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A THOM SPECTRUM MODEL FOR C;-INTEGRAL
BROWN-GITLER SPECTRA

GUCHUAN LI, SARAH PETERSEN, AND ELIZABETH TATUM

ABSTRACT. A Thom spectrum model for a Ca-equivariant analogue of inte-
gral Brown—Gitler spectra is established and shown to have a multiplicative
property. The Ca-equivariant spectra constructed enjoy properties analogous
to classical nonequivariant integral Brown—Gitler spectra and thus may prove
useful for producing Ca-equivariant analogues of splittings of BP{1) A BP{1)
and bo A bo.
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1. INTRODUCTION

In the 1970’s, Brown and Gitler constructed a family of spectra realizing certain
sub-comodules of the dual Steenrod algebra at the prime p = 2 [BG73]. Brown—
Gitler’s motivation for constructing the original spectra was to study immersions of
manifolds. They have also been useful for studying maps out of classifying spaces.
For example, they were used by Miller to prove the Sullivan Conjecture [Mil84).

Brown—Gitler used an obstruction-theoretic approach, first constructing an alge-

braic resolution, then constructing a tower of spectra realizing that resolution, and

then taking its inverse limit to obtain the desired spectrum. In [Mah77], Ma-

howald suggested an alternative construction using a Thom spectrum model. In

particular, Mahowald posited that the natural filtration of the space 9252 due to

May-Milgram [MMSI] produces a filtration of the Thom spectrum (Q2S%)* ~ HF,
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by spectra. Here, p is the double loop map pu : 2252 — BO of the classifying map
of the M&bius bundle over S*. The resulting filtration spectra turn out to be the
Brown—Gitler spectra of [BGT3] (see [BP78, [Coh79, [HK99]). In [Coh79], Cohen
made this construction precise at all primes.

In [Mah81], Mahowald suggested that integral analogues of Brown—Gitler spectra
should exist: that is, finite spectra realizing an analogous family of sub-comodules
of HyHZ, and proposed a Thom spectrum model. In [Shi84], Shimamoto gave a
construction using the obstruction-theoretic approach, and also gave more details on
Mahowald’s proposed Thom spectrum model. Kane used an odd primary version of
this Thom spectrum construction in [Kan81]. In [CDGMSS], Cohen, Davis, Goerss,
and Mahowald made these Thom spectrum constructions rigorous, in particular by
explicitly defining the base space used in the Thom spectrum construction.

In [GIMS6], Goerss—Jones—Mahowald used the obstruction-theoretic approach to
construct Brown—Gitler spectra for BP{1) and bo (i.e. finite spectra realizing cer-
tain sub-comodules of HxBP{1) and H,bo), and Klippenstein extended these ar-
guments to the BP(2) case in [KIi88]. These spectra are collectively known as
generalized Brown—Gitler spectra.

The higher Brown—Gitler spectra have been useful in understanding the smash
products of various ring spectra. In particular, Mahowald used the integral Brown—
Gitler spectra to decompose bo A bo as a sum of finitely generated bo-modules
[Mah81]. Kane subsequently produced an analogous decomposition for BP{1),
also using integral Brown—Gitler spectra [Kan81]. These splittings helped make it
feasible to use the bo- and BP{1)-based Adams spectral sequences for computations
and have proved to be powerful computational tools. For example, Mahowald used
the bo-based Adams spectral sequence to prove the telescope conjecture at the prime
2 and height 1 [Mah&1].

This paper extends Mahowald’s idea for an integral analogue of Brown—Gitler spec-
tra to the Cs-equivariant setting (Theorem [6]). The Cy-equivariant spectra we
construct realize an analogous family of sub-comodules of HF,, HZ, where HF, is
the Eilenberg-MacLane spectrum associated to the constant Cy-Mackey functor F,
and HZ is the Eilenberg-MacLane spectrum associated to the constant Cya-Mackey
functor Z. Our primary motivation for establishing a construction of these spectra
is to enable the study of Cz-equivariant analogues of splittings of BP{1) A BP{1)
and bo A bo, and related BP{1)- and bo- based spectral sequence computations.

