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THE STRUCTURE OF THE HOPF ALGEBRA H (BU)
OVER A Z,,-ALGEBRA.

By Dare HUSEMOLLER.

In [5] John Moore gave a description of the Hopf algebra H,(BU, R)
over any ring R using two kinds of universal constructions for Hopf algebras.
Over any ring B which is a Q-algebra it is well known that H,(BU,R)
decomposes as an infinite tensor product of polynomial Hopf algebras on one
generator. Over a Z, algebra B (for example the field F, of p elements),
we will show that H,(BU,R) is an infinite tensor product of Hopf algebras
indexed by the integers prime to p. The Hopf algebras in the infinite tensor
product are isomorphic up to change of the bottom degree d and have one
primitive element and one indecomposible element in exactly each degree of
the form pid. The above discussion applies to H*(BU), H,(BSp), and
H*(BSp) and also to H,(BO,R) and H*(BO,R) when either B is a Zy,
algebra for p odd or an F-algebra.

In Sections 1, 2, and 3 we review the universal constructions that are
needed. We digress to consider some questions about the universal free com-
mutative algebras S (M) and coalgebras 8’ (M). For example, in the ungraded
case the polynomial algebra S(M) on a free module M is again a free module.
In the graded (twisted) commutative case this is not universally true. These
constructions are related to ideas in the theory of formal groups, because a
smooth formal group can be viewed as a Hopf algebra structure on S’ (M)
for some free ungraded module M, see [2].

In Section 4 we recount the description of the biuniversal Hopf algebra
B[z, d] and give new proofs of some of the results based on methods used in
the theory of A-rings and Witt vectors. In Section 5 we compare B[z, d]
and B[z, rd] using the morphism §: P(4) = Q(4) which is defined for any
Hopf algebra.

In Sections 6, 7 and 8 the biuniversal Hopf algebras B, [, d] are
introduced and studied. The decomposition over a Z(,-algebra B[z, d]
= Q=1 Bipy[2,7d] is proven. The Hopf algebra B, [z, d] is related to
B[z,d] in the same manner that the p-Witt vectors are related to the (big)
universal Witt vectors, see [6]. In the ungraded case B[z, d] is the
analogue of the Hopf algebra (or bialgebra or bigebre) of distributions on
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330 DALE HUSEMOLLER.

the p-Witt vectors and then the decomposition comes from the Artin-Hasse
exponential series, see [7].

I wish to thank V’Institut des Hautes Etudes Scientifiques for their
hospitality while this paper was written and the Haverford College faculty
research fund for their support.

1. The covariant and invariant tensor spaces S,(M) and S,/(M).
Let R denote (usually) a commutative ring (with 1), and consider the
category Gr*(R) of positively graded R-modules. In this category we have
a tensor product functor L ® M where in degree n the module (L® M),
equals || L;® M;, together with a commutativity morphism

i+i=n

T=T(L,M): LOM—->MIL

given by the relation T(zQ®y) = (—1)¥y Q= for z€ L;, y€ M;. For dis-
cussion of the general setting see [3].

Let T, (M) denote M"® the tensor product of M with itself n times
where T'o(M) =R (concentrated in degree 0 as usual) and T,(M) =M.
The symmetric group on n objects acts on T, (M) by the relation

'O'($1®' N '®$ﬂ)=$r(1)®' N .®$T(n)

where ¢ and r are inverse to each other in the symmetric group and ; € My ().

Let S,/ (M) — T,(M) denote the natural inclusion of the submodule
S8/ (M) of invariant tensors under the action of the symmetric group into
To(M). Let Tn(M)— Su(M) denote the natural quotient by the submodule
generated by o(t) —¢ for ¢ € ¢,(M) and o in the symmetric group. Clearly
the functor M > T, (M) has M > 8,/ (M) and M+ S,(M) as a subfunctor
and a quotient functor respectively.

If M is projective of finite type, then T, (M) is also and the dual module
Tw(M) =Tn(M") where M~ is the dual of M. If, in addition, S,’(}) and
Sn(M) are projective of finite type, then the transpose morphism of
Sy (M) = Tp(M) is To(M) —> S,(M) =8,/ (M)" and the transpose mor-
phism of T, (M) — Sp(M) is Sp(M) =8, (M) —> T,(M") up to canonical
isomorphism. The question of when S,(M) and S, (M) are projective of
finite type will be considered in Section 3 using the universal constructions
of Section 2.

Recall that a module M is connected provided M,=0. If M is con-
nected, then T, (M);=8," (M) =0 for i < n. Let [z,d] denote the (graded)
module free on one generator z in degree d. Clearly [z, d] is connected if
and only if d > 0.
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HOPF ALGEBRA. 331

(1.1) Ezample. The module Ty[z,d]; is 0 if nd+~1 and Ra"®, i.e.
free of rank 1, if nd—=1. Also S,'[#, d]i= Su[x, d];=0 for nd 41, and

3 P Ran® for n=20,1 and all n if d is even.
n(@ d)na = R® (Z/2Z)2"®  for n > 1 when d is odd.
Ran® for n=0,1 and all n if d is even.

S (2, ) na = Tor(R,Z/2Z)2"® for n > 1 when d is odd.

Here RQ® (Z/2Z) —R/2R has a quotient R-module structure and
Tor (R,Z/2Z) — ,R, the ideal of all ¢ € R with 2a =0, has an R-submodule
structure.

For R—Z it follows that S,’[z,1],=0 for n>1 and S,[z,1].
= (Z/2Z2® for n > 1 and thus no simple duality relation holds between
Su[z,1] and S,/[z,1]. The next special cases give the direction for a satis-
factory general theory.

