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Pushouts of Dwyer maps are (oo, 1)—categorical

PHILIP HACKNEY
VIKTORIYA OZORNOVA
EMILY RIEHL
MARTINA ROVELLI

The inclusion of 1—categories into (oo, 1)—categories fails to preserve colimits in general, and pushouts in
particular. We observe that if one functor in a span of categories belongs to a certain previously identified
class of functors, then the 1—categorical pushout is preserved under this inclusion. Dwyer maps, a kind
of neighborhood deformation retract of categories, were used by Thomason in the construction of his
model structure on 1—categories. Thomason previously observed that the nerves of such pushouts have the
correct weak homotopy type. We refine this result and show that the weak homotopical equivalence is a
weak categorical equivalence. We also identify a more general class of functors along which 1—categorical
pushouts are (oo, 1)—categorical.

18N60, 55U35

1 Introduction

Classical 1—categories define an important special case of (oo, 1)—categories. The fact that (oo, 1)—
category theory restricts to ordinary 1—categories can be understood, in part, by the observation that
the inclusion of 1—categories into (oo, 1)—categories is full as an inclusion of (oo, 2)—categories. This
full inclusion is reflective — with the left adjoint given by the functor that sends an (oo, 1)—category
to its quotient “homotopy category” — but not coreflective and as a consequence colimits of ordinary
1—categories need not be preserved by the passage to (co, 1)—categories. Indeed there are known examples
of colimits of 1—categories that generate nontrivial higher-dimensional structure when the colimit is

formed in the category of (co, 1)—categories.

For example, consider the span of posets
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The pushout in 1—categories is the arrow category ¢ — e, while the pushout in (oo, 1)—categories defines
an (oo, 1)—category which has the homotopy type of the 2—sphere.

As a second example, let M be the monoid with five elements, e, x11, X12, X271 and x5, and multiplication
rule given by x;;xx¢ = x;¢. Inverting all elements of M yields the trivial group. That is, if one considers
M as a l—category with a single object, then the pushout of the span M < [[;,2 — [[3, I (where 2
is the free-living arrow and I is the free-living isomorphism) in categories is the terminal category 1.
On the other hand, the pushout of this span in (oo, 1)—categories is the co—groupoid S?2 as follows from
[Fiedorowicz 2002, Lemma]. The results of [McDuff 1979] imply that this example is generalizable to a
vast class of monoids.

More generally, the Gabriel-Zisman category of fractions 6[W~!] is formed by freely inverting the
morphisms in a class of arrows W in a 1—category €. This can also be constructed as a pushout of

<€<—]_[2<—>]_[]1

wewW wewW

I—categories of the span

where each arrow in W is replaced by a free-living isomorphism. By contrast, the (oo, 1)—category
defined by this pushout is modeled by the Dwyer—Kan simplicial localization, which has nontrivial higher
dimensional structure in many instances [Dwyer and Kan 1980; Joyal 2008, page 168; Stevenson 2017,
Lemma 18]. Indeed, all (00, 1)—categories arise in this way [Barwick and Kan 2012].

As the examples above show, pushouts of 1—categories in particular are problematic. Our aim is to prove
that a certain class of pushout diagrams of 1—categories are guaranteed to be (oo, 1)—categorical. The
requirement is that one of the two maps in the span that generates the pushout belong to a class of functors
between 1—categories first considered by Thomason [1980, Definition 4.1] under the name “Dwyer maps”
that feature in a central way in the construction of the Thomason model structure on categories.

Definition 1.2 (Thomason) A full sub-1-category inclusion 7 : 4 < % is a Dwyer map if the following
conditions hold.

(i) The category A is a sieve in B, meaning there is a necessarily unique functor y: % — 2 with
x~1(0) = . We write ¥ := x~!(1) for the complementary cosieve of s{ in 9.

(ii) The inclusion 7 : ¢ < W into the minimal cosieve' W C B containing s admits a right adjoint
left inverse R: W — o, a right adjoint for which the unit is an identity.

Schwede [2019] describes Dwyer maps as “categorical analogs of the inclusion of a neighborhood
deformation retract”. In fact, many examples of Dwyer maps are more like deformation retracts, in that
the cosieve W' generated by o is the full codomain category 9.

TExplicitly W is the full subcategory of % containing every object that arises as the codomain of an arrow with domain in s{.
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Example 1.3 (i) The vertex inclusion 0: 1 — 2 is a Dwyer map, with !: 2 — 1 the right adjoint left

inverse. The other vertex inclusion 1: 1 — 2 is not a Dwyer map.

(ii) Generalizing the previous example, if & is a category with a terminal object and ${" is the category
which formally adds a new terminal object, then the inclusion # < s> is a Dwyer map.?