In the Cz-equivariant setting, the Eilenberg-MacLane spectra HF,,, H Lz, and
HZ,, associated to the constant Cy-Mackey functors [, Z(Q), and Z, respectively,
also arise from Thom spectra. In [BW1§|, Behrens—Wilson show there is an equiv-
alence of Cy-spectra (Q°SPH1)H ~ HIF,, where p is the regular representation of
Cs and p is the p-loop map u : Q°SPTt — Be,O of the classifying map of the
Méobius bundle over S* regarded as a Ch-equivariant virtual bundle of dimension
zero by endowing both S' and the bundle with trivial action. Note we follow the
convention that Z ) denotes the 2-local integers and Zo the 2-adic integers.

In [HW20], Hahn-Wilson generalize the result of Behrens—Wilson. They show the
G-equivariant mod p Eilenberg-MacLane spectrum arises as an equivariant Thom
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spectrum for any finite, p-power cyclic group G. Hahn-Wilson also establish a
Thom spectrum model for HZ,, building a base space from the G-space QST
where A denotes the standard representation of G on the complex numbers with a
generator acting by e2™/?" . They observe that this space carries the arity filtration
from the E)-operad and thus one could define equivariant Brown—Gitler spectra as
the spectra coming from this filtration. This is the perspective we take and extend
to the integral setting in this paper.

Non-equivariantly, two conditions characterize Brown—Gitler spectra. First, these
spectra realize certain sub-comodules of the dual Steenrod algebra. Additionally,
they satisfy a surjectivity condition coming from the geometry involved in Brown-—
Gitler’s original construction [BG73]. While the Thom spectrum model does satisfy
this additional condition in the non-equivariant setting, it is not clear from neither
the geometry nor the Thom spectra filtration models, how to generalize this second
condition in the equivariant setting. We discuss this in Remark [6.2] taking the
philosophy proposed by Hahn—Wilson: one can simply define equivariant Brown—
Gitler spectra using filtrations on the Thom spectra models and see if these spectra
are computationally useful.

Several factors motivate our choice to study Cs-equivariant, as opposed to C-
equivariant spectra for all primes p. First, RO(C2)-graded HF,-homology is free
over its coefficients in important examples such as the dual Steenrod algebra

HF, HF, [HKO01] and HF,, HZ [OrmII]. This is helpful because integral Brown—
Gitler spectra topologically realize certain sub-comodules of HF,, HZ. In contrast,
RO(C,)-graded H F,-homology is often not free over its coeflicients when p > 2.
In particular, the C)p-dual Steenrod algebra is not free [SW22], which suggests the
odd primary Cp-equivariant story may be more complicated, requiring techniques
beyond those developed in this paper.

Furthermore, when G = Cs, there is a non-obvious Co-equivalence of spaces Q* SA1 ~
QPSP+l [HW20]. Thus there are filtrations of Q*S* 1 ~ QP SP+1 by both the Ey
and E, operads, leading to at least two definitions of Brown—Gitler spectra. In
this paper, we choose to work with the E, -filtration because it is the most compu-
tationally accessible. Studying these two definitions of Brown—Gitler spectra may
prove an interesting direction for future work.

2. STATEMENT OF THEOREMS

Our main result is a Ce-equivariant analogue of [CDGMS88, Theorem 1.5(i),(ii)]. To
state this theorem precisely, we recall HF, has distinguished elements a € H[F, (—o}
and u € HF, (1—o} where ¢ is the one-dimensional sign representation of Cs. We
define a weight filtration on

HE2*HZ = HEQ,,[{M{%{& T 7C(T1)7C(T2)7 T ]/(C(Tf) = ac(Ti+1) + uéi-ﬁ-l)?

where |7j| = 27p — 0, |&] = (2! — 1)p, and ¢ denotes the antiautomorphism of the
dual Steenrod algebra A = w,HF, A HF, (the computation of HF,, HZ follows
from [OrmIll Theorem 3.8]). A weight filtration is defined by

wt(e(r;)) = Wt(gj) =927, wt(zy) = wt(z) + wt(y).
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Theorem (Theorem [61)). For n > 0, there is a 2-complete spectrum Bi(n) and a
map

Bi(n) %> HZ,
such that

(1) g« sends HF,,(B1(n)) isomorphically onto the span of monomials of weight
< 2n;
(ii) there are pairings

Bi(m) A By(n) > Bi(m +n)

whose homology homomorphism is compatible with the multiplication in
HE,, (HZs).