(1.2) Special cases of (1.1). If Ris a Z[1/2] algebra, then S,/[z, d]ne
=8u[2,d]na=0 for n>1 and d odd. If R is an Fj-algebra (F, denotes
the finite field of ¢ elements), then S,/'[z, d]ng = Ra"® = S,[x, d]n for all
n and all d.

2. Universal constructions of algebras, coalgebras and Hopf algebras.
In this section we outline those properties of universal constructions needed
for analysing the homology Hopf algebras of certain H-spaces. For an
introduction to these questions see [5] and for a detailed treatment see [3].
For generalities on Hopf algebras see also [4].

We put together these universal constructions from the modules T, (M),
S8/ (M), and S,(M) considered in the previous section. Observe that there are
canonical isomorphisms Tpim (M) = Tp(M) QT (M) and To(M) T, (M)
— Tpum (M) inverse to each other inducing respectively the monomorphism
Snem (M) — S/ (M) ® S,/ (M) and the epimorphism S,(M) ® Spu(M) —> Spem(M).
These monomorphisms collect to define a natural comultiplication A: 8 (M)
— 8 (M) ®8 (M) where §'(M) =0-]z]- S’ (M), and these epimorphisms col-

lect to define a natural multiplication ®: S(M) ®S(M)—> S(M) where
S(M)=11E.,(M). In fact, S(M) is a (supplemented) algebra and S’ (M)
0=n

is a (supplemented) coalgebra each of whose properties are stated in the
next two paragraphs. They are called respectively the free commutative
algebra and coalgebra on the module M.

(R.1) The algebra S(M) and the Hopf algebra S(C).
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332 DALE HUSEMOLLER.

(a) S(M) is a supplemented algebra with multiplication ® given above
with unit B— S(M) and augmentation S(M)— R given by the direct sum-
mand S,(M) =R of S(M). The augmentation ideal is I(S(M)) = 1| Sau(M).

oln

(b) S(M) is commutative (also called anticommutative), that is,
T =&: S(M)®S(M)— S(M) where T is the commutative morphism of
the tensor product.

(¢) The module injection B: M — S(M) has the following universal
property: for any morphism f: M —I(4) of modules where 4 is a commu-
tative (supplemented) algebra, there exists a unique morphism g: S(M) - 4
of (supplemented) algebras such that I(g)8=/f. This defines S(M) as a
functor from modules to commutative algebras.

For a supplemented coalgebra C we form the commutative algebra
S(I(C)). The composite of the restriction I(A): I(C)—=I(C) ®I(C) of the
comultiplication A on C and BRB: I(C)RI(C)—>8{I(C))®SI(C))
defines by (¢) a comultiplication A on §(I(C)) making S(Z(C)) into a Hopf
algebra. By abuse of language we denote this Hopf algebra S(I(C)) by
simply S(C), and if C is commutative, then S(C) is cocommutative.

(d) The injection B: C— S(C) of coalgebras has the following uni-
versal property: for any morphism f: C— B of coalgebas where B is a
commutative Hopf algebra, there exists a unique morphism g: S(C)— B of
Hopf algebras such that g8 =7#. This defines S as a functor from coalgebras
to commutative Hopf algebras.

(e) For the module [z, d] with d even, the algebra S[z, d] has a basis
(#%) os; with multiplication given by zizi =2/ and degree (2¢) =—=id. For
the zero coalgebra R @ [z,d] where Az=2®1-+1®z the Hopf algebra
S(R @ [=,d]) is the algebra S[z,d] together with the comultiplication
A(zm) = X (5,/)2*®a’ where (a,b) = (a+10)!/(al)(d!), the binomial

v+i=m
coefficient.

(f) If C is a connected coalgebra, i.e. (', — R, then by multiplication
in §(C) the morphism g™ : ("®— S((') which is a surjection in degree = n.

The above discussion could be carried out with S (M) and S(C) replaced
by the tensor algebra T'(M) — .L<_L Tn(M) and the tensor Hopf algebra T(C)

o<n

respectively. The universal properties would hold for morphisms into any
algebra.

In the next paragraph we restrict ourselves to the connected case,
although the discussion could be carried out for cocomplete coalgebras, see [3]

(R.R) The coalgebra S'(M) and the Hopf algebra S'(4).
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HOPF ALGEBRA. 333

(a) S8’(M) is a supplemented coalgebra with comultiplication A given
above with unit 8’ (M) — R and augmentation B— 8’ (M) given by the direct
summand Sy (M) =R of 8 (M). The augmentation ideal is

1(S' (M) = 118’ ().

(b) S(M) is commutative, that is, TA =A: 8" (M) = 8" (M) @8 (M).

(¢) TFor M connected, the module projection a: 8 (M)— M has the
follewing universal property: for any morphism f: I(C)—> M of modules
where C is a commutative connected coalgebra, there exists a unigne morphism
g: C— 8 (M) of coalgebras such that «I(g) =f. This defines §’(M) as a
functor from connected modules to connected coalgebras.

For a connected algebra A we form the commutative coalgebras 8'(1(4)).
The composite of the quotient I (®): I(4A) @I(A)—I(A) of the multiplica-
tion ® on 4 and a®a: S’ (I(A)) QS (I(A))—>I(A)RI(A) defines by
(¢) a multiplication ® on S’(I(4)) making S'(I(4)) into a Hopf algebra.
By abuse of language we denote this Hopf algebra S'(I(4)) by simply
8’(4), and if 4 is commutative, then §’(4) is commutative.