Thomason observed that Dwyer maps are stable under pushouts, as we now recall:

Lemma 1.4 [Thomason 1980, Proposition 4.3] Any pushout of a Dwyer map I defines a Dwyer map J :

s —E

1 \[/J
r

B —> D

Note, for example, that Lemma 1.4 explains the Dwyer map of Example 1.3(ii): if s has a terminal
object ¢, then the pushout

=

L
| .1
—

A

v

N

defines the category «”.

Our aim is to show that pushouts of categories involving at least one Dwyer map can also be regarded
as pushouts of (oo, 1)—categories in the sense made precise by considering the nerve embedding from
categories into quasicategories:

Theorem 1.5 Let
st —F ¢
b
%B — )
be a pushout of categories, and assume that I is a Dwyer map. Then the induced map of simplicial sets

NBUyyNE— ND

is a weak categorical equivalence.

By a weak categorical equivalence, we mean a weak equivalence in Joyal’s model structure for quasi-
categories [Joyal and Tierney 2007, Section 1]. Theorem 1.5 is a refinement of a similar result of
Thomason [1980, Proposition 4.3], which proves that the same map is a weak homotopy equivalence.

2If 54 does not have a terminal object, then s — 4> need not be a Dwyer map. Indeed, if ¢ = 1 L1 1, the only cosieve containing

sl is o4” itself, and there cannot be a right adjoint s{~ — sf as s{ does not have a terminal object. But see Example 3.5(iii), which
explains that this example is discretely flat.
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While Theorem 1.5 is the natural generalization of Thomason’s result, we prove it by considering
instead the embedding of 1-categories as discrete simplicially enriched categories, using Bergner’s
model of (0o, 1)—categories. This tactic was suggested by a referee; for our original argument using the
quasicategory model see [Hackney et al. 2022]. We show in Proposition 3.3 that a Dwyer map, when
considered as a map between discrete simplicial categories, satisfies a certain “flatness” property with
respect to the Bergner model structure. Since this discrete embedding of 1—categories into simplicial
categories preserves pushouts, unlike the nerve embedding of 1—categories into quasicategories, it is
straightforward to prove that:

Theorem 1.6 The inclusion Cat; — Cat(s,1) of the (00, 1)—category of 1—categories into the (co, 1)—
category of (o0, 1)—categories preserves (homotopy) pushouts along Dwyer maps.

When then deduce Theorem 1.5 as a corollary of this result.

Though the two previous theorems refer to Dwyer maps, they also hold for the pseudo-Dwyer maps
introduced by Cisinski [1999], which are retracts of Dwyer maps. In fact, we prove both Theorems 1.5
and 1.6 for more general classes of functors introduced in Definition 3.4 that include the Dwyer maps.
The key property of a Dwyer map (or pseudo-Dwyer map) is that it is “discretely flat” as well as a faithful
inclusion. For a functor to be discretely flat means that pushouts along it, considered as a functor of
discrete simplicial categories, preserve Dwyer—Kan equivalences of simplicial categories.

In a companion paper, we give an application of Theorem 1.5 to the theory of (oo, 2)—categories. There
we prove:

Theorem 1.7 [Hackney et al. 2023, 4.4.2] The space of composites of any pasting diagram in any
(00, 2)—category is contractible.

To prove this, we make use of Lurie’s [2009b] model structure of (co, 2)—categories as categories enriched
over quasicategories. In this model, a pasting diagram is a simplicially enriched functor out of the free
simplicially enriched category defined by gluing together the objects, atomic 1—cells, and atomic 2—cells
of a pasting scheme, while the composites of these cells belong to the homotopy coherent diagram indexed
by the nerve of the free 2—category generated by the pasting scheme.

This pair of (co, 2)—categories has a common set of objects so the difference lies in their hom-spaces. The
essential difference between the procedure of attaching an atomic 2—cell along the bottom of a pasting
diagram or along the bottom of the free 2—category it generates is the difference between forming a
pushout of hom-categories in the category of (oo, 1)—categories or in the category of 1—categories. Since
one of the functors in the span that defines the pushout under consideration is a Dwyer map, Theorem 1.5
proves that the resulting (oo, 2)—categories are equivalent.

In Section 2, we analyze 1—categorical pushouts of Dwyer maps. In Section 3, we extend these observations
to pushouts of simplicial categories involving a Dwyer map between 1—categories as one leg of the span,
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axiomatize the classes of functors that are well-behaved with respect to simplicial pushouts, and prove
Theorem 1.6. In Section 4, we deduce Theorem 1.5 as a corollary and consider a further special case
Corollary 4.1, which observes that the canonical comparison between the pushout of nerves of categories
and the nerve of the pushout is inner anodyne, provided that one of the functors in the span is a Dwyer
map and the other is an injective on objects faithful functor.

