THE SIMPLICIAL EHP SEQUENCE IN A'-ALGEBRAIC TOPOLOGY

KIRSTEN WICKELGREN AND BEN WILLIAMS

ABSTRACT. We give a tool for understanding simplicial desuspension in Al-algebraic topology: we show that
X — QST AX) — QST AXAX) is a fiber sequence up to homotopy in 2-localized Al algebraic topology for
X = (S1)™ A G with m > 1. It follows that there is an EHP sequence spectral sequence
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1. INTRODUCTION

Let X denote the suspension functor from pointed simplicial sets (or topological spaces) to itself, defined
X :=S' A X. For some maps f : LY — IX, thereisa g: Y — X such that f = Ig. In this case, f is said to
desuspend and g is called a desuspension of f. Under certain conditions, the obstruction to desuspending
f is a generalized Hopf invariant, as is proven by the existence of the EHP sequence

1) X — QXX — Qr?Xx

of James [Jam55]] [Jam56a]l [Jam56b] [Jam57] and Toda [Tod56] [Tod62] which induces a long exact sequence
in homotopy groups in a range, see for example [Tod52] or [Whil2, XII Theorem 2.2]. Namely, f desuspends

if and only if the generalized Hopf invariant

H(f) : Y = Qry 2 orx — Q52X

is null. Because calculations can become easier after applying suspension, it is useful to have such a sys-
tematic tool for studying desuspension.

By work of James [Jamb56a|| [Jam56b], it is known that when X is an odd dimensional sphere, (1) is a fiber
sequence, and when X is an even dimensional sphere, (1)) is a fiber sequence after localizing at 2. In partic-
ular, for any sphere, (1) is a 2-local fiber sequence. Since the suspension of a sphere is again a sphere, the
corresponding fiber sequences for all spheres form an exact couple, thereby defining the EHP spectral se-
quence [Mah82]. The EHP spectral sequence is a tool for calculating unstable homotopy groups of spheres.
See for example, the extensive calculations of Toda in .
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We provide the analogous tools for £X = S A X in Al-algebraic topology, identifying the obstruction to S'-
desuspension of a map whose codomain is any sphere with a generalized Hopf invariant, and relating S'-
stable homotopy groups of spheres to unstable homotopy groups, after 2-localization, by the corresponding
EHP special sequence. We leave the p-localized sequence for future work.

Place ourselves in the setting of Al-algebraic topology over a field [MV99] [Mor12]; let Sm; denote the
category of smooth schemes over a perfect field k, and consider the simplicial model category sPre(Smy) of
simplicial presheaves on Smy with the A' injective local model structure, which will be recalled in Section
This model structure can be localized at a set of primes P (see [Hor06] and Section [3) giving rise to the
notation of a P-local fiber sequence up to homotopy. See Definition[8.1] Define the notation

Sn—t—qoc _ (51 )An A (Gm)Aq.

Let Q(—) denote the pointed A'-mapping space Mapp,.(sm, ). (S's La1—), where L denotes A' fibrant re-
placement.

Theorem 1.1. Let X = S™9% withn > 1. There is a 2-local A'-fiber sequence up to homotopy
X = QIX — QIX"?2,

Let ﬂﬁv denote the ith A" homotopy sheaf, and more generally define n‘{*iva(X) to be the sheaf associated to
the presheaf taking a smooth k-scheme U to the A'-homotopy classes of maps from S*1* A U to X. The
5,4 (Z7X).

. 1
$4 (X)) = colimy o0 7l

stable A' homotopy groups are defined as the colimit 7 T rva

Theorem 1.2. (Simplicial EHP sequence) Choose n, q and v in Z>o withn > 2.

o There is a spectral sequence (B ;,dr : B{; — {1 ) = Z2) ® ﬂis.LA‘r]L+(v—q)oc =Z2)® n‘ﬂ*jaS“*q“
with El,j = Z(Z)

(§H+2n+1+24) if{ > In — 1 +j and otherwise E{‘j =0.
e Choose n' > n. There is a spectral sequence (E{;,dr : E{; — E{_; ;) = Z2) ® nﬁmsn’ﬂ“ with

Bl =%y n;&HHW(SZiHHHZW) ifi>2n—1+jandj<n’—mn,and E}; = 0 otherwise.

® 7,
jH1+i+va

Theorem follows directly from Theorem Theorem is a summary of a more refined theorem,
giving conditions under which (I) is a fiber sequence without 2-localization. To state this theorem, let
GW(k) denote the Grothendieck-Witt group of k, and consider the element of GW (k) given by —(—1) =
—(1 + pn), where 1 is the motivic Hopf map and p = [—1] in the notation of [Mor12, Definition 3.1]. Let
KMW denote Milnor-Witt K-theory defined [Mor12, Definition 3.1]. For a set of primes P, write Zp for the
ring Z with formal multiplicative inverses adjoined for all primes not in P.

Theorem 1.3. Let X = S"" 9% withn > 1, and let e = (—1)""9(—1)9. Let P be a set of primes. The sequence
X — QIX — QIX"?
is a P-local A'-fiber sequence up to homotopy if 1 4+ m(1 + e) are units in GW(k) ® Zp for all positive integers m.

Corollary 1.4. In the setting of Theorem[1.3] the sequence

e is always a 2-local A'-fiber sequence up to homotopy.
e isan Al-fiber sequence up to homotopy when e = —1 or when n+ q is odd and the field k is not formally real.

In particular, the sequence is an Al-fiber sequence up to homotopy

e when n is odd and q is even.

o when n + q is odd and k = C, or more generally, when n + q is odd and k is any field such that 2n = 0 in
MW,
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Although the statement of Theorem is a direct analogue of the corresponding theorem in algebraic
topology, the proof given here is not a straightforward generalization of a proof in algebraic topology. The
difficulty is that A'-fiber sequences are problematic and A'-homotopy groups are not necessarily finitely
generated. Standard tools like the Serre spectral sequence are not currently available.

If a theorem holds for every simplicial set in a functorial manner, it may globalize in the following sense.
First, one may be able to obtain in sPre a naive analogue by starting with simplicial presheaves instead of
simplicial sets, performing corresponding operations, producing corresponding maps in sPre. If the theo-
rem in algebraic topology says that some map is always a weak equivalence (respectively weak equivalence
through a range), it may be immediate that the corresponding map is a global weak equivalences (respec-
tively global weak equivalence through a range). If the A'-invariant analogues of the operations considered
in the theorem are obtained by applying L, to the naive analogue (defined by applying the operation in
simplicial set to the sections over each U € Smy), then the theorem holds in A'-algebraic topology.

This is the case of the Hilton-Milnor splitting shown below:

Theorem 1.5. There is a natural isomorphism
IOIX — XV XA
in the Al-homotopy category.

This is also the case for the statement that for any simplicial presheaf X, the sequence (1) is a fiber sequence
up to homotopy in the range i < 3n — 2, meaning

mh X o IX o LX) oL
S X o EX o I(XA) S X oL
is exact. This fact is shown in joint work with A. Asok and J. Fasel [AFWB14].

This is not the case for Theorem [1.Tand Theorem 1.3} i.e. these theorems are not proven by globalizing a
corresponding result in algebraic topology, where the sequence (1) fails to be exact for X = S™ VV S™. See

Example

Here is a sketch of the proof of Theorem 1.} its purpose is to help the reader understand the proof given in
this paper, and also to explain the similarities with, and differences from the situation in classical algebraic
topology. Let J(X) denote the free monoid on a pointed object X in simplicial presheaves on Smy, where
Smy denotes smooth schemes over a perfect field k.

In algebraic topology, the free monoid on a pointed object is canonically homotopy equivalent to the loops
of the suspension. It was understood by Fabien Morel that the same result holds in A'-algebraic topology.
Indeed, a result of Morel implies that L1 J(X) is simplicially equivalent to QL1 ZX, for X pointed, fibrant
and connected. (The phrase “simplicially equivalent” means weakly equivalent in the injective Nisnevich
local model structure. Here, “fibrant” means with respect to this model structure as well.) We show the
versions of this result that we need in Section [5| By globalizing a construction from algebraic topology
[Whil2, VII §2], there is a sequence
X = J(X) = J(X"?),

where X — J(X) is the canonical map induced from the adjunction between ¥ and Q, and J(X) — J(X2) is
the James-Hopf map i.e., the above maps exist in A'-algebraic topology and the composite map X — J(X"\?)
is nullhomotopic (simplicially). Thus there is an induced map in the homotopy category from X to the P-
localized A'-homotopy fiber of J(X) — J(X/\?), where P is a set of primes. Use the notation h : X — F for
this map. Theorems [1.1{and [1.3[say that for X a sphere, h is a P-localized A'-homotopy equivalence for
appropriate P, and it is proved as follows.
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By Theorem there is a map of S'-spectra b : Z°J(X) — £°°X. Using the tensor structure of spectra over
spaces, it follows that there is a map of S'-spectra
¢ I®J(X) = Z®(X x J(X"%)

which fits into the commutative diagram

I (X) TOX x J(XN2) .

~

Zoo](XAZ)

(See Section and, for general X, see Section in particular, the discussion following Construction

/.11})

The two spaces J(X) and X x J(X”\?) are the same size in the sense that stably they are both weakly equivalent
to £ Ve, X', To see this, note that Z°J(X) = £ V% _; X" by Theorem [1.5}

TO(X x J(XN2)) = ZOXV Z®T(XM?) V ZR2 (X A (X))

because the product of two spaces is stably equivalent to the wedge of their smash with their wedge, i.e.
IR(XxY)=I®(XVYVXAY). By Theorem we have stable weak equivalences J(X/\?) = \/®_, X/\2n
and X A J(X?) = Vv X2 1 These equivalences, when combined with the previous, show that stably
XxJ(XN2) = Voo X\, Ttis not always the case, however, that the stable map ¢ : £%°J(X) — £%°(Xx J(X\2))
constructed above is a weak equivalence, see Example In algebraic topology, this map is a weak
equivalence for X an odd sphere, and an equivalence after inverting 2 for X an even sphere. We show
an analogous fact in A'-algebraic topology, in the following way. By the Hilton-Milnor theorem, the map
¢ can be viewed as a “matrix,” which itself is the product of matrices corresponding to the diagonal of
J(X) and a combination of b with the James-Hopf map J(X) — J(X”*2). Nick Kuhn’s calculations of the
stable decomposition of the diagonal of J(X) (see [Kuh01]) and the stable decomposition of the James-Hopf
map (see [Kuh87, §6]) in algebraic topology globalize to give the matrix entries of c in terms of sums of
permutations of smash powers of X. Morel computes that the swap map X A X — X A X is e, and more
importantly, any permutation o on X\™ is equivalent to e¥¥"(°) in the homotopy category (see [Mor12,
Lemma 3.43]). Since X is a co-H space, N. Kuhn's results imply that the matrix entries of c are diagonal, and
when combined with Morel’s result, we calculate the nth such entry to be

1 —-—1)(e+1) for n even.
o (14 12 —1)(e+1)) (241 + 25 Te) for n odd.

Note that (2n)!/(2™n!) = 1(3)(5) - - - (2n — 1) is an odd integer, so that the nth diagonal term of this matrix
is of the form 1+ m(e + 1), with m an integer, for n even, and a product of two such terms for n odd. Note
that e? = 1 in the homotopy category, because e is the class of the swap. It follows that the product of two
terms of the form (1 4+ m(e + 1)) is also of this form because (e + 1)2 = 2(1 + e). Also note that for any
positive integer m, we have that

(m+1)+me)((m+1)—me) =2m+1,

whence (m+1)+me is a unit after localizing at 2. It follows that c is a weak equivalence after 2-localization.
More generally, ¢ is a weak equivalence after P-localization whenever all the terms (m + 1) + me are units
in GW(k) ® Zp. See Proposition[6.17} This produces the corresponding hypothesis in Theorem|[1.3] We can
furthermore characterize exactly when (m + 1) + me is a unit in GW(k) for all m: either e = —1 or the field
is not formally real and e = —(—1). See Corollary 4.8
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We are then in the situation where we have two P-localized A'-fiber sequences

@ F— J(X) = J(X"%)

©) X = X x J(X2) = J(X™?),

and a stable equivalence between the total spaces which respects the maps to the base. We would like to
“cancel off” the base J(X”*?) to conclude that there is an equivalence between the fibers. This is indeed what
we do, however, there are two major obstacles to overcome with this approach.

The first is that the standard tool to measure the size of a fiber of a fibration in terms of the base and total
space is the Serre spectral sequence, and at present there no Serre spectral sequence for A'-fiber sequences.
The desired such sequence would use a homology theory like Hf (see [Mor12, Definition 6.29]) because of
the need for analogues of the Hurewicz theorem as in [Mor12, Chapter 6.3] to conclude a weak equivalence
between the fibers. We use S'-stable A' homotopy groups on the obvious analogue of the Serre spectral
sequence defined by lifting the skeletal filtration on the base to express the total space as a filtered limit of
cofibrations, and then making an exact couple by applying nf’P*N . This gives a spectral sequence even for
a global fibration, but it is not clear that it can be controlled. We provide some of the desired control in
Section[7.2] Assume for simplicity that the base is reduced in the sense that its O-skeleton is a single point,
as is the case for J(X"2). The E'-page can be then identified with 75" applied to a wedge indexed by
the non-degenerate simplices of the base of the fibration. This wedge construction takes P-local A'-weak
equivalences of the fiber (respectively P-local A'-weak equivalences in a range) to P-A! weak equivalences
(respectively in a range). See Lemmas [7.13] [7.16] and [7.17] We then show that this identification of the
E'-page is natural with respect to maps, and even natural with respect to the stable map c discussed above.
See Lemma This identification of the E'-page does not behave well with respect to weak equivalences
of the base, as it involves the specific simplices of the base. It is sufficient here because the map on the base
is the identity. We do not understand the E? page.

We then have a map of spectral sequences from the spectral sequence associated to (2) to the spectral se-
quence associated to (3). We wish to use this map of spectral sequences to show that the stable weak
equivalences of the base and total space imply a stable A equivalence of the fibers, after appropriately
localizing.

Then comes the second difficulty. There are infinitely many non-vanishing stable homotopy groups of the
fibers in question, and these groups themselves are not necessarily finitely generated abelian groups. We
need to show that there is an isomorphism of these E'-pages, but to do this, we need to allow for the
possibility that all terms of both spectral sequences are non-zero non-finitely generated groups. We give
an inductive argument to do this in Proposition[7.20} and immediately following the proposition there is a
verbal description of what happened.

The strategy of this proof of the motivic EHP sequence is modeled on the proof of the EHP sequence given
in Michael Hopkins’s stable homotopy course at Harvard University in the fall of 2012. Hopkins credits this
proof to James [Jamb5] [Jam56b|| together with some ideas of Ganea [Gan68]. In this argument, the original
Serre spectral sequence is used; there is no need to work in spectra, as calculations in (co)homology suffice.
Since the (co)homology of spheres in algebraic topology is concentrated in two degrees, there is no analogue
of Proposition[7.20]

It is also possible to compute the first differential in the EHP sequence of Theorem(I.2} and this computation
will be made available in a joint paper with Asok, Fasel and the present authors [AFWB14].

Computations of unstable motivic homotopy groups of spheres can be applied to classical problems in the
theory of projective modules, for example to the problem of determining when algebraic vector bundles
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decompose as a direct sum of algebraic vector bundles of smaller rank. See [Mor12, Chapter 8], [AF14b],
and [AF14al.

In a different direction, it can be shown that there is an A! weak equivalence Z(P'—{0,1,00}) = (G, VG)
between the S' suspensions of P! —{0,1,00} and Gy, V Gy,. By comparing the actions of the absolute
Galois group on geometric étale fundamental groups, it can be shown that this weak equivalence does
not desuspend [Wic15]. Because the action of the absolute Galois group on Tr?t(ﬂ% —{0, 1, 00}) is both tied
to interesting mathematics [lha91] and obstructs desuspension, it is potentially also of interest to have
systematic tools like those provided by the EHP sequence to study the obstructions to desuspension.

1.1. Organization. The organization of this paper is as follows: Theorem is proven in Section |8 as
Theorems8.5/and[8.6] Theorem [I.1]is proven in Section[8|as Theorem 8.3} The core of these arguments is the
cancelation property of Section[7.3] The substitute for the Serre spectral sequence is developed in Section|[7}
In Section |6} the motivic James-Hopf map and the diagonal of the James construction are computed stably
as matrices with entries in GW(k). Section 5| proves the Hilton-Milnor splitting. Section [4 gives results on
the Grothendieck-Witt group that are needed to understand when the matrices computated in Section [f]
are invertible. Sectionprovides needed results on localizations of sPre(Smy ) and Spt(Smy ), and Section
introduces the needed notation and background on A'-homotopy theory.

1.2. Acknowledgements. We wish to strongly thank Aravind Asok and Jean Fasel for their generosity
in sharing with us unpublished notes about the James construction in A' algebraic topology. The first
author wishes to thank Michael Hopkins for his stable homotopy course in the Fall of 2012, and the entire
homotopy theory community in Cambridge Massachusetts for their energy, enthusiasm, and perspicacity.
We are also pleased to thank Emily Riehl for help using simplicial model categories, and Aravind Asok,
Jean Fasel, David Gepner, Daniel Isaksen, and Kyle Ormbsy for useful discussions. We also thank an
anonymous referee for useful comments, in particular for pointing out a gap in a previous version of the
proof of Proposition [7.20}

2. OVERVIEW OF Al HOMOTOPY THEORY

In the sequel, we will have to draw on many results regarding A homotopy. We collect those results in this
section for ease of reference. We make no claim that any of these results are original.

Let k be a field such that the results of [Mor12|] hold over Speck. It suffices that k be perfect, but we hope
that in future this requirement may be weakened.

Let Smy, denote a small category equivalent to the category of smooth, finite type k-schemes. The category
sPre(Smy ) is the category of simplicial presheaves on Smy, and sPre(Smy). the category of pointed sim-
plicial presheaves. The category Smy is considered embedded in sPre(Smy) via the Yoneda embedding.
The terminal object of Smy. and sPre(Smy) is therefore Speck, which is also denoted by k and * depending
on the context.

The notation Map(X,Y) denotes the internal mapping object where it appears, generally in sPre(Smy).
Many categories appearing in the sequel are simplicially enriched, and in them SMap(X, Y) will denote a
simplicial mapping object. Where there is a model structure, a, present we will use the notation [X, Y], to
denote the set of maps in the homotopy category from X to Y. The notation [X, Y] will be used when a is
clear from the context.

If K is a simplicial set, then we write K; for the set of i—simplices in K.
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2.1. Model Structures. This paper makes use of two families of model structure on the category sPre(Smy)
and its descendants. In the first place, the local injective model structure of [Jar87]—introduced there as the
‘global” model structure—and the local flasque model structure of [Isa05]]. Our use of these terms follows
[Isa05]]. These model structures are Quillen equivalent. Each gives rise to descendent model structures by
Al-or P-localization or by stabilization. The flasque model structures are employed only to prove technical
results regarding spectra; when ‘flasque’ is not specified, it is to be understood that the injective structures
are meant.

The weak equivalences in the injective local and the flasque local model structures are the local weak
equivalences—those maps that induce isomorphisms on homotopy sheaves, properly defined: [Jar87]. In
the seminal work [MV99], these maps are called ‘simplicial weak equivalences’ in order to emphasise their
non-algebraic character.

Both the injective and the flasque local model structures are left Bousfield localizations of global model
structures on sPre(Smy); a global model structure being one where the weak equivalences are those maps
¢ : X — Y that induce weak equivalences ¢(U) : X(U) — Y(U) for all objects U of Smy. Both the global
injective and the global flasque model structures are left proper, simplicial, cellular, see [Hor06|], and combi-
natorial so that left Bousfield localizations of either at any set of morphisms exist and are again left proper,
simplicial and cellular. In the injective model structures all objects are cofibrant, and therefore these model
structures are tractable in the sense of [Bar10].

