is analogous to the proof for the component of the type 1.

Let us prove that there exists a generic deformation g; — ¢o with the
caliber 3¢5 such that after this deformation in the neighborhood U, there
are no self-intersection points of g, obtained by a generic resolution of triple
points of f of the types 1 and 2. Let us start with the proof for triple points
of the type 1.

For a generic small alteration of the immersion ¢, inside U, the points of
the type 1 of the triple points manifold Az(f) are perturbed into a component
of the self-intersection points on L™, This component is classified by the
following two subtypes:

— Subtype a. Preimages of a point are (Zz, Z1), (Zg, Z}).

—Subtype b. Preimages of a point are (71, }), (Z1, Z2).

In the formula above the points with the common indeces have £3-close
projections on the corresponding sheet of d(RP®). The two points in a pair
form a point on N"~2* and a couple of pairs forms a point on the component
of Ln—4k,

Let us prove that there exists a 2e3-small regular deformation g, — go,
such that the component of h(L"*) N UL of the subtype a is empty. Let
K*7* be the intersection manifold of f(M"~*) with d(RP?) (this manifold is
immersed into the regular part in RP®). By a general position argument,
because 2s < n — 2k, a generic perturbation r — 7’ of the immersion
r: K% a5 RP®* — R" is an embedding. Therefore there exists a 2e,-small
deformation of immersed manifold r(K*7*) — r/(K*~*) in R, such that the
regular eo-neighborhood of the submanifold 7/( K**) has no self-intersection.
The deformation of the immersed manifolds r(K*~) — r/(K*7*) is extended
to the deformation of ¢;(N""2¥) in the regular neighborhoods of the
constructed one-parameter family of immersed manifolds. After the described
regular deformation the immersed manifold g,(N"~2*) has no self-intersection
components of the subtype a. The case of the self-intersection of the subtype
b is analogous.

Let us describe a generic deformation g; — ¢» with the support in Ux™
that resolves self-intersection corresponding to quadruple points of f of the
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type 2. This deformation could be arbitrarily small. After this deformation
the component A4(f) of the type 2 is resolved into two components of L4
of different subtypes. These two components will be denoted by L4, LZ_A‘k.

The immersed submanifold go(N"2%) N U,¥ is divided into two
components. The first component is formed by pairs of points (z,z’') with
the 3es-close images (k(Z),x(Z’) on RP®. This component is denoted by
g2(NJ~?F). The last component, of go(N"~2*) NUR™ is denoted by go(N] ).
This component is formed by pairs of points (z,z’) with the projections
(k(Z), k(")) on different sheets of RP*.

The component LZI‘”“’ is defined by pairs (71, Z}), (Z2, 7). The component
Ly~ is defined by pairs (Z1, Z2), (7}, 75). A common index of points in the
pair means that the images of the points are e3-close on RP®. Each pair
determines a point on N"~2* with the same image of g,. It is easy to see that
the component L;Ll_‘““ is the self-intersection of g(N"~2?*) and the component
L7~ is the self-intersection of go(N]'~2F).

It is easy to see that the structure groups of the components agree with
the corresponding subgroup described in the lemma. The component LZI‘”“’
admits a reduction of the structure group to the subgroup I, C Z/2 f D,.
The component LZ_‘”f admits a reduction of the structure group to the
subgroup I,,. Moreover, it is easy to see that the covering f/;Ll_4k over
Lm=* induced by the epimorphism w : Z/2 [ D, — 7Z/2 with the kernel
I, C Z/2 [ Dy is naturally diffeomorphic to Lp~**. Also it is easy to see
that this diffeomorphism agrees with the transformation O P of the structure
groups of the framing over the components.

The last component of L™ * is immersed in the ey-neighborhood of
d(RP?) outside of U, and will be denoted by L"~**. The structure group of
the framing of this component is I, ,. Lemma 1 is proved.

The last part of the proof of the Theorem 1

Let us construct a pair of polyhedra (P',Q’) C R", dim(P') = 2s —n =
n—2k—q—2, dim(Q") = dim(P") — 1. Obviously, dim(P") < 2k — 1.
Take a generic mapping d’' : RP®* — R™. Let us consider the submanifold
with boundary (A", 0A") C R™ (see the denotation in Lemma 1). Let
Names + (A9 9A"9) — (K (Dy, 1), K(I;,1)) be the classifying mapping for
the double point self-intersection manifold of d.

