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AN ALGEBRAIC GENERALIZATION OF IMAGE J
HIROFUMI NAKAI
(communicated by Month Day, Year)

Abstract
As is well known, the image of J-homomorphism in the stable
homotopy groups of spheres is described in terms of the first
line of Adams-Novikov FEs-term. In this paper we consider an
algebraic analogue of the image J using the spectrum 7'(m) ;)
defined by Ravenel and determine the Adams-Novikov first line
for small values of j.

1. Introduction

As usual, let BP be the Brown-Peterson spectrum and BP.(—) be the BP-
homology functor from the category of spectra to that of abelian groups. The stable
homotopy groups and the BP-homology groups of BP are known to be polynomial
algebras

T (BP) = Zy)[v1, ..., 0p .. ]
and BP.(BP) = BP,[t1,... tn...]

with [v;] = [t:i| = 2(p" — 1).
In [2] Ravenel has shown the existence of p-local spectra T'(m) and T'(m);) for
non-negative integers m and j, each of which satisfies

BP,.(T(m)) = BP.[t1,...,tm]
and BP.(T(m)j)) = BP.(T(m)){th,,1: 0 < L < p'}.

In [2] and [5] these spectra are extensively used for analyzing the stable homotopy
groups of spheres by the method of infinite descent in homotopy theory, which is
first introduced in [1]: Once we have information on T'(m);, then we can obtain
information on T'(m)(;_1) using the small descent spectral sequence induced in [2]
Theorem 1.17 and 1.21. Iterated use of this spectral sequence gives information on
T(m) oy = T(m) and finally 7(0) = S°. In this sense the Adams-Novikov Ep-term

1%
Extzp

_(pp)(BPe, BP(T(m)(;))) (1)

can be regarded as the start point for doing calculations on the stable homotopy
groups of spheres.
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In this paper we present computations of the Ext groups (1) in lower dimensions.
For example, the j = 0 case (4), the ¢ = 0 case (Theorem 4.1) and the (¢,j) = (1,1)
case (Theorem 5.2).

Even for ¢ = 1 the computations are complicated for higher j in general; For exam-
ple, we exhibit calculations of the j = 2 case in Theorem 5.4 (for p = 2) and Propo-
sition 5.5 (for p > 2). Note that the result for (j,m) = (0,0) is not new and is well
known: the group (1) is equal to Ext}gp*(BP) (BP,, BP,) which is isomorphic to the p-
primary component of the image of J-homomorphism 7, (SO) — 7.(S) for odd prime
p (cf. [4] Theorem 2.2).

The main task in this paper is to analyze the complicated structure of the comodule
Wins1 (Definition 2.3) by defining elements @; ,,;_; (Lemma 3.5). The computations
for the second or higher lines of (1) will be devoted in [5] and those require quite
independent calculations. That is the reason why we separate this paper from [5].
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2. Notations and method
We will use the following notations (cf. [5]).
A(k}) = Z(p)[vl, c.. ,Uk], F(kj) = BP*(BP)/(tiZ 0<i< k),
G(k) = A(R)[ty] and T = BP.{tf, ,:0<l<pi}.

The pairs (BP,,I'(k)) and (A(k), G(k)) form Hopf algebroids. We will omit the first
variable of the associated Ext groups like Extp(p,14)(—) or Extg(m41)(—). It is shown
that 7.9 is in fact a I'(m + 1)-comodule and we have

Theorem 2.1 ([2] Lemma 1.15). The Adams-Novikov Ez-term for T(m)ey (1) is

isomorphic to EXt?Eﬁm-s—l) (Té{)), -

We will abbreviate v,,,1; by v; and t,,.; by t; for short. In [2] (3.10) Ravenel
defined elements \,, € p~!BP, for n > 0 satisfying

m—+1-~
G =ph, Dr=pho+ (1 pP oA, - U A (m>0) ; (2)
0 (m=0)
and so on. He also defined the subcomodule DY ., of p~*BP, by
D?nJrl = A(m)[)‘lv cees Any e ]
and E}n 11 by the short exact sequence of comodules

[}
0 BP, Dpi1

B 0.

Then he showed
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Lemma 2.2 ([2] Theorem 3.11). The comodule DY, , is weak injective over I'(m + 1)
an the inclusion map BP, — DY, | induces an isomorphism of Exth(mﬂ), i.e., we
ave

i 0y _ ) =
EXtF(nL+1) (Dm+1) - { 0 (Z > 0)
O
For a given T'(m + 2)-comodule M we will denote Exth(m+2)(M) by M for short.

