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1. INTRODUCTION

Let K be a local field with finite residue field. For the purposes of this
paper, “local class field theory” consists of the (more or less) explicit
description of the maximal abelian extension K,; of K, of the calculation
of the galois group Gal(K,;/K); i.e., the proof that Gal(K,,/K) ~ K*,
the completion of K* with respect to the topology given by the open
subgroups of finite index in K*, and finally of a description of the
isomorphism K* = Gal(K,;/K). Local class field theory in this paper
does not include, e.g., a calculation of the Brauer group Br(KX).

It is the aim of this paper, which is partly expository in nature, to show
that local class field theory in this sense can be treated briefly and without
using any of the involved (but powerful) machinery that one “usually”
finds in this connection. In particular we need nothing at all (not even
in a concealed way) of the cohomology of groups. All the facts we assume
known are collected in Section 2. A large part of this paper (Sections 3, 5,
6, and most of 7) is closely related to the authors 1969 Amsterdam thesis.

The remaining part of this introduction consists of an outline of the
structure of the theory.

First let K be a local field with algebraically closed residue field, and
let I./K be an abelian (necessarily totally ramified) extension of K. Then
one forms the following sequence.

0 —> Gal (L/K)—ia_l%%—L U(K) — 0 (1.1)
where U(L) and U(K) are the units of L and K, respectively; V(L/K) is
the subgroup of U(L) generated by the elements of the form s(u)u=?,

* Part of the work for this paper was done while the author enjoyed a Fullbright-Hays
traveling grant (February/March, 1973).
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ue U(L), se Gal(L/K); the homomorphism 7 associates the class of
s(m ) (7)™t to s € Gal(L/K), where 7 is a uniformizing element of L;
and N is induced by the norm map N, .

The first main result on which the theory rests is

Turorem 1.2. The sequence (1.1) is exact.

The proof of this theorem (cf. Section 4) presented here, is completely
new. The old proof in [4] still used some cohomology of groups theory.

Next, let K be a local field with finite residue field and L/K an abelian
extension of K. Taking maximal unramified extensions and completing
them we obtain an abelian extension of local fields with algebraically
closed residue fields £,,/K,,, with galois group Gal(L,,/K,,) canonically
isomorphic to Gal(L/K),,,, , the ramification subgroup of Gal(L/K). We
can now form the diagram with exact rows.

0 — Gal(L/K)ram — UL} V(Lpr/Ky) = UK,,;) — 0

e s e

0 — Gal(L/K)ram — U(L,.)/V(Le/K,y) = U(K,y) — 0

where F is a lift of the Frobenius automorphism F e Gal(k,/k), k, the
algebraic closure of k. Because ker(F — 1: U(K,,) - U(K,,)) = U(K)
and the induced map F — 1: Gal(K/K),,, = Gal(L/K),,., is the zero
map, we obtain by means of the snake lemma a homomorphism

S(L/K): UKK) ~ Gal(L/K)ram -

The same kind of morphism occurs in [6]. This homomorphism turns
out to be surjective and its kernel is N, U(L). It is also functorial in L.
These homomorphisms then look remarkably like part of the “reciprocity
homomorphisms” r(L/K): K* — Gal(L/K), which we are trying to
construct.

The next step is to construct a number of abelian totally ramified
extensions L, /K which have maximally small norm groups. These are
the Lubin-Tate extensions first constructed in [7]. In case K = Q,
they are the extensions generated by the p"th roots of unity.

They are obtained as follows. Choose a uniformizing element mx of K.
Let f(X) be a polynomial of the form

J(X) = X0+ mg(a, ;X014 -+ + a,X?) + 7 X
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where a; € A(K), the integers of K, and g is the number of elements of k,
the residue field of K. Let f*)(X) be inductively defined as f(X) =
F(f™1(X)) and let A, be a root of f ™(X) that is not a root of f ™~(X).
One defines L,, = K(A,). One now proves the following.

TreOREM 1.3. (i)
Nipy(ULy)) C UM(K) = fue UKK) | u = 1 mod mg™).
(1)) L,/Kis an abelian totally ramified extension of degree (g — 1)g™ 1.

The “almost reciprocity homomorphism” then gives N, _x(U(L,,)) =
U™(K), and using this (and the fact that Gal(K,,,/K) = Z is topologically
free) the almost reciprocity homomorphism yields that Gal(K,,/K) ~
U(K) X Z and that K,;, = L, - K, , where L, = {J L,, . It remains to

“extend” the almost reciprocity homomorphism
¢: U(K) —> Gal(Kap/K)ram

to a reciprocity homomorphism r: K* — Gal(K,,/K) such that the kernel
of r: K* — Gal(K,;,/K) — Gal(L/K) is precisely N, (L*) for abelian
extensions L/K. It turns out that the map u+> é(u~?) can indeed be
extended in this way.

Finally we give the “explicit” description of r: K* — Gal(K,;/K), due
to Lubin and Tate. This final part of Section 7 is based on [7].

Over the years I have had many valuable conversations with various
people about local class field theory. It remains for me to thank them,
especially Dr. A. Menalda (to whom I owe a main part of the idea of the
proof of Theorem 1.3(i1), Prof. J. Neukirch (who challenged me to
get rid of all cohomological considerations), Prof. F. Oort, and the many
people who urged me to write this.

2. Precis oF NoraTioNs, CONVENTIONS AND ResurLTs AssumMED KNOWN

In this section we have collected the results without proofs that
will be used in the following. They can all be found in a standard text
like 8, Parts I, IT; 9].

2.1. Notations (for Local Fields)

A local field K is a field K with a (normalized exponential) valuation
vg: K* —Z on it. We define:
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A(K) = {x € K | vy(x) = 0}, the ring of integers of K.

U(K) = {x € K | v4(x) = 0}, the units of K.

g , a uniformizing element of K; i.e., an element of K such that
vg(mg) = 1.

M(K) = {x € K| ve(x) > 0} = mxA(K), the maximal ideal of 4(K).

U™K) = {x e UK) | x = 1 mod(mg™)}.

k = A(K)/PYK), the residue field of K. We shall always assume
that & is perfect.

K* = K\{0}, the invertible elements of K.

Finally # S denotes the number of elements of a set S.

2.2. Extensions of Local Fields

Let L/K be a finite galois extension. The galois group is denoted
Gal(L/K). This is a solvable group if the residue field is finite or alge-
braically closed (cf. [8, chap. IV, Sect. 2]). (If L/K is not galois one
denotes with I'(K, L — £) the various isomorphisms of L into a (large
enough) algebraically closed field £). Let K, be the maximal unramified
subextension of L/K. The subgroup Gal(L, K;) is denoted Gal(L/K),,m
and is called the ramification subgroup of Gal(L/K). Gal(L/K).,,, is
a normal subgroup of Gal(L/K). If M/K is a galois extension containing
L/K then the natural map Gal(M/K)— Gal(L/K) maps Gal(M/K),am
into Gal(L/K),m -

Let K, be a maximal unramified extension of K. The completion
K., is a local field with as residue field %, an algebraic closure of k.
We now choose once and for all an algebraically closed extension £ of
K, and all extensions of K are supposed to be contained in Q. If & is
finite, then Gal(K,,/K) = Z (the completion of Z with respect to the
topology of subgroups of finite index) and we use F to denote the
Frobenius automorphism in Gal (k,/k), to denote its canonical lift in
Gal(K,,,/K) and its extension to a K-automorphism of K, .

K,, denotes the maximal abelian extension of K. If %k is finite

Knr C Kab .