By a standard argument we may modify the mapping d into d’ such that
the mapping nares is a homotopy equivalence of pairs up to the dimension
q + 1. After this modification d' — d we define (P, Q) = (A™9, 0A™9) C R"
and the mapping nares is a (¢ + 1)-homotopy equivalence.
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The subpolyhedron ) is equipped with two cohomology classes
koa, ko2 € H'(Q;Z/2). Because ¥ is a submanifold in RP*, the restriction
of the characteristic class k € H'(RP*;Z/2) to H'(X;Z/2) is well-defined.
The inclusion ig : @@ C Uy determines the cohomology class (ig)*(k) €
H'(Q;7Z/2). The cohomology class kg ; is defined as the characteristic class
of the canonical double points covering over X. The class k¢ is defined by
the formula kg o = (ig)*(k) + kg1

The immersed manifold (with boundary) (N""?* NUs) & Us, is equipped
with an I,-framing. Obviously the classes kg1,kg2 € HYUs;Z/2) =
HY(Q;7/2) restricted to H(ga(N™;?*);Z/2) ( recall that go(N";*) =
g2(N™28) N (R™ \ Up)) agree with the two generated cohomology classes
p1, p2 of the I-framing correspondingly.

Let us define the immersion g : N2 65 R" with Ij-control over (P, Q).
Let us start with the immersion g, : N"2¥ 95 R™ constructed in the lemma.
By a 2e5-small generic regular deformation we may deform the immersion g,
into gs, such that this deformation pushes the component g,(N"~2*) out of
U Therefore the component L7 * C L™ of the self-intersection of g, is
also deformed out of Ux™.

The immersed manifold (with boundary) gz(N"~2¢) N (R" \ ULY) is
equipped with an I,-framing of the normal bundle. Obviously, the classes
ko1,kge € HY(Us;Z/2) = HYQ;Z/2), restricted to H'(go(N"2) N
Una;Z/2), agree with the two generated cohomological classes of the I,-
framing. The immersed manifold g3(N"~?*) N U™ coincides with go(N;~2*)
and has the general structure group of the framing. This immersed manifold
has the self-intersection manifold (with boundary) h(L"~*) N UL with the
reduction of the structure group to the pair of the subgroups (I, Is).

Let us prove that the immersed manifold (with boundary) h(L" %) N
UN? is Z/2 [ Dy-framed cobordant (relative to the boundary) to a Z/2 [ Dy-
framed manifold decomposed into the disjoint union of a closed Z/2 [ Dy-
framed manifold that is the image of the transfer homomorphism w' and a
relative Is-framed manifold.

Take a 7/2 [ D,-framed manifold (L"~* W () that is defined as
the image of Z/2 [ Ds-framed manifold (L%, ¥, () by the transfer
homomorphism (a double covering) with respect to the cohomology class
w € HY(Z/2 [ D4; Z/2). Recall that the manifold L"~** is obtained by gluing
the manifold L7~ U EZ“““ with the manifold L?~* along the common

boundary A"4~! Note that the group of the framing of the last manifold
Ar=*=1is the subgroup I3 C Z/2 [ D,.

Let OPa be the Z/2 [ Dy~framed immersion obtained from an arbitrary
Z/2 [ Dy-framed immersion a by changing the structure group of the framing
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by the transformation OP. The Z/2 [ Dy-framed manifold (with boundary)
(Ly=*% W, (,) coincides with the two disjoint copies of Z/2 [ Dy-framed
manifold (with boundary) OP(Z?Z“”“, T, ().

Let us put ap = —OP(i”_M,@,é). Let us define the sequence of
Z/2 [ Dy-framed immersions oy = —20Pay, a3 = —20Pay, ..., aj =
—QOPOéj_l.

Obviously, the D/4 [ Z/2-framed immersion ay + as = o + 20Pa;? is
represented by 3 copies of the manifold L% _ The second and the third
copies are obtained from the first copy by the mirror image and the changing
of structure group of the framing. The manifold —OP[L" %] U 2[L" %]
contains, in particular, a copy of —OP[L"~*] inside the first component and
the union [L?~#*UL"~*] of the mirror two copies of —O P[L?~#] in the second
and the third component. Therefore the manifold —OP[L"*] U 2[L" %]
is Z/2 [ Dy-framed cobordant to a Z/2 [ Dy-framed manifold, obtained by
gluing the union of a copy of —OP[L"*] and 4 copies of EZ“““ by a Is-
framing manifold along the boundary. This cobordism is relative with respect
to the submanifold —OP[L?~*] U 2[L?~*] ¢ —OP[L**]| U 2L"*,

By an analogous argument it is easy to prove that the element R =

;021 «; is Z/2 [ Dy-framed cobordant to the manifold obtained by gluing
the union —OP[L**] U 27(—OP)j_1[EZ_4k] by an Is-manifold along the
boundary. Moreover, this cobordism is relative with respect to all copies of
L% (with various orientations). If jy is great enough, the manifold (with Is-
framed boundary) 2/(—OP)®~![Lr=%] is cobordant relative to the boundary
to an Is-framed manifold.