The spectra Bj(n) are Cy-equivariant analogues of Cohen, Davis, Goerss and Ma-
howald’s integral Brown—Gitler spectra in the sense that they realize certain sub-
comodules of HF,, HZ. This result follows from the more technical Theorem [5.1]
which is a Cz-equivariant analogue of [CDGMSS| Theorem 1.3]. To state Theorem
[E.1] we introduce both an increasing filtration of the space 2757+ and a homotopy
fiber sequence.

Work of Rourke-Sanderson [RS00] shows the space Q27S°*1 admits an increasing
filtration by

2.1 QPSP o N
2.1) Frsst s 1] Culp) x (81
0<k<n
where
Cr(p) = {m1,ma,--- ,mg|m; # mj if i # j}

is the configuration space of k ordered points in the Cy-regular representation p.
Note when k£ = 0, this gives the base point zg. If x,, = ¢, the relation ~ identifies

(m17”' 7mn;$17"'xn) ~ (ml7"' yMp—13%1, 7xn—1)'

Remark 2.2. The observant reader might notice our definition of F},Q2?SP*! differs
slightly from that of [RS00]. This stems from the fact that Rourke-Sanderson
work entirely with fixed points. A description comparing definitions can be found
following Theorem 1.11 in [GM17].

Let X5 denote the Bousfield localization of X with respect to HF, and let F,, =
(F,,QSP+1)5. Then there are product maps

Fm X Fp B Frin

induced by the corresponding maps for the filtration spaces and the fact that lo-
calization preserves finite products. Define A,, by the homotopy fiber sequence

(2.3) Ap — Fopy1 — S
where the second map is the HF,-localization of the composite

Fon QPSP  rgrtt _, g1,
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Theorem (Theorem [.1)). The fiber sequence (23) is equivalent to a product fibra-

tion. Indeed, there is a Cs-equivariant map A, LA Fon and a commutative diagram
of fibrations

A, An

! !

1x¢ )
1 1 m
SQXATL >‘S’Q><]:2n=]:1><]:2n >]:2n+1

g |

S S

which is an equivalence on total spaces and on fibers.

Our argument for deducing Theorem from Theorem [B.1] follows that of Cohen—
Davis-Goerss—-Mahowald and thus relies on a Thom spectrum construction of HZ,
with an HF,-local base space (Theorem HA.T]).

In [HW20], Hahn—-Wilson establish a construction of H Zyy as a Cy-Thom spec-
trum. In Section M we extend Hahn-Wilson’s arguments to construct HZ, as a
Cs-equivariant Thom spectrum with an HIF,-local base space, resulting in Theorem
[41] an equivariant analogue of [CMT81l, Theorem 1], which was originally proposed
by Mahowald in the nonequivariant setting.

To state Theorem [£1], we require the following maps. Consider the p-loops of the
unit map S**! — K(Z,p + 1). Composing with the adjoint to —1 € 752(S3), we
get a map

QPSP OPK(Z,p+ 1) — BGLy(SY).
Note QK (Z, p + 1) ~ S with trivial Cs-action.

Let 2°S7*1{p+1) denote the homotopy fiber of the map 2 S°** — S1 and consider
the composition

QPSP +1) - QPSP o ST BGL(SY).
Theorem (L1]). There is an equivalence of Ca-spectra
(@957 1 + 102" — HE,.
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2.1. Structure of Argument. We extend the arguments of Cohen-Davis—Goerss—
Mahowald to the Cs-equivariant setting. To make this extension clear, we first re-
call Cohen—Davis—Goerss—Mahowald’s nonequivariant argument, then outline the
structure of our equivariant extension.