2 Dwyer pushouts

We now establish some notation that we will freely reference in the remainder of this paper. By
Definition 1.2, a Dwyer map I : s¢ < % uniquely determines a functor x: % — 2 that classifies the sieve
s := x~1(0) and its complementary cosieve V := x~1(1)

Ve—RB+—dA
L7k
1

e 2 ¢

as well as a right adjoint left inverse adjunction (I 4 R, e: IR = idy) associated to the inclusion of
into the minimal cosieve s C W C RB. This data may be summarized by the diagram

(%]
/v\«
a R/,;&ﬁ
SN 2
@.1) ¥ W 1
%J\ /

I‘/|'\_’/JJ/

T

1

O\H

O'/‘
1
The induced functor 7 : % — 2 partitions the objects of @ into the two fibers ob(z ~!(0)) = ob% and
ob(~1(1)) = ob¥ and prohibits any morphisms from the latter to the former.

N(—@
>:\(—
| ©

D {---
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The right adjoint left inverse adjunction (I 4 R, e: I R = idy) associated to the inclusion of s into the
minimal cosieve A C W C 9B pushes out to define a right adjoint left inverse (J .S, v: JS = idy) to
the inclusion of € into the minimal cosieve € C %Y C %:

da L da L a -t
) H) if , AN
r r r
W —> WT>031 W —— Y 2
\\\V 2
[ \ RN \;l"
B—p D &d—)‘@ W ——> W

These observations explain the closure of Dwyer maps under pushout and furthermore can be used to
explicitly describe the structure of the category & defined by the pushout of a Dwyer map, as proven
in [Bohmann et al. 2015, Proof of Lemma 2.5]; cf also [Schwede 2019, Construction 1.2; Ara and
Maltsiniotis 2014, Section 7.1].

Proposition 2.2 The objects in the pushout category % are given by
ob% 11 ob¥ => 0b%

while the hom sets are given by
@(c,c’) = %(c,c), V(v,v) = B(v,v) = D(v, V), @(c, Su) L= v"o( Pc,u), [ [,

forallc,c’ €6, v,v €V and u € U, and are empty otherwise. Functoriality of the inclusions J and G
defines the composition on the image of 6 and V'. For objects ¢, ¢’ € € and u,u’ € WU, the composition
map

G(u, 1"y xD(c,u) xD(c’,c) —— D(c’,u)

i

D(u,u") x6(c, Su) x6(c’,c) 0

S xidl

@(Su,Su’) x6(c, Su) x6(c’,c) —— @(c’, Su')

is the unique map making the diagram commute.’
To summarize, J and G define fully faithful inclusions

Ve— D — €

Lol

b1

1l v29 59
that are jointly surjective on objects. In particular, we may identify " with the complementary cosieve
of € in 9.

3Note if u € U and v € V\U, then B(u, v) =
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3 Pushouts in simplicial categories

By simplicial category we always mean simplicially enriched category as opposed to a simplicial object
in Cat. There is a fully faithful inclusion sCat < CatA”, identifying a simplicial category with an
identity-on-objects simplicial object.

The following model structure on sCat is due to Bergner [2007], though Lurie [2009a, A.3.2.4, A.3.2.25]
observed that the Bergner model structure is left proper and combinatorial.

Definition 3.1 (Bergner model structure) The category sCat of simplicially enriched categories admits
a proper, combinatorial model structure in which:

e Amap f:6— 9 is a weak equivalence just when

(W1) for each pair of objects x and y, the map 6(x, y) = D(fx, fy) is a weak homotopy equiva-
lence of simplicial sets, and

(W2) the functor g f: mo€ — oD is essentially surjective.
e Amap f:%— 9 is a fibration just when
(F1) for each pair of objects x and y, the map 6(x, y) - %D( fx, fy) is a Kan fibration, and

(F2) the functor 7o f: 96 — 7o is an isofibration.

If € is a simplicial category, then (€ is the ordinary category obtained by taking path components of
each hom-simplicial set. We call simplicial functors satisfying (W1) fully faithful (meaning of course in
the homotopical sense), and functors satisfying (W2) essentially surjective.

The constant diagram functor Cat — CatA”, given by precomposition with A°’? — 1, factors through the
full subcategory inclusion sCat < CatA”™ Write disc: Cat — sCat for the induced full inclusion, which
identifies categories as those simplicial categories with discrete hom-simplicial sets.

Lemma 3.2 The functor disc: Cat — sCat preserves limits and colimits.

Proof The precomposition functor Cat — CatA™ preserves all limits and colimits, while the full inclusion
sCat — CatA™ reflects them. The conclusion follows. |

Our key technical result is the following proposition, which observes that when / is a Dwyer map, the
functor disc(/) of simplicial categories is a flar map in the terminology of [Hill et al. 2016, B.9] or an
h—cofibration in the terminology of [Batanin and Berger 2017, 1.1] relative to the Bergner model structure.

Proposition 3.3 If I: sl — 9B is a Dwyer map, then
disc B Lgise o (—): B¢ H/sCat — GsePB/5Cat

preserves weak equivalences.