If L/K is finite galois, then ,,/K,, is a galois extension with its galois
group Gal(L,,/K,,) canonically isomorphic to Gal(L/K).p, [restrict
s € Gal(L,,/K,,) to L].
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2.3. Two Results on Norm Maps

(1) Let K be alocal field with algebraically closed residue field, and
L/K a finite extension of K. Then

NL/K:L*—>K* and NL/K: U(L)‘—"‘ U(K)

are surjective (cf. [8, Chap. V]).

(i) Let K be a local field with finite residue field and L/K an
unramified galois extension. Then N, ,: U(L)— U(K) is surjective
(cf. [8, Chap. V, Sect. 2]).

3. THE DECOMPOSITION THEOREM

Let K be a local field (in the sense of Section 2). We fix some alge-
braically closed field 2 containing K,,, . All composite fields are supposed
to be taken in this large field.

TaEOREM 3.1. Let L/K be a finite galois extension, where K is a local
field with finite residue field. Then there is a totally ramified extension
L'|K such that L,, =L -K, =L -K, =L, . If Ga(L/K),,,, C
Z Gal(L/K) we can take L' |K to be an (abelian) galois extension. (Here ZG
denotes the center of the group G.)

Proof. Let K; be the maximal unramified subextension of L/K.
The galois group Gal(K,/K) is cyclic with F (Frobenius) as a

L

K K,

generator. Let F’ be any lift in Gal(L/K) of F. Let r be the order of F".
Let K, be the unramified extension of degree r of K. Then K, CK,. Define
F” € Gal(L - K,/K) by means of the conditions F” | K, = Frobenius €
Gal(K,/K) and F"| L = F'e Gal(L/K). Then F" is well defined. Let
L' be the invariant field of F”. Then L'/K is totally ramified and
L'-K,=L-K,.

Finally, if Gal(L/K)m C Z Gal(L/K), then

G(L - K,JK)ram C Z Gal(L - K,JK)
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which implies that the subgroup of Gal(L - K,/K) generated by F” is
normal, so that L’ is galois over K.

Remark 3.2. Theorem (3.1) is also true for local fields K with
perfect (but not necessarily finite) residue fields (cf. [4, 2.8; or, 5, no. 2]).
The proof is different in those cases.

CoroLLARY 3.3. Let K, be the maximal abelian extension of K. Then
K,, = K,, - L where L/K is a maximal totally ramified abelian extension

of K.

Proof. Use infinite galois theory and the fact that Gal(K,,,/K) ~ 2
is topologically free.

CoroLrary 3.4. Gal(K,p/K)iam = lim Gal(L/K),, where L|K runs
over all finite abelian extensions and the maps Gal(L/K),,, = Gal(M/K), 01,
are induced by the natural projections Gal(L/K) — Gal(M/K) if M CL;
Gal(K,,/K) =~ Gal(K /K)o X Z.

4. LocaL FieLps wiTH ALGEBRAICALLY CLOSED REesipue FIELD

In this section K is a local field with algebraically closed residue field.

4.1. Let L/K be a finite abelian galois extension (necessarily totally
ramified). We consider the following sequence of abelian groups

U(L) NL/K

0 — Gal (L/K) - VLK)

UK)—>0  (411)

where U(L) is the group of units of L; U(K) is the group of units of K;
V(L/K) is the subgroup of U(L) generated by the elements of the form
sufu, u € U(L), s € Gal(L/K); Nk is induced by the norm map U(L) —
U(K) (it is clear that N x(V(L/K)) = {1}); and 7 is defined as #(s) = class
of s7; /7, (this does not depend on the choice of 7).

LemMa 4.2. The map i is a homomorphism of groups.

Proof.

L t(my) L L

try) _ stlr)) | M) _ slr) | M) g gk
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because #(m.) is another uniformizing element of L; i.e., #(m;) = um,
for a certain u € U(L).

THEOREM 4.3 on THE FUNDAMENTAL Exact SEQUENCE. Let L/K be
a finite abelian extension of the local field K (with algebraically closed
residue field). Then sequence (4.1.1)

ulL)

o—a@mm)inm

U(K) — 0

1s exact. This sequence will be called the fundamental exact sequence.

The proof of Theorem (4.3) is divided into several steps. We first
prove the injectivity of ¢. To do this we use the following elementary
lemma on abelian groups.

Lemma 4.4. Let G be a finite abelian group and g € G an element of G.
Then there exists a subgroup H of G such that the following conditions are
fulfilled

(1) G/H is cyclic.
(1) If r: G— G/H is the canonical map, then ord(g) = ord(r(g))
where ord( ) denotes the order of a group element.

Proof. Let G = @ G, be the decomposition of G into its Sylow
subgroups, and let g = (g,), under this decomposition. We write G,
as a direct sum of cyclic groups

_Z_ _Z_
(»") (#*)
For neZ, let vy(n) denote the number of factors p in #; ie,
n = p¥™ - m with (p, m) = 1 and let

G, = CRNS E» = (g,,(l),...,g,,(r)).

. wy(gy) = m’allx{i,, — v,(8x(m)}

Then
ord(g,) = p"*"

Now choose an index b such that w,(g,) = 7, — v,(g,(b)). And let

Z
H, — ——CG
» =D Ty ©

H=@®H,CG
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Then if r,: G, - G,/H, is the canonical map, ord(g,) = ord(r,(g,))
and consequently ord(g) = ord(r(g)).

4.5. Proof of the injectivity of i. Gal(L/K)— U(L)/V(L/K)

Let 1 # g€ G = Gal(L/K); and let H be a subgroup of G such that
the two assertions of (4.4) hold. Let & be the image of g in G/H, then
g % 1; let f be a generator of G/H and let f be any lift in G of f; then if
g=r

g=f'h  foracertain heH.

Suppose that #(g) € V(L/K). Then we have [using (4.2)]

fr)  h(mr) oy fhu)
wr L !_,I wy @)
where 7 = 1, 2,..., ord(f); and %; runs through the elements of H; and
u; € U(L).
Now because

fthw) _ _fihw)  f7h(w) | fPh) | fh(w) | k()
u F(u)  fRw)  fh(u) Bu)  u

(4.5.2)

we can rewrite (4.5.1) as

flad) | o) J@) o M) pw), wetr) @53)

7TLr L w heH Uy,

Let M be the invariant field of the subgroup H of G. Taking N,/ on
both sides of equation (4.5.3) we obtain

fau?) _ f®)
el - J% (4.5.4)

™

where my = Nym(7r) and @ = Np;(w). Because M/K is cyclic,
Eq. (4.5.4) implies that 7,/@ ! € K, which is impossible because M/K is
totally ramified and r < ord(f) = [M : K], as g 1.

The second step of the proof of Theorem (4.3) consists of the proof
of the exactness of the fundamental sequence in the case that L/K is a
cyclic extension. To do this we need the “classical’”’ version of ‘“‘Hilbert
90” (cf. [3, Sect. 13, Satz 114]).

We repeat the proof for completeness sake.
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LemMma 4.6. (“Hilbert 90.””) Let L/K be a cyclic galois extension and
suppose that Np(x) = 1 for a certain x € L. Then there exists an y €L
such that x = sy/y, where s € Gal(L/K) is a generator of the galois group.

Proof. Let a be any element of L. One forms
y=a + S(a) x~1 + SZ(a) . s(x—l) o x-1 __I__ “er + sﬂ-—l(a) . sn—Z(x——l) .ee s(x—l) ol
where n = ord(s). We then have

() = s(a) + s*(a) s(x7?) + -+ 4 5" Ha) - smAxY) o s(a )
+ sn(a) - s (xL) - s(xY).

As s™(a) = a and s*Y(x7) -+ s(x71) ¥ = 1, it follows that

s(y)xt =y.