In particular we have
D1 = Alm)[M]
and Ti,{) =Am+1){#:0<e<p}.
Define elements Bg /i and @- /5 by
Bl =T/ipv] and By = h/pvi,
and the A(m + 1)-submodule B,, 1 of Einﬂ/(vfo) by
Byt = A(m + 1) {B;/i: i > 0},

which turns out to be a G(m + 1)-comodule and is invariant over I'(m + 2) (cf. [6]).
The following is proved in [5]

Proposition 2.3. Define the subcomodule Wy, 11 of vflﬁinﬂ as an extension of

-1
Bm+1 by Em+1 .

—1 P
0 — F ——— Whpy1 —— By ———— 0

m+1
| | ®)

0 } Evlw U1_1Eln+1 - Eylnﬂ/(vfo) > 0

1
Then W11 is weak injective over G(m + 1) with

EXtOG(m+1)(W7rL+1) = Ethl“(m+1)(BP*)
i.e., the map f induces an isomorphism in Ext°. O

Remark 2.4. The case for m = 0 have been essentially treated in [3], where it is
shown that there exists a weak injective comodule D} and that we may set W, 1 =
Exth@)(D}) for p > 2 (cf. [3] Lemma 7.2.1, (7.2.17) and Lemma 7.2.19).

Let C** (T,S{ )) denote the cochain complex obtained by applying the functor Ext; 4.1 (Tfff ®
—) to the sequence

—0 fop p
Dm+1 — m+1 —> Bm+1

and H**(T, 7(,5 )) the associated cohomology group. The following is proved in [5].
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Proposition 2.5. For i =0 and 1, the cohomology group Hi’o(Tfnj)) 1s isomorphic
10 Extimn 1) (TH), and H2O(TH) = Extl iy (T @ By ). O

This allows us to compute the 0-th and the 1-st line of (1) in terms of the cochain
complex C*’S(Ty(,f)). Note that the case for j = 0 is easy: By definition we have TT(,?) =

A(m +1) and

—0
CO7O(TT(7?)) = EXt%(m-ﬁ-l)(Dm-i-l) = A(m)’
’\Z

CHTLY) = Bxt sy (Winsr) = Alm) { 3

0> 0} for (p,m) # (2,0),

O3 (T = ¢t (1) = 0 for s> 0
and  C**(T\)) = Extg 4 1)(Bms1) for s > 0.

All differentials in the cochain complex are trivial and so H Z'78(7}(,? )) = Ci’S(TT(r? )) for
all ¢ and s, which gives

m

4
’ (0)) = m an L (0)y — m L .
H*Y(T)) = A(m) d HY(TY) = A( ){gp £>0} (4)

In particular, when m = 0 it is isomorphic to the Adams-Novikov Fs-terms for the
sphere spectrum and thus the old result for the image J is recovered.

3. Structure of the cochain complex C*’O(Tn(f))

Hereafter we assume that m > 0. Given a G(m + 1)-comodule M and the structure
map Y2 M — G(m +1) ® M, define Quillen operations 7,,: M — M (n > 0) on
each element x € M by ¢y (z) =, 1" @ 7 (). Tt is easy to see that

Lemma 3.1. For xz,y € M, we have the following relations
1. Firy(x) = () Tiry (@),

2. (Cartan formula) 7, (xy) = Z 7i(2)7(y).-
i+j=n

Proof. The first relation follows from the coassociativity of the comodule M: Observe
that

Al (Y Ger) | =0y | > B ork)
n>=0 720
MNoni o5 TPV
and so Z (z)t? 'Rt @ (z) = Z t @t @7i(7(r))
o<ign 7,720

where A is the coproduct map of G(m + 1). The second one follows from the equality
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Yar(zy) = Yar(z)war(y): Observe that

S hem =Y hen@| | SHenw)

n>0 20 j=0
N )
0<i<n

O

We will compute Quillen operations on some BP,-based comodules, whose struc-
ture maps are given by the right unit on Hazewinkel generators.

Lemma 3.2. The right unit ng: BP, — I'(m + 1) on Hazewinkel generators v, (n <
m+ 2) are given by

nr(vk) = vk for 0 <k <m,
nr(V1) = 01 + pti,
N R m41
nr(Ta) = To + nith — P 4 mod (p).