In [CDGMS8S], Cohen-Davis—Goerss—Mahowald make a Thom spectrum model for
integral Brown—Gitler spectra precise by explicitly defining the base space. Specifi-
cally, they consider the space 2253(3), the double loop space of the homotopy fiber
of the unit map S® — K(Z,3). They show that the HF,-localization Q253(3),
carries a filtration which induces the weight filtration on homology. The filtration
pieces of the space 2253(3), are the base spaces in the Thom spectrum model for
integral Brown—Gitler spectra.

To extend Cohen—Davis—Goerss—Mahowald’s nonequivariant argument to the Cs-
equivariant setting, we show that the space Q°SP*1{p+1), carries a filtration which
induces an analogous weight filtration on H[Fy-homology. This requires a model of
HZ, as a Thom spectrum with HF,-local base space Q2 S7T1(p + 1),.

We provide equivariant preliminaries in Section Bl We construct HZ, as a Cs-
equivariant Thom spectrum with HF,-local base space (Theorem [1]) in Section
@ 1In Section Bl we extend Cohen—Davis—Goerss—Mahowald’s technical argument
making the filtration of the base space rigorous. This culminates in the proof of
Theorem 5] from which our main result concerning a Thom spectrum model for
Cs-integral Brown—Gitler spectra (Theorem [6.1]) immediately follows.

3. EQUIVARIANT PRELIMINARIES

3.1. HF,-Bousfield localization and 2-completion. A C-spectrum X is con-
nective if both X and X©2 are connective. Define the 2-completion of X as

k
holim X /2%, where X /2% denotes the cofiber of X 2, X. Similarly to the non-
equivariant case, for a connective Cs-spectrum X,

(3.1) X5 =~ Lyg, X.

In this paper, we use the notation X5 to denote the HF,-localization of any space
or spectrum X. Note that all spectra in this paper are connective, so the HF,-
localization of any spectrum X will coincide with its 2-completion.

We outline how to deduce Equation ([BI) analogously to the nonequivariant ar-
gument. Let S/2 denote the Ca-spectrum with trivial Cs-action. One can show
that X3 ~ Lg/» X by following the proof of the nonequivariant version [Bou79,
Proposition 2.5]. Let A be the Burnside Mackey functor. Replacing HZ in [Bou79,
Proposition 2.11] by HA, one can similarly show that Lpa.s/2X =~ Lg/a(LupaX).
We use the connective condition here to note that Ly X ~ X. Now we have

Finally, recall that A(Cy/e) =~ Z and A(C2/Cs) = Z[a]/(a? — 2a). Then the ideals
(2) and (2, o) have the same radical and A/(2, «) = F3. One can finish the proof of
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B.Iby showing that Ly X ~ Lya/2,a)X ~ Lup,X. In fact, one can also replace
2 with any prime p and Equation [B.1)) still holds.

3.2. May—Milgram Filtration. As in [BWI8| Section 4], we will make use of
an identification of the Cy-fixed points of the space Q°SP*!. Consider the cofiber
sequence
Cyp — 8% 57,
Mapping out of this cofiber sequence gives a fiber sequence
ON*QS7H - Qrgetl L grtt B, NXQgeett
where N*X := Map(C2,X) = X x X is the norm with respect to Cartesian
Cy
product (i.e. the coinduced space). On taking fixed points, we get a fiber sequence
0293 (Qp5p+1)c2 Q82 null 0S3.
In particular, there is an equivalence

(3.2) QPSP ~ 052 x 0283,

Behrens—Wilson [BW1§]| also established an additive isomorphism

(3.3) HF, QPSP ~ HF,, ® E[to,t1,--- | ® Ple1, ez, -]
where

ti| =2'p—0

lei| = (2° = 1)p.

We define a weight on the monomials in HF,, (2°S°*1) by
wt(t;) = wt(e;) = 27, wt(ab) = wt(a) + wt(b),
and recall the space 27SP*! admits an increasing filtration by spaces
F 08t = [ Crlp) x (51)F/ ~,
P
0<k<n
where the relation is defined in equation (21).