If y were equal to zero for all g, then letting @ run through a basis of L
over K we would have a nontrivial solution (viz., (1, 7, s(x~1) ! ---
§"2(x71) .-+ s(x~1) 1)) for an # X n system of linear equations with
nonzero determinant. Therefore y 0 for suitable a, which means that

x = s(y)y.

4.7. Proof of the Exactness of the Fundamental Exact Sequence in the
Cyclic Case

Let L/K be a cyclic extension. We consider

U(L)

0 — Gal (L/K) —— VLK)

N, U(K)—> 0

4.7.1)

The injectivity of 7 has just been proven. The surjectivity of N is very
well known [cf. (2.3)]. It remains to prove that ker N = Im . That
N < i is the zero map is obvious. Suppose then that N(z) = 1. According
to Lemma 4.6 there is an y e L* such that # = s(y)y~?, where s is a
generator of Gal(L/K). Write y = =;"v. Then

7TLr

w= 0 S g vk
TL

which concludes the proof.
The next step (the third) of the proof of Theorem 4.3 consists of two
easy technical lemmata.
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LevMa 4.8. Let L/K be a finite galois extension, and M a galois sub-
extension of L. Then the induced map

Nyt V(LIK) — V(MIK)
is surjective.

Proof. Let H be the subgroup of G = Gal(L/K) corresponding to M.
It suffices to show that g(u)/u € Im N, for g€ G/H and u e U(M).
Because Ny, U(L) - U(M) is surjective there is an v € U(L) such that
N, /u(v) = u. Let g € G be any lift of g. Then

£(v) hg(v) [1g(she)(v) &(w)
N“M( )‘,ﬂ, h(v) 0 T Tu

) =
which proves the lemma.

LemMma 4.9. Let L/K be a finite abelian extension, and M a subextension
of L such that L| M is cyclic. Then the following sequence is exact

uL) _~,_ UM)
V(LK) V(MIK)

0 — Gal (L/M)

— 0

Proof. i is injective because Gal(L/M) is a subgroup of Gal(L/K)
[cf. (4.5)] and N is surjective because N: U(L) — U(M) is surjective.
Now consider the following commutative diagram

0 —> Gal(L/M) —> U(L)|V(LIM)—— U(M) 0

) l l

0 — Gal(L/M) —— UL)V(LIK) 2> UM)/V(M|K) —> 0

where the two arrows in the middle and on the right are natural projec-
tions. Let « € U(L) and suppose N(u) e V(M/K). Because of Lemma 4.8
there is a v € V(L/K) such that N(v) = N(u), i.e.,, N(uv1) = 1. Using
exactness of the top line (4.7) we obtain that 4v—! = s(r,)/m, mod V(L/M)
for a certain se Gal(L/M), which implies u = s(7;) 77! mod V(L/K).
This proves the lemma.

The final step in the proof of Theorem 4.3 is an induction argument.

4.10. Proof of Theorem 4.3

Let L/K be an abelian extension and M/K be a subextension such that
L/M is cyclic. By induction we can assume that the fundamental sequence
for M/K is exact. Now consider the following diagram
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0 0
J J
Gal(L/M) = Gal(L/M)

| }

0 — Gal(L/K) —— U(L)/V(L/K)——> U(K)—> 0

| | |

0 —— Gal(M|K) —> UM)/V(M|K) —> U(K) —> 0

} l

0 0
The second column is exact according to Lemma 4.9. The first column is
exact and so is the third row (induction hypothesis). It follows that the
second row is also exact.

Remark 4.11. 1t is not difficult to extend Theorem 4.3 to cover the
case of nonabelian (totally ramified) galois extensions. The fundamental
exact sequence then becomes

0 — Gal(L/K)2b —> U(L)|V(LIK) —> UK)—> 0 (4.11.1)

where GaP denotes the maximal abelian quotient of G. Indeed let M be
the field corresponding to <G, G), the commutator subgroup of
G = Gal(L/K). By induction on the number of elements of (G, G)
we see that it suffices to prove the exactness of sequence (4.11.1) in the
case that M'/K is a subgalois extension of L/K containing M such that
L{M’ is abelian and such that the fundamental sequence for M’/K is
exact. We now have the following diagram.

0

i

Ga(L/M') =  Gal(L/M’)

Ja l

Gal(L/K)2 —i—> U(L)|V(LIK) —X—> UK)—> 0

L b ﬂ

0 —> Gal(M’[K)s —> U(M')|V(M'|K) > U(K) —> 0

)

0
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The map o is an isomorphism and 8 is the zero map because M’ contains
M, the field of invariants of (G, G). It follows that 7 is injective, as the
bottom row is exact by induction hypothesis. The second column
is exact by an argument identical to the one used in (4.9), using
Theorem 4.3 instead of (4.5). It follows that the second row is exact.

5. “AvLmosTt” THE REcIPrOocITY HOMOMORPHISM

5.1. In this section K is a local field with finite residue field of ¢
elements, and L/K is a finite (abelian) galois extension that is totally
ramified. Let K, and L,, be the maximal unramified extensions of K
and L and let K, and L,,, be their completions. The extension L,,/K,, is
also (abelian) galois and totally ramified and the galois group Gal(L,,/K,,)
is naturally isomorphic with Gal(L/K) [cf. (2.2)].

The algebraic closure of the residue field & of K is denoted £,; it is the
residue field of K, and K,,, .

We use the symbol F for the Frobenius morphism of Gal(k,/k) for
their canonical lifts in Gal(K,,,/K) and Gal(L,,/L) and also for their
extensions to K,, and L,,. We can now form the following diagram
(cf. Section 4).

0 —>Gal(L/K)——— UL}/ V(L s/ Kr) — UlRp) —» O ';

lF-l - l__,/’/ (5.1.1)

F-1

-’

" 0~ Gal(L/K)—> UL ) /V(Eng /Roag) —>= U(Rpr)—> 0

1
|
¢ L
\
N

\\————»C

D

where F — 1 is the homomorphism which associates F(u)u=! to
ue U(K,,); X, Y, C, D are the appropriate kernels and cokernels.

Lemma 5.2
(i) F—1:U(R,,)— UR,,) is surjective; F — 1: A(K,,,) — A(K,,)
is surjective.
(i) F—1:WL,,/R,,)—> V(L,,/R,,) is surjective.
(ii) ker(F — 1: U(K,,) — U(K,,)) = U(K).
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Proof. (i) Use the filtration of U(K,,) by the subgroups U(K,,) of
units congruent to 1 mod m,®. The induced homomorphisms

F—1: U(Knr)/Ul(Knr) ~ ko ko U(Km‘)/ Ul(Knr)
F—1: Un(Km‘)/ Un+1(Kn'r) ~k—> kg~ Un(Km)/UnH(Km)

are
F— 1: k* — k., x> x91

F—1:k,—k,, x> x7— x

which are surjective because £, is algebraically closed. The first part of (i)
now follows by a well-known argument concerning homomorphisms
of complete filtered abelian groups. For the second part of (i) use the
filtration by the mx*A4(K,,) of A(K,,). The induced maps F — 1: k,— k,
are (again) the maps x> a2 — x.

(ii) Now let #(x) x~t € V(L,,/K,,). It suffices to show that these
elements are in Im(F — 1). Choose y € U(L,,,) such that (F — 1)(y) = .
Then we have

e - 5P (DT - (-5

because F and ¢t commute as L/K is totally ramified.

(iii) Let ue U(K,,), and F(u) = u. We write u = u, + mew,,
with u,€ K,,; F(u) = u yields Fu, = u, mod ny. Hence we can
write # = u, + mw, with u, € K; then Fu = u yields Fw, = w, .

Now write w, = =%, , u, € U(K,,); this gives Fu; = u,; repeating
this process with u, instead of u gives

' _ n n3+1
U=ty + 'ty + TE" Wy, Uy, Uy € K.