The injective global model structure is symmetric monoidal, the structure being given by x and the usual
internal mapping object, this being the evident extension of the symmetric monoidal structure on sSet.
By [Bar10, 4.46], any left Bousfield localization, a, of the injective local model structure will inherit the
structure of a module over the injective local model structure. In particular, any object X of sPre(Smy).
gives rise to a left Quillen functor X x - : sPre(Smy) — sPre(Smy) where sPre(Smy) is endowed with
the structure a. Since X x - preserves trivial cofibrations and all objects are cofibrant, by Ken Brown'’s
lemma, [Hov99, Lemma 1.1.12], it preserves weak equivalences.

Lemma 2.1. Suppose a is a left Bousfield localization of the injective global model structure on sPre(Smy), and
suppose X is an object of sPre(Smy ). The functor X x - preserves a weak equivalences.

These model structures all have pointed analogs, and a standard argument allows us to deduce:

Corollary 2.2. Suppose a is a left Bousfield localization of the injective global model structure on sPre(Smy) and a,
is the associated model structure on sPre(Smy ). Suppose X is an object of sPre(Smy ). The functor X /\ - preserves
a,. weak equivalences.

Proof. Let f : Z — Y be a a weak equivalence. Because a, is a simplicial model category in which all
objects are cofibrant and monomorphisms are cofibrations, it follows from [Riel4} Corollary 14.3.2] that
idx Vf: XV Z—= XV Yisaaweak equivalence.
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By Lemma Xxf:XxZ— XxYisa aweak equivalence. Note that idx V f, id,, X x f, and X A\ f
determine a map of push-out squares as in the commutative diagram
* XANZ

7

XVZ———XxZ

|

* XAY

7

XVY ——XxY

Furthermore, XV Z — X x Zand XV'Y — X x Y are cofibrations because they are monomorphisms. It now
follows from [Rie14, Corollary 14.3.2] that X A f : XA Z — X A 'Y is a a weak equivalence as claimed. |

2.2. Homotopy Sheaves. If X is an object of sPre(Smy) or sPre(Smy)., we write LxisX for a functorial
fibrant replacement in the local injective model structure, and L{,. in the local flasque model structure. We
write Ly or Lf; for a functorial fibrant replacement in the appropriate A' model structures.

Since the purpose of this paper is to establish some identities regarding A" homotopy sheaves, it behoves
us to define what a homotopy sheaf means in the sequel.

The following definitions date at least to [Jar87].

Definition 2.3. If X is an object of sPre(Smy ), then we define 75 ©(X) as the presheaf
U 7o (X (U)])

where U is an object of Smy, and where |X(U)| indicates a geometric realization of X(U). We define 7 (X)
as the associated Nisnevich sheaf to Ttgre(X).

Proposition 2.4. If X is an object of sPre(Smy ) such that X(U) is a fibrant simplicial set for all objects U of Smy,
then 1o (X) is the sheaf associated to the presheaf coequalizer:

dy
U — coeq ( X(U), T? X(U)o > .

The condition that X(U) be a fibrant simplicial set, to wit a Kan complex, for all U will be satisfied if X is
a fibrant object in a model structure for which A} x U — A™ x U is a trivial cofibration. This includes all
local and flasque model structures.

Definition 2.5. If X is an object of sPre(Smy)., with basepoint xo — X, then we define ﬂfre(X, xo) fori > 1
as the presheaf

U = 7oy (IX (U], xo0)
where U is an object of Smy, and where x¢, in an abuse of notation, indicates the basepoint of [X(U)]
induced by xo — X. We define 71; (X, xo) as the associated Nisnevich sheaf. The basepoint xo will generally
be understood and omitted.

The reader is reminded that X(Ul) may have connected components that do not appear in the global sections,
X(x). In this case, the sheaves of groups 7; (X, x¢) as defined above are insufficient to describe the homotopy
theory of X.
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It is the case that the functor 7;(-) takes simplicial weak equivalences to isomorphisms, and 71‘39 takes A
weak equivalences to isomorphisms.

If X is an object of sPre(Smy )., we reserve the notation Q"X for the derived loop space Map_ (S™, LaisX). In
particular, Q%X = Ly;sX.

We rely on the following result throughout.

Proposition 2.6. Equip sPre(Smy). with the Nisnevich local model structure. If X is an object of sPre(Smy).., and
ifi > 0, then m;(X) is the sheaf associated to the presheaf

U [ZHUL), X,

Proof. By applying a functorial fibrant replacement functor if necessary, we may assume that X(U) is a
fibrant simplicial set for all objects U of Smy. In the following sequence of isomorphisms, all homotopy
groups considered are simplicial homotopy groups of fibrant simplicial sets

[S' AU, X], = mo(SMap, (ST A U, X))
= 7'(0(SMap*(Sl Map,_ (U4, X)))
= 710(SMap*(S1 Map (U, X)))
= 715 (sSet. (S*, Map(U, X)(x)))
= o (sSet. (S, X(U)))
= m (X(UW)),

as required. O

Corollary 2.7. If X is an object of sPre(Smy).., and if i > 0, then m;(X) = 715(QX).

Proof. The result follows from the proposition and the adjunction

iUy, X, = Uy, Q..

O
Since taking global sections, X — X(x), is taking a stalk, we also have the following corollary.
Corollary 2.8. If X is an object of sPre(Smy )., and if i > 0, then
7 (X) () = 81 X,
Ifi,j > 0 we define
Si+j0( _ Si A G/\]
where G, is pomted at the rational point 1. If j > 0 and X is an object of sPre(Smy )., we define ﬂfﬂ «(X) as

I (Map*( m, Lar X)); it is isomorphic to the sheaf associated to the presheaf U — [S'* AU, X],1. Taking
global sections, we have

7TA1

it+jo

(X)(k) = [S"T% X] .

2.3. Compact Objects and Flasque Model Structures. We say that an object X of sPre(Smy). is compact if
colimMap_ (X, F;) = Map,_ (X, colim F;)

whenever F; is a filtered system in sPre(Smy ), and similarly for sPre(Smy).. An argument similar to that
of [DI05, Lemma 9.13] shows that pointed smooth schemes are compact, and it is easy to see that finite
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constant simplicial presheaves are compact. If A, B are pointed compact objects, then A /A B is compact, and
all finite colimits of compact objects are again compact.

We shall frequently make use of the following.

Proposition 2.9. Let a be a left Bousfield localization of the global injective model structure on sPre(Smy) (resp. sPre(Smy).).
Let 1 be a filtered small category and X' an I-shaped diagram in sPre(Smy) (resp. sPre(Smy).). Then the natural
map hocolim X! — colim X! is a global weak equivalence.

Proof. We describe the case of sPre(Smy ), that of sPre(Smy),. is similar.

By construction, [Hir03, Chapter 18], (hocolim X')(U) = hocolim(X!(U)) for all U € Smy, and similarly for
colim. The result then follows from the classical fact that the natural map hocolim X!(U) — colim X!(U) is
a weak equivalence, [BK72) XI1.3.5]. O

Proposition 2.10. If Xo — X7 — ... is a sequential diagram in sPre(Smy), then the natural map of sheaves
colim 7y (X;) — 7o(colim Xj)

is an isomorphism.

Proof. By Proposition[2.9) we may replace {X;} by a naturally weakly equivalent diagram without changing
the homotopy type of colim; X;. The group colim; 7y (X;) is also unchanged by such a procedure. We can
therefore assume that X; (U) is a fibrant simplicial set for all objects U of Smy.

Since, according to Proposition[2.4] 7o (Y) is the sheaf associated to a coequalizer of presheaves, provided Y
takes values in fibrant simplicial sets, the result follows by commuting colimits. O

The injective local model structure on sPre(Smy ). suffers from a technical drawback when one wishes to
calculate with filtered colimits, which is that filtered colimits of fibrant objects are not necessarily fibrant
themselves. This is the problem that motivates the construction of the flasque model structures of [Isa05],
and one can see the presence of flasque or flasque-like conditions appearing often throughout the literature
when calculations with filtered colimits are being carried out, see [Jar00], [DIO5], [Mor05].

We therefore consider two flasque model structures on sPre(Smy): the local flasque structure in which the
weak equivalences are the simplicial weak equivalences, and the A flasque structure in which the weak
equivalences are the A! weak equivalences. These model structures apply also to sPre(Smy)... These model
structures are simplicial, proper and cellular, and the A' structures are left Bousfield localizations of the
local model structure. There is a square of Quillen adjunctions

4) Injective Local —— Flasque Local

| l

Injective A' — = Flasque A'

where the arrows indicate the left adjoints, and each arrow is the identity functor on sPre(Smy). The
horizontal arrows represent Quillen equivalences. A similar diagram obtains in sPre(Smy)..

Not all objects are cofibrant in sPre(Smy) or sPre(Smy ), in the flasque model structures, in contrast to the
case of the injective structures. Since the A! flasque structures are left Bousfield localizations of the local
flasque structures, the cofibrant objects in one model structure agree with the cofibrant objects in the other.
The results of [Isa05], specifically Lemmas 3.13, 6.2, show that all pointed simplicial sets and all quotients
X/Y of monomorphisms Y — X in Smy are flasque cofibrant in sPre(Smy).. This includes all smooth
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schemes pointed at a rational point. Lemma 3.14 of [Isa05|] shows that finite smash products of flasque
cofibrant objects are again flasque cofibrant in sPre(Smy)..

Proposition 2.11. If F; is a filtered diagram of objects of sPre(Smy )., and if X is a compact and flasque cofibrant
object of sPre(Smy).., then there is a zigzag of local (resp. A') weak equivalences:

(5) colimMap_ (X, RF;) — Map,_ (X, Rcolim RF;) + Map_ (X, Rcolim F;),

where R denotes an injective local (resp. injective A') functorial fibrant replacement.

Proof. By Proposition the local (resp. A') homotopy type of a filtered colimit is invariant under termwise
replacement by locally (resp. A') equivalent objects.

Filtered colimits of flasque fibrant objects are again flasque fibrant, see [Isa05].

The objects RF; are flasque fibrant, so the colimit colim; RF; is flasque fibrant, as is Rcolim; RF;. There is
a global weak equivalence colim; RF; ~ Rcolim; RF;. Since R preserves weak equivalences, we also have
R colim; RF; ~ Rcolim; F;. Since the object X is flasque cofibrant, the functor Map_(X, -) preserves trivial
flasque fibrations, and by Ken Brown’s lemma, weak equivalences between flasque fibrant objects. The
map Map_ (X, colim; RF;) — Map_(X, Rcolim; F;) is therefore a weak equivalence. The result now follows
from the compactness of X. U

Corollary 2.12. If F, is a filtered system of objects of sPre(Smy )., and if i,j > 0 are integers, then there are natural
isomorphisms of sheaves
i (colim F.) = colim 7t; (F;)
T T

and
1 . 3 1
T[ﬁja(colrlm F.) = COlrlm Tr‘-}ﬂ“(FT).

Proof. Combine Corollary [2.7| and Propositions noting that the objects S*™1* are compact and
flasque cofibrant. O

(QTX) differs from ey

A]
We warn the reader that 7t o

o (X) in general, [Mor12}, Theorem 6.46].

2.4. Spectra. We take [Hov01|] as our main reference for the theory of spectra in model structures such
as those we consider here. We shall require only naive spectra, rather than symmetric spectra. For us a
spectrum, E, shall be an S'-spectrum, consisting of a sequence {E;}°, of objects of sPre(Smy )., equipped
with bonding maps o : £E; — Ei;1. The maps of spectra E — E’ being defined as levelwise maps E; — E;
which furthermore commute with the bonding maps, we have a category of presheaves of spectra, which
we denote by Spt(Smy).

Just as we have two notions of weak equivalence on sPre(Smy )., the local and the Al, we shall have two
kinds of weak equivalence between objects of Spt(Smy), the stable and the A

There is a set, I in the notation of [Isa05], of generating cofibrations for which the domains and codomains
all posses the property that we call “compact”, which [Isa05] calls “w-small” and which is stronger than
the property that [HovO01] calls “finitely presented”. Moreover, both model structures are localizations of
an objectwise flasque model structure having a set, ] in the notation of [Isa05], which again consists of maps
having finitely-presented domains and codomains. By the arguments of [Hov01, Section 4], these model
structures are almost finitely generated.

The theory of [Hov01} Section 3] establishes a stable model structure on Spt(Smy ) based on any cellular, left
proper model structure, a, on sPre(Smy).. In particular, this applies when a is a left Bousfield localization
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of the global injective or global flasque model structure, and therefore when it is one of the four structures
of @). The results of [Hov01} Section 5] ensure that we have Quillen adjunctions and equivalences between
these model structures:

(6) Stable Injective Local — Stable Flasque Local

l |

Stable Injective Al ——— Stable Flasque A'.

Since the functors of (@) are the identity functors, the same is true of the functors of (6); only the model
structure varies.

We write stable weak equivalence for the weak equivalences of the stable injective local and stable flasque
local model structures, and stable A! equivalence for the weak equivalences of the stable injective A! and
the stable flasque A' model structures. In keeping with our convention, we write L, E to denote a fibrant
replacement of E in the stable A' model structures.

Since the underlying unstable model structures are proper, we may apply fibrant-replacement functors lev-
elwise to objects in Spt(Smy) to obtain maps of spectra: E — RE given by E; — RE;, the fibrant replacement
in any one of the four unstable model structures under consideration. There is also a spectrum-level infinite
loop space functor, ©®> that takes a spectrum E to the spectrum having i-th space

(@*°E); = ColimMap*(Sk, Eiix).
k—o0
Proposition 2.13. A map f : E — E’ of Spt(Smy) is a stable weak equivalences (resp. a stable A" equivalence) if
and only if
O (Rf); : (B®°RE); — (O°RE');
is a weak equivalence for all i, where R represents the flasque local fibrant replacement functor (resp. flasque A! fibrant
replacement functor).

Proof. This is a special case of [Hov01, Theorem 4.12]. The ancillary hypotheses given there, that sequential
colimits in commute with finite products and that Map, (S', -) commutes with sequential limits, are satisfied
in sPre(Smy).. O

One can verify that a spectrum E is weakly equivalent to the spectrum one obtains from E by replacing each
space E; by the connected component of the basepoint in E;. We may therefore assume that E; is connected,
meaning we do not have to worry about the problem of non-globally-defined components.

For any integer 1i, there is an adjunction of categories
) y°~t: sPre(Smy ), =——= Spt(Smy) : Ev;

where the spectrum Yo-1X is the spectrum the j-th space of which is TI-iXifj > i, and * otherwise, and
where the bonding maps are the evident ones. The right adjoint Ev; takes E to E;.

Proposition 2.14. Suppose a is a left Bousfield localization of either the global injective or the global flasque model
structure on sPre(Smy). Then the adjoint functors of (7) form a Quillen pair between the pointed model structure
on sPre(Smy ). and the stable model structure on Spt(Smy) induced by a.

Proof. This follows from Definition 1.2, Proposition 1.15 and Definition 3.3 of [Hov01]]. O

The left-derived functor of Ev in the flasque model structures are the functors

Q% {En)n — coEm QFRE.
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where R is either L, or L, as appropriate. The smash product on sPre(Smy). extends to an action of
sPre(Smy). on Spt(Smy), and the functors £~ preserve this structure, and in particular are simplicial
functors, [Hov01), Section 6].

For an object E of Spt(Sm\ ), we define the stable homotopy sheaves 7} (E) as the colimit
7 (E) = colim 7ti 4 (E+).

Since 7t (E;) is the sheaf associated to the presheaf U — i, (E+(U)), and sheafification commutes with
colimits, it follows that 7 (E) may also be described as the sheaf associated to the presheaf

U 7 (E(W))

where the stable homotopy group is the ordinary stable homotopy group of simplicial spectra. This defini-
tion of the sheaf 7§ is used in [Mor05]].

s, A

We similarly define the stable A homotopy sheaves 7 "« (E) as the colimit

Al . !
nisjrjoc(F—) = Cr(ilor? 7-[‘1%+‘r+joc(Er)-

Proposition 2.15. Let f : E — ' be a map in Spt(Smy ). Then

(1) fis a stable weak equivalence if and only if 7 (f) is an isomorphism for all i;
(2) fisan Al stable weak equivalence if and only if nis’A] () is an isomorphism for all 1.

Proof. The map f : E — E’ is a stable weak equivalence if and only if the maps (LI, E); — (©°LL. E);
are simplicial weak equivalences for all i. The space (@©LL, E); is
colim Q" (L Ej+-+)
and its 1 + j-th homotopy sheaf is, by Corollary
Tlitj (C‘r0~1>icgl O (LisEjir)) = ]Cfrlggo Titjir(Bjr) = 75 (B).

The result for 7§ follows.

For A' equivalence, the same argument applies mutatis mutandis. Writing L, for the flasque A' fibrant
replacement functor, we see that the i+ j-th homotopy sheaf of the j-th level of the A! stable fibrant replace-
ment ©° (LI, E) is ;.4 j (colim, 00 QT (LY, E; 1)) which simplifies to 7§ (L, E) = A (E) O

This proposition says that the definition of stable weak equivalence used in this paper agrees with that
of [Mor05].

Proposition 2.16. For any object E of Spt(Smy ) and any nonnegative integers i, i’ and j,

(1) The sheaf associated to the presheaf
U £V (SEAUL), E

is 7 _;,(E)

(2) The sheaf associated to the presheaf
U s [Z° V(ST A UL, El

. 1
is Ao (E).

Proof. We prove the first statement.
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The given presheaf, by adjunction, is

U [S'A UL, Evy/ EJ,
where the functor Evy- is a derived functor in the flasque stable model structure. By reference to [Hov01],
we write this presheaf more explicitly as

U— [S' AU, colim QTL%SEVH]
T—00
which is associated to the sheaf
i (colim QLI i) = colimmy iy (1744 (Eiryr) =754 (E),
T—00 T—00

as asserted.

The proof of the second statement is similar, with the proviso that LY is replaced by Lf,, and one concludes
that the sheaf being represented it 7{_;, (Map, (Gﬁf, L& E) = Tieaay (E). O

i—i'+jx
Corollary 2.17. For any i,j > 0, and any object E of Spt(Smy), taking global sections gives
75 (E) (%) = [Z°S, E]

and
1 s s

T (E) () = [Z°STT% B .
Proposition 2.18. Suppose {Ev} is a filtered system of objects in Spt(Smy ). Then the natural maps

colim 7§ (E;) — 75 (colim E;)

n n
and
S,A] S,A]

cogmni+jm(Ei) — 7ti+]-o((collim Ei)

are isomorphisms.

Proof. These follow from Corollary and the observations that taking colimits commute and that colimits
of spectra are calculated termwise. O

2.5. Long Exact Sequences of Homotopy Sheaves. We will use the term cofiber sequence only in a limited
sense: a cofiber sequence in a pointed model category M is a sequence of maps X = Y — Zsuch that X — Y
is a cofibration of cofibrant spaces and Z is a categorical pushout of * < X — Y. A fiber sequence is dual.

The image of a cofiber sequence in ho M may also be called a cofiber sequence, as in [Hov99, Chapter 6].
The notion of fiber sequence is dual.

The derived functors of left-Quillen functors preserve cofiber sequences, and dually the derived functors
of right-Quillen functors preserve fiber sequences.

Suppose a is a model structure on sPre(Smy )., obtained as a left Bousfield localization of the flasque-
or injective-local model structure. Consider Spt(Smy ), endowed with the stable model structure derived
from a, [Hov01, Section 3]. By [Hov01, Theorem 3.9], the homotopy category ho, Spt(Smy) is a triangulated
category in the sense of [Hov99, Chapter 7.1]. Write 725 (E) for the sheaf associated to the presheaf U —
SLAGL A U, Elsq, where the set of maps is calculated in ho,(Spt(Smy)). Then we have the following
result as an immediate corollary of sheafifying Lemma 7.1.10 of [Hov99].