This gives 7¢(0}) = p* (Tg)i}\?_z. By definition we also have T}R(j\\l) =X+ 11

Proof. The equations of g follow from recursive calculations using relations [4] (1.1)
and (1.3). Then other statements are obvious. O

To obtain generators of Ext%(m H)(Tf,{) ® M), it is indeed enough to consider a
certain subgroup of M.

Proposition 3.3. Denote the subgroup (>, ker,, of M by L;j(M), and assume
that M is weak injective over G(m + 1). If there is an element zy ,i_1 € M for each
A(m)-module generator zy o € Ext?;(m+1)(M) satisfying Tpi_1(2xpi—1) = Zx0, then
Ext?;(mﬂ)(f,(i) ® M) is isomorphic as an A(m)-module to L;(M) which is spanned
by elements zx (0 < k < p?) defined by

P11
XNk = < k ) ij_l_k(z/\,pj_l). (5)

Proof. By [2] Lemma 1.12 and 1.14, we have isomorphisms

(e®1)¥
—— L;(M)

T @ Bxtyn 1) (M) 2 Extls ()T © M)
where T\ = A(m) @ a(m+1) Tg) and the map c¢: G(m + 1) — G(m + 1) is the con-
Jugation. The left map 6 is the convergence of spectral sequence based on the skeletal
filtration of 7%’ and O(th @ zx0) corresponds to (¢ @ 1)¥ar(2x ) by solving the exten-
sion problem.
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The elements zy 5 (5) are in L;(M) since

(2 k) E tl @ Te(2xk)
£>0

p-1y
=)
—1—k 14
i ) ?{@9( * )TpJ 1—kte(Zxpi—1)

k
= p H® Tpi—1—k+e(2x pi—1)
>0

k
= (g)?{ & 2\ k—0- (6)

<R

@7 (Tpi—1-1k(2api—1))

I
(]
/—v?

and so we can choose 2y, (0 < k < p?) as generators of L;(M) as desired. O

Proposition 3.3 allows us to compute the cohomology group H i’O(T},f )) for i <1
using the following commutative diagram of A(m)-modules:

dl

CONTP) —— CMTR) —— T
(c@l)%omﬂ[m (c®1)Yw,, , | = (c®@V)¥m,, (7)

—0 40 a4t
L; (Dm+1> —— Lij(Wi41) —— Lj(Bm+1)-

Note that the explicit structure of L;(By,41) is not needed here since it is a subgroup
of BP,/(p™,v$°) and we can judge the triviality of d'-image there.

The first cochaln group C%0(T, )) is described as follows:
Corollary 3.4. CO’O(TT(,f)) = A(m) {X{: 0<l< pj}.

Proof. If we put M = E&H in Proposition 3.3, then we have

EXt 11y (M) = EXtOG(erl)(A(m)[Xl]) = A(m).

So we have only one A(m)-module generator, namely zo = 1, and we may set zy = X{
for 0 < £ < p? which clearly satisfies the formula (6) by Lemma 3.2. O

In order to describe CL0(T\Y)) we put M = Wiy, 1. Corresponding to each A(m)-
module generator v} /ip of ExtG(m+1) (Win1), we need to construct elements &; ;4
of L;j(Wy,41) satisfying the condition of Proposition 3.3.
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Lemma 3.5. For all primes p and integers i > 0 and j > 0, define

~—1
v ~pd Jj—1 Jj—1
—~ Y P 1~
Qipi1 = — 5~ (%)\1 +u” = (v 02)” )
1 ~ m41_ o~
— _ —1\yp pr—1
where Cij = W —1 and H = (1 —pp ))\1 — U )\1.
pJ

U T | ) .

Then it is in vy 1Em+1 and it satisfies
?pj (ai,pffl) =0
and  Tpi_1 (G pi_1) =01 /ip mod (v1) up to unit scalar.
In particular, we have d; o = v} /ip mod (v1) up to unit scalar.
Proof. Tt is T'(m + 2)-invariant since the possible to- multiples in the comodule expan-
sion arise from the term —0i 1( "oy /pJ7 which is in fact I'(m + 2)-invariant.
By (2) we have v "0, = pvy N+ 1 and so p?’ | — (v Hp)P ™" is divisible by p?

