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Topological Cyclic Homology of Local Fields

Ruochuan Liu *and Guozhen Wang T

Abstract

We introduce a new approach to compute topological cyclic homology using the
descent spectral sequence. We carry out the computation for a p-adic local field with
IF)-coefficient.
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1 Introduction

Fix a prime number p. Let K be a p-adic local field, i.e. a finite extension of Q. In
this paper, we introduce the descent spectral sequence to compute topological cyclic
homology TC,(Ok) and its variants TC, (Og) and TP,(Ok). In fact, we carry out
the computation in the modulo p case, and obtain the structure of TC,(Og;Fp), which
in turn determines the mod p algebraic K-theory of Ok by the cyclotomic trace map.
Moreover, our approach for computing topological cyclic homology may apply to more
general cases. In a forthcoming paper [8], we will treat the case of locally complete
intersection schemes over Z,,.

The descent spectral sequence is constructed using relative topological Hochschild
homology through an Adams type resolution of the base ring. More precisely, let k be
the residue field of O, and let W (k) be the ring of Witt vectors over k. Let Sy ()
be the spherical Witt vectors (cf. [9, §5.2]). Let N be the additive monoid of natural
numbers, and let Sy )[z] be the Eu.-ring spectrum

Sw k) ®s BN,

We have a map of Eu.-ring spectra Sy )[2] — Ok sending z to wg. Using this map,
we may define the relative topological Hochschild homology THH(Ok /Sy (k) [2]), which
has the structure of an E-cyclotomic spectrum by [2]. Therefore we may further define
relative periodic topological cyclic homology TP(Ok /Sy (k)[2]) and relative negative
topological cyclic homology TC™ (O /Sy (1) [2])-

By taking an Adams type resolution

Swao = Swaglel = Swagle, 22l = (%)

of Sy k), we obtain a cosimplicial E.-cyclotomic spectrum THH(Ok /Sy ) [2]®*).
This gives rise to the descent spectral sequences

B (THH(Ok)) = THH; (Ok /Sywao[2]%) = THH;_;(Ox /Sw o),

Ey?(TC™(Ok)) = TC; Ok /Swol2]™) = TC;_;(Ox /Sw):

and
EY (TP (0k)) = TP;(Ok /Sw o [2]%") = TP;—i(Ok /Sw )

(see §0l for more details); they are analogues of the Adams spectral sequence in the
category of cyclotomic spectra. Combining the last two spectral sequences we obtain
the third spectral sequence

Ey(TC(Ok)) = TC;—i(Ox /Sw ),

where Ey7 (TC™(Ok)), E5 (TP(Ok)) and Ey/(TC(Ok)) are related by a long exact
sequence induced from the fiber sequence

TC(OK/SW(k)) — TC_(OK/SW(k)) M} TP(OK/SW(k))

By similar procedures as in the construction of the Adams spectral sequence, we
show that the Ep-term of the decent spectral sequence for THH(Ok /Sy )) (resp.
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TP(Ok /Swx))) is isomorphic to the cobar complex for THH.(Ok /Sy (k)[2]) (resp.
TP.(Ok /Sw)[2])) with respect to the Hopf algebroid

(THH.(Ok /Sw i) [2]), THH.(Ok /Sw (i [21, 22]))

(resp. (TPo(Ok /Sw)[2]); TPo(Ok /Sw (21, 22]))). To understand the structure of
these Hopf algebroids, we make use of the theory of d-rings. Recall that a §-ring
structure on a p-torsionfree commutative ring A is equivalent to the datum of a ring
map ¢ : A — A lifting the Frobenius on A/p; the corresponding d-structure is given by

_ plx) —a?
o(x) = ) .

Note that there is a Frobenius map ¢ on W (k)[z] which is the Frobenius on W (k) and
sends z to zP. This makes W (k)[z] into a é-ring. In fact, the Frobenius map ¢ makes
all TPo(Ok /Sy (k) [2]¥*) into é-rings.

Let wg be a uniformizer of Ok. Using results of [2], we know that TPo(Ok /Sy a)[2])
is isomorphic to the completion of W (k)[z] with respect to the filtration defined by
powers of Ex(z), which is a minimal polynomial for wg over W (k). Determining the
structures of TPo(Ok /Sw)l21,22]) and THH..(Ok /Sy )[21,22]) is one of the key
steps of the paper. It turns out that the former is isomorphic to the completed d-ring
obtained by adjoining

PG )
P(Ex(21))
to W(k)[z1, 22]. Consequently, we obtain an explicit description of the Hopf algebroid
(THH(Ok /Sw ) [2]), THH(OKk /Sy (k) [21, 22])), which is isomorphic to the associated
graded Hopf algebroid of (TPo(Ok /Sw i) [2]); TPo(Ok /Sw (21, 22])) (see §3, §4l for
more details).

The explicit description of (THH(Ok /Sy [2]), THH(Ok /Sw)[21, 22])) allows us
to compute Es-terms of the descent spectral sequences using standard relative injective
resolutions. In §5 we first do this for THH(Og). Then we use the Nygaard filtration
on the cobar complex for TPo(Ok /Sy (k)[z]) to construct the algebraic Tate spectral
sequence

E»(THH(Ok))[0%] = Eo(TP(Ok)).

We also construct the algebraic homotopy fixed points spectral sequence
E(THH(Ok))[v] = E2(TC™ (Ok))

in a similar way.

It turns out that extra complication occurs when apply the above approach to
compute Fs-terms of the mod p descent spectral sequences. To remedy, we introduce
a refinement of the Nygaard filtration on TP.(Of /Sy (i) [2]®*;F,) and compute all
the differentials of the refined algebraic Tate spectral sequence in §6l Using refined
algebraic Tate differentials, we compute Es-terms of the descent spectral sequences for
TC, (Ok;F,) and TP, (Ok;Fp) in §71 In §8, we compute the E-term of the spectral
sequence for TC,(Og;Fp). In 9] using the Bott elements in Ko(Qp,(¢pn)), we deduce
that the constant term of Ex(z) has to be equal to p. Putting these together, we finally
conclude our main result:



Theorem 1.1. Let d = [K((,) : K]. Then we explicitly construct

ﬁ,/\,%agl),...,a(l) agz),...,a@) ...,agd),...,ozgg € TC,(Ok; Fp)

ek’ ek’
with |8) = 2d, |\ = -1, |y| =2d + 1, |o}”)| = 2j — 1, such that
TC.(Ok; Fp) 2 F,[BH{1, A7, M} @ k[B[{al |1 <i < ex,1<j <d}

as Fp[B]-modules. In particular, TC,(Ok;F)p) is a free Fp[B]-module.

Topological cyclic homology is an important tool for understanding algebraic K-
theory. The case of p-adic local fields has been extensively studied by many people.
For example, the case p odd and e = 1 is computed in [4] and [I3]. The case p odd
and ey arbitrary is computed in [5]. The case p = 2 and ex = 1 is computed in [12].

These prior works adopt a similar strategy, which is different form ours; the differ-
ence may be summarized by the following diagram

2(THH(Ok))

% algebralc Tate

THH, (Ok L(TP(Ok)).

R %
(Ok)

In the works mentioned above, one starts with the descent spectral sequence for
THH(Ok), which collapses at Es-term in consideration of degrees. Then one applies
the Tate spectral sequence to compute TP,(Ok). The hard part is to compute the
Tate differentials, and the main technique for doing this is to inductively determine the
structures of the Tate spectral sequences for all finite subgroups of the circle group T.

Our approach proceeds in another direction. We first run the (mod p) algebraic Tate
spectral sequence to compute the Fo-term of the descent spectral sequence for TP(Of ).
Since the cobar complex can be described explicitly thanks to the determination of
the Hopf algebroid (TPo(Ok /Swx)[2]), TPo(Ok /Swx)lz1,22])), the computation of
algebraic Tate differentials is purely algebraic. It follows that the descent spectral
sequence for TP,(Ok) collapses at the Fo-term in consideration of degrees. Indeed,
it turns out that the structure of the algebraic Tate spectral sequence is similar to
the structure of the Tate spectral sequence (see Remark [6.42]). That is to say, by the
resolution (x) and the Nygaard filtration, we transform the problem of computing the
Tate differentials, which is topological in nature, to a purely algebraic problem which
in turn can be solved explicitly.

As indicated in the diagram, our approach consists of two steps. The first one
is to determine the algebraic Tate differentials, which is purely algebraic. The other
one is the computation of the descent spectral sequence for TP. As mentioned at the
beginning, we will apply this approach to study the topological cyclic homology of
locally complete intersection schemes over Z, in a forthcoming paper. It turns out



that for those schemes, the descent spectral sequence for TP is no longer degenerate.
Their size are bounded by the number of generators of the sheaf of regular functions.

Finally, in §I0] we observe that the decent spectral sequence computing TC,(Ok; F,)
is reminiscent of the motivic spectral sequence computing K, (K,F,). We expect that
the decent spectral sequence will provide some incarnation of the motivic spectral
sequence in the p-adic setting.

Relation with other works

The present work started with an attempt to compute TC(Of ) using the spectral se-
quence introduced by Bhatt-Morrow-Scholze relating the prisms and topological cyclic
homology [2]. In fact, one may resolve Ok by perfectoids in the quasi-syntomic site,
and obtain a complex similar to (x) but having p-fractional powers of z;’s. More-
over, the Ej-term of the resulting spectral sequence has the descent spectral sequence
as a subcomplex consisting of terms with integer exponents. We conjecture that the
FEq-terms of these two spectral sequences are quasi-isomorphic, i.e. the subcomplex
consisting of terms with non-integer exponents is acyclic.

In [6], Krause-Nikolaus also introduce a descent style spectral sequence to compute
the topological Hochschild homology of quotients of DVRs. Their work also recover
the main result of Lindenstrauss-Madsen [7] as ours (Corollary [5.19)).

Notation and conventions

Fix a prime p. Let K be a finite extension of Q, with residue field k. Denote by
Ko = W(k)[1/p] the maximal unramified subextension of K over Q,. Let ex and fx
be the ramification index and inertia degree of K over Q, respectively. Let wg be
a uniformizer of Ok, and let Fx(z) be a minimal polynomial of wx over Ky. Let u
denote the leading coefficient of Ex(z).

Warning: Throughout this paper, all Nygaard filtrations involved only jump at even
numbers. For our purpose, we rescale the index of Nygaard filtrations by 2 after
Convention
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2 Cyclotomic structures on relative THH

Recall that the relative topological Hochschild homology is defined by the cyclic bar
construction over the base.



Definition 2.1. Let E be an E-ring spectrum, and let A be an E-algebra over E.
The relative topological Hochschild homology of A over E is defined as

THH(A/FE) = A®#sT
in the oco-category of F..-ring spectra, which is universal among the objects of T-
equivariant Fo.-F-algebras with a (non-equivariant) map from A.

The universal property of relative THH implies the following multiplicative property
THH(Al/El) ®THH(A2/E2) THH(Ag/E3) = THH(A1 X A, A3/E1 R R, E3) (22)

In general, relative topological Hochschild homology may not have cyclotomic struc-
tures. For example, the Hochschild homology HH(—) = THH(—/Z) is not cyclotomic
([11L II1.1.10]). However, we may put more conditions on the base to obtain a natural
cyclotomic structure on the resulting relative THH.

Lemma 2.3. The following are true.

(1) Let E be an Ex-cyclotomic spectrum such that the underlying T-action is trivial.

If the augmentation map
THH(E) - E

is a map of Eo-cyclotomic spectra, then the functor THH(—/E) can be lifted to
a functor from Es-E-algebras to Es-cyclotomic spectra.

(2) Moreover, suppose we have a commutative diagram of Es-cyclotomic spectra

THH(E,) — E;

]

THH(E,) — E,

with trivial T-actions on E1 and Ey such that it extends to a commutative diagram
of Eso-ring spectra
THH(E,) — E; —= 4,

]
THH(Ey) —— Ey —— As.

Then the natural map THH(A;/E,) — THH(As/E>) is a map of Ex-cyclotomic
spectra.

Proof. Part (1) is essentially [2, Construction 11.5]. In fact, by (2.2]), we get
THH(X/E) = THH(X) ®THH(E) )

in the oco-category of F.-ring spectra. Since the forgetful functor from FE..-cyclotomic
spectra to F..-ring spectra is symmetric monoidal and preserves small colimits, we
may lift THH(X/E) as the pushout of THH(X) <- THH(E) — E in the oo-category
of E-cyclotomic spectra. Part (2) follows immediately. O
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Definition 2.4. When the condition of Lemma [23|(1) holds, we set the relative neg-
ative cyclic homology
TC™(-/E) = THH(-/E)"*

and the relative periodic cyclic homology
TP(—/E) = (THH(—/E)'".

As in the absolute case, for any prime [, the cyclotomic structure on THH(—/F) induces
the Frobenius

¢ : TC™(—/E) = THH(—/E)"" — (THH(—/E)!“)"T, (2.5)
Moreover, there is the canonical map

can: TC™ (~/B) & (THH(~/B)*)" (/D) = (THH(~/E)"©)"™ — (THH(~/B)“))".

The relative topological cyclic homology is defined by the fiber sequence 20
TC(=/B) — TC(—/E) A= pp_ g, (2.7)
Using the argument of [I1, Lemma II 4.2], we have
TP(—/E;Z,) = (THH(—/E)!¢r)T, (2.8)
Taking p-completion on (2.5]), (2.6]), we get
¢: TC™(=/E;Zy) — TP(—=/E;Zy), can:TC (—/E;Zy) — TP(—/E;Zy)
and the fiber sequence
TC(—/E;Zp) — TC™ (—/E; Zy) == TP(—/E; Z,).
As in the absolute case, there are the homotopy fixed point spectral sequence
By’ = THH,(—/E)[v] = TC_;(~/E) (2.9)
and the Tate spectral sequence
Ey) = THH, (- /E)[o*] = TP;_;(—/E), (2.10)

where |v| = —2,|0| = 2, and can(v) = 0~!. The Nygaard filtration N'=* is defined to
be the filtration on the abutment of the Tate spectral sequence; it is multiplicative as
the Tate spectral sequence is multiplicative. When the Tate spectral sequence collapses
at the Ea-term, we denote by p; the natural projection

NZI(TPy(—/E)) — THH,;(—/E).

Recall that by [2, Proposition 11.3], S[z] admits an F..-cyclotomic structure over
THH(S[z]) in which the T-action is trivial and the Frobenius sends z to zP.
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Proposition 2.11. The following are true.
(1) There is a functorial Ex-cyclotomic structure on THH(— /Sy (x))-
(2) There is a functorial Ex-cyclotomic structure on THH(— /Sy ) [2]).

Proof. We set the Frobenius on Sy to be the unique Eo-automorphism inducing
the Frobenius on 7. It follows that the resulting cyclotomic structure on Syy (i) agrees
with the p-completion of the cyclotomic structure on THH(Syy (x)) via the augmentation
map [11} IV.1.2]. This yields (1) by Lemma 2.3
For (2), note that
Sw ) [2] = Sw ) ®s S2]
in the oo-category of F.-ring spectra. We then define the cyclotomic structure on
Sw ()[2] using the cyclotomic structures on Sy (k) and S|[z], and the monoidal structure
on the oo-category of Fo-cyclotomic spectra. We conclude (2) by (1) and Lemma

2.3 O
Remark 2.12. Since Sy () is the p-completion of THH(Syy (y)), it follows that
THH(Ok /Swx)) = THH(Ok) @Tan(s,y o) Sw (k)

is isomorphic to the p-completion of THH(O). Similarly, THH(O /Sy (x)[z]) is iso-
morphic to the p-completion of THH(Og /S[z]).