Algebraic € Geometric Topology, Volume 24 (2024)
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Proof Consider a composable pair of simplicial functors disc o £, ¢’ M, 4 and form the following

pushouts:
discd —L s @ My
| R
disc B val g

When M is a weak equivalence in the Bergner model structure, we wish to show that the induced map
H: %' — 9% between the pushouts is as well.

As in Proposition 2.2, we identify ob%’ with ob‘%¢’ LT ob¥" and similarly ob% = ob% LI obl". We regard
the simplicial categories 9" and & as simplicial objects @/ and %, via the inclusion sCat <> CatA” For
each n, we have 9,, = B 1y €, and similarly for %),. We have already computed the hom sets of these
categories in Proposition 2.2, and the descriptions there are functorial in the é—variable. Thus,

€ (c,c") —= €(Mc, Mc') %/(c, FRu) —— €(Mc, M FRu)
%' (c,c"y —— D(He, He') @' (c,u) —— D(Hc, Hu)

for ¢, ¢’ € ¢’ and u € U. Meanwhile, for v, v’ € ¥ we have that both @ (v, v') and %’ (v, v) are isomorphic
to the discrete simplicial set V'(v, v’). Finally, the hom-simplicial sets %’ (c, v"), @(Hc, v'), 9 (v, ¢) and
% (v, Hc) are all empty for ¢ € 6/, v € ¥ and v' € ¥'\U. Thus H is fully faithful.

For essential surjectivity of H, notice that we have a commutative square of functors

@' 1 discV MUy 11 disc

o —H g
where the vertical maps are bijective on objects and the top map is essentially surjective. It follows that
H is essentially surjective as well. a

Our main results hold not just for Dwyer maps but for arbitrary functors between 1—categories that satisfy
the property established in Proposition 3.3 plus some injectivity conditions. The following terminology
highlights the required properties.

Definition 3.4 A functor /: sl — %B between 1—categories is discretely flat if the simplicial functor
disc([) is flat, ie if
disc B Ugise sy (—): B¢ H/sCat — diseB/gCat

preserves Bergner weak equivalences. If, in addition, 7 is injective on objects, we call it a discretely flat
cofibration, and if it is both injective on objects and faithful, we call it a discretely flat inclusion.

Dwyer maps are discretely flat inclusions, but such functors aren’t the only examples.

Algebraic € Geometric Topology, Volume 24 (2024)
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Example 3.5 (i) Since the passage to opposite categories commutes with all of the structures involved
in Definition 3.4, co-Dwyer maps, whose opposites are Dwyer maps, are also discretely flat
inclusions.

(i) As flat maps are closed under retracts —see [Hill et al. 2016, B.11] or [Batanin and Berger 2017,
Lemma 1.3] — Cisinski’s [1999] pseudo-Dwyer maps are also discretely flat inclusions.

(iii) The inclusion of 1 IT 1 into the cospan category (1 LI 1) is a discretely flat inclusion. Indeed, the
hom-simplicial sets of (1 LT 1)” I (qy1) € are readily computed by hand in terms of those for €,
and a variation of the proof of Proposition 3.3 gives the result.

Note not all functors of the form «f — 4> are discrete flat inclusions. In light of Theorem 1.6, the
left-hand map of (1.1) gives a counterexample. An interesting problem is to characterize the class of
discretely flat inclusions.

The fact that Dwyer pushouts are homotopy pushouts now follows from a general fact: in a left proper
model category, a pushout where one leg is a flat map is automatically a homotopy pushout; see [Batanin
and Berger 2017, Section 1.5].

Proposition 3.6 Suppose I : i — B is discretely flat. Then for any functor F': disc s — € of simplicial
categories, the pushout disc B L g5 4 € is a homotopy pushout.

Proof To form the homotopy pushout of a span in a model category, one replaces it by a cofibrant span
as below and then takes the ordinary pushout [Dwyer and Spaliiski 1995, 10.4]:

4]

Y <

lz disc(1)

discB +——— discA —

~

R4 R

3
|

Thus, we must show that the induced map
Yy Hg@ ¥ — disc B Hdiscgg 9

is a weak equivalence of simplicial categories. Since disc(/) is flat by assumption and sCat is left proper,
the above map is a weak equivalence by [Hill et al. 2016, B.12]. O

Our model-independent statement, that Dwyer pushouts are (oo, 1)—categorical, holds generally for
discretely flat cofibrations.

Theorem 1.6 The inclusion Cat; < Cat(so,1) of the (00, 1)—category of 1—categories into the (oo, 1)—
category of (oo, 1)—categories preserves (homotopy) pushouts along discretely flat cofibrations.