(d) The projection a: §’(4) —> A of algebras has the following uni-
versal property: for any morphism f: B—>A of algebras where B is a
connected, cocommutative Hopf algebra, there exists a unique morphism,
g: B—> 8 (A) of Hopf algebras such that ag=7F  This defines §’ as a
functor from connected algebras to connected cocommutative Hopf algebras.

(e) TFor the module [z, d] with d even and 0 < d, the coalgebra 8'[z, d]
has a basis (yi(2) )= With comultiplication given by Ay.(z) = X yi(2) ® y4(z)

i+j=m

and degree (v;(z)) =1d. For the zero algebra R @ [x, d] where 22 = 0 the
Hopf algebra 8’ (R @ [z, d]) is the coalgebra §'[z, d] together with the mul-
tiplication vi(2)y;(2) = (4, §)yii(2).

(f) TFor a connected algebra A, the morphism «: 8(4) — A together
with the comultiplication on S8’(4) define a morphism a®: §(4)—> A"®
which is injective in degrees =n.

The above discussion could be carried out with 8(M) and S§'(4)
replaced by the tensor coalgebra 7" (M) = || T, (M) and tensor Hopf algebra

0=n

T’ (A) respectively. The universal properties would hold for morphisms from
any coalgebra.

(2.8) The functor @ and S(M). The composite of B: M= I(S(M))
and I(S(M))—>Q(S(M)) is an isomorphism where, the indecomposable
element functor, Q(A) — coker (®: I(A) ®I(A)—>I(A)) is defined on the
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334 DALE HUSEMOLLER.

category of supplemented algebras 4. Recall that a morphism f: 4 — A’ of
connected algebras is surjective if and only if @(f) is an epimorphism, see
[4, Prop. 3.8]. This holds under a general completeness hypothesis, see [3].

(R.4) The functor P and 8 (M). The composition of P(S"(I))
—>I(8'(M)) and a: I(S"(M))— M is an isomorphism where, the primitive
element functor, P(C) =Xer(A: I(C)—=I(C)R®I(C)) is defined on the
category of supplemented coalgebras C. Recall that a morphism f: C— ¢/
of connrected coalgebras is injective if and only if P(f) is a monomorphism,
see [4, Prop. 3.9]. This holds under a general cocompleteness hypothesis,
see [3].

(2.5) The morphism 6(A): P(A) —>Q(A). For a Hopf algebra 4
the morphism 6(4) is the composite of P(4) —=>I(4) with I(4)—>Q(4).
Suppose that B is an integral domain of characteristic zero and 4 has no
R-torsion. If A is commutative and connected, then 6(4) is a monomorphism.
For R a field see [4, Prop. 4.17], and in general consider the following com-
mutative diagram where F is the field of fractions of B and PA—>P(A®F)
is a monomorphism.

6(4)
P(4) ————— Q(4)
J J
PAQF) ———— 5 Q(AQF)
(A ® F)

Since (A @ F) is a monomorphism, §(4) is also a monomorphism.

3. Applications of universal properties. Let (I(R), 4(R), and
Gre(R) denote respectively the categories of commutative connected algebras,
commutative connected coalgebras, and connected modules respectively over R.
In order to study the structure and duality properties of functors S, and S,/,
we use some of the general properties of these three categories and of the
functors 8, §’, and I which are all developed at length in [3].

By a degreewise construction, Gr°(R) is a category with (arbitrary)
products and coproducts (also called direct sums), and it is also an abelian
category.

(8.1) ProrostrioN. The categories (A(R) and B(R) both have
products and coproducts.

Proof. Let A(j) (j€J) be a family of algebras in ((R), and let
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HOPF ALGEBRA. 335

C(j) (j€J) be a family of coalgebras in @ (). The product TT A(j) as
jed

a graded module with projections is given by the relation
I(TTA(7)) =TT I(A(j))
jed jedJ

in Gre(R). The coproduct 1] C(j) is constructed using the relation
jed
IC11C(f))=11I(C(j)) in Gre(R). The algebraic structure on TT 4 ()
jed jed jed
is determined by the reqnirement that the projections are morphisms and
the coalgebra structure on || C(j) by the requirement that the injections
jed

are morphisms. The universal properties are easily verified.

Assume J is finite. Then (9 A(j) is the coproduct of the A(j) with
injections 4 (¢) — ® A4(9) givenj ebe tensoring A (4) with ® (BR— A(j)) and
® C(7) is the product of the C(j) with projections ® C’(]) — ('(t) given
by tensoring C(4) with ® (C(j) > R). To check the universal property

in the coalgebra case, cons1der a family of morphisms f;: D— C(j). Then
f: D—> ® C(j) which is the composite of the iterated comultiplication

A D—>®D and @ f;: ®D—>®O(]) is the unique morphism which

jel jel jel
composed with the projection onto O () is fi Observe A is a morphism of
coalgebras because D is commutative.
For general J we have

LA@G) = lm & 4()
jed -
J' finite,J eJ jeJ
and . ‘
oG = lm ®0()
J

J’ﬁnit(—e,J’CJ jed
as modules with the evident algebra and coalgebra structures given using
& A() = Q A() —> & A(j)
jeld jeJ” jelJ
and
® ()= @ C(j) > @ C()
jed jed jed
for J* C J” finite and contained in J. This proves the proposition.

(3.2) ProrositioN. Let M(j) (j€J) be a family of modules in
Gre(R). Then it follows that

This content downloaded from 128.151.150.17 on Thu, 07 Nov 2019 17:31:56 UTC
All use subject to https://about.jstor.org/terms



336 DALE HUSEMOLLER.
SCLLM()) =118 (5)) S (TTM () =TT (M())).
jeJ jed jelJ jel

Proof. The universal property (R.1)(c) just says that the adjoint
relation S — I holds where S: Gr°(R)— (I (R), and hence S preserves
coproducts by generalities on adjoint functors. The universal property
(R.2)(c) says that the adjoint relation I < S’ holds where §": Gr°(R) — £(R),
and hence S’ preserves products by generalities on adjoint functors. The
proposition could be also be proved directly.