Remark 2.13. By the previous remark, we see that TC(Ok /Sy x)), TC(Ok /Sy 1 [2]),
TC_(OK/SW(k)), TC_(OK/SW(k) [2]), TP(OK/SW(k)) and TP(OK/SW(k) [z]) are iso-
morphic to p-completions of TC(Ok), TC(Ok /S[z]), TC™ (Ok), TC™(Ok /S[z]), TP(OKk)
and TP(O /S[z]) respectively.

Note that the composite
S[z] — THH(—/S[2)),
which is a map of F..-cyclotomic spectra, induces
ic s SIAM = TCq (~/S[EL Z,), ip  (SIE'O)T — TPo(/S[EL 2,).

Recall that S[z] is equipped with the trivial T-action. In the following, when the context
is clear, we abusively use z to denote the its images under ¢¢ and can o i¢.

Proposition 2.14. We have ¢(z) = 2P.
Proof. Recall that the Frobenius ¢, on S[z| is the composite
S[z] 2225 S[2] — S[2]MCr L% §[2] .
It follows that the composite
P S[AMT 222 ST — ST R (S[]!Cr )T
satisfies (,D;)LT(Z) = can(z)P. On the other hand, it is straightforward to see
poic :iposz and canoic =1ip ocan.

The desired result follows.



Now we specialize to the case of Ok.

Theorem 2.15. We have the following results on homotopy groups.

(1) We have
THH*(OK/SW(k) [Z]) = OK[U],

where u € THHa(Ok /Sy ) [2]) is any lift of the Bikstedt element in THHa(k).

(2) The Tate spectral sequence for TP.(Ok [Sww)[z]) degenerates at the Ea-term.
Consequently,

TP.(Ox [Swo2]) 2 TPo(Ox /Sy g [2]) o]

with |o| = 2.
(3) We have
TPo(Ok /Sw)lz]) = W (k)[[=]],

and the natural map po : TPo(Ok /Sy [2]) = THHo(Ok /Swlz]) corresponds
to
W (k)[[]] == O

(4) The homotopy fired point spectral sequence for TCy (Ok /Sy [2]) degenerates at
the Eo-term. Consequently, the canonical map induces

TC; (Ok /Swglz]) = TP;(Ok /Sw g l2])-

for 7 <0.
(5) Under the isomorphisms in (3) and (4), the Frobenius

¢ TCy (Or /Sw [2]) = TPo(Ok /Sw ) [2])

corresponds to the map W (k)|[[z]] — W (k)[[z]] which is the Frobenius on W (k)
and sends z to 2P.

(6) We have

TC, (Ok /Swglz]) = TCq (Ok /Sw ) [2])[u, v]/ (uv — Ek (2))

where u is a lift of the u given in (1) under pg and |v| = —2 satisfying o(u) = o
and can(v) = 0=, As a consequence, under the isomorphisms in (3), the Nygaard
filtration on TPo(Of /Sy k) [2]) is given by

NZATPy(Ok [Swaglz]) = NZHHTP(Ok [Swagl2]) = (Ex(2))!,  j > 0.
(2.16)
Moreover, we can make the constant term of Ex(z) the same for all K.

Proof. By Remark 2.13] we see that all the statements except the last assertion of (6)
follow immediately from [2, Proposition 11.10]. In fact, the argument given in loc. cit.
is enough to show the following statement:



(6)" For any u' € TC; (Ok/Swalz]) lifting the u given in (1), there exist v' €
TCZy(Ok /Sw[2]) and o’ € TP2(Ok /Sy (i)[2]) such that

can(v') =o', p(u) =o', TP.(Ok /Swaglz]) = TPo(Ok /S [2])[0"™]

TC, (Ok /Swalz]) = TPo(Ox /Swq [ [/, v']/ (W'V' — Ex(2)),
where Ef(z) is a minimal polynomial of wg over Kj.

In the following, we give a proof of (6) based on (6)’. Firstly, by [I1], there exists some
nonzero up, € TC; (F,) such that

can(ur,) = pre(ur,)

for some 7 € Z,*. Let uy be the image of up, along F,, — k. By Lemma 23] the
commutative diagram

Sw ) [2] — Sw )
Z!—)WK\L l
Ok k

induces a map of E..-cyclotomic spectra THH(Ox /Sy ()[2]) — THH(k). By (3) and
(4), the induced map

TCqy (O /Sw2]) = TCq (k)

z—0

corresponds to the map W (k)[[z]] — W (k), which is surjective. Moreover, by (6),
TCy (Ok /Sw)lz]) is free of rank 1 over TCy (Ok /Sy (i)[2]). Hence

TC; (Ok /Swaglz]) — TC; (k)

is surjective as well.
Now take a lift u’ of uy in TC; (O /Sy )[z]). Using (6)’, we have v/, 0" such that

can(v') = 0’1, o) =o', TPL(Ok/Swaglz]) = TPo(Ok /S [2]) 0]

and
TC; (Ok /Swlz]) = TPo(Ok /Sw g l2]) [/, v']/(W'v" — Ex(2)).

Now by the construction of u', we deduce that the constant term of Ef(z) is equal to
pT, yielding the desired result. O

3 Structure of TPO((’)K/SW(k) 21, 22])

This section is devoted to determining the structure of TPo(Ok /Sy )[21, 22]). Here
Ok.

we regard O as an Syy () [21, 22]-algebra via the map Sy (i [21, 22] 21,22 WK

Proposition 3.1. THH(Ok /Sy )l21, 22]) has a natural Eu-cyclotomic structure.
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Proof. By the multiplicative property of relative THH (2.2]), we have
THH(Ok /Swl21, 22]) = THH(Ok /Sw () [21]) @THR(OK 51w 00) THH(OK /Sw (1) [22])-

The cyclotomic structures of THH(Ok /Sy (k) [2i]), i = 1,2, and the symmetric monoidal
structure on the co-category of E..-cyclotomic spectra give rise to the E..-cyclotomic
structure on THH(Ok /Sy i)[21, 22])- O

For O € {THH, TC,TC~, TP}, the left unit n;, and right unit nr are the maps
@(OK/SW(k)[Z]) — @(OK/SW(k) [21, 22])

induced by z +— 21 and z — 25 respectively. For 7 € {z,u,v,0}, we denote by 71 and 79
the images of 7 under the left and right units respectively. In the following, we regard
THH.(Ok /Swk)[21, 22]) as an Ok [u1]-module via 7y,

Let I be the kernel of W (k)[z1, 22] — Ok sending 21, 23 to w, and let t,, _,, denote
the image of 21 — 22 in THHa(Ok /Sy () [21, 22]) under the composite of isomorphisms

1)1 = HHy(Oxc /W (k) 21, 2]) = THH(Oxc /S o [21, 22]).

Lemma 3.2. The graded algebra associated to the filtration on THH.(Ok /Sy )[21, 22])
defined by powers of uy is isomorphic to Ok [u1] ®o, Ok (ts—2,), where Ok (t) denotes
the one variable divided power polynomial algebra over Ok .

Proof. By Theorem [215((1), we have
THH(Ok /Sw)l21, 22])/ (u1) = THH(Ok /Sw (o) [21, 22]) @ THH(O K /S0 [21]) THH(OK/OK)(3 3)
~ THH(Ox /Ox|[2]). '

Since THH, (Ok /Ok|[z]) =2 HH,.(Ok /Ok|z]) = Ok (t) for any generator t € HHo(Og /Ok|[2]),
we deduce that the u;-Bockstein spectral sequence collapses since everything is con-
centrated in even degrees. Hence the associated graded algebra is isomorphic to
Oklw] ®o, Ok (t). Note that under the isomorphism (B3], ¢,,_., maps to a gen-
erator of THH(Ok /Ok|z]). This yields the desired result. O

The following result follows immediately.

Corollary 3.4. We have that THH.(Ok /Sy (k)[21, 22]) is a p-torsionfree integeral do-
main.

Corollary 3.5. Both the Tate spectral sequence for TP.(Ok /Sy (21, 22]) and the
homotopy fived point spectral sequence for TC_ (O /Sy ) [21, 22]) degenerate at the F-
term. Moreover, TC; (O /Sw)l21,22]) and TPj(Ok /Sw (21, 22]) are concentrated
in even degrees. The canonical morphism induces

TCJ_(OK/SW(k) [21, 22]) = NZjTPj(OK/SW(k) [21, 22]).
In particular,
can : TCJ_(OK/SW(k) [Zl, Zg]) — TPj(OK/SW(k) [Zl, 22])

is an isomorphism for j < 0.
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Proof. By Lemma 3.2, THH.(Ok /Sy (k)[21, 22]) is concentrated in even degrees. It
follows that both the Tate spectral sequence and the homotopy fixed point spectral se-
quence degenerate at the Ea-term; TC; (Ok /Sy (k) [21, 22]) and TP;(Ok /Sy x)[21, 22])
are concentrated in even degrees. The rest of the corollary follows immediately. O

Remark 3.6. In general, for n > 0, we may regard Ok as an Syy)[21, - - - , zn]-module
by sending all z; to wg. Using the argument of Lemma inductively, one easily
shows that THH(Ok /Sy )l21, - - -, 2x]) is concentrated in even degrees. Consequently,
Corollary generalizes to this case.

Lemma 3.7. The graded algebra associated to the Nygaard filtration of TPo(Ok /Sw ) l21, 22])
is isomorphic to THH.(Ok /Sy )[21, 22])-

Proof. This follows from Corollary O
The following two results follow immediately.

Corollary 3.8. For a € TPo(Ok /Swlz1, 22]), it has Nygaard filtration j if and only
if pa has Nygaard filtration j.

Corollary 3.9. We have that TPo(Ok /Sy l21, 22]) is a p-torsionfree integral do-
main.

Henceforth, by Corollary 3.5 we may identify TCy (O /Sy ) [21, 22]) with TPo(Ok /Swaq)[21, 22])
via the canonical map, and regard the Frobenius as an endomorphism on TPo(Of /Sy k)[21, 22])-
By Proposition 2.14] we have

p(z1) =27,  p(22) = 2. (3.10)
Lemma 3.11. Ifa € N=%TPy(Ok /Sw ) [21, 22]), then ¢(a) is divisible by (B (21))7.
Proof. By Corollary B.5] the Tate spectral sequence for TP.(Ok /Sy (x)[21, 22]) col-
lapses at the Fa-term. We may write a = o ’ag for some

ag € N7 TPyj(Ox [Sw 21, 22]) = TCy (O /S [21, 22])-
Hence by Theorem 2.15]
pla) = p(oy Y plao) = p(v1) (1) o1 p(an) = w(Ex (21)) o1 ¢(ag),

yielding the desired result. O

Remark 3.12. By Theorem[2.15(3), E (2) has Nygaard filtration 2 in TPo(Of /Sy (1 [2])-
Hence Ek(2;) has Nygaard filtration 2 in TPo(Ofk /Sy (21, 22]). By Lemma B.IT]
©(Ek(2)) is divisible by o(Ex(23_;)) for i = 1,2. Thus ¢(Ek(21))e(Ek(22))"! is a
unit in TP()(OK/SW(k) [21, 22]).

Definition 3.13. For a ring R equipped with a multiplicative decreasing filtration
NZ*, we call the topology on R defined by the filtration N'=* the N-topology. We
define the (p, N')-topology on R to be the topology in which {(p?) + N'Z7},5 forms a
basis of open neighborhoods of 0.

12



Clearly R becomes a topological ring under either the N or the (p, N')-topology.

Remark 3.14. By Theorem 215 it is straightforward to see that TPo(Ok /Sw ) [2])
is complete and separated under either the N or the (p, N)-topology. Moreover, the
Frobenius is continuous with respect to the (p, N)-topology, but not the N-topology.

Lemma 3.15. Both the N and (p, N)-topology on TPo(Ok /Sw (k)[21, 22]) are complete
and separated.

Proof. The assertion for the N-topology follows from the isomorphism
TPo(Ok /Sw 21, 22]) = TCq (Ok /Sw ey [21, 22])

given by Corollary 3.5 and the fact that TC, (O /Sy (k) [21, 22]) are all complete with
respect to the N-topology. For the (p,N)-topology, we first note that by Lemma
B2 THH.(Ok /Sy )21, 22]) are all p-complete. By degeneration of the Tate spectral
sequence, this implies that for each j > 0,

TPo(Ok /Sw ) (21, 22]) INZ/ TPo(Ok /Sw i) [21, 22])

is p-complete and separated. Hence the (p, N)-completeness (resp. separateness) fol-
lows from the A-completeness (resp, separateness). O

Lemma 3.16. The Frobenius on TPo(Of /Sy (i[21, 22]) is continuous with respect to
the (p, N')-topology.

Proof. By Lemma BI1] we have ¢((p¥) + N=%) C (p¥) + N'=%. The desired result
follows. -

In the rest of this section, we give an explicit description of TPo(O /Sy (k)[21, 22])-
To this end, we make use of the theory of §-rings. Recall that a d-ring structure on a
p-torsionfree commutative ring A is equivalent to the datum of a ring map ¢ : A — A
lifting the Frobenius on A/p; the corresponding d-structure is given by

_ plz) —aP
o(z) = 5 .

Using Theorem 2.T5(3), we deduce that
po : TPo(Ok /Sw g l21, 22]) = THHo(Ok /Sw )21, 22]) = Ok
sends z; to wg. It follows that z; — 29 lies in
ker(po) = N=*TPo(Ok /Sw )21, 22]).-
By Lemma BT there exists h € TPo(Ok /Sy (k) [21, 22]) such that

ho(Ek(21)) = (21 — 22) = 21 — 25.

For k > 0, we inductively define f*) ¢ TPo(Ok /Sw k) l21, 22])[1/p] by setting O =

21 — 22,
k+1

4D —(f®™)P 4 6%(h)Ex (21)"

. (3.17)

13



Proposition 3.18. For k>0, f*) ¢ NZkaTPO(OK/SW(k) [21, 29]) and

(e (Bx ()l = o(1V) (3.19)
Proof. We will proceed by induction to show that
F® e W(K)[z1, 2)[h, - ., 8F L (R)] N NZZTPo(Ok /Swag (21, 22))
and

o (h)p(Br (1) = o(f®).
The initial case is obvious. Now suppose for some [ > 0, the claim holds for all
0 < k < 1. By Lemma [B.I1] we first deduce that 6*(h) € TPo(Ok /Sw(k)[21, 22]) for all
k <1. Using (3.19) for k = [, we get

+1

£+ —(fO)P 4 6 (h) Ex (21)P

p
(e(fD) = (fOP) + (0" (h) Ex (21)"" = 8" (h)p( B (21))") (3.20)
p

4

= 5(fD) = 8" (R)3(Ex (1))

4

By Theorem 2.15(5), we deduce that §(Ex (21)" ) € TPo(Ok /Sw )21, 22]). By induc-
tive hypothesis, we conclude fU*1 € W (k)[z1, 2[R, ..., 6! (h)] C TPo(Ok [Sw k)21, 22])-
By inductive hypothesis and Remark B12] pf(+1) has Nygaard filtration > p!*1. Hence
U+ has Nygaard filtration > p'*! by Corollary B8l

It remains to show ([B.19]) for £ = [+ 1. To this end, applying ¢ on BI7) for k =1
and using inductive hypothesis, we get

—p(f D) + (8 () (B (21)P
p
—8' (h)Po(Ek (21))"

()

I+1 I+1

+ (0" (1) p(Ex (21))"
p

I+1

= 0" (h)p(Ek (21))?
O

Lemma 3.21. The set of elements {f*)|k > 0} generates, over W (k)[z1, 23], a dense
subring R of TPo(Ox /Sw (21, 22]) with respect to the N -topology.