Continuing in this way we see that u € K mod 4" for all #, and hence that
u € U(K) because K is complete.

5.3. DerniTION OF ¢(L/K): U(K)— Gal(L/K). Let L/K be totally
ramified abelian. One forms the diagram (5.1.1). The rows of this diagram
are exact by Theorem 4.3. Therefore, there is (by the snake lemma) an
induced homomorphism g: Y — C as shown. According to Lemma
5.2(iit), Y = U(K). Further, because L/K is totally ramified, F commutes
with every te Gal(L/K) so that F — 1: Gal(L/K)— Gal(L/K) is the
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zero map, which permits us to identify C with Gal(L/K). We therefore
obtain ‘“the almost reciprocity homomorphism”

$(L/K): UKK)— Gal(L/K)

for abelian totally ramified extensions L/K.

ProposITION 5.4.
(1) H(L/K) is surjective.
(i) ker(§(L/K)) = Np(U(L))-
Proof. (i) To prove (i) it suffices to show that D = 0in diagram 5.1.1,

which follows from the surjectivity of F — 1: U(L,,) — U(L,,)
[Lemma 5.2(i)].

(i) Itis clear that N x(U(L)) C a(X) (cf. diagram 5.1.1). Now let
the element % € X be represented by x € U(L,,). Then

(Fx) s € V(LK)

(because % € X). According to Lemma 5.2(ii) there is a y € V(L,,/K,,)
such that (Fy)y=* = (Fx)x*. Or, in other words, F(xy~1) = xy~!, which
implies xy~'e U(L) by Lemma 5.2(iti). And therefore Npj(x) =
Ni(xy™) e Ny x(UL)), ie., a(®)e Npx(U(L)). This concludes the
proof of the proposition.

THEOREM 5.5. For every finite abelian totally ramified extension L/K
we have an isomorphism

H(LIK): UK)/NyxU(L) ~ Gal(L/K)

These isomorphisms are functorial in the sense that if L|K 1s totally ramified
abelian extension and MK a subextension of L/K then the following
diagram is commutative

U(K)/N,xU(L) —— Gal(L/K)

! l

U(K)IN xU(M) ——> Gal(MK)

Proof. The first statement is Proposition 5.4 and the second statement
follows from the functoriality of the connecting morphism g of the snake
lemma.

607/18/2-4
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5.6. It is convenient to have a slight extension of Theorem 5.5 to the
case of finite abelian (not necessarily totally ramified) extensions L/K.
Let F' be any lift in Gal(L,,,/K) of the Frobenius morphism in Gal(k,/k);
let L' be the invariant field of F'. Then L'/K is abelian totally ramified and
L,, = L,, . ldentifying Gal(L/K),,, and Gal(L'/K) in the canonical
way we find a diagram:

X = Y

} !

0 —> Gal(Z/K )ram —> UL )/ V(EnsfKg) — URopg) —> 0

lF'_l lF'—l lF—l

00— Gal(L/K)mm - U(f‘nr)/V(Zm/Km') e U(Knr) —0

! !

C b D

This, as in Proposition 5.4, yields an isomorphism:
U(K)IN v x(U(L')) — Gal(L/K)ram = Gal(L'/K)

But L' - K, = L - K, for some finite unramified extension K,/K and
L-K,/LandL' - K,/L are unramified extensions. Further

Ny m(UM')) = UM)

if M'/M is an unramified extension (2.3). Therefore N, (U(L")) =
N, x(U(L)), which gives us an isomorphism

$(L/K): UK)Nyx(U(L) —> Gal(L/K)ram

THEOREM 5.7. For every finite abelian extension L{K there is a canonical
isomor phism
$(L/K): UK)/Npx(U(L)) —> Gal(L/K )ram

that is functorial in the sense that if M|K is a larger abelian extension
(1.e., L C M) then the following diagram commutes

U(K)/Nyx(U(L)) — Gal(L/K )ram

I I

U(K)/N pyx(U(L)) — Gal(M[K)ram
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where the first vertical arrow is the canonical projection and the second one
is induced by the canonical projection Gal(M|K) — Gal(L/K).

Proof. Cf.5.6. The functoriality follows again from the functoriality
of the snake lemma.

6. THE LuBIN-TATE EXTENSIONS

As in the previous section, let K be a local field with finite residue field
k of g elements. Let mx = = be a uniformizing element of K; A(K) is the
ring of integers of K.

6.1. Definition of the Lubin—Tate extensions L, /K
Let f(X) be a polynomial over A(K) of the form

F(X) = X+ m{a, 1, X + - + aX?) 4 7 X, Ay ey Gy € A(K)

We use f™(X) to denote the mth iterate of f(X); i.e., fNX) = f(X),
f(X) = f(fm1(X)). As X divides f(X), it follows that f™-1)(X)
divides f™(X). For each m let A, be a root of f“(X) that is not a root
of fm(X). We can choose (and shall do so) the A, in such a way that
J(A,) = A, for each m > 2. We define the Lubin-Tate extensions
L,/K as L,, = K(A,)-

It is the aim of this section to prove the following theorem concerning
the extensions L,,/ K.

THEOREM 6.2.

(1) L,/K is totally ramified abelian. Its galois group is isomorphic
to U(K)/U™K).

(i) Ne, x(U(Ly)) = UM(K).

The proof of this is in several steps.

Lemma 6.2. L, /K is totally ramified; A, is a uniformizing element
of L, .

Proof. f™(X)/f™1(X) is an Eisenstein polynomial.

The second step is to show that N, x(U(L,)) C UYK). To do this
we need a “denseness of separable polynomials” lemma.
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LemMa 6.3. Let k be an arbitrary field, g = X* + a,_ X" 1+ -+ + a,,
a polynomial over k such that (n, char(k)) = 1 if char(k) % 0. Then there
exists an r >0 and a polynomzal g of degree <r — 1 such that the
polynomial h = X'g + § is separable (i.e., has only simple roots).

Proof. If £ has infinitely many elements, we can choose » = 1 and g
equal to some suitable constant ¢ € k. [For (d/dX)(Xg + ¢)is independent
of ¢ and has only finitely many roots.] Suppose now that #k = ¢, then
dg/dX =% 0 (because (n, char(k)) = 1). Let x, ,..., x,_; be the set of roots
of dg/dX. The x, ,..., x,_; are all contained in some finite extension &’ of
k. Let #k' = ¢°; we can assume that ¢® > degree(g). Let & be the

polynomial (r = ¢5*!; §:= —X%(X) + 1)
841 dh 3+1 d
b= X""g(X) — X%(X) + 1, 7)—(—:(Xq ——Xq)%,

If a is a root of dk/dX, then we have either that a is a root of X¢"*" — X1
and then A(a) = 1, or we have that a is a root of dg/dX, then a € &, hence
a? = a,and also k(a) = 1. Q.E.D.