Therefore the manifold Ly~*" is Z/2 [ Dy-framed cobordant relative to
the boundary to the union of an I3-framed manifold with the same boundary
and a closed manifold that is the double cover with respect to w over a
Z/2 [ Dy-framed manifold. This cobordism is realized as a cobordism of the
self-intersection of a Dy-framed immersion with support inside U)™. This
cobordism joins the immersion g3 with a Dy—~framed immersion g4. After an
additional deformation of g4 inside a larger neighborhood of A9 the relative
I;-submanifold of the self-intersection manifold of g, is deformed outside of
Uy9. The Dy-framed immersion obtained as the result of this cobordism
admits an Iy-control. The Theorem 1 is proved.
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4  An I;-structure (a cyclic structure) of a Dy-
framed immersion

Let us describe the subgroup I, C Z/2 [ D,. This subgroup is isomorphic
to the group Z/2 & Z/4. Let us recall that the group Z/2 [ Dy is the
transformation group of R* that permutes the 4-tuple of the coordinate
lines and two planes (f1, f2), (fs, f1) spanned by the vectors of the standard
base (f1, fa, f3, f4) (the planes can remin fixed or be permuted by a
transformation).

Let us denote the generators of Z/2 @ Z/4 by 1, r correspondingly. Let
us describe the transformations of R* given by each generator. Consider a
new base (e, es,€3,€4), given by e; = f1 + fao, ea = f1 — fo, e3 = f3 + fi,
es = f3 — f4. The generator r of order 4 is represented by the rotation in the
plane (e, e4) through the angle 7 and the reflection in the plane (ey, e3) with
respect to the line e; 4+ e3. The generator [ of order 2 is represented by the
central symmetry in the plane (eq, e3).

Obviously, the described representation of Iy admits invariant (1,1,2)-
dimensional subspaces. We will denote subspaces by A1, Ao, 7.

The lines A, Ay are generated by the vectors e; + e3, e; — e3
correspondingly. The subspace 7 is generated by the vectors es, es. The
generator r acts by the reflection in Ay and by the rotation in 7 throught
the angle 7. The generator [ acts by reflections in the subspaces A1, As.

In particular, if the structure group Z/2 [ D, of a 4-dimensional bundle
¢ : E({) — L admits a reduction to the subgroup I, then the bundle
is decomposed into the direct sum ¢ = Ay & Ay @ 7 of 1,1, 2—dimensional
subbundles.

Definition 6

Let (g : N"2* o5 R" Zy,7n) be an arbitrary Dy-framed immersion. We
shall say that this immersion is an Iy-immersion (or a cyclic immersion), if
the structure group Z/2 [ Dy of the normal bundle over the double points
manifold L"~* of this immersion admits a reduction to the subgroup I, C
Z/2 [ Dy. In this definition we assume that the pairs (fi, f2), (fs, fa) are the
vectors of the framing for the two sheets of the self-intersection manifold at
a point in the double point manifold L"~4*.

In particular, for a cyclic Z/2 [ Dy-framed immersion there exists the
mappings k, : L"%* — K(Z/2,1), pa : L"* — K(Z/4,1) such that
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the characteristic mapping ¢ : L"™** — K(Z/2 [D/4,1) of the Z/2 [ Dy-
framing of the normal bundle over L" %" is reduced to a mapping with the
target K (I, 1) such that the following equation holds:

¢ =i(Kq © Ha),
where i : Z/2 ® Z/4 — 14 is the prescribed isomorphism.
The following Proposition is proved by a straightforward calculation.
Proposition 2

Let (g, VUn,n) be a Dy—framed immersion, that is a cyclic immersion. Then
the Kervaire invariant, appearing as the top line of the diagram (7), can be
calculated by following formula:

n—4k n—4k—2

Ou =< ra® (1) F 7 1i(p): L] >, (®)

where 7 € H*(Z/4;7/2), p € H'(Z/4;7/2) are the generators.