Proof. Tt reduces to show that for all j > 0,
p2j - RN N22jTP0(OK/SW(k) [2’1, 22]) — THng(OK/SW(k) [21, 22])

is surjective.
Firstly, by Theorem [ZT5] we see that pa(Ex(z)) = u, yielding

p2(Exc(21)7) = uf

14



by functoriality of the Tate spectral sequence. To conclude, by Lemma B2 it suffices
to show that ps;(R) contains t[zjl_z2 for all 7 > 0.
By the commutative diagram

NZ2TPo(Ok /Swel21, 22]) — THH2(Ok /Sy 1q) 21, 22])

| :

N22HP0(0K/W(k) [21, 2’2]) —_— HHQ(OK/W(k) [2’1, 22])

one immediately checks that f(°) and ., _., have the same image in HHy(Ox /W (k)[21, 22]).
Hence pg(f(o)) = (t4—z,). For k > 0, we have

k41

—(f®P = pfEHD mod Epe(z)P

by BI7). By induction, we deduce that for all & > 0, P!

21—29
RNN 22kaPO(OK /Swylz1, 22]). Note that in the divided power polynomial algebra
Ok (t), for j = jo+pji+- - -+jip” with 0 < j; < p—1, tl is equal to 7o (¢P1)i1 ... (t[pk])jk
up to a unit of Z,. It follows that the image of RNNZ2TP(Ok /Sy a)[21, 22]) contains
9 for all 7 >0. U

Z1—Z2

lies in the image of

Remark 3.22. In Corollary BLIT] we will prove that py(f (k) is equal to t[zzik_}ZQ up to
a unit of Z,.

Proposition 3.23. We have that TPo(Ok /Sy (k) [21, 22]) is a d-ring. Moreover, § is
continuous with respect to the (p, N)-topology.

Proof. We equip TPo(Of /Sy () [21, 22]) with the (p, N)-topology. Firstly, by Corollary
B8 it is straightforward to see that the map

TPo(Ok /Sw |21, 22]) 2% TPo(Ok /Sw e [21, 22])

is strict. By Lemma .15, we get that the ideal (p) is closed in TPo(Ok /Sy (k) [21, 22])-
Moreover, it follows that to prove the lemma, it reduces to show that for all a €
TPo(Ok /Swk)[21, 22]), ¢(a) = ¢(a) — aP is divisible by p in TPo(Ok /Sy () [21, 22])-
By Lemma B.16, ¢ is continuous on TPo(Ok /Sy (k)l21, 22]). Now by the proof of
Proposition B.I8] we see that R is a d-ring. That is, ¢(R) C (p). Since R is dense
by Lemma B.2T, we conclude that ¢~!((p)), which is a closed subset, is forced to be
TPo(Ok /Sw k)21, 22]), yielding the desired result. O

To describe the structure of TPo(Ok /Sy )[21, 22]), we compare it with the relative
periodic cyclic homology HPo(Ox /W (k)[21, 22]). In the following, for a commutative
ring R and an ideal I C R, denote by Dg(I) the divided power envelop of I in R.
We equip it with the Nygaard filtration N=* where N=IDg(I) is the R-submodule
generated by I for all [ > j. For an R-module M, denote by R(M) the divided power
envelop D g ((M)).

Recall the following derived version of the Hochschild-Kostant-Rosenberg theorem
(cf. [Il Theorem 3.27]):
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Theorem 3.24. Let R be a commutative ring, and let I be a complete intersection
ideal of R. Let A= R/I. Then

HH,(A/R) = A(I/I?)

under the canonical isomorphism I/1? = HHy(A/R). Moreover, HPo(A/R) is isomor-
phic to the completion of the divided power envelope Dg(I) with respect to the Nygaard
filtration.

21,22

Now let I be the kernel of W (k) =%, Ok (resp. W (k)[z1, 22] =227 Ok ), and let
tEx(2) (resp. tg,(s,)) denote the image of Ex (2) (resp. Er(z;)) in HHa(Ok /Sy ) [21, 22])
under the isomorphism I/1? = HHy (O /W (k)[z]) (resp. I/I? =2 HHy (O /W (k)|[21, 22])).

The following result follows from Theorem immediately.

Corollary 3.25. The following are true.

(1) W have
HH. (O /W (k)[2]) = Okt (2))-
(2) We have
HPo (O /W (k)[2]) = Do) (B (2))) A
(3) We have
HH*(OK/W(k) [217 22]) = Ok <tEK(zl)7 t21—22>‘
(4) We have

HPo (O /W ()21, 22]) = Dy (1)[21,20] (B (21), 21 — 22))\r-

By Definition [3.13], we may consider the N and (p, N')-topologies for HPy(Ox /W (k)[z])
and HPy(Ox /W (k)[z1, 22]) as well.

Lemma 3.26. Both HPo(Ox /W (k)[z]) and HPo(Ox /W (k)[z1, 22]) are complete and
separated with respect to the N and (p, N')-topologies.

Proof. For the N-topology, it follows directly from Corollary B.25(2), (4) respectively.
On the other hand, for the (p, N')-topology, as in the proof of Lemma [B.I5] it suf-
fices to show that graded pieces of the Nygaard filtrations, which are isomorphic to
HH, (O /W (k)[z]) and HH, (O /W (k)[z1, 22]) repsectively, are all p-complete and sep-
arated. This in turn follows directly from Corollary B.25(1), (3). O

Lemma 3.27. Both the natural maps
TPo(Ok /Sw ) [2]) = HPo(Ox /W (k)[2])

and
TPo(OK/Sw(k) [Zl, Zg]) — HPO(OK/W(k) [Zl, Zg])

are injective and strict with respect to the Nygaard filtration. Moreover, both maps are
strict with respect to the (p, N')-topology.
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Proof. Since both maps are compatible with the Nygaard filtration, for the first asser-
tion, it reduces to show that the induced maps on graded pieces

THH. (Ox /Sw o |2]) = HH. (O /W (K)[2]) (3.28)

and
THH*(OK/SW(k) [21, 29]) = HH, (O /W (k)[21, 22]) (3.29)

are all injective. For the second assertion, it is sufficient to show that both (3:28]) and
([B29) are strict under the p-adic topology.
Firstly, note that under the isomorphism

HH,(Ok /W (k)[2]) = THH3(Ok /Sw o) [2]),

tEx(z) Maps to u up to a unit of Og. We therefore conclude that (3.28]) is injective and
strict with respect to the p-adic topology by Theorem 2.I5[(1) and Corollary B.25(1).
By Lemma 3.2, we deduce that THH2;(Of /Sy (k)[21, 22]) is a successive extension

of OKu%lt[Zzl]:Zil] for l =0,1,...,7. On the other hand, by Corollary B:ZE(3), we see
that Hng(W(k) /Swaglz1, 22]) is a successive extension of Othg(m)t[le]—_zil] for j =
0,1,...,k. Since for each 0 <1 < j,

O 22— Ot |22

is injective and strict with respect to the p-adic topology, we conclude that ([3.29)) is
injective and strict with respect to the p-adic topology. O

Lemma 3.30. The d-ring structure on W (k)[z1, z2] extends to a d-ring structure, which
is continuous with respect to the (p, N')-topology, on HPo(Ox /W (k)[z1, 22]).

Proof. By [3, Corollary 2.38] and [3|, Lemma 2.17], the d-ring structure on W (k)[z1, 22]
extends to a d-ring structure on Dy i)z, 2] (B (21), 21— 22)), which is continuous with
respect to the (p, N')-topology. It follows that the d-ring structure naturally extends to
the completion of Dy (i), 2] ((Ex (21), 21 — 22)) with respect to the (p, N')-topology.
On the other hand, by the proof of Lemma [B:226] we see that the (p, N')-completion
of Dy (k)[z1,2:) (B (21), 21 — 22)) is naturally isomorphic to Dyyk)(z; 2] (Ek (21), 21 —
22))- The lemma follows. O

In the following, we equip HPo(Og /W (k)[z1, 22]) with the d-ring structure given
by Lemma

Lemma 3.31. The natural map
L: TP()(OK/SW(k) [21, 22]) — HPQ(OK/W(k)[Zl, 22])

is a map of §-rings.
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Proof. Since both sides are p-torsionfree, it reduces to show that ¢ commutes with
Frobenius. By induction, for every ¢ > 0, we may find g;, g} € W (k)[z1, 22] such that

g:0'(h) = g;.
It follows that ¢(¢(g:))e(p(6°(R))) = t(¢(g})). Note that

Wp(g:) = e(u(gi), (i) = @(u(gi))-

Since HPo(Ok /W (k)[21, 22]) is an integral domain, this implies that «(p(d(h))) =
©(1(6°(h))). We conclude the lemma by the facts that under the (p, N')-topology,
W (k)[z1, 22][h,0(h),...] is dense in TPo(Ok /Sy )lz1,22]) (Lemma B.2T]), and that
both ¢ and ¢ are continuous (Lemma [3.27] Proposition B.23] Lemma [3:30]). O

Corollary 3.32. We have that TPo(Ok /Sw)l21, 22]) is isomorphic to the closure of
the sub-6-ring of Dy ()2, 2] (Ex (21),21 — 22))r generated by W(k)[z1, 22] and (h)
under either the N -topology or the (p, N')-topology.

Proof. This follows from the combination of Lemma B.15, Lemma 321, Lemma [3.26]
Lemma and Lemma [3.31] O

4 Hopf algebroid

In this section, we will show the pairs (THH.(Ok /Sy () [2]), THH.(Ok /Sy ) [21, 22]))
and (TPo(Ok /Sw)l2]), TPo(Ok /Sw)l21, 22])) form Hopf algebroids in appropriate
categories. We first recall some basis on complete filtered modules.

Let R be a ring equipped with a complete decreasing filtration. We consider the
category of complete filtered R-modules. For two complete filtered R-modules M, N,
we define their tensor product in the category of complete filtered R-modules, i.e.
the completed tensor product M@zN, to be the completion of the filtered R-module
M®RN.

Definition 4.1. Let M be a complete filtered R-module equipped with a filtration
NZ*. We say M is free and locally finite over R if there exists {m;};c; C M such that
the following conditions hold.

1. For any j, there are only finitely many i € I such that m; ¢ N2/ M.

2. The induced morphism &;c7Rx; LM AL of filtered R-modules is an isomor-

phism after taking completion.

Definition 4.2. Let S be a graded ring, and let M be a graded S-module with the
grading Gr®. We say M is free and locally finite over S if there exists {m;}ier C M
such that the following conditions hold.

1. For any j, there are only finitely many ¢ € I such that m; has non-zero component
in Gr*M for some k < j.

2. The induced morphism ®;c7ST; LT M of graded S-modules is an isomor-
phism.
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For a complete filtered R-module M, one easily checks that M is free and locally
finite over R if and only if the associated graded module Gr®(M) is free and locally
finite over Gr*(R). Suppose M and N are free and locally finite over R. Then M&gN
is also free and locally finite over R. Moreover, we have

GI"(M@RN) ~ Gr*M ®qpeg Gr*N.

Proposition 4.3. (1) Both ny, and ng exhibit TPo(Ok /Sw (21, 22]) as a free and
locally finite filtered TPo(Ok /Sw (k) [2])-module.

(2) Bothnr, and ng exhibit THH..(Ok /Sw (21, 22]) as a free and locally finite graded
THH.(Ok /Sw ) lz])-module.

Proof. Since (Gr*(TPo(Ok /Swlz])), Gr*(TPo(Ok /Sw k) l21, 22])) is isomorphic to
(THH.. (Ok /Sw ) [21, 22]), THH. (Ok /Sw () [21, 22])), it reduces to show (2). We only
need to treat the case of 7. By Lemma[3.2] we see that THH. (O /Sy (1) [21, 22])/ (u1)
is a free Og-module with a basis of degrees 0,2,4,... respectively. Using Corollary
8.4l we may further deduce that such a basis lifts to a basis of THH..(Ox /Sy ()[21, 22])
over THH. (O /Sy (i)[2]) with the same degrees. Hence THH.(Of /Sy (i [21, 22]) is
free and locally finite over THH.(Ok /Sy ) [2]) via nL. O

Corollary 4.4. We have that TPo(Ok [Swk)l21,22]) and THH.(Ok /Sw (21, 22])
are flat over TPo(Ok /Sy l2]) and THH.(Ok /Swqlz]) respectively.

For 1 < i < n, consider the natural maps

THH.(Ok /Swl215 - - - » 2i])OTHH, (05 /s[z) THH« (Ok /Sw o) [2i5 - - - 5 20]) = THH(Ok /Swq[215 - - - 2n])
(4.5)
and

TP()(OK/S[Zl, ce 7Zi])®TP0(OK/S[Zi])TPj(OK/SW(I{) [Zi, ce ,Zn]) — TP](OK/SW(k) [ZZ', e ,Zn]).

By Remark [B.6] the Tate spectral sequence for TP.(Og /S[z1, ..., z,]) degenerates at
the Eo-term. It follows that the Nygaard filtration on TP;(Og /S|z1, ..., z,]) is com-
plete by the same argument as in the proof of Lemma [B.I5l Hence the second map
induces

TPo(Ox /S|z1s - - -, 2i]) @ 1Py 0k /51z:) TP (Ok /Sw ) [2is - - - 2n]) = TP (Ok /Sw e Zis - - -, Zn])-
(4.6)

Lemma 4.7. Both ({{.%]) and ({{-0) are isomorphisms.

Proof. The first assertion follows from the multiplicative property of relative THH.
This in turn implies that (4.6]) becomes an isomorphism after taking associated graded
algebras on both sides. Thus (4.6]) itself is an isomorphism. O

In the following, we regard TPo(Of /Sy (i) [21, 22]) (resp. THH.(Ok /Swo)[21, 22]))
as a bimodule over TPo(Ok /Sy (i[2]) (resp. THH..(Ok /Sy c(2])) via the left and
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right units. Consider the following commutative diagram of E.,-spectra over Og:

R

Sw ) [#] Sw ) [21, 2] (4.8)

lnL \in'_mi

Sw e l21, 22] RSN Sw )21, 22, 23],

and regard O as an Syy(i)[21, 22, z3]-module by sending z; to wk.