Proposition 2.19. If X — Y — Z is a cofiber sequence in ho,(Spt(Smy)), then the induced sequence of homotopy
sheaves
= TG (X) = 5o (V) = S (Z) = % 6 (X) —

is an exact sequence of sheaves of abelian groups.
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Examples include 7§, /4, as well as 7P and 75354 of Section

2.6. Al Unstable and Stable. We say that a spectrum E is A'-n—connected if nf*N (E) =0foralli < n. From
the above definition of th*A] , combined with [Mor12, Theorem 6.38] saying that L1 does not decrease the
connectivity of connected objects, and that L1 commutes with Q for simply-connected objects, we deduce
the following lemma:

Lemma 2.20. If X is an A'-n—connected object of sPre(Smy )., then Z%°X is Al-n—connected.

Recall that a map f : X — Y of connected objects of sPre(Smy )., is said to be n-connected if the homotopy
fiber is (n — 1)-connected, and A'-n-connected if the A'-homotopy fiber is A'~(n — 1)-connected.

By use of [Mor12, Theorem 6.53, Lemma 6.54] and the A'-connectivity theorem, we deduce that if X — Y
is n-connected with n > 1 and if moreover 711 (Y) is strongly A! invariant, then X — Y is A'-n-connected.
These conditions hold when X is simply connected, or when n > 2 and X is A! local.

The following result is due to Asok—Fasel, [AF13]

Proposition 2.21 (The Blakers-Massey Theorem of Asok-Fasel). Suppose f : X — Y is an A'-n-connected
map of connected objects in sPre(Smy ), and X is Al—m-connected, with n, m > 1, then the morphism hofib i f —
QL hocofib f is m + n-connected.

Proof. We rely on a homotopy excision result, a consequence of the Blakers-Massey theorem, that says that
the result of this proposition holds in the setting of classical topology, [Whil2}, VII Theorem 7.12].

We may replace f : X — Y by an equivalent A'-fibration of A'-fibrant objects without changing the A!
homotopy type of hofib,: f or of hocofib f.

The A' homotopy fiber of f therefore agrees with the ordinary fiber and therefore also with the simplicial
homotopy fiber.

The classical homotopy excision result, applied at points, now says that the map hofibf — Qhocofib f
is simplicially (m -+ n)-connected. Since m +n > 2, and hofibf = hofib,: f is Al-local, it follows that
11 (Q hocofib f) is strongly Al-invariant and then by [Mor12, Theorem 6.56] it follows that

hofib f ~ Ly hofibgy f — Ly Q hocofib f
is (m + n)-connected.
The connectivity hypotheses imply that 7t;(Y) = 7'[11*1 (Y) is trivial, and therefore by the van Kampen the-

orem, that hocofib f is simply connected. This implies by [Mor12, Theorem 6.46] that L, Q hocofib f ~
QL1 hocofib. This completes the proof. O

Corollary 2.22. Suppose f : X — Y is a map of Al simply connected objects in sPre(Smy),. such that the homotopy
cofiber hocofib f is Al contractible. Then f is an A" weak equivalence.
Proof. We show by induction that hofib,: f is arbitrarily highly connected. Since X and Y are simply con-

nected, hofib,: f is 0-connected, so f is 1-connected.

Suppose we know that hofib,: f is d-connected, then applying Proposition withn=d+landm =1,
we deduce that hofib, f — Qhocofib f ~ x is A'—(d + 2)-connected, so that 74 1 (hofib, f) is trivial. |

Corollary 2.23. Suppose f : X — Y is a map of A" simply connected objects in sPre(Smy).. such that Z°°f : £°X —
L0V is an Al-weak equivalence, then f is an A" weak equivalence.



THE SIMPLICIAL EHP SEQUENCE IN A'-ALGEBRAIC TOPOLOGY 17

Proof. We may replace f by a fibration of A'-fibrant objects.

The map f is necessarily 1-connected, and from the proposition we deduce that 7t1 (hocofib f) ~ 7y (hofib f),
which is trivial. Since Z*° is a left Quillen functor, it preserves cofiber sequences in the derived category,
and we deduce that £° hocofib f is A" contractible. Since hocofib f is simply connected, the A! Hurewicz
theorem implies that hocofib f is A' contractible.

An appeal to Corollary now completes the argument. O

2.7. Points. The site Shy;s(Smy ) is well known to have enough points. Let Q be a conservative set of points
of Shyis(Smy ). For each element q € Q, there is an adjunction of categories

q* : ShNis(Smk) =~ Set: qs
where g*, as well as preserving all colimits, preserves finite limits.

There is a Quillen adjunction

q* : sPre(Smy) ——=sSet: q.
from the injective local model structure on sPre(Smy) to the usual model structure on sSet. This extends in
the obvious way to the pointed model categories, and to the categories of spectra

q* : Spt(Smy) ——=Spt: q. .

For an object X of sPre(Smy), there is, by reference to an isomorphism q*mo (X) = 7o (q*X). It is also the
case that p*Q*(LnisX) ~ Q' (Ex*p*X). This gives us the following proposition

Proposition 2.24. If X is an object of sPre(Smy ), and i is a positive integer and q a point of Shyjs(Smy), then
there is an isomorphism of groups v (|q*X|) = q*m; (X).

Corollary 2.25. If X is an object of Spt(Smy ), and if 1 is an integer, then there is an isomorphism of abelian groups
7 (q"X) = q*7i (X).

These facts are special cases of results concerning oco-topoi, [Lur09} 6.5.1.4]. They are well-known, see for
instance [Mor05, 2.2 p14], but seldom stated.

3. LOCALIZATION

Let P denote a nonempty set of prime ideals of Z, and P’ = ﬂ(p)ep (Z\ (p)) the set of integers not lying in
any of these ideals. We write Zp for the localization (P’)~'Z, and Zp) in the case where P = {(p)} consists
of a single ideal. Following [CP93], where the following is carried out in the category of CW complexes,
we define S! = S', a Kan complex equivalent to A'/dA', and ST = SL A (A*~T/0A%™"). For any integer
n, define p), : SI — S! to be the usual degree-n self-map of S', and extend this to maps p¥ : Sk — Sk by
pk = pl Aid. Define Tp to be the set of maps

Tp={pX:k>1,neP

For each map pX : S¥ — Sk in Tp and each object U of Smy, we may define a self-map pX x idy of S¥ x U.
Denote the set of such maps by Tj.

The local injective and flasque model structures on sPre(Smy) are cellular in the sense of Hirschhorn,
[Hir03]; a proof for the injective case appears in [Hor06, Lemma 1.5] and the flasque case is treated in [Isa05].
We may therefore apply the general machinery of [Hir03] and left-Bousfield-localize sPre(Smy) at the set
Tp. We call the resulting model structures P-local, and if P = {(p)} we call the resulting model structures
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p-local. Write Lp for the functorial fibrant replacement functor in each model category. In the case where
P ={(p)}, we may write L(;).

The localization of the usual model structure on sSet with respect to the set Tp of maps is a form of P-local
model structure on sSet, we refer the reader to [CP93], especially [CP93| Section 8], for the comparisons
between different P-localizations in classical topology and for a discussion of non-nilpotent objects. For
nilpotent objects, the various P-localization functors agree up to weak equivalence.

Lemma 3.1. With notation as above, if s is a point of Shyis(Smy ), the adjunctions
s* : sPre(Smy ) ——=sSet: s,

and
s* : sPre(Smy ), =——= sSet, : s,

are monoidal Quillen adjunctions between the P—local model categories, where sPre(Smy ) and sPre(Smy ), may be
given either the flasque or the injective model structure.

Proof. Itis sufficient to prove the unpointed cases, the pointed follow immediately. The proofs in the flasque
and injective cases are the same.

Following [Hir03, Theorem 3.3.20], the adjoint pair
s* : sPre(Smy ) ——=sSet: s,

is a Quillen adjunction between the P-local model structure on the left and the model structure on sSet
obtained by localization at the set of maps

s*(pk x idu) @ s*(Sk x U) — s*(Sk x U)

where pX € Tp. Denote this set of maps by s*T}. It will suffice to show that localization of sSet at s*T},
agrees with localization of sSet at Tp.

Since evaluation at s* commutes with fiber products, the maps of s*Tj maps are of the form pX x ids-y, and
setting U = %, we see that Tp C s*T. The maps of s*T} are, moreover, weak equivalences in the localization
of sSet at Tp. It follows that the localization of sSet at s*T} is simply the ordinary P-localization of sSet. [J

We note in addition that the model categories appearing above are simplicial model categories, and the
adjunctions appearing are adjunctions of simplicial model categories in the sense of [Hov99| Chapter 4.2].

We continue to work principally in the injective local not-localized-at-P model structures, but write A ~p B
to indicate that A is weakly equivalent to B in the P-local structure, or equivalently that LpA ~ LpB. The
notation A ~(,,) B will be used where appropriate. We will use the flasque model structures only when
dealing with spectra.

In this section we will occasionally write groups 7r; (X) in multiplicative notation even when the groups are
abelian. The n—-th power map of a group G will be the map x — x™, which is necessarily a homomorphism
if G is abelian, and is preserved by group homomorphisms in any case. If P is a set of primes, then a group
G is said to be P—local if the n—th power map is a bijection on G whenever n is not divisible by any of the
primes in P. We will say that a presheaf of groups is P-local if all groups of sections are P-local, and a sheaf
of groups is P-local if the appropriate n-th power maps are isomorphisms of sheaves of sets.

Proposition 3.2. If X is a connected object of sPre(Smy)., and P is a set of primes, then the sheaves 7t; (LpX) are
P—local sheaves of groups.
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Proof. It suffices to show that the presheaves
U — i (LpX(U))
are P-local, the result for the associated sheaves is then an exercise in sheafification.
Let n be an integer not divisible by any of the primes of P, leti > 1, and let U be an object of Smy.. We wish

to show that the n—th power map on 7t; (LpX(U)) is a bijection, but this is the map induced by p, x idy on
o (SMap, (St x U, LpX)). Since LpX is P-local and p}, x idy is in Ty, this map is a bijection. O

Lemma 3.3. Let X be an object of sPre(Smy), let s be a point of Shnis(Smy) and let P be a set of primes. Then
s*LpX ~ Lps*X.

Proof. We first claim that s*LpX is P-local. Since it is fibrant, it suffices to show that if plﬁ is an element of
Tp, then the induced map

(pX). : SMap(Sk, s*LpX) — SMap(S¥, s*LpX)
is a weak equivalence. If {U;} is a system of neighbourhoods for s* then there is a succession of natural
isomorphisms

SMap(S¥, s*LpX) = SMap(Sk, colliim(LpX)(U))
= colliim SMap(Slj, (LpX)(W)) since S'T‘ is compact,
= colliim SMap(S¥ x U, LpX)
and pX induces a weak equivalence on the spaces SMap(S¥ x U, LpX) since LpX is P-local.

The functor s* preserves trivial cofibrations, and therefore the map s*X — s*LpX is a trivial cofibration the
target of which is fibrant in the P-local model structure on sSet. Therefore s*LpX is weakly equivalent in
the ordinary model structure on sSet to any other P-fibrant-replacement for s*X, notably to Lps*X, which
is what was claimed. U

Proposition 3.4. Let X be a fibrant object of sPre(Smy), let S be a conservative set of points of Shyis(Smy ) and let
P be a set of primes. Then X is P-local if and only if s*X is P-local for all s* € S.

Proof. For the ‘only-if’ direction, note that X ~ LpX and then Lemma [3.3|asserts that at s* we have s*X ~
Lps*X, so that s*X is P-local.

For the ‘if” direction we argue as follows. The space X is P-local if and only if X is fibrant and X — LpX is
a local weak equivalence. This is the case if and only if s*X — s*LpX is a weak equivalence for all s* € S,
which, by Lemma is the case if and only if s*X — Lps*X is a weak equivalence for all s* € S, and since
s*X is fibrant, this is the same as saying that s*X is P-local in sSet. O

Definition 3.5. An object X of sPre(Smy).. is said to be simple if the action of 717 (X) on 7t; (X) is trivial for all
i>1

In particular, if X is simple then the sheaf 71; (X) is a sheaf of abelian groups which acts trivially on 7; (X) for
all i > 2. A simply-connected object is simple, as is an object with an H-space structure.

Proposition 3.6. Let X be a connected, simple object of sPre(Smy )., then the natural maps Zp ®zm; (X) — i (LpX)

are isomorphisms.

Proof. Fix a point s of Shyjs(Smy ). By Lemma there are isomorphisms
S*T[i(LPX) = ﬂi(S*LPX) = ﬂi(LPS*X).
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By the results of [BK72], the last group is isomorphic to
mi(s*X) ®z Zp = s" (mi(X) ®z Zp)
which proves the proposition. O

Lemma 3.7. If X is a simply connected object of sPre(Smy) and P a set of prime numbers, then Lp(S! A X) ~
51 VAN LPX, and QLPX ~ LPQLNiSX.

Proof. For a pointed simplicial set X there is a map S' A X — S' A LpX which induces P-localization on
homology, and therefore there is a weak equivalence Lp(S' AX) ~ ST ALpX. This is promoted to the setting
of simply connected objects in sPre(Smy ), by arguing at points.

A similar argument applies to QX, indeed without any connectivity assumptions, using homotopy in place
of homology. O

Proposition 3.8. If X and Y are objects in sPre(Smy ), and P is a set of primes, then Lp(X x Y) >~ LpX x LpY.

Proof. The object LpX x LpY is P-locally weakly equivalent to X x Y, and therefore to Lp (X x Y), by Lemma
Since LpX x LpY is P-locally fibrant, the result follows. O

3.1. P and A! Localization.

Proposition 3.9. If X is a connected object of sPre(Smy) such that X is A'~local and m, (X) is abelian, then LpX is
again Al local.

Proof. Under the hypotheses, it suffices to check that the sheaves m;(X) ®z Zp are strictly Al—invariant,
[Mor12, Chapter 6], but this follows immediately since the functor - ®z Zp is exact. O

In the sequel, we consider only the composite localization LpL X, and not the reverse. The proposition
says that, under connectivity hypotheses, LpL 1 X is both A and P-local.
If X is a connected H-space in sPre(Smy )., then it is possible to define self maps

wn s X Ayl

by composing the n—fold diagonal and an iterated multiplication map. The map xn represents a class in
[X, X], which we also denote xn in an abuse of notation.

Proposition 3.10. If X is a connected H—space in sPre(Smy ), and P is a set of primes, then Lp X is again a connected
H-space, and the map X — LpX is a weak equivalence if and only if xn € [X, X] is invertible for all n not divisible
by the primes of P.

Proof. The object LpX carries an H-space structure since Lp (X x X) >~ LpX x LpX, see Proposition

An Eckmann-Hilton argument implies that X is simple, that is the action of 717 (X) on 73 (X) is trivial for all
i, and moreover xn induces multiplication by n on all homotopy sheaves. The result follows. O

Proposition 3.11. Suppose X is a connected object of sPre(Smy )., and further that X is equipped with an H—space
structure. Then Ly LpX ~ LpLyi X, where the localizations are carried out with respect to either the local or the
flasque model structure on sPre(Smy)..

Proof. We give the proof in the local case, the flasque is the same mutatis mutandis.
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Starting with the Quillen adjunction from the injective local model structure on sPre(Smy). to the A' local,
we obtain a commutative diagram of model structures, where the maps indicated are left Quillen adjoints:

8) Local Al

|

P-local —— P-A!

where the P-A! model structure is the P-localization in the evident sense of the A! model structure.

We claim that for a connected H-space object of sPre(Smy)., the maps X — Ly LpX and X — LpLyi X are
both fibrant replacements in the P-Al-model structure, and therefore that L LpX ~ LpL X in the original
model structure.

The lynchpin of the following argument is the observation, by reference to [Hir03 Proposition 3.4.1], an
object W of sPre(Smy) is P-A'-local if it satisfies the following three conditions:

(1) Wis fibrant in the injective model structure on sPre(Smy).
(2) For any object U of Smy, the maps

SMap(U, W) — SMap(U x A', W)
of simplicial mapping objects are weak equivalences.

(3) For any pX where k > 1 and n is not divisible by a prime in P, the maps induced by pk
SMap(S¥, W) — SMap(Sk, W).

The object LpL1 X is both A'-fibrant, since Lp preserves A'-fibrancy for H-space objects, and P-locally
fibrant, and it is therefore a P-local object in the A' model structure. By reference to [Hir03, Proposition
3.4.1], it is fibrant in the P-A'-model structure. Since X — L X is an A' weak equivalence, it is a fortiori a
P-Al-weak equivalence, and therefore X — Ly X — LpLy X is a P-A'-weak equivalence, and therefore a
fibrant replacement.

Similarly, Ly LpX is Al -fibrant and, since L, preserves P-local fibrancy for simple objects, P-locally fibrant.
Moreover X — LpXis a P-local weak equivalence, and therefore a P-A! weak equivalence, and consequently
X — LpX — LuLpXisa P-A! fibrant replacement. O

We recall from [Mor12, Chapter 2], that there is a construction on presheaves of groups, G, given by

G 1 U ker(G(Gm x X) 2 g(x))

where ev(1) is evaluation at 1 in G,,. Equivalently, G_; is the kernel of the map of group sheaves Map(G,, G) —
Map(*,G) = G. The assignation G — G_ is functorial, and sends sheaves to sheaves. The j-fold iterate of
the ‘=1’ functor applied to G is denoted by G_;.

The result [Mor12, Theorem 6.13] says that if X is a connected object of sPre(Smy)., then ey (X) =

) itjo
71‘{*] (X)_;. Recall that ﬂﬁ&icx(X) is notation for 7t; (Map (G, Ly X)).

Proposition 3.12. If G is an abelian sheaf of groups, then G_1 is also abelian and there is a natural isomorphism
(R®G)_1=R®G_;.

Proof. The abelian property of G_; follows immediately from the definition.
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For any object U of Smy, we have a natural commutative diagram of left-exact sequences

T—= (R®G)1(U) —= R®G)(Gm x U) —— (R® G)(

lf

] ——=R®G 1 (U ——=R® (G(G, xU)) —=R® (G
from which the natural isomorphism (R ® G)_1 = R ® G_ follows. O

Proposition 3.13. If j is a nonnegative integer, X is a simply connected object of sPre(Smy)., and P is a set of
primes, then there is a natural isomorphism Map*((G}m ,LpLuX) — Lp Map*(G , Ly1 X) in hoyjs sPre(Smy ).

Proof. Each of the two spaces in question is equipped with a natural map to Lp Map*(G/ﬂ\f,LpLN X). It
suffices to show that each of these maps is a simplicial weak equivalence.

By Proposition the space LpL 1 X is A'-local. By the unstable A" connectivity theorem, [Mor12, Theorem
6.38], it is also connected. As is shown in the proof of [Mor12, Theorem 6.13], the functor Map*(Gﬁf, ),
preserves the subcategory of connected, A'-local objects in sPre(Smy)...

Let Y denote either L, X or LpL,i X, both of which are A'-local and connected. Then, for any i > 1, the
homotopy sheaf 7t; (Map (G, LpY)) is naturally isomorphic to

m(LpY)_j =Dt (V)5 = ' (Y)_; @z Zp = m(Map, (G4, Y)) ®z Zp = m(Lp Map, (G, Y)).

In particular the spaces Map*(G/n\ij, LpLy X) and Lp Map*((Gm , Ly X) are both weakly equivalent to the
space Lp Map,, (Gﬁf, LpL4i X), as required. O

Definition 3.14. For an object X of sPre(Smy )., and nonnegative integers i and j, the notation 7! ﬁ]a(X) is
used to denote m; (Map, (G, LpLyu X)).

