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 ABSTRACT .

The starting point is the concept of a nonoidal

- categor;., By formulating the entire theory with respect
.»}I

- to a suitable closed category V uhertensor—product functor

in a monoidal category may be supposed'to‘carry‘a
Vstifunctor'structure.- o f |

‘First we:specialise'to the Well—knowﬁ concept of
a biclosed category whlch is a moroidal category Whose
tense"—product functor admlts right ad*oints to both |
variables. Slnce thls biclosed pronerty can be expressed
in terms of the representabilitv of certain functors, a.
biclosed category may be thought of as a "complete"
monoidal category.. ST

In the other direction; we geoerallse mon01dal
category to the concept of promonojdal'ﬂetegory. A

promonoidal category 15 less than a nonoiéal category in .

that its tensor product and 1dent1ty can only be expressed

as a “profunctor"_and a 'proobgect" respectlvely. This is

the case with many small_Categories”which occur as model
categories. While a monoidal structare is a special instance

of a promonoidal one, there_do_exist promonoidal categories -

“which are not monoidal.

7

Broadly speaking, the thesis provides COnditions'

‘under which a promonoidal structure on a category A can be




t
.

]

.ﬂiextended along a- given dense functor A p‘* B to produce
a biclosed structure on. B | The tensor product '*nternal
"'homs, and S0 on, for B are then expressed as Kan extensions.hy T
of the given structure on A _As described in detall in .
ifour lntroduction the actual proof of this gensral resultix
is derived Prom the consideration of two special cases,=
'7.rnamely, the functor category theorem and the reflection 'igd
irthe°remf | E s ... _ | | ..”
R - Much of the. thesis is concerned with examples'
'and we divioe these into various types.. The first 1s uhehf
{f-functor cat egory type including such familiar-examples f:
ras the closed category of modules over-a commutative ring:gac
'land the closed category of algebras over a commutative |
:htheory.j The second deals with biclosed structures obtained '
:.by reflection from larger biclosed categories, ‘here we |
"gdiscuss several cartesian closed categories of topological |
nspaces, including that of compactly generated spaces.f_Lastly,l'
‘the general constructicn theorem is applied to the o
:consideration of algebraic closed categories generated bj

commutative monads. o ,':_ l:- *‘r;
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.coherence ax1om5',

"°INTRODUCT10M-'_..._""

.'The thesis aims to present a theorem which

.gundetlies the const”actlon of many wellﬁknown examples of

.n'both ordinary;closed categories and enriched closedﬁ |
uCategories; We shall approach this theorem through the |

.T.discu5510n of two Special cases. Therefore, by way of

' introduct1on, it seems de51rable to nrov1de a brlei,outlin

of the development Some- notation and terminology are also”

introduced here, although we maﬂnly follow that used: in

':Sectlon 0. 1 Terminoiogyf

A mon01dal category consists of a category U

gtogether w1tb an identlty obgect I € V ‘a tensOr-product
functor 9 va -V, and natural 1sovorphisms L: IGA & A,JV

ro:oAel z A;.and a (A@B)sc z A@(Bw ),:satisfying the

.:M011 © . (neT)em ——— 18 (ISB)

48B : - ;n"..commutes,..




‘mMc2  ((A8B)®C)®D——> (A8B)@{C8D)——=A8(BY(COD)) -
A o A , SR TR

e8| o ] 1ea

{28 (B8C) ) 8D ——— ' —=£8((B8C)8D) .

2o e h e

commutes.

This entlre structure is often denoted by the single

T‘--letter U

A _Xmmetrlc mon01dal category is a monoldal
category p]us a natural 1somurphlsm C. :*-"-=_B®A '
‘satisfying the coherence axioms: .- e

MC3 . . -AeB — »—B@A ERE

CASE '.t'eﬂ =:_:o-f,t;e'cOmmutes; |

cmi T T O B TRl g

(B@A}@C —>B8(A8C) ——————>BR(COA) .
a7 186 -

E
b Mo e eB)ec - ~ 19 (B8C) ————> (DBBC)8A
¥
|
: commutes .

A biclosed category 15 a mon01da1 category v

for whlch the endofunctors A@— and —®B both have right

“adjoints:




-

V(AaB C) F V(A,0/B) 2 W(B,A\C).

These rlght adjoints are called the'internal—hom?functors'

3 of_v.,_i,_ | "':'- B RPN

A”closed.category iS'a;Symmetric'mmﬁoidal |
/gategorjifor which tne endo;unctor -8B has a.right aojoin
L '-U(AoB c) = - V(8,[BCI). | |
"Note that a closed category is essentially a sgmmet“lc
'biclosed category

| ‘Only when V is closed do we get a really workable
'theory of categorles over v. In order to empﬁog*this theorv t_

,efficiently, we may suppose that Vis normalised" that is,%}

S that a functor v ;:U +-S where $3= small sets, Is so

i

' chosen that V[AB] is prec1se1y V(AB) and not mssely
isomorphlc to V(ﬁB) Any closed category can hﬁ*mormalised
- perbaps after replacing'lt w1th aﬂ 1somorph -@@ will-
_.suppose that gizgg'closed categories are normmﬁased but
Will not bother to prov1de normallsatlons fon’tﬁw elosed

categorles constructed

If W is a given closed category, wefmmtain the
concepts of mon01dal category over W, closed &stegory over
W, etc.,_lr we use "w category in place cf "category" :
'“W functcr".ln place of "functor"- V@L in plamr of UxV,

and 50 on, in the above definitions, "Coheremce‘-remains_

unaltered.




'.sinmlicial_sets'; .AOP, where ﬂ sets :'all funcfore‘”
-.\. E f :. P, ' is the
! i-:_'ej';'g i:er 1 simplicial
.| eategory. - y
small categories- n°P" : | sets those Satisfying the.

o SeCtion 0.2. éloeed-cate?ories'of'functors

Most familiar examples of closed categories
lcan be non—triv1a11y represented as categories of functors'

from A to B for euitable domain and codomain cacegorles

A and B. These functors may. be either ordinary functors,
or eise V- functors for some closed categozy V They may

comprise the category [A Bl of all functors (or V-functors)

ifrom A to B, or else_a definite full subcategory of thlS.

r‘CIearly the latter alternative remains available even_;o

_ wheu A is larce that ig; even when [A B] ooes not ex1st
'mhe following table gives some'uypical examples of closed

'functor categorles'ﬁ

Functor category | = _A ] B _Functors considered -

- category axioms .




Functof category

' Functors conéidéred_

quasi-

topological

spaces

.COP,'where_C
is'compaét

hdf. spzces

- and; cts.

 maps

| sets

:tEOSe.of thé”fofmi
'_cwH»Ad(c X) for
‘SQME qua51 space
X” Where Ad(C X)
iss the set of
aﬁﬁissible'maps

firem € to X, CeC

n.
-

 (real) Banach

. spaces

POP, wherse P

is the full
_subcategcry:j

of Banach

spaces

determined

certaiﬂlfundtcrs;:
:determiﬁed753 thé,,1
fact thai P is
. deuse in Bangchu

spaces

_ abelian'gPOUps

GOP, where G

is-the'theory

of abelian

groups

sets

those preserving

rimite products. -




_/{/

Functor category

B

Functors . -
considered

Z-graded abelian

EYOUps

the discfete.
category of
integers Z o

_abélian

.groﬁps

-

-Eall_'

. funetors

3
4

differential
_graded abelian

-q_groups*f

|z, with the =

| the additive

catégory

generated'by

the ﬁotally-
_‘ofdered:Caﬁcgory-

relation 4° =

|groups

{abelian

*

. 211 additive

i

I functors

o

CLgaw

-~ modules over a
- commutative ring

K

tﬁe additive'
.éatégory witn
-dnérébjéct wthe 
endomcrphism_‘

ring is K

abelian

groups

ARG T Ty Al Lo e

_&ll;additivej

! functors -

sheaves of

K-modules

TOP; where T is a

"topolcgy.f

K-modules

those  functors
ereating.

certain limits




.‘  7;

In tnese and many other examples the:codomainx'

B is Cland - We tuerefore choose thisnas a startingrrf”

point and replace the. letter B by V, a given'cIOSed

categcry.

n,;//’*;'“ - The'above examples*aiso'indicate-that'sometimee

A is an ordinary ca*egory and the- functoru A > V being

+

_considered are ordinary functors (e g 'sheaves of

'=K—modules), while othertimes A is a V—category and the

functors A - V are J»functors ( e.g. differential graded

-abellan groups). Fowcver, provided V admits set—indexed

__eopowers: of its 1dent*ty obiect I, the first case3may be -

'e.included 1n the second ‘by. simpiy re olaclng A w1th the -

"free V—category generated by A More precisely, V is

usually complete . enough for the representable functor E _
v.:V + S to admlc:theeleft“adjoint-F“; S +_V'which sends
.'a'set X'to bhe copower-FX = Z I.in U," Then, by'[llj,afhe”df

_closed functor Vv o s has a closed left adJolnt P Sy,

_'and thls induces a 2 functor FM : S—Fat > U Cat. There

L3

~then vesults a. canonlcal blgection between functors A~ V

and V-functors F A+,

closed category and A 1s a V—ca*egory and that the functors
,/ -




7ﬁ;ftouv we shall'use_A(A—) and_LA_lnterchangeably._

.CA'*'vibeiﬁgvcoﬂ31dered*arer—funetors,"Thisemeané thatef

:,?our general theory is aeveloped entlrely over V, so we_'f

 ,stipu1aue that henceforth (save in specific examples)

the unqualifled words "category, functor, natural
'ftransformation, adjoint, monoidal category e+c., meaﬁe
 "U—category; V;fuhctof,.v—natural transfornatlon,
V—adJoint monoidal cacegory over V ’_etc.'-mhe preflx "V"
113 OCcasionally retained for empha51s;. |

| Furthermore iu is. convenient to use the same
_ ym“ol for both a U-fuﬁutor and its underlying S- functor.'

',;Tn the special case of left repﬁeqented functors from A
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Lk -

}Section DQJ7 ' Outline of deve1opment

- The. general construﬂtion theoremy formulated in'

ﬂ'£$apter 5, I derlved essentially in terms af two

2 mn' AR
'

T S

"*Mst we take the case where A ia & small

=y ., e ﬁtagorv and’ V adnits small limits and comm;m and we
‘ﬁi" el -sonsider'tne*Lategory fA V] of all functors fm@m A to V _
;fxa;?;" “‘”ieﬁ“ﬁnne in f53)-, The StPUCture of [4, vy as_a W;eategory“ ”
v fe;g -is recalled in Chapter 1 _Here we also recmﬁi ‘the Yoneda
S fu-ll embeddin-g L: A% - [A V] which 1s the: wﬂmmal
ST R “functor. sending A e AOp to the left represenﬁemifunCucr
w{ “ if, f'.LA A(A—) A > V : The functor L is gggﬁg, a.faet whlcn ; *
iiii - j '“ﬂe_is essentially contalned in the expre531on
135 £ E 2 jTA@LA | o o
'NM:{}ii *1“e&“éa¢h fﬁncﬁOrIT'i A+ V as a colimlt in [ﬁ& B of léft._ef
f'_' i | .repreee Wl functors. - | o
eiif{"e . _- We now consider theepOSSibiliﬁy‘eﬁ’e@mieﬁiﬁge
pfi{f; ' '.-[A:V].gé; :ﬁi&iﬁEﬁé Categorj. .FO?-thisiwe mofte Bhat a
ijeﬁ; ;; 'f.ﬁiensov product ’ .:
[ LA VIBCA, VT V1
:ﬁ;»élﬂ%f err which S@~ and -@T both admit "lght adjomm@%,.is
. %f l}essentiallv,determlned by 1ts values LA@LA“ ©n represe nted'
- 'functors.; This 1s 50 because SB- and —@Trhmﬁh preserve
“e@limitsﬁli“ . | |




s 2 (fAsAsLA)sth'TA'oLA');,_“

Tz AR (SA@TA')@(LAQLA')' _ |
'*shsisﬁgiP(AAv;) for the functor LABLA', we obtain a e

_funcfor'P : A°p@A°p®A >V, | Conversely, given ny functor

AT

‘”$?ﬁ%ﬁﬁdﬁ “OPQA -+ U, we can define a tensor product 8 on

'[A V] by ‘means of the expression

!AA

881 = (SA@TA')@P(AA'—)

P~

Moreover, this definition of & 15 asily seen to prov1de

- a natural isomorphism LA@LA' P(AA'-) and right ad301nts |

to~each:of,S®- and -@T' These facts simply express +he ]~~
correspondence- to within isomorphism, of fwnotors
.JTV';AOPQAOP +[A, vl to their Kan extensions [A V [A U] - [A U}
Ei,along L8L ~~A°peA°?,+ A, u}@[A V}
An.identity ObJECt J € [A V] for @ is Just a
o functor J .t A~ V ' Natural isomorphisms z"r, a2,
'feeompleting @ J to -a mon01dal structure, are eas :iy-seéhff
;toésransldtelinto natural isomorphisms' - o
i ;;_ijxeP(XAu);'_LA'
e 2 f57x8P (AX-) '7¢A
: f%P(AA{X)@B(XAb ) = j P(4" A"X%@P(AX )
:In.turnn.the coherence conditions for. ¥, F, translate

into corresponding “coherence conditions" for A P,y ,'
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. . TR Lo o s R B : - . - L .
L ! . " i o ) st e gt i i % 15 ; PRy ST TRCUA) BT TR
SNBSS ¢ L L A L TR R e BN 1 IRt - IS SR e Y S R

o
E

R TR

PRI et

are given by’ ng-sz biil_i}fﬂ5”4ff;

- monoidal gy

‘ d_e T ':’Ln:ﬁ:i?

'b“gﬁe,_. The main result of Chapter 3 is a bijectlon

“{at 1east to withln isomorphism) between biclosed

structures “Bn - the functor category LA V], and certain L

*“s“ructures (P J A,p u) on A. Given the ‘biclosed structure

"trace“' -on -c [A Vi yields the structure

.on A given “the structure on A, thc biclosed structure on

{A V} is. obtained by Kan extension.

Such structures on A ar called promonoidal

because P A°p®A°p®A - V is. what Benabou has described

-._as.a'"profunctor" from.A®A to A- It then turns out wlat

- each’ mon01dal structure (® I ...) cn A can be 1dentified

"Hwith a-corresponding promonoidal structure whose'P and J,;f’

A(A@A'_-)“.
A(I =Y.

- B(ant-)

'II

'.In'other words' monoidal structures on A are.a special case

'of promonoidal ones., An important feature of the monoidal

Wue opp051te category A” p‘admlts a canonical

.ature (also denoted by A p) and consequently

-:is promon01da1 (Benabou has callerq AOp the monoidal

_"conjugate" of A)

With the ldea in. mlnd of using promon01dal

structures as generalnsed monOidal ones, we . in troduce a

oidal functor. This 1§ so done as to




Ed

aﬂﬁ codcmain categories are actu&lly menoidal

;;Wf'rar 8Ny fwc promonoidal categorles A and B the promon01dals-

“tux;mumsuhb of a- functor T: A‘+ B correSpond bijectively

AT e enrichments of the "restrictlom. functor

,13343* 13, V} > [A V1. ."@ cs,,i;;;;c;.

an ‘& categcry A is readily seen to be independemm of the
-v%mallnese;of A and the_completeness of_V.,.In dmﬂining-a )

general prdmonoidal'category wé:simulyfinsist tihat the

SRS S S

'?yarticular coends needed to write down the defim&tien doe.
-ﬂexist in V For'instance X monoidal category is '

mpromon01da ; the existence of the necessary coends b“ing

**Wgﬁ&vaue uﬂby the representatibn.theorem;' ThuS'me may-

'Lgyiew the biclosed structﬁre.cf IA,V]_as a:largé'

Mcompietioii- of the promonoidal structure on a mmall

categery A;ﬂ)

xﬁm@ed categories arise, not as ¢eta1

‘“*fﬁnnxnr cazerories [A V], but as full reflectlve-swbw'
,categories=einwheee.' For-examﬁle, shea§es'of abelian

"“ﬁfeups.en a'topology T“arise'as'a,reflectibe sulzgategory

e RS T 1 AL 1
. . -

of ETOP,AbE;@fmﬂ@abelian-groups arise as a reflective

-.subcategory of;IQOP,SJ'where_G denotes the tﬁedmy;ef-

Morebver the concept of promonoiaal a&ructure_;_f




“obelian'groups.f This brings us to the second construction.