We are now in a position to prove the inclusion
N, x(ULy) C UNK).
THEOREM 6.5.
Np,x(U(Ly)) C U™K)

Proof. Every element of U(L,,) can be written as a product uu’, where
ue UYL,,) and u is a (¢ — 1)th root of unity. But

N@) = @)oo = |

where we have written N for N, k. Hence, it suffices to show that
N(UYL,)) C UMK). This is clearly true for m = 1. Therefore, we
assume m > 2. Every element of UY(L,,) can be written as a sum

=14+ a)+ a4+ - + a2 + x, a;e AK), A=Ay,

with n = m(qg — 1) g™ — 1 and »(x) = o(=™), so that (n, char(k)) = 1
(m > 2; v denotes the normalized exponential valuation on K). Consider
the polynomial d(X) = X" + 4, X" ' + :-- + a, (same a; as in the
sum above). Let g be the reduction of d to a polynomial over k. Choose
and § as in Lemma 6.4, let § be a lift of § of the same degree as g. Let
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h := X'd + 5. Then the reduction of % in k[ X] has no multiple roots,
hence all roots of % are in K, . We can choose the constant term of &
equal to 1, which implies that the product of the roots z, ,..., 2; of & is
equal to 41, and that therefore the roots of % are all units (of nr). Then
(I1—22)1—2z2) =1+ aA+ - + a, A" + &’ with v(x) = o(=™)
andu =14 g + =+ 4+ a2 + x = (1 — 2A) - (1 — 2A)(1 + )
with o(y) = o(7™). Now N(1 + y) € U™(K). We have left to show that

N (ljl a-— zi)\)) e Un(K)

It suffices to show that N, .« /¢ (IT(1 — 2)) is in UK,,). This
follows from the commutativity of the diagram below and the fact that
U™ K,,) N UK) = U™K) (because K,,,/K is unramified).

L,“~—L, K,
lNL'"/K lN KK, (6.5.1)
K G—— Km‘

('The commutativity is proved as follows. Let x € L,, , then x has the same
minimum polynomial over K as over K, because K,,/K is unramified
and L, /K is totally ramified, Q.E.D.).

In particular we have that the minimum polynomial of Ae L, - K, is
f™(X)/fm-D(X) e K, [X]. This yields

N(1 — z)) — gla-ba™1 7%"_’1(,—;;)1)- ze UKy (6.5.2)

[Thanks to the commutativity of diagram (6.5.1) we can and shall use N
for both N, /x and N, .k, ix,, indiscriminatedly.]
Setting v, 1= 27! we "obtain from (6.5.2)

i=1 i=1

¢
— ]’I f{ ;_)1()2’;) (because H % =+1land m > 2)

_ o T f 7 — T )
HL f(m—-l)(y')
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The z; are units, therefore the y; too, and also the f™-1)( y,), as is easily
seen from the form of f "~1(X). It follows that it suffices to prove that

t

I_]lf () — [T/ (ys) = 0 mod(=™).

i=1

The automorphism F e Gal(K,,/K), the Frobenius automorphism,
permutes the roots z; of %, hence F also permutes the y, . The homo-
morphism F reduces to x —> x? mod (). Therefore there exists a permu-
tation o of 1,..., f such that

J(¥:) = Yoty mod(n)

because x I f(x) also reduces to x > x2 mod (=).

For any two elements a, b € 4(K,,,), if a = b mod (") withr > 1 then
a? = b* mod (#"1) and wa® = #b*mod (»"t1) (s = 1,.., ¢ — 1) hence
also f(a) = f(b) mod (#"+1).

Applying this to the relation

F () = Yoz) mod(m),
we obtain

Foys) = F P (yo) mod(m™).

Taking the product over ¢ we find

-1:11 o2y = T D (Bow) = [] f™(y,) mod(z™)

i=1 i=1

Q.E.D.

The next step (the third) consists of proving that L, /K is galois. To do
this we need the following elementary but powerful lemma of Lubin
and Tate [7].

LemMmA 6.6. Let K be a local field with finite residue field of q elements.
Let m be a fixed uniformizing element of K. Let f(X), g(X) € A(K)[[X]] be
two power series over A(K) such that

f(X) = nX = g(X) mod(X?)
f(X) = g(X) = X?mod(n)
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Then for every a € A(K) there exists a unique power series [al; (X) over
A(K) such that

f([aly.o (X)) = [a]r., (8(X))
[a];,, (X) = aX mod(X?)

Proof. One defines inductively polynomials F,(X) of degree r such
that
J(FAX)) = F,(g(X)) mod(X+)
F,(X) == F,,(X) mod(X™+Y)
One can take F;(X) = aX. Suppose we have found F,(X), for a certain

r > 1. One then sets F, (X)) = F(X) + a,., X! where a,,, is yet
to be determined. One has

FFra(X)) = f(FAX)) + 7a,,, X" mod(X™2)
Fi4(8(X)) = F(8(X)) + 7"*1a,, X7+ mod(X™2).

These equations show that a,,, must satisfy

ar+1Xr+l = f(Fr(X)) - F’r(g(X)) mod(X”+2)

7l — g

which proves in any case (inductively) that F, ,(X) is unique mod (X"*?)
for all 7, thus taking care of the uniqueness assertion concerning [a]; (X).
It remains to show that a,,, € A(K), which follows from

F(FAX)) — Fy(g(X)) = (FX)) — F(X?) = 0 mod(r)

The series [a]; ,(X) is the limit of the F,. This proves the lemma.

CoroLLARY 6.7 [7].

(1) [7](X) = F(X).
(i) [a]([b6](X)) = [ab](X), a, b A(K).
(i) [1],,([1],AX)) = X.

Here we have written [a]; for [a]; ;. All these equalities are proven
by showing that the left and right-hand sides both satisfy the same
characterizing properties of Lemma 6.6. E.g., [7](X) = =X mod (X?)
and f([7]{X)) = [7]{f(X)); on the other hand, f(X) = #»X mod (X?)
and f(f(x)) = f(f(X)). Therefore [7](X) = f(X) by the uniqueness
assertion of (6.6).
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Now let f = X? 4 m(q, ;X971 4 - + a,X?) + 7X, as before. Taking
f = g in the lemma above, we have for every u € U(K) a power series
[#](X) over A(K)) such that f([u] (X)) = [u](f(X)). It follows that if },,
1s a root of f™(X) that is not a root of f™-1(X), then [1](A,), which
is in K(A,) = L,, because L,, is complete and [u](X)e A(K)[[X]],
is another (possibly the same) root of f™(X), which is not a root of
F™(X). To prove that L, /K is galois it suffices to show that by varying
u we get enough different roots [#],(},,) of f™(X). A preliminary lemma
for this is the following.

Lemma 6.8. Let f(X) be a power series over A(K); let L|K be a finite
extension of K and suppose that there is a X € L with v (A) > O such that
f(X) = 0. Then there exists a power series g(X) over A(L) such that

S(X) = (X — 2 g(X).
Proof. Write f(X) = (X — Ng, + b, mod (X*) with b, € A(L)
(division with remainder in A(L)[X]. Now f(}) = 0, therefore v,(,) >

nv,(A) which goes to infinity as n — oo because v,(A) > 0. We also have
J(X) = (X — Ngpa(X) + b, mod(X™+). And therefore

(X — D(gn(X) — gna(X)) = 0 mod(d®, X™). (6.8.1)
Write
Enir(X) — £u(X) = @, X" + @ X" + o L 0 X +a,
Using (6.8.1) one obtains
vi(aA) = no(d)
vi(ad — a,) 2= no (R)
DB ~ @ng) > 12, ()
which implies
vi(a,) = (n — 1) v (d)
vi(@) = (n — 2) vr(d)
7)1_((1,,__1) 2 0.
It follows that the sequence g,(X) has 2 limit g(X) as # — 0. Then
F(X) = (X — ) g(X) mod (X*, A7) for all n; ie., f(X) = (X — A)g(X).
Which proves the lemma.

We are now in a position to prove that L,,/K is galois and to calculate
its galois group.
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ProrosITION 6.9. The extension L,/K is galois; its galois group is
isomorphic to U(K)/U™K).