Thus for J finite we have
S(jJ_QiJM(J')) =j(§3'5'(M(]')) and S’(%M(i)) =}@S'(M(]'))~

From these preliminaries we can deduce the main theorem on the module
structure of S(M) and S’(M). A graded module M is free provided it is a
coproduct of [z, d] and projective provided it is a summand of a free module.
A graded module M is even provided M, =0 for m odd.

(8.3) TurOREM. Let M be a graded module over a ring R such that
either M is even, B has no 2-torsion, or R is an F,-algebra, i.e. 2R =0.
If M is free (resp. projective), then S’ (M) and each S,/ (M) are free (resp.
projective) modules. If M s free (resp. projective) of finite type, then each
Sx/ (M) 1is free (resp. projective) of finite type, and if, in addition, M is
connected, then S’ (M) is a free (resp. projective) module of finite type.

Proof. From the relation S"(M @ N) =8 (M) ®S' (N) and the fact
that 8,/ (M) is a direct summand of §"(M) it suffices to prove the statements
referring to the free module M= 1| [, d;]. ForJ finite 8’(M)= & S'[z}, d;]

jed jed

by (8.2) and we use (1.1), that is, 8’[z;d;] is free. For J infinite,
T.(M) ——hmT ( _]__|_ [z;, d;]1), and from the exactness of hm it follows that

S, (M) —th ( _LL [z;, d;]) where J’ ranges over the ﬁnlte subsets of J.

The theorem now follows easily.

(3.4) THEOREM. Let M be a graded module over a ring R such that
either M 1s even, R is a Z[1/2]-algebra, or R is Fy-algebra. If M s free
(resp. projective), then S(M) and each Sn(M) are free (resp. projective)
modules. If M 1is free (resp. projective) of finite type, then each S,(M) is
free(resp. projective) of finite type, and if, in addition, M is connected, then
S(M) is a free (resp. projective) module of finite type.

Proaf. From the relation S(M @ N) =S (M) @ S(N) and the fact that
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HOPF ALGEBRA. 337

Sn(M) is a direct summand of S(M) it suffices to prove the statements
referring to the free module M = ]| [z;d;]. By (3.2) we have S(M)
jed

= Q S[z;d;], and we use that S[z;, d;] is free, see (1.1). The general
jed
tensor product, which is just lim of the finite tensor products, of free modules

is again a free module. The theorem follows now easily.

(8.5) TurorREM. Let M be a graded module over a ring R such
that either M is even, B is o Z[1/2]-algebra, or R is a F,-algebra. If M
is projective of finite type, then transpose of Tn(M)— Su(M) s isomorphic
to 8y’ (M) = 8u(M") and the transpose of Sy’ (M) —> T(M) s isomorphic
to Tu(M") = Su(M7). If M is connected and projective of finite type, then
the dual coalgebra of the algebra S(M) is S’(M") and the dual algebra of
the coalgebra S’(M) is S(M).

Proof. The second statement is a straight forward consequence of the
first one. We have two exact sequences

Bn
1l Ta(M) ——Tp(M) - Su(M) >0
o eS(n)

and

Gn
0>8(M)>Ty(M) —— 'l;l; )T,,(M)
ages(n

defining S,(M) and S,/ (M) where S(n) is the symmetric group on =
letters and the restriction of B, or the projection of «, to the factor o is
o—1: T, (M) —>Ty(M). For ¢€S(n) acting on T, (M) the transpose is
ot acting on T, (M") =T,(M)". Thus under our hypothesis of projective
of finite type the two exact sequences are dual to each other. This proves
the theorem.

(3.6) Remark. Let E— R’ be a morphism of rings, i.e. view R’
as an R-algebra. The change of coefficient (or change of base) functor
M— R @ M is defined Gr+(R) — Gr+(R’). It induces functors G (R) — A(R’),

R

B(R)— 4 (R’) and from Hopf algebras over B to Hopf algebras over R’.
From the canonical isomorphisms

B @ To(M) =To(B @ M) and B @ T(M) =T (R @ M)

we have the commutativity of the following diagram by passing to quotients
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338 DALE HUSEMOLLER.

Gro(R) —> Gre(R)
s
a(R) —— A (R).

On the other hand such a general commutativity assertion does not hold for
§’. If R— R’ is a morphism of either Z[1/2]-algebras or F,-algebras, then
the following diagrams of functors are commutative up to natural isomorphism

Gro(R) —— Gre(R)
S’ i
B(R)—— 6 (R).
The horizontal arrows in both diagrams are defined by change of coefficients.

(3.7) Remarks. The algebra S (M) has a natural Hopf algebra struc-
ture induced by viewing M as the zero coalgebra, i.e. A(z) =2®1 4+ 1Rz
for all € M or P(M)=M. Then 9: PS(M)—>QS(M) =1 is an epi-
morphism, see also (R.1)(e) for M of rank 1. Similarly the coalgebra
S8’(M) has a natural Hopf algebra structure induced by viewing M as the
zero algebra, i.e. vy =0 for all z,y € M or Q(M) =M. Then §: M = PS'(M)
— @8’ (M) is a monomorphism, see also (2.2) (e) for M of rank 1. When
M has rank 1 we see that S(}) is an algebra with divided power operations
ym(2). From the tensor product theorem [1, exposé 7, théoréme 2, p. 7-04]
and (3.2) we see that 8’(M) has divided power operations for a free module
M. TIn fact for M a free module, §8'(M) is just the universal algebra U (M)
with divided powers, see [1, pp. from 8-06 to 8-09].