R me TR LT et T e

Commencing with a biclosed structure 3
‘fmiﬁ'_;ﬁ'f'g /s\) on a category B 1et 6 : C > B be a full
fgmmmmﬁﬂing functor with a left adjoint ¢ B ~ e, Then

.ﬁﬂxhene exists a blclosed structure'(e I,.;.) on. @ for

“g@&ﬁf%éé%ﬁ P ﬁnmffe enrichment to a monoidal functor ¥ = (w w w )f
with

-

_f_¢_
o

i serteewerphisms, 1f and only if: o fc“f?}i ; _“7o‘ Vo

wBQwB' > w(B@B')'

L1

I > 9T

(3]

Lk Lo el Lo e a0 X

L R B T B gl A
“ - A O . . i .
s EECE e S .

: : . L

- '{i*). For all B ¢ & and C e c, the objects ec:/e.a ,..wﬁ a\ac
.7 ' of.B admit 1somorphs *n C. |
: _ The condition (%) has numerOUS equivaIemt fo”ms
mahirh e list in Chapter 4 In any given appllcatien one
%eﬁﬁ~ma"wbe more - convenient <o use than the othene.f In
Kt;@articujar if the- or1gina1 biclosed category B eoptalns

~wa dense subcateaory A then uhe conditlon (*) bem@ﬁeS'

(EE) For all A e A and € C there exist objects H(AC)

fﬁﬁ) of ¢ together with 1somorphlsmu

o

--C(t(ﬁ'@ﬁ);C)_

S

CCpA" H(AC)).

TN

3 wp S
\

e

CCY(ABA'),C) = C(pA',K(AC))
'Which”are natural in'A' e'A--

L The new cond*tlon (k*) applles non-urev1ally

B = [A, VJ For a small promono&dal

TR e An Dy,




,MGFHNAWWTRW@‘@d,z\‘-uh_lg”“mg_mmyﬂr\%‘m'ﬁ’ﬂ“*’!m“f e
S R FE R S, P o

7%p¢+

fwaateqorv*ﬁ

Mepresented functors.-

Cay,

T Rt

Here B contains the dense suhcategory of

But to say that = category C

,;Js a Tull: reflectlve subcategory of [A,V] is @f&Clsely to

condition (**) reads

w%@%%ﬁ

+haf

o “coend wT

H

which are natural iﬁ A e A':where.

J«-here exists a dense functor M :

fATAQMA in C. In terms~ofjthe funmtor'ﬂ, tﬁe-”o'.

Q(AA' | fXP(AA'x)eMX

Aogs -

12

C the '.f-t

ﬂ“”ﬁ&a&cﬁvi%ﬁuof a functor T ¢ [A, V] being giveuztg the

For all A e A and C €. C there exist ahjeets H(AC)
'.and K(AC) of C, 4uogether with isomorpﬁmsms
e(Q(ara),C) f~C(MA'JMAC))_.;-

- ecacants ) F CUMa’ K(AC))

The last condltion (***) makes no exmkiwit

refe“ence to the functor category [A V] as a whoie only

RS vue'reflectlons Q(AA ) 1n C of the functors ?@@& -)

Thus we. may ask whether satlsfaction of (***) ysaaantees-

,anhiclaseﬂ structure on a ﬂategory C when a damse tunctor

a?p

> C is glven {from the dual of an arbltrar;

Dromon01dal category A over an ar01trary arouh& oategory U

ETN
e

answer is yes, provided we postulate the_exsstence 1n

C of the coends IALAQMA for certaln Punctor ?'

e

‘A + U‘ .




'fL'More precisely, we require that ‘the- coends_' '-

(AA') = f P(AA'X)@MX

I fXJX@MX

i céor = XX “(eqm, C)@C(MX' cr ))@Q(xx')}
oexist in ¢, together_ﬁith ‘the ends |
| | fxtc(my c), H(XF')J
fX[C(MX €) K (xC ) 1.

i

- e
e\t

In Chapter‘s we establlsh that the satlofaction ”
of.condition (***) together with the exlstence of the )
_above coendu and ends, is sui’ic1ent for the exisvence of
4.a ﬁiclosed wtruckure on C having @ for tensor produﬂt
L: I for ident ty m@gect, and / ann \ for internal homs.ue
Ei;Furthermore whea A is monoidal this blClOSEd strucfurer
i:omrﬂ is charqcterlsed uni quely to w1th1n isomorphlsm by .
the exlstence of a monoldql “nrlcnment {¢,9, ¢ ) of ‘the -
V fwﬁrtor ¢ = MOP : A= C p for whlch both ¢ and ¢©°
) isomorphisms- an analogous result is true for A an_:
f:arbitrary promon01da1 ca*egory.f Conversely, glggg a 3
r-blcloseﬁ strhcture on C, together with a suitable

promon01da1 enrichment of'MOp : A C°p, the'reQuired

coends and ende ex1st in C and conaltlon (%**) is S&tiSIlEd

Theee results are collected” to form the general constructlonr

theorem of Sectlon 5 3
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The already mentioned biclosed structure of a

total functor category rA V] and that of a. reflective

| subcategory € c EA V] may be recovered from the construction
Vnotheorem by equating MtolL: Aoo_+ fA, V] and to-

ffw.:ﬁ[A U] -~ C reSpectively. An application lying outside'n“"

the scope of these two special cases is outlined in

Section 5. 4 where we. take M to be the incluSion V c-Um}
'”_of the category Vm3of free algebras into the category Uﬂ‘

of algebras over a "commutative" monad ﬂ’on v. Here'the'

commutatiVth of rn1provides a canonical monoidal st“ucture'

on the arg category A = Umfp. rr1he resulting closed
f_stracture on U is the one we would normally obtain 1f we
"rtook 'say,.V to be S and ﬂ‘to be the abelian grouo monad
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| fﬁgein we emphasise that unless otherwise_l.’ 

:“indicated concepts are relatlve to the given nornalised

e¥“ﬁ*ewcicse€wtecegery V. For each category A, the um@erlying

8- category of A is denoted by AO’ as in {9]

Section 1. 1 ,Compieteness-concepts-"

We recall the ba51c aspects of completeness for._-

'-V-categories. : '~_“c "d_;' el Jffu;g_sfg.;ﬁz

AOPEA + B”

- Definltion-l 1.1 Anrehd'ic B of a fhnctor T

"'is a natural family aA

B + T(ﬂA) in BO hav1ng the ,
15property that for each BY ¢ B, h

anv natural family e
By T X B(B' T(AA)) in VO admits-aVUnique féctorisaﬁioh 
of the form | B B

N

SO

' x T.7 - ;-"““>;ngf,§tAAjj'; :F“'

'E(B'B)'

“¢lear from this definition that-ah'end in'v
of a functor T : AOpaA >V is 51mp1y a "universally natu"a’"

family Cy X - T(AA) Thus, by deflnitlon representable

functors presvese-ends.
. . Ve . .

The concept dual tc enﬂ is called

coend,




e AT S
: . el

- b

L

I:ﬁﬁin}{e@ﬁﬁenevefkthe end of'T'; A°p®A J'E’existsg'iﬁd“

.!“”IS”tﬁﬁﬁTLj unique to withln a. unique isomorphlem, and
:e-mm@seguently is ueually referred to as "the™ end of T in
gy e ueiining a functor, say, using ends we shall

:}memgggeeme nhar-a deflniue cholice has been made’ of‘%hemw

ol eTien adopt ‘the notation sA fAT(AA‘ + T(AR) for end

and 5A : T(AA) > fAT(AA) for coend regardlng f and [

-,wfas well defined operat;ons.

-&};E%g%nition 1. 1 2 Let T ; A B be a functor. @% say'fhai__"'

B.is T-uensored if the 1eft represented functorﬁ-

' ?I&A.= B(TA -9 + B » V has a left cd;joint denomﬂﬁ

»—GTA.: YV - B for each A e A We say that B is &eneared

1f it is lButensored o
' We note Lhat by Ell] §3.), the adjwmetﬁen
b : B(XSTA,B) ¥ [X,B(TA,B)] {1 1. 1)

©. endows -@TQ With a canonlcal blfunetov btructur@

Tenq : U@A~+eﬁf Dually,_B is T-cotensored 1f eeeh functor
(s : B°P? > V. has a left-adjeint; The dual ef
usuallyfdehoted_ﬁ—,TAJ. voP » g,

The existence'of ends and ofscote serlng in.a

*paru;tular category B are completeness. pronertles of B

- In addixinn, i¥ K is.an S-category-then the (imverse)

: B+ SK in B, of an S-functor § : K + By is




‘. ca11ed the V-limit of 8 in B if B(l,aK) > B(B'B) > B(B' SK);if 
.::15 a limit of B(B' §-) in Vo for all B' ¢ B. ' S
In practlce, these completeness concepts may
g ovef1ep considerably. First i’ the normalis tlon v V;+*$'e”
admlts the closed left adjoint F [ V (see Sect*on 0 2)
then the V-limit of S K > 80 coincldes with the end of

'the(canonical) composite 31 ' ” " |

' F*K P@F*K 7 —~ FgK —B

where 5 is the Vufunctor lifting S :K +_j36-andf"

.sr'?.{ KOPXK -+ K is progectlon onto the second faCuOT (in

.

f'other Words, the first varlable in &his end is "deao"}._f;f

P Furthermore when V S a categorg B 15 T—cotensored for

.a'fuhctorrT A-* B preclsely when it admlts all Eroduc*s

' of the form HTA where A € A qnd x € S.
X

Conversely, it has been shown by G M Kel1y (s

.:£3] and [11}) that an end‘in a V-category can be constructeoe"

- as the V limit of a certaln dlagrqm involv1ncr cotensor ; 4
'groducts._ Briefly,;let,T-: AOp&A_+.B be_agfunctor-into-af-e

- cotensored category B. Then the diagram




>~ B(T(aR),T(AA"))

Blay,1)

e B(B,T(AA"))
| expressing the naturallty of a family aA -B}+.T(AA);
$nansforms under the cotensor adJunction : |

'f_de: V (X, beB )) = B (B, [XB 3)

. into the diagram

'f’;;TfAA)'f-

B g; a(f(AQ)j'

. ',M;_:ef(A'A') 1 _.: ' s—[A(AA ) T(AA® )]
L e |

’_in'EO Hence the end of T can be obtained as the Y-limit

in B of a connected dlagran of the form

M(AA I, (AA')Ji;__”

tA(tx'A") T(ATA")]




TThis construction shows, in particular, that snall ends
"Eiiii in any V-category that is cotensored and admits
._small V-limlts.'

The possib:lity of completing a category with
__respect to these concepts is discussed by E. Dubuc in [713. |
. We recall also from 31 and [113 that a functor

admitting a 1eft adJoint preserves any ends and cotensor

-j-products which happen to exist in its domain.-'




TQ;;Seetesstl.z; Functor categories

R IR

A primary use of ends is in the cons ruction of
functor categories relative to V

Suppose tbat A and B are categories with the

E'gm = IAB(SA TA) > B(sh TA) - (1 2. 1)

exists “n ¥ for each pair of functors S,T A - B. Then

as verifieo in [3] there ex1sts an essentially unique

category [A, B] whose objects are the functors

:S,T,a.. A B, and whan hom—objects are given by

A, B](S ) = fAB(SA,-A) '

”_ Thus, by construction, we’ obtaln an evaluation functor.
gh

it

LA, B] > - B for each Ae'n'; given by gh S SA and

ST is (1.2. 1)

An element o of the Seh [A, BJO(S T) VIAB(SAQTA)'j
'is seen to correspond via the projectlons L 8

”HtVe R(SA,TA) » VB(SA TA) = B, (s ,TA), to a natural

of

AT

'_"_..f‘_amilw ﬂf,marphlsms a, :-SA = TA in ‘the sense of [9]._

; A
'“*ﬁence the underlying S—categor' TA, B]O 1s precisely the
'7S—category of all functors from A to B and natural |
*-trans;ornatlons between them._

.%any propertles cf the codomaln B carry over to

.the functor category LA, Bj'f In partlcular,-endS'and

cotenso}-gmtm A,B]-are always computed evaluationwise,




' so that any éhéice.of these made in B fixes a choice in

”Iﬁgﬁl-f . o b :V_'_‘;ﬁﬁ_ o g )

(a M - B
* : - N
f . .
. -
3 F
" -
\ !
v
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'qi:Seeﬁion 1;3. i-ﬂemmasfon”ihdoceo naouraliiy
| - In this section we record some of the.-
"computational“ aspects of ends and coends.f Tt is assumed
'3'that the reader is familiar with the rules governing the _
composition of natural transformations (as generalised in
 'Ei1erberg-Ke11y [8]) ' The results are stated in terms oaf':”=
coends because they will be used chiefly in this iorm.”__-
Lemma 1.3.1 Let T : A°psAes > ¢ be a 'runctor and let .
'aAB "‘T(AAB) ~» SB be a oend over A for each B e B | Theni
fthere exists a unique fun >tor S{; 3 - C maxing the familyt
| AB'natural in B . i | |

"°g Proof For each pair B B' € B consider the diagram

1< L
-:.B_(BB'_) — = = == 'C(SB,SB'_)_'

.C.(T(_AAB).,_T(-AAB')) _ . '>',c('i'-(AAB),SB') :
R - C(1, a) ‘ '

" Because C(a 1) is an “end aad (1,a) T(AA )BB' is natural
‘in A, we can-define SEBi to be +he uaique morphism making
.this diagram‘commuté;. The functoi axioms VF1' and VF2'

- of [9] are ~easily verlfied for this definition of S by
 using the fact that C(a 1) is an end. S is then the

e
_unique functor making Cap ‘natural in B.
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m(aaB-)

;T(AA—B;)f

”““fxﬁ a typical calculation with eﬂds we have tO

B determine whether naturality in any extra variables ‘ 

'}snrvives the various factorlsations. A11 our requirements'

may be extracted from the foWIONing 1emma.

g Let T : A°PeAsE®PeB » ¥ and S ;.B°Pes > v

 be functors,_let uABB'sg S(BB ) » T(AABB ) be .an end over
] A,_natural in B and B', and let Bug P T T(AABB) be
" natural in A and B. Then the induced family_yB:: I~ s(BB)V'"

-.1is natural in B.

Proof = For each pair B,B' ¢ B, consider the'diegfam'_-

. [T(AABB),T(AABB')1

[S(BB),S5(BB')] ——>~———= [S(BB),T(AABB')] . .