—1 1
in vflEmH. The first term is also in vy 1Em+1' For 7 =1 it is trivial since ¢; ; = 0.
For ¢ > 1 it is expressed as

(p)\l)i71 <( 1 ) - 1) :\\ll’j _ pifl . (i—1)!— C(i,j)xpﬂ'+¢_1

P A P c(i, §) !

where c(i, j) = [[;<pci1 (P + k) and the coefficient is in Z,) by the congruences
(i—1)!—c(i,j) = 0 mod (p’) and c(i,5) Z 0 mod (p'1).

For Quillen operations note that we can ignore elements belonging to BP; in
UflEmH since B}, = DY ., /BP, by definition. For example, we can ignore A
when it is multiplied by p since pA; = v; € BP,.

m+1
When i < p, it is enough to do calculations mod (v ! 1) by degree reason: We
have
(@il = (1 =1+ p) M| = 200 = 1+p) (""" = 1)
7n+1_
o T =20 - D" - 1)
and [ =29/ (" — 1)
Since |@; pi 1| — |?1’]| is less than or equal to \vfm+1_1| and there is not vfmﬂ_l?fj in

~ . . . ~ i~ m+1_q
Nr(Q; pi—1), we lose no information even if we calculate 7,; (&; ,i—1) mod (v} ).

Observe that

~ v ~7 EETES j—1 RPN j—1
Gipir = b (e + (=R~ ) )
67171 Jj—1

= — (51‘_’]'3\\‘15 (U;li)\Q) ] 1) where Ei,j = (Ci,j + (]. _ppfl)p

~i—14p? i1, —1s pITl
v 0] vy )P

(2 Ay
pJ+p p]

)

)
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which gives

I ivp -1\ ol et
ij(aimj—l): pi Ci,j DI - pi
i+p—1 ottt gt
(T e
At gt
SU

When i > p, each Ufm+1_1—multiple in 7,5 (Q; ps—1) has higher p-exponent in the coeffi-
cient since its #1-exponent almost comes from 7z @Y = (01 + ptAl)i’l. Consequently,
all elements in 7,; (Q; ;1) are in fact belonging to BP, and forgettable.

Similarly we observe

o~ ilddT e i1y 1 -1
(Qipi_1) = G (O +ph) T (@4 ph) T (o B + )Y
NR\Qpi—1) = Cij Pt i
mod (v1) and so
i—14p7\ 5 ~
P
Tpi—1(Qipi—1) = 51']'( v Joi Gt
) ) pJ'H ip

O

~ 1551 . . . ~i—15
Lemma 3.6. The image of &; ,,i_1 € v; 1Em+1 under the differential d* (7) is —vi Z’)j_l/p_,»_l €

Bint1, and the elements @,y (0 < k < p?) defined in the same way as (5) for each i
are in L;(W,41).

Proof. The first statement follows easily from definition of @; ,,; . We can conclude
that @; € W41 for 0 < k <p’ —1 by (3), (6) and Lemma 3.5. O

By Proposition 3.3 and Lemma 3.6, we have

Proposition 3.7. Cl’O(Ty(nj)) =A(m){Qir:i>0and 0< k <pl}. O

4. Computing differentials in the cochain complex

Based on the results in the previous section, we have

Theorem 4.1. For any prime p, the 0-th line of Adams-Novikov Ey-term for T'(m) ;)
is isomorphic to the A(m)-module generated by v¥ (0 < k < p’).

Proof. The d%-image of Ak € COO(T)) (0 < k < p?) is 9% /p*, which is annihilated
by p* but not by p*~1. So we have

HYY(TWY) = A(m) {p’ﬁ’f: 0<k<pj} = Am) {o7: 0< k< p’}

as claimed. 0
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To detect elements in ker d', we do not need to determine the explicit form of Qi -
By the commutativity of the diagram (7) and Lemma 3.6 we have an equality

—1
~ p -1 ~ ~i—1 7
d' (@ r) = —( i ) Tpi—1—k (U1 ' ;jfl/pffl) (8)

i.e., the only relevant term to this calculations is the last term of @; ,_; (Lemma
3.5) and we can ignore other terms. More precisely, we have

Lemma 4.2. Assume that j < m+ 2. Then we have

. 71 . .
1~ ~_ (P-—1 (=N (P =N\
R GO I SN () | G o AR

a+bp=pi —1—k

Proof. Since j < m + 2, we have ng(72) = 0y + v, mod (vfjil) and

ji—1 i ) i—1_
B S R T b
pi=t P /-1 ¢

pluy pIvy 0<f<pi—1 tpuy

~

which gives that ?n(ﬁ]’;j,l/pj,l) =0 for n # 0 mod (p) and

~ <pj—1 -1

'/f’\p(pj—l_e)(ﬁ;j—l/pjfl) = 0—1 >ﬁ2/5 for 0 < /< pj_l. (9)

Then the right hand side of the equality (8) is modified using Lemma 3.1, 3.2 and
the formula (9). O

Corollary 4.3. HQ’O(TT(,{)) is isomorphic to the quotient of
T = EXt%(mH)(TEi) ® Bint1)
by A(m + 1)-module generated by (¢ ® 1), ,, (@/1) (0<i<p™h).