Corollary 4.9. The diagram (4.8) induces

THH. (Ok /Sw () [21, 22]) OTHI,. (0 /Sy 10 [2) THHA (Okc [Swr (i) [21, 22]) = THH, (O [Sw ) [21, 22, 23])
(4.10)
and

TPo(Ok /Sw 1) [21: 22])OTPy(0x f5y 10 [2) TP (O /Swrag) (215 22]) = TPo(Okc /Sy 21, 22, 23)).
(4.11)

We define coproduct A on TPo(Ok /Sy k)[21, 22]) over TPo(Of /Sy )lz])(resp.
THH.(Ok /Sw)l21, 22]) over THH.(Ok /Sy (x)[2])) as the composite of

Z1+>21,22>23
_ - s

TPo(Ok /Sw )21, 22])

and (LII)) (resp. the composite of

TPo(Ok /Sw )21, 22, 23]) (4.12)

21+ 21,2223
- - 5

THH..(Ok /Sw (i) [21, 22]) THH. (Ok /Sw ) |21, 22, 23]))

and (4.I0))). The counit and conjugation are defined as

e : TPo(Sw o l21, 22]) == TPo(Sw ) [2]) (4.13)
and e
¢ : TPo(Sw[21, 22]) ——— TPo(Sw )21, 22]) (4.14)

(resp. € : THH. (Syy()[21, 22]) RRLN THH.(Sy (k) [2]) and

C: THH* (SW(k) [2’1, 2’2]) m} THH* (SW(k) [2’1, 2’2]))
respectively.

By standard arguments as in the construction of Adams spectral sequences, we
have:

Proposition 4.15. (1) The pair (TPo(Ok /Sww)[2]), TPo(Ok /Sww)lz1, 22])) forms
a Hopf algebroid in the category of complete filtered rings with the coproduct,
counit and conjugation given above.

(2) The pair (THH.(Ok /Swwl2]), THH.(Ok /Swlz1,22])) forms a Hopf alge-
broid in the category of graded rings with the coproduct, counit and conjugation
given above.
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In the following, we give an explicit description of the Hopf algebroid
(THH.(Ok /Sw ) [2]); THH(OK /Sw i) [21, 22]))-
Lemma 4.16. For any i >0, §'(h) € N=*TPo(Ok /Sw )l21, 22])-

Proof. Firstly, it is clear that e(p(z1 — 22)) = 0 and e(p(Ex(21))) = ¢(Ex(z)). It
follows that ¢(h) = 0. Hence for all i > 0,

e(6'(h)) = 8'(e(h)) = 0.
On the other hand, note that € induces an isomorphism
Gr®(TPo(Ok /Sy g [21, 22])) 22 Gr'(TPo(Ok /S o) [2]))-

This implies that
ker(a) C N22TPQ(OK/SW(1{) [2’1, 2’2]).

The lemma, follows. O
Corollary 4.17. We have
THH*(OK/SW(k) [21,2’2]) = (’)K[ul] ®OK OK<tzl_22>. (4.18)

Proof. By Lemma .16 and (3I7), we get that —(f*))? and pf*+1) have the same im-
age in THHy,k+1(Ok /Sy i)l21, 22]). Using the argument of Lemma B.2T] we conclude
that the images of {f*)};>¢ in THH.(Ok /Swlz1, 22]) generates t[zjl_z2 for all j >0
over Z,. This allows us to define the O [u;]-linear map

OK[U;[] ROk OK<t> — THH*(OK/SW(k) [21,2’2])7 t[ﬂ — t[zjl}_ZQ.

By Lemma[3.2] this map induces isomorphisms on graded pieces under the u;-filtrations.
Hence it is an isomorphism. O

Proposition 4.19. Under the isomorphism ({{.18), we have

U2 = U1 — E}{(’WK)tzl_zz, (4.20)
and ' _ o
A )= YW et ety ) =0, (4.21)
0<5<ie

Proof. Using Theorem 215 we have that us = pa(Ex(22)). We conclude (@20) by
writing

Ex(z2) = Ex(#z1) — E}((zl)(zl —29) 4+ (21 — Z2)2F(Zl)
for some F. For ({2]]), since z; — z2 maps to z; — 23 under (£12]), we conclude by the
binomial expansion

(s1—2)'= ) j,ii!)!(zl — ) (22 — 23)" 7.

A U
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5 The decent spectral sequence
Consider the Sy ()[z]-Adams resolution for Sy ():
Swag = Swag[21®*, (5.1)

where Sy () [2]" denotes the n-fold tensor product of Sw ) [2] over Sy (). It induces
the augmented cosimplicial cyclotomic E..-spectra

THH(OK/SW(k)) — THH(OK/SW(k) [Z]®.), (52)
TC™ (Ok /Sw)) = TC™ (Ok /Sy [2]%*) (5.3)

and
TP(Ok /Sw) — TP(Ok /Swao[2]%*). (5.4)

By the multiplicative property of relative THH, THH(Ok /Sy () [2]®™) is equivalent
to the n-fold tensor product of THH(Of /Sy (i [2]) over THH(Ok /Sy (i)). Hence (5.2)
is an Adams resolution for THH(Ok /Sy (x)) in the category of THH(Ok /Sy )lz])-
modules.

Proposition 5.5. The Adams resolution (22) induces
THH(Ok /Sw () = Tot(THH(Ok /Sy ) [2]°*)).- (5.6)
Proof. By [10l, Proposition 2.14], the fiber of
THH(Ok /Sw ) — Totyn (THH(Ok /Sy ) [2]%*)) (5.7)
is homotopy equivalent to the n-fold smash product of the fiber of
THH(Ok /Sw ) — THH(Ok /Sw ) [2]) (5.8)

with itself. It follows that the fiber of (B.7]) is n — 1-connected as the fiber of (5.8]) is
0-connected. The proposition follows. O

Corollary 5.9. The cosimplicial spectra [5.3), (5.4) induce
TC™ (Ok /[Sw) = Tot(TC™ (O /Sw o [2]°%)) (5.10)

and
TP(OK/SW(k)) = TOt(TP(OK/SW(k) [Z]®.)). (5.11)

Proof. The claim for TC™ is clear since
Tot(THH(Ok /Sy () [2]“*))"" 2 Tot(THH(Ok /Sy [2]°*)"").
For the case of TP, first note that

TOtn(THH(OK/SW(k) [Z]®.))h’]f = TOtn(THH(OK/SW(k) [Z]®.)h’]l‘)'
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Since the fiber of (5.7]) is (n — 1)-connected by the proof of Proposition [5.5] the fiber of
THH(Ok /Sw a0 )ar — Totn (THH(Ok /Sw o [2]°*))ar

is (n — 1)-connected as well. Hence the fiber of
THH(Ox /Sw ) )ar — Totn (THH(Ok /Sy ) [2]%*)ir)

is (n — 1)-connected. We thus conclude
THH(Ok /Sw o))t = Tot(THH(Ok /Sy o) [2]%* 1),

yielding the claim for TP. O

Using Proposition[5.5land Corollary[5.9] the coskeleton filtrations of THH(Of /Sy (i 2]%*),
TP(Ok /Sw ) [2]%*) and TC™ (O / Sw k) [2]®®) give rise to spectral sequences comput-
ing THH.(Ok /Swx)), TP«(Ok /Swx)) and TC, (Ok /Sy (x)) respectively.

e The descent spectral sequence for THH(Ok /Sy (k) ):
By (THH(Ox)) = THH; (O [Swg[2]**) = THH; i(Ox /Sw)-

By Lemma [£7] and Corollary [£.4] the E;-term may be identified with the cobar
complex for THH. (O /Sy (i [2]) with respect to the Hopf algebroid

(THH.(Ok /Sw )21, 22]), THH.(Ok /Sy 1) [2]))-
It follows that

Eé’j (THH(OK)) = EXti’f{{H*(OK /Sw (i) [71,72]) (THH* (OK/SW(k) [Z] ))

e The descent spectral sequence for TP(Ok /Sy (x)):
Y (TP(Ox)) = TP;(Oxc/Swgl2] ™) = TP;i(Okc /Sw).
By Lemma [£.7] and Corollary 4.4}, the j-th row of the Fj-term may be identified
with the cobar complex for TP;(Of /Sy (i) [2]) with respect to the Hopf algebroid
(TPo(Ok /Swx)l21, 22]), TPo(Ok /Sw k) [2])). It follows that
By’ (TP(Ok)) = Extrp (0, /sy o (21.22)) (TP (Ok /Swrag [2])).
e The descent spectral sequence for TC™ (O /Sy (x)):
EY/(TC™(0k)) = TC; (Ok [Swq [21*) = TC;_(Ok /[Swaq)-
Remark 5.12. Indeed, the Fa-term of the descent spectral sequence for TC™ (O /Sy (i)

may also be identified as an Ext-group in the category of complete filtered comodules
over filtered Hopf algebroids. The details will be given in [§].
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Using (5.10) and (B.I1)), we may also construct a spectral sequence computing
TC.(Ok/ SW(k)). Firstly, the maps can, ¢ from relative TC™ to relative TP induce the
maps of cosimplical E..-spectra

can, ¢ : TC™ (O /Sy [2]°*) = TP(Ok /Sy [2]%°).
Define TC(Ok /Sy (k))(n) to be the fiber of
can — ¢ : Tot, (TC™ (Ok /Sw (k) 2]%*)) — Totn—1(TP(Ok /Sw ) [2]%*)).
By construction, we get

TC(Ok [Swao)n-1) o, Tota-1(TC™ (O /Sy [2]™*)) o 51 Toty—2(TP(Ok /S [2]°%))
TC(Ok /Swag)m)  Tota(TC™ (Ok /Sy [2]=*)) Tot,—1(TP(Ok /Swo2]**))”

The tower {TC(Ok ) (n) }n>0 gives rise to the descent spectral sequence for TC(Ok /Sy k)):
Ei’j(TC(OK)) = TCj_i(OK/SW(k))’

where F1(TC(Ok)) may be identified with

can—y

Ey(TC(Ok)) <% B/(TP(Ox)).
Consequently, there is a multiplicative spectral sequence

Ey™(TC(0Ok)) = Ey™(TC(0k)),

where
Ey™(TC(Ok)) 2 ker(can — ¢ : By (TC™ (O)) = E5” (TP(Ok))),
E2M(TC(Ok)) = coker(can — ¢ : By (TC™(Ok)) — E3? (TP(Ok)))
and
EZM(TC(0k)) =0
for k£ # 0, 1.

In the rest of this section, we will compute E;J (THH(Ok)) explicitly. To this end,
first note that it follows from Corollary E17and (£.21)) that the left THH. (Ok /Sw ) [2])-

linear map

D : THH*(OK/SW(k) [2’1, 2’2]) — THH*(OK/SW(k) [21, 22]),

which sends t[i] to t[i_l}

Z21—%22 Z21—29?

that the complex

is a map of left THH(Ok /Sy k) [21, 22])-modules. It follows

a—D(a)dz
0 — THH,(Ok /Sywag2]) 25 THH.(Ok /Sy g [21, 2] 2% THH, (Ox /Sy o [21, 22])dz — 0,

(5.13)
where dz has degree 2, is a relative injective resolution for THH. (O /Sy (i) [2]) as left
THH.(Ok /Sw k)[21, z2])-modules.
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Proposition 5.14. We have that EXth]I{H*(OK/SW(k) [ZI,ZZ])(THH*(OK/SW(k) [2]) is com-

puted by the complex

THH.(Ok /Swl2]) Boonr)dz,

THH*(OK/SW(k) [z])dz, (515)
where the left THH. (O /Sw )lz])-linear map

Dy : THH*(OK/SW(k) [Zl, 22])> — THH*(OK/SW(k) [Z])

is given by Do(ty —5,) =1 and Do(tm ) =0 fori#1.

21—29

Proof. Using (5.13]), we first get that EXtiT’]i{H*(OK/SW(k) [zl’zﬂ)(THH*(OK/SW(k) [z]) is

computed by the complex
Homrun. (0x /sy o [21,22) (THH«(Ok /Sw ) [2]), THH. (O /Sw 1) [21, 22]))

f—=(Dof)dz
L2, Hommtir, (05 f5v o nseal) (THHL (Ok /S g [2]). THHL (O /Sy s [21. 22]) 2.
(5.16)

Recall that for a (commutative) Hopf algebroid (A,T'), a left I'-module M and an
A-module N, there is a canonical isomorphism

Homa (M, N) =2 Homp(M,T @4 N), fr f=(d® f)oA. (5.17)

It is straightforward to check that Dy corresponds to D under this isomorphism. It
follows that (5.16) may be identified with the THH. (O /Sy () [2])-linear complex

Homrun. (04 /sy o [2) (THH(Ok /Sw () [2]), THH. (Ok /Sw o [2]))

f=(Dof)dz
LS, Homrum, (0 /sy o [2) (THH« (Ok /Sw () [2]), THH. (Ok /Sw (1) [2]) ) dz.
(5.18)

Note that under the isomorphism (B.I7)), the identity map on THH.(Ok /Sy )l2])
corresponds to g . We thus conclude the proposition by the isomorphism

Homrun. (04 /sy o [2) (THH(Ok /Sw ) [2]), THH. (Ok /Sw ) [2])) = THH.(Ok /Sw ) [2])

which sends f to f(1). O
The following results follow immediately.

Corollary 5.19. We have

0,0 ~
EXt 1, (0 /Sy o 21,220) ( THE (O Sw o [2])) = Ok

and

EthT’I%ITIL{*(oK/SW(k) o) (THH Ok /S [2])) = Ok / (B (wk)),m > 0.

The other Ext-groups vanish. As a consequence, the descent spectral sequence for
THH(Ok /Sw)) collapses at the Ea-term.
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Remark 5.20. Corollary [5.19] recovers the main result of [7].

In the remainder of this section, we introduce the algebraic Tate spectral sequence
and the algebraic homotopy fized points spectral sequence. Note that the FEj-terms
of the descent spectral sequences for TC™ and TP are equipped with the Nygaard
filtration. This gives rise to the algebraic homotopy fixed points spectral sequence

By (TC(Ok)) = HY(Gr**(TC (Ok [Swa2]*)) = By’ (TC™(Ok)),  (5.21)
and the algebraic Tate spectral sequence
By (TP(Ok)) = H(Gr*™ (TP(Ok [Swag[217%) = B (TP(Ok)).  (522)

They are multiplicative spectral sequences. Moreover, by Remark B.6] we see that
the graded pieces of the Nygaard filtrations of E1(TP(Ofk)) together with the induced
dy-differentials may be identified with part of F1(THH(Of))[c*!] in the sense that

EYPE(TP(Ok)) = B (THH(O) )0

Since the algebraic homotopy fixed points spectral sequence is a truncation of the
algebraic Tate spectral sequence, using Corollary [5.19] the following result follows
immediately.

Proposition 5.23. Both Ey(TC™(Ok)) and Eo(TP(Ok)) are concentrated in Eg’*
and E%* In particular, both the decent spectral sequences for TC™(Ok /Sw)) and
TP(Ok /Swx)) collapse at the Ez-term.

6 Refined algebraic Tate differentials

In this section, we consider mod p version of decent spectral sequences. To compute the
Es-terms of mod p descent sequences for TP(Ok ) and TC™ (O ), we introduce refined
version of algebraic Tate and algebraic homotopy fixed point spectral sequences, and
completely determine the refined algebraic Tate differentials.

By Lemma M7 and induction on n, we get that THH.(Ok /Sy () [2]%™) are p-
torsionfree for all n > 1. Hence TP.(Ok /Sy ) [2]®™) and TC, (O /Swx) [2]®™) are
all p-torsionfree as well by degeneracy of the Tate and homotopy fixed point spectral
sequences respectively. It follows that for n > 1,

THH..(Ok /Sw ) [2]*"; Fp) = THH.(Ok /Sy ) [2] ") @z Fp,
TP.(Ok /Swg[2]®"; Fp) = TP.(Ok /Sw e [2]%") ©z Fy

and
TC; (Ok /Swo 21" Fp) = TC; (Ok /Swo [2]") @z F).