Proposition 3.15. If1i, j are nonnegative integers, Ly X is a simply connected, Al local object of sPre(Smy).., and P
a set of primes, then there are natural isomorphisms

1

1 1 1
ﬂf’ﬁjo‘(x) =nPh (X)y = (X)j ®z Zp = ﬂ$+jo¢(x) ®z Lp.
Proof. The sheaf m; +M(X) is isomorphic to 7} +M(X) ®z Zp by Proposition This is isomorphic to
e (X)_j ®z Zp = 7th Al (X)_; as required. O

1

Proposition 3.16. If P is a set of primes and if X, Y and Z are simply connected objects of sPre(Smy).. such that
X — Y — Zis a P-A'—fiber sequence up to homotopy, and if j is a nonnegative integer, then there is a natural long
exact sequence

P,A! P,A PA' Z P,A!
- nlﬂa(X) — nlﬂa(Y) = e — HW(X) — ...

Proof. The hypothesis implies that LpLyy X — LpLyY — LpLyZisa 51mp11c1a1 fiber sequence up to homo-
topy. Since the objects involved are fibrant, applying the functor Map_ (G, -) yields another fiber sequence
up to homotopy:

Map*(G I LpLyu X) — Map*(G I LpLaY) — Map, (G I LpLy Z)
which, by Proposition .13} is weakly equivalent to
Ly Map, (G7J, Ly X) — Lp Map, (G, Ly Y) — Lp Map, (G), Ly Z).
The long exact sequence of homotopy sheaves is
— 1 (Map, (G, Ly X)) @z Zp — mi(Map, (G, La Y)) ®z Zp —
— m(Map, (G), Ly Z)) ®z Zp — mi—1 (Map,, (G, Ly X)) ®z Zp —,
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and, by Proposition and this is naturally isomorphic to
1 1 1 1
= T (X) = T (V) = 6 (Z) = DY e (X) -

i—

as required. O

3.2. P Localization of Spectra. Throughout this section, the underlying model structure on sPre(Smy), is
taken to be the flasque, rather than the injective.

One can construct a P-local model category of presheaves of spectra, following [Hov01], as the S'-stable
model category on the P-local flasque model structure on sPre(Smy)..

Lemma 3.17. The adjunction
Y% : sPre(Smy).. ——= Spt(Smy) : Evy

is a Quillen adjunction between the P—local model categories.

Proof. This is implicit in [HovO01], being the combination of Proposition 1.16 and the definition of the stable
model structure as a localization of the level model structure on spectra. O

Explicitly, the fibrant-replacement functor, Lp, in Spt(Smy ) with the P-local model structure is given by
(LpE); = CkolimMap*(Sk,LpEHk).
—00

With the P-local model structures and the smash product, the category Spt(Smy) is a sPre(Smy).—model
category, in the sense of [Hov99, Chapter 4.2]

Lemma 3.18. If s is a point of Shyis(Smy ), the adjunction
s* : Spt(Smy) == Spt : s,
is a Quillen adjunction between the P—local model categories.

Corollary 3.19. For any object X of sPre(Smy )., and any set P of primes, there is a stable weak equivalence:

ZOOLPX — LPZOOX

A spectrum E is said to be P-local if it is fibrant and the map E — LpE is a stable weak equivalence. Since
it is possible to check stable weak equivalence of spectra at points, we deduce the following by arguing at
points.

Proposition 3.20. A spectrum E is P-local if and only if it is fibrant and the maps
EDE
are weak equivalences for all n not divisible by the primes in P.

Proposition 3.21. A spectrum E is P-local if and only if it is fibrant and the localization maps 7§ (E) — 7§ (E) ®z Zp
are isomorphisms for all i.

3.3. P-and A'-Localization of Spectra. We begin with a commutative diagram of model structures on the
category Spt(Smy), which is the application of [Hov01] to the flasque version of diagram (8):

Stable Al

| |

P—Stable — P-A!-Stable.
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Fibrant replacements in the A' or P-local model structures are effected by replacing E by the spectrum that
has level i given by

Cogm QkLAI Ei+k
or

COEIII QkLP Ei+k
respectively, Lp and Ly being taken in the flasque model structures. The stable fibrant replacements are
denoted LpE and L E.

Lemma 3.22. The classes of P-locally flasque fibrant and P-Al-locally flasque fibrant objects in sPre(Smy) and
sPre(Smy ). are closed under filtered colimits.

Proof. Since an object is P-A'-locally flasque fibrant if and only if it is both P- and A'-locally flasque fibrant,
it suffices to prove the case of P-locally flasque fibrant objects.

Suppose Xy is a filtered diagram of P-locally flasque fibrant objects, then colimy Xy is flasque fibrant, by
[Isa05]. We wish to show that for any p™* x idy : S¥ x U — S¥ x U in Tp, the induced map

SMap(SlT< x U, COEI’II Xx) — SMap(S'T‘ x U, co}(im Xx)

is a weak equivalence. Since S¥ x U is equivalent to a compact object, S* x U, of sPre(Smy )., and since the
Xy and colimy, Xy are all fibrant, and Sk x U and S* x U are all cofibrant, the given map, we wish to show
that the induced map

coEmSMap(S‘; x U, Xy ) — coEmSMap(SE x U, Xy )

is a weak equivalence of simplicial sets, but since the Xy are themselves P-locally fibrant, this is immediate.
]

Proposition 3.23. For any object E of Spt(Smy ) there is a stable weak equivalence LpLyE ~ Ly LpE.

Proof. The objects in question are levelwise fibrant for the flasque model structure. It suffices therefore to
show that they are levelwise weakly equivalent for the flasque model structure. Since we are working the
flasque model structure, filtered colimits of fibrant objects are again fibrant, and so we deduce the existence
of weak equivalences

Ly COEIII Xk =~ Ly co}(im Ly Xy =~ Cogm Ly Xk

and similarly for Lp.

We may assume that the spaces E; appearing are all simply-connected H-spaces, and therefore LpL i E; =~
L, LpE;. We then have

coEm QKL (CO&i{ka,LPEk+k/+i> ~ coLim Qk (co&i{mﬂk,lw LPEk+k/+i)

which is symmetric in L1, Lp, up to weak equivalence, whence the result. O

We therefore conflate LpLy E and Ly LpE, calling either the P-A'-localization of E. We say that a map
of spectra f : E — E’is a P-A'-weak equivalence if LpL, f is a stable weak equivalence of spectra, or

equivalently if Lpf is an A' weak equivalence of spectra, or equivalently again if L f is a P-local equivalence

P,A s

of spectra. We write 7t;>* »*(E) for the homotopy sheaves 7§ (LpL E).

Proposition 3.24. If E is an object in Spt(Smy ), and P is a set of prime numbers then there is a natural isomorphism

SPAYE) = g0 (B) ® Zp.

2
1

TU

Proof. Immediate from the above. O
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Proposition 3.25. If f : E — E’ is a map in Spt(Smy) and P is a set of prime numbers, then f is a P-A' weak
equivalence if and only if 71?‘*1 (f) ®z Zp is an isomorphism of abelian groups for all i.

Proof. Immediate from the above. O

Proposition 3.26. Suppose {En} is a filtered system of objects in Spt(Smy) and P is a set of prime numbers, then
the natural maps
colim 7P (E,) — 7P (colim E,,)
n n

and
1 1
colim7p Bt (En) = w54 (colim Eyy)
n
are isomorphisms
Proof. Immediate from the above and Proposition[2.18| O

Proposition 3.27. Suppose f : X — Y is a map of simply-connected objects sPre(Smy)., such that £°°f is a P-Al-
stable weak equivalence. Then f is a P-Al weak equivalence.

Proof. The map LpLyif: LpLyu 2°X — LpLy Z°°Y is a weak equivalence, and this map agrees in the stable
homotopy category with LpLy 2Ly X — LpLyZ*°LuY. We may commute Lp past Ly and past Z°°,
so that we conclude that Ly X*°LpLu X — Lu X*°LpLu Y is a weak equivalence. By Corollary since
LpLy X and LpLy1 Y are simply connected, we deduce that Ly LpLy X — Ly LpLy Y is a weak equivalence,
and since LpLy1 X, LpLy1 Y are already A'-local by Proposition the result follows. O

4. THE GROTHENDIECK-WITT GROUP

4.1. The homotopy of spheres. Consider a motivic sphere X = S""9% = S™ A Gl
We make frequent use of the following result, which is a paraphrase of some results of [Mor12} Section 6.3]:

Lemma 4.1 (Morel). If (n, q) and (n’, q’) are pairs of nonnegative integers, and if n > 2, then

0 ifn<n’;
MW — ‘
7t§+q“(sn/+q’°c) — I<quq ljf“ =n'and q' > 0;
0 ifn=n',q">0and q =0
z ifn=n"andq=q' =0.

The stable version of this result was known earlier, but may be deduced from the unstable.

Corollary 4.2. If (n,q) and (n',q’) are pairs of integers with q, q’ nonnegative, then the sets of maps between
Sntax gud SM'Ha" iy the A homotopy category of S'—spectra take the form

0 ifn<n’;
ns»f (Zoogn'+a’e) — Klt\l/[’vzq ifn=n’andq’ >0
nras 0 ifn=n’,q'>0and q =0,
Z ifn=n"andq=q’ =0.

We remark that KM is the sheaf of Grothendieck-Witt groups, also denoted GW. We observe that if ¢ > 0,

then, by Corollary
[zoosn+qoc’ }:oosnﬂ—qoc}A] — GW(*)
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Proposition 4.3. Suppose n,n’, q,q’ are integers such that n, q,q’ are nonnegative and q’ > 2. We have an
identification
7_[s,P,A] (SnJrq’oc) _ 0 ile <n/,
+ - .
nrae KI;J/I,VXq Ry, Lp lfTL =n'.
Proof. This follows immediately from Section [4.1and Proposition O

Remark 4.4. Since Z is a subring of KMW (k) = GW(k), it follows that Zp is a subring of GW (k) ®7 Zp.

4.2. Twist classes. For a € k*, following [Mor12, Chapter 3], we define (a) : S(»0 A G,, — SIHO) AG,, to
be the map induced by multiplication a : Gy, = G, by forming a, : (G )+ — Gy, suspending

STIONA(ar) : ST A (G 28O VSHOIAG,, — ST AG,
and letting (a) denote the restriction of this map to the $(1:°) A G, summand.

Remark 4.5. The interchange of any two adjacent terms in (SM+9%)"\" = gntae A gntax A ... A gntqe =
STHTAX represents the element

enq = (—1)"T9(=1)9 € 7t

Tn+rqa(srn+rqa),
by [Mor12, Lemma 3.43]. Observe thate;; , =1.

Much of the following work depends on showing a class A + B(—1), where A and B are integers, is a unit
in the ring GW (k) or GW(k) ®z Z 7).

We remind the reader that a field k is said to be formally real if —1 cannot be written as a sum of squares in
k, [Lam73} Chapter VIII]. We also remind the reader that all our fields are assumed to have characteristic
unequal to 2.

Proposition 4.6. Suppose A, B are integers, and let R be a localization of Z. Then A+B(—1) is a unit in GW(k)®zR
if and only if one of the following conditions is met:

(1) A+ Band A — B are units in R and X is formally real;

(2) A+ Bisaunitin R and the field k is not formally real.
Proof. We remark that the dimension homomorphism makes R into a split subring of GW(k) ®z R.
We first approach the case where k is formally real.
Since (A + B(—1))(A + B(—1)) = A? — B2 = (A + B)(A — B), the condition in (T} is sufficient.

We may embed k in a real closure ¢ : k — k™. This embedding induces a ring homomorphism ¢ : GW(k)®z
R — GW(k") ®z R = R @ R(—1), [Lam73} Proposition II.3.2]. Abstractly, the ring GW (k") ®z R is endowed
with an automorphism (—1) — —(—1), and if $(A +B(—1)) = A+ B(—1) is a unit, then so too is A —B(—1),
from which we deduce that their product, (A +B(—1))(A —B(-—1)) = A? — B? is a unit as well. But A> — B2
is a unit if and only if A 4+ B and A — B are units, showing that this condition is necessary and sufficient if k
is formally real.

Suppose now that k is not formally real.

We may employ the dimension map GW(k) ®z R — R to show that if A + B(—1) is a unit, then necessarily
A + B is a unit, u.

We wish to show that this condition is also sufficient to imply A + B(—1) is a unit. We may write A = u—B.
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In the non-formally-real case the Witt group W(k) = GW(k)/(14(—1)) is torsion, [Lam73, Theorem VIIL.3.6].
The ideal (1 + (—1)) consists of integer multiples of 1 + (—1), by basic quadratic-form theory, [Lam?73|
Definition II .1.3]. This implies that there exists some integers m, n, with m > 0, such that m{(—1) =n(1+
(—=1)) in GW(k), and the dimension homomorphism shows that m = 2n, so that n(1 — (1)) = 0. It is the
case that an element in GW(k) is torsion if and only if it is nilpotent, [KRRW72, Theorem 6], whereupon we
deduce that 1—(—1) is nilpotent in GW (k) and therefore also in GW(k)®zR, so A+B(—1) = u—B(1—(-1))
is a unit in GW(k) ®z R as required. |

We employ Proposition .6 via the following two corollaries.

Corollary 4.7. Suppose m is a nonnegative integer and en q = (—1)""9(=1)9 is the twist class of the sphere
SnHA%, Then the class 1+ m + men q is a unit in GW (k) ®z Z,).

Proof. There are, in general, four cases, en ¢ = +1 and e ¢ = £(—1); although it is possible that (—1) =1
in GW(k). The two cases en q = £1 are immediate.

For the other two cases, by the proposition, it suffices to check that one or bothof m +1+m =2m + 1 and
m+ 1 —m = 1 are units in Z(;), which they both are. O

Corollary 4.8. Suppose m is a positive integer and e, q = (—1)"+9(—=1)9 is the twist class of the sphere S™+9%,
Then the class 1 4+ m + mey g is a unit in GW(K) if and only if one of the following conditions holds

e nisodd and q is even;
o n + qis odd and k is not formally real.

Proof. The cases where q is even, so e ¢ = *+1, are easily dealt with and do not depend on the field.
Assume therefore that q is odd.

Suppose k is formally real, then the Proposition says that 1 +m £ m(—1) is a unitif and only if T and 1+2m
are units in Z. Therefore there are no cases where the class is a unit, q is odd and k is formally real.

Suppose k is not formally real, and q is odd. Then by the proposition 1+ m + me, 4 is a unit if and only if
14+ m — (—1)"mis a unit, whereupon it is necessary and sufficient for n to be even. O

5. THE HILTON-MILNOR SPLITTING

The James construction on a pointed simplicial set was introduced by I. James in [Jam55]. The idea of
applying it in A" homotopy theory, and thereby obtaining a weak equivalence J(X) ~ Q¥X as in Proposition
is not original to us. We learned of it from A. Asok and J. Fasel, who attribute it to F. Morel.

Our presentation is based on that of [Whil2, Chapter VIL.2]. Suppose X is a pointed simplicial set. An
injectionx : (1,2,...,n) — (1,2,...,m) induces amap «, : X™ — X™. Let ~ denote the equivalence relation
on [ [7°_, X™ generated by x ~ «.(x) for all injections «. The James construction on X is J(X) = [ [o_, X™/ ~.
The construction J(X) is the free monoid on the pointed simplicial set X. The k-simplices J(X)y of J(X) are
the free monoids on the pointed sets Xy, that is J(X)x = [[,, X}/ ~. The James construction is filtered by
pointed simplicial sets ], (X), defined J(X) = H:Ln:O XM/ ~.

Define spaces D, (X) as the cofibers of sequences
In—l (X) — In(x) — Dn(X)~

There are canonical weak equivalences Dy, (X) — X”*™. Define D(X) = Vo Dn(X).
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Definition 5.1. For a pointed simplicial pre-sheaf X, define J(X), ] (X), Dn (X), D(X) € sPre by
JIX)(U) =J(X(W), Ja(X)(U) =Jn(X(W), Dn(X)(U)=Dn(X(U)), D(X)(U)=D(X(U)).
Let £ : X =J;1(X) — J(X) denote the map induced by the canonical maps X(U) — J(X(U)) for U € Sm.

The James construction is then defined to be L J(X).

We learned the following result from A. Asok and J. Fasel.

Proposition 5.2. Suppose X is a connected object of sPre(Smy ). There is a natural isomorphism J(X) — QXX in
honjs sPre(Smy ).

Proof. For any object U in Smy, there is a functorial weak equivalence j : J(X(U)) — F[X(U)] where F[X(U)]
is Milnor’s construction, as laid out in [Wul0, Section 3.2]. There is then a functorial zig-zag of weak
equivalences

FIX(W)] — ZX(U)y x5x PEX ¢ QIX(U)
as in [GJ99| Chapter V, Corollary 5.1]. Since these constructions are functorial, they induce a zig-zag of
global weak equivalences, and therefore of local weak equivalences, from the presheaf J(X) to QXX. O

Note that this natural isomorphism induces a natural isomorphism J(X) — QXX in ho, sPre(Smy).. It
also follows immediately from this result that if X — Y is a local weak equivalence, then the functorial map
J(X) — J(Y) is a local weak equivalence.

Corollary 5.3. Suppose X is a connected object of sPre(Smy)... Then there is a natural isomorphism

1 1
o J(X) =l IX.

Proof. By Proposition 5.2} there is a natural isomorphism 7' J(X) = 72 Q£X. By definition, 7' QXX =
m; Ly QZX. Since ZX is simplicially simply connected, QXX is simplicially connected. By Morel’s connectiv-
ity theorem [Mor12, Theorem 6.38], L1 QXX is also simplicially connected. Thus oLy QXX = * is strongly
Al-invariant. By [Mor12, Theorem 6.46], it follows that the canonical morphism Ly QXX — QL £X is a
simplicial weak equivalence. Thus there is a natural isomorphism 71; Ly QXX = m;7L4 XX, Combining
with the previous gives the claimed natural isomorphism 7' J(X) = 7, | £X. O

Corollary 5.4. Suppose X — Y is an Al weak equivalence of connected objects of sPre(Smy).., then the functorial

map J(X) — J(Y) is an Al weak equivalence.

Proof. We will show that if X — Y is an A" weak equivalence of connected objects, then QEX — QY is an
A" weak equivalence. Since there is a natural isomorphism Q¥ X = J(X) in ho sPre(Smy)., and therefore in
hoyr sPre(Smy )., it will follow that J(X) — J(Y) is an isomorphism in ho,: sPre(Smy).., as claimed.

The following is a sequence of local weak equivalences.

LyIX = LgZXZY (since A' localization is simplicial)
QL IX = QLu LY
Ly QIX = LuQry by [Mor12} Theorem 6.46]
but this is precisely what was to be shown. O

Given W, X € sSet, and amap f: (Ja W, Jn_1 W) — X, we define the combinatorial extension of f
h(f) : J(W) = J(X)
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by following the procedure of [Jam55| 1.4, §2 | (cf. [Whil2, Chapter VII.2]).

We first define the restriction of h(f) to J;n(W). For m < n, the restriction of h(f) is the constant map.
Suppose m > n. To an injection (1,2,...,n) — (1,2,...,m), we may associate a map W™ — W" and
therefore a map W™ — W™ — ], (W).

Consider the set of all (') increasing, n—term subsequences of (1,2, ..., m). Order these by lexicographic
ordering, reading from the right. Each sequence is an injective map {1,...,n} — {1,...m}. Taking the
ordered product over all injections, we obtain a total map

W™ = T (W) (),

The ()-fold product of the map f is map
Tn(W) (W) xR0,
We set the restriction of h(f) to J., (W) to be

m m
n n

wm T W) ) 5 XG5 g () 7(X).
One checks that this is well-defined.

This definition is functorial, and extends immediately to presheaves:

Definition 5.5. Given W, X € sPre, and a map f : (Jn(W), Jn—1(W)) — X, we may define the combinatorial
extension of f:
h(f) : J(W) = J(X),  h{f)(U) =h(f(Y)).