4. The Hopf algebra B[x,d]. Recall from [5; pp. 10-05, 10-06] the
universal bicommutative Hopf algebras S(8’(M)) defined over the coalgebra
S (M) and 8"(S(M)) defined over the algebra S(M) are related by a unique
morphism of Iopf algebras A: S(S(M))— 8 (S(M)) such that the fol-
lowing diagram is commutative.

S(B())
(M) —————— 8" (8(M))

A
B(S'(21)) l . j «(S(1)

S(a(2))
S(8"(M)) ————— S ().
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The morphism A is constructed from either the universal property of B(S"(3))
or of a(S(M)).

Let M be a graded module over a ring B such that either M is even,
R is a Z[1/2]-algebra, or R is a Fyalgebra. Then the transpose of
A S (M))—>8(S(M)) is

A
S/(8(M))" =8(8 (M) ——= 8 (S(M")) =8(8"(M))"

by Theorem (3.5).

(4.1) TuEOREM. Let d€Z with 1=4d such that either d 1is even,
Ris a Z[1/2]-algebra, or R is a Fy-algebra. Then X: S(S'[x, d]) — S/(S[z, d])
is an isomorphism.

Proof. The case where d is even is contained in [5; Theorem 1]. The
case where d is odd and R is an F-algebra follows by the same argument as
for d even. When d is odd and R a Z[1/2]-algebra reduces to the observation
that S{S’[z,d]) and 8"(S[z,d]) are each the exterior Hopf algebras on one
generator # with 2> = 0 and « primitive together with the fact that g (8" (M)),
S (B(M)), «(S8(M)), and S(«(M)) are all isomorphisms. This proves the
theorem.

Now we study r: S(8[z,d]) = S’(S[z,d]) in the case where d is even
or R is an F,-algebra and denote this Hopf algebra by B[z,d]. We have a
morphism B: §’[x,d] — B[«,d] of coalgebras and «: Blz,d]—> S[z,d] of
algebras with universal properties given in (2.1)(d) and (2.2)(d) respectively.
In terms of the element @ there is a unique basis of S’[z, d] consisting
of c;(z) € §8'[2,d]sg such that ¢,(z) =2 and A(cn(2)) = X a(2) @ci(2).

i+j=m

For S[x, d] the powers @€ S[x, d];q form a base. Thus the image 8(ci(z))
in Blz,d], also denoted c¢;(z), form a family of elements whose image in
QB[z,d] is a base for 1=1 and there is a family of primitive elements
bi(z) € PB[@, d]iq such that a(b;(z)) —a which form a basis of PB[z, d].
In [5; p. 10-06] we find a relation between c;(¢) and b;(z) (with different
notation). This we state again and give a new proof the result which is
motivated by the definition of the Adams operations in K-theory.

(4.R) ProrositioN. The natural basis (bi(z)) of the primitive
elements PB[x,d] is related to the natural basis (ci(z)) of the indecom-
posable elements QB[xz, d] by the Newton relations:

bu(@) = 2 (—1)"e;(@)bs(@) 4 (—)nes(@)  (3>0).
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Proof. Introduce an indeterminant ¢ of degree —d and consider the
algebras of formula series B[z, d][[t]] and (B[z,d] ® B[z, d])[[¢]] and the
morphism induced by A also denoted

A: Ble, d][[t]] - (B[z,d] ® B[, d]) [[{]].
For the element ¢;(z) = X ¢;(z)t* with ¢,(z) =1 we have the relation
0=i
Aci(z) =ci(x) @ci(z). Now we introduce the element b;(z) = X b*;(z)t
1=4
by the requirement that

b (o) = — b (g (2) er(2)
Since b*_;(x) is a logarithmic derivative, it follows that
Ab(z) =0%(2) @14 1@ b*, (1)
by calculus and the coefficients b*;(x) of b*;(z) are primitive of degree id.

From the relation
(Eib*z(x) (—1)%) (éjcj(a;)tf) = — S ney(a)

we derive the Newton relations for b*;(z) by equating coefficients of ¢ in
the form

(—=Dm*a(e) + X (—1)"b*0 () 05(7) = —nca ().
o<i<n

Since «: B[z,d]—> S[x,d] is a morphism of algebras with a(cn(z)) =0
for m >1 and a(c¢;(2)) =a(z) ==, it follows from the Newton relations
that a(b*,(2)) =2a(b*na(2z)). Since b*;(z) ==, we have a(b*,(z))
=a™=a(bn(x)) by induction on m and the definition of b,(z). But
«| PB[z,d] is injective. Thus b, (2) =b*,(z) and the Newton relations
hold for b,(x). This proves the proposition.

The following theorem, which is the basis for our analysis, is an imme-
diate consequence of (4.%) since b,(z) is a free generator of PB[w,d]u,
cn(2) or QB[w,d]ng, and 0(bn(z)) = (—1)™nc,(z) in QB[z,d]ns.

(4.3) TurorEM. For d even or R an Fj-algebra the following sequence
18 exact.

9
0—> Tor (R, Z/nZ) —> PB[, d]a—> QB[z, d]na—> R @ Z/nZ— 0

(4.4) ProrostrioN. The Hopf algebra B[z, d]qq is isomorphic to its
dual.
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Proof. The dual of the isomorphism A: S(S'[z,d]) — 8 (S[z,d]) is
again the same isomorphism for the module [z, d].