Proof of Proposition 2

Let us consider the subgroup of index 2, I, C I,. This subgroup is the
kernel of the epimorphism Y’ : I — Z/2, that is the restriction of the
characteristic class x : Z/2 [ Dy — Z/2 of the canonical double cover L — L
to the subgroup I, C Z/2 [ Dy4. Obviously, the characteristic number (8) is
calculated by the formula

n—4k n—4k _

@a =< /%a 2 ﬁa 2 ,L >, (9)

where the characteristic class &, € H'(L;Z/2) is induced from the class x, €
HY(L;Z/2) by the canonical cover L — L, and the class p, € H'(L;Z/2) is
obtained by the transfer of the class p € H'(L;Z/4).

Note that k, = 7, po = 72, where 71, 75 are the two generating I,—
characteristic classes. Therefore %,p, = 7172 = wy(n), where 7 is the two-
dimensional bundle that determines the D,~framing (over the submanifold
Ln=% < Nm=% this framing admits a reduction to an I,-framing) of the
normal bundle for the immersion g of N*~2* into R".

Therefore the characteristic number, given by the formula (8) in the case
when the Z/2 [ D, framing over L"~** is reduced to an I4-framing, coincides
with the characteristic number, given by the formula (9). Proposition 2 is
proved.
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Definition 7

We shall say that a Dy-framed immersion (g, =y, 7) admits a I;—structure
(a cyclic structure), if for the double points manifold L"~%* of g there exist
mappings r, : L' — K(Z/2,1), o : L"* — K(Z/4,1) such that the
characteristic number (8) coincides with Kervaire invariant, see Definition 2.

Theorem 2

Let (g,¥,n) be a Dy-framed immersion, g : N2 45 R", that represents a
regular cobordism class in the image of the homomorphism 6 : Imm*/(n —
k, k) — ImmPt(n —2k,2k), n — 4k = 62, n = 2! — 2, [ > 13, and assume the
conditions of the Theorem 1 hold, i.e. the residue class §~1(Imm*/(n — k, k)
(this class is defined modulo odd torsion) contains a skew-framed immersion
that admits a retraction of order 62.

Then in the Dy-framed cobordism class [(g,¥,n)] = 0[(f,Z, k)] €
ImmP4(n — 2k, 2k) there exists a Dy-framed immersion that admits an I,—
structure (a cyclic structure).

5 Proof of Theorem 2

Let us formulate the Geometrical Control Principle for I,—controlled
immersions.

Let wus take an Iy—controlled immersion (see Definition 4)
(9, 28,13 (P, Q), kg1, Kg2), where g : N & R" is a Dy-framed immersion,
equipped with a control mapping over a polyhedron ip : P C R",
dim(P) = 2k —1; Q@ C P dim(Q) = dim(P) — 1. The characteristic
classes kg, € H'(Q;Z/2), i = 1,2 coincide with characteristic classes
KiNg € Ng_zk_l by means of the mapping ON/ % = Ng_% — (), where
N2 Nn=2k NI2F = =2 (Up), Up C R™
Proposition 3. Geometrical Control Principle for I,—controlled
immersions

Let jp : P C R"™ be an arbitrary embedding; such an embedding is unique
up to isotopy by a dimensional reason, because 2dim(P) + 1 =4k — 1 < n.
Let g; : N" 2 — R” be an arbitrary mapping, such that the restriction
giln,, - (Ngfk,]\fg_%_l) % (Up,0Up) is an immersion (the restriction
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g|Nn ax—1 18 an embedding) that corresponds to the immersion g‘N_n;Qk :
(N” 2k NG~ =1y q» (Up,dUp) by means of the standard diffeomorphism

nt
of the regular neighborhoods U;, = Uj,, of subpolyhedra i(P) and j(P). (For
a dimension reason there is a standard diffeomorphism of U;, and Uj;, up to
an isotopy.)

Then for an arbitrary ¢ > 0 there exists an immersion g. : N2 95 R”
such that distco(g1,g9.) < € and such that g. is regular homotopy to an

immersion g and the restrictions g.|yn-2r and gi|yn-2= coincide.
int int

We start the proof of Theorem 2 with the following construction. Let
us consider the manifold Z = S2764 /i x RP2%64, This manifold is the direct
product of the standard lens space (mod4) and the pro jective space. The cover
pz « Z — Z over this manifold with the covering space Z = RP2+64 x RP3+64
is well-defined.

Let us consider in the manifold Z a family of submanifolds X;, ¢ =

0,..., ”622 of the codimension "—+2 deﬁned by the formulas X, = S%+64/2' X
RPGS Xl _ 524—32/7[ % RP% _ S——32] 2) 1/7; % RP32(j+2 —

Xn+2 S%3 /i x RP3764, The embeddlng Of the corresponding manlfold in Z
is defined by the Cartesian product of the two standard embeddings.