This in turn implies the degeneracy of of the Tate and homotopy fixed point spec-
tral sequences for TP.(Ok /Sy ) [2]®";F,) and TC; (O / Sw k) [2]®"; F,) respectively.
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Moreover, analogues of Proposition[G.5and Corollary 5.9 hold as well. Thus the coskele-
ton filtrations of the cosimplicial spectra

THH(Ok /Swag[2]°*:Fp), - TP(Ok /Swq 2] Fp), TC™(Ok /S [2] 7% Fy)

give rise to mod p decent spectral sequences computing THH. (O /Sy (i); Fp), TP+« (Ok /Sw k) Fp)
and TC, (Ok /Sy (x); Fp) as follows.

e The descent spectral sequence for THH(Ok /Sy k); Fp):
EY (THH(Ok); Fp) = THH; (Ok /Sw g [2]%% Fp) = THH; _;(Ok /Sw ey Fp).-

The F;-term may be identified with the cobar complex for THH. (Ok /Sy () [2]; Fp)
with respect to the Hopf algebroid

(THH..(Ok /Sw () [21, 22]; Fp), THH.(Ok /Sw ) [2]: Fp))-
Hence
Ey’ (THH(Ok); Fp) = Extiy o S e1,721) (THE(OKc /Sty a9 [21: F)).
e The descent spectral sequence for TP(Of /Sy (i; Fp):
B (TP(Ok): Fp) = TP (Ox /Swaq 2] Fp) = TP;_i(Ok /Sy o) Fy).-

The j-th row of the Ej-term may be identified with the cobar complex for
TP;(Ok /Sw)l2]; Fp) with respect to the Hopf algebroid

(TPo(Ok [Sw ) [21: 22]; Fp), TPo(Ok /Sw ) [2]; Fp))-
It follows that
E;j (TP(Ok); Fp) = EXtiTPO(OK/SW(k) [21,22];Fp) (TP; (OK/SW(k) 2] Fp)).
e The descent spectral sequence for TC™ (O /Sy (; Fp):
By (TC™ (O )i Fy) = TC] (O [Sws |23 Fy) = TC7 (O /S sy Fy)-
e The descent spectral sequence for TC(Ok /Sy x); Fp):
EyY (TC(Ok); Fy) = TCj—i(Ok /Sww: Fp)-
Similarly, there is a spectral sequence
Ey* (TC(Ok); Fy) = By (TC(OK )5 Fy),
where
EY*(TC(Ok); Fp) = ker(can — ¢ : By (TC™(Ok);F,) — Ey’ (TP(Ok); F,),
E;’l’j(TC(OK);Fp) =~ coker(can — ¢ : Ey/(TC™(Ok)) — E5 (TP(Ok); F,)

and o
Ey™ (TC(Ok); Fy) = 0

for k # 0, 1.
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In the following, we will first compute the Es-term of the descent spectral sequence
for THH(Ok /Sw (k); Fp). To simplify the notations, from now on for

? S {27 Ziy 0, O'i,U,Ui,'U,’Ui,tZl_zz},

we denote its image in the mod p reduction by the same symbol. Moreover, we abusively
use z, z; to denote their images in THH..(Ok /Sy ) [2]; Fp) and THH. (Ok /Sy k) [21, 22]; Fp)
respectively under pg . Under these notations, we have

TPo(Ok /Sw o l2]; Fp) = W (K)[[2]] @z Fp = Kk[[2]]
and
THH.(Ok /Sw ) [2]; Fp) = Ok [u] @z Fp = (Ok /(p))[u] = k[2]/(z°)[u],
where z corresponds to wx under the last identification. Moreover, we have
THH, (O /Sw 21, 22]; Fp) = (O (21 —2,)®0, Ok [tn])®2Fp = (k[2]/ (275 [ur](tz, —2)-
Recall that the leading coefficient of Ex(z) is denoted by p.

Proposition 6.1. The following are true.

(1) Eg’*(THH((’)K);IF‘p) is the k-vector space freely generated by

u™,  pln, if e = 1.

{zlu”, 1<l<ex—1lorpl|exn, ifex >1
(2) E;’*(THH(OK);IFP) is the k-vector space freely generated by the set of cocycles

{zi(u?‘ltzl_z2 —(n— 1)E}<(21)u?_2t[22}_22), 0<l<ex—2o0rplegn, ifex>1

L (=1 vjon—j i .
>i—1 EZ—;‘?! (—a) uy ]t§1—227 pln, ifex =1.

(3) Fori# 0,1, Ey*(THH(Ok); F,) = 0.

Proof. By similar argument as in the proof of Proposition[5.14] we get that Ey(THH(Ok); F,)
is computed by the complex

(Doongr)dz
—

0— THH*(OK/SW(k) [Z]; Fp) THH*(OK/SW(k) [Z]; Fp)dz — 0. (6.2)

This implies (3) immediately. Using (£20) and E(z) = expz®c~ mod p, (6.2) may
be identified with

0 — (k[z]/(z°%))[u] FWr—expzeK ~1f (w)dz (

k[z]/(2°%))[u]dz — 0. (6.3)

Then a short computation shows that HY is the k-vector space freely generated by

n

dut, 1<i<ex—1lorp|egn, ifeg>1
u,  pln, if e = 1.
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and H' is the k-vector space freely generated by the set of cocycles

ZunTldz, 0<l<ex—2orp|egn, ifeg>1
u"_le, p | n, if €K = L

To compare (6.2]) with the cobar complex, for n > 1, set

N~ =D ey W
u ]Z:; (’I’L _])'( K(z)) Uq 21—29 nE}{(z) € *(OK/SW(k)[Zl,Z2])-
(6.4)
It is straightforward to see that u™ isa cocycle in the cobar complex for THH, (Ox /SW(k) [2]).

Now consider the diagram

Dgo dz
THH. (O /Sy 10 [#]: Fp) — % THEL (O /Syy 10 [2]; Fp)dz (6.5)

- ;

THH. (Ok /Sw (10 [); Fp) ———= THH.(Ok /Sy 21, 22]; Fy),

where 3 is the k|[z]-linear map sending u"dz to u(®t1). By (6.4, it is straightforward
to check that (6.12]) is commutative. Thus it gives rise to a morphism from (6.2)) to the
cobar complex of THH.(Ok /Sy )[2]; ). Note that the right vertical map of ([6.12]) is
injective. Since both (6.2]) and the cobar complex compute the Ea-term of the descent
spectral sequence, we deduce that (6.12]) induces a quasi-isomorphism. Finally, note
that if e > 1, then E%(2)? = 0 in k[z]/(2°%). Now the proposition follows. O

Remark 6.6. The extra complication of Ea(THH(Ok /Sy (k); Fp)) originates from the
“accidental” filtration clash of the differentials

2Ky meg iz Nz
in degree 2m. To remedy, we introduce the refined Nygaard filtration as follows.

Convention 6.7. From now on, we rescale the index of Nygaard filtrations by 2. That
is, N=J takes place of N=2.

Definition 6.8. Let M be a filtered TPo(Ok /Sy (x)[2]; Fp)-module with the filtration
NZ°. Define a refinement of N=* on M by setting

NZTFE M = 2" NZIM 4+ NI

for j € Z,0 < m < ek, and call it the refined filtration of N'Z®. Note that under the
refined filtrations, M is still a filtered TPo(Ok /Sy (k) [2]; Fp)-module.

In the following, regard both TP, (O /Sy ) [2]°*; Fp) and TC; (Ok /Sw ) [2]°*; F)
as TPo(Ok /Sw)[z]; Fp)-modules via z +— 21. We call the refined filtration of Nygaard
filtration the refined Nygaard filtration. Note that we may refine the Nygaard filtration
of TPo(Ok /Sw ()21, 22); Fp) via both 1, and ngr. However, since

2" — 23" € NZ'TPo(Ok /Sw g [21, 22]; Fp)

for m > 1, we get that both ways end up with the same filtration. = Combining
Corollary [£.17 and Proposition 4.19] we reach the following result.
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Lemma 6.9. Under the refined Nygaard filtration, the associated graded Hopf algebroid
of
(TPo(Ok /Sw i) [2]; Fp), TPo(Ok /Sw i) [21, 22); Fy))

18
(k[z], k[z1] @k k(tz; —25)),
in which the following holds.
(1) If ex =1, then z9 = 21 +ty_s,. If exx > 1, then zo = 21; in this case the Hopf
algebroid becomes the Hopf algebra
(k[z], k[z] @ k(tz)—2,))-

(2) The coproduct A and counit € satisfy

t[zl1] 22 Z tZ1 Z2®t21 22’ (t[zll] zg) =0
0<;<i

for all i > 0.

The refined Nygaard filtration on Ej-terms of the descent spectral sequences for
TP(Ok /Swx); Fp) and TC™ (Ok /Sw (x); Fp) give rise to the refined algebraic Tate spec-
tral sequence

EY*(TP(Ok ) Fy) = H'(Gr* (TP (Ok /Sw[2]%*))) = Ey? (TP(Ok); F,)
EK
and the refined algebraic homotopy fixed points spectral sequence

EYH(TC (0k); Fp) = H' (G (TCT (Ok [Sw[2]7%))) = B3 (TC™(Ok); Fp).

EK

They are multiplicative spectral sequences with E,-terms for all 7 € iZZO' Moreover,
by Remark [3.6] Lemma, and the functoriality of Tate spectral sequence, we see that

E 1 (TP(Ok);Fp) may be identified with the cobar complex for k[z][c*!] with respect
K ~
to the Hopf algebroid (k|z],k[z1] ®k k(t)), and E1 (TC™(Ok);F,) is a truncation of
~ eK
B (TP(Ox);T,).
K

Lemma 6.10. The following are true.

(1) If ex > 1, then

B (TP(Ok);Fy) 2 k[zlo?,  EL"4 (TP(Ok);Fy) & i)ty —sp0”.
eK eK

Moreover, dy_ 1 (z07) =t,,_,,07.
eK

(2) If ex =1, then

EY*(TP(Ok);F,) 2 k[F)o?, EM*(TP(Ok);F,) = @p‘nki(”_l,)'( 1)7 174l

= (n—J)!
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(3) Fori+#0,1, E"*(TP(Ok);F,) = 0.

°K

Proof. By functoriality of the Tate spectral sequence, we have
0105 — 1 € NZ'TPy(Ok /Sw g [21, 22])-

It follows that o1 = o2 in graded pieces of the cobar complex for TP.(Ok /Sy [2])-
Therefore we reduce to the case j = 0.

By a similar argument as for Proposition[5.14} we first see that Exty[., e,k (k[2], k[2])
is computed by the complex

[Z] f(z)'_)_fl(z)dz

00—k k[z]dz — 0. (6.11)

Then we proceed as in the poof of Proposition [6.Il Consider the commutative diagram

K[z OO g, (6.12)

.

K[z] — M K[2] @i (L),

where f3 is the k[z]-linear (under 77,) map sending 2"dz to » ', (n%!j)!(—l)j P t[zjltlz]z
By a similar argument as in the proof of Proposition [6.1] we deduce that it gives rise to
an quasi-isomorphism between (G.I1]) and the cobar complex. This yields the desired
result on cohomology of the cobar complex. Finally, when ex > 1, the differential of

the cobar complex sends
n+1

> >
e NZe \ N2 e

G-y (j) (22— 2y,

1<j<n

to

n 1
which belongs to /\/ZQH_WTPO(OK/SW(I{) [z1, 22]; Fp). It follows that

EPH(TP(O); Fy) = B (TP(Ok )i Fy) = -+ = B (TP(Ok); Fy)
K eK eK
and dy_ 1 (2) =t _2,. O
eK

Corollary 6.13. Both E3(TC™(Ok);F,) and E2(TP(Ok);F,) are concentrated in
Eg’* and Ezl* In particular, both the decent spectral sequences for TC_((’)K/SW(k); F,)
and TP(Ok /Sy );Fp) collapse at the Ea-term.

Convention 6.14. Motivated by the results of Lemma [6. 10, in what follows, denote
to1—2 by dz. When ex =1, denote

Enz (n - 1)‘ (—1)jz?_jtm

2 (n—))

n__,n
1 %2
n

which is formally equal to , by z{‘_ldz.
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Under Convention [6.14] we may reformulate Lemma [6.10[(1), (2) as follows.

Corollary 6.15. For ex > 1, we have
B (TP(Ok); Fy) 2 k[2]o? & k[z]dzo?,
K

and d;_ 1 (z07) = dzo?. For ex =1, we have
°K

E}7(TP(Ok); Fp) = k[2Plo? @ 27~ 'k[2}]dzo7.

In the rest of this section, we will compute the higher refined algebraic Tate differentials.
We first treat the case of O-stems. In the following, when the context is clear, for
J € Z>p, we will simply denote NZjTPO((’)K/SW(k) [21, 20]) by N'Z9. For r € %ZZO, we
denote NZ’"TPO(OK/SW(k) [21, 22);F,) by N=", and denote by (p, N=") the preimage
of N="TPo(Ok /Sw () [21, 22]; Fp) under the natural projection

TP()(OK/SW(k) [21, 22]) — TPQ(OK/SW(k) [2’1, 2’2]; Fp).

In the following, for a € TPo(Ok /Sy () [21, 22]) (resp. a € TPo(Ok /Sy (21, 22]; Fp)),
we denote by v(a) the smallest j € Z>q (resp. r € izzo) such that a € N'Z7 (resp.

a € N2"). Since the associated graded algebra are integral in both cases, we have
v(ab) = v(a) + v(b).

Lemma 6.16. We have & = —6(f(0)/f©) ¢ TPo(Ok /Sw )21, 22]). Moreover,

p—2
€K

gozz‘f_l mod (p,/\/’2 +1).

p—1

In particular, & € (p,/\/’2 °K ).

Proof. For the first claim, we have

S(FOy —
(S) 5
(- fOp - (fOp
p
_ 1 ,_ (0)yp—1
= OGP0 (e
Note that (_1;“ € Z. Hence
_ -1 5 (0)yp—1
o =27 l—p?zf 2f(0)—|----+((—1)p—|—1)(f p)
belongs to TPo(Ok /Sy )lz1,22]). For 1 <i < p—1, p_e;_i +i > pe—;f + 1. Thus
. . p—2 p=2
for such i, 2/~ (f0) € (p,/\/’zpeK +1). This implies that & — 27 € (p,./\/'ZI;K +1),

yielding the second claim. O

32



~ D
Put /i = —smceny-
Lemma 6.17. We have

e(fO) = a0 mod (p, NZP),
Proof. Recall that ho(Ex(z1)) = o(f(©). Note that
o(Ek(z1)) = pP2Y"  mod p.

Thus
o(f9) = uP2P* b mod p. (6.18)

On the other hand, using (20) for I = 0, we have
fO =69 = hé(Ex (21))- (6.19)
Since f1) € N'2P, we get
h=06(f9)/6(Exk(z1)) mod NZP.