Cy,11 [y,11
N el N
A: [I,S(BB1)3 - —= [I,T(AABB")] .

[Y:lj‘:

[S(B! B') S(BB )3 ' ' ,;ts(B'B'),T(AABB!)g

{a,lj

CLR(AIETELIT(AABBY)]




5sﬁegiohs 3:and 4 commute triviaily e“RegiOns 5 and_2c N
-commute by the naturality of . aABB' in B and B'

respectively. The exterior commutes by naturality of

3ABA= ABB" YB in B. Then because [1 c} ts an end,.regioo

1 commutes as required B S
- Lemma 1.; 3 Let T :-A°peAeB°P@Bec + E, s:E 3999596 N E, "
V]aﬁotR s D°p®U®C > E be functors, let o B ;: t"
.' ABB'C.' T(AABB'C) -+ S(BB'C) be a coend over A, natural in
B, BY, and C, and 1et BABCD : T(AABBC) > R(DDC) be | |
'se.nafuwal in A, B c, and D. Thenthe 1nduced family -
.YBCD : S(BBC) > R(DDC) is natural in. B C and D |
Proof : This is a straightforward consequence of theIJE”-
-‘.precedinT Lemma 1, 3. 2 comblned with [93 Lemma IT1.7.8;
the latter result states that the three- types of o'

.natuwality may be expressed in terms of one, namely, the _s'f

:I > T(AA) form in V. 7

| ' The next 1emma asserts-that coends are preserved
'by coends and. tensor produ ts., The veriflcatlons are
'straightforward and shall be omitted |

Lemms 1.3.4

a)  Let T : A°PgAsB°PeE » € and § : BOPeB + ¢ be functors, |
let-aABB;_: T(AABB') > S(BB') be a coend over A,

natural in B and Br, and let Bag : T(AABB) + C be




'inatﬁrai‘ihiAfané-B;iiThea“thé;iadﬁaedffaﬁiiy‘
'iB.: S(BB) + C is a coend over 3 if and orly ir
‘BAB 1s a coend over A and B. et '_'
Let T : A%PgA - C be a functor into a tensored
:_cateépry-b, and let.aA
.ai.Thén‘aA is a coend over ‘AiAf and only if e

'.f]iieaa'} X@T(AA) * X8C is a coend over A for all x:ev

-In some circuws»ances it is desirable to use a
 simp1ified notation for coends..iuet A be a category and :1
i i1et T(AR-) he a functor into V whose coend ﬁ_,f.}‘f «f .

A

T(AA ) > f T(AA—) over A e A EXiSuS for all values
i-of the extra variables "—"; Than if T(AA-) = S(A )8R(A- )3 .ﬁ
lfor functcrs s and R into.v (with different variances in
iiiA), we frequently abbreviate ‘the notatlon to'-
R 5(A-)8R(A-) » S(A-)BR(A-), icaving the repeated
.:dummy va*iab’e A to indicate the domaia of integration;_f:"
By Lenma 1.3. l S(A- )@R(A—) is (canonically) functorial
",in 1ts eXura variables.f ;

The” following con51devations are 1ntroduced in
Ofderrﬁo_handle exprassionszformed_entirely'by the | |
Jrépeatéd'uSe of @;':To each;exﬁféssion EVWhiCH isiformedf
b&,oﬁé'or'more'uses”bf.g; therélcbrreépoﬁds an expfeésiani“

Ve

T(AA) +C be nat ural.inrﬁ;lifii‘ 




.iii-és;bnlbﬂ'iﬂﬁﬁ”,

ﬁ“zn which each @ is replaced by 8 the dummy variables

in N becoming repeated variables in N for example, if

N is (HA&SLAB))@T(BC) for functors R A -+ V

s : A%Pgg V-, and T ;;B°Pec >V, then N-is o

iiimiﬂﬁﬁbﬁﬁﬁggﬁﬂgcf) Furthermore, there is a canonical

| natural transformation q .= | qN : N - N defined as follows,

— by induction on the number of occurrences of @ in N' Ifr
N contains no occurrence of 8 then N N and qN .1-

5fotherwisefN N‘@N" and qN is the composite

ngnn = f*N'QN" - s N @pu'
S q'@q" T ,. S i

In the above example, q Would be the composite

(RA@S(AB))@T(BC)—~—e—(RAes(AB))eT(Bc)-+>(RAes(AB))@T(BC) r'f':
. g_S@l ._;_ _ . ,-_ S__

and this is natural in A, B and C, we say that the

variables A and B are summed out“ by q.

In fact the path qN DN - N is a multiple noendl;,ﬁ;

'; over al e%nose*variables in N which are summed out by qN.ICV*

&wi T be a functor into U and let f N - T o

be a naturai'%ran formation which is, in particular
natural in. all the repeated variables 1n N which are‘

:summed out by qN i N_+ N. Then - factors as g qN for a -

'funique natrwe? E*ormation g i_§_+ T.
. _ _ e ' : '




R ,.:‘;i'::;--{i?.’;?' n..

't29;;11f7

By induction on the number of occurrences of @

: in,Nr Ir 8 does not oceur. in N the result is trivial

;#Dtherwise N = CNrTeN" and we can, using Lemma 1 3. ﬁ factor.-

lf in three stepS'

qielz

The naturality of g follows from Lemma l 3 3

When the transformation f in the preceding
Lemma 1. 3 5 is of the form q .n for a path q -+ N',

the induced g e N > N‘ is, for obvious reasons, denoted

Induced transformations of ‘this form are an e
essential feature of the definition of promon01da1 category,
we make two important observations in this regard

”'d,_First if n ;

N - Nt is a natural isomorphism

cor ot rom the coherent data isomorphisms a, r, 2, ¢
“tumfsvithen ﬁf N - N"is a natural isomorphism and is

called an indhced coherence lsomorphism._

In viem of thp -fl"‘

uniqueness assertion of Lemma 1.3. 5, and the original

coherence of,a, r, 2, c, it is clear that 1nduced cohe“ence_

isomorphisms are coherent In other mords, the induced

s




*%ﬁhernnce

gisomorphism n N > N' is conpletely determined

by the positions of @ in the expressions N and N‘?

ﬁnnsegﬂﬂu y, such’ isomorphisms need not be labelled

'ﬁecondly, when'n = h@k ; S(A )@R(A ) -+ ¢"(A )@R’(A )

;iﬁﬁﬁ?vf' transfo mations h P8 st and k : R > R', we

write h@k for h@k. ‘This not only makes the symbol 9
S-functorial insofa“ as it is defined but also makes the

coend sA E S(A )@R(A )+ S(a- )@R(A ) S-nat ural in S and R.
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Section 1.4 The representation theorem

"LetM.: A+ Band T : 8 > C be functors. If

€ 1s TM-tensored then |
-~ Typ g B(MA B) > cta,TB)

transfofms under the tensoring adjunCtion isomorphism

. (1 1. 1), to a natural transfovmation

RS g *A : B(MA,B)eTiA » TB.

‘7When the coend over A of B(MA, B)@TMA exists in B there

results an induced morphism

”fi;\e 'T g A B{MA, B)eTMA > TB -*;V: (1 h 1\1er‘

‘ which is natural in B ¢ B bv Lemma 1.3. 3 The lettev:s'

-

'-will be reserved for this mo"phtsm

For this secticn we. consider the case where M

-is the identity functor 1 B_f_B;

Theorem-(the-higher representation"theorem) If T E"Sg+“
iis a functor 1nto a T~ tensored category C then the

transformatlon

1;3 B(BB')@TB > TB',

obtained by adjunetion from TB :: B(BB') -+ C(TB TB ) ic'

a coend over B.

Proof  This is exactly as in [3] §3 5 where the codomain

was assuned to be tensored For each Kl e C the ’
; _

7transformation




':32};

70(; 1) C(TB' c) > C(B(BB')@TB C)
' an end over ”ee B This follows from the eorrespondence

transfermations_

*_fﬁécscBBf)eiB,c)°f'

,transformatﬁons

;A,thféB X [B(BB') ¢(r8,0)1,

'by'the tensor adjunction, to transformatioqsf-
S yﬁf: B(BB') > [X, ,C(T8,0)1,
_by-SymmetrJ in V to morphlsms |
. —:,r_; X = C(TB C),
 by the representatien theorem (bELOW,--

Y

In our notation the bigner representation o

| theorem states that

y = yT g1 = Zp B. I B(BB')@TB -+ TB" (1. u 2)

'*ss an isomorphlsm Which we: call the Yoneda isomorphlsm

'_The letter y will be reserved fo” th*s 1somorphlsm

Tbeorem (the renresentation theorem) | uet T : B~V be

-a functor and let B e B and X € V. mhen there is a bijection
b between the class oF natural transformatlons

| a B(B )®X + T and the elements f € V (X )

Thls result is established by Eilenberg and Kelly

"1n £93 Propcsitlon 1. 7 4, The‘bijeetlongb 1is glven_bY'

A




| oo gt e ey
. b(e) = X ————=>-I8X — B(BB)®X —— TB,

3. mel . [£,1181 e
™) = B(B-)8X—= [TB,T-16X — > X, T-J@x—a-'r

'-'.where e is "evaluation" in ¥, that is, the transform of

f{TB T—] > [TB T- ] under the tensoring adjunction for

We shall rePer to b as the Yoneda corresponaence._

[N




ﬁ}ng”bense functofs:and strong1y generating classes -

’jﬁﬁﬁef%ﬂ%tivm;amﬁ@l A functor M ﬁ-A+ 3';s-g§E§é 1f“th§;
;;@nahural transformgtion L ‘ E '  . | _  ” SRR
- ®i., : B(BB' ) » {b(MA B) B(NA B! )] 'f. (1.5.1)
,'iis an end over‘A for all B, B' 3; ‘;“ .  _7' :‘; | . o
- The termlnologv (introduced by Ulmer [17] for‘.

abelian grouns) is best explained by the case where

“%*18 ﬁﬂtenSﬁred
Leﬁméulaﬁl2 “ﬁLet M.: A+ B be a functor into an N—tensored
 ;fﬁétegory B. Then M is dense if and only 1f the__"‘
q:;¢$nnnsfnpmation _ _ N o _ g _ e S
. g B(M, B)@MA >B, ”1?;*91' €1 5. 2)-

_1obtainea_b. adjunction from 1 B(MA B) > B(MA B) L‘aﬁ

-coend over A for each B €. B

'ﬁ@f?ppiﬁing the'representation theorem,ithe di&gram

‘B‘(BB') . S [B(MAsB__),B(MA;!B')] ]

p R

7 B(B(MA,B)8MA,B')

cedssseen to commute for all B,B' ¢ B. Thénithe'result

.




»

_follows from the Definition 1. 5 1 of "dense“ and the
':definition of "coend"
To say that the transformation (1 5 2) is a coend
Vi‘*is,'of course, equivalent to saying that -
| jA (MA, B)@MA +B is an isomorphism..

'n-‘ A functor T:8=2¢ is called a full embeddlng

if TBB' s B(BB‘) + C(TB-TB‘) is an isomorphism'for.all.‘

‘:B B' e B. An important 1nstance of a dense functor is the'

Yoneda (full) embedding'-

A°p +-[A VJ,-"AAﬁ*LA;f

Dﬁéfe?we'heve" o ‘ N : g
,3 [ EA V}(LA T)PLA-——e-f TA@Lﬁ—_a>.T

by the opposite forms of the higher representation theoremg‘:f
. The left adjoin* to a full embedding provides .
‘janother wellhknown exampie of a3 dense functor. Brieflyj
;1? a full embedding T 4 B_+ ¢ nas-a left adjoint S o B'
then the adjunction_counit.g'; ST > 1 1s an. isomorphism,
iwhenoe the'composi‘ o - -
B(BB') B(STB B') g
| 'IC[B(C TB), B(SC B! )1 bv the higher repn. thm.;
IC{B(SC B), B(SC B')] by the adjunction

'13 an’ isomorphism, by u31ng the representation theorem,

this- composite is ea511y seen to be 1nduced by LSC.




“g to the Definition 1 5 1 the functor_'
is dense prncisely when the resulting funetor

B> [A,V), BeeB(M-B)  C

¥w'ﬁv~~is This makeé 'sense even when the

1u11 embeddlng.

fUng$@”:ﬂw£ J‘-”'«A p V] does not exist.

_ Lémma"1}§.§
transfo mation @y E B(MA B) > B(MA Bt is of the. form

If M :

A - 8 is de; e then each naturwﬁ'

B(;,f) for a unique feB (BB! ) ,fﬁf*fh_ o ’E"_
?roof ' ﬂhis is the result of appLylng V V“é's_to fh@_'
end ( 5 1) in V. '_f;ry n- 3 __f f,': ,-:\"l o

Thus, on taking V = S the’ concept of dense

““»uf Lb seen to be equivalent to the original idea af

'“ﬁaﬁequate functor“ 1ntr0duced by ISbell 510]'3'

Lemmé 1.5.#;}

=Ar*ff—#——>#B::I:T“"?“c

. T o
ﬁ%%ﬁre M 1s densu and R 1is right adgoint to S

'Thén emch
ndtural transformation o o SM + TV A + C admits g umﬁqu@f'

extension to a natural transformation @ :8S+T: BwC.

At the undierlying-




.ﬁ2222£_13¢t ﬁ5'1ﬁ*'§S BB ‘be the unit of the

B édjunctibn.' Then, the mapping which sends a naturalff' ' |
']fraHSfofmation B'é Bg :-SB + TB to_the'composifernatﬁral"
*:transformaﬁion' | Sl e |

_Rﬁ_

v oo .. B —~ RSB - ;_,RTB

-isfa-bijecfion.' Fﬁrehermofef by Lemma 1, 5 3 and. the

T = TB : B + RTB and transformatlons
AB B(HA B) > B(MA BTB) | Hence, glven a,natural

 transformation @z ST ;A + C we define__-i"”'
:'.E;:'S'+-T : B + C to be the unlque natural transformatlon.ii
3;making the following diagram commute° R L

© B(MA,B) —————> B(MA,RSB) ————> B(NA,RTB)

" B(RTMA,RTB) ——— "'_' —————> B(RSMA,RTB). .
: _ S - B(Ra S :

'¥0h7applying'v | V > S to the dlagram, putting B = MA, a“d
evaluatinb both legs at 1, O(MA,MA)_ we obtain :
o = -

"~ as reQuired,'




*oefinition 1.5.5 (Kelly) A class A of obJects ina

':'category B is strongly generating if feB (BB'} is &n .

_isomorphism.WhLuever B(1,f) B(AB) -+ B(AB') is an.

isomcrphiem f for all AeA

. é—f :;ffffr %%%flwtbncept is closely related to that of a

,;“ dense functor. .. <L M s A -+ B is a dense funCEor then

1. 5 3 ' fn the other direction we have°'

Proposition 1. 5 6 | Ier' AcB is the inclusion o*_a.

strongly generatlng class A into an M tensored catecory 3

for all AcA and BeB, then M is dense._' _
- “Proof ~ For each AcA and BeB zconsider the d@iagram-

[1@
] B(MA' B)@A(AA'

e j B(MA' B)@B(MA MA-)'
S -' A' J ::ﬂ’h_ - o
e

N I
. B(MA,B) =— B(MA j B(MA' B)eMA )
o S B(1, z)

in'which K is-therisomorphlsm aseertlng that B(MA -}

preserves the given coend Thls diagram is verified;to

commute t' PFepr *he representatio ~theorem to B.

the class {MA AeA} 15 strongly generatlng in B by Lemma__f'

and IA B(MA1 B)@MA' exzsts in B and is preserved by B(MA-)'%f-

G:1
4
LA
i




Hence because AcB is

strongly generat;ng,'z is an isomorphism as required in

-

AcB to be dense.