Proof. We first remark that if , «’ € U(K), then [cf. (6.7)]
[u]y ([w]; (X)) = [wa']; (X). (6.9.1)
Suppose we have proved that
[y (M) = [#]; () = % = «’ mod(U™(K)) (6.9.2)

Because U(K)/U™K) has (g — 1)¢g™ ! elements and [L,, : K] =
(g — g™ it follows from (6.9.2) that L,,/K is galois. The assignment
s € Gal(L,,/K) — class of any u such that s(},,) = [#]«(2,,) then defines an
isomorphism of Gal(L,,/K) with U(K)/U™K) [in virtue of (6.9.1)]. It
therefore remains to prove (6.9.2). Using (6.9.1) we see that it suffices
to prove that

[]; (M) = A = 2 = 1 mod(U™(K)). (6.9.3)

Let s € I'(K, L — £2). Then s(},,) is a root of [#](X) — X, because s acts
continuously. Further f™(A,) is a root of [u](X) — X for all »r < m
because [u],(f (X)) = f([u]{X)). Therefore, all the roots of f™(X) are
roots of [u](X)— X. Applying Lemma 6.8 repeatedly we find a
factorization

[]; (X) — X = f(X) g(X).

But f"™)(X) = »™X 4 ---. Comparing the coefficients of X on the left
and on the right we see that

u—1=a"-q

where a is the constant term of g(X). As g(X) has integral coeflicients
[cf. (6.8)] the proposition is proven.

CoroLLARY 6.10.
Nix(U(Lyp)) = UNK)
Proof. 'This follows from Proposition 6.9 and Theorems 5.5 and 6.5.

Remark 6.11. 'The Lubin-Tate extensions L,, depend only on the
choice of 7, not on the choice of the polynomial

F(X) = Xt 4 n(a_ X7 4 - + 3,X?) + nX.
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Indeed, let g(X) be another polynomial of the same form. According to
Lemma 6.8 there is a unique power series [1]; (X) such that [1]; (X) =
X mod(X?) and f[1]; (X)) = [1];,(&(X)). Now let u, be a root of
g™ (X) that is not a root of g/™-1(X); then we see that [1], (u,,) is a root
of f™(X) that is not a root of f™(X) (look at #([1]; ,(uy)) for this
last statement). But [1]; (1) € K(p,,), and therefore L, C K(u,,) and
comparing degrees we see that L, = K(u,,).

We can therefore talk about the Lubin-Tate extensions associated to 7.

Remark 6.12. = ¢ Kisanorm fromeachL,, . Indeed N;_/x(—2,) ==
because the constant term of f™(X)/f™1(X) is equal to =, and
F™(X)[f m=1(X) is irreducible.

7. LocaL Crass FieLp THEORY

In this section K is again a local field with finite residue field. Let
K, be the maximal abelian extension of K. The first aim of this section
is to calculate Gal(K,;/K) and to give a description of K, . We then
proceed to “‘extend” the “almost reciprocity homomorphism”

$(L/K): UK)— Gal(L/K)

of Section 5 to a “reciprocity homomorphism” 7(L/K): K — Gal(L/K)
defined for all abelian L/K. And finally we give the explicit formula for
r(L/K) due to Lubin and Tate (and Dwork).

THEOREM 7.1.
Gal(Kap/K)ram ~ U(K);  Gal(Kap/K) =~ U(K) x Z
Proof. TFor every finite abelian extension L/ K we have an isomorphism
$(L/K): UK)/Nx(U(L)) — Gal(L/K)ram (7.1.1)
Taking the limit over all finite abelian L/K we obtain an isomorphism
¢: lim U(K)/Np,x(U(L)) = Gal(K?®/K)ram (7.1.2)

(cf. Section 3.) Now U(L) is compact and N ¢ is continuous. It follows
that N, (U(L)) is compact and therefore closed in U(K). As it is also a
subgroup of finite index [by (5.7)], it is also open in U(K), i.e., there
exists an n (depending on L) such that N, (U(L))D UYK). By
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Theorem 6.2 there exists for every m € N an abelian extension L, /K
such that N, (U(L,)) = U™K). It follows from these facts that the
projective limit on the left of (7.1.2) is equal to U(K). This proves the
first part of the theorem and also the second in virtue of (3.4). Fix a
uniformizing element = of K. Let L, be the Lubin-Tate extensions
corresponding to this choice of =. [Cf. (6.1) and (6.11)]. We write
L, = UnLn

CoroLLarYy 7.2. K., =L, K, .

Proof. L,-K,,is an abelian extension and therefore contained in K, .
We have a commutative diagram with exact rows.

0 ———Gal{K ap/K)ram

¢>(Ka M

U(K) a’ o

Gal(Kab/K) — Gal(Kpy/K) 0

(L. Kny/X)|
O0—» Gal(L . Knp/K)ram —> Gal(Li. Kpr/K )=~ Gal{Kpr/K) — O

where « is the natural projection; « is induced by «; and the homo-
morphisms ¢(K,;,/K) and &(L, - K,,/K) are obtained by taking the
projective limit of the homomorphisms ¢(L/K), where L/K runs through
the abelian subextensions of K and L, - K, , respectively.

Now ¢(L, - K,,/K) is the projective limit of the isomorphisms
$(L,./K): UK)/Ny x(U(Ly)) = Gal(L,,/K) and as N, x(U(L,)) =
U™ K) by Theorem 6.2 we conclude that ¢(L,, - K,,,/K) is an isomorphism.
The homomorphism ¢(K;,/K) is also an isomorphism (Theorem 7.1)
and therefore o’ is an isomorphism and thus « too, which concludes the
proof of the corollary.

7.3. The group U(K) x Z is the completion of K* ~ U(K) X Z
with respect to the topology of open subgroups of finite index. (Open in
the sense of the topology on K* induced by the valuation on K.) When
regarded as this completion we shall write K* for U(K) x Z and
K* — K* will be the natural inclusion.

Of course, one can choose many isomorphisms K* ~ U(K) X Z ~
Gal(Kab/K). It is the aim of the next few subsections to show that we can
choose this isomorphism in such a way that the kernel of

K* — R* — Gal(K®/K) — Gal(L/K)
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is precisely N, x(L*) C K* for every abelian L/K (where the last map
is the natural projection).

7.4. Preliminary Definition

Let L'/K be a totally ramified abelian extension, 7y a uniformizing
element of K that is a norm from L’, and K, /K and unramified (abelian)
extension of K. We define a homomorphism r: K* — Gal(L’ - K, /K)
as follows. (We should of course write 7,+.x_or something similar).

U(K) ut>r(u) := p(u) € Gal(L'|K) = Gal(L’ - K,/K,) = Gal(L’ - Kn/K,)ram
mx>Fe Gal(L' - K,/L")

where F is the Frobenius automorphism of Gal(L' - K,,/L") and u +> ¢(u)
is the homomorphism defined in (5.5).

The first step now is to show that this definition does not depend
on the choice of L' in L” - K,,, and to show that for this definition one
does have the kernel property mentioned in 7.3. To this end we need the
following lemma, which is also useful further on.

Lemma 7.5. Let L|K be an abelian extension. The index of Ny x(L*)
in K is equal to the number # Gal(L/K).

Proof. Let K; be the maximal unramified extension of K contained
in L. We have [L : K;] = #(U(K)/Np;x(U(L))) [cf. (5.7)]. There is an
exact diagram.

0 — U(L) L* 52 ——0
lNL/K lNL/K leL/K

0— UK)~—> K* 572 —0

where f;/x := [K, : K]. Hence
F#EK*N(L*)) = #UEK)NLx(UL))  fuix
=[L:K/]K.: K] = #Gal(L/K). QED.