Combining this with Lemma [6.16] and the fact that pex + p 2 42 > 2p, we deduce
that

a0 = g T O = WS (FO) [6(Bx (1)) = 1A h = o(fO) mod (p, NZP),

concluding the lemma. O

Lemma 6.20. Suppose p > 2 and ex > 1. Then forl > 1,

1 (pegtp—1)2=L
A(FO) = gt PPV 200 oq (p, NZP TR, (6.21)

Proof. We will establish the lemma by induction on [. The case [ = 1 follows from
Lemma [6.17 and the inequality % + p%l <i+3=2
Now suppose the claim holds for some [ > 1. Raising both sides of (6.2I) to the
p-th power, we get
ST Pt op

GH(FO) = gt PRV S0y mod (p NPT TR D)) (6.22)

Using Lemma [6.17] again, we have

I4+1_ yptlop Sl I+1_ 142 2 141
ﬂppilpzipex-l-p 1) =1 (P(f(o)) _ ﬂ — lzipex+p NE— =T f(o mod (ijZp p71p i — p+2p)'
(6.23)
On the other hand, it is straightforward to see that
42 _ 2 I+1
P -p* p 11 1 1
2p > 14—+ —). 6.24
p_1+eK +pp(+ 1t (6.24)
Putting (6.22]), (6.23) and (6.24) together, we prove the induction step. O
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Lemma 6.25. For p =2 andl > 1, we have

(D) € (2N 1),

Proof. Recall that by construction, we have

2f@ = — ()2 + 6*(h) Eg (21)".

By Lemma [16] 6?(h) € N'=L. Tt follows that
(fD)* € 2,N7).
We thus conclude by raising to the 2/=1-th power

O
Lemma 6.26. Suppose p =2 and ex > 3. Then forl > 1,
~9l_ I_ e
(‘Oz(f(O)) = 2 129 1)(2 K+1)f(0)

mod (2, N2 (2+_)_%).

Proof. We proceed by induction on I. The case [ = 1 follows from Lemma Now
suppose the claim holds for some [ > 1. Using (6.I8]), (6.19)), we first have

p(F) = WP h = ™ (G f ) + fU) mod 2
Raising to the power of 2!, we get
PHFO) = e (O (1)

+ (M) mod 2.
By induction hypothesis, we have

C,Dl(f(o)) = ﬂ2l—1z§2l—1)(261<+1)f(0) mod (2 N>2l(2+7)
It follows that

2

oK ).

)(2+-L)+1
P(10) € (2N
On the other hand, using Lemma [6.16] we get

{0 _zl mod (2,./\/'221).
Putting these together, we deduce that

1 1 I+1 ol
PR TR G (1 O) = T T G (10 o (2, 2 DR T
and

_ol+1__ 2l+1 2l
,U2 1Z1 ext @l(f(o))z

D ) 5,
Clearly (2! —1)(2 + X

).
o)t 2t p ol 41 > 2 (2 + %) — a. Hence we get
ol 2l+16K€2l l(f( )) _ ﬂ2l+1_12§2l+1—1)(26K+1)f(0) mod (2, N> 2l+1(2+—)—%).
(6.27)
Finally, by previous lemma, we have
2l 2t le (f(l))zl c (27N22’+1+2l+1(1+ ) C (2, /\/>2l+1 +LK)‘%), (6.28)
Combining (6.27)) and (6.28]), we conclude the induction step O

34



Proposition 6.29. Suppose p > 2,ex > 1 or p = 2,ex > 3. Then forn > 0,1 =
vp(n),n’ = 1%’ the refined algebraic Tate differential satisfies

-1 peK —l—n 1

dypn s, (") =n'fr 1z dz, (6.30)
p—1 eK
10,2021 s
which is non-zero in E ., ", . Moreover, the targets of (6.30) are all different.
p—1
Proof. First note that
!
pex 2= 4n—1 pl+1 -1 n—1
vz " (21— 22)) =
p—1 €K

l

!
On the other hand, since 2 — 25 = ¢!(f®) mod p in TPo(Ok /Sw k)21, 22]), by
Lemma [6.20] and Lemma [6.26], we get

! ! l71 + 1 -1 l+1 _ 1 [ _ 1
vzl — 28 — qu; 1 zfeK b (21 — 22)) > P + b
p—1 €K
Hence
I ! _pl-1 peK +pl 1 I+l _q pl -1
v(z) — 2y ) =v(pr T2 (21 — 22)) 1 +
Write

/
n n_ n'p n'pt _ n—i [T\ _ipt, _pt pyn—i
s T B B E (—1) el (2] )T

0<i<n/—1
It is straightforward to see
+1 _ 1 n—1 _ 1 1 -] 1
e R R RT ey
f . pttl_1 n—1 _ (pti=1 1 n
or i <n —2. Note that & ——= + 2= = (5= — ) + /. We thus deduce that
- ! ! ,-p=1 Pl g
dyeiy o (") =" ) =i T g

p—1 eK

It remains to show that the targets of (6.30]) are all different; note that this will
automatically imply that the right hand side of (6.30]) is non-zero. Put n = pe K +n

Since vp(n) =1, we get | = vy(n + <kt ). Consequently, n is uniquely determlned by 7.
This yields the desired result. O

Now we treat the remaining cases. The strategy is to compare them with the known
cases.

Proposition 6.31. The result of Proposition holds for all p and ek .
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1
Proof. Choose an integer m > 3 coprime to p, and let K’ = K (w}g) the ramification
1

index of K’ is exs = meg, and the corresponding Eisenstein polynomial for w? is
Ex/(z) = Ex(2™). Now the commutative diagram

Sw 2] s Sw ) [2]
\LZ'_)WK \Lz'—)wé
Ok Ok

induces a map of cosimplicial cyclotomic spectra
T - TP(Ok [Swag[2)*; Fp) = TP(Okr /S [2]*; Fp)-

Define the ”less refined” Nygaard filtration on TP.(Og' /Sy ) [2]®*;F,) to be the
filtration N=" TP, (O /Sw ) [2]®*;F,) for r € éZZO, which in turn induces the ”less
refined” algebraic Tate spectral sequence E'(TP(Og);F,). Clearly T, is compatible
with filtrations. Thus it induces a morphism of spectral sequences

T : E(TP(Ok);Fp) — E (TP(Ogr); F,).

By similar argument as for Proposition [6.1] and Lemma [6.10, we first obtain that
if exc > 1, then £ 5% *(TP(Ok); Fp) is isomorphic to k[z] @ k[z1]dz, where dz denotes

ex

ti—2- If e =1, then E~'/00 "(TP(Ok); Fp) is the k-vector space freely generated by

{(z"m{norp|n}, and £} o, *(TP(Ok);Fp) is the k-vector space freely generated by

the set of cocycles {z?dz]m fn+1orp|n+ 1}, where z{'dz denotes

(M, L, — (k= 1)m2 ()R 2t[22;} ») 0<s<m-—lands+(k—1)m=n,
n-+m n+m

which is formally equal to w for j # 0,1, EJO*(TP((’)K/) F,) = 0. Under

kmz1 oy

our convention of notations, it is straightforward to verify
T (2") = 2™, T (27dz) = mz" =1y, (6.32)

note that right hand side of the second equality is just formally equal to z{""dz".
Combining with Lemma [6.10 and Corollary [6.15] we see that

T : Eﬁ’*(TP(OK);Fp) — E(TP(Ok); Fy)

€K K

is injective. To proceed, we need the following result.

Lemma 6.33. For n > 0,1 = vy(n), where l > 1 if ex = 1, n’ = 5, the natural

. P
projection
Ell’o’pl:if R (TP(Og )i F
¢ E’LO,pl::;l-i'Z; (TP(O ) F ) i ( ( K/)’ p) ~ Kk pmeK +mn 1
: ); — - = kz
# Koo kzidz !

I
i#pmer ’;711 +mn—1
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1.0 pl+171+n71
-~ b 71
factors through E ., | K. Moreover,

p—1

mn ’op—1 e
dPlJrlfl_ , (&™) € Eplﬂ,l
p—1 eK p—1

ol
_plfl pmeK 1—i—mn—l

maps to n'f17=1 z; dz wvia this projection. In particular, d 1, (zmm)

p—1 eK

1S NON-zero.

/

~'0,0,-1
Proof. By first half of Proposition 629} if 2* € £, % (TP(Ok-);Fp) has non-trivial

K
! ’07k71
contribution to E,_, “* (TP(Og);Fp), then
K
P11 -1 k-1 s
+ = + for some 0 < s <m — 1, (6.34)
p—1 meg ex mex

where I’ = v,(t). By the second half of Proposition [6.29] ¢ is uniquely determined by
(k,s). In particular, if

then ¢ has to be equal to mn. Moreover, when (6.34]) holds, we see from the argument
1 k—1

~ 707 e .
of Proposition [6.1] and Lemma [B.I0] that the image of 2! in E K(TP(Ok);Fp) is

m(k— 1)+s

contained in the subspace generated by the cocycles z; dz 0 < s’ < 5. Putting

these together, we deduce that

1.0 pl+1 1, n—1 a1 0 p -1, n—1
ker(E_ "7 K (TP(Ok:);Fp) = E i f LK (TP(Ok); Fp)
EK p—1
. . . Pmerl T +mn—s .
is contained in the subspace generated by z; P dz,2 < s < m, yelding the

first half of the lemma. Using (6.30]), we conclude the second half of the lemma. O

0,0, )
Now we prove the proposition. We first show that z* € £, “* (TP(Og);F,) survives

~ eK ~
to the E 141 ,-term. We do this by induction. Suppose 2" survives to some E,-term
p—1
with oL <7 < p . That is,

ppn=l
d(z") € NZ Tex TPO(OK/SW(k) [zl,ZQ];Fp).

Since T, (™) = 2™", which survives to the E’p 1+1_,-term by Lemma [6.33], we have

p—1

Tm(d(z")) = d(Tm(Zn)) S ./\/'ZT—F#TPQ(OK//SW(k) [21, 2’2]; Fp).
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n—1

~/1,0, +n71
K (TP(Ok);F,) — B, K (TP(O);F,) implies

~1,0,r
Then the injectivity of E |

°K °K

n—1
that d(z") = d(a) for some o € N7 & TPy(Ok;F,). Now

d(Tm(a)) = Tm(d(a)) = Tm(d(z")) = 0 € NH_%TPO(OK’/SW(k) [21, 22]; Fp),

~/0 0T+n71

weget T (o) € E, % (TP(Og/);F,). By the explicit description of E/io’*(TP(OK); F,)
eK °K
t .'0,0,r+2=1
and E 9" (TP(Ok);F,), we conclude a € E | ¥ (TP(O);F,). Thus
K K

rpn=l
d(Zn) = d(a) =0eN ek TPQ(OK/SW(k) [2’1, 22];Fp),

yielding
d(Zn) S ./\/’ZT"'WTP()(OK/SW(k) [Zl, ZQ]; Fp)

I+1_ _
~1’07p 1+n 1

. ad . —1 e .
Once we know 2" survives to the E i11_,-term, since £, * K (TP(Ok;Fp)) is
p—1 °K

l_1q
pex E—=+n—1
generated by z; "' dz, we may suppose

l
p —1
pek ——+tn—1
dpl+1,1_ 1 (Zn) = )\Zl P

p—1 eK

dz.

Applying the second half of Lemma [6.33] we get

Pl*

)\:n’ﬁpfl.

fun

The rest is the same as in the proof of Proposition [6.29 O

Remark 6.35. In fact, employing the result of Proposition [6.31] in the argument of
/1’07k

- 14
Lemmal[6.33] will prove the following fact: for r € %Zzlu{oo}, itE, % (TP(Ok);F,)

is non-zero, that is zlf_ldz is not in the image of d._ 1 , then the natural projection

€K
~'1,0,’“6;<1+1
1.0 k71+1 1 (TP(OK/)7FP) o1
E | (TP(Og/);F,) - —K : ~ kMl
i ( ( K) p) @i;émk—lkzidz 1
/1,021 41 ) b1 ) ]
factors through E, (TP(Ok);F,). In particular, T,,(z{" "dz) is non-zero in

’ k-1

1,0,5=1 41
E, % (TP(Og);Fp).

Next we investigate the differentials on non-zero stems. To this end, put

620'10'2_1, € =



by Remark [3.12] the latter is well-defined. By the functoriality of Tate spectral se-

quence, we have
ecl+N=L

Using Theorem 2.T5(6), we get

e oloy Do p(vi)p(ur) (6.36)

20 ooy )on  plv)plus)

Let € € be the images of €, €9 in TPo(Ok /Sy i)[21, 22); Fp) respectively. It follows that
G=¢ P=1 mod NZN

Then it is straightforward to see that for i > 0,

&'=1 mod N2¥' (6.37)

and -
[1& == (6.38)

=0

where the LHS takes limit under the N-topology.

Lemma 6.39. Fiz an integer j. Then for r € iN, m,k € N such that

p" >4, min{p™,p"} >,

we have -
R 5T € By (TP(Ok )i Fy)
K
survives to the Er—term.
Proof. Consider
a=([[¢(Bx(2)/m)" 7o’ € TPy;(Ok [Swwl2])-
i=1

ks mtl_,
Clearly « is a lift of LD 5 We have

nr(a) = ([T ' (Bx(20) /)" o]
=1
and
m m—1 m—1
nr(e) = (] ] O (Ex(22) /)P 0 = np(a)e™ I ¢'(e0)’ P = (a)(e? I ¢'(e0))’
i=1 =0 =0
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By ([637) and (6.38)), we deduce that

m—1
et H ¢ () =1 mod N=P"
=0
and .
H goi(Eo)_pk =1 mod N7
i=1
) T S (P —lex 2 > (ph =) P P min{p™ o)
It follows that nr(z =1 g))—ng(z = U’) eN ,
concluding the lemma. O
Proposition 6.40. Forn > 0,j € Z,l = vy(n— ’;fflj), andn' = p~t(n— ’;%ﬂj) mod p,
we have y o et
. _p - e n— .
dyti, 4 (2"07) = ﬂ p <o oldz, (6.41)
p—1 e
i1
R
which is non-zero in E 41 pl ' K Moreover, the targets of (6.41) are all different.
p—1

Proof. Choose k,m € N such that

pF >, min{m, k} > [.

Thus "
m .
— e
" —j)eKil P n=P%)_ mod pltt
p— p—
It follows that (p* — j)ern;j_ll_p = n+ sp! with s = —n’/ mod p. By Lemma [6.39]
k_ m+1_ . ~
ST 5 survives to the E 1, -term. Hence
p—1
(pk—j)eK% j ntspl _j
dpl+1,1_L(Z p=t O ) = dpz+1,1_L(Z o) ) =0.
p—1 eK p—1 eK

By Leibniz rule and Proposition [6.29, we deduce that

!
l_ p—1 4
i . . 1 —p -1 peg +sp'—14n
Sp n_j\y __ n _j sp p—1
Zy dyi,  (2"07) = —20ld o, (2F) = s Tz

p—1 eK p—1 eK

oldz.
Recall that both 17 and ngr define the refined Nygaard filtrations. It follows that

pl 1 p
1
A

dpl+1,1_i(2n0'j) ﬁ ajdz.

p—1 eK

The rest is similar to the proof of Proposition [6.2% put n = pe K + n, then

l=wv,(n— %)

That is, n is uniquely determined by 7. O
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Remark 6.42. We see similarity between refined algebraic Tate differentials and Tate
differentials in prior works. More precisely, z, 26, ¢ and dz correspond to wg, Tk K,
TI_(l and Tgwidlogwgk in [5, Theorem 5.5.1] respectively; for p = 2 and ex = 1, o,
220 and zo?dz correspond to t~!, teq and e3 in [I2, Theorem 8.14] respectively; for p
odd and ey = 1, 0, 2PoP~! and 2P~ !oPdz correspond to t~1, tf and e in [I3, Theorem
7.4] respectively.