Proposition 3.4. The filtration F,,Q°SPT! is such that HF,, (F,,Q°SPTY) is the
span of monomials of weight < n.

Proof. Let F,, HF,,Q*SP*! denote the span of monomials of HF, Q7SP*! of weight
less than or equal to n and consider t°e¥ := t$t5 - .- e ek € F, HF,, Q0°SPT!. Sim-
ilarly to the nonequivariant case [CLMT76, p. 239], the inclusion
F,HF,,Qr 5P — HF, QrSPT! factors through HF,, F,,Q2” S+ since every mono-
mial t¢eF € F, HF,,Q?S?*! occurs by construction in HF,, F,,Q?SP*1. Thus it is
sufficient to show F,, HF, Q*S?T! is a basis for HF,, F,Q° S+,

We show {®¢(t°e*)} forms a basis of HFy, (F,Q°SP*1)¢ and {®2(t<eF)} forms a
basis of HFy, (F,Q°SP+1)¢2 which by [BW18, Lemma 2.8] completes the proof.

In [BW18| §4], Behrens—Wilson compute
Pe (teek) _ :E%kl +€0I%k2 +er . )
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From this we see {®°(t°e*)} forms a basis of HFs, (F,Q°S*1)¢ as computed in
ICLMT76, p. 239].

Similarly, we identify
(E,(Q°SPT1)C2 ~ (F,Q8%) x (F,Q%5%)
by noticing that
cishe = [ (Gm x s17) « (@) x (577).
i+2j=k i i
where Ct (M) is an ordered configuration of k distinct points in M.

Then using [BWI8, §4] identification of {®“2(t<e*)} and [CLMT6, p. 239], we see
{®%(t<e¥)} indeed forms a basis of HFy, (F,QrSrP+1)Cz, O

Recall Q75°*1(p + 1) denotes the homotopy fiber of the map Q°SP+! 5 Sl the
p-loops of the unit map S*P*1 — K(Z,p+ 1), so

QPSP p + 1) — Qrgrtt Lo gt
is a fiber sequence. The fibration splits if there is an epimorphism
r2Qrgett o p gt
Lemma 3.5. There is an epimorphism ﬂ'lczQpS”H — wfzsl. Hence, QPSP ~

St x QrSPH{p + 1) and HF,, (2°SPTp + 1)) = HF,, (2°S**1) is the span of
monomials of weight divisible by 2.

Proof. Stably, m; (2S°*!) =~ 7, ,5°%! is the Mackey functor

ZZ
o]
7.

The induced map 7, (r) : 75Q°SP* — 7, K(Z,1) must be an epimorphism since
the diagram of Mackey functors

72 — 7

o] <[]

7 — 7
commutes. Evaluation at the Cy/Cs level gives an epimorphism

m QPSP - 250,
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3.3. Thom spectra of stable spherical fibrations. We describe a Lewis—May
Thom spectrum functor for HF,-local stable spherical fibrations p : X — BF), (see
[ILMSMSG], see also [HW20, §4] and [BCS10, §3.4]). In the language of structured
ring spectra, BF), can be identified with BGL(S,), the classifying space of the
units of the HIF,-localized sphere spectrum S,,.

Let V be a finite dimensional real Ca-representation and F, (V) be the topological
monoid of basepoint-preserving Cs-equivariant homotopy equivalences of S’Z‘)/ , the
HE -localization of the one-point compactification of V. There is an associated
quasi-fibration

EF,(V) = BE,(V)

with fiber 5. Write BF, for the colimit of the spaces BF,(V) where the col-
imit is taken over a diagram with one object for each finite dimensional real Co-
representation and one arrow V' — W if and only if V < W.

Given a map f: X — BF,, let X(V) be the closed subset f~'BF,(V) and
T(f)(V):= [FEF,(V)/X

be the Thom space of the induced map fy : X (V) — BF(V). Here f*EF,(V) is
the pullback of EF,(V) and X is viewed as a subspace via the induced section.