(4.5) Remark. Since B[z,d] is a polynomial algebra on one generator
in each degree md, it follows that the Euler-Poincaré series for B[z,d] is
TT (1 —¢me) -1,
i=m

(4.6) Ezamples. Over any ring R of coefficients H,(BU;R) (and
H*(BU ;R)) = B[z, 2] where z is the first universal chern class, H,(BS,; RE)
(and H*(BS,;R)) = B[z,4] where x is the first universal symplectic Pon-
trjagin class. Over a Z[1/2]-algebra R of coefficients H,(BO;R) (and
H*(BO;R)) = B[z,4] where z is the first universal Pontrjagin class. Over
an Fi-algebra B of coefficients H, (BO;R)) ==B[z,1] where z is the first
universal Stiefel-Whitney class.

5. Comparison of B[x,d] and B[x,rd]. In this section, 4 is even or
or B is an F,-algebra, and r is a natural number with 1 =r.

There exists a unique morphism of algebras f,: S[y,rd] — S[z, d] such
that 7,(y?*) =z and a unique morphism of coalgebras §,: 8'[z, d] — §'[y, rd]
such that §,(vi(2)) =v:i(y) and §,(y;(z)) =0 if r does not divide j.

(5.1) ProrositioN. There exist unique morphisms of Hopf algebras
fr: Bl[y,rd] - B[=,d] and g,: Bl=z,d] —> B[y,rd] such that the following
diagrams are commutative

Bly,rd] ——i——> Bz, d] Sz, d] Jr_) Sy, rd]
@ ) @ B B
S[y, rd] . S[z, d] B[z, d] _r B[y, rd]

i the categories of algebras and coalgebras respectively. Moreover, P(f.)
is @ monomorphism with fr(bi(y)) = b (2), thus an isomorphism in degrees
ird, and Q(g,) is an epimorphism which is an isomorphism in degrees ird.

Proof. See also [5; Prop. 10]. Observe the existence and uniqueness
of f, and g, follow from the biuniversal character of B[z,d]. The other
assertions are either immediate or follow from a(b;(y)) =y

Now in degrees mrd we have the following two morphisms of exact
sequences :
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6
0— Tor(R, Z/mZ)—> PB[y, rd ma—> QB[Y, "]ma—> B Z/mZ— 0
(| P(fr) , l@(fr)

0— Tor(R,Z/rmZ)— PB[z, d|ma—> QB[2, d]lma—> R B Z/rmZ — 0

where the first and fourth vertical arrows are induced by the inclusion
Z/mZ—Z/mrZ and

]
0— Tor(R,Z/mrZ) — PB[z, d]mre—> QB[z, d]mra—> B Z/mrZ — 0

Pig) l lQ(yr)
[
0— Tor(R,Z/mZ)— PB[y,rd|ma—> QB[Y,7lma—> B Z/mZ— 0

where the first and fourth vertical arrows are induced by the quotient
Z/mrZ—Z/mZ. To calculate P(g,) and Q(f.), we observe that over Z it
is multiplication by r and this result holds over a ring R since B[z, d]z
over B is B[z, d] ®,R.

(5.2) ProrosiTION. In degrees mrd for m =1, it follows that P(f,)
and Q(gr) are isomorphisms and P(g,) and Q(f,) are multiplications by r.
If B 1s a Z[1/r]-algebra, then the composite of f,: B[y,rd]—> B[z, d] and
gr: Blz,d] — B[y, rd] is the identity on B[y, rd].

Proof. The first statement follows from the above remarks, and for the
second, observe that P(g,f,) and Q(g.f,) are isomorphisms and by (2.3) and
(R.4) it follows that g,f, is an isomorphism. Since g,f»(y) =y, one induces
that ¢,f, is the identity on each ¢;(y), and hence, on B[y,rd].

(5.8) Remark. If R is a Z[1/r]-algebra, then the following diagram
is commutative for a unique morphism %: ker(g,) — coker(f,), and in addi-
tion, h is an isomorphism

h
ker (g,) ———> coker (f)

N 7
B[z, d]

fr/’ \lgr
B[y, rd] ————— B[y, rd].
1
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These morphisms define isomorphisms B[y, rd] ®ker(g.) = B[z,d] and
B[z,d] — B[y, rd] ® coker (f,) which split B[z,d]. The Euler-Poincaré
series for ker(g,) = coker(f,) is given by Dr;r (1—tia)-1,

1=d,rfi

6. Decomposition of B[x,d] over Z ) -algebras. Let Z denote the
ring Z localized at the prime ideal (p) =Zp for a prime number p. In this
section B will denote Z,)-algebra, that is, a ring such that all n prime to p
are invertible in R.

(6.1) ProposiTiON. In degree m where pd{m the morphism
6: PB[2,d]w—> QB[z, d]m

is an isomorphism and for m=mnpid where p{n the morphism 6 leads to
the following exact sequence.

6
0— Tor(R,Z/p'Z) — PB[z,d]w—> QB[z,d|n—> R&(Z/p'Z)—> 0

Proof. This proposition follows from (4.3) and the fact that for a
Z ,)-algebra R the quotient morphism Z/np‘Z — Z/p‘Z induces isomorphisms
R® (Z/np'Z) —> R® (Z/p*Z) and Tor(R,Z/npZ) — Tor(R,Z/p'Z).

Now consider the following diagram where fq;=7f; and p,g=g:; are
defined in (5.1) and w = vu.