LemMma 7.6. Let L" CL' - K,, be any other totally ramified abelian
extension such that L” - K, =L'- K, (ie., [L': K] = [L" : K]; same
situation as in the definition of r above). Then

ker(K* —"— Gal(L’ - K,/K) — Gal(L"/K)) = Ny+,x(L"¥).
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Proof. Lemma 7.5 implies that it suffices to show that N~ (L"*) C
ker(+++). For this it suffices to show that N~ (=") € ker(--) when 7" is a
uniformizing element of L” (because N ~/(U(L")) C ker(r) due to (5.7)
or because the uniformizing elements of L” generate L"*). Let L” be the
invariant field of 7(#)F. Such an » e U(K) exists because 7(U(K)) =
Gal(L' - K,/K)am [cf. (5.7)). Write n" = xn’ where »' €L’ is such that
Ny j(n'y = g . We have

g = Ny (m) = Ny ke (o) - Nok, k(")
= Ny g x*?)  Nor (7).

It follows that
Ny .kyx,(*) € UK) (7.6.1)

Now r(u) F(=") = =", Therefore, using F(7’) = =" and 7’ = =" we have
in the group U(L,,) = U(L,,)

p @) _ r)) _ r@F(=) @) Fx)
' ' ' x—1

r@) Fa)  Fa?)  Fi)
F(x1) x7? x7t

mod V(L /K, )
(1.6.2)

Hence, by the definition of the isomorphism ¢ in (5.5) we must have [in
virtue of (7.6.1) and (7.6.2)]

Ny .k x(®) = u mod Npy(U(L)) (7.6.3)
and hence

(N x(n")) = r(ung) = r(w)F
which is the identity on L”. This proves the lemma.
" COROLLARY 7.7. The definition of r in (7.4) is independent of the choice

of L'. More precisely, if we had used an L" as in Lemma 7.6 instead of L'
for the definition of r; i.e., if we had defined

UK)sur>r(u) = $(u?)
Ny x(n") > F

where F' is the Frobenius automorphism of Gal(L" - K,/L"), then we would
have obtained the same homomorphism r.
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7.8. Definition of the Reciprocity Homomorphism

Choose a uniformizing element 7 of K. Let L, be as before [cf. (7.1)]
then K, = L, - K, (7.2). Now define

r: K* - Gal(Kap/K)
U(K) 2 u > r(u) = () € Gal(L,/K) = Gal(Kan/K,,)
@ > F € Gal(Kan/L,)

Remarks 7.9. There are several remarks to be made concerning this
definition:

1. Aswisin Ny jx(Ly,*) for all m, cf. (6.12), this definition agrees
with the one given in (7.4).

2. This definition is independent of the choice of = [by (7.7) and
(7.9), Remark 1].

3. The homomorphism 7 is determined by its values on the
uniformizing elements of K.

4. 'The homomorphism 7 is the restriction to K* of an isomorphism
K* — Gal(Ke?/K) [cf. (7.3)].

TuroreM 7.10. Let L/K be an abelian extension, then we have
ker(K* — Gal(K®»[K) — Gal(L/K)) = Ny,x(L*)

Proof. 1t suffices to prove that Ny x(L*) is contained in this kernel
(7.5). Let K,, be the maximal unramified extension of K contained in
L; let [K, : K] = n. Let r, be the reciprocity homomorphism for the
base field K, . Then we claim that the following diagram is commutative:

Ng,lx

K, * K*
l,ﬂ l (7.10.1)
Gal(L/K,)) ——— G(LIK)

To see this, let L'/K be a totally ramified abelian extension such that
L' - K, = L - K,, for some unramified extension K, /K of degree m. We
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can assume that K, C K,,. We have the following diagram of field
extensions

L—
L \\ L. Kg L’.Km = L.Km
Ky Km

Let F e Gal(L' - K, /L") be the Frobenius automorphism. Then F* is the
Frobenius automorphism of L' - K, /L' - K, . Let 7 be a uniformizing
element of K which is in Ny /x(L'*). Then [cf. (7.4)]

i) = %, r(Ngx(m)) = r(a") = P, (7.10.2)
It remains to check that

7o) = r(Ng x@)  for we U(K,). (7.10.3)
To this end let ' € U(L,,) = U(L,,) be a lift of « [for the norm map
U(L,,— U(R,,)]- The element 4" = ' - Fu',..., F»1' is then a lift of

Nk ix(u) = u - Fu,...,F*"tu. The element r,(u)e Gal(L’ - K,/K,,) =
Gal (L' - K,,/K,,) is according to (5.5) and (7.4) characterized by

m@)(my) W

T o F"u,

mod V(L,,/K,,)

where ;- is any uniformizing element of L’. Hence

ro@)my W FW Pl .
my R Fu - Frag' T Ry mod V(Ly,/Ko)

But (v) € Gal(L’ - K,,/K,,) for v € U(K) is characterized by

’

r(@ny w0
mp P

mod V(Ly,/Ry)

where o' is any lift of v. It follows that

ra(4) = r(Ng k(W) € Gal(L’ - K,,JK,) C Gal(L’ - K,,/K,). (7.10.4)
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Taking account of (7.10.2) we have shown that the diagram

N
K,* LB
s, | (7.10.5)
Gal(L’ - Kp/K,) ——— Gal(L' - K,,/K)

is commutative, which implies the commutativity of (7.10.1). The kernel
of 7, in (7.10.1) is equal to N (L*) according to Lemma 7.6. It follows
that

NL/K(L*) == NK,,/K(NL/K"(L*)) = NKn/K(kCI' fﬂ) C ker r.

[cf. (7.10.1)]. This proves the theorem.

CorOLLARY 7.11. The norm subgroups of K* (i.e., the subgroups
Ny x(L*) where L|K is an (abelian) finite extension of K) are precisely the
open subgroups of finite index.

For every open subgroup R of finite index in K* there is one abelian
extension L|K such that the kernel of r: K* — Gal(K,;/K) — Gal(L/K) is
precisely R.

Proof. A norm subgroup is necessarily open of finite index. The rest
of the corollary follows from (7.10) and the fact that r: K* — Gal(K,;,/K)
is the restriction to K* of an isomorphism K* ~ Gal(K,;/K).

The last part of this section is devoted to the explicit determination
of the reciprocity homomorphism 7 4 la Lubin-Tate. The main tool is:

Lemma 7.12 [7, Lemma 2]. Let w and w' be two uniformizing elements
of K, and let f(X), g(X) be polynomials of degree q such that f(X) =
g(X) = X? mod 7 and f(X) = nX mod (X?), g(x) = ='X mod X2 Let
n’ = um. Then there exists a formal series 3(X) € A(R,)[X]] such that

H(X)) = H([u]; (X)), HX)= eX mod(X2), for a certain e € U(K,,)
(7.12.1)

where F is the Frobenius automorphzsm in Gal(K,,,/K) and also its extension
to K, , and (X)) is the series obtained from 9(X) by lettmg F act on the
coefficients of H(X).

Proof. Because F — 1: U(K,,) — U(K,,) is surjective there is an
e e U(K,,) such that u = F(e)e~1. Define #,(X) = eX, then

3,5(X) = $([u], (X)) mod(X?).
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Now suppose we have already found #,(X) such that
3,5(X) = 9,([u], (X)) mod(X™+1). (7.12.2)

We define 8,,,(X) = 9,(X) + b,., X", where b, € A(K,,) is yet to be
determined. Now

B7,4(X) = BF (X) + F(b,1) X7 mod(X"*)
By o[l (X)) = D{[u]y (X)) + by X" mod(X72)  (7.12.3)
Let
8,5(X) — 8,([u]; (X)) = —cX™1 mod(X"+2) (7.12.4)

Then we must choose b,.; such that F(b,,,) = ¢ -+ b, "1, Writing
b1 = a,.1€™, a,,, must satisfy (use F(e) = eu)

F(@yy)) — ryy = ()"0 ¢ (7.12.5)

Such an a,,, exists because F — 1: 4(K,,) — A(K,,) is surjective (cf.
Lemma 5.2). Let #(X) = lim 3,(X). This proves the lemma.