This defines an object T'(f) in the category of Cy-orthogonal prespectra. Compo-
sition with the spectrification functor gives a Thom spectrum functor

Ts, : U/BF, — S*

defined on the category U/BF, of Ca-spaces over the classifying space BF,, for
HE,-local stable spherical fibrations, with values in HF -local C-spectra SPC?.

3.4. A Thom spectrum model for HF,. Consider the p-loops of the unit map
SP+Y > K(Z,p +1). Let p denote composition with the adjoint to —1 € 752(S9) :

i QPSP QPK(Z, p + 1) — BGLy(SY).

Lemma 3.6. The Thom class (Q°SPT1)* — HF, is an equivalence of Ca-spectra.

This follows from [Lev22 Proof of Theorem A].

4. A THOM SPECTRUM MODEL FOR HZ,

Arguing as in Hahn—Wilson [HW20, Theorem 9.1], which uses arguments of Antolin-
Camarena-Barthel [ACB19, § 5.2], we prove

Theorem 4.1. There is an equivalence of Ca-spectra

(225741 p + 1)) — HL,.

Proof. We first show the Thom class
(4.1) (Q2S* " p + 1) — HL,
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is an equivalance of Cy-spectra. Decomposing S! into a 0-cell and a 1-cell and
trivializing the fiber on each cell produces a decomposition of the Thom spectrum
(2P SPHL) as a cofiber

(057 o+ D) 5 (Q087 p + 1)) — (5P > HE,.

Each of these Thom spectra come from bundles classified by As-maps, which is
enough to ensure the map x induces a map

T QS+ D) = 1, (5 p+ 1)

of modules over m,(2?S?*1{p + 1))*. In particular, on homotopy the map corre-
sponds to multiplication by some element z € 7, (Q°SPT1(p + 1))~.

Taking loops of u : Q°SPT X p + 1) — BGL1(SY), we obtain a map
QPSP p + 1) — GL(SY).

By the universal property of GL1(S9), we equivalently have an Ej-ring map
82008 p+1) — S5,

Similarly, there is also a map € : S2QQSP 1 (p + 1) — SY coming from the trivial
map QPSP {(p+ 1) — GL(SY).

The construction of Thom spectra as bar constructions (see Definition 4.1 of [ABG114])
then implies my(Q7S?T1{p + 1))* =~ cokermy(f — €).

Thus 7y (Q°SPTp + 1))H is

1 t Z,[t]/(#?) t
EO(SS) = I I resg >tr I
1 2 Lo 1

modulo classes in the image of f — e. This also fits into a short exact sequence
TS p 4 L) s 5y QST p 4 D) By,

From the C5/e spot we deduce x = 2 and from the short exact sequence and Mackey
functor structure deduce that

T(Q°SP + 1p+ D) = L.

We have checked that the Thom class (1)) induces an isomorphism on my. To show
that it is an equivalence of Cy-spectra, it remains to check that this map induces
an isomorphism in 7y, for V # 0, that is, m ((2?S?T1{p + 1))*) is trivial.

The underlying level follows from the classical nonequivariant result.

The genuine fixed point level follows from Nakayama’s lemma once one argues that
the genuine fixed point spectra have finitely generated homotopy groups in each
degree. The isotropy separation reduces us to the corresponding statement on
geometric fixed points.
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The geometric fixed points of a Thom spectrum are given by the Thom spectrum
of the fixed points, so

Hy (2257 p+ 1)M) 92 = Hy (PSP p + 1)72)1.
We can apply the non-equivariant HF5-Thom isomorphism to get
Ho (@087 Kp + 10 = Ho(Q757H (p + 1)%2),
Recall from Lemma that QPSPHL ~ St x 0PSPH1(p + 1), and from Equation
(B2) that Q292 x QS5? ~ (QPSPH1)C2 Tt follows that
0283 x Q8% ~ (PSP 02 ~ (ST x QPSPH(p 4 1))92 = ST x (PSP T1p + 1)) 2.

Thus H, (QPSPHp + 1))%2 € H, (0283 x Q5?) has finitely generated homology
groups in each degree. Hence, it also has finitely generated homotopy groups in
each degree, and we can apply Nakayama’s lemma to finish the proof of the genuine
fixed point level. Therefore (2°SPT1(p + 1))* ~ HZ,.