The union of the submanifolds {X;} is a stratified submanifold (with
singularities) X C Z of the dimension § + 127, the codimension of maximal
singular strata in X is equal to 64. The covering py : X - X, induced
from the covering py : 7 = Z by the inclusion X C Z, is well-defined.
The covering space X is a stratified manifold (with singularities) and
decomposes into the union of the submanifolds X, = RPz+64xRP% .. X, =
RP232(-2) x RP320+2)-1 X%Q = RP% x RP3764, Each manifold X; of
the family is the 2-sheeted coverir(ig space over the manifold X; over the first
coordinate. Let us define di(j) = 5§ — 32(j — 2), da(j) = 32(j +2) — 1. Then
the formula for X; is the following: X; = RP% ) x RP420),

The cohomology classes px; € HY(X;Z/4), kxa € HYX;Z/2)
are well-defined. These classes are induced from the generators of the
groups H'(Z;Z/4), H'(Z;Z/2). Analogously, the cohomology classes g ; €
HY(X;7Z/4), i = 1,2 are well-defined. The cohomology class Kx., is induced
from the class px; € H'(X;Z/4) my means of the transfer homomorphim,
and r g, = (px)*(Kx2)-

Let us define for an arbitrary 7 = 0,..., (”6+2) the space J; and the
mapping ¢; : X; — J;. We denote by Y;(k) the space S3'/i* - % S3 /i of

the join of k copies, k = 1,..., (%2 4 1), of the standard lens space 53 /i.
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Let us denote by Ya(k), k = 2,..., (%2 +2), Yo(k) = RP3! % ... « RP3! the
joins of the k copies of the standard projective space RP3!. Let us define
Ji=Y(22 - j4+2)) x Ya(j +2) Q = Y1 (%2 +2) x Yy(%2 +2). For a given
J the natural inclusions J; C @) are well-defined. Let us denote the union of
the considered inclusions by J.

The mapping ¢; : X; — J; is well-defined as the Cartesian product of
the two following mappings. On the first coordinate the mapping is defined
as the composition of the standard 2-sheeted covering RP40) — §3-64G-1) /5
and the natural projection S™U) /i — Yi(di(j)). On the second coordinate
the mapping is defined by the natural projection RP%U) — Yy(5 + 1).

The family of mappings ¢; determines the mapping ¢ : X = J , because
the restrictions of any two mappings to the common subspace in the origin
coincide.

For n+2 > 2'3 the space J embeddable into the Euclidean n-space by an
embedding iy : J C R"™. Each space Y;(k), Yo(k) in the family is embeddable
into the Euclidean (25k — 1 — k)-space. Therefore for an arbitrary j the space
J; is embaddable into the Euclidean space of dimension n + 126 — ”6—*;12. In
particular, if n + 2 > 2!3 the space J; is embeddable into R™. The image
of an arbitrary intersection of the two embeddings in the family belongs to
the standard coordinate subspace. Therefore the required embedding i is
defined by the gluing of embeddings in the family.

Let us describe the mapping h: X — R By ¢ we denote the radius of
a (stratified) regular neighborhood of the subpolyhedron i;(J) C R". Let us
consider a small positive £1, 1 << ¢, (this constant will be defined below in
the proof of Lemma 4) and let us consider a generic PL ;-deformation of
the mapping iy 0 ¢ : X — J C R". The result of the deformation is denoted
by h:X — R

Let us define the positive integer k from the equation n —4k = 62. In the
prescribed regular homotopy class of an Ij-controlled immersion f : N"~2% q-
R" we will construct another I,—controlled immersion g : N"~%* 95 R™ that
admits a I,—structure.

Let the immersion f be controlled over the embedded subpolyhedron
Yp : P C R" Let 9g : Q — X be a generic mapping such that KQi =
Yq o kg, @ = 1,2, By the previous definition the manifolds N[,ﬁ;%, N1+
with the common boundary Ng~27! N7k = Nj-2 U251 NI2F are
well-defined.

Let n : N'%* — K(I,,1) C K(D4,1) be the characteristic mapping

ext

of the framing Zy, restricted to N”,?* C N"2¢. The restriction of this

mapping to the boundary ON",?* = Ng_zk_l is given by the composition
8N5_2k_1 — @ — K(I;,1) € K(Dy,1). The target space for the mapping
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n is the subspace K(I,1) C K(Dy,1). This mapping is determined by the
cohomology classes K-k € HY(N™M?* Q:7/2), s =1,2.

ext

Let us define the mapping \ : N,** — X by the following conditions.

ext
This mapping transforms the cohomology classes k¢, into the classes

ki € HY(N";?*:7,/2) and also the restriction )\|N(75—2k—1 coincides with the

ext

composition of the projection Ng_%_l —  and the mapping 9o : Q — X.
The boundary conditions for the mapping g are kg = g o ky,;, i = 1,2,
The submanifold with singularities X C Z contains the skeleton of the space
Z of the dimension 5 + 62. Because n — 2k = § + 31, the mapping A is
well-defined.