7 FEs-term of mod p descent spectral sequence 1

In this section, we compute FEo-terms of the mod p descent spectral sequences for
TC™(Ok) and TP(Ok).

Proposition 7.1. For j € Z, ES’Zj(TP((’)K);Fp) is non-zero if and only if j > 0 and
p—1lexj. If this condition holds, then Eg’zj (TP(Ok);F)p) is the 1-dimensional k-vector

PeKI .
space generated by a cocycle with leading term z»=1 ¢7. Moreover, the canonical map

mnduces
EY*(TC™(Ok); F,) = ES*(TP(Ok); Fy).

Proof. By Proposition [6.40], we deduce that d_;+1_ 2"g7) = 0 is equivalent to
f. By Prop Pl g q

p—1 eK

I <wvp(n— w).

p—1
Thus 2”07 has non-trivial contribution to Fu.(TP(Ok);F,) if and only if

_ pexJ
n —= .
p—1

This concludes the first two assertions. For the last one, since
can : TC_ (Ok;F,) = TP.(Ok; Fp)
is injective, we have
can : EY*(TC™(Ok);F,) — ES*(TP(Ok); Fp)

is injective as well. On the other hand, when Eg’zj (TP(Ok);Fp) is non-zero, by The-
orem [2.15] we have 2T h = ﬂ‘jzl’%iuj € Eg’zj(TC_(OK);IE‘p). Thus
can : By (TC™(Ok); Fp) — Ey*(TP(Ok); F,y)

is also surjective. O

Proposition 7.2. The k-vector space E21’2j(TP(OK);IFp) is freely generated by a set
of cocycles whose leading terms are
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per G=1)+bpl |
oz ! oldz with 1 > 1,b € Z satisfying

ex(j—1 K] j
_1{1(9{7_1)<b<p6K_])1Lfv pib, b= -ex(j—1) modp-—1,

and
peg (j—1) 1

oz, "' oddzifj>1andp—1]eg(j—1).

Proof. We first treat the case of ex > 1. In this case, by Corollary [6.15] we see that
E21 2(TP(Ok); FF,) is generated over k by cocycles which are detected by {27 '07dz},>1.
By Proposition [6.40] z’f_lo’j dz is hit by z™o7 if and only if

l
p =1
e m=mn 7.3
PeK b1 + (7.3)
with | = v,(m — ’;:flj ) < oo. In this case, it follows that
n=m-— 2% mod 't
p —_—
_ per(i—1)

yielding [ = v,(m — BeRJ) — vp(n ). Hence m is uniquely determined by n, j.

p—1 p—1
Now put | = v,(n— %). If | = oo, then by previous argument z?_lajdz is not
. P . . . ‘ _ pex(i—1)
hit by any 2™07; in this case it follows that j > 1,p—1|ex(j —1) and n = };T’
If | < oo, then we may write
. pex (5 — 1)+ bp!
p—1
for some b € Z satisfying
i —1 bp!
pib b=—(-Dex modp-1, PIZDHLI
p —
the last one is equivalent to
bp' + pexj > p—1+ pex. (7.4)

On the other hand, by (7.3]), z?_laj dz is not hit by any refined algebraic Tate differ-
ential if and only if
l_
,_ bex(@ —1)
p—1
Note that (ZH) implies that { > 1. Conversely, if [ > 1, then (74) plus (TH) is
equivalent to

< 0. (7.5)

exj

Cexk(—1)
pl—l’

pl—l
concluding the desired result. Finally, note that all the resulting leading terms 2y~ ol

satisfy p|n. Thus by Corollary [6.15] the above argument applies equally to the case of
CK — 1. |

<b<peg —

1
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Proposition 7.6. For j > 1, E21’2j(TC_((9K);IE‘p) is freely generated over k by a set
of cocycles whose leading terms are

°
pefe (G—1)+bp! 1

z P! oldz
with 1 > 0, b € Z satisfying
1 .
_%<b<pel(_epilj7 pjfb) E_eK(]_l) HlOdp—l,

and
perg =) 4

oz, ! oldz withj > 1 andp—1]eg(j—1).
Proof. Recall that the refined algebraic homotopy fixed points spectral sequence is a

truncation of the refined algebraic Tate spectral sequence. More precisely, for

"ol € B4 (TP(Ok);F,) (resp. 20 'oddz € B (TP(Ok);Fp)),

°K °K

it belongs to F 1 (TC™(Ok);F,) is equivalent to jex < n (resp. (j — 1)ex < n—1).
eK
Therefore, using the argument of Proposition [7.2] we deduce that for

" oldz € EL (TC(Ok);F,),

K
it is not hit by any refined algebraic homotopy fixed points differential if and only if
o PexU —1)
p—1

or

p .
n per_l < jek (7.7)

for | = v,(n — pieK(_jl_l))

In the first case, we have j > 1 and p—1 | ex(j—1). Conversely, under this condition,
Perd . ~
it is straightforward to verify that z T ol belongs to E 1 (TC™(Ok);F,).
eK

: j—1)+bp! .
In the second case, we may write n = pef{(;% with

ptb, b=—eg(j—1) modp—1.
Moreover, the conditions n > 1 plus (7)) is equivalent to

eri
<b<peK—ﬁ.

_ex(—1)
! pl

p
Finally, if b satisfies all these conditions, then it is straightforward to check that
pere (G—D+bp!

z P! oldz belongs to E_1 (TC™(Ok);Fp). O

°K
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Lemma 7.8. For j > 1, the kernel of the canonical map
can : Ey*(TC™(Ok);F,) — Ey* (TP(Ok); F,)

is an e j-dimensional k-vector space freely generated by a set of cocycles whose leading

terms are
peK(jfl)erpl _1
—1 y
z F oldz

with 1 > 0,b € Z satisfying

p1b, =—ex(j—1) modp—1, pl_1 < eKJ < pl. (7.9)
peg — b

Proof. By Propositions [.2], [[.6] we obtain that the kernel of can is freely generated by

pefe (G—1)+bp! _

a set of cocycles which are detected by z; ” -t oldz with [ > 0,b € Z satisfying
ex()—1 eKJ ‘ ex(j—1 e
_ (pl ) <b<peK—F7pJ(b, b= —eg(j—1) mod p—1, bq_f(—%’ e o

It is straightforward to see that the first condition plus the last conditions is equivalent

to

eKJ eKJ

which in turn is equivalent to the last condition of (7.9]).
It remains to count the number of cocycles. To this end, first note that (ZI0)
implies that
per (1 —j) <b< peg.

Conversely, for any ex(1 — j) < m < ey, there is exactly one b € [pm,pm + p — 1]
satisfying the first two conditions of (7.9). Moreover, for any b € [pex (1 — j), pex),
there is exactly one [ satisfying (7.I0). We thus conclude that the number of such
cocycles is ex — ex (1 — j) = exJ. O

8 FEs-term of mod p descent spectral sequence
11

In this section, we compute the Es-term of the mod p descent spectral sequence for
TC(Ok). Firstly, we study the action of Frobenius on E(TC™(Ok);F)).

Lemma 8.1. Forn > egj, we have
o(z"07) = i PIpn—ex) gl
Proof. Using Theorem 2.T5], we have

0(2"07) = (2" KNG P p(E (2)o ) = PP exd) p(y)) = pPIPhexi) gl
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Lemma 8.2. Ifex > 1, then
o(o1(21 — 7)) = =2 o1(21 — 22) mod N2
Proof. In TCy (Ok /Sy x)l21, 22]), we have

(21 — 22)
(Ek(21))

Using (3.20) for I = 0 and the fact that f(1) € N2P, we get

p(o1(z1 — 22)) = p(01EKk(21)) = ho(ur) = hoy.

h=06(z1 — 2)/0(Ex(z)) mod NZP.

By Lemma [6.16] we have

—2
8(z1 — 29) = —zf_l(zl — 29) mod (ILNZZ;K

+2)'
On the other hand, a short computation shows that

0(Fk(z1))=1 mod (p,/\/’i).
Putting these together, we conclude

= —zf_l(zl — ) mod (p, N=70),

where 5 1 5
ro = min(p, P +1,p—+2)2£+1
CK CK CK
as ex > 1. This yields the desired result by modulo p. O

Lemma 8.3. Ifa € /\/'ZmTC;j(OK/SW(k) (21, 22];Fp), then
cp(a) € sz(m_j)Tng(OK/SW(k) [21, 22]; Fp).
Proof. Write m = mg + 2”—1; with mg > j, 0 < mq < ex. Then there exist
z € NZMTCL(Ok [Swla, 22 Fp),  y € NZTOHTCL (O [Swwl21, 22]; Fp)

such that o = z7"'x +y. By a variant of the proof of Lemma 31T}, we get ¢(z) divisible
by ©(Egk(z1))™ 7, yielding

cp(a;) € sz(mo_j)Tng(OK/SW(k) [21, 22]; Fp).
Similarly, we get ¢(y) € sz(mOH_j)Tng(OK/SW(k) [21,22]; Fp). It follows that

pla) = 2™ p(x) + p(y) € NZPMDTP,; (O /Sy l21, 22); Fp).-
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Proposition 8.4. Forj > 1, ifa € E21’2j(TC_((9K);IE‘p) is detected by 277 dz, then
o(a) € E21’2J(TP(OK);FP) is detected by

_ﬂ—p(j—1)Zf(n—61<(j—l))—1ajdz_

Before proving Proposition B4l note that the map

n—1

, e (I
2] dezl—>z‘f(n exU=)=gig,

gives rise to a bijection between leading terms of the cocycles given in Propositions
and Proposition respectively. Therefore, granting Proposition [8.4], we obtain the
following results.

Corollary 8.5. For j > 1, ¢: E%’Zj(TC_(OK);IFp) — Ezl’zj(TP(OK);IF‘p) is an iso-
morphism.
Corollary 8.6. Suppose o € E21’2j(TC_((9K);IE‘p) has refined Nygaard filtration m.

(1) For j > 1, the filtration of p(«) is higher than (resp. lower than, equal to) the
filtration of o if and only if

) — 1 1 ) — 1 1 ) — 1 1
m > 2 — —  (resp. m < 22 - —, = -—).
p—1 ex p—1 ex p—1 e
(2) For j <0, the filtration of p(a) is higher than that of c.
Proof. For (1), by Proposition B4, ¢(«) has filtration
ex(m—1)+1—-eg(a—1)) -1 . -1
€K €K

A short computation shows the desired result. For (2), since dz has filtration 1, we
may assume m > 1. Then we may write o = Bv™7 with 3 € NZmE%’O(TC_(OK);IE‘p).
It follows that o(a) is divisible by ¢(3), which belongs to N2P™mE}*(TP(Ok); F,).
Now the desired result follows as pm > m. ]

Now we prove Proposition 841

Proof. Regard 2""'o7dz as an element of the cobar complex of TCy,(Ok [Swl2]; Fp)-
Note that d(z1),d(o7) € NZITCEj(OK/SW(k) (21, 22, 23]; Fp). Thus by Leibniz rule, we
deduce that

, n-2
(=37 o]dz) € N7k T TC(Ok [Swg 21, 22, 23); Fp).
n—2
Using Lemmal6.10, we deduce that there exists 3 € NZWHTCQ_]-(OK/SWO{) (21, 22]; Fp)

such that d(3) = d(z{‘_20{dz); hence d(z{’_la{dz — ) = 0. Therefore, by induction on
n, it reduces to treat the case

_ . >n72 )
a=2""09(z — 2) mod N7 ew T
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By Lemma B3] we have

. n—2 )
o) = (=7 ol (o1 (21 — 22))  mod NPUex T2,

By Lemma and Lemma B.], we have

. . (n—eg(i—1))
) pln=exG=1)=1 > 4

n—lgi—l o1(z1—22) mod N~

"D(zl 01 Yo(o1(z1—22)) = _ﬂ—p(j—l
Note that if ex > 3, then

n—2 n—erg(j]—1
+2_j)2p( k(U )
eK €K

p( +1,

yielding the desired result for ex > 3.

For the case of e < 3, let m, K',T;, and E.(TP(Og);F,) be as in the proof
of Proposition Let E/(TC™(Ok);F,) be the "less refined” algebraic homotopy
fixed point spectral sequence, which is a truncation of E.(TP(Og);F,). First note
that Remark implies that

T : EL*(TP(Ok); Fp) — EL**(TP(Ok/); Fp)

is injective. Thus it restricts to an injective map Eo(TC™ (OK);Fy) — EL(TC™ (Or); Fp).
Since z{‘_ldz is non-zero in Eo(TC™ (Ok); Fp), using Remark[6.35] we may deduce that
T () is detected by mz{nn_laj dz. Then by the case of e > 3, we get that

1) o mesc =)= g

detects Ty, (¢()) = @(Tin(a)) in Ex(TP(Og); F,p). Now suppose ¢(a) is detected by
A" 1oddz. Then T, (¢(a)) is detected by Ty, (A2'~1o7dz) = Mmz™~1oIidz. Comparing
the two expressions, we get

L= p(n—mex(j—1)), A=—p?i-Y
by Remark again. This completes the proof. O

Lemma 8.7. The canonical map induces

e for j >0, a surjection
Ey¥(TC™(Ok);Fp) = N2 Ey? (TP(Ok ) Fy);
e for j <0, an isomorphism
By (TC™(Ok); By) — Ey™ (TP(Ok); Fy);
e form > j, a surjection

NZMEy¥ (TC™ (Ok); Fp) — NZEy* (TP(Ok ); Fp).

1Using Proposition.40 the argument of Lemma[B.33] (hence Remark[6.35) adapts to E 7 (TP(Ok/); F,)
for all j € Z.
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Proof. These follow from the corresponding result on
can : TCQ_](OK/SW(k) [Z]®.) — TPQj(OK/SW(k) [Z]®.).
O

Combining Corollary and Lemma B.7], we deduce the following results immedi-
ately.

Corollary 8.8. For j > 1 and m > I;f%ll, the map
e N2m 2] - . >m ppl,2j .
can — ¢ : N="EyY (TC™ (Ok); Fp) = N="Ey™ (TP(Ok); Fp)
18 surjective.
Corollary 8.9. For j <0, the map
can — ¢ : By (TC™(Ok); Fp) — Ey™ (TP(Ok); Fp)
18 an isomorphism.

Now we are ready to compute E2(TC(Ok);Fp). Let d be the minimal number such
that
p—1lexd, N, (@)!=1,
where Ny g, : k — F is the norm map.
The following lemma is a reformulation of Hilbert 90 for k/F,.