Recalling that the last map in the composition
QPSP +1) - QPSP ST BGL(SY).

is defined to be the adjoint to —1 € 75?(S9) in Equation (2)), we define up by taking
the HF,-localization

[ QPSP p 41y —— QPSP+l 5 §1y BGL(SY).

J I

po s QPSP p 4+ 1)y —— QPSHTT —— S]

Thus the localization map on the base spaces induces a map
fQPSPH I+ DHH — QPSP p + 1Hh2.

Since our Thom construction takes values in HF,-local Cs-spectra, both
QPSP p + 1) and QPSPH{p + 1)h? are HF,-local. Thus it suffices to show that
f induces an isomorphism on HF,-homology.

The localization map on the base spaces induces an HFy-isomorphism by definition.
They also each have an HF,-Thom isomorphism since the composites

S' - BGL,(S") — BGL,(HF,)

S; — BGL1(S3) — BGL:i(HF,)

are null as the maps p and ps represent the class —1 € 7TOC2 GL,(F,), but -1 =1
is the basepoint. Thus f induces an isomorphism on HF,-homology and hence
is an equivalence. Therefore, slightly abusing notation by replacing ps with pu,
(PSP p 4+ 1)) ~ HZ,. O
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5. A PRODUCT FIBRATION

Recall X5 denotes the Bousfield localization of X with respect to HF,, we have set
Fn = (F, QPSP

and there are product maps
Fn X Fn B Frngn.

Furthermore A, is defined by the homotopy fiber sequence

(5.1) Ap — Fopy1 — Sa

where the second map is the localization of the composite

Fopy1QPSPTL 5 QPgPtL g1,

We prove the Cy-equivariant analogue of [CDGMS88| Theorem 1.3].
Theorem 5.1. The fiber sequence (Z.3) is equivalent to a product fibration. Indeed,

there is a Cy-equivariant map A, 2, Faon, and a commutative diagram of fibrations

A, A,

! !

1 ,
S3x A, LN S3 X Fop = F1 X Fon —— Font1

g |

S5 S5

which is an equivalence on total spaces and on fibers.

Our proof of Theorem 5] is a Cy-equivariant analogue of [CDGMS88|, §2. Proof of
Theorem 1.3]. Following [CDGMS88|, we first show that the inclusion

Fp 18P o FL QP 8eTE
may be considered as a Co-equivariant inclusion into a mapping cone. For a pointed
Csy x X-space X, we define
M (X) = Ci(p) EX X/(Cm(p) x *).

m

Let I denote the unit interval, I™ the m-dimensional unit interval, and 01" the
boundary of I™, all with trivial Cy-action. Note that I/0I ~ S and 1™ ~ S™~ 1,

Lemma 5.2. Let F,,, = F,,,Q°SP*!. There is a cofibration sequence

M (31™) S Fpp_y — Fp.

Proof. Let T™(S') denote the wedge with trivial Cy-action consisting of points in
the m-fold Cartesian product having at least one component the basepoint. Viewing
I'™ as the cone of the natural map 0I™ — T™(1/01) yields a Cy x ,,-equivariant
cofibration

oI — T™(1/oI) — (I1/01)*™,
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with trivial Cs-action and hence a cofibration

(5.3) M (0I™) £ M, (T™(1/01)) — M,,((I/01)*™.
Recall from [RS00] that

Fp = (U Mk((l/afv’“)) /~.
k

<m

The map ¢ of Lemma is the composite
M (0I™) = My, (T™(1/01)) — Frp—1,

where the second map uses the equivalence relation from (21) to ignore the base-
point in at least one component. The required homeomorphism from the mapping
cone of ¢ to Fy, is a quotient of the homeomorphism in (53) from the mapping
cone of k to M, ((I/0I)*™. O

We now return to the proof of Theorem[5.Il Assume by induction that the theorem
has been proved for n—1 80 Fy(p,_1)41 = Si x A, _1. Note that Fon-1)+1 = Fan-1
is an equivalence. Localizing Lemma yields a map

(54) Mgn(aIQn)Q i ]:277,,1 ~ S21 X Anfl.