Proof The inclusion Cat; <> Cat(s,1) can be modeled at the point-set level by the right Quillen functor
disc: Cat — sCat. By hypothesis, a discretely flat cofibration 7: s{ — & is injective on objects, hence
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a cofibration in the canonical model structure on Cat. This model structure is left proper, so ordinary
pushouts along such maps are homotopy pushouts by [Hirschhorn 2003, 13.5.4]. Since the functor
disc: Cat — sCat preserves strict pushouts, Proposition 3.6 shows that disc preserves homotopy pushouts
along discretely flat cofibrations, so the conclusion follows. |

4 Pushouts in simplicial sets

In this section, we describe the implications of Theorem 1.6 for the Joyal model structure on simplicial
sets, proving the results needed in [Hackney et al. 2023]. We utilize the commutative triangle of right
Quillen functors

N Cat i
/ \l‘bc

~

sSet (% sCat

where 1 is the homotopy coherent nerve, a right Quillen equivalence between the Bergner and Joyal
model structures. This diagram commutes up to natural isomorphism since, for any 1—category A,

(Mdisc A);, := hom(C[xn], disc A) = hom([n], A) =: (N A)y,
which holds because the hom simplicial sets of disc & are discrete.

We first explain how to deduce Theorem 1.5 from Proposition 3.6. In fact, we use the terminology of
Definition 3.4 to prove a more general version:

Theorem 1.5 Let

A4 —E @
AN
B—— 9

be a pushout of categories, and assume [ is a discretely flat inclusion. Then the induced map of simplicial
sets
NBUNy N€— ND

is a weak categorical equivalence.

Proof We organize the proof into the following commutative square of simplicial sets:

Mdisc B Ly gise sy Ndisc @ —=— NB Ly N€

!

M(disc B L gise o disc 6)

1=

MNdisc(B L €) ———— N(B L4 6)
Algebraic € Geometric Topology, Volume 24 (2024)
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The top and bottom isomorphisms are instances of the natural isomorphism N = 9tdisc. The vertical
maps are the canonical comparison maps induced by the universal property of the pushouts. The bottom
left map is an isomorphism since disc preserves pushouts (Lemma 3.2). It remains to show that the upper
left map

N disc B Ly gise ¢ T disc € — J(disc B U gigc ¢ disc 6)

is a weak categorical equivalence, at which point the right map will be a weak categorical equivalence by
two-of-three.

Notice that the objects in the top row are homotopy pushouts, since NI: N — N is a cofibration in
sSet by the hypothesis that I is faithful and injective on objects. Let R1 be the right derived functor
of 1. Since discrete simplicial categories are fibrant in the Bergner model structure, the map of simplicial
sets above represents the canonical map

(RM) disc B U{ poy gise o (R disc 6 — (RO (disc % LI, disc6).
This is an equivalence since R91 is an equivalence of (oo, 1)—categories, hence preserves homotopy

pushouts. We conclude that NB Ly N6 — N (B Ly 6) is a weak categorical equivalence. a

In the case where F: si — € is also injective on objects and faithful, as occurs frequently in [Hackney
et al. 2023], we are able to strengthen our conclusion and prove that the canonical comparison map is
inner anodyne.

Corollary 4.1 Let

d L

I\li J
r

%T@

be a pushout of categories, in which I is a discretely flat inclusion and F is faithful and injective on
objects. Then the induced inclusion of simplicial sets
NBUNy NC€G—> ND

is inner anodyne.

Proof Observe in this case that the canonical map j: N®B Ly N6 — N is an inclusion and thus, by
Theorem 1.5, an acyclic cofibration in the Joyal model structure. This acyclic cofibration is also bijective
on O—simplices and has codomain a quasicategory. By [Stevenson 2018a, 2.19] or [Stevenson 2018b, 5.7]
it follows that j is inner anodyne.* a

4See [Campbell 2020] for related discussion and an example of an acyclic cofibration that is bijective on O—simplices but whose
codomain is not a quasicategory that is not inner anodyne.

Algebraic € Geometric Topology, Volume 24 (2024)



2182 Philip Hackney, Viktoriya Ozornova, Emily Riehl and Martina Rovelli
Acknowledgements

This material is based upon work supported by the National Science Foundation under grant DMS-
1440140, which began while the authors were in residence at the Mathematical Sciences Research
Institute in Berkeley, California, during the Spring 2020 semester. The authors learned a lot from fruitful
discussions with the other members of the MSRI-based working group on (oo, 2)—categories. This work
was supported by a grant from the Simons Foundation (850849, PH). Ozornova thankfully acknowledges
the financial support by the DFG grant OZ 91/2-1 with the project 442418934. Riehl is also grateful
for support from the NSF via DMS-1652600 and DMS-2204304, from the ARO under MURI grant
WOI11NF-20-1-0082, and by the Johns Hopkins President’s Frontier Award program. Rovelli is deeply
appreciative of the Mathematical Sciences Institute at the Australian National University for their support
during the pandemic year and is grateful for support from the NSF via DMS-2203915. The authors also
wish to thank the referee for [Hackney et al. 2023] who pointed out that their originally claimed proof of
this result, which originally appeared there, sufficed only to cover the case used there. The referee for
this paper suggested a strategy to greatly simplify our original proof of the general result, which allowed
us to also prove more general theorems.