CHADTER 2
PROMONOIDAL STRUCTURES

Section 211': Promonoidal categories

The concept of a promonoidal category shall be

inﬁraﬁxﬂf‘-by consi ue“ing the outcome of restricting a

;_monoidal structure on - a category B to ‘a full subcategory
"Aof B. In brief ‘we seek sufficient conditions on such
‘~_an'embedding in;order for:the resulting structureion A to

..admit a formulation which makes no explicit reference to

i

1the monoidal structure on B;-';'if'fgg,-i:1y;:;“f;=:_

| 7 First let B be an aroi*rary category. Then"'
'l_each choice of a functor ) ﬁ BSB > B together with an
Zobiect IeB prov1des canonical functorsJ
°pos°p®3 >v

n_: B » U

-where_?(BBfB"):F B(B@B' B") and Jq B(TB), when there. is:

no danger.:: 1aconfu51on ‘we denote 9 and T by 8 and I

‘rAinmepectiveﬁye“*Next let M : A +'B be an arbitrary functor
intolB.F This enables us to define by "restriction" -
oﬁunctors L |

S s e
o - u%Pen®Pen P |
: A®PgA°Peq ——=- §Ppg°Pgg ———— =1




1

’ mee ﬂia;zrams (where z = Mop)-

ngp-m—) _ ——— A(A-)

AP ———— ey

ﬁh&ﬁ%& e )-<%f _ B(MA&,M-)

(2.1.2)




| P(AATOBP(XA"-) ——— = P(ATA™K)GP(AX-) (2.1.3)

o ﬁfﬁﬁémﬂf,HX)§B(MX%MA";M-). ,';,Qg@;B(MA!@MA";MX}QB(MA@MX,MQ)

_ B "i\\V" R ';,H R R A o
oo 23| B(MAGMA',Y)8B(YSMA",M~) ——= B(MA'@MA",Y)8B(MAQY,H-) -

 B((MASMA")BMA",M-) - g(Mpe(MA'eMA™),M.)
e e e s<€,1)3=,-”aff;fufcﬁftifﬁ.f* -

ey e e n 0 T e

".¥Jif nauural isomorphisms z :'I@B_EVB;' r:. B@I = B and

o

(E@B?}GB“ = B@(B @B") are provided for @ I then, in

'order ‘that the above diagrams should deflne natural

75_£somorphisms A p, and o respectwvely, it is clearly

5 ojo:oysufficient that M A-+ B bea full ewbedding and that the
i _ﬁt_'.'transformatlons S |

' zi : B(I, MX)@B(MX@MA M~) - E(;@MA N-) .

B(I MX)@B(MA@NX M—) -+ B{ MA@I M‘) _ _
"o 23 : B(MA@MA' MX)@B(MX@MA" M-) =+ B((MQ@NA )@MA" N—)

CEy B(MA'OMA" NX)@B(MA@MX M=) > B(NA@(MA'@MA") M—)

- be isomovphlsms for all A A’,A"eA

<




aAssaming that these conditions are- satisfied

consiéer the diagrams (2 1.4) and (2 1 5), in order to

x,;simplify these, we have suppressed the - symbol M as much

‘“?S‘pbs%ible and have assumed that the dummy variables X _

in eacb_rxﬁres ion are paired off from the 1eft unless

_'otherwise indicated If axiom MCl holds for (%,7,a) then
',the center’region of (2 1. H) commutes. Assuming a1l the o

-exhibited coends exist in this diagram, regions 1 and 4'

commute by the lemma in Appendix l regions 2 5, and 10

commute by the resoec*ive definitions of a, l and p,

tﬁfregionS'B, 6 7, 8 and 9 commute by 4'he naturality ‘of

o ;z, a, and M. Similarly, if axiom NC2 holds for a chen

-the center region of {2. 1 5) commutes. —Regions 1 ﬂ 7,

'_33 'and 13 commute by the lemma in Appendix l, regions 2,

;‘,fS, 8, li, and 14 commute by deflnitlon of u, regious 3,.6 -

9, 12 ard 15 commute by the naturality of z and Z. Thus,'i;

ir axioms MY and MCZ hold for (R r a) then the exteriors

qcof 12 1 #)esrﬁ

?JQ l .5) commute

To summarise, we have that a full embedding

‘oM A +'B into'a monoidal category-B induces, whenever'

B, ..,_, zu are isomorphisms, a trace of Bon A in the

sense that the relationships among the P, J A p, c_are

' expressible in terms_of A alone. This provokes the
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;nrnxr.ux@ﬁmﬁxb_xuawﬁpxavv

(2)

o . H®mﬁm HV 2 |
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(10) _mﬂwwwvmp. L _H_ = S _ N P mﬁp Hv®w_.ﬁmv

wnb.xv®wﬁbx )

‘M8l

, Y
-~ _A(A'X)®P(AX-)
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: following]definitioﬁ:

Definition'2}1.l A onmonoidal category '=_&A,B;J,A,c,a) .

‘over v consists of

a category A

:a-functor.P_: A®PoACPgA » |

.a- functor J : A > V-"'

'_and natural isomorphisms N

g ' A'='AA_: JX@P(XA-) - TA
: g = pA-s IXER(AX-) LA - o
Casa NUCE P(AA'X)@P(XA"—) ~ P A“X)@P(AX—}
'.satisfying the follow1ng two ax1om5'f};Ti;L_;lf_ f{j:,f‘?af}gff3{ﬁ
'P01.'ftThe exterior of diagram (2 1. &) commutes.

PC2,  The exterior of diagram (2 1. 5) commutes.'“

"The existence of the required coends in V is taken as part

: of the dellnitlon.

Tt is p0551b1e that A 1s the trace of a symmetrlc

~Honoidal category B In this - event we define a symme ry’

e on Pog 0p®AOp®A > U by




> P(ATA-)

216

"B(A'@A,é)_
g(c,‘) e e

tﬁtﬁk%ése

ieve T 1s. the symmetry on B .To'obtein axioms, ..

| we' considev the following two diagrams. :

: P(A'A-)

o  B<c n f—B(c,1>.'

B(A@A’,-

\L .

ﬂ:oﬁ%e regions 1 and 2 of diagram (2 1 7) commute by

m'definition of o In diagram (2.1. 8), reglons 1, 3, and 5

commuce by definition of aoj regions 2,

4; and 6 commute'.

'by definjfi togetber with the naturali+y of z and

'1ﬁiﬁf‘1f_axﬁme3w””” and MCY. hold fo“ [ a) then the center_zr

_“Tegions of both diagrams oonmute whence the exte"iors

--_commute._ Thus o satisfies conditions which depend only

“on the trace A

\\




t}

mhm 5

B((ABA')BA",-) - mﬁ>®A>_®>=v.-v

5(ce1,1)
6 |
- mﬂm 5

o

mng.@t@»z L .A||...II B(ar o?ﬁ._ -y
.mﬁ@o Hv

P(ARTK)SP(A'X-)

= P(A'A"X)BP(XA-)

mno 5

) B((A'0A")8A,-)
B(3,1)
3

A..lll:m?é?.éi.&,v




Definition 2.1, 2 : A z etr for a promonoidal category
(A P,J A,p,a) is'a natural isomorphism
o ~~oAA, : P(AA'-) - P(A'A-),
satisfying the following two axioms.

PCH.  The exterior of diagram (2.1. 8) commutesm

A particular consequence of the above argaments
1s that every monoida1 category may be con31dered go_oe-a

promonoidal category._;More_preclsely, we_have:

- \

"fLémma-2.1}3 fTagggg'A- B and M to be the identity, the ,f

diagrams (2 1. 1) to- (2 1, 5) establlsh a biJection between
*mon01da1 completions of the data (&, I) on B, and promonoidal
corpletions of the data (P J) on B. Furthermore, d1 gramc'
(2 1, 6) to (2 1. 8) provide a biJection between monoidal
:ﬁymmetries and promonoidal symmetries on the respective
“resultlng suructures.' :
~W££22£ In each of the diagrams (2 1. 1) to (2 1, 8) the
1r?“*ransfornations z become Yoneda isomorphisms. Hence each.
:fdiagram becemes a. diagram -of isomorphisms.  The results

follow immediately from the representation theorem. :..:

'P63._._The exterior of diagram (2 1.7) commutea {i e. 02;=1J;:-“




:shall see in Section 2.4, however, that mot

‘all promonoidal categories are monoidal.

P R n




© .Section 2.2

.

Promonoidal functors, natural transfcrmatlons

Let A = (A,P,J,) p,a) and B =

'Ldenote arbitrary promonoidal categories.

i

-Eaf*ﬂtﬁ,or 2.2, 1 A promon01da1 functcr

r.!\’

(4,8,6°) A + B consists of ‘

~ a functor ¢ é-A + B

-and natu*al transformations

_3 ?-¢AA' : P(AA'-) » P(¢a, AT ,¢ )
A L) . '_.Q[ K
3satisfying the following three akioms (in which-

fiuncommented diagrams commute by construction)

““PFI:;_'The'diagram'iocommutes:-'

aXeP(XA-)—— > JXQP (XA-)

¢aﬁ@3iyﬁ, N ::~‘asr-[.

,53¢X9FI¢X?@A@¢f?rT~—;;S-3Y§F(Y,¢A{¢f)—firme43(¢g,¢5). .
| e

PF2, 'The:diagram #_commutes:'
TXBPLAL Jovviommmt e JX@P(AY-) s A (A=)

.

~ ToXOF (64, X, ¢~ )-————3—JY®P(¢A ¥, 6- )———~—>- B(o4,¢-)
' 5¢ : _ \ '




P(AA’X)@P(XA"—)——H—ﬁh-P(A'A"X)@P(AX—)e

\

P(A' "X)@P(AX-)V

496

¢A ¢A" X)@P(¢A¢X¢ )
P(¢A¢A Y)@P(Ycr.ﬂ."qg )—>—P(¢A ¢A"Y)@F(¢AY¢-}_..

~,

l
|
- l!
1
|

F(¢A¢A' ¢'X)®P(¢X¢A"¢ )

-Definitioﬁ'Z'é'E If promonoidal categories A and B are-:

equipped with symmetries o and 0 respectively then a
promonoidal functor ¢ (¢ ¢ LY ) : A -8B iejsymmetric i .

it satlsfies the axiom:

:PF&;f Fhe Following diagram-commutes:v

n

P(PAPA §=) ——— = P(4A"A6-)




M A N 3 is a fu11 embedding 1nto'"-*"

"a*mnnoidal category B and A is the: trace of B along M.
hen CM‘I i} A+ B is promon01da1 }pf e }
%Tpﬁf 'ﬁemﬁfﬁ to diagrams (2 1. 1),_(2 1. ?), ‘and (2 1. 3)
;7_‘ ' promonoidal category {by Lemma 2.1. 3),,
'jifill in fhe appropriate T p, and o (as shown)

. Definitipn‘? 2. 1 the upper regions of these diagrams nowf:'

'assert tuat (M 1, 1) : A + B 1s a promonoidal furetor.
,'Furthermore, if B is symmetric mon01dal then the diagram

f_(2 1.6) asqerts that (M, 1 1) :lA‘#_B.;s symmetric (by

”*fDefinition 2, 2 2)
| For any functor ¢ * A > B the representatlon-
.ptheorem establlshes a b11ection between the natural

‘*T“transformatlons Y f LA -+ LB ¢ and the elements feB (B ¢A)

aby means of the diagram

"A(A-i

ngeA ¢ )
;tNow suppose that % : A > B 13 a functor between monoidal

categorles. ahen_the diagrams




o3

M taonry
)

B(¢(A84"),6-)

B(¢T,0~)

“el:f(respt.

-

- B(ABPA" =)

(2.2.1)

x (ész.aje_?

'set up a bijection between promon01dal (respt symmetric
-xrpromonoidal) functor structures (¢ ¢ ¢ ) and mono*dal

'symmetric monoidal) functor structures (¢ ¢ ¢ )

fph‘¢;' The monoiual functor axioms (taken from £9])

P I e '_ e

Py

MF2, _:- 's¢A®¢I_ ' §¥¢(Aei)

_ o 3 “‘ S
;wgﬁﬂ;;,,ee;_ ¢I@¢A‘—“—"”—‘a“¢(IQA)-

186°f 'e'_f  ¢f_s;

(2.2.3)

© commutes,

C(2.2.1)

‘commutes,




'MF3:-'__ : 4)( (A@A')GA't)_"———-'B-'-¢(A®'(A'@A"'))n_
Ce(aeATIGeA" . gaee(A'eA™) (2.2.5)

ge1y o bo1ed

: (H’A@‘@A?)@@A"@;%¢A®(.¢A"8¢A") coﬁnuteé,

MFl, (fof-Symmetfy)

S e
¢(A@A' -————————4#—¢(A'8A)

:fi¢A@¢Af‘ " ‘“-¢A @¢A ‘cémmﬁtes;:f-fjf

- 'are preulsely the result of substitutlng (2 2. l) and \2 2 2)
.;into axioms PFl H and then applylng the repreSﬁntation
'theorem. 
Finally, returning to general promonoidal

7c0nsiderations, there is an appropriute concept of "2 cpll"

Definition 2.2.&" A;prbmonoidallnéturai transfbrmation

M by - A+ B is a natural transpormation no: o6 P

satisfying the followzng two ax1oms'




PO mkéhiéllowihg diagram comnutes:

, o
JA — > JPA B

e Joa .
"PNQ;e Thef¥uilowing diagram commutes.

R L S
. P(AA'-) —> P(¢A$A" ¢-)

S N D e _?xi,lgn);

"?Cwﬂ¢AT¢~J — °"»—P(¢A¢A'w~) e

\-...

The net result is the "2-category" Pkom

'ﬁﬁxmmnnoidal functors ¢ A > B and b1 § B + C are composed"

‘Win the_obvious mannef the data of the comp051te

promeneiﬁal funCuor Y. ¢ being {v¢, ¢¢,U o* ) Simllurly,

one can CQHLD‘,

e_promon01dd1 1atural transformatlons with

promonoidul Sunetors, and with ore another An

'h,&emmU“phesn in P&om ws readily seen to be a prom

onoidal
functor @

¥

(¢ ¢ $°) whose data’ ¢, ¢, and ¢° are all

*a,usumerphisns.f A natural isomorohlsm in Prom is a natural

transforma&;er,all of whose components are isomorphisms.

.




1

The following lemmas allow us to replace given- Ve

'promonoidai structures by - suitable isomorphs when"
_ required The verifications are straightforward

'computations from the definitions and shall. be omitted

-

'szff'

-iEEmma 2.2;5 ' Given categories A and B and an isomorphism
$: A+ B together with functors' | |

.:...':P:. A°PeA°p®A >V, F_ s°pos°pes >V

Y v, 3{3 B > v

"and naturai isomorphlsms

ﬂ

ol ¢ = @Aﬂ." : P(AA'-) * P(¢A¢A b~ )

|  ¢‘=J+Je,«_;uttwﬂféffﬂ,x-un

B ttse axioms PF1-3-for ¢ = (4, ¢ ¢°) establish a bijection' .
_'[between promonoidal completions of the data (P J) on A |
'Vand the data (7, J) on B.