Lemma 8.10. For b € k*, the map
bp—id:k = k
1s bijective if Nk/Fp(b) # 1, otherwise both the kernel and cokernel are isomorphic to

F,.

d
Using Lemma [R10] we may choose a (p — 1)-th root ﬂ% of @P% in k. Denote by /3
pd  pegd

the element in E‘g’o’zd(TC(OK);IE‘p) - Eg’zd(TC_(OK);IE‘p) detected by r—1z 7-1 o

Proposition 8.11. We have
Ey™*(TC(Ok);Fy) = Fy[6].
Proof. By Proposition [Tl we first have

perd

Ey"(TC™(Ok);Fy) 2 klz 71 o),

where j is the smallest positive integer such that p — 1 | exj.
On the other hand, by Lemma 8],

regy . PeKJ

ozr1 o)) =g Pzt gl

Thus Az 71 o7 € E‘g’o’*(TC(OK);IE‘p) if and only if @?7 = A~lp(A\) = A~! for some
A € k. In this case, it follows that Ny, (i) = 1. Hence d | j. Conversely, if d | j,

d
then such )\ is of the form N\ ﬂ% with X € F,. Now the proposition follows. O
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It turns out that E‘;’j’*(TC(OK); F,) is a free Fp,[5]-module of finite rank for all ¢, j.
In the following, we will find out their generators over F,[3]. Firstly, combing the proof
of Proposition B.I1] Lemma [B.I] and Lemma [B.I0, we obtain the following result.

Proposition 8.12. We have that Eg’l’*(TC(OK);IFp) is a free Fp[B]-module of rank 1
generated by 1 € ES°(TP(Og); F,).

pd_ pegd

Lemma 8.13. There exists vy € ker(can — ) detected by fir=1z »—1 “lydtlgy,

pepd
p—1

Proof. Let vy € E§’2(d+1)(TC_((9K);IE‘p) be detected by z “lgdtlg,, By Proposi-
eprd
tion B4l ¢(vp) is detected by ,u_pdzppgl “lodtlg,. It follows that

(can — @) (7 T70) € NZ7 T By 2D (TP (O ) ).

d
By Corollary B8] can — ¢ is surjective on NZ%HE;QMH)(TC_(OK); F,). Hence we
may modify vg with higher terms to construct the desired element. O

In the following, let v be as in Lemma B.13]

Proposition 8.14. We have that E%’l’*(TC(OK);IE‘p) is a free F,[B]-module of rank 1
generated by can(y) € E21’2(d+1)(TP((9K);IE‘p).

Proof. Let a € E21’2j (TC(Ok);F,) represents a non-trivial class in the cokernel of
can —  such that it has the highest leading term in that class. By Corollary 8.8 and
Corollary R.9] we see that j > 1 and the leading degree of « lies in [1, p’%yl - = —=].

On the other hand, if the leading degree of « is less than ppfjl - L — L by
Corollary and Corollary B.6] then we may find some o/ with higher leading degree
such that a = (/). Note that can(a’) represents the same class as «, yielding a
contradiction. '

Therefore o must have leading degree 1% — 1% — i That is, « is detected by

peg(G=1)

some Az P70 0’dz. Using Lemma [R.I0 and Lemma RT3 we conclude that d | j —1
and a € Fpﬁ%_lcan(y).

0

Proposition 8.15. We have that E‘%’O’*(TC(OK);FP) is a free Fp[B]-module with a
basis given by v and the set of cocycles detected respectively by

peK(jfl)erpl _1

cz p—1 0'de S E2172](TC_(OK)7]FP)
with | > 0 and
l_ls €KJ <p17 1S]§d7
pex —b
(8.16)

0<b<pex, ptb, b=-—-ex(j—1) modp—1, p

and ¢ Tuns over a basis of k over IF),.
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Proof. By Corollary B9 ker(can — ¢) is trivial for j < 0. Now suppose j > 1, and let
0#ac¢€ E1 D *(TC((’)K) ) By Corollary B.6], ¢ lowers the filtration if the filtration

is less than ml -1 L Thus the leadlng degree of « is at least p] --L -1
P P eK P ex
If the leading degree of « is p—l - p%l - a, the by Lemma [R10] and the argument
of Proposition B.14] there exists some B € Fp[B]y such that o — 3" has leading degree
higher than ppfjl — 1% — é
Now suppose « has leading degree higher than 1 — p%l — —. First note that for

Then it is straightforward to see that

. > — e 12] . % —1 el 172] .
can : N71 51 e BV (T (Ok )i F,) — NP1 51 ek 2% (TP(O); F,).

is surjective, and the cocyles given in the statement of the proposition form an IF)-
basis of ker(can) Let S be the k-vector space generated by the remaining cocycles in

w1
NPT " E1 2(TC(O);F p)- It follows that can induces a filtration preserving

isomorphism between S and NP5 o E1 #(TP(Ok);F Fp).
Now we may write o = a1 + ao with o € ker(can), ag € 5. It follows that

(can — ) (a2) = p(a1).

Since ¢ raises the filtration, it follows that

g = (1 —can o) Hcantp(ay)) = Z(can_lgp)i(oq).

i>1

Hence as is uniquely determined by a; and has higher filtration than a;. Thus the
map « — «; induces an isomorphism between ker(can) and ker(can — ¢) preserving
the leading term. This completes the proof. O

Remark 8.17. The above argument can be summarized by the following picture. Put
a =m — j. The cocycles of E1 2 (TC™(Ok);F,) with leading degree m is represented
by the point (a =m —j,j). Then we may divide the area of cocyles into three regions,
bounded by the lines j +a = 0, a = 0 and F—a—}%—— = 0. The blue
line is the “critical line” for the Frobenius action. In region I, the canonical map is
an isomorphism, and the Frobenius raises filtration; thus can — ¢ is an isomorphism
(Corollary B9). In region II, the Frobenius raises the filtration. One may produce an
isomorphism between ker(can) and ker(can — ¢) preserving the leading term. In region
ITI, the Frobenius lowers the filtration; thus ker(can — ¢) = 0. Along the critical line,
the Frobenius differs from the canonical map by a certain power of f.
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III

Note that for 1 <1i < e and 1 < j < d, there is exactly one
(4)

and hence one pair (b,1), satisfying (8I6]). Denote by «,;”’ the cocycle detected by

peg G=D+bpt |

z p1 oldz € E;Qj(TC_((’)K);IFp).

given in Proposition BI85l Let A denote the cocycle given by Proposition B 12l Com-
bining Propositions 811l 812 BI5] B.14] and Corollary [6.13] we conclude:

Theorem 8.18. As [F,[3]-modules, we have
By (TC(Ox )i Fp) = Fy[A],

Ey*(TC(Ok);F,) = Fy[B1{A\ 7} @ k[Bl{aP|1 <i < ex,1<j<d},

and
E3*(TC(Ok); Fp) = Fy[B1{\v}

with |A| = (1,0), |v| = (1,2(d + 1)), ]al(-j)] = (1,2j4). Moreover, fori#0,1,2,
E5*(TC(Ok); Fp) = 0.

Corollary 8.19. The descent spectral sequence computing TC(Ok;F,) collapses at the
Ey-term.

Proof. There is no room for higher differentials in consideration of degrees. O

To complete the proof of Theorem [IT] it remains to show d = [K((p) : K]. This
will be proved in Proposition
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9 Constant term of the Eisenstein polynomial

Recall that we may arrange the constant term of Ex(z) to be pr for some 7 € Z,
which is independent of K (Theorem 2I5(6)). In the following, we will show that
7 = 1. To proceed, recall that ¢ = oj05, " lies in 1 —|—./\/'21TP0((9K/SW(k) [21, 22]), and

it satisfies
¢ _ plEx(n)
ple)  o(Ex((22))

by (6.36)).

Lemma 9.1. We have that € is the unique element in 1+/\/’21TP0((9K/SW(k) [21,22]; Z/p")
satisfying
€ 9(Ex(z1))

()  o(Ex((z))

Proof. For the uniqueness, suppose

del +N21TP0(0K/SW(k) [21, 20]; Z/p")

satisfying the same equation. Thus & = 14« for some a € NZ'TPo(Ox /Sw (21, 22]; Z/p")
satisfying o = (). Since ¢(a) = o modulo p, we get

a =) € (p) TNV
for any k > 0, concluding « € (p). By Corollary .4 we deduce that
a/p € NZ'TPy(Ok [Swlz1, 22); Z/p" )
is p-invariant as well. Iterating this argument, we conclude o = 0, yielding e =¢. O

Proposition 9.2. We have 7 = 1.

Proof. Fix n > 1 and put K = Q,((pn). Recall that Ko(Og;Z/p™) is non-nilpotent
due to the existence of Bott elements. Using cyclotomic trace map, we deduce that
TCy(Ok;Z/p™) is non-nilpotent as well. We may apply the same strategy to compute
TC«(Ok /Sw k) Z/p") as for TC.(Ok /Sy (k); Fp). Namely we employ the descent spec-
tral sequences and use Nygaard filtrations to compute their E>-terms. By similar argu-
ments, we conclude that ENQ’k’j(TC(OK); Z/p™) = 0 unless i, k € {0,1}. Since the spec-
tral sequence E(TC(O);Z/p") is multiplicative, we get that E;’k’j(TC((’)K); Z/p™) is
nilpotent unless i = k = 0. Hence Eg’0’2(TC(0K); Z/p™) is non-nilpotent.
Put f(z) = (1 + 2)?" — 1, and consider

B= (142" —1)o € TPy(Ox/Swa[2]; Z/p").

We claim that S lies in Eg’2(TP((’)K); Z/p™). This amounts to show

mod p".



By previous lemma, this reduces to show

Since Fk(z) = T%, this is equivalent to

(1—‘,—2)7””71
G+ =1\ (B -1 U mod o
(21 + )P — 1 (o + 1P —1 ) P

This in turn follows from the fact that
(z+1)P" = (zP+ 1" mod p". (9.3)

Note that 3 maps to 2P" o in Eg’z(TP((’)K); IF,,). Using Proposition [l and the fact
that the mod p reduction of Ey(TP(Ok);Z/p") is E1(TP(Ok);F,), we deduce that
Eg’2(TP((’)K); Z/p™) is a free Z/p™-module generated by 3. Since Eg,o,z (TC(Ok); Z/p™)
is non-nilpotent, we conclude that the natural map

By (TC(Ok); Z/p") = Ey*(TC(Ox); Z/p")
is an isomorphism. In particular, 8 is invariant under the @-action. Using (@.3]) and

(14 2P)P" —1

2077 = plo)p(u) = @B () = 7

we deduce 7 = 1 modulo p". Let n — oo, we conclude 7 = 1. ]

Let d as in Theorem BI8 That is, d is the minimal positive integer such that
p—1| exd and Nyp, () = 1. The following proposition completes the proof of
Theorem [T

Proposition 9.4. We have d = [K((,) : K].
Proof. Put d' = [K((p) : K]. We first have
p—1=[Ko((p) : Kol | [K(Gp) : Kol = d'ex.

Secondly, we have

N ( )d/ N ( dl prd/
M = B —— =
Ko/Qp Ko/Qy NK/Ko(_wK)) NKo(Cp)/Qp(_wK)
_ Ne@ye,(@ =61 _ A )
Nk (¢,)/0,(—@K) °P QN (6,1 Ko (G (—FK)
. . _ ’ ~ 7 ~a 1_<. d’
This yields Nk/]Fp(M)d = NKO/QP(M)CZ = NKO(CP)/QP(NK(CP)(/KO(ZZ)(_WK)) = 1. Hence

dld'.
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It remains to show d’|d. The strategy is to construct a suitable degree d extension
of K containing K((,) as a subfield. Let d; be the minimal positive integer such
that p — 1 | exd;, and write d = dydsy. Firstly, replacing K with its tamely ramified
subextension over Ky, we reduce to the case (e,p) = 1. Secondly, replacing K with its
degree ds unramified extension, we reduce to the case d = d.

Note that Ny /p, ()™ =1 implies that

=A% modp

for some A\ € K. Consider the degree d; totally ramified extension K( 4/Awg) over
K. Tt is clear that the minimal polynomial of 4/Xwx over Ky is E1(z) = Ex(A~1z%),
which has leading coefficient

W =pA\" " =1 mod p. (9.5)

On the other hand, consider —iﬁ /Cp — 1, whose minimal polynomial over K is

edq ed

Ba(z) = 2 71 ((z +1)P — 1),

Denote the roots of Fy(z) by a;,1 < i < ed;. Since (edy,p) = 1, it is straightforward
to check

1 .
vp(a; — aj) = ol i# 7.
Note that both E;(z) and Es(z) are Eisenstein polynomials of degree ed; and have the

same constant term p. Moreover, by (0.5, their leading terms are congruent modulo
p. It follows that

edy
H( ¢ )\’{IJK - Oéi) = Eg( d{/ )\’{IJK) = (E2 - El)( ¢ )\’{IJK)
=1

has p-adic valuation bigger than 1, yielding v,( ¥ Awx — a;) > % for some i. By
edy

Krasner’s Lemma, this implies that Ko( =1/¢, — 1) € K( ¥/ wg). Hence K((,) C
K( ¥ \wk). O

Remark 9.6. One can further show that if {,» € K, then
TC*(OK; Z/pn) — TC*(OK; Fp)

is surjective. In fact, it suffices to show that the generators given in Theorem [R.I8 can
be lifted to TC.(Ok;Z/p™). This is clear except for . For 7, we may use the fact that
B~ 1y is the mod p reduction of the trace of wy € K* = K;(K). This is compatible
with results of [5].
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10 Comparison with motivic cohomology

In this section we compare the descent spectral sequence computing TC,(Ok;F,) with
the motivic spectral sequence computing K, (K;F,). We take d = 2 for the illustration.

By Theorem[B.I8] the Fs-term of the spectral sequence computing TC(Of /Sy (i; Fp)
may be pictured as follows, in which a circle (resp. box) with one arrow means a F,[3]-
module (resp. k[f]-module) freely generated by the elements below it. We use the
Adams gradings so that the horizontal axis is the total stem.

/AR NEN
7
Ay
JARNEN T [N JARNEN
NVand (1) LJ_-’ (2) LJ_" \’J_’
A o, 1<i<erx o, 1<i<eg
JARNEN
7
1

Let 3 be a generator of p£, which is isomorphic to Z/p as a Gal(K /K)-module. Let
a®) be a generator of the Ok /p-module

Uk /Ug € K*/(K*)? = H (K, mp),

where Uf is the torsion free part of Oj. Let B lye H elt(K , bp) be the class represented
by @ € K*/(K*)P. Let A be the element of

H}(K,Z/p) = Hom(Gal(K /K),Z/p) = Hom(K* /(K *)P,Z/p)

corresponding to the unramified character sending Frobenius to 1. Let f~'a(® ¢
H}.(K,Z/p) be a generator of the Ok /p-module Hom(Ug /UL, Z/p). 1t follows that
B~I\y e H é(K , lbp) corresponds to the division algebra of invariant % in the Brauer
group. N ‘

The étale spectral sequence Ey? = HY (K, g’ ) = KSE_Z(K ,F,) may be pictured as
follows, where a circle (resp. box) with two arrows means a F,[3, 3~!]-module (resp.
(Ok /p)[B, B~ !]-module) freely generated by the elements below it.

{3

S\ 7
BNy
O~ 4]%‘ P O~
ol al? d
AR
1

Using the Bloch-Kato conjecture proved by Voevodsky [14], the Es-term of the
motivic spectral sequence computing K, (K;F,) may be identified with the part to the
right of the red line of the étale spectral sequence:
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b

O O
a(l) I[))_l')/ a(2) /8)\
O
1

One may show that A generates the cokernel of the cyclotomic trace map

K(Fp; Zp) — TC(Fy; Zy).

We thus see the similarity between the descent spectral sequence and motivic spectral
sequence. We expect that, for certain algebraic varieties over O, one would be able
to construct some analogue of the motivic spectral sequence computing algebraic K-
theory with F,-coefficients.
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