® Bly,ld] —— B[z, d] ——> & B[y, 1d]
4 v/ NT e

pprime w
ker(g) ——— coker(f)

(6.2) ProposiTION. With the above notations for m = pid the mor-
phisms

P(u)m: Pker(g)m—> PB[%,d]m;, P(v)m: PB[z,d]m—> P coker(f)m
Q()m: Qker(gm) = OB[z,d]m, Q(v)m: QB[=, d]m—> @ coker(f)m

are isomorphisms and if m does not have the form pid for some 1=0, then
Pker(g)m=P coker (f)m=0Q ker(g)m = @ coker (f)m =0. The morphism w
is an isomorphism of Hopf algebras.

Proof. We have the following exact sequences since P preserves kernels
and @ preserves cokernels, see [4; 3.12 and 3.11]:

0— Pker(g)m— PB[z,d]n— P( Q B[y, 1d]) = 11 PB[y,1d]
I5£p 15#%p

and
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%QB[yl, Id] =Q(z§;B[yb 1d]) = QB[z, d]m—> @ coker (f)m— 0

from (5.2) it follows that the projections PB[z,d]na—> PBly;, ld]sa and
OBly;, 1dlna—> @B[@, d]ae are isomorphisms. Thus Pker(9)m=—0 and
Q coker (f)m =0 except for m = p?d. In the case m = p'd the sum terms
are 0 and it follows that P ker (¢)m—> PB[z, d]n and QB[z, d]m—> Q coker(f)m
are isomorphisms.

For m = p'd consider the following commutative diagram

P(u)m P(v)m
P(ker(g))m—> PB[z,d]m———> P(coker (f) ) m
0 0 0
Q(u)m Q(v)

Q kex (9)) m———> B[, 4] ———— @ (coker(f) ).

Over Z ;) both 6: PB[z,d]n—> @B[z,d], and Q (v)6P (u) are multiplication
by p?. Thus P(v) and @ («) must be isomorphism. Since P(w) =P (v)P(u)
and Q(w) =Q(v)@Q(u) are isomorphisms, it follows by the remarks (®.3)
and (R.4) that w is an isomorphism over Z,. Since the general case of a
Z ;)-algebra R results by tensoring with R over Z ), this proves the proposition.

(6.3) Notation. For a Z ) -algebra R we denote by By [, d] the Hopf
algebra ker(g). Then we have the inclusion morphism u: By [z, d] — B[z, d]
and the projection w-'v, which we denote v, B[z,d] = B [z, d] such that
vu is the identity on By [z, d].

Observe that (by:(2))ess is a basis for PBy) [, d] with by (z) in degree
p'd and the images of c¢yi(z) in @By [z, d] form a basis for 0 =+.

(6.4) Remark. Putting together the morphisms considered in (6.3)
and in (5.1), we have
U vgr
By [@,rd] —> B[z, d] —> By [, 7d]

such that (vg,) (frp) =1. These are used in the next theorem for the splitting
of B[z, d].

(6.5) TueOREM. Constder the morphisms ® and ¢ defined

¢ ¥
® B(p) [:I:,, Td] _— B[x: d] — ® B(p) [:L‘,«, d]

1=r,p(r
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such that ¢ restricted to the factor By [ar, d] is fyu and ¢ projected to the
factor Bpy[@r,rd] is vg,. Then ¢ and  are isomorphisms inverse to each
other.

Proof. Since (vg,) (fsw) is the identity for r=s and zero (except in
degree 0 on the unit), it follows that y¢ =—identity. By (6.2) and (5.2)
it follows that P(¢) and Q(¢) are isomorphisms, and thus ¢ is an isomor-
phism which proves the theorem.

7. Properties of the algebras B, [x,d]. As in the previous section,
R will denote a Z)-algebra and d=1 an integer which is even except
possibly when R is an F,-algebra.

(7.1) ProposiTiON. As an algebra B[z, d] is a projective in the
category (A (R), that is a graded polynomial algebra, with one indecomposable
element in each degree of the form pid. As a coalgebra B[z, d] is an injec-
twe in the category @ (R) with one primitive element in each degree of the
form pid.

Proof. The statements are true for B[z, d] and B[z,d] =B [z, d] ® B
as Hopf algebras. Thus they hold for B,[z,d] with the structure of
PBy[z,d] and @B [z,d] given in (6.2).

(7.2) ProrosirioN. The Hopf algebra B [w, d] is isomorphic to its
dual.

Proof. The statement is true for B[z,d] by (4.5). The dual of the
diagram preceding (6.2) and defining B, [w, d] is isomorphic to the same
diagram which defines By [z, d].

(7.3) Remark. Since By [z,d] is a polynomial algebra on one
generator in each degree pid, it follows that the Euler-Poincaré series for
By [@,d] is TT (1—tr'd)

0=i

(7.4) Remarks. By composing B8: §’[z,d] — B[w,d] with the pro-
jection B[z, d] — B[, d], we have a morphism of coalgebras B, : S'[z, d]
— Bp[#,d] such that for each wmorphism f: 8’[z,d]— A4 of coalgebras
where A is bicommutative Hopf algebra over R, there exists a unique mor-
phism of Hopf algebras g: B[z, d] > A such that g8 =f. The universal
factorization property follows from (2.1)(d). Similarly, by composing
a: Blo,d] — S[2,d] with the injection By [z,d]— Blz,d], we have a
morphism of algebras a(y): By [z, d] — S[z, d] such that for each morphism
f: A— 8[x,d] of algebras where 4 is a bicommutative Hopf algebra over R,

6
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there exists a unique morphism of Hopf algebras g: A — B[z, d] such that
%mg =1

(7.5) Remarks. The morphisms f.: B[y,rd] — B[z, d] and g¢,: B[z, d]
— B[y, rd] induce similar morphisms for r— pi such that the following
diagram is commutative.

u v
B [y, p'd] — B[y, p’d] —— B, [y, p'd]

| |

fa o B0
u v N

B[z, d] —— B[=z,d] —— B[z, d]

|
g | for 1 96
v

N U )
B [y, pPd] —— B[y, pd] —— By [y, p'd].