Let us denote the composition i o A : NAR X — R" by ¢;. Let
us denote the mapping ho Yo 1 Q — X - Rn by ¢g. One can assume
that the mapping ¢¢ is an embedding. Moreover, without loss of generality
one may assume that this embedding is extended to a generic embedding
pp : P C R" such that the embedded polyhedron ¢p : P C R™ does not
intersect gy (N™;%%).

Let us denote by U,(P) a regular neighborhood of the subpolyhedron
op(P) C R™ (we may assume that the radius of this neighborhood is equal
to €). Up to an isotopy a regular neighborhood U,(P) is well-defined, in
particular, this neighborhood does not depend on the choice of a regular
embedding of P, moreover U,(P) and U(P) are diffeomorphic.

Without loss of generality after an additional small deformation we may

assume that the restriction gi|yn-2x is a regular immersion g; : Nﬁ;zk C
int

R™ with the image inside U,(P). In particular, the restriction of g; to the
boundary N2~ = 9(N};;*") is a regular embedding N>~ c oU(P).
The immersion g; N;,, by means of a

N,,, 18 conjugated to the immersion f
diffeomorphism of U,(P) with U(P).

By Proposition 3, for an arbitrary 5 > 0, 5 << g1 << ¢, there exists an
immersion ¢ : N"~2¥ 95 R™ in the regular homotopy class of f, such that g
coincides with ¢’ (and with g;) on N7?* and, moreover, dist(g,g1) < &5.

Let us consider the self-intersection manifold L"~** of the immersion g.
This manifold is a submanifold in R™. Let us construct the mappings x, :
L% — K(Z)2,1), pg : L"* — K(Z/4,1). Then we check the conditions
(8) and (9).

The manifold L"~* is naturally divided into two components. The first
component L?-* is inside U,,(P). The last component (we will denote
this component again by L" %) consists of the last self-intersection points.
This component is outside the e-neighborhood of the submanifold with

singularities h(X). The mappings kq, 1o over L ** are defined as the trivial
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mappings. Let us define the mappings sq, fto on L7,

Let us consider the mapping ¢ : X — J and the singular set (polyhedron)
Y} of this mapping. This is the subpolyhedron ¥ C {X(Q) =X xX \Ag/T'},
where T" : X(Q) — X®_ is the involution of coordinates in the delated
product X®@ of the space X. The subpolyhedron (it is convenient to view
this polyhedron as a manifold with singularities) ¥ is naturally decomposed
into the union of the subpolyhedra 3(j), 7 =0 nt2 The subpolyhedron
%(j) is the singular set of the mapping p(j) : RPdl(J% x RP%0) — §hl) /5 x
RpPd0() J;. This subpolyhedron consists of the singular points of the
mapping ¢ in the inverse image (¢)~(J;) = RP1U) x RP%U) of the subspace
J; C J.

Let us consider the subspace X" C 3, consisting of points on strata of
length 0 (regular strata) and of length 1 (singular strata of the codimension
32) after the regular g5 —neighborhoods (g5 << ¢;) of the diagonal A%9 and
the antidiagonal A9 of 377¢9 are cut out.

The manifold with singularities > admits a natural compactification
(closure) in the neighborhood of A%%9 and A®dias; the result of the
compactification will be denoted by K.,.

The space RK, called the space of resolution of singularities, equipped
with the natural projection RK — K, is defined by the analogous
construction; see the short English translation of [Al], Lemma 7. The
cohomology classes prr1 € H'(RK;Z/4), krko € H'(RK;Z/2) are
well-defined. The cohomology classes kg1 € H'(RK;Z/2), krxy €
H'(RK;Z/2) are the images of the class kx; € H*(3;7Z/2) with respect to
the inclusion K., C ¥ and the projection RK — K,.4. The class classifies
the transposition of the two non-ordered preimages of a point in the singular
set.

Let us consider the restrictions of the classes kg, ., 1,KRK,1,Kxs,1 tO
neighborhoods of the diagonal and the antidiagonal. The natural projection
Adias X is well-defined. The restrictions of the classes p1 and ks to
neighborhoods of the diagonal coincide with the restrictions of the classes
Px1 € HY(X;Z/4), Kgo € H'(X;7Z/2). (These classes Px 1 Kxo are
extended to neighborhoods of the diagonal).