Eémmsié.2.6" Given promonoidal categorwes A and B together

: with functors ¢,¢ : A > B and a natural isomorphism

-n_; $ + ¢ : A~ B, the ‘axioms PN1 and PN2 for n establi

a bijection betweeﬂ promonoidal functor completions of é

and of v




";mz.f Dualities

of the two basic dualities available for

ﬁmanniﬂal categories (Bénabou [2], §3) only "trdmspgse"fV

'Temains available in the general promonoidal se@tﬁng.-

'we shall make much use of. the "comJWQate"ﬁ-'"

of a\mono*dal Category,' '  iﬂ : T 1ﬁ Q“

Proposition and Definitlon 2. 3ﬂh (Bénabou)

'If"_' |
F5T 5 a) is a monoidal category then sm e 1ts
———l——g—__con L ate Aop = (AOP Op I f-—lsr 7L a- l) A

This duality is a special attribute of‘ﬁﬁE 

- “category“ of mon01da1 categor*eu-and strong monmﬁd&l

b ”4 i

Definition 2 3 2

A monoidal functorcb | ={¢,$,¢©}§
_is M :i:f Ee tfans'forinatibﬁs _' ) |
¢A®¢A"+ ¢(A®A )
I q)I

io'f

o]

BT I

" ».%
.amﬁ isﬁmvrphisms.

.ﬂleaxly a strong monoidal functor
8= r¢ ¢ ¢?)

A + B admits a: (st ong) conjugate=




" 'eisomorphic to its own transpose

Strong monoidal

functors .acecur quite widely, as shown in Kelly tll] the

closed left adjoint of a normal closed functor is always;_”

'strong.

Progosition mcz Definition 2, 3_3 _' If A= (A P J \ p,a) is
"a promonoidal category then so is its transgose

(A P J,p,l o ), where P* is the composite

| cm ._ g
A°PsA°psA —_—— A°PaA°p@A —,

It is & simple matter to construct the tran

spose_-5 ‘
'-f'or a promonoidal functor

Moreover, if a promon01aal

”s_ c&tegory or funcﬁor’is hﬁgg“tric then it As (canonlcally)




ﬁtmonoidal categcry (cver v)

Section 2, H 'wcomoﬁ01d°categories.

buppose, for the moment that the ground
category v is a’ cartesian closed category.‘ Then'any'”

category B which adnlus finite V—coproducts (includlng

1an initial object 0; becomes a monoidal category if we set

BGB" B + B' and I=20

-

-and take I r, and a to be the canonical isomorphisms__. g

. 0+BEBEB+ o
(B+B)+B"=“B+(B'+B")

tSuch a structure B m*ght well be called a cocarteslan

SN
R

"Theoremﬁz;ﬂ.l'(V'cartesiah closedi' The trace of a.

'cocartesian monoidal category B exists on an z full -

subcategory of B

".Proof 'uet A e an. arbitrary full subcategory of 8

'all A A'eA and BeB consider the comp051te

"~ XeA
B(Bx)ss(x + A, A') = f B(BX)xB(x + A A')

XeA ' '
j B(BX)X(A(XA )XA(AA'))

XeA o ' :
[ / (B(BX)XAfXA‘))]xA(AAr)

because -xA(AA') has right ad301nt




B(BA )xA(AA’)

by the higher representation theorem,':

B(B+AA)
This composite isomorphism 1s verified to be
'“",7_ z.: B(Bx)es(xeA A') > B(B@A Ar)
L
by’applying the representetion theorem to BeB In
particular, z1 ;.. zu are isomorphisms, whence the trace
of B exisns on A o _;'!“AH 7'. - _:' |
| _ Thus, because a full subcategory A of B mighs
not admit finite coproducts (1nA) there do exist examples_ei-
Qf’promonoida1 categories Which are not monoidal To .
generalise this new type of promon01dal strueture, obse*ve”i
emat we have-_[q_ f?.-;f~-:jf{_9i“;;i;~.:' | '
P(A’A"A) e'B(A'.e AQ;A); o
.B(A'A)X§(Aﬁﬁj
.A(AiA)XA(A"Aj SR BT
A(A A)BA(ATR), '?7f'?;f?- (2
the final expression being functorial in,AeA by virtue of

the dlagonal Tunctor 8 A > AxA. _ Similarly,

ZERICHVIES e R.L)

is functorial by v1rtue of the‘eonstantsfunctor-eft A > I

If we wish to remove the cartesian restriction
on V we must ensure that (2 ﬂ 1) and (2.4, 2) remain'

functorial in AeA. This is s0 if A admits the strudtures'




i.;of“a cbmoﬁoid’inithe
';comonoia comprises a comultipllcation functor ) :?A.4 A®Af
B and a counit functor € B

'-fcoassociative ana lebe&nd right counit laws.__-A..

monoidal category“ V Caz Sudh.é

A>T satisfying the following

A@A_' ——( A@A)@A_- o

= AS(ASA)

A_

.
) .
e
L}
-

S 481

N e

v:]Vote that commutativity of these diagrams implles that 6

”'maps an obJect AeA ta the palr (A A)eAeA and that the

' fmorphisms

#t

Eppr ¢ A(AAY ) 5T

SAA:' it A(AA') > A(AA )@A(An') -

prOVide a ®—comonoid (that is, an. associatlve B~ coalgebra

| With a counit) structure on - each homhougect A(AAT )

A promcnoidal qtruuture is then deflned on A by

'the follcw1ng dataﬂ

Ve




s

‘:‘-‘

185 S '0' . Hom(Aﬁk}
A——+(A PeA P)@A@A—_a..v

. »n”") @

e L LR e T
- S =

T i I ——V,

U merman —— 1 sy
L JXg(AXAIBA(ATA)) ]
 (AGXA)BIX)@AATA) — o~ TAGA(ATA),

e e e N 3
Y

Lo

JX@P(A'XA) s A(A'A)

ll

Jx@(AcA'A)eACXA>>”__Lj'54J;7ff{;g{f v f7}571157’ |
i(’Aig}e(A(m‘)gﬁj s Atmesn,

P(A'A" )@P( A'"A) L P(A"ATYRBP(ATYA)
= ?_'(A"A"xgg;,i(m?m&gg:"A)).' S P(AMAMX)Q(A(ATA)BA(NA))
=-.(ﬁﬁ‘(—_ﬁ‘)@?{ﬁ'A“-X-)')@A(A'_"-A)' L AATR)®(A(XA)BP(A"A™X))
f!AtAnA)gA(Arn } S '..A(A A)eP(AIIAH!A)
{A(A RYGATATATSA(AMA) o A(A" A)@(A(A"A)@A(A-:‘”A))

s . o a
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:,i_mifions of l p, and a implicitlyf involve

- the- comonoid axioms f‘or €. and 6 Furthermore, ﬁf the

%mie*t*ryo A ATA for A as

A(A A)@A(A“A)-———z-A(A"A)@A(A A) = E‘{A“A'A)
c

Th:ls G- nieari? ,ﬁatisfies PC3, the other axioms mre Koo -
i‘ﬁng %o verify here but they are essentially a rvesm&.it of

the "coherence" of the Yoneda isomorphiem y

S _:";EBemerk on sxmmetrg , To each assertion that 1s macte m

”ti'xve *serrtzel there is a corre%ponding assertion-with—symmetry
To avoid restatement we have omitted it noting that the e
- ';‘mﬂing proof-w1th symmetry requires nothing that is S

*e%"e'htia :.ly new.

[RRIET




CHAPTER 3
THE FUNCTOR CATEGORY THEOREM

Section 3 1 The Hom constructlon o ~<4*;_f'§'
?Tem the con31derations of the preoeding aﬁction,i

‘munoidal category is mon01da1 ' chevem—we”_.

VF:still ‘ean ask whether every promonoidal category arﬁsesff

mas the trace of a monoidal category.,'Foﬁ "small"

et

promonoiaaT categorles this ean - be answered in e'

.affirmatlve by use of the Yoneda embedding 'Te ”'1“" S

- Let A be a categorv for which the functor

ftegory F [A U] ex1sts, in practice this Will me & ﬁﬁaﬁrﬁaf

‘ulfﬁhe7set'of objectS'of) Ais small and:V 1s'comp1ete¢

“Further,_suppose fhat there is given a’ functor

@ : F@F » F

with an object

IeF

'Then, in the ﬁaefussion of Section 2.1, we. set B ng andae

Wbt StA

'thus obtaining functors_-

: A°p®A°pﬁA + U

*_J': A+ U

i

enigivere (AR -) = F(L-, LA@LA ) and 7 = F(L-,T).

"

"'Lemma 3. 1 1 -If the given functor & : FOF » F admits a

*-Eugmt adgeint to each variabWe then dlagrams (2.1, l) to
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:'f;ggif€¥aestéh’ ch a bijection between biclosed completions

of the data (8, I) on F and promon01da1 completlons of the‘V
ssnnstructed data (P J) ofi A S |

Proof First we have that 1z ;vzn'are'isemorphisms-'-"'

beeeﬁeesahe;' @smformations

- &

i

F(LX S)@F(LA LK@LA ) -+ F(LA S@LA )

2 F(LX,S)@F(LA,LA" SLX) > F(LA,LA’ 8s) | i'(3rif1)'g['
" are isomorphisms for all SeF, To see this, combine the
.following three factS'- | N : 7 :
| (1)_'_For each AeA the functor F(LA -) F > v has a right

'adjoint Zn~>[Z LA]

T (@ By hypothesis, the functor & has a right adj01nt to.f' ;ff‘
R _each varlable. a }7,_.'r‘:':‘ftfef"_aa'-‘f \7'. |

“i{3) "'The functor L f A°:;+ Fis- dense (Section 1. 5)
In other words, the functors F(LA -GLA ) and F(LA LA'@ )

-l”preserve the expression'

F(LX s)eLX LRI e

ThEﬁﬁ*%ecause z1 ...'aq are isomorphisms» the

diagrams (2.1. l), (2.1.2}, and (2. 1. 3) provide a hi*ection :

*%E : ’“between natur al isomorphlsms A, o, and « for (P J) and
o ”natural_isqmang@;sme”f :-IOLA % LA, T : LAST 2 LA, and
-y : (LASLA')®LA" = LAG(LA'®LA") for (8,T), by taking the




ot

e

"representation theorem, F(L- S)

(LA®(LA'8LA"))oLA M

.to deduce that “the transformatlons T

inverses 6f'the-fg.r, a actually shown in these diagrams-
in”etheh'words,'we are looking at the coniugate of B.
"Because (3.1. 1) are isomorphisms for all SeF, the

fdiagrams (2 1.4y and (2.1, 5) are. also dlagrams of .

'1somorphlsms; Consequently, axioms DCl and PCZ hold for

A, P, and a if ‘and only if the center regions of (2.1. h)

and (2.1. 5), respectively, commute. Buﬁ by the higher

S for all SeF hence

these center regions commute if and only if

.

R 5a-;,;f(LaeI)eLe'+_ngf—;enLAeerLAr)' SR ,;”e:_;(3.1;2)-

_((LA@LA')@LA")@LA'"——uan(LAQLA‘)3(LA"®LN'?%»LA@(

i 167

| | '5
commute fcr all A, A' A" A'" in A,

Finally, becausa g has a right ad301nt to each’

V&Pldble and L : Aop + F is dense, we can use Lemma 1. 5. #

. r,-a admit unique.
exten51ons to natural ieomorphisms |

the diagrams -

LAT6 (L LAYSLA'M))

.*;EAQ({LA'®LA")@LAﬁU




’a;rggs s, Ty S@I s ‘and.

,"3aSTR (seT)eR o@(T@R),

satlsfying axioms MC1 and MC2 if and only if (3 l 2) and

13m1-3) commute.'e”bis completes the proof

"heorem'3'1 2 (the functor category tbeorem) Let A be a

category f%?*which the functor category Fl= [A V] exists,

let P AOPSAOPQA - V be a functor for whlch the coend

- s8T fAA (SAeTAf)eP(AA'-) e (3 1. &)

exists for all S TeF and let JeF Then there exists a
biJection between promon01ﬁal comple*ions of the data

(P J) on A and biclosed completjons of (8 J) on F

S T R SO AT VR SRR A e o b

"Pfoof" The eXpress1on (3 1 h) defines a (canonical)
=@,ixactor @ E F@F - F by Lemma 1. 3.1.. Furthermore, & has a
rivbt adjoint to each vareable." | h ”

A

L R FrseT R) = fA"[(SGT)A" A"1
LT fAA

(SA@TA')@P(AA A") RA"}

15%3"[

@rn"[(bAQTA )®P(AA A") RA"

433*A*[SA [P(AA’A") [TA',RA"]J}

1

IA[SA fA,A"[P(AA A"), [TA' RA"}}J
J 4084, (R/T)A] say,3'
F(S R/T)

ﬁ

where £he isomorphisns are the . eanonlcal ones.

cooddat each of

Assuming
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“e;f-extra variables using Lemma 1. 3 1 we have that the

'fcomposite isomorphism is natural in s, T, ‘and R. Thus;'

- ~-8T admits a right adjoint -/T defined by _ o
R L R/T = fA,A“[P(wA'A") [TA' RA"JJ i‘f (3;1;5)
'bf.for a11 ReF. Similarly, we ‘have f SO
F(T@S R)

IAHEIAA (TA@SA')@P(AA A") ,RA" ]

[A,[SA IAA“[P(AA'A") [TA RA"]JJ
: whence T@- admits a right ad501nt rrl\-- ‘defined by

T\R = fAAnﬁP(A—A") [Ta, RA"JJ IR ”-,"('3?1‘-.5)"“
for all ReF | | . | - .

P
C -

Now define functors P'*; APga%Pgs ﬁiandi”;""

AR v D

_P;(AA'éj. F(L— Lﬁ@LA')
"fo_J='= F(L« ).

S Then the Lemma 3.1. 1 prov1des a bigectlon between :

'-promonoidal nompletions of (P' J') on A and blClOSEQ

o fii_“a.completions of . (&, J) on F. Furthermore, ‘the highe;

: “epresentation theorem prov1des 1somorphisms

-

H P(ﬁA'-)‘——a_P'(AA'—)_:

..Qx : Jf——éhJ" o

By Lemmaié 2.5' the prom0n01da1 functor ax1oms for (1 x X )
'_estabWish blgection between prom0n01da1 completions of
‘the data (P, J) and of the data (® J') The proof is

complet d by composing the two oigections.




we shall call a promonoidal category "small"

'1f its data satisfy the hypothesis of th° Theorem 3.1.2;.f'

a Définition 3 1_3 When A is a. "small" promonoidal

5category the blclosed structure provided by Tneorem 3 1. 2

o {A Vl shall be called the “Hom of A and V and denoted
?by {A U} | o

£ ,ﬁg..'iof The Justiflca ion

for this;terminology lies in

D

-f'“tha observation that .

{A U}(S®T R) IAA A“LP(AA A"} ESA@TA' HA"]]

~{A,V}(S T) = IAA,[A(AA )s [SA TA’JJ
14, V3(T,8)

“”*.These formulas display the’ ?, Hom, and J of {A V} as- the

F_¢‘, tive "inner products" of those of A and V

lli

[43aA, [I,S517.

'*ft;'3;“09rollary 3.1.4

Any “small" promon01dal eategory A is

_ 1somorphic to the trace of a mon01da1 structure namely
"{A v}oo ..u :”—.t:" _ .

Proox

By the construction of - {A V} in Theorem 3.1.2.
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'Corollary 3 1. 5 Each biclosed structure on [A V] 1s

- isomorphic to one of the form {A V} for some promonoidal

structure on A.