Proof. By Lemma 3.6 and the formula (9) the d'-image (7) of Lj(W,,41) is an A(m +
1)-module spanned by ﬂé/z (0<<pi—t. 0

Proposition 4.4. When j =1, we have

~i—17
a y_J) =0y By fork=p-—1,
4 (@ix) {O forO<k<p-1.

When j = 2, we have
p . ~
(—1)“14@6{71&/@ fork=pl—1 with 0 < £ < p,

—(i— 1)?%726;,/1, for k =p? -2,
0 otherwise.
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Proof. Whenever j < 2, we can use Lemma 4.2 with no restriction on m. The j =1
case is easy. For j = 2 we have

—15
== _p/p_p Tor 0 < b<p.
bp D U1 /G’p b/p—b or p

2 -1 (p
~ p—1 o~
d (@i, (p-typ-1) = —< > &)
2_
Note that (Pbp " = (~1)" mod (p). O

By Corollary 3.4 we have

& (C’O’O(T,(nj))) = A(m) {g: 0<l< p]} (10)

and so a cocycle @; € kerd! satisfying i + k < p/ is in Im d° if and only if it has no
Uo-multiple. We have

Proposition 4.5. When j =1, & does not have any non-trivial va-multiple except
fork=p—1. When j =2, @, ;, has a non-trivial vo-multiple if and only if n(p — 1) <
k < np with 0 < n < p, whose order is p for k # p> — 1 and p? for k =p? — 1,

Proof. The statement for j = 1 is obvious since 7,11, (0} " 'v; '02/p) does not have
any Up-multiple except for k = p — 1. For j = 2 the comodule expansion of —v} ' (v; '02)? /p?
is

R U P\ (6, rremt 1 -
I A W W 10 R W | _q)n LT Inp—tgp(t—n)tn
(i~ 7 2 0(f) () L
INIESP

Replacing £ —n with ¢ (0 < t < p) and assuming that the exponent of Uy is positive
(i.e., 0 < n < p—t), we have an inequality

pt < (the exponent of #1) < pt + p — t.

This implies that the coefficient of f‘fz_l_k (i.e., @; up to scalar by unit) has a
vo-multiple of order p if and only if (p—t)(p—1) < k < (p — t)p. O

5. Structure of the cohomology HLO(TQ))

In this section we finally determine the structure of H 1’O(Ty(,j )) for j =1 and 2
using some tools arranged in the previous section.

First we take care of possibilities of linear relations among cocycles obtained by
Proposition 4.4 since the leading term of each &, is always a scalar multiple of
X?. In fact, as the simplest case, we have

Proposition 5.1. In C’l’O(T,(nl)), there are relations

%ai’k = aiﬂ’k,l fO?” 0< k< p—1. (11)
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Proof. Definition of &@; ,—1 (Lemma 3.5) and direct calculations show that

) i(fi;Q)Xiﬂ)ﬁ +(i— 1)@{72(1){771“_1}1 —i—p”_1X€) for k =p—2,
e r itk for0O<k<p—-3
(" -
where the second term for k = p — 2 has the order p. O

Consequently, we have the following result for H 1’O(Tfnl )).

Theorem 5.2. For any prime p, the first line of Adams-Novikov Ea-term for T'(m) (1)
is isomorphic to the A(m)-submodule of W, 41 generated by pd; ,—1 and v18; ,—1 for
> 1.

Proof. By Proposition 4.4 the kernel of d' (7) consists of
ai,k (O <k< p— 1) pfii,p_l and Ulai,p_l.
Proposition 5.1 tells us that the elements @; j with £ < p — 1 are needless. O

The situation is more complicated for j = 2. First we consider the most accessible
p = 2 case. By Lemma 4.2 we find that

~ 5152 ~ i —1)5202 ~ 515,
dl(()éiyg) = — 14v2 2, dl(()éig) = —$, dl (ai,l) = —16T
1 1

and d*(a@; o) = 0. Thus we have cocycles

Qo for odd i,
ai70, 4621'73, 2&1‘72, 265\1'71, Qiai73 — 3&1'4,_172 for all 4 > 1, (12)
U%ai73, U%aig, vlam for all ¢ 2 1.