CoroLLARY 7.13 [7, Lemma 2]. Under the conditions of Lemma 7.12
there exists a )(X) e AR, )[X]] such that (7.12.1) holds and moreover

#([al; (X)) = [a], (B(X)) forall acA(K) (7.13.1)

Proof. We first remark that [7](X) = f(X) and [»'](X) = g(X)
[cf. (6.7)(i)]. Let $(X) be as in (7.12). We consider
h(X) = (f(F1X)) = 3([u]; (fEHXD) = =], 37(X))), (7.13.2)

where #71(X) is defined by HF# X)) = X = 5 YHX)). [One uses
(6.7)(1) and (6.7)(1i) to obtain the last equality.] The series £(X) has its
coefficients in A(K) because
hRX) = 3H(([=])7 (G HF (X)) = 7S ([ul, (-7 (X))
= FF(f (X)) = B(X)

[For the one but last equality substitute ($-1)f(X) for X in (7.12.1).]
Further

K(X) = F(e) ne'X = unX = n'X mod(X?)

607/18/2-5
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and
k(X)) = $F(f(9~1(X))) = ((FHX))? = (P (X?) = X? mod(n).

Therefore, h(X) is a power series of the type considered in (6.6). And
there exists therefore a unique power series [1],,(X) such that
[1]p.2(X) = X mod (X?) and g([1],,1(X)) = [1]g.1(A(X)). Now let

#(X) = [1on (X)) (7.13.3)

then (7.12.1) also holds for & (because [1],,(X) has its coefficients in
A(K)). Consider the series
(X) = 9 ([a], (B) (X))
We have
g(l(X)) = g([1]o.n (3([al; B([1]n., (X))

= [1o. (B(Sa]; G([1a.o (XN)

= [1o.n (37" (lal; (3 ([1]n., (D))

= (1o (¥ ([=']; G710 (X))

= [o.n (3(laly GEN[1n.0 (XN

= 11y, (3((aly G~ ([1n.c (X))

= I(g(X))

where we have used A(X) = H[#'](9YX))) twice and [I];}(X) =

[115,4(X) and [#]([a] (X)) = [7'al(X) = [a]{[=']{X)) [cf. (6.7)].
Thus I(X) satisfies the conditions that define [a],(X) so that (6.6)
[(X) = [a],(X), which proves the corollary.

DeFiniTION 7.14. We now define a homomorphism s,: K* —
Gal(L, - K,,,/K) as follows
so(m) =FeGal(lL, K, L,) (theFrobenius automorphism)
s,() = [u ), e Gal(L, - K,,,/K,,) for ueUK)

where [¢7]; is the automorphism of Gal(L, - K,,/K,,) = Gal(L,/K)
which acts on the A, as A, > [u71](},,) (i-e., subsitute A, in the series

(71 X))-
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THEOREM 7.15 [7, Theorem 3 and its corollary]. The homomorphism

S, 15 independent of = and coincides with the reciprocity homomorphism r
defined in (7.8).

Proof. We first show that s,(7') = s,(n’), for all uniformizing
elements =, =" € K. This suffices to prove the first part of the theorem.
Nowon K,,CK,,-L, = K,, = K,, - L, both s.(7') end s,(=") induce
the Frobenius automorphism. On L, , s,(=’) is the identity. Thus it
suffices to show that s,(=’) is the identity on L, , i.e., we have to show

that
s,,(w')(/\m') = A,

for all m, where A, is a root of g™(X)/g™+1)(X) where g(X) is a monic
polynomial of degree g such that g(X)= X¢mod =’ and g(X)=
7' X mod(X?).

Let #(X) be a power series over A(K,,) such that (7.12.1) and (7.13.1)
hold. Then because [#](X) = f(X) and [#'], = g(X) we have because
of (7.13.1) that #(A,,) is a root of g™(X)/g™ 1 (X).

Now s,(7') = s,(u) s,(w) = s,(u). F, where F is the Frobenius auto-
morphism in Gal(L, - K/L,) C Gal(K,;/K). Thus

$o(m)Aw') = sa(u) - F(H(An))
= sa()(H([u]; (Aw)))
= H([u]; (sn(#)(A)))
= &([u]; ([v7]; (An))
= 3(A,) = A,
The second assertion of the theorem now follows easily because for

every uniformizing element = € K both r(w) and s,(7) are the Frobenius
on K, and the identity on L, . Q.E.D.

8. ConcLUDING REMARKS

In this section we add a few extra comments to the foregoing.

8.1. “Almost the Reciprocity Morphism” for Arbitrary Finite Galois
Extenstons LK

Let L/K be any finite galois extension. Then the diagram of 5.1 (or
rather, a similar diagram), gives an isomorphism

U(K)/N,x(U(L)) —~ Gal(L/K )ram/<Gal(L/K )ram , Gal(L/K)>
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8.2. Functoriality of the Reciprocity Homomorphism

Let 7x: K* — Gal(K,;/K) be the reciprocity homomorphism for the
base field K. Then if L/K is a finite galois extension of K, the following
diagram is commutative

Npik

L* K*
iu l’x (8.2.1)
Gal(Lap/L) —> Gal(Kap - LIL) —%> Gal(Kap/K)

where a is the natural projection and b is the restricting of automorphisms
of K, -Lto K, .

In the case of an unramified extension L/K this has already been
proven [commutativity of diagram (7.10.5)]. It thus suffices to prove
the commutativity of (8.2.1) in the case that L/K is a totally ramified
abelian extension.

We have to show that a -7, = r N, x, 1.e., we only have to worry
about abelian extensions of L “‘arising from some subextension of
K.,/ K”.

Let M/K be a totally ramified abelian extension and K, /K an
unramified extension of K. The extension L - M/K is abelian. By
enlarging K, if necessary we can assume that the maximal unramified
subextension of L - M is contained in K, . By means of a similar argument
as in Section 3 we find an abelian extension M’/K such that M’ contains
L and such that M’ - K,, = L - M - K,, for some unramified extension
K,, that contains K, .

M’.Km = L.M.Kp,

Pl
/
/ | e

Ki.Mm Kn Km

K

We can now use M’/L and L - K, /L to definer,: L* — Gal(M' - K,,/L)
and M'/K and K, /K to define ry: K* — Gal(M' - K,,/K).
Let u e U(L) and v’ € U(M,,) a lift of u for

N Ml L U(Mr’nr) - U(inr)-
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Then «' is also a lift of N, /(u) for Ny: ¢ : U(M,,) — U(K,,), which
proves that 7,(#) = rx(Nx(u)) for u € U(L), in view of the definition of
r1(#) [cf. Section 5 and (7.4)].

And if 7’ is a uniformizing element of M’, we have that

ri(Nagr (') = F e Gal(M' - K,,JM') = Gal(M' - L - K,,/M")

and
&Ny x(n’)) = F € Gal(K,, - M'[M"). QED.

8.3. Ramification

Keeping track of ramification in the fundamental exact sequence
and the diagram 5.1.1. one sees that ¢(L/K) and hence also 7 is ramification
preserving, in the sense that 7z: K* — Gal(L/K) maps UY{K) into
Gal{(L/K), where Gal{(L/K) is the ith ramification subgroup of Gal(L/K)
(upper numbering).

84. The Case K = Q,,

In the case K = Q,,, taking = = p, f(X) = (X + 1)» — 1, one finds
f™(X) = (1 + X)*" — 1. The elements of A, then are of the form
{,, — 1, where {,, is a primitive p™th root of unity. In this case one has
[u](X) = (1 4+ X)* — 1 for each p-adic integer u. Hence [u]({,, — 1) =
{x* — 1 and formula (7.14) becomes the explicit cyclotomic reciprocity
formula given by Dwork in [1].
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