Proof Let (8 ssens) be a biclosed suructure on-

F-= [A, V] - Define a functor P e OPGAOPGA > V with
s _ _ _

P(AA’S) = LABLA" el (3 1. 7)

'ﬁDefine E'.. FBF + F and $ F ‘ST S@ T by the composite

"-isomorphism

S8T

11

(IASAGLA)@(I TA'@LA')

by the hlgher repn thrm.,

IAA (SA@TA‘)G(LA@LA’) "j'rsff37~?T':a;+”“”

_ m

because g has rlght adjoints,:_,-'"“. S

*I (SA@TA‘)@P(AA'-) fffjt=
| by (3 1. 7) |

"S§'T

V_By Lemma 2 2.J, there exists a unique (b*closed) m0ﬂ01dal

'fcompletion of (8 »J) making (1 w 1) a monoidal

_isomorphlsm.f Moreover, the Theorem 3.1.2 asserts'that

“this is {4, U} for a unlque promon01da1 completlon of ‘the

'data (P J) for A.

The net result is a correspondence to within
isomorphls 1, between "small" prom0n01da1 structures on a

,category A and biclosed structures on [A V]




The Han construction has the interesting,_:*n:

'though not unexpected, property that it turns certain

'promonoidal functors into algebras. If Ais a "small“

’ promonoidal category then a promonoidal funotor o A + U

:His precisely a S-monoid (by whlch we mean an associative

' e-algebra with a unit) in {A Vi, and a promon01dal

_natural transformation between two such functors

.

corresponds to a monoid homomorphism. One immediate

: consequenoe of this fact is that each funcfor T : A.+ v

_;egenerates a free promon01da1 funcfor R e

gT;'= ;- ofiFf'j'e'f'f‘~9“f”5;7ﬁ- R

To=7 e e T e e SRR
Z]Tﬁ = I E : (TA @...@TA )@(P(A1A2X)®P(XA X)@...aP(XA ) f;ﬂi.f
: - . E— s : for n > 1

- provided V admits the requ1red colimits. ‘This result

_follows on combining our deflnltlon of & in {A,v} with

the free ®~monoid conSL”uctlon lor a-biclosed category

. which is essentially prov1ded by M. Barr in [17 §2.




:?Section 3. 2

"Ménoidal.éanpleS-;

N

tﬂeorem.

‘”:1nternalehom

(T/S)A

' firespectlvely

If in addltion the mon01da1 category A is

E o ;   -bic1osea w1th

T svoa

'simplifled by BP?

%'fBQgP\EﬁCJ £SB,TC13.

P L - A(asB, C)

.then the tensor-product (3 1. H) reduc-s to either

(S@T)C

H

e

A(A C/B)

f (SA@TB)@P(ABC)

!AB

A(B, A\E)

(SAGTB)SA(A,C/B)
[Ps(c/mars

_ For special tjpes of promonoidal category A the_
-;formulation of the biclosed stracture {A;V} may be ”'

agion of the higher representationr‘.f'

suppose that’

= FpofA(Bea,C), rsB TCJJj**f_'

Y

S IBE 58 T(B@A)I

Lheﬂ the

ategory;.




PR TR

Sy

'%Sab% fAB(SASTB)BA(B A\C)
IASAGT(A\C)

;mbeseﬂﬂgrmulas present {A V} as a convolutlon of A and V

"?hé iolWOWing are typical eramples of {A, ¥}

] land pcssibly biclosed For convenienee,
e snppose in each example that A is small as a category

.‘fi;ﬂ,,.amﬂ that V admits a;l small limits and colimits..

;?Eiamgle 3.2;;._ Let A be a category with a single object I

._Then 1 the endomorphlsm~ob*ect = A(f T) aamits a canonical

f*§ '°”' a-monoid structure in V “the mu;tiolicatlon u s M@M +> M

- and iqentity-n t I > M being deocrlbed by composition and

_1dent1ty in A respectively.: Moreover every ®-monoid in

&e%ﬁay"ee so thained.' By'Ellenberg—Kelly [9] Propn"III;H.2;

mefine o bE%eaetor -

”Mif,and only ET‘M (M u, n) is a commutat i?e'@-monoi@.

”**Thus, ‘on. taking each of T, 7, 5; ard ¢ to be the 1d&mtity

transformati~ ot ihe 1dent1ty functnr on A we obtafn a




o ~

53,1,2, ,asc): whenever

:Mqis commutatﬁoe, The resulting closed category {A, V} |
is the category of M-modules with the usual tensor-producti.fr
4am§uinternaiu %:; to see this, notethat |
firs(i) T(i)]

~o= natural transformations“ from S to T'

. “Fxample .3-.2,2 . S_upposé_ that A is a s.lxm-metr.ic |

{3ﬁ_, promohoidal.category;_ Then {A V} is closed. Moroover,

a commutative 8—m0n01d 1n {A ) is precisely a ﬂgwmetwic
promonoidal functor ? A~ U . Thus, from the preoedlng

example, the. category ¢~ Mad of @-modules is closed

____,_L

N

}ikample 3'2-3 (v Cartesian'closed) Take vV = S and ;et A

he a- (finltary) commutativc theory 1n the sense of Linton

']gfi ;;_ [1&]. ?ecall that A is commutatlve 1f for each m-ary

| SN operatlon g7y

nd n-ary operationrng(n,l),_the

“ﬁgllowing.QLE”




where the 1somorphism is the canonical ore., By [9]

 Propn II1.4.2, ‘this is precisely the condition that the -

rules

mén =

| should deflﬁe a funetor

& AxA-»—A

With this in mind let us replace S by an

larbitrary carte51an closed category V. We now define a

'fifynitary V—theogz te»be & Vwcategory A having for objeCus-'

the non—negative integers N {0

fehaving the pronertJ that ;:”{eéf*?"ﬁ‘*'

1" {the nnfold product of 1) in AO,

A(m,l)n in u- for all m ne A . The categoryh

n

and A(m:ni'”

.N

gi;j;[f,;of A-algebras is the full subcategory of [A V] determined

by ‘those functors from A to v which preserve finlte

products. _
Fer each meng_i s the morphlsm
| A(n 1) -+ A(n .,
deflned by the (i= l,...,m) d'a*rems

-A(n,-l)m-;. - --—,-a-__A_(—n“?,im')'_

Psf AL

A(n,1) ——— = Ala™,1) o
o A(pisl) .  f




: 'f17?j

of projections, may be composed with. the diagonal function: E2e

A(n 1) » A(n 1™ to yield a morphism

"‘tmn-': A(n,1) -+ A(n ,1™M.

This in turn enables us: to define canonical functors

,;;;fg', m- : A + A and —Gn': A A

with mén = n for each m neA

1

By definition the V—theory A 1s commutative

1f m@— and -8n are the partial functors of a bl;unctor
| & AxA+A-

'Assgning this is so, let I 1, let 2 r, and a bﬂ the-

'.approprlate ¢dentity isomorphisms, and let & :Tn _% mh*j-*' l

be the canonical non ioentity isomorphism. These data

10—"‘- el

' -provi&e A with the structare of a symmetrlc nonoidal
-category. The resulting n1osed structure {A V} on tnei
_cetegory [A,V] of all functors from A to V, can be

restricted to the category of A-algebras.- First it is

'ea811y verifled that the 1nuerna1 hom
L 3,71 = j[SnT(ne)J
.Eof S and T preserves finlte products whenever T does.
_Wore 1mportantly, 1f S and T are both A—algebras tnen so
-1is tne tensor product
L ‘S®?=j (Sm@nhAmmn )

N

B fmn(SXT)(m n)XA(mén -).
This'result'follows from com‘r:-.uo.’m'-T ‘the Kan extension

theorem given in Appendix 2, with +he fact that

£




g8,

‘ﬁe%ervesyfinite-nroductsfwheneverSiandH

*T‘noth do. o l-r '_. o : | o | .“.
When V = S, we obtain the usual closed category..
ot algebras overha-commutative theory (Linton [lﬂj) '
eald applications are obtained by taking

| U to be the cartesian closed category of compactly
:;;generated spaces and continuous set maps (discussed in
Section 4.3). For instance the ordinary (commutative)

qtheory of abelian groups provioes a (commutative)

U—theory if we take the came sets of operations but give t:f;pg

thEm the discrete topology,. The resulting category of

f;_compactly generated abelian Froups and continuous group

homomorphisms 1s closed by the above procedure._ Less' | 7

&triv1ally"; we- could consider the category of compactly hi_.
generated modules over say, the field of real numbers_ .
ﬂ with the usual topology, in this -case t;e sets of |

| : responding tneory are non-trlvially

;mn?119yised.;lmoreeeer, the’ theory is commutative and
-thus yieldsﬁaimenc-daf closed category of topological

%vector spaces.-

'Examole_ﬁ.é.ﬁ.;ed@gﬁimultiplicative) group G'= {g,h k,...} |
- may be viewedg.-;awd,*mrete blclosed category over S by

taking




'b*ciosed structare iS'non symmetric-

R,

ﬂ_obtained oy conszder*ng the simplic1a7
”objects are the finite totally ordered sets.{o, 1,
jand whose morphlsms are nonndecreasing

5.f.category has a non

Co

'5éeh;=igh;' g/h = hfl g\h glh.

”tThe associated free V-Category A F £G then has an

:induced biclosed structure over V

tcategory, f reducns to § and f to H in VO so that the

-_srcsultlng biclosed structure {A U} on the category of

f_'G-graded objects of V is given by the famillar'formuras"

e k‘-' sh‘"k _g h"

o = )j xkh_lsyh_.,

)jxey

"‘}="_-'_'f(m1 e tx r
h

h:i_"__--,-- o

}

(xw:s -_;_j g [Xﬁ h J"_-_; ;'.; e

-fdrs»-éux {x }and ¥ = {Y } in [F G v:f

it 1s-symmetric”j
whenever G 1s an- abellan group.

Examgle_3'éL5' Another non-symmetrlc examnle of {A V} is
category‘m whose.
. 5 n}

set maps. This

-symmetrlc mon01dal structure obtalned oy

Because G is a discrete7§~

Generally hws":m




's;L
TN va-.-‘u.:a.isui -

{D 1, ;.; y m}®f0 1, vee s n} = {0 1 };;', m, 1, ey n}
'"mhe:rﬁsulting V-mon01da1 structure on F#ﬂ extends te.a

Deﬁisplicial ob ects in v, - This differs from

the usual X etric closed structure on simplicial oojects,,f[-:'
*tpe latter is treated by Example 3. 3 3.7 1ft o aw~:rf’”ﬂf

Lascly, let us take A to be the free

Vwcategory on the arrow category 0 > 1 together with ther

finite products'i

7§a'Jtﬁ.” symmetric monoidal structu”e given b"

In this simple case, the tensor product and;i‘u

54-“Section 1. l) The resulting closed structure {A V} cnt

':the category [A V] of morphisms in V, may be'described as

3'follows.- Let”f IK + Y and oy - Y7 be morphlsms in

’ﬁs ﬁefined by the diacram
“YﬁX"

et

Q-—. — — —)—Y@Y'




m  wheremﬁ is. the push-out of (f@l l®f’) 1n VOQ and [f f']"

*isiﬁef4ned by the diagram

'txr'J

S

*ﬁ«; 'v--~”-j3;‘l~'7,.f']; LN v

T

“

3 where P is ‘the pull—bacx of ([f 1] £1 f']) in Vo 'Thé:

identify I is the unique rorphlsm O + I, where 0 denotes

~£ha ¢nit1a1 object of J . A second closed structure on

thié>category will be desc"ibed in the Pollowing section.'1lﬁ"




TBQ;

g:»~uomonoid examplma and genﬁraa remarks

“Firen A has the structuwe of a comonomd in

gngB(SAaTB)aP(ABc)

IAB(SASTB)e(«(AC)@A(Bc))

‘M

fAA(AC)®SA)8(fBA(BC)®TB)

lll

SceTC.

‘Ihe internaiwﬁam formulas (3'1;5)fand{(3;1;6)1beammﬂa
(T/S)A

IBC[P(ABC) Eh_,TC]] e

ﬁ'

jBCtA(Ac)aA(Bc) [SB TC]]

'm

IBCEA(AC)QA(BC 8SB ,TCT
ICEA(AC)®IBA(BC)®SB TC]

llt‘

ﬂ

IC[A(AC)QSb TC] f

QEIBC[P(BAC) [s B'TC]I

M..[fdx(Bc)aA(Ac) ESB TC]]
CISC@A(AC) TCJ

Imspactively.
This type of blcloeed functor category wrises
o f?%qnﬁntlj in practice and some examples are listed below,

Again, we shaliw”“ppose that A is a small categcry and

nhat v is complete and coconplete._




,”Eiampie 3.3;2 {U.cartesian cloSed)a If V is a cartesian

;ﬁnﬂrd category then VaCat is a cartesian monoidal

category s hence everz thategory A admlts a unique

%ﬁﬁmmutative) comonoid structure in V= Cat with the

ﬂiagonal functor A + AXA as comultipllcation and the'

-

unique functcr A +> I as counit ' The reduced tensorwprod ct_f

formula obtained above shOws that {A V} is cartesian

S

xample 3.3. 3 _ 1f A is an S- Category then the comonoid ‘r__}d'f“

structure on A induces a (ﬂommutative) comonoid structure

in- V—Cat onwtne free?V-categorJ Fy A generated by A, Thusl

w%j,_whoae underlying chategory is

1somorphic to the S-category [A, V ] of ordinary S-functorb

irom A to J and S-nauural transformatlons between tnem,

always admlts a symmetrlc monoida? closed structure over_V




A given functor category [A VJ may,'of course,

'admit several distinct biclosed structures. Moreover,

fby the functor category theorem these will correspond

gto non-isomorphic promonoidal structu "es on A, To

'111ustrate, take the s—category in Example 3. 3 3 to be

 the dual of the simplicial categor" mu_ The resultinﬁ

s g etric closed structure on- the category [F#ﬂ o, Vj of

BN

S_This differs from the tensor product discussed in E;amplej

-simplicial obJects in V, differs from the non-symmetric'

‘V"biclosed structure discussed in Example 3 2.5,

Again, 1n Example 3. 3 3, take A to be the ree

?hcatebory on the arrow category 0 -+ 1 The categorv

 A,U3 of morphisms 1n V then admits a closed structure

'with a‘901ntw1se tensor product that is, Nith

'_f' S . f@f'

-—-Y)@(X' e Y’) ' X&X' ——-—~—3-Y@V'

3 2 6 which was constructed from flnite products in 0 l

In fact the pointw1se structure could equally be revarded

‘as a_"monoidal example" by taking'the moneidal. structure

on A to‘be that arising.from'fihite coproductS'in 0+ 1.