For X € sSet,, the cofiber sequences Jn_1(X) — Jn(X) = Dn(X) induce natural maps (Jn(X), Jn—1(X)) —
Dn (X). For X € sPre, we thereby obtain maps (Jn (X), Jn—1(X)) = Dn(X), and consequently maps

jn 1 J(X) = J(Dn(X))

by combinatorial extension.

Let iy : J(Dn(X)) — J(D(X)) be the map induced by the canonical inclusions D, (X(U)) — D(X(U)). The
monoid structure on J(D(X(U))) induces multiplication maps p,, : J(D(X))™ — J(D(X)). Consider the maps

it [ ] tmim s JOX) = J(D(X)
m=0
forn = 0,1,2,.... Itis important here that the product be ordered, and we declare it to be ordered by
increasing values of m.

The composition of i,jn with Jn—1(X) — J(X) is the constant based map. We'll say that the restriction of
injn to Ja—1(X) is the constant map. It follows that i, H:mo imjm restricted to J—1(X) is equal to the
restriction of pun 1 Hﬁzo imjm to Jan—1(X) forall N > n. Note that J(X) = colim J, (X). Thus we may define
f:J(X) = J(D(X)) by

f = colim ;11 H tmjm-
m=0
For convenience, extend f to f : J(X), — J(D(X)) by mapping the disjoint point via * = X(U)"\®* — DX —
J(D(X)).

Taking the simplicial suspension of f., we obtain

Iy : Z(J(X)4) — ZJ(D(X)).
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Let |- | : sSet — K denote the geometric realization functor from simplicial sets to Kelly spaces, and let
Simp : K — sSet be the right adjoint functor, which is the functor of singular simplices.

We claim that for any simplicial presheaf Y, for example Y = D(X), there is an evaluation map
) ZJ(Y) — Simp [ZY].

To see this, let QM : Top — Top denote the Moore loops functor, [CM95]. There is a strictly associative
multiplication QM x QM — QM. Since taking Simp commutes with finite products, there is a strictly
associative multiplication on Simp QM, and therefore an induced commutative diagram

Y Simp oM|zY]

N7

J(Y).

Applying £, we obtain a map ZJ(Y) — ZSimp QM|ZY|. There is a natural transformation of functors
L Simp — Simp X and so we have a composite

(10) IJ(Y) — £ Simp QM[ZY| — Simp ZQM|ZY].

The counit of the adjuction between loops and suspension produces a natural transformation £OM — id.
Composing with (10) produces a map

IJ(Y) — ZSimp QM|ZY| — Simp LQM|LY| — Simp |LY],
which is what we claimed in (9).
Composing Zf, with @) for Y = D(X) produces a map
(11) ZJ(X)+ — Simp |ZD(X)].

For each U, this map evaluated at U is a weak equivalence; this is due to James, [Jam55| Theorem 5.6],
and is presented in more recent terminology in [Whil2, VII Theorem 2.6]. Thus is a weak equivalence in
the simplicial model structures on sPre(Smy),. Combining with the injective weak equivalence ZD(X) —
Simp |ZD(X)|, we have the zig-zag of injective weak equivalences

(12) ZJ(X)4 — Simp|ED(X)| =< ID(X) .

We have shown:

Proposition 5.6. Suppose X is a connected object of sPre(Smy).. There is a canonical isomorphism ZJ(X)1 —
YD(X) in hosPre(Smy)..

Corollary 5.7. There is a canonical isomorphism o : J(X)1 — D(X) in honis Spt(Smy).

Remark 5.8. Here and subsequently we write J(X)., D(X) in place of the stable Z*>J(X) ., 2*°D(X) whenever
the context demands S' stable objects.

5.1. The low-dimensional simplices of the ] construction.

Definition 5.9. We say a simplicial presheaf X is n-reduced if the unique map X — * induces an isomorphism
Xi — #; for i < n. The term “0O-reduced” may be abbreviated to “reduced”.

Equivalently [X; (U)| = 1 for all smooth schemes U and all i < n.

Example 5.10. The constant simplicial presheaf representing the simplicial n-sphere, A™/0A™ is (n — 1)-
reduced.

Example 5.11. Suppose X, Y are n-reduced. Then X x Y is n-reduced.
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Example 5.12. Suppose X is a n-reduced simplicial presheaf, given the unique pointed structure, and Y is a
simplicial presheaf pointed by a map so : * — S. Then X A 'Y is n-reduced. To see this, fix a smooth scheme
U and consider the construction of (X AY)(U); for i < n. Itis given by the pushout

(13) (XVY)(W)i —— (X x Y)(U);
’Jﬁ (XAY) (U,

but since X is n-reduced, (XVY)(U); = X(U); VY(U); = Y(U); and (X(U)xY(U)); = X(U)y x Y(U); = Y(U);.
In particular, the top horizontal arrow of diagram is a bijection, so so too is the bottom arrow.

Example 5.13. As a special case of the above, our models for the motivic spheres, S™ A Gt = S™™ are
(n — 1)-reduced. Note that the space S""™* A S"™M& jg (n — 1)-reduced but not n-reduced, whereas the
weakly equivalent space $S2"2™ js 2n — T-reduced. This holds even when m = 0, that is, in the case of
classical homotopy theory.

Proposition 5.14. Let X be an n-reduced simplicial presheaf. Then J(X) is n-reduced.

Proof. Let i < n. We can calculate J(X)(U); directly. Since the category of simplicial presheaves on Smy
is really the category of presheaves of sets on Smy x A, where A is the standard simplex category, both
evaluation at a smooth scheme U and taking i-th simplicies (which is “evaluation at A'”) commute with all
limits and colimits.

Therefore, we may calculate

J0: = ([T xw™/~) = [T xwom/~
m=0 m=0
but this last is simply [ [-_, */ ~. The ~ relation identifies two i-simplices in (X(U);)™ and (X(W))™" if
one is obtained from the other by means of an order-preserving injection of the indexing set. But all such
injections induce the identity map * = (X(U);)™ — (X(U)i)m/ = %, so0 it follows that J(X)(U); collapses to
a singleton set, as required. O

6. THE STABLE ISOMORPHISM

6.1. The diagonal. Let 0 : J(X); — D(X) denote the stable isomorphism in ho Spt(Smy) of Corollary
The category honis Spt(Smy ) is equipped with localization functors to ho Spt(Smy), ho, Spt(Smy ) and
ho,, a1 Spt(Smy), this being the upshot of Section (3} We will denote the images of objects and morphisms
under the various localization functors by the same notation as we use in the category hon;s Spt(Smy ), and
in order to avoid confusion we will specify the category in which we are working.

Let A9 : J(X) — J(X)9 denote the order-q diagonal of J(X).

Definition 6.1. Let AJ

£ (a1,a2,.aq) (X) denote the composition in honis Spt(Smy):

DX DX) <> J(X)s —2% (09, 2L ATDX) —> Do, (X) ADa, (X) A ... ADg, (X) .

Proposition 6.2 (Kuhn [KuhO1]]). If X is an object of sPre(Smy ). equipped with a co-H-structure, then Aﬂ (
* in honis Spt(Smy), unless i = qu:] aj.

aj,...,dq)

Proof. This is part of Theorem 1.2 of [KuhO1], along with the observation that the result there is functorial,
and may therefore be applied to the simplicial sets X(Ll) as U ranges over Smy,. O
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a
aj,az,...am

{1,2,...,m}such that o' (i) has cardinality a;. note that (

) denote the set of functions o : {1,2,...,a} —

a
a1,0a2,...am

For a positive number a and a;, az,...am, let (
) is non-empty if and only if a = ) a;.

a
a1,0a2,...am

in such a way that o (i) i < o! (i)j41 for all j < ay — 1. then define & to be the permutation on a letters
sending (1,2,...,a)to (0" (1)1,0 " (D2y...y 0 ' (Ma,y, 0 (2150050 (2 ayy---y 0 (Mg, )-

Givenanelement o € ( ), and a natural number i < m, write 0" (i) as{o~" (i)1,07 " (1)2,..., 07 (), }

For instance, if o is the element of (, 3 ,) given by sending 2 — 1, 1,5 + 2 and 3,4 — 3, then & is the
permutation taking (1,2, 3,4,5) to (2,1,5,3,4).

Suppose X is an objects of sPre(Smy ). For o € ((11 . am), then define e(0) : X*® — X"\ to be the map
induced by &, and define sign(o) to be the number of pairs r < kin {1,2,..., a} such that &(r) > &(k). In
the example given, sign(o) is the cardinality of {(1,2), (3,4), (3,5)}, i.e. 3.
Proposition 6.3. Suppose X is an object of sPre(Smy).. Let i, a1, az,..., a, be non-negative integers such that
i=) ax. Then

Ar:(al 102500y Qw) (X) = Z e(o)

0-6((1] ‘azlvuuw)

in hONis Spt(Smk)

Proof. This is Theorem 2.4 of [Kuh01]] along with the observation that the result there is functorial, and may
therefore be applied to the simplicial sets X(Ul) as U ranges over Smy,. O

In the case where X = S™+4%, Remarksays that e(0) is entq °. Propositionthen gives:

Corollary 6.4. Suppose X = S™9<, Let i, a1, az, ..., Gy, be non-negative integers such that i = 3_ ay. Then
Alariaman X = Y e
0-6(01 ‘ﬂzl,“‘aw)
in honis Spt(Smy).

6.2. Combinatorics. We will have occasion to use an involution

_(a1+a2+-~-+am> . (a1+a2+-~-+am)
ar,azy...,am ar,azy...,aQm

which is defined as follows:

Take 0 € (a('lt‘;j;:m), this is a function o : {1,...,a1 + a2 +--- + am} — {1,...,m}. There are two

possibilities

(1) o(2i—1) = o(21) for all applicable i. In this case, we say y(o) = o, so o is fixed under the involution.
We write Fy (a1 +a2+---+am;ar,az,...,an) for the set of fixed points, or F, when the coefficients
are clear from the context.

(2) Otherwise, there exists a least integer i such that o(2i — 1) # o(2i). We then let y(o) be the function
that agrees with o except that y(o)(2i — 1) = 0(2i) and y(0)(2i) = o(2i — 1).

If o is not a fixed point of vy, then sign(o) + sign(y(c)) = 1 (mod 2), so that the number of elements in

aj+az+--+am : : :
(“ar Gt am) of even sign is given by the formula

1 .
Number of elements of even sign = = <‘ (01 Tt am> ‘ — |Fy|> +[Fy| =
2 1,02, ..., Ay

(14)
1 art+ax+---+am

== +IF ).
2 A1,02y...yQm
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We can often find ways to calculate

(Cl] +Cl2+"'+l1m)
a;,az,...,am

and |F,[.

(X+y

The cardinality of ("W) is the binomial coefficient
equal to 3.

. Let [3] denote the greatest integer less than or
Proposition 6.5. Among the elements of (Xﬂ) the number having even sign is

:(1C)l+ i)

2N\ %Y 3L

By virtue of our definitions, the second summand is 0 in the case where x and y are both odd.

N
ke

Proof. We rely on the involution y and (14). Since \(ffg‘)l is known, it remains to calculate |F,|.

There are several cases to consider:

(1) If x and y are both odd, then every number in {1,...,x + y} forms part of a pair (2i — 1,21), and
there must be at least one pair for which o(2i — 1) # o(21), since o~ ' (1) is odd. There are therefore
no fixed points of the involution.

(2) If x and y are both even, then every number in {1, ...,x +y} forms part of a pair (2i—1, 21). In order
for o to be fixed by v, it must be the case that ¢(2i — 1) = o(2i) for all i. Defining t € (E(X/ngy //22) by

the formula 1(1) = 0(21), we see that there is a bijection between F, and (X"/Eyy) //5)

(3) If one of x and y is even and the other odd—say for specificity that x is even and y odd—then o is
fixed under vy if o(x +y) =2 and 0(2i — 1) = 0(2i) for all i < [*5¥]. Similarly to the previous case,
there is a bijection in this case between F, and (X/X; }’y ]1))/ /22)

Since |F, | agrees in all cases with

the proposition is proved. O

Proposition 6.6. Let X ~ S™"9% be q motivic sphere, and suppose m,r are nonnegative intgers with 0 < r < 1.

The diagonal map A3, 5 2 X P — XAP™ AXAT s an isomorphisnt in hoy, 41 Spt(Smy).

Proof. We have calculated A3 1 (2m,r) I Corollaryand Proposition Ifr =0, wefind A3 | (2m,0) =
1in GW(k) ®z Z(2

When r = 1, we find A2m+1 (ama) = (m+1) +men . Thisis a unitin GW(k) ®z Z,) by Corollary

The same calculations, referring to Corollary [4.8} show the following:

Proposition 6.7. Let X ~ S™"9% be a motivic sphere. Assume one of the following two conditions holds:

(1) nisodd and q is even,
(2) n+ q is odd and the ground field k is not formally real.

. X/\2m+r N X/\Zm A X/\r

Suppose m, T are nonnegative intgers with 0 < v < 1. The diagonal map A3 S 2mr)

is an isomorphism in ho, Spt(Smy).

ap+-- +(1m

Definition 6.8. We impose a total order on the elements of (a] w~

for allj < kand o(k) < o’ (k).

* ) by declaring ¢ < o’ if o(j) = o’ (j)



THE SIMPLICIAL EHP SEQUENCE IN A'-ALGEBRAIC TOPOLOGY 34

Following [Kuh87], define a regular (r,s)-set of size m to be a set, {S1,...,Ss}, of subsets of {1,...,m}
satisfying

(1) |Si] =rforalli
2) Ui_;Si=1{1,...,m}\

Let L(r, s, m) denote the set of all regular (r, s) sets of size m. This goes by the name B(B(m, s), r) in [Kuh87],
and the discussion that follows here is a much reduced version of the discussion to be found there. In
particular, we concentrate on the case where r = 2 and m = 2s.

There is a cover ¢ : (2 25 2) — L(2,s,2s), the source being the set of ordered partitions of {1,...,2s} into s

disjoint subsets of cardinality 2, and the latter be the set of unordered partitions. There is an Ss-action on
functions o : {1,...,2s} — {1,..., s} induced from the action on the target; and the orbits of this action are
in bijective correspondence with L(2,s,2s). For any A € L(2,s,2s), define sign(A) to be sign(o) where o is
the least element, in the order of Definition of ( 225 ,) that maps to A under ¢.

Write E(2,s) and O(2, s) for the number of elements in L(2, s,2s) having even and odd sign, respectively.
Trivially, E(2,1) =1and O(2,1) =0.

Proposition 6.9. The quantities E(2,s) and O(2,s) satisfy E(2,s) = O(2,s) + 1.

Proof. AnelementA € E(2,s) is a partition of {1,.. ., 2s} into s disjoint subsets {S1, ..., Ss}. One orders these
subsets in ascending order of their least members. The quantity sign(A) is the number of pairs of numbers
j1 < j2 such that j; € S¢, and jo € S, with S¢; > S¢,. We can set up an involution ¥ on L(2,s,2s) by
observing that y descends from ( 2’_2_5_ 2)-

Explicitly, if A = {S1,...,Ss} € L(2,s,2s) is not the partition Ay = {{1,2},{3,4},...,{2s — 1, 2s}} then there is
a least pair of integers (21 — 1, 21) such that 2{ — 1 and 2i lie in different sets S;, S; with i # j. Let ¥(A) be the
partition obtained from A by interchanging 2i — 1 and 2i. The exceptional partition, Ay, is the unique fixed
point of .

Observe that if A # Ao, then sign(A) + sign(y(A)) = 1 (mod 2). Since sign(Ao) = 0 is even, it follows that

E(2,s) — 1 =0(2,s), as asserted. O
o 26\ i (28)! . (2s)! -
Remark 6.10. The cardinality of (z,...,z) is — and that of L(2,s,2s) is s . Explicitly therefore
1 [ (2s)! ~(29)! 1

B2 =3 (5125 _1> 1= T3

and 1((2s)! 25) 1
s)! s)!

02,8) =3 <s!25 B 1) Toslzstl 2

2s)!
The quantity E(2,s) + O(2,s) = (Sé)s is the product of the first s odd integers: (2s — 1)(2s —3) ... (5)(3)(1).

The fact that this is a unit in Z,) appears in the classical study of j,.

6.3. Decomposing the second James-Hopf map.
Definition 6.11. Let af , : Di(X) — Ds(X"?) denote the composition in hojs Spt(Smy)

— j2

DX D(X) = J(X)+ —= J(X?); —= D(X"?) ——= D4 (X"\?) .

For example, we have

(15) a3 ; =idp,x)
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by the commutative diagram

J(X) — 2 (X2

]

J2(X) ——J(X"?)

where the lower horizontal map is the composite
J2(X) = 2(X)/11(X) = Da(X) = X2 5 X2 = Dy (X2).
The stable weak equivalence o induces a stable weak equivalence
T q
Ao: X9 - ADX)~ \/ (Do, (X)ADg,(X)A... ADg, (X))
a1,02,...,4q
Proposition 6.12. Let X ~ S™9% be g motivic sphere with n > 1. Let v > 2 be an integer. The maps in

hONis Spt(Smk)

Di(X) == J(X) —— J(X"\3) —= D, (x"?)

)2

of agree in ho, Spt(Smy) with

Cl-z _ E(Z’S) +O(2)S)en,q lfi:23,
% otherwise.

Proof. The case where i # 2s follows from Corollary 6.3(1) and (3) of [Kuh87].

When i = 2s, then by Theorem 6.2 of [Kuh87], the class a,.iS is equal to the sum of the classes of permutations
of X\2s associated to regular (2,s) sets of size 2s. Of these, E(2,s) are even permutations, and therefore
equivalent to the identity, and O(2, s) are odd, and therefore equivalent to the single interchange e,, 4. O

Corollary 6.13. The map a%s)s is an isomorphism in ho, x (Spt(Smy)).

Proof. The map in question is E(2,s) + O(2, s)en . Since E(2,s) = O(2,s) + 1 by Proposition it follows
from Corollary @] that it is a unit in GW (k) ®z Z(2). O

Remark 6.14.
Similarly, we have the following corollary:
Corollary 6.15. If X = S™*9% in GW(k) is a motivic sphere and one of the following conditions is satisfied:

(1) nis even and q is odd,
(2) n+ qis odd and the field k is not formally real

then a%sys represents an isomorphism in ho, (Spt(Smy)).
Proof. This follows from Proposition [6.9and Corollary [4.8] O

6.4. The Stable Weak Equivalence. Let X be of the form S""9% forn > 1, ¢ > 2. Let e, ; be the class
(—1)ra(-1)a,
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Fix a set of primes, P. All objects and maps in this section belong to the category hop s1 Spt(Smy), unless
otherwise stated. If P is the set of all primes, then hop 1 (Spt(Smy)) = ho, (Spt(Smy)). This case and the
case P = {(2)} are the two cases that are applied in subsequent sections of this paper.

Write by @ J(X)4 = /2y X — X for the projection map.
We will need the following construction again in the sequel, so we present it here for later reference.

Construction 6.16. Suppose given an unstable map j : ] — Y in sPre(Smy ), and a stable map b : ] — Xin
hop 41 (Spt(Smy))., that is to say a homotopy class of maps b : £°] — £°°X . We produce a stable map
(GAby) oA, 1] — (X xY), as follows.

We may extendb: ] — Xandj:] — Ytomaps by : J; — Xy in hop 4 (Spt(Smy)). and j, : J; — Y, in
sPre(Smy ).. Then we take the smash product of these two maps. For convenience, we note thatj Vid is a
map in the unstable homotopy category, so this may be carried out in an elementary way without recourse
to a smash product of spectra. This gives a map b Aj; : J+ AJ — X4 AY,. But the source and target of
this map may be identified with (] x J)+ and (X x Y), respectively. Then precomposing with the diagonal
map | — (J x J)+ gives the result.

By means of the above, we construct stable homotopy class of maps ¢ = (j+ Aby)o AL

Cc

JX)+ —— JX) x J(X), —— ((X) x X) | —— (J(X?) x X) , .