For linear relations among these cocycles we have

Proposition 5.3. For (p,j) = (2,2) we have the following relations:

1. @, is a scalar multiple of &;—11 if 2 <1 =1,2 mod (4), Q;—22 if3 < i =1 mod
(2), and &;_33 if 4 <i=0,1 mod (4),

2. 2,1 1s a scalar multiple of @;_1 2 if 3 < i =3 mod (4), and &;_23 if 4 <i=0
mod (2).

3. 82 s a scalar multiple of &;_1,3 for all i > 2.
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Proof. Tedious routine calculations give the following:

it vz”"“ 142 2Mmt2_2~j41 —2~i—1-2
1 1

a Y1 U1 U v Uy Uy
Q;3 = i

SEECICU RN T ]
~ i]\i+2 (l+2) PR —1/\Z+1 (l+ 1) om +2_2%\1i
;9 = .

1,2 24(2+2) o o

(Z - 1)”1 U1 32 — vfmﬂ 25}1 15,
6

a' = /UAIL].'+1 (i-EQ)U%m+1_1ﬁ71; —|— (Z+1) 1 27n+2,2/\i71 + m

sl 12 12 " 1 G

i 2y _q 4 Y 1) 4

Qi = % %U% “_161_1 + %v% +2_26§_2

and we consequently obtain the following relations in W, 41:

(1= 1) +2) gmt1_qy_q

Qo — 200 = 1)ai—11 = fvl v,
Qi — 2(i — 1)(i — 2)@; 02 = i = Lpzrtioigion,
Gip — %(i —1)(i — 2)(i — 3)Gi—z;3 = wu‘f”“*lw{l,
2dn1 — (= Vair2) = el B e,
2 (az,l ;(z 1) 2)&1.2,3) %vf’”“ 1gi-1,
4 (az 2 — (i — 1)@ 3) = %vfm“*“;*

By these observations we have

Theorem 5.4. Forp =2, Hl’O(T7(n2)) is isomorphic to the A(m)-submodule of W41
generated by the elements listed in (12) with relations obtained in Proposition 5.3. O

As showed in the Proposition 5.3, experiences of calculations tell us that it would
be unhopeful to have brief formulas of relations among cocycles &y,—¢ s € H 1*O(Tr(,? ))
for general prime p, unfortunately.

We can still find all cocycles of H 170(T7$3 )) for an arbitrary prime using Proposition
4.4 and 4.5.
Proposition 5.5. For any prime p, Hl’O(T(2)) consists of the following cocycles:

1. @ with k% —1 mod (p), k #p* —2, i+ k> p* and k < p?,

2. Qip withi+k <p* andn(p—1) <k <np—1 for an integer 0 < n < p,
3. Qg withi+k<p? andp(p—1) <k <p?-—2,
4

. Qjp2_o with i =1 mod (p),
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P pe—1 with 0 < € <p andi>p(p—4L)+1,
PO p2_o with i # 1 mod (p),

ipQ p2—1 + Qig1,p2—2 with i Z 0 mod (p),
V{Q; po—1 with 0 < £ < p,

ARSI

10. "UfaLPZ_Q.

Proof. By Proposition 4.4 we have the following elements of kerd': (1) @, with
k# —1mod (p)and k #p®> —2 (2) @ p2_o withi =1mod (p) (3) p?@; 21 (4)
PO pe—1 With 0 <€ <p  (5) pQ; p2_o with i # 1 mod (p) and  (6) ipQ; 21 +
Qiy1p2—o With i Z 0 mod (p)  (7) v{@;pe—1 With0 </ <p and (8) v/Q; 2 _».

We need to remove elements of Im d” using (10), and the case (1) consequently
splits into the cases (1), (2) and (3).

Notice that all possible vp-multiples are order p, which are vanished in cases (3),
(4) and (5), and that elements of these cases are not in Im d° when the sum of two
subscripts is larger than p? — 1. O

Concluding remark. We believe that it would be still hopeful to obtain all cocy-
cles of Hl’o(Tf,f)) for j > 2 after arranging the results similar to Proposition 4.4 and
4.5. However, we don’t know how we can describe all linear relations among cocycles
systematically for general value of j.
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