Whlle a. 1arge number of promon01da1 categories”

ean be viewed either as monoidai categories or as.

comon01ds (or both), there do ex1st ‘other’ types whlch we

'have not ‘bothered to elaborate here. For_example, consider
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the categcry £A°p@A U] of “bimodules" over a small

category A This functor category admits a canonical

-

biclcsed structure for which o
8Br(aB) = /%s(ac)sT(cB) = S(Ac)@'f‘(ca)
/s = fC[S(Bc) T(aC)T
._S\T(AB) . f fS(CA) ’I'(CB)]
 '_TTAB) A(AB)

'r,' A(AC)@T(CB)-————*-T(AB)
¥

ff; T(AC)@A(CB) _ A(CB)@T(Ac}*-——ub-T\AB)
g ¥

’7,]55 (R(AC)@S(CD))@T(DB\ R’AC\G(S‘CQ)&T(DB}}
?';mherc R,S Te[AOpeA V] ‘and (AB)EA P@A : Thls biclcsed

promcmcidal structure ‘on A°p®A which in general is

'nm*ther monoidal nor a comonoid
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CHAPTER 4

THE REF CTION THEOREM

'1Section h 1 -Reflection'of bicloseﬁ'structures--”

eubcategories of ‘others that are more “freely"
r;;;structed For instance, the cartesian closed category
iiof,compactly gererated spaces arises as a full reflective
‘ subcategory'of-the category.of'quasiutopological spaces
'?,introdu ed by E Spanier E16J the latter category being
;ca;tesian closeo inm. particularly s¢mple manner.. Abaln
Uthe cxosed category of sheaves of abelian groups, on a
.'*ftepolooy T, is a full reflective subcategory of the

e

ﬁiﬂclosed functor category {Top Ab}

. -

In general ‘we seek properties of a rePlection
7fwh1ch enable us to conclude that the reflective

.ﬁsebcategory is closed. The properules we shall discuss

: here are each equivalent to the requirement that the

"reflecting functor admltfenrlchment to a strong mon01dal

'fun.ctor. ifhis result is compatible '.-flth G.M. Kelly's

"observation (referred to,ﬂn Section 2. 3) that the closcd

: left adJolnt to any normal closea f octor is_strong.-

" Many cloeed categories arise as full reflective

S




g Tﬁ eorem h 1 1 (the reflection theorem) Let B = (B ’;;.).,_._

be a biclosed categoxy and 1et 9 C > B be a full o

'-embeddlng with left adjoint w (we shall omit the symbol e

Further, 1et AcB be a strongly generating class of objects )

P

on C for Whlch P 1B c admits enrichment to a strong _ ‘{.,;:@nw
mcnoidal functor, it is necessary and sufficient that one |
' of the following pairs of morphlsms be a pair of o

"eeisomorphisms for all AeA, B,B’ eB and CeC° '5'1',{ﬁ

IR S
S
7
A

Sy
30
)
'f-&a)n:
)
o

o B)w(en) : y(ass) - ¥ (A6YB)

6.

The biclosed structure on C is then unique to withln'

isomorphism. g

:gpd denote ‘the unit of the adjunctlon byr1. 1 - $ : E + B). .

_in-B;. Then, in order-that there exist a biclosed structureif.

3a) o n

.'f'Lb)f o

by n Y e
'tﬁ‘lf§:¢B\c R B\C:f.; ;’ ]“5 1]?°_‘[3, 77” : .Jeiirn.gfni_
g 12ﬁ_5 C/wB v C/B- S T
¥(n81) w(BeB ) ¢(¢B@B )

$(n®l) : - (B@A);+ w(weeg)

C/B > p(C/B);n_--
B\C + ¥(B\C)

e’

so/a e wesmy
ANC + p(ANC)

T e

e’

$(18n) : (B8B) » w(B'st)

¥(nen) : V(B8B) > ¥(4BOYB').




;-_Livs;i, ‘we establlsh the equivalence of the six R

numbered -conditions-. ‘I‘hese are arranged in trqupase

N

v iZhe 11ast be1ng self—-transpose) so that m =°* n .

henev"r ma) = na). We prove

r‘* 3a) = l!a) ="5&1) =’3aL)

!4=>6="1a)

‘m‘f’f

-"’*2&) becau'se AcB.

2a) =°'3a).' Consider ‘the follow1ng commut ng diagx%m

T B(1,n\1) 8
. B(A,¥B\C) ——  :~=- B(A B\C)
BUYB,C/AY >~ §(B,C/A) '

om0

E——

B(ln)

#B w(C/A)) —— —mBWCA))
B e e e T

w’here the vertical arrows’ nre isomorphlsms by 2a) &‘mé, the

botton‘ arrw s an isomorphism by the adjunctlon ww—{e&

e

'".zl:op *arrmr 1s an J.SOIHOI‘phlsm for all AeA. 'ﬁ-‘ﬁﬁﬁ'

-

is sufficient. ~.f'or 3a) to be an i%omorphism ‘r;\ec'.au.zs«;m ,4: is

S :sirnngly generatlng. _ :

' 3a) = 4a). Comsider thé commuting diagram

o




"f39:”

C(p(ne1),1)

“TUyiyBeB’),C)

“B(n®1,1)

“B(yB8B' ;C)

—o-- B(B@B"C)
o

Q_#(sf,¢B\C)_

L:adjunction w——4e and

Py3s)

.
-

(n®1)

'ﬂ-is an isomorphism ‘as

#a3-=> 5a) because.

';.551 4\3a5Q4 Consider d

'_'thD arrow is now an
- <

‘is

B(l.nle_;

§sE.

A;:B_ '

..:";T:i’s = ‘:n:somorphlsm for "all AeA

B(B' B\C)
“B(1, n\l)

fﬁhmre the vertical arrows are isomorphisms from the

the bottom arrow is an 1somorphism

Thus, applylng the representation theorem to C,

.
r

(B@B') - ¢(wB®B )

requlred

iagram (H 1 1) with B' AeA
omorphlsm oy Sa), hence
B(A wB\C) -+ B(A B\C)

Bocause.A_is stronglyr

gene“atsng; thlS implles;tnat 3a)_is-an-isomorphism.

This is immediate from_the'oommutativity of

=

9(BEB ) —

mw(n@n)-

[ ’/;flﬁn)
N / |

Y{¥BBYB')

$(YBOE")

= Clu(zem"),c)

(u 1._U;.s

 The




" 6i# 15).‘ It suffices to produce a left inverse

_the diagram '_, -‘ff;j f§-

3
i
=

v 1 $(C/B) > C/B to n i C/B > w(C/B) ‘Such a'v will

_lautomatically be right 1nverse to n because

: y{C/B) + ¥(C/B), being in Cos
by compusition with the unit n, but (ﬂv}n n(Vn)_=
hence nv :_1, j_\_{;e~;;f;-'ﬁ_*r¢j fff ;,_; };r--"

. By ‘the appropriate tensor-hom adgunction, it

"  'suffices to find a v E @(c/B}@B > C making

(é/Bi@B-j_

w(crBy@B N

”commuté;'where'e is the-apprépriate eva1uation mdrphism;""

This s achieved by taking v = &.9(n8n) t.n.18n from

b e
_ ! '
y((C/B)6B)

'-ﬁ(n®n)'j.

¢(C/B)95T tp(C/B)@wB i o($(C/B)OYB)
./ n : : L n..-

-whefe w{n®n) is an iSomorphism by 6, and & is the unique

factorisation pf e thfbugh fhefgdjunctidngunit'ﬁt

is unlquelv deuermined




When these conditions are satisfied they produce
-t a biclosed structure on C as follows. First set o
- cfcr = w(cec*) |

’ o et
wBéwB' = Y(YBOYB’) —— Vrt,b(BeB'

’..

This 9 will be biclosed because

C(C@C',D) ccsccsc') n) R S
B(C@C' D) by the adgunctwon w-ie

;af B(C' c\s) | “
| ;. ECC' &(C\D>) by la)
= ccc',w(C\D}}

R

aﬂd, Simil&r‘ly 5 ._-,- ff.'.n ‘Fx.zr,“ e

c(csc' D) = ¢(c, w(nkc*})ebyflbf

t’:f-'But ¥ is'dense belng left a Joint to a full enbedding, o

' fﬂhence by Lemma 1 5. M the monoidal funetor axioms (2 2. 3),-
(2.2. u), and (2 2. 5) for. s‘é (w,w w ) actually deflne

' isomorphisms_’

~

B :oyi8c =, Fr cher £ c, and a’: (c@c')éc".*'cé(cfécﬁ)v[;"-;'

respectiteiy._'Furthermore; by Lemma 1.5.4, these e
isomorphisms satlsfy MCl and MC2 ﬁff the centers of the
o diagrams (4. 1 2) and (h 1. 3) commut Butthe exteriors_

these diagrams r‘ommute by axioms MCl and M02 por B, and ..




7:: 92}:.

':feach Qfdphe,rsmasning subregions commutes e*ther by

Hence C = (C @ I,...) is a- biclosed catevory and

ﬁ(¢w¢ P ) is a st“ong monoidal functor.

:*efe the proof, suppose that (8 I,...)

is a glven biclosed structu e on C and +~hau Y =

}is a strong monoidal enrichmentof w Then by the

2 isomorpnlsms) is comp‘eted for 2 unlque 1somorphism

fiem OB

T

-'?wc_B'f@B):C?_ : |

~— B(B'@B,C)
R n

';Bgagl)_  'i_"'.‘ ‘“:;::.,s'. TKG Jsjk:

'B(B;;C/B)
- e T s
| | -V

3 B\wB',C/wB)R;m —— > B(B',C/yB)
» : ’ 8(n,1) : B

B(yB!' ®yB,C)

B(l,f)

Cfgfhﬁf

Hence n: ;g@ﬁﬁBﬁ.is~an*isomorphismffor all'BeB;

~+Cel, by naturality of n. Similarly, n i B\C » y(B\C) is

“““@lways an isomorphism. Thus condlnlon 1 is satisfied.

xﬁdLni»ion of. 2 r, or a, or by the S—naturality of ¢ or

(¢,¢;w ).s 

~




" _w - Diagram 4,1.28) (primes omitted)

Lo .o Ll :
et )

S y(a)

 y((BeI)eBY _

_ L S
N\ VBOYI )QYB —mmee—sm $BY (PISYB)

__H.E




_mmm m7 guwmwumaﬂ;.pmwv.ﬁWﬂMsmw,oswwnmnwp
o p(a) N o _e_ﬁmv
aﬁmmmvmmvow = Y (B®B)®(BOB) ) e eﬂmaﬁmaﬁmnguv
1//% 5 e _ﬁ_@ w\\ .
e:msmzmsew .  ¥(B8B)8Y(BEB) JB@Y (B8 (B8B) )
, 4//@®H | H@ﬂ\\\\ //@wu p@ﬁ\\\ 1
| a | .
AeAwemEewvmcwfI&. imewvegwmemv Qmmewvoim@mv —_— emmﬁewmﬁm@mvv
.ﬁaaHu@H N e®u 189 H®A~®eu /
‘a a \
Qemwewveemvmew ......Iul..v. Aew@ﬁmvenemmewv S —— ewsnemaﬁemmew:
c et <
L B ] ~
M...J mw _w ,m..,
% = Qwﬁe%ew:@em Lo
: | a
. paevop
Aemseﬁmawvvsew —
. a.
, \\@mp - s .
eﬁwmﬁmgmvvaem o
‘stuqnenﬁweﬁwemvvswu




"--fSection b 5 Additlonal conditions

‘ ' Throughout this section We suppose that AcB
1ZC:Brand p : B> C are as E!-.’u.aren in-the hypotheses-of |

Fheorem h.1.1. Warthermore we take Del to be a trongTy

ﬂ:cogenerating ciass in the subcanegory C.,  7-

AT
F

'rfﬁorollary §.2.1 Conditions 1 to 6 a"e (each) equivalent tot

RO . D/A - R1:%5
b} ,n_= '\D‘* PEALD)

'-ame isomormhisms for all Ach and DeD ;;_

*

'Cjﬁwmof - 2&) = a} hecau.e ﬂeﬂ. '-ififiiffﬁ?ffﬁ;'_j.oo,_,j”'";'

'55f?@3 mfga}, c@nsiﬂer t%e eemmutlng dlagram :

- '-“*%*"—;; C O etatnen), ) —1%7" A
egegweeﬁﬁgej o . c(w(B@A) D)

“g o BOBSAD) —————— B(B&A,D)
L q o Bayy R
 ERE B(yB,D/A) - _ == B(B,D/A)

' ' - . . B(nsl) |
B(yB w(D/A)) _ — —- f—B(B w(D/A))

where the 0ﬂttom and unlabel1ed vert¢ca1 arrows are

isomorphlsme by the adJunctlon v—i 8, and the arrows
p _

B{1,n) are isomorphisms by-?a)._ Then the top arrow is an.




Lo

'_1somorphism,_whence, because ﬁ 15 strongly cogenerating

o, w(nel) “'(B@A) > w(wBﬁA) is an is°m°rphism for

 :'a11 AeA and BeB, as required

f;f_AcB is denseothen'cohditions_1'to_E_,

A ks TR T

4m8;o7 For each &@n ﬁnd DeD there exist objects H(AD) andr

- f K(AD) in C, and natural isomorpﬁisms‘- i
~a) c(w(—@A) D) ? c(w-,H(AD)i;}

© b)Y e(¥(88-),D) = C(y-,K(AD)). s

Proof Ta) = 8a). Take.H(AD) = w(D/A) and the G

7 g e R

e 17;=-:3'. RS

L
X

'isomorphism'to,be_ -

- c(y(area),D) = B(A'@A,D) by'édjunczicn';fﬂ-~"

Ty i

e

B(A' D/A)

% Vs C(wﬁ',wa/A)) by adjunction,‘“. Lo

which is natura1 in A'eA

ﬁ%&ﬁ4*‘7a) : necaLse.A:o is dens,, the composite

B(A' /A) = B(A'@A D)

C(w(A @A) D) by adgunctloa

g c(wg' H(AD)) by 8a)
e BUE *H!(AD)) by adjunction,

5&1“”14 Tor a uniqup isomorphism f + D/A = H(AD).

e TR,
e e




‘in C;'.7&);13‘anrisdmerphismrby';

-rthE'naturality_qf ﬂ;

T
g
¥

"1pr suppose tﬁat the given Bfie'e'cartesian7'

”61osed'cétegory; fhié requires usrtoesuppOSe.also that

Y is cortesian closed, otherwise finite

R Hfiproduets_in'B'de_not‘yield'a bifuﬁctor 8 on'B;  Ir

.l

B-:—--—-m-BxB'-—-——-—‘a- B!

denotes a typieal p“oduct in B the diagram

e ¢!nxn) ;“." _ -
 y(BxBr) —— N ";¢<@waB')ﬂ”

e

ﬁray be ‘verified to eommute by composrng both legs w1th the 3
"unit n BxB'.* V(BXB ) ThiS procedure is valid becausef{.ft"ﬂ"
C being reflective in B, is "closed" under the formation
.of_finitegllmits‘”n B 1nﬁother words_, :

' B! > Y(UBRIBT)

,Thusﬁﬂ(nxn} isﬂaﬁ.isomorphism (Coﬁdition'

is. an isomorphi=m;

6) if and only if (ﬁg;) is an”isomOrphism;,'

-Corollary h 2. % (V.zartesian closea) If‘B is cartesian

closed then condltlons 1 to 8 are equlvalent to,

9. P o1 B finlte products.
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Section L, 3 A topOlogical.applicetioﬁ

For this sectlon we suppose that V S and

"let Tap denote the category of all tcpolog*cal spaces

and continuous m&ps.: It is well known that Top itself

is not ce"tesian closed.% However there exisus a general
-;process for generatlng car esian closed subcategories -
'mf Top.j We sh&II describe this below maklng use of

;the reflecflon theorem.

Let A he a full subcategory of Tap, contalning

'the one pﬁint space “*" Coastruct categorles B and C
. 'as fciﬁows. ‘. Vr_,_“__:_.._ i
B = ,ﬁqsmmpllcial“ bases.f_an object of B 1sr |

'f a set B tagetherfwith for each AeA, a set Ad(AB) of

'; a@missﬁhle-set waps from: A to Bj these may be thought of

as the simpllces” of type iy in B The sets Ad(AB) are_":

umbject to the ax1oms.