Lemma 5.5. The cohomology HE, (Man(01°™)2;Zy) = 0, so the map (54) is of
the form % x h, for some map h : Mo, (0OI*")y — A, _1.

Proof. The freeness of the action of Xg,, on Cs,(p) implies

Canlp) X 521/ (Can(p) J¢ #) = Con(p)/Zan % S2 71/ (Con(p)/SBan % #).

2n

Since $?"~1 is 2n — 1-connective, we can conclude that H'(Ma, (0I*");Z,) = 0. O

We return to the proof of Theorem 5.1l Let Y denote the mapping cone of h. The
map of cofibrations

Mgn((7]2")2 E— Anfl Y an/anfl
H | | |
MQn(aIQn)Q — Fon—1 Fon .7:2”/]:2"_1

shows that HF,,Y — HF,, Fs, is injective with image spanned by monomials of
weight divisible by 2. There is a map of fibrations

Y An

! !

1
SIx v X% Sl Fop = Fy % Fap —L Fonsa

> |

51 S5
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The map of total spaces induces an isomorphism in HF,-homology, and since Fa,,11
is HF,-local, this map is a HF,-localization. Hence, there is an equivalence of
fibrations

Y, — A,

! l

1
Sy x Y, —— Font1

8 ——— s},
extending the induction and completing the proof of Theorem [5.11

Since ¢ : Y,, — Fa, induces an injection HF,,Y — HF, F>, with image spanned
by monomials of weight divisible by 2, the following corollary is immediate.

Corollary 5.6. The map HF,, A, — HF,, Foni1 is the inclusion of monomials
of weight divisible by 2 into monomials of weight less than or equal to 2n + 1.

6. PROOF OF MAIN THEOREM

Now we can use Theorems[ Tland Glto construct By (n), a Ca-equivariant analogue
of the nth integral Brown-Gilter spectrum at the prime 2 as a Thom spectrum. Let

A,, denote the homotopy fiber of the composite
Fon QPSP 5 Qrgrtl _, gl
so the HFy-localization of A,, is A,. Using the HF,-localization of the commutative

diagram
Ay —————— Fop
(6.1 Jin |
QPSP p + 1) —— QPSPFL
we define By (n) to be the Thom spectrum (A,)*.
Taking the Thom spectrum of the composites

¢’7TL ¢’7l
Am X Ay FmXfn, Fom X Fon — ]:2m+2n - ]:2n+2m+1 - Am+n7
where the last map splits the equivalence of Theorem [5.1] yields pairings
Bl(m) VAN Bl(n) g Bl(m + n)

Combining Corollary 5.6 with Diagram (6.1]), we see that the map (i,)" : B1(n) —
HZ, induces a monomorphism in homology, with image spanned by monomials
of weight less than or equal to 2n. We have now proven Theorem [6.1] our Cs-
equivariant analogue of [CDGMSS8| Theorem 1.5(i),(ii)].

Theorem 6.1. For n > 0, there is a 2-complete spectrum By(n) and a map
Bi(n) % HZ,
such that
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(1) g« sends HF,, (B1(n)) isomorphically onto the span of monomials of weight
< 2n;
(ii) there are pairings

Bi(m) A Bi(n) > Bi(m +n)

whose homology homomorphism is compatible with the multiplication in
HE,, (HZs).

Remark 6.2. It is not currently known if a Cs-equivariant analogue of [CDGMSS|
Theorem 1.5(iii)] holds or if there should be some other criterion determining (inte-
gral) Brown—Gitler spectra in the Cs-equivariant case. In the non-equivariant case,
[CDGMBS8S8, Theorem 1.5(iii)] states that for any CW-complex X,

g« : Bl(n)z(X) — Hi(X;ZQ)

is surjective if ¢ < 2p(n+1)—1. This condition originated in the obstruction theoretic
construction and would be interesting to study further in the Cy-equivariant setting.
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