Here A is the image in ho, 41 Spt(Smy) of the diagonal map J(X), — (J(X) x J(X)); in sPre(Smy)., and j
is the James-Hopf map j : J(X) — J(X/*?) in sPre(Smy). Since j, is a map in sPre(Smy )., we can form the
product map (J(X) x X)4+ — (J(X? x X) in hoy Spt(Smy)(Smy) by means of the action of sPre(Smy ).
on Spt(Smy).

Both J(X), and (](XAZJ X X) , are isomorphic in the homotopy category ho, 4,1 Spt(Smy) to the spectrum
Vi o X To see the latter, decompose

(JX") x X), = SOV (XM VXV (J(X ) AX) =

~ g0y, (;\.ZX/\Zi) \/X\/(i:\.ZXAZiJr])'

Fix standard isomorphisms J(X); = \/{2, XN = (](X/\z) X X)+ in hoy Spt(Smy).

(16)

Proposition 6.17. Fix a sphere X = S™"9%_ If elements m + 1 4+ mey q, where m is an integer, are units in
GW (k) ®z Zp, then the map c is a weak equivalence.

Proof. Consider the ring
R = EndhOZ»A&l Spt(Smy) ( \/ XA1>_
i=0

We wish to show that (j x by ) o Ais a unit of this ring. We may write

oo (o)
R — HHomhoz,Al Spt(Smy.) (Xm’ \/ Xm)
i=0 )=0

and

%) i %)
\/ XA \/ XA\ X
j=0 j=0

j=it1
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It follows from the Hurewicz theorem that [X"\t, \/;’i i1 XN] =0, and so

o) i
Homhoz‘m Spt(Smy ) (XAla \/ X/\l) = @Homhozyﬁﬂ Spt(Smy ) (X/\I)XA)) )
j=0 j=0

so that R = []2, @}:o Tlintiqa(ST™19%). We may represent elements of R as infinite, upper-triangular
matrices (dy ;) such that di; € mnﬂqa(sj“ﬂ'q“) by decreeing d; ; = 0 whenever i < j. It follows from
the usual algebra of matrix multiplication that an element of R is a unit if and only if the terms d;; €
Tlin+iqa(ST19%) are units for all i.

The invertibility of ¢ in R may be deduced from the classes d; ; appearing in this diagram

Cc

//\

7)) I T (1) X J(X)), = (JX) X X), ————— (J(X"2) x X),

T |

. d; s .
Ai Lt Ai
X XA

where the unmarked arrows are inclusion and projection maps.

We can factor d; ; in diagram (17) as

C

//\

18) JX) == (00 x JX), (10X % X), ————— (J(X"2) x X),

T | |

X/\i f \/11:0 XAifn A X/\n X/\i,

di i

where f is the wedge sum of maps Aiz)(
from Proposition

nm) XA XA A XA ag n varies. This factorization follows

We can further factorize d; ; because the map X*°(J(X) x J(X)))+ — X*°(J(X) x X)4 is identity on the first
and projection on the second factor:
(19)

C

/’//—\

10X+ .

| | T |

N Lo XA A XA (XA W X

di i

JX) > J(X)) ¢ (J(X) x X) ;. (J(X"?) x X)
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Write i = 2m + s where s € {0, 1}. By use of Proposition we deduce that the bottom row can be further
factored as

(20)
di i
XA\t - \/11110 XA A XA (XA A XAV (XANT AX) XA
i a%m,n\/\id
XAZm A XAs
It follows that d; ; factors as (a%m)m Aid) o Af’( 2m,s), and since both these maps are isomorphisms by
hypothesis, so too is d; i, and therefore so toois ¢ = (j4+ x by) o A. O

Remark 6.18. The hypothesis of the Proposition that elements of the form (m + 1) + me, 4 € GW(k) ®z Zp
be units holds in particular in the following cases:

(1) The ring Zp is Z(3) or Q. In this case, the hypothesis holds by Corollary
(2) The integer n is odd and the integer q is even. In this case, e, = —1, and the hypothesis holds by

Corollary

(3) The integer n+ g is odd, and the field k is not formally real. Again, the hypothesis holds in this case

by Corollary

Remark 6.19. If X is an object in sPre(Smy)., there is an action of the symmetric group S, on X\". In the
case where X is a motivic sphere, this action factors through the sign representation of Sy,. The fact that c is
a 2-local weak equivalence depends on this fact, as we can see in the following example.

Example 6.20. Let X be the simplicial set X = S$? \V S2. The map S,, — [X*™", X"\"] is injective because the
action of S™ on H2™ (X', Q) = H2(X,Q)®™ = Q2" contains a direct sum of two copies of the permutation
representation of S,, over Q as summands. These two copies can be described as follows. The wedge
product X\™ is the direct sum of copies of $*™ indexed by n-tuples of elements of {1, 2}. The n-tuples which
have a single 1 and the rest 2’s form one of the summands, and the other is obtained by switching the roles
of T and 2.

The objects J(X) and J(X"*?) split stably as \/;= , X\t and\/{~ , X"*?" respectively. The second James-Hopf
map

iz - v XA <7 X2t
i=0 i=0

— X\, The paper [Kuh87] calculates this map explicitly as the sum of per-
oe(sh) e(o). Note that (2"‘2) is in bijection with {((1,2)(3,4)), ((1,3)(2,4)), ((1,4)(2,3))}
under the bijection sending ((a, b), (c, d)) to the map sending a and b to 1 and sending ¢ and d to 2. Using
cycle notation for permutations, and representing the identity by e, this sum is

ai, =e+(23) 4 (243).

The induced map on the singular cohomology H®(X"**, Q) = Q'€ is not of full rank, since e + (23) 4 (243)

is not an isomorphism on the permutation representation, namely on either of the submodules mentioned

above aﬁ’ 5 acts by the matrix

; 2 . yN4
restricts to a map az, : X

mutations af , = Y
Y

c oo w
o N = O
—_ - oo
N O = o

which has determinant 0.
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The map induced by j, on rational cohomology HS(](XAZ), Q) — HS(](X),Q) is not an isomorphism in
this case, and is in particular not injective, and so the analogue of Proposition fails in this case, even
Q-locally.

H? (hofib(j2), Q) =0 0
Qz ds=0 Qs
0
Q 0 0 07Q* 0 0 0 Q°=H(X"),Q)

FIGURE 1. The first four rows, nine columns of the E;-page of the Serre spectral sequence
for H*(-, Q) associated to hofib(j2) — J(X) 2 J(X/\2).

Moreover, associated to the fiber sequence
hofib(j2) — J(X) 3 J(X?)

there is a Serre spectral sequence for rational cohomology, part of which is shown in Figure[l} We have
shown that the edge map H?® (J(X"?),Q) — H? (J(X), Q) is not injective. Since the edge map is not injective,
it is not the case that the spectral sequence collapses at the E, page, and since H*(J(X"\?), Q) is concentrated
in even degrees, it follows that H* (hofib(j,), Q) is not also concentrated in even degrees. In particular,
hofib(j;) does not have the same rational cohomology as X = $? A S2, showing that even the Q-local
version of the EHP sequence does not hold for a general space X.

7. FIBER OF THE JAMES-HOPF MAP

In Section we will have two fiber squences F - E — Yand X — X x Y — Y with the same base Y
and a stable weak equivalence between the total spaces E and X x Y, which is compatible with the map to
the base. We will show that in fact the fibers are stably weakly equivalent as well (Proposition [7.20). For
this, it is natural to ask for a Serre spectral sequence, as the Serre spectral sequence gives a good way to
measure the size of the total space of a fibration in terms of the size of the base and the fiber. Since the
base spaces of the fibrations f and p are the same, and their total spaces are the same size, a Serre spectral
sequence would give us a tool with which to attempt to ‘cancel off the base space” and conclude that the
fibers have the same size. The purpose of the first part of this section is to show that enough of these ideas
remain available in A'-homotopy theory. In Section we construct a spectral sequence to substitute for
the Serre spectral sequence. We develop needed properties in Section [7.2} and in Section [7.3] we show that
the desired cancelation is possible.

7.1. A spectral sequence. Let a be a left Bousfield localization of the global model structure on sPre(Smy).
There is an associated stable model structure on the category of S'-specta, Spt(Smy). See Section
Let H; : Spt(Smy) — Shyjis be an a—corepresentable functor, given by a spectrum E, so that #;(F) is the
Nisnevich sheaf associated to the presheaf

U [E°STAEAZ®Uy, Flg .
We write H; (X) for H;(Z°°X) when X is an object of sPre(Smy)...

Since left Bousfield localization does not change which maps are cofibrations, the notions of global cofibra-
tion, Nisnevich local cofibration, A'-cofibration , and a-cofibration for sPre(Smy ) are the same. For X; — X»
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a cofibration with respect to these model structures, the cofiber C is the push-out C = colim X; —— X;.

|

*
A sequence is said to be a cofiber (respectively fiber) sequence up to homotopy, if the sequence is isomorphic
in the homotopy category to a cofiber (respectively fiber) sequence.

Proposition 7.1. The homology theory H. has the following properties:

(1) H; takes a weak equivalences to isomorphisms.
(2) Given a cofibration X1 — Xz with cofiber C in a, there is a natural long exact sequence of sheaves of abelian
groups
—>7'liX1 —>'H1X2 — HiC — 7‘[171X1 — ...
(3) As a special case of @), we see that Hi(ZX) ~ Hi_1(X) for X € sPre(Smy)...

Assumption 7.2. We assume that A, satisfies two further axioms.

(1) Boundedness: #;(X) =0 for i < 0 for all objects X in sPre(Smy).
(2) Compactness: colim H;(Xj) = Hi(colim Xj) for all filtered diagrams {X;} in sPre(Smy).

These axioms are satisfied by H; = 7§ ;LA;‘X and H; = 7§ fj*ﬁf' : we take a to be the A! injective structure or
the P-A! injective structure respectively. In each case, E = Z°G?. The boundedness axiom follows from

Proposition the compactness from Proposition or Proposition
For f : X — Y a global fibration, we construct a spectral sequence E{j = Hi X

This spectral sequence for a = Al or its P-localizations will have the property that it relates a-homotopy
invariant information about the total space with a-homotopy invariant information about the fiber and
more delicate information about the base.

Let A<, be the full subcategory of A on the objects {0, 1,...,n}. The n-skeleton sk, : sSet — sSet can be
defined as the composite of the n-truncation functor sSet — Fun(Aipn, Set) with its left adjoint. Given a
simplicial presheaf X, define sk, X € sPre(Smy) by U — sk, X(U). For notational simplicity, define sky X
forn < 0by sk, X = 0.

Definition 7.3. Let f : X — Y be a fibration in the global model structure between pointed simplicial
presheaves. We define the following spectral sequence

(Bl d": Bl — Elipr):

ijy i+1,j i
The cofibrations
skoY - skiY—...—2sk,Y—...Y

pull-back to cofibrations

SkoYXYX—)SquXyX—)...—)SknYXYX*)...YXYX:X.

The cofiber sequences
skn_1 Y Xy X —=skp Y xy X — Cp
for n > 0 give rise to the long exact sequences of (2) Proposition[7.T, which form an exact couple

®§?n:o7'li(5kn Y xvy X) @?f’n:(ﬂ-li(skn Y xvy X)

69io,on:O;L[‘lC“
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This exact couple gives rise to the spectral sequence E{ ; with Elyj = Hiy;Ci.

Remark 7.4. 'To be more explicit about the choice of base points in the definition of the spectral sequence just
constructed, note that the cofiber sequences

skn_1 Y Xy X —=skp Y xy X — Cp

are pointed for n > 1 as the chosen base points of X and Y are in the 0-skeleton, and induce a base point
in C,,. By extending the definition of #; to take the value of 0 on (), we obtain an analogous long exact
sequence for n > 0. These long exact sequences form the exact couple.

For U € Smy, let L, Y(U) € sSet denote the nth latching object, defined L, Y(U) = (skn—1 Y(U))n, and let
N, Y(U) be the set of non-degenerate n-simplices of Y(U), defined N, Y(U) =Y, (U) — L, Y(U).

Let F,, denote the fiber of f over a pointy : x — Y of Y. More generally ify : U — Yisamap,let F, = UxyX.
Let A™ denote the constant simplicial presheaf on the standard n simplex in sSet. For y € Y, (U), we have
an associated map y : A™ x U — Y. Restricting y along the map 0 x U — A™ x U, we obtain F o) by the
previous, and thus F (o) (U), which is computed by the pull-back diagram

Fy(0) (W) —= X(U)

)
l J{f(m
*

y(0)(u)

Despite the fact that Y, (—) — L, Y(—) does not necessarily define a presheaf,
U = Vyen, v (Fyo) (W4 A (A™/0A™))
is a presheaf because it could equally well be written
Vyev, () (Fyo) (W« A (AT /0A™))
Vyervu) (Fyo) (W4 A (A™/0AM))’

and both Y;, and L,,Y are presheaves. This presheaf is weakly equivalent in the global model structure to
the cofiber C,, as shown by the following lemma.

Lemma 7.5. There is a functorial weak equivalence in sSet

Cr (W) & Vyen,viu) (Fyo) W+ A (A™/0A™)).

Proof. Let 0A™ denote the boundary of A™. By [G]09, VII Proposition 1.7 p. 355], there is a push-out

(21) (Yn x 0A™M) UL, vxoan (LiY X A™) ——skn,_1Y.
Yo x A" skn Y

The pull-back of a push-out square of simplicial sets is a push-out square because small colimits are pull-
back stable in the topos of simplicial sets. Since limits and colimits in sPre(Sm;) commute with taking the
sections above U € Sm, it follows that the pull-back of a push-out square in sPre(Smy) is also a push-out
square. Thus applying the functor (—) xy X to produces a push-out square. It follows that we may
replace C,, with the cofiber of

((Yn x 0A™) UL, yxaan (LhY x A™)) xy X — (Y x A™) xy X

and we make this replacement now.
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Note that Y, x A™ is the presheaf U — ]_[y ev, (u)A™. Note also that for y in Y, (U), we have a map
y : A™ — Y(U). With this map, we form the fiber product A™ X<y X(U). Since pull-backs are computed
section wise, we have the pull-back square

UHH A™ Xy(u) X(U)HsknY Xy X .

YyEYn(U) l
Y x A™ skn Y
Note that
(U — ]_[ Fy( U= ] Fyo(Ww) xA™)
YEYn (W) YEYn(U)

is a global trivial cofibration, where the map Fyo)(U) — Fy(o)(U) x A™ is the product of Fyo)(U) with
the map * — A™ corresponding to the inclusion of the Oth vertex. We have a natural map Fy(o)(U) — A™
by crushing F ) (U) to the Oth vertex. We obtain the bottom and side solid arrows in the commutative
diagram

Um—TJ]J

u) Fy(o)(U) — U~ HyEYn(U) AT Xy(u) X(U)

| Fyo) (W) x A™ Yo x AT

YyeYn(

ue— ]—[er

whose top horizontal map is the inclusion of the fiber. By the lifting property of global trivial cofibrations
and global fibrations, we obtain the dotted arrow. With the dotted arrow, we obtain the commutative
diagram

U L[yEYn(U) Fyo) (W) x A" —— U HyEYn(UJ A™ Xy X(U)

| | i

Y, x A" “ Y, x A™
Since both vertical arrows are global fibrations and the induced maps on the fibers and base are global weak
equivalences, we have that

U J] FioWxA™=Us [T A™ xyu) X(W) = (Ya x A™) xy X
YyEY, (W) yeYn (U)

is a global equivalence.

By the same argument, we have global weak equiavalences
U= [ Fyo)(W) x dA™ = (Yn x dA™) xy X
YEYn (U)

and
U [ Fyo)(W) x A™ = (LyY x dA™) xy X
yeLLY(U)
which are compatible with the restrictions to U — ]—IyELnY(u) Fyo) (W) x 9A™ and (LY x 3A™) xy X.

We obtain a global weak equivalence

Lyev, (u) Fyo) (W) x A™
Hyev, u) Py (W x 0AM UTTyer, viu) Fycoy (W) x A™

Since the left and side is globally weakly equivalent to Vyen,. v(u) (Fy(o) (W4 /A (A™/0A™)), this proves the
lemma. O

U — Cn
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Lemma 7.6. The spectral sequence of Definition |/.3| satisfies the property that €f; = 0 for i or j less than 0. In
particular, this spectral sequence converges.

Proof. The claim is immediate for i < 0. We show that Elj = 0 for j < 0, which is sufficient because E{; is a
subquotient of El,y By Lemma C; = S' A D; where D; € sPre(Smy), is defined
Di(W) = Vyen,vu) (Fyo)(U)4).

By (3) of Proposition[7.1} it follows that

Ez,j =Hiyj Ci = HHjSi AD; = HjDi.
For j < 0, we have #;D; = 0 by (I) Assumption[7.2] O
Proposition 7.7. The spectral sequence of Definition[7.3|converges to the values of the functors H. on X

(B, d"  Ei oy = Eijir1) = Hig X

ijy
Proof. We show that applying H; to the map skynt1 Y xy X — Xis an isomorphism for all n and i < n. This
is sufficient to prove the proposition by Lemma

Fix n. To show that #H; applied to the map sk,; 1Y Xy X — Xis an isomorphism for i < n, it is sufficient to
show that its cofiber, C, satisfies the condition that #;C = 0 fori < n+ 1by Proposition

Any simplicial set is the colimit of its skeleta sk;, and since colimits commute with taking sections at U &
Smy, it follows that Y = colim; sk; Y. Since filtered colimits commute with pullbacks [ML98, IX.2 Thm
1], it follows that X = colim;(sk; Y xy X). Since colimits commute, it follows that C = colim;((sk; Y xy
X)/(skn41Y xy X)). By Assumption it thus sulffices to see that H;(sk; Y xv X)/(skn4+1Y xy X) = 0 for
i<(n+T)andj>n+1.

Using induction on j, the cofiber sequences
(Skj_1 Y Xy X)/(Skn_H Y Xy X) — (Skj Y Xy X)/(Skn_,_] Y Xy X) — Cj

forj—1>n+ 1, and @) Proposition[7.1] it suffices to show that H;C; = 0fori < (n+1)andj > n+1.
This follows by Lemma|[7.5land (3) of Proposition[7.1]and () of Assumption[7.2} O

Proposition 7.8. Suppose Y € sPre(Smy) is such that Yo = « is the constant presheaf on the point. Let f : X =Y
be a map, and let F = hofibgp, f be the homotopy fiber in the global model structure. Let E{’j be the spectral
sequence of Definition|7.3|applied to a fibrant replacement of f in the global model structure. Then there is a canonical
isomorphism EIJ = H;D; where Dy € sPre(Smy) is defined by Di(U) =V, vu) (F(U)1).

Proof. Factor f into f = to f/, with 1 : X — Z a global trivial cofibration and f’ : Z — Y a global fibration
such that Ej; is the spectral sequence of Definition 7.3/ applied to f’ and F is the fiber of f’ above * — Y
determined by Yy = *. By definition Elj = M;i4+;C;, where Cj is the cofiber of

Ski_1 Y Xy Z— SkiY Xy Z.
By Lemma we have a canonical global equivalence from the presheaf U — V., y(u) (F(U) 1 A (A/9A1Y))
to Ci. Thus C; = St A D; showing the result by Proposition O

Remark 7.9. Note that the construction of the spectral sequence of Definition as well as those of its
properties given in this section only require the lifting properties of global fibrations. The subtler lifting
properties for a-fibrations have not been exploited.

7.2. A functoriality property. We will use a functoriality property of the spectral sequence constructed in
Section [7.T| with respect to a particular sort of stable map in the homotopy category.
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Recall that a is a left Bousfield localization of the global injective model structure.

Proposition 7.10. The model structure a on sPre(Smy) satisfies the following properties:

(1) All monomorphisms in sPre(Smy ) are a cofibrations, and in particular, objects of sPre(Smy) are a cofibrant.