References
[Ara and Maltsiniotis 2014] D Ara, G Maltsiniotis, Vers une structure de catégorie de modéles a la Thomason sur
la catégorie des n—catégories strictes, Adv. Math. 259 (2014) 557-654 MR Zbl

[Barwick and Kan 2012] C Barwick, DM Kan, Relative categories: another model for the homotopy theory of
homotopy theories, Indag. Math. 23 (2012) 42-68 MR Zbl

[Batanin and Berger 2017] M A Batanin, C Berger, Homotopy theory for algebras over polynomial monads,
Theory Appl. Categ. 32 (2017) 148-253 MR Zbl

[Bergner 2007] JE Bergner, A model category structure on the category of simplicial categories, Trans. Amer.
Math. Soc. 359 (2007) 2043-2058 MR Zbl

[Bohmann et al. 2015] A M Bohmann, K Mazur, A M Osorno, V Ozornova, K Ponto, C Yarnall, A model
structure on G€at, from “Women in topology: collaborations in homotopy theory” (M Basterra, K Bauer, K Hess,
B Johnson, editors), Contemp. Math. 641, Amer. Math. Soc., Providence, RI (2015) 123-134 MR Zbl

[Campbell 2020] A Campbell, A counterexample in quasi-category theory, Proc. Amer. Math. Soc. 148 (2020)
37-40 MR Zbl

[Cisinski 1999] D-C Cisinski, La classe des morphismes de Dwyer n’est pas stable par retractes, Cahiers Topologie
Géom. Différentielle Catég. 40 (1999) 227-231 MR Zbl

[Dwyer and Kan 1980] W G Dwyer, DM Kan, Simplicial localizations of categories, J. Pure Appl. Algebra 17
(1980) 267-284 MR Zbl

[Dwyer and Spaliniski 1995] W G Dwyer, J Spalinski, Homotopy theories and model categories, from “Handbook
of algebraic topology” (I M James, editor), North-Holland, Amsterdam (1995) 73—-126 MR Zbl

[Fiedorowicz 2002] Z Fiedorowicz, A counterexample to a group completion conjecture of J C Moore, Algebr.
Geom. Topol. 2 (2002) 33-35 MR Zbl

Algebraic € Geometric Topology, Volume 24 (2024)


https://doi.org/10.1016/j.aim.2014.03.013
https://doi.org/10.1016/j.aim.2014.03.013
http://msp.org/idx/mr/3197667
http://msp.org/idx/zbl/1308.18004
https://doi.org/10.1016/j.indag.2011.10.002
https://doi.org/10.1016/j.indag.2011.10.002
http://msp.org/idx/mr/2877401
http://msp.org/idx/zbl/1245.18006
http://www.tac.mta.ca/tac/volumes/32/6/32-06.pdf
http://msp.org/idx/mr/3607212
http://msp.org/idx/zbl/1368.18006
https://doi.org/10.1090/S0002-9947-06-03987-0
http://msp.org/idx/mr/2276611
http://msp.org/idx/zbl/1114.18006
https://doi.org/10.1090/conm/641/12861
https://doi.org/10.1090/conm/641/12861
http://msp.org/idx/mr/3380072
http://msp.org/idx/zbl/1355.55008
https://doi.org/10.1090/proc/14692
http://msp.org/idx/mr/4042827
http://msp.org/idx/zbl/1444.18025
http://www.numdam.org/item/CTGDC_1999__40_3_227_0/
http://msp.org/idx/mr/1716777
http://msp.org/idx/zbl/0938.18008
https://doi.org/10.1016/0022-4049(80)90049-3
http://msp.org/idx/mr/579087
http://msp.org/idx/zbl/0485.18012
https://doi.org/10.1016/B978-044481779-2/50003-1
http://msp.org/idx/mr/1361887
http://msp.org/idx/zbl/0869.55018
https://doi.org/10.2140/agt.2002.2.33
http://msp.org/idx/mr/1885214
http://msp.org/idx/zbl/1006.18013

Pushouts of Dwyer maps are (0o, 1)—categorical 2183

[Hackney et al. 2022] P Hackney, V Ozornova, E Riehl, M Rovelli, Pushouts of Dwyer maps are (oo, 1)—
categorical (2022) arXiv 2205.02353v2

[Hackney et al. 2023] P Hackney, V Ozornova, E Riehl, M Rovelli, An (co, 2)—categorical pasting theorem,
Trans. Amer. Math. Soc. 376 (2023) 555-597 MR Zbl

[Hill et al. 2016] M A Hill, M J Hopkins, D C Ravenel, On the nonexistence of elements of Kervaire invariant
one, Ann. of Math. 184 (2016) 1-262 MR Zbl

[Hirschhorn 2003] P S Hirschhorn, Model categories and their localizations, Math. Surv. Monogr. 99, Amer.
Math. Soc., Providence, RI (2003) MR Zbl