Let us recall that the mapping A : X — R” is defined as the result

of an e;-small regular deformation of the mapping X - x 2 re

The singular set of the mapping h will be denoted by ;. This is a 128~
dimensional polyhedron, or a manifold with singularities in the codimensions
32,64, 96, 128. Moreover, the inclusion X; C X® is well-defined. The image
of this inclusion is in the regular £;-small neighborhood of the singular
polyhedron ¥ c X®.

22



Let us denote by Y2 the part of the singular set after cutting out the
regular £;—neighborhood of the points in singular strata of length at least 2 (of
the codimension 64) and self-intersection points of all singular strata (these
strata are also of the codimension 64). The boundary 0%; is a submanifold
with singularities in X and therefore. by a general position argument, we
may also assume that the boundary 02269 is a regular submanifold with
singularities in X.

Additionally, by general position arguments, the intersection of the
image Im(A(NZ,?")) inside the singular set ¥; (this is a polyhedron of
the dimension 62) on X are outside (with respect to the caliber €) of the
projection of the singular submanifold with singularities (this singular part
is of the codimension 64) in the complement of the regular submanifold with
singularities 3% C X;. Therefore the image Im(A(N™;?%)) is inside the
regular part ¥:% C X;.

Let us denote by ngd C L% the submanifold (with boundary) given by
the formula L2, = ' Usres. The mappings k,, p, are extendable from
Usres to LS2, C L%. Let us prove that these mappings are extendable to
mappings k, : L% — K(Z/2,1), p, : L% — K(Z/4,1).

The complement of the submanifold L3>, C L% is denoted by Lg? = L%\
L2, The submanifold L§? is a submanifold in the regular e neighborhood
of h(X ) C R™. Obviously, the structure group of the Z/2 [ Dy~framing of
the normal bundle of the manifold (with boundary) L{? is reduced to the
subgroup Iy C Z/2 [ Dy.

Let us consider the mapping of pairs ., X ke : (L3, 0L%,) —
(K(Z]4,1) x K(Z/2,1), K(Z/2,1) x K(Z/2,1)). Let us consider the natural
projection 7, : I3 — I,. The extension of the mapping p, X Kk, to the
required mapping L% — K(Z/4,1) x K(Z/2,1) is given by the composition
LY — K(I3,1) 2% K(I,,1) € K(Z/4,1)x K(Z/2,1), where r; € K (I;Z/2)
determines the inclusion K (I, 1) C K(Z/2,1) C K(Z/4,1).

Let us formulate the results in the following lemma.

Lemma 4

~1. Let n > 23 — 2 and k, n — 4k = 62 satisfy the conditions of Theorem
1 (in particular, an arbitrary element in the group Imm?®/ (n — k, k) admits
a retraction of the order 62. Then for arbitrarily small positive numbers €1,
€9, €1 >> £9 (the numbers €, €5 are the cahbers of the regular deformations
in the construction of the PL—mapping h: X — R" and of the immersion
g : N"=2k o5 R™ correspondingly) there exists the mapping m, = (kg X fta) :
¥, — K(Z/4,1) x K(Z/2,1) under the following condition. The restriction
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Malasres (by 0%, is denoted the part of the singular polyhedron consisting of
points on the diagonal) has the target K(Z/2,1) x K(Z/2,1) C K(Z/4,1) x
K(Z/2,1) and is determined by the cohomological classes kg 1, K5 5.

~2. The mappings kg, i, induces a mapping (pi, X kq) : L% — K(Z/4,1) X
K(Z/2,1) on the self-intersection manifold of the immersion g.

Let us prove that the mapping (u, X k,) constructed in Lemma 4
determines a Z/2 @ Z/4-structure for the D,~framed immersion g. We have
to prove the equation (9).

Let us recall that the component L%, of the self-intersection manifold
of the immersion ¢ is a Z/2 [ Dyframed manifold with trivial Kervaire
invariant: the corresponding element in the group Imm®/2/P4(62,n — 62)
is in the image of the transfer homomorphism. Therefore it is sufficient to

prove the equation
<mi(prt*h); [L¥?] >= O,

or, equivalently, the equation

< (PR3 [L%) >= e, (10)
where L — L is the canonical cover over the self-intersection manifold, Lc
N"-?% is the canonical inclusion.