(2) a is compatible with the tensor, cotensor and simplicial enrichment in the sense that this structure makes
sPre(Smy ) into a simplicial model category [|Riel4, Definition 11.4.4].

(3) L :sPre(Smy) — sPre(Smy) takes a weak equivalences to a weak equivalences.

(4) If X is an object of sPre(Smy ), then X x - preserves weak equivalences.

(5) There is a left Quillen functor Z° : sPre(Smy ), — Spt(Smy ), where Spt(Smy) is endowed with a stable
model structure which we also call a, in an abuse of notation.

Proof. Property is immediate: a is a left Bousfield localization of the global injective model structure,
and the same property holds there. Property () follows from [Hir03| Theorem 4.1.1(4)] because the global
injective model structure is left proper, simplicial, and cellular (see [Hor06|]). Property (3) is a special case

of @). For (4), see Lemma[2.1] Property (B) is Proposition[2.14} O

To construct the EHP fiber sequence, we will use a to be the P-localized A'-model structure for P a set of
primes and H; = 7r§>P>A1 . As commented in Section these choices are valid.

We will employ the following construction, which is a version of Construction that applied to maps b
that exist after one suspension, rather than simply stably:

Construction 7.11. Suppose givenamap j: ] — Y in sPre(Smy), and amap b : ] — XX in ho, sPre(Smy)..
We produce amap (b Ajy)o XA, 1 X]L — Z(X x Y); as follows:
We may extend b : Z] — ZX to a map in ho, sPre(Smy ).

b: ZI+ — ZX+
since £J ;. ~ £JV S! and similarly for X. We take the smash productof b : £J, — X, andj; : J; — Y,
obtaining amap b : L] A J1 — ZX; A Y. The left hand side is identified with (] x J); and the right

with Z(X x Y);. Then we precompose with the diagonal map A, : £J; — X(J x J); to obtain a map in
ho, sPre(Smy):

22) (bAjs) oA, 1 X], — (X x V),

This construction is functorial in the following way in the map j. Suppose given a commutative square

| A

n

q

Y —=Y
Then thereisamap bo Xp: ZJ' — ZX, and the evident square

ZI, ((boZp)Aj4)oZA Y/

i (bAj)oZA l

] Y

is commutative.

We remark that the map (b Aj;) o ZA, : Z] — X(X x Y) constructed above agrees in the stable category
with the stable map of Construction [6.16]
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We assume the following setup: amap j : ] — Y in sPre(Smy) and a map b : £] — XX in ho, sPre(Smy).

We replace j : ] — Y by a fibration by means of a canonical factorization ] - E 5 Y, where s a trivial
cofibration and f is a fibration. There is a well-defined map in the homotopy category

(23) be=boZi':ZE — IX.

Let p denote the projection X x Y — Y. Associated to each of the fibrations
f:E—=Y
pP:XXY—=Y

there are spectral sequences as in Definition We denote these by Ef; and (E')]; respectively. Let b denote
the map constructed b = (bg Afy) o ZA, : ZE — Z(X x Y). Since H. is a stable theory, we obtain a map
HiZ 0 Hol]) = Ha(X X Y).

Lemma 7.12. With notation as above, b induces a map of spectral sequences Ef; — (E');. The induced map

EY — (E')S5, which by Proposition is a map from the associated graded of a filtration of i (E) to the associated

graded of a filtration of Hi;(X x Y), is compatible with
HiiZ ' Hii(E) = Higj (X x Y).

Proof. In order to construct the map of spectral sequences, we start with a skeletal filtration sk, Y of Y. For
all n, there are maps fy : skn Y xy E — sk, Y. We remark in passing that the fiber product sk, Y xvy E is
a homotopy fiber product by virtue of f : E — Y being a fibration. Moreover, there are composite maps
bn : Z(skn Y xy E) = XE — ZX, where the first map is induced by the inclusion of the skeleton and the
second is b.

By means of Construction we obtain maps Z(sky Y xy E) — X(skn Y x X); in the homotopy category,
and by functoriality, these maps are compatible in that the diagram

(24) T(skn_1YxyE)y — > (skn Y xyE)y — = SE,

| | )

Z(skn1 Y x X)y ——=X(skn Y X X); ——=Z(Y x X) ¢

commutes.

The commutative diagram (24) induces a commutative diagram

(25) T(skn_1Y xy E) —= Z(skn Y xy E) —= =Cn

| l |

Z(skn 1Y x X) —= Z(skn Y x X) —= £C/,

in ho, sPre(Smy ), where the horizontal rows are cofiber sequences and suspensions of cofiber sequences.
Applying H.LZ 7! to the entire diagram then defines a morphism of long exact sequences, and thus a mor-
phism of exact couples, and therefore a morphism of spectral sequences. The compatibility with the in-
duced map on E* pages follows from applying H.Z ' to (24). O

Y
simplicity, suppose again that Y € sPre(Smy) is such that Yo = . Let a : F — E denote the canonical map
of simplicial presheaves given by the definition F = hofibgigpa f = * xy E — E. Composing Za, with bg
yields a map bg o Zay : ZF4 — XX, in ho, sPre(Smy).

We can compute the map EJ; — (E'){; of E'-pages of the map of spectral sequences of Lemma For
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Recall that D; € sPre(Smy) is defined by D; (U) =V, v(u)(F(U)4 ). The analogous definition for the global
fibration p is then D =V, y(u)(X(U) ). We claim that the map bg o Za, : ZF; — X, in ho, sPre(Smy)
defines a map ZD; — ZD/ in ho, sPre(Smy). This claim is established by the following lemma.

Lemma 7.13. Suppose 1 is a presheaf of sets on Smy.

(1) If g : A — B is a-weak equivalence in pointed spaces sPre(Smy ). (Smy), then Vig : VIA — VB isan
a-weak equivalence.

(2) If g : A — B be an a-weak equivalence in spectra Spt(Smy), then Vig : V1A — VB is an a-weak
equivalence.

Furthermore, suppose that Y € sPre(Smy) is pointed. Then we may replace the presheaf 1 of sets on Smy by
U — NLY(U).

Proof. ({): V1g : V1A — VB is canonically identified with I, A g : I, AA — I, A B, so Vg is a weak
equivalence by Corollary[2.2]

: We again have a canonical identification of V1g : VIA — VB with I, Ag: 1, AA — I, AB. For any
pointed simplicial sheaf X, the functor
Spt(Smy) — Spt(Smy)
E-SEAX

preserves stable A'-weak equivalences, as in [Mor05, §4 pg 27].

Furthermore, note that we have a canonical bijection Y, (U)/L,,Y(U) = N,,Y(U) [ [ * and that Y, (U)/L,,Y(U)
is a presheaf of sets. It follows that U — Vy, y(u)g(U) is a retract of \V1g, where I is the presheaf of sets
Yn(UW)/LaY(U). We apply the above to I and conclude that Vg is an Al-weak equivalence. Since weak
equivalences are closed under retracts in any model category, we conclude that U — Vy_ yuyg(U) is a
weak equivalence as claimed. O

It follows that bg o Za in ho, sPre(Smy ) induces a map
\/NnY(bE o Z(Lr) : ZDl — ZD{

in ho, sPre(Smy). As before, we may apply H;Z~' to any map in ho, sPre(Smy). Applying H;Z ' to
VN, v(bo Za) gives our identification of the map of E'-pages in the map of spectral sequences B — (B
in Lemma[7.12

Lemma 7.14. Suppose that Yo = *. The identification of Egyj with H;(Ds) in Proposition |7.8|is functorial with
respect to the map
B — (E]

in the sense that the induced map for v = 1is H;Z ' (VN v(u)(be o Zay)) : H;(Dy) — H;(DJ).

Proof. By construction, the lemma is equivalent to the claim that the map HnjCn — Hn4;C) given by
applying Hn;Z ™ to the commutative digram (25) is identified with

Vidn .y (0E 0 Za3) AS™ E Vi y Fr AS™ = £ Vn,y Xo AS™

via equivalences given in Lemma
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The equivalences of Lemma|[7.5|are constructed by choosing a trivialization

]—[Yan? E .

[Ty, (Fx A™) —> Y
Note that the product X x Y admits a canonical trivialization

[Ty X ——=XxY.

|

[Iy, (XxA"Y) ———Y

Let Zpx : (X x Y) — ZX denote X applied to the projection X x Y — X. For each element of Y,,, we have a
map in ho, sPre(Smy)
Ipxo(bg Afy)oZA, oL : I(Fx A™) — IX.

This gives rise to a map in ho, sPre(Smy)

[Tz xam =]z
Yn Yn

Choose a homotopy H : I x A™ — A™ from the identity to the constant map whose value is the vertex 0.
Pulling back along the resulting map

[[EFx1xA™) S J]E(FxA™)
' Yn

produces a map
[[eFxar < —]]=x
Yn Yn

in ho, sPre(Smy).

By Corollary we may smash the maps Z(F x A™ x I) — X, withida» in ho, sPre(Smy). We obtain
a map
JIEFx1xA™ <A™, - [[E(XxA™),
Yn Yn
in ho, sPre(Smy ). Precomposing with the diagonal A™ — A™ x A™ yields a map
H:JJZFxIxA™), = J[E(X x A,
Yn Yn
in ho, sPre(Smy ), which then produces
H: HZ(F xIx A™) 5 HZ(X x A™).
Yn Yn

Fori=0,1,let HJ; : ]_IYn S(Fx A™) — ]—[Yn (X x A™) in ho, sPre(Smy) denote the pullback of H by the
inclusioni — L

Note that Zp. o (bg Afy) o LA, = Xf,. Unwinding definitions, the map XC,, — ZC/ in the commutative
diagram is indentified via equivalences given in Lemma 7.5 with the map

\/NnyZ(F+ VAN A“/aAn) — \/NnyZ(X+ VAN A“/aA“)
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induced by H|o via the commutative diagram

Hio

]—[LnY Z(F X An) U]_[Lnyz(anAn) I—IYn Z(F X OA“) ]_[LnY Z(X X An) UL[LHVZ(XXOA") ]'_‘[Y‘1 Z(X X aA“) .

| l

Iy, Z(Fx A™) Iy, (X x A™)
VN vE(Fe A A™/OA™) VN, vE(Xy A AT /AN

It follows that H induces a homotopy between £C,, — IC} and H|y, which is Vv, /1, v((bg o Za;) A
idan /5an ) showing the result.

O

The description of the map of E'-pages given in Lemma means that understanding the construction
taking a map g : A — B in ho, sPre(Smy) to VN, vg : VN, YA — VN, vB in ho, sPre(Smy ) implies under-
standing the map of E'-pages. The next lemmas give some understanding of this construction g — Vn, vg
in the case where (a, 7, is (A1, 154" ) or (P — Al, 1P4"). In this case, we will prove Lemmas and
Lemma will be used in the next section to understand the map of E'-pages. Lemma is included
because the we feel its hypothesis is more natural (although it assumes that g is a map in sPre(Sm;) and
not in the homotopy category), and we do not wish to give too much importance to the more elaborate

hypothesis of Lemma
To show Lemmas and it is useful to remark the following:

Remark 7.15. If X is a simplicially n-connected spectra in the sense that X € Spt(Smy) satisfies {X = 0
for i < n, then Morel’s stable connectivity theorem [Mor05] implies that Tris‘A1 X=mLuyX=0fori<n
Because TtiS’P‘A1 is naturally isomorphic to Zp ® ﬂf’N by Proposition it also follows that nf»PA] (X)=0
for i <n, whence LpL, X is simplicially n-connected.

Lemma 7.16. Let I be a presheaf of sets on Smy, and g : A — B be a map in sPre(Smy).. Let (a,Hi) be either
(AT, 792 ) or (P — A1, e PA") If g induces an isomorphism on Hi for i < m, then \/1g : V1A — V(B induces an
isomorphism on H; for i < — 1 and a surjection fori =n — 1.

Proof. Let C denote the A'-homotopy cofiber of g (i.e. factor g as g o g2 with g, : A — B’ a cofibration and
g1:B’ — Ban Al fibration and an A' weak equivalence and let C be the cofiber of the cofibration g,). Since
g2 is also a P-A! cofibration, and B’ — B is also a P-A! weak equivalence, we have a long exact sequence

(26) S Hi 1 C o HA Y YB S HC S
Since #i(g) is an isomorphism for i < n, we have that Image(#;;+1C — #H;A) = 0. Thus H;:C =
Ker(Hi4+1C — H;A). Since is exact, Ker(Hi4+1C — H;iA) = Image(Hi+1B — Hi1C)

Since Hi(g) is an isomorphism for i < n, we have that #;B — #;C is the zero map. Thus fori <n —1, we
have that Image(#i+1B — Hi4+1C) = 0, from which it follows that ;1 C = 0. In other words, #;C = 0 for
i<n

For any point, q*, the spectrum q*L,X*°C satisfies that condition that 7§ q*L,Z>°C = 0 for i < n because
ML I®C=H;C=0,and q*m L Z°C = 7§ q*L,X>°C [Mor05, 2.2 p. 12].

Thus V 4-1q*L,Z*°C satisfies that condition that 7i{ V-1 *L,Z*°C = 0 for i < n. Note that Vg-1q*L,Z*°C =
q*(ViL,Z*°C).
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Thus q*m V1 LiZ®C = n{q*(ViL,Z*°C) = 0. Since q was arbitrary, we conclude that 7§ Vi LiXZ*C =
5 q* (V1L Z®C) = 0.

By Remark we conclude that
HiViLuyC=0 for i<n.
By Lemma the map V{C — V1L Z*°C is an ms-weak equivalence, whence

(27) HiViC=0 for i<n.

By definition, we have that A 93 B’ — C is such that g2 is a cofibration, and C is the cofiber of g>. By
the definition of the global, injective local, A, or P, A'-model structures, /1A 93 \/{B' is a cofibration with
cofiber V1 C. The sequence

VIA B VB’ — VviC

therefore gives rise to a long exact sequence in H;. By Lemma this long exact sequence can be written

28) S HVIC o H VA Y VB S H VI C

The lemma is proven by combining and (7).
O

Lemma 7.17. Let (a,%;) be either (A, &%) or (P — A1, m$PA"). Suppose 1 is a presheaf of sets on Smy. Let
g : A — B be a map in ho, Spt(Smy) which induces an isomorphism on H for i < n, and suppose that there is a
map h : B — A in ho, Spt(Smy ) such that g o h = idg in ho, Spt(Smy). Then V19 : V1A — V1B induces an
isomorphism on H; for i < n.

Proof. Since g o h = idg, we have #H;g o Hih = idy, g, whence #, g is surjective.

Choose a representative g’ : A — LB of g. (This is possible because A is a-cofibrant.) Let C denote the
Al-homotopy cofiber of g, i.e. factor g’ as g’ = g1 o g2 with g2 : A — B’ a cofibration and g7 : B’ — L,B
a fibration and a weak equivalence and let C be the cofiber of the a cofibration g,. There is a long exact
sequence

(29) S HiC o HA T B S

Since Hi(g is surjective, Image ;B = 0 in 7-{,1‘*] »sC. Since (29) is exact, it follows that

(30) Ker(HiC — Hi—1A) =0

for all i.

Since Hig is an isomorphism for i < n, the exact sequence shows that Image(#Hi+1C — HiA) =0.

Combining with (30) shows that #;C = 0 for i < n.

For any point, q*, the spectrum q*L,Z°°C satisfies that condition that 7{q*L,Z°°C = 0 for i < n because
ML Z®C =HiC=0,and q*m{ L Z°C = 7§ q*L,Z°°C [Mor05| 2.2 p. 12].

Thus V ¢+19*LZ°°C satisfies that condition that 7t{ \VV 4-1 * L Z*°C = 0 for i < n. Note that V-1q*L,Z*°C =
q*(ViLeZ*®C). Thus q*nf Vi LeZ*C = mjq*(ViL,Z*°C) = 0. Since q was arbitrary, we conclude that
7§ V1 LeZ*°C = 0 for i < n. By Remark we conclude that

(31) Hi VI L Z*®C =0 for i <n.
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By Lemma the map V1C — VL,Z*°C in an a-weak equivalence, whence
(32) HiViC=0 for i <n.

By the definition of the P, A! or Al-model structure, V1A 23 V{B’ — V/{C is a cofiber sequence and thus
produces a long exact sequence

33) S HAVIC o H VAT Yy VB S H VI C

(This uses Lemma|7.13|as before.)
The lemma is proven by combining (83) and (32).
(]

Corollary 7.18. Suppose that Y € sPre(Smy) is pointed. Then we may replace the presheaf 1 of sets on Smy by
U — N, Y(U) in Lemmas[7.16|and[7.17]

Proof. Note that we have a canonical bijection Y, (U)/L,Y(U) = N,Y(U)]]* and that Y,,(U)/L,Y(U) is
a presheaf of sets. It follows that U — V v(u)g(U) is a retract of \V1g, where I is the presheaf of sets
Yn(UW)/LaY(U). We apply Lemmas and to I and conclude that Vg induces an isomorphism on
Hi for i < q — 1 and a surjection for i = q — 1, and (respectively) induces an isomorphism on #; for
i < g. These properties are all detected by injectivity or surjectivity statements concerning #; applied
to a homotopy class of map of simplicial presheaves. Since this injectivity and surjectivity are preserved
under retracts, it follows that we have the corresponding conclusion for the map U — Vy, y(u)g(U) as
claimed. O

7.3. A cancelation property. Say that a spectral sequence E{ ; is a first quadrant spectral sequence if the differ-
ential on the rth page is of bidegree (—v,r—1)ie. di; : E{; = E{_ ., ;) andif E] ; satisfies the condition
that E{ ; = 0 when i or j is less than 0. The following lemma is a straight-forward consequence of degree

considerations, but we include the proof for completeness.

Lemma 7.19. Suppose 07 ; : Ei; — (E')]; is a map of first quadrant spectral sequences such that eg,j is an
isomorphism for j < q. Then

(1) 63, is injective when j < g.
(2) 67 ; is an isomorphism when j + (v —1) =1 < qand r > 2.
(3) 67 ; is an isomorphism when j < q and j +1 < q.

Proof. We prove the claim by induction on . For q = 0, there is nothing to show. Suppose the claim holds
for ¢ — 1. Now induct on 1, which we assume > 2. Suppose that the claim holds for v — 1.

(I): Choose i,j with j < . By the inductive hypothesis on r, we have that 6{3] is injective. Since

(d’){31 6{31 = 9{:&71 Lt (r—1)—1 d{;‘, it follows that Ker d[31 — Ker(d’)[f is injective. It thus suffices to

-1 -
show that Image d{+(rf1],jf((rf1)f1) — Image(d,){ﬂrq),57((%1)71)

being an isomorphism because 9{;1 is injective). Letj’ =j— ((r—1) —1). Note thatj' + ((r—1) —1) -1 =

is surjective (which is equivalent to

j—1 < q. Thus by the inductive hypothesis (2) on 1, 6{;&71 )j—((r—1)—1) is an isomorphism from which the
desired surjectivity follows.

(2): Note that ) holds for r = 2. Choose i, j such that j+(r—1)—1 < g. Since j+((r—1)—1)—1 < g, we have

by induction that 6{31 is an isomorphism. We show that 67 ; is an isomorphism. For this, it suffices to show
: . —1 —1 —1 —1

that the inclusions Ker d{’j - Ker(d’);j and Image d{HT_])?]._((T_”_]) - Image(d’);r(r_]),j_((r_”_n

are isomorphisms. Since j—((r—1)—1)+((r—1)—1)—1 = j—1 < q, by the inductive hypothesis, we have that
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/)r71 is
1+ r—1),j—((r—1)=1) it (r—=1),j—((r—1)—-1)
;, and similarly for (d')"'. Thus to

0 Ir 1),j—((r—1)_1) is an isomorphism. Thus Image d;"-

an isomorphism. Note that d; ! is a map B TS Bl

C Image(d

(r=1),j+((r—=1)—

show that Ker dT T« Ker(d’ 3 )1 isan 1somorphlsm it suffices to show that 07— ]T Dt (—1)—1) is injective.