[Joyal 2008] A Joyal, The theory of quasi-categories and its applications, preprint (2008) Available at http://
mat.uab.cat/~kock/crm/hocat/advanced-course/Quadernd5-2.pdf

[Joyal and Tierney 2007] A Joyal, M Tierney, Quasi-categories vs Segal spaces, from “Categories in algebra,
geometry and mathematical physics” (A Davydov, M Batanin, M Johnson, S Lack, A Neeman, editors), Contemp.
Math. 431, Amer. Math. Soc., Providence, RI (2007) 277-326 MR Zbl

[Lurie 2009a] J Lurie, Higher topos theory, Ann. of Math. Stud. 170, Princeton Univ. Press (2009) MR Zbl
[Lurie 2009b] J Lurie, (00, 2)—categories and the Goodwillie calculus, I, preprint (2009) arXiv 0905.0462
[McDuff 1979] D McDuff, On the classifying spaces of discrete monoids, Topology 18 (1979) 313-320 MR Zbl
[Schwede 2019] S Schwede, Categories and orbispaces, Algebr. Geom. Topol. 19 (2019) 3171-3215 MR Zbl

[Stevenson 2017] D Stevenson, Covariant model structures and simplicial localization, North-West. Eur. J. Math.
3(2017) 141-203 MR Zbl

[Stevenson 2018a] D Stevenson, Model structures for correspondences and bifibrations, preprint (2018) arXiv
1807.08226

[Stevenson 2018b] D Stevenson, Notes on the Joyal model structure, preprint (2018) arXiv 1810.05233

[Thomason 1980] R W Thomason, Cat as a closed model category, Cahiers Topologie Géom. Différentielle 21
(1980) 305-324 MR Zbl

Department of Mathematics, University of Louisiana at Lafayette
Lafayette, LA, United States

Max Planck Institute for Mathematics
Bonn, Germany

Department of Mathematics, Johns Hopkins University
Baltimore, MD, United States

Department of Mathematics and Statistics, University of Massachusetts at Amherst
Ambherst, MA, United States

philip@phck.net, viktoriya.ozornova@mpim-bonn.mpg.de, eriehl@jhu.edu,
rovelli@math.umass.edu

Received: 3 June 2022 Revised: 8 March 2023

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/2205.02353v2
https://doi.org/10.1090/tran/8783
http://msp.org/idx/mr/4510118
http://msp.org/idx/zbl/1505.18031
https://doi.org/10.4007/annals.2016.184.1.1
https://doi.org/10.4007/annals.2016.184.1.1
http://msp.org/idx/mr/3505179
http://msp.org/idx/zbl/1366.55007
https://doi.org/10.1090/surv/099
http://msp.org/idx/mr/1944041
http://msp.org/idx/zbl/1017.55001
http://mat.uab.cat/~kock/crm/hocat/advanced-course/Quadern45-2.pdf
http://mat.uab.cat/~kock/crm/hocat/advanced-course/Quadern45-2.pdf
https://doi.org/10.1090/conm/431/08278
http://msp.org/idx/mr/2342834
http://msp.org/idx/zbl/1138.55016
https://doi.org/10.1515/9781400830558
http://msp.org/idx/mr/2522659
http://msp.org/idx/zbl/1175.18001
http://msp.org/idx/arx/0905.0462
https://doi.org/10.1016/0040-9383(79)90022-3
http://msp.org/idx/mr/551013
http://msp.org/idx/zbl/0429.55009
https://doi.org/10.2140/agt.2019.19.3171
http://msp.org/idx/mr/4023338
http://msp.org/idx/zbl/1435.55008
https://math.univ-lille1.fr/~nwejm/OnlinePapers/Archives/2017/3/7/article2017-7.pdf
http://msp.org/idx/mr/3683375
http://msp.org/idx/zbl/1386.55023
http://msp.org/idx/arx/1807.08226
http://msp.org/idx/arx/1807.08226
http://msp.org/idx/arx/1810.05233
http://www.numdam.org/item/CTGDC_1980__21_3_305_0/
http://msp.org/idx/mr/591388
http://msp.org/idx/zbl/0473.18012
mailto:philip@phck.net
mailto:viktoriya.ozornova@mpim-bonn.mpg.de
mailto:eriehl@jhu.edu
mailto:rovelli@math.umass.edu
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

Kathryn Hess
kathryn.hess @epfl.ch
Ecole Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Mufioz
David Futer

John Greenlees

Tan Hambleton
Matthew Hedden
Hans-Werner Henn
Daniel Isaksen
Thomas Koberda

Christine Lescop

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf @math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Cote d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se
Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University

dfuter @temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
McMaster University
ian@math.mcmaster.ca
Michigan State University
mhedden @math.msu.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu
University of Virginia
thomas.koberda@virginia.edu
Université Joseph Fourier

lescop @ujf-grenoble.fr

Robert Lipshitz
Norihiko Minami
Andrés Navas
Thomas Nikolaus
Robert Oliver
Jessica S Purcell
Birgit Richter
Jéréme Scherer
Vesna Stojanoska
Zoltan Szabo
Maggy Tomova
Nathalie Wahl
Chris Wendl