This can be seen immediately from the definitions of % and v in the paragraph
before (6.2). Moreover by (5.2) and (6.2), it follows that

P(fiym: PBw [y, p'd]lm—> PByp [, d]m

is an isomorphism for m = pi*2d where ¢ =0 and zero on the zero module
otherwise, and similarly

Q(9i)m: @Bwy[2, dln—> QB ) [@, pid]m

is an isomorphism for m = p7*@ where ¢ =0 and zero into the zero module
otherwise.

Recall the notations for a basis of PBy [, d]; that is, (by¢(2)),=; Where
by (#) =Dbpi(z) is the generator of PBy[z,d] in degree pid such that
a(buy () =a?* for a: By [x,d]— S[z,d]. Let aw (z) =B (cpi(z)) for
B: 8'[z,d] = B [#,d]. Then the image of aw(z) in QBy[,d]pa is a
free generator. From (4.3) we have the following theorem.

(7.6) TuROREM. For d even or R an F,-algebra, and, in addition a

Z y)-algebra structure on R, the following sequence is exact.

6
0— Tor(R,Zy)/p'Zy)) = PB [z, d] pra—> QB [, d]pia

—)R®Z(p)/ij(p) — 0.

In the next theorem we relate the elements a) (z) and b (z) just as
in (4.2) the elements ¢, () and bn(x) were related. Observe that ag (z)
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and c,e(z) are different for 1=1 even though they determine the same
element in QB[z,d] — QB [z, d]m for m=pid.

8. Alternative parametrization of B[x,d] and B [x,d]. Let
W{z, d] be the graded algebra over R with one polynomial generator a,(z)
in each degree md. We define a morphism ¢: B[w,d] — W[a,d] by the
requirement that in W[z, d][[¢]] the following relation holds

L B (e (@) tn =TT (1—an(2) 1)
(8.1) ProrosiTioN. With the notations &: Blz,d]— Wz, d] is an
isomorphism of algebras.
Proof. Observe that
&(em(z)) =—an(z) + a polynomial in a,(z)," * -, Gma(2).

Thus @ (z) =—~&(cm(2)) 4+ a polynomial in ¢, (), * -, cms(2) and & has
an inverse.

With the isomorphism & we transfer the coalgebra structure on B[z, d]
to W[z, d] making W[z, d] into a Hopf algebra. Recall that the primitive
elements PB[z, d] have a free base of (b (2))1sm Where

Sba(a) (— )" —— 121051 + S (@) 7).

(8.2) ProrositioN. The primitive elements PW[z,d] have as a free
base

(= 1) (2)) = 2 daa()"I%
Proof. Apply ¢ to the above formula coefficientwise yielding in
Wi, a][[i]]

S (1) (a(@))tr——t 3 TIPS ﬁ“;ffgfj;l

=1§dd[ad($)td+ad(w)2t2d+' e fag(z)mma - - ]
~Z (gt

This proves the formula.

Now assume again that R is a Z,)-algebra and d =1 is an integer which
is even except possibly when R is an F.-algebra. Thus the splitting

B(P) [CIJ, d] - B[$, d] g B(P) [CIJ, d]
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is defined. Let W, [z, d] be the subalgebra of W[z, d] with generators am ()
for m = p?, 0 =+ which is defined for all R.

(8.3) ProrositioN. For B a Zy)-algebra W[z, d] is a sub Hopf
algebra of Wlx,d] and &: Blz,d]— Wz, d] restricts to an isomorphism
&: B[z, d]—> Wy [z, d] of Hopf algebras.

Proof. The primitive element given by (8.2)

(— Dby (2)) = 27" + pap(2)?7 + + -+ play ()

is a member of Wy [z, d], and hence £(PB [z, d]) C Wple,d]. Since
over Q=1Z ) [1/p] the primitive elements PB [z, d] generate B[z, d],
it follows that &(Bp[z,d]) C Wpl[z,d] over Q. Since By [, d] and
W [#,d] are direct summands, (B [z, d]) C W[z, d] over any Z,)-
algebra R.

Now Q (&) : QB [z, d] — QW (5 [, d] is an isomorphism, so that restric-
tion é: B[z, d]—> Wy [2,d] is an isomorphism of algebras. Since
¢: Blo,d] — W[z,d] is an isomorphism of Hopf algebras, W[z, d] must
be a subHopf algebra and the restriction of & to By [z, d]— Wy [2, d] is
also an isomorphism of Hopf algebras.

(8.4) Remark. By transferring elements from W, [z, d] to By [z, 4],
we observe that we have two families of element in B, [z, d] namely (a (z))
and (Bu) () where B (2) = (—1)'b,¢(2) and aq (2) = £ (ap+(2)) such
that (B (z)) is a base for PB ) [, d] and the classes of a(;) (z) are a base
for QB [z, d]. Moreover, the primitive elements B¢ (z) are the “ghost™
Witt vectors of ag) (z), ie.

By () =we (a0 (2), * 5 a6 (2))

where we (@0, * *, %) = x?* + p2,p* 4+ - - pilm 24 piz. Also the
relations ¢ = a(o) (#) =80y (z) hold. Finally observe that in the case where
R is an Fj-algebra, the primitive element B(;)(z) —a#'. This can be seen
also directly.
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