SmceJ—i—(r—l)—l <q,0" ]r 1. 4((r_1)_1) is injective by (@).

(3): Choose 1i,j such that j < q and j + i < q. By (I), we have that 07 ; is injective. We show surjectivity.
By the inductive hypothesis, 6{3] is an isomorphism. Thus is suffices to see that Ker dr’1 C Ker(d' )rT
is an isomorphism. Note that if r = 2, then 6! . and 0]

d‘ = (a"){ ;0]
whence Kerd]; C Ker(d’)]

i,j V.7
i,j is an isomorphism So, we may assume that r > 2. Since (d yiotert! =
CHEn ! d!~", it suffices to see that 0] 1
ET_
(r—=1),j+(r—1)— (r—=1),j+(r—1

(r— 1), (r—1)—1945 / )1 1s injective. Fori—(r—1)<0,wedhavgthat
;, =0s007" 1
r<i41. ThusH—(r—])—] <j+(Ai+1-1)-1=j+i-1<q—1<q. Thus0;_ ]
by (@).

are isomorphisms and 6!

i—1,j i—1,j

(r—1),j+(r—1
)_1 is injective. Thus we may assume i—(r—1) = 0 or equivalently
(1) (r—1)—1 is injective

O

Let (a, H;) be either (A],ﬂff’A] Jor (P— A‘,ch*P’A] ).

As in Section letj: ] — Y be a map of pointed simplicial presheaves, and let b : ] — ZX be a map in
ho, sPre(Smy ) between the suspensions of ] and X, for X a pointed simplicial presheaf. Factorjasj =tof
with t: ] — E an a weak equivalence and cofibration, and f : E — Y an a fibration. Note thatp : X x Y = Y
is also an a fibration.

Let b : XE — Z(X x Y) in ho, sPre(Smy) be as in Construction Suppose that Y is 1-reduced, that is to
say, Yo = Y1 = *. Let a : F — E denote the canonical map of simplicial presheaves F = * xy E — E. Let
a : F — E denote the canonical map of simplicial presheaves F =« xy E — E.

Assume that Ho(X),Ho(F),Ho(Y), and Ho(E) are all 0. For example, this is satisfied if X,F,Y, and E are
Al-connected, because nf’PvN (=) = nf’Al (=) ®z Zp —see Propositionm
Proposition 7.20. If H;(<~'b) is an isomorphism for all i, then

Hi(Z”b oa):HiF — HX

is an isomorphism for all i, and £~ 'b o a : Z2°F — X is an a weak equivalence.

Proof. Since (a,H) is either (AT, thvA] Jor (P—A!, nf*PvA] ), the functors H; detect stable a weak equivalences
by Propositions [2.15, or [3.25/ and [3.24] Thus it suffices to prove that Hi(£ b o a) : HiF — H;X is an
isomorphism for all i.

By Lemma 7.12} we have an induced morphism of spectral sequences 67 ; : (E{

15 d") = ((E)];, (d)") from
the spectral sequence of Definition[7.3]induced by f to the one induced by P.

Suppose for the sake of contradiction that Hi(X "boa):HiF — HiXisnotan isomorphism for all i. Then
there exists a minimal q such that #4F — H4X is not an isomorphism, and g > 0 by the assumption that
both #H,F and #oX are both 0. By Lemma7.17|and Corollary it follows that

1 .1 = 1
(34) 0, El, 5 (B

13]

is an isomorphism for j < q.

By Lemmas|[7.6/and [7.19} 6] ; is an isomorphism for i +j = q and i > 0 and all r. For r sufficiently large,
0, = 07 (Lemma 7.6), whence %5 is an isomorphism fori+j = qand i > 0.
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Introduce the notation

0CRYCR] CREC...CRNY=H,(E)
for the filtration associated to the spectral sequence Ej;. Let the corresponding filtration associated to the
spectral sequence (E’ ){’j be denoted T} C H,, (X x Y). Note that we have the commutative diagram

(35) 0 —T4 —=Tg" —— (EN%1,q—(ie1) —0
T T e?+]‘q(i+l]T
O—>Ra —>R;+1 4>Eioi1‘qf(i+1) —0
fori=—1,...,q— 1, where by convention R;;! =0and T;' =0 for all n.

Since £~ 'b induces an isomorphism on H4, we have that R§ — T¢ is an isomorphism. Applying the 5-
lemma and fori=q—1,q9—2,...,0, we conclude that Rg — Tg is an isomorphism. By definition,
R = g, and TS = (E)§°,, s0 we have that

Sq  Elq = (E)Gq
is an isomorphism.

Since Yo = *, the map 83 ; : Ej , — (E')] , is identified with HqF — #4X by Lemmasand Since
we have assumed that H4F — X is not an isomorphism, it follows that

eé,q :Eg),q - (E/)é,q

is not an isomorphism. Since we have assumed that Y; = , Lemma [7.8{implies that the domains of d} q
and (d'); , are zero. Thus dj , and (d'); , are zero. Thus 65 , is not an isomorphism. Let n be maximal
n+1

. . . . _ _ +1 .
such that E} ; — (E’)g ; is not an isomorphism. Since d§ , =0, (d")§ 4 =0, and Eg ;" — (E')5, isan

isomorphism, we conclude that

Image dqu_(n_n — Image(d/):,q—(n—ﬂ

is not an isomorphism.
Note that q+1—1i+ (r—1) —1 < g whenr < i+ 1. Thus by Lemma(7.19 (2), we have that

T . T nr
01, qr1—i " Bigr1mi (E )i,q+1fi
is an isomorphism fori > landr=1,2,...,i. Forr =1+1,
i+l
Ei,q+1—i

(Elﬁ,ﬂﬂ—i = ker(d/)},qJﬂfi/Image(d/)éi,qu] —i—(i-1)"

=Kerd; g1 i/Imaged;; q1-1 (1)

Furthermore, we have the isomorphism Image diZi, q1—ie(io1) = Image(d’)}iy g1 —ie(i-1) by Lemma|7.19

@. Thus B, = (BN}, is an injection, and is an isomorphism if and only if

. e
Kerdj 1 — Ker(d')i g11-4

is an isomorphism, which happens if and only if Image d} — Image(d’)

i,q+1-1 is an isomorphism.

i
i,q+1—i

-

By the above, we thus conclude that EE?:; 1on — (B ):gl +1_n 1S Not surjective.

Note that by degree reasons, d* =0and (d")J} =0 for m > n + 1. Since by Lemma

n,q+1-n n,q+1—-n

and (2) we have Image d:{‘+m’q+1 () = Image(d’)TT‘L‘er’qH7717(“171 ), we conclude that

< /
E‘?Squlfn - (E )?ﬁqu]fn

is not surjective.
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c
The same reasoning shows that E¢S, ;1 = (E'){%, ¢

for i > n, we have that E} q & (E )5’ q 1s an isomorphism by choice of n. As above, note that since

is an isomorphism for i > n > 2. Explicitly,

_ . 1 1 i ) .
Sq = O,.(d’)}) =0, and E5, — (E')p!, is an isomorphism, we conclude that Image d{ a1
/ .

)111 ,q—(i— i,q+1—i - E},q+1fi
is an isomorphism by Lemma-. whence Ker d! q—(i—1) — Ker(d’ )n q—(i—1) is an isomor-

(1) = Image(d')s; ;1 i i1y by Lemma- 1) and (2), we have that
=0and (d){g1_; =0

Image(d —
(E/)l q+1-—i

phism. Since Image d}

1y isan 1somorphlsm Continuing with the same reasoning, note that 6}

2i,q+1—i—
Gtt]]Hﬂ Eﬁqupl — (E/ )l+q]+171 is an isomorphism. By degree reasons d™,
form > i+1. Since by Lemma([7.19|() and @) we have Image d;

S (E

i q+171

i+m,q+T—i—(m—1) i+m,q+1-1

we have that ES® . is an isomorphism for i > n as claimed.

i,q+1— i,q+1—-1
q+1

Since £~ 'b induces an isomorphism on H 41, we have that R +1

this with the commutative diagram

— 791 q+1 is an isomorphism. Combining

(36) 0 G Tcl;fl — (B)5% qu1—is)

T T 9?+I,q+l(i+l)T

i i+1
0 Rq+1 > Rq+1 ’ E1+1 ,q+T1—(i+1

20

y—>0

fori=q,q—1,...,nand the five lemma, we see that R 1 RqJr1 is an isomorphism fori = q,q—1,...,n.
In particular, R}, ; — Rq+1 is surjective, which by (36) with i = n—1implies that E5? ¢, = (E/)%0 1
is surjective, giving the desired contradiction. O

Here is a verbal description of the proof of Proposition Choose q minimal such that NZ’N (F) — NZ’N (X)
is not an isomorphism. The failure to be an isomorphism is necessarily a failure of injectivity. In terms of
the map of spectral sequences, this implies that Ej ; — (E’);  is not injective. Since q is minimal, degree

0,q
arguments with first quadrant spectral sequences 1mply that £, _; — (E')§%,_; are isomorphisms for i>0.

Since 7y A ((bAZ®f )0 XA, ) is an isomorphism, and since DB s the associated graded of 71 S(E)
and the analogous statement for E’ and X x Y holds, it follows that E§°, — (E’){%,_; isalso an 1somorph1sm
Thus we can choose a maximal n > 2 for which Ef , — (E') ; is not an isomorphism. For degree reasons,
the failure of this map to be an isomorphism is a failure of injectivity. Thus the image of a d must be larger
than the image of a (d’). Since the domains of these differentials have smaller second index, these domains
actually have to be isomorphic. This then implies that the kernel of the d is smaller than the kernel of the

(d’). This leads to a contradiction with the surjectivity of 7'Cq g L(F) = T ﬁI (X).

8. Al stMPLICIAL EHP FIBER SEQUENCE

Definition 8.1. Say that the sequence X — Y — Z in sPre(Smy), is a a fiber sequence up to homotopy if
there is a diagram

which commutes up to homotopy with B fibrant, f a fibration with fiber F = % xg E, and all the vertical
maps weak equivalences.

Remark 8.2. Morel defines X — Y — Z to be a simplicial fibration sequence if the composition X — Z is
the constant map and the induced map from X to the homotopy fiber of Y — Z in the injective local model
structure is a simplicial weak equivalence.

= Image(d’)™ —(m—1)’
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He then defines X — Y — Z to be an A'-fibration sequence if Ly1 X — L1 Y — Ly Z is a simplicial fibration
sequence. See [Mor12, Definition 6.44].

In this vein, it is natural to define X - Y — Ztobe a P — A fibration sequence if
LpLyX = LpLyY = LpLy Z
is a simplicial fibration sequence.

Note that if X — Y — Z in sPre(Smy). is a P — Al fiber sequence up to homotopy as in then B, E,
and F are P-A! local, from which it follows that they can be identified with LpLy X, LpLy E, and LpLy F
respectively. Since P-A' fibrations are simplicial fibrations, we have that a P — A fiber sequence up to
homotopy is a P — A! fibration sequence.

Note that for P the set of all primes, the P-A! injective model structures on sPre(Sm; ) and Spt(Smy) are the
Al injective model structures, and X — LpX is the identity map.

For X € sPre(Smy), letj : J(X) — J(X*?) be j, from Deﬁnition Recall from Section and before the
notation S™ 9% = S AGHI. Recall from Sections|1{and |§I the notation —(—1) in GW (k). Recall from Section
B that for a set of primes P, Zp denotes Z with all primes not in P inverted.

Theorem 8.3. Let X = SMt9% withn > 1, and let e = (—1)"*9(—1)9. Let P be a set of primes, and suppose that
forall m € Z~, the element (m + 1) + me is a unit in GW(k) ® Zp. Then

(37) X = J(X) 5 J(x2)

is a fiber sequence up to homotopy in the P-Al injective model structure on sPre(Smy).

By Proposition 5.2} Theorem [8.3| proves Theorem

Proof. Let a denote the P-A! injective model structure on sPre(Sm; ) and Spt(Smy).
Recall the notation D(X) = \/J?’iOXAj from Deﬁnition From Section (5), we have the zig-zag

2ZJ(X)4 — Simp |ZD(X)| <— XD(X)
of weak equivalences in the global model structure.
Let by : D(X) — X denote the map which for j # 1 crushes the summands X"V to the base point.
Replace J(X\?) by a fibrant simplicial presheaf J(X\2) — LpLyi J(X"2). Let f' : E/ — LpLy J(X?) be a
fibrant replacement of J(X) % J(X”\2) — LpLy J(X"\2) is the a model structure. Let

E=J(X"?) XLpL, j(xA2) B

be the pull-back of E’ to J(X?), and let f : E — J(X”*2) be the canonical projection. Note that f is an a
fibration, and that there is a canonical map J(X) — E. Since a is a proper model structure and J(X"\?) —
LpLyi J(X\?) is a a weak equivalence, we have that E — E’ is a weak equivalence. Since J(X) — E’is a
a-weak equivalence by construction, by the 2-out-of-3 property, it follows that the canonical map J(X) — E
is a a weak equivalence. We thus have a commutative diagram

|

J(X"2)

™

J(X)

/|

with the map J(X) = Eaa-weak equivalence.
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It follows that we have the zig-zag

SE<— 5J(X)y — > Simp|ED(X)| = ID(X) ~ > 5X

which determines a map b : £*°E — X*°X in ho, Spt(Smy).

As in Section[6.4and [7.2} we obtain a map
(by AZ®F, )0 E®A, : TF, — (X x Y)..

in ho, Spt(Smy ). The hypothesis that for all m € Z-. ¢, the element ((m + 1) 4+ me) is a unit in GW(k) ® Zp
implies that (b A £%°f,) o Z*°A, is an isomorphism by Proposition By Section J(XA2) is 1-
reduced, so we may apply Proposition It follows that b o Z%°a : X*°F — £°°X is an isomorphism in
ho, Spt(Smy ), where a : F — E is the inclusion of the fiber of f into E.

Since E is the pull-back of E’ we have the diagram in sPre(Smy)
F——=FE ——=LpLua J(X?).

B

F E J(X\?)

We conclude that bo Z°a’ : Z*°F — £°°X is an isomorphism in ho, Spt(Smy), where a’ is the composition
in ho, Spt(Smy) corresponding to the zig-zag F — E’ + E.

Since the composition of the two maps in the sequence is constant, the composition
X = J(X) = LpLu J(X"2)
is also constant. We therefore have an induced map
h:X—.F
By construction of by, the composition Z*°X — I>E 2, £°X is the identity in ho, Spt(Smy). Thus the

composition Z*°X EEN soop EI8Y soop B zeoX s the identity. Since b o X*°a’ is an isomorphism in
ho, Spt(Smy), so is Z>°h.

Note that Lph : LpX — LpF is a map of A'-simply connected objects. Z=Lph is an Al weak equivalence
as follows. By Corollary we have that £°Lph ~ LpZ>®h. Since £°h is a P-A! weak equivalence,
we have that LpLy Z°°h is a simplicial weak equivalence. By Proposition we have LpLy X®°h ~
Ly LpX>h, whence Ly LpX*h is a simplicial weak equivalence so LpX°°h is an Al weak equivalence as
claimed. We now apply Corollary to conclude that Lph is an A" weak equivalence, whence h is an
a-weak equivalence.

The diagram
I JX) = (X2
F E/ LpLyi J(X?)
shows that is an a fiber sequence up to homotopy. O

Proof. (Corollary

e By Theorem it is sufficient to show that (m + 1) + me is a unit in GW(k) ® Z ;) for all positive
integers m. This was shown in Corollary 4.7
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e Apply Theorem[8.3]and Corollary

e When nis odd and q is even, we have e = —1, whence ((m+ 1) +me) = 1 which is a unit in GW (k).

e When 2n = 0, we have 2np = 0, whence np is torsion in GW(k). All torsion elements of GW (k)
are nilpotent [Lam05, Chapter VIII, §8.1] (or because the Grothendieck-Witt ring is a A-ring, and all
torsion elements of A rings are nilpotent by a result of Graeme Segal), so 1p is nilpotent. Whenn+q
is odd,

—1—pn if qodd

e=(=D"=NT+pm)=—(1+pn)9 :{ .
—1 if q even.

Thus, 1+ e is nilpotent, from which it follows that ((m+1) +me) = 1+ (e+ 1)m is a unit in GW(k).
The fact that 2 = 0 when k = C is shown [Mor04, Remark 6.3.5, Lemma 6.3.7].

Corollary 8.4. Let X = S""9% withn > 1. Choose v € Z.There is a functorial long exact sequence

1 1 1 1
v L) ® 7T$+V“X — ZL2) ®T[$+1+voczx — ZL2) ®T[1A+1+vocz(XAX) — ZL2) ®7T$71+vocx e

Proof. Combining Theorem 8.3/and Corollary[1.4] we have that
X = J(X) = J(X"?)

is a 2-A! fiber sequence up to homotopy. It follows that there is an associated long exact sequence in
72~ . See Proposition By Proposition and [Mor12, Theorem 6.13], we may replace 2  with

*+vor *+vo

L) ® 71‘};‘, «- By Corollary we can identify the homotopy groups thlrv oJ(X) with 7115+1 +va=X. This

yields the claimed long exact sequence. O

The long exact sequences of Corollary [8.4] form an exact couple, which in turn gives rise to an A simpli-
cial EHP spectral sequence. Here the adjective “simplicial” refers to the suspension with respect to the
simplicial circle S'.

Theorem 8.5. Choose q,v € Z>o and n € Z such that n > 2. There is a spectral sequence

1 1
(Bl s dr i EL = By ) = ) @70, g = Zig) @ 5, SIS

with B, = Z2) ® T e (SEMFINETR24%) if§ > on 1 4 m and otherwise El =0

Proof. The E! page is as claimed by the construction of the exact couple and by the fact that Ttﬁwaqu “=0
for i < n. The latter fact follows from Morel’s connectivity theorem [Mor12, Theorem 6.38].

The spectral sequence converges for degree reasons; for all (i, m) there are only finitely many r with a
non-zero differential leaving or entering E7 .

1 .
Zmgntae — oA’ gntae (see Section[2.4), we also have

. . egs . Al
Since by definition we have colim,, 7, |\«

mentqoy s,Al en4qa
i+m+vo¢z S k )—Z(z) ®7Ti+vocs a

COlim(Z(z) ® 7'[A1
m

and it follows that the spectral sequence converges to Z ;) ® 7} ;rAv](xS““‘ . O

As in the setting of algebraic topology, one obtains truncated EHP spectral sequences converging to unsta-
ble homotopy groups of spheres.



THE SIMPLICIAL EHP SEQUENCE IN A'-ALGEBRAIC TOPOLOGY 57

Theorem 8.6. Choose q,v € Z>o and ny,n, € Z such that n, > ny > 2. There is a spectral sequence (E} _,d

i,m? T
Em 2B om ) 2Z2)® W{*LWS“”L““ with
E! Z(2) @ T 1 hva (SE™FEMHTH240) ifi > on T mand 0 < m < mnp — 1y
i,m —

0 otherwise.

Proof. The long exact sequences of Corollaryfor X = SM M4 with 0 < m < ny —nj can be combined
with the long exact sequence

— 0= Z(Z] ® T[A{&chxsnz+q‘x — Z(Z) & ﬂ?LV“SnZJrq“ —-0—-...

associated to the 2-A! fiber sequence
Sﬂz+q0< - Sn2+q0¢ — *,

(which replaces in Theorem|8.5/the long exact sequences of Corollary 8.4/ for X = S™1 ™ +4% withn, —n; <
m) to form an exact couple. The E'-page equals to E! page of the EHP sequence constructed in Theorem
for m< n,; —ng,and El}m = 0 for m > n,; —ny. The convergence is clear.

]
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