By Herbert’s theorem (see [Al] for the analogous construction) we may
calculate the right side of the equation by the formula

n—

<177 (wa(Lp)) 2

TN ] > (11)

ext

In this formula by N"_Qk/ ~ is denoted the quotient of the boundary

ext

ON" 2R — Ng_%_l that is contracted onto the polyhedron () with the loss

ext
of the dimension. Note that the mapping ma\Ngfzkfl is obtained by the

composition of the mapping pg : N"2*7! — @ with a loss of dimension
with the mapping @ — K(I,,1), the last mapping is determined by the
cohomology classes x;q € H'(Q;7Z/2), i = 1,2. Therefore, mg,([NZ;**/ ~
) € H,—ox(I;Z/2) is a permanent cycle and the integration over the cycle
[N"-2F / ~] of the inverse image of the universal cohomology class in (11) is
well-defined.

It is convenient to consider the characteristic number ©, as the value
of a homomorphism H,_o,(X;Z/2) — 7Z/2 on the cycle M\, [N";*/ ~] €

H, _2r(X;7Z/2). This homomorphism is the result of the calculation of the
characteristic class wy(I,) € H?(K (I;,1); Z/2) on the prescribed cycle, i.e. on
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the image of the fundamental cycle [N™;% / ~] with respect to the mapping

ext

N/ s X — K(I,,1). The cycle \[N"7%*/ ~] € H,_5(X;Z/2) is the
modulo 2 reduction of an integral homology class. Therefore this cycle is given
by a sum of fundamental classes of the product of the two odd-dimensional
projective spaces, the sum of the dimensions of this spaces being equal to
n — 2k.

Let us consider an arbitrary submanifold S* /i x RP*2 C X, ky + ky =
2431, ki, ko being odd. Let us consider the cover RP* x RP* — S* /i x RP*2

and the composition RP* x RP*2 C X qﬁ R"™ after an e;-small generic
perturbation. Let us denote this mapping by sy, k,-

The self-intersection manifold of the generic mapping sg, , : RP* X
RP*2 — R” is a manifold with boundary denoted by Agi,ﬂ. The mapping

fa X Kq (AR 4y ONP 2R — (K(Z/4,1) x K(Z/2,1), K(Z/2,1) x K(Z/2,1))

is well-defined. The 61-dimensional homology fundamental class [0A] is

integral, therefore the image of this fundamental class (pq X £q)«([OA}: ,,]) €

He1(K(Z/4,1) x K(Z/2,1);7Z/2) is trivial for a dimensional reason.
Therefore the homology class

(Ma X K'a)*([Agikg’ aA%?,kQ]) €
is well-defined. Let us consider the (permanent) homology class
(Ha % Ka)y (A2 1,]) € Hea(K(Z/2,1) x K(Z/2,1);Z/2), (12)

defined from the relative class above by the transfer homomorphism.
To prove (10) it is sufficient to prove that the class (12) coincides with
the characteristic class

~

Pep 0 N:([A]) € Hea(K (L, 1); Z/2)
under the following isomorphism of the target group I, = Z/2 & Z/2. By this
isomorphism the prescribed generators in H'(Z/2 & Z/2;7Z/2) are identified
with the cohomology classes 71,7 € H' (K (I,,1);Z/2) (compare with Lemma
8 in [A1]). Theorem 2 is proved.
6 Kervaire Invariant One Problem

In this section we will prove the following theorem.
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Main Theorem

There exists an integer [y such that for an arbitrary integer [ > Iy, n = 2! —2
the Kervaire invariant given by the formula (1) is trivial.

Proof of Main Theorem

Take the integer k from the equation n — 4k = 62. Consider the diagram (5).
By the Retraction Theorem [A2], Section 8 there exists an integer [y such
that for an arbitrary integer [ > [y an arbitrary element [(f,Z, k)] in the
2-component of the cobordism group Imm*/ (24 "—2) admits a retraction
of order 62. By Theorem 2 in the cobordism class §[(f, =, k)] there exists a
D,-framed immersion (g, ¥, n) with an I;-structure.

Take the self-intersection manifold L% of g and let L{® C L% be the
submanifold dual to the cohomology class k28u* ()12 € H%*(L%2;Z/2). By
a straightforward calculation the restriction of the normal bundle of L% to
the submanifold L® C L% is trivial and the normal bundle of L{ is the
Whitney sum 12r, & 124,, where k, is the line Z/2-bundle, p, is the plane
Z/4-bundle with the characteristic classes kq, u25(7) described in the formula
(8). By Lemma 6.1 (in the proof of this lemma we have to assume that the
normal bundle of the manifold L{° is as above) and by Lemma 7.1 [A2] the

characteristic class (8) is trivial. The Main Theorem is proved.
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