Daniel T Wise

University of Oregon
lipshitz@uoregon.edu

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
University of Miinster

nikolaus @uni-muenster.de
Université Paris 13

bobol @math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University

szabo @math.princeton.edu
University of Towa
maggy-tomova@uiowa.edu
University of Copenhagen
wahl@math.ku.dk
Humboldt-Universitit zu Berlin
wendl@math.hu-berlin.de
McGill University, Canada
daniel.wise @mcgill.ca

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2024 is US $705/year for the electronic version, and $1040/year (4-$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c¢/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:lescop@ujf-grenoble.fr
mailto:lipshitz@uoregon.edu
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:nikolaus@uni-muenster.de
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:wahl@math.ku.dk
mailto:wendl@math.hu-berlin.de
mailto:daniel.wise@mcgill.ca
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 24 Issue 4 (page

Mobius structures, quasimetrics and completeness
MERLIN INCERTI-MEDICI
Zp X Zyp actions on S X S”
JiM FOWLER and COURTNEY THATCHER
Z,j—stratifolds
ANDRES ANGEL, CARLOS SEGOVIA and ARLEY FERNANDO TORRES
Relative systoles in hyperelliptic translation surfaces
CORENTIN BOISSY and SLAVYANA GENINSKA
Smooth singular complexes and diffeological principal bundles
HIROSHI KIHARA
Natural symmetries of secondary Hochschild homology
DAVID AYALA, JOHN FRANCIS and ADAM HOWARD
The shape of the filling-systole subspace in surface moduli space and critical point
YUE Gao
Moduli spaces of geometric graphs
MARA BELOTTI, ANTONIO LERARIO and ANDREW NEWMAN
Classical shadows of stated skein representations at roots of unity
JULIEN KORINMAN and ALEXANDRE QUESNEY
Commensurators of thin normal subgroups and abelian quotients
THOMAS KOBERDA and MAHAN MJ
Pushouts of Dwyer maps are (00, 1)—categorical
PHILIP HACKNEY, VIKTORIYA OZORNOVA, EMILY RIEHL and MARTINA
A variant of a Dwyer—Kan theorem for model categories
BORIS CHORNY and DAVID WHITE
Integral generalized equivariant cohomologies of weighted Grassmann orbifolds
KOUSHIK BRAHMA and SOUMEN SARKAR
Projective modules and the homotopy classification of (G, 1)-complexes
JOHN NICHOLSON
Realization of Lie algebras of derivations and moduli spaces of some rational hom
Y VES FELIX, MARIO FUENTES and ANICETO MURILLO
On the positivity of twisted L >~torsion for 3—manifolds
JIANRU DUAN
An algebraic Cr—equivariant Bézout theorem
STEVEN R COSTENOBLE, THOMAS HUDSON and SEAN TILSON
Topologically isotopic and smoothly inequivalent 2—spheres in simply connected
RAFAEL TORRES
Remarks on symplectic circle actions, torsion and loops
MARCELO S ATALLAH
Correction to the article Hopf ring structure on the mod p cohomology of symme

LORENZO GUERRA



http://dx.doi.org/10.2140/agt.2024.24.1809
http://dx.doi.org/10.2140/agt.2024.24.1841
http://dx.doi.org/10.2140/agt.2024.24.1863
http://dx.doi.org/10.2140/agt.2024.24.1903
http://dx.doi.org/10.2140/agt.2024.24.1913
http://dx.doi.org/10.2140/agt.2024.24.1953
http://dx.doi.org/10.2140/agt.2024.24.2011
http://dx.doi.org/10.2140/agt.2024.24.2039
http://dx.doi.org/10.2140/agt.2024.24.2091
http://dx.doi.org/10.2140/agt.2024.24.2149
http://dx.doi.org/10.2140/agt.2024.24.2171
http://dx.doi.org/10.2140/agt.2024.24.2185
http://dx.doi.org/10.2140/agt.2024.24.2209
http://dx.doi.org/10.2140/agt.2024.24.2245
http://dx.doi.org/10.2140/agt.2024.24.2285
http://dx.doi.org/10.2140/agt.2024.24.2307
http://dx.doi.org/10.2140/agt.2024.24.2331
http://dx.doi.org/10.2140/agt.2024.24.2351
http://dx.doi.org/10.2140/agt.2024.24.2367
http://dx.doi.org/10.2140/agt.2024.24.2385

	1. Introduction
	2. Dwyer pushouts
	3. Pushouts in simplicial categories
	4. Pushouts in simplicial sets
	Acknowledgements

	References
	
	