&1; | All constant maps are admlssible

A2, If geA(AA > and feAd(A’ B) then fgeAd(AB) |
A morghisn f : B +> B' of bases is a set map having the-

c.property that’ fgeAd(AB b wheuever geAd(AB) AeA,

It is stralghtforward to verify that B is

: compcete and cocomplete cartesiaﬂ closed and

i

o (canonically) contains A as a dense full subcategofy. The




.

;:'7ff99~{_f?-l¢uﬁ7g,*-7

'ﬁ;“waimhom af heses B and B' in B is obtained by taking

'~HLBB'1 to be the set B(BB') w1th feAd(A [BB']) if and only
-1f-the map AXB-+ BT, Ca b)A~>f(a)(b), is ‘a morphism in B.
‘ m”fThe category B is thus constructed directly along the

lgnﬁs nf*the;mﬁmx' 'y of quasi t0pologica1 spaces

introduced by E ~Spanier [16] however, we do not require

= Spanier S thlrd anﬁ fourth axioms.

?QC = A-generated tooologicai spaces. this is the

S full subcategory of Top comprising those spaces X hav1na‘

e ;.l,;the property. _'“ff°ffl-f;ffﬁ{7xgia¥f“‘f7j*7**‘“ﬁz;r~

A subset v is open in X if (and only if) f
f:is open in A for a11 feTop(AX) and AeA

B Ry

The category C c01ncides with the full'oubcategory

'ni ?op determined by the spaces that are direct limits 1n

:"f”Tap of objects of A. The- embeddlng CcTop admits an *f

'evident right ad’Oint W.rTop > C

Lams ¥ Eo(c,ux) (4 3. 1)

ytnderlying set as X but a new

":ﬁ{finer) fopologgasa.a.by

A subset V is, open in WX 1f and only iP f 1V

L is open in A for all feTop(AX) aod AcA.

. In particuiar, C. lS aomplete and cocomnlete' howeve s one

nust b" aware that a product in C is: not a topological __7




-{-sproduct ‘unless. the latter already lies in e S
7 - The categories B and C are related by a full

= enbedding CcB, given by , :-.s_7f-fl¥n7~? -

6C = the unde lying set of c, ‘with Ad(AC) = Top(AC) for . . . ...

o each AeA,

B

"-_' wiﬁh left adjoint w B+ ¢ given by

'*}ﬂ'wB zaathe underlying set of B with VCwB open if and only if
f IV is open in A for ail feAd(AB) and AeA

'I)_ In hrief w& is the t@polegical realisation of the base B.

%@ are now in & por'tlon to ask whether the _

a

. cartesieﬂ Qlcsed.structume on B 15 reflected into c by ¢

-ghffgeﬁ@re swpe&ying-sm%fic1amt conditions on A for thlS to be

'“”“sag‘we reaell twm imp@rtant 901nts from Day—Kelly [41
_ '__ %irstﬁyj W may aefine a togolog Q(X}, on.the--
set Q{X} @f @e&m.3W@sets wf space X, by taking H:Q(X)

.et@ %e open pﬁeehmely'mhen 3t satisfies the condltlons

':zf01 If‘V'V“eﬂ(E} with ch* and if VgH then v'ea

02. If VleQ(X) for ked and if UAVAEH then there exists
a finite subset {A ...', A }cA such that

'
Ay

\U * e a U v}‘ .EH-..
Secondly, if a space X has the property*thaﬁ

~xX : Top » Top preserves topological. quotient haps, then -

- a map f Y -+ Q(X) is continuous if ang only if the set




7s;f{(y,x)erx | xef(y)} is open in YxX We shall call such
" an X~an Q—compact space.. These spaces are topologically
s_characterised-in.tﬂj Theo en 3, and it is shown in [H]
3‘:Proposition 5 that a hausdorff space is Q—compact if and

fonly if it is locally compact

-Pof two points, one of wh*ch is open and the other not
lez'open; Then, usiﬂg the obvious biJectlon between the open
'Lsubsets cf a space X and the elements of Top(XD), we have

' that X 1s chompact if and only. if
- for a1l YeTap..'

"sTheereﬁ'ﬁ:?'ih_-If AcTop T;s a class of Q compact sﬁaces
7 with ‘the property that each functor -xA : Tap > Top, Aeh,
'fmaps A into the categcry C af A~generated spaces thenlc

';‘is cartesian clcsed | e

Prqgg Because ‘each AcA is Q-compac,, we have-i"

for all A' Aél by.(ﬂ 3. 2) : Moreover,_the hypothe51s that
o each -xA : TOp + Top maps A to -C ensures that the _ |

- ftopological product A'x4 is the prcduct of A' and A in C

E Now 1et D= sz(*), this 1., the topological apace

g

) I|!

Top(YxX D). Toy{Y ﬁ(X)) ; rf?,.cu}3;2);iii;*"

. Top{A'A, D) = Top(A' Q(a))

Thus we obta11
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oy

lle- :

C(A'xA WD)

S C(A' wsz(A))
:fm'wl A',AeA by (. 3. 1.

Because, in this instance,
l the dense subcategory AcB actually lies “in C we have

:?ffﬁﬂst established condition 8 in Corollary 4 2.2. Thus

conditiﬁns,i to 91! old provided WD is a strong cogenerator _

“WAIOr C. But it isn't it only detects open subsets.

'fHowever, the adjunctlon unit n .

: l -+ Bw is a ijection

'?5jﬁs1nce neither @ nor ¢ alters underlying sets.. Thus_the '

e : map

w(nxl) : w(BXA) > w(waA)

*iﬁbeing a biJection for all AeA and BeB is a homeomorphism
D]Jofip_and only ir . '_._ _ 'f_f;o\_;.f:_ |
S elwtnR, 1 ccw(waA) wm > C(u(BxA), WD)

ziSlw,biﬁection of "open sets" In other words we still.'

“Nﬁ%tain 7a) = Sa) in the proof of Corollary 4 2.1, Tnus_

o the chain of conditions is complete and the result follows e

: from Theorem ,1,1%1 1 ) :.=;.. . ._

3 Thesﬁsove proof tells us trat _
'*“ﬂa% the internal«hom [BCI in B is an A-generated

topological space for any base B and A—generated'space'C;
n@%35 the realisation functor w “B + € is finite.produCt |
preseFV1ng ' | Yo

) the. adgunct*on yf—qe lifts to a homeomorphism

e S e
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Tb_annlv the theorem, choose | X class of

.ﬂecompact topological spaces and close 1t up under finite

products ir necessary.. Then the category of all direct

Jimits of these Sp2azes in Top, is cartesian closed Foru

Saie A to be all Q—compact spaces
This A is already'c osed under finite products and.

arbitrary coprodnets in TOp, thuS'

-_Corollary h.3.2 The category of all topolopical quotierts
of Q—compact spaces, add continuous maps is a cartesian'

.._610oed category.“

C Stmilarly: R :?f}i]fl:.i}[{i\?*"“

Tgﬂnrmllary ﬁ.3.3' The category of a11 topologlcal quotients_i
of locally compact hausdorff spaces,'and contlnuous maps,t

is cartesian closed

o ,-:1 ﬂmé.dﬂﬁ* “w%gory 1s that of comgactly

;weggeﬁereted spaces - Geaﬁmlned in a preV1ous thesis EGJ)
Another 1nteresting.example‘ whlcr I indlrectly owe to

‘ﬂLel;MQore, 1s obtalned by taPlng the objects of A to be the.

afflne 31mpllces Al ,;rzh 'a1though this A is not closed

.under flnite topological products each a™xp™ is a




TR A

topological quotient of A' The resulting category C
'of all. topological quotients of Cw-complexes 1s cartesién
_f closed




Section 5. - Reflection of‘ Hom | . i .
7 _ On applying the reflectlon theorem of Section f,'{
'fu 1 to the Ham construction of Section 3 1 we immediately
?obtain a set of conditions unde" which a "snall“
pwomonoldal categorj A generates a biclosed etructuwe on a
3;ref1ect1ve claserof functors Cc[A V] In partlcular, -
f fecnsider the ‘second cpnd1tion-prov1ded by Theorem h,1.1
- when B = {# V} and’the etrongly-generating claes in B is- ﬁ”
:itaken te be the eless of left. represented funcfors |
--Lﬁ-' A - V'_ Froam the hzghe“ representation theorem.applled
1;n_ﬁ@ the‘internalm@em.fcrmn‘ae (3.1. 5) and (3. 1 6) together
.":ima;h the mtura:mty of the aﬁ,}unction unit n, we need s
mnly @Eﬁ&t&&%‘llsh whm.t S 7 | |
LN I&W.m-g A"), TACA" ) SA"I1 E [gR(-a"), sA"" |
CEA\E = fgl%,.ff:{ﬁr__A"),LA(AA ),SA"]J_ = fA"[P(A A") SA"J,

|| :
h

_'nas funn%ore fr@m'ﬁ to. v, admit:isomorphs:in c whenever
"'Aeﬂ_and;SeC}- Furthermore, if the category;A_is monoidal_-

' then the higher representationﬁtheorem'yields.'

e -

S/Lh 2 S(-8A)

T

LA\S £ S(A8-).

_1 To apply the precedlng.crlterlon to . a familiar -
31tudtion, 1et v be sultably compiete and let A be the
free V—categogy on the_dual of the‘S—category of open

subsets of a topological space X, the latter being:given




“thedesrtesiadscldsed structure" e

I'# X,7 V@V!'= VnV', [VV']-- int ((compl V)UV’) for open '
.‘1:subsets v, V' of X. ' | . ' |
d-Then the V- category of sheaves over X with values in v, 13'__

'a c{gsed category provided the functor S(—nV} A > v is .

'a sneaf whenever S is onej but this is immediate from the

¥ definition of sheaf. - Thus condltlons 1 to 8 are atisfledi'
and 9 also holds 1f v io carte31an closed¢
A second appllcatlon 1° obtained by taking

¢ cartesian closed and letting A be a cemmutative finitary _

.g%—the@rg with the monoidal structnre described in-Examplerf-
3 2. 3 Assume that the. catevory C of A-algeb”as is |
refleetive in [A, V1; thesreflection: ¢ -“[A S > C can be
eonstrueted if V has . small colimits. stever, we have
alvcady constructed the tensor produCt in" QC{A,V},_ |
regardless of cocompleteﬂess con31derat10ns fortf(see
Example 3.2. 3) ~ The reflectlon theorem now tells us that
_'&I: {A, U} > C admits enrichment to a strong,monoidal '
functor (that is, preserves tehsor products) because each

qunctor —@n : A + A preserves finlte DPOdUCuS, hence

S(-8n) : A + ¥ is an Awalgebra whenever S is ene.
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”*snE eONSTRUCTION THEOR

t'TSection 5 1 .'Preliminarles

' We wish to examine the extent to which: procedureS"

-'of theupreyious chapters ‘ean be applied to the con51deratlon

,nnmonoidal category A In these
;fﬁcircumstances the total functor category [A Yl is no longer

'_available because the end EA Vi(sT)y = ]A[SA TA] may not

exist in V for all functors S ,T A-+ v. .Nevertheless,
teertain "reflective sub"ategorles" C of [A vl do exist in
'ﬁ~ethe sense that there 1s glven a- aeree functor M AOP > C

:‘JIn view: of this, the promon01dal structure of A may yet
;fgdeternlne'a blclosed structure on C,}w1thout reference to
,LA,VJ._;Before formulating a theorem to this effect in :.

cweBeehion 5.3, we need*tWo"generalised concepts.

" The concept of U—natural transiormatlon may be
extended to describe certaln famllles of morphlsms whlch

- ':j occur between Kan exten31ons. First we - note that for

;ﬁinnﬁierg F G ﬁmﬁ ~~e%tween tensored categories'B and C,

an s-natural"traﬁsrermatioh B F_+ G is V-natural if and

~only if the canonical diagram-

DN i e,

et g AR,




: "_ISBB' __ BX@B‘ :

B X6GB ' =§G(X@B}-' :
.c@mmutes for all XeU and BeB This criterion for

Lanaturality is established in Appendlx 3 (where we also
'_recall ‘the definition of T)._

To generallse, let F G A°p

: a.suiuablj tensored catego“y £, and let SA@FA > FS and

_{IQQSGﬁ + G8 be a pair of coends over A f&r eaeh functor

:f_$;: A g admltting such we “think of" F& and 85 as being

; @%une@aria1" in S,

"?:&ﬂ > FS > @S of morphlsms in CO’ indexed by the class of

.'V; fﬂnctors S

A > for whlch FS anﬁ @8 nath ehlst

- Definition 5.1.1 The given famlly Bg Fs + TS is called

‘neonatural in S if for all natural transformations

¥ : S+ T and ob;ects Xe V

s the canonical diagrams
BS '

+ C be functors into :

Now suppose that we ave given a famlly e

F§ ———Gs XeFs = F(Xes)
- Fy| '§¥i ,'I@BS o :6X®S.
FT — Lo Ceme o |
e o X6GS. = G(xeS)

B

commute whenever they are defined.




L3

In circumstances where {A V] can be constructed

and the coends FS and GS exist in C for all functors
'S :-A > V we obtain canonical functorst G & [A, U] + C
:hy iemma 1. 3 1. Then a neonatural transformation

,B F*w G is

recieejv a natural transformation from F to G._r

" But such a transtormation is uniqueiy determined by i*s'fw
arepresentedefunctor.components.' This is true of neonatural

' Fﬁttransformations_in génerai:

o Lemma 5.1.2-- There . is a canonical bijectlon between.
"aoneonatuial transformations from F to g and'natural
;itransformations from F(L ) to G(L-)f__*'~77~ﬁifﬁf7°

‘aProof ‘ By the higher representation theorem the coends

ca,ﬁilé) FA and G(LA) GA always exist they are canonically}-fi”

ﬂfmnctoriai in A by Lemma 1 3 1 Again tbe higher
f;;representation heorem prov1des a coend

oy SA@LA + S

for each'fﬁnctorm- '3; If FS and ES_both“exist‘we

,;Fy': F(SAQLA) > FS

=i

G(SA@LA) > GS'

-_by'Lemma 1;3;4.7 Then, given a natural transformation

¢ F(L- ) > G(L- ), ‘we define'BS : FS +~ B8 to be the unique

‘morphism maklmg wle £ diagram commute.




F(sasLa) . =

1

_,,_ L R . - o _;'

is neonafural Moreover,

mJt is straightforward to verlfy taat the resulting

- _‘_SA@'G"(LA').
RN A
G(sasLA)

ERCRRTIN.

family B
the diagram
188,

LA! (A)@F(LA)_ —
F(LA' ('A)GLA)‘

“;iETLA'(A)gLA)_,'

cowmutes for all A‘A'eA on applylng the representatlnn

theorem toe&’

;;Juk‘ﬁeinuneuiagaraa_iﬁmeeam
\erﬁstIlCthF is B.:

replaced byf'“ﬁ»%h.eeghout

#;;a¢%~un induced natuﬂality.

'“eﬁhi

ﬁmlagram (5. 1. l), WhiCh defines B’

ﬁbﬁﬁnﬂs the enique eeonatural transformatlon wnose'_

Conversely, given an arbltrary neonaturdl

F G, the dlagram (5.1. 2) 5 with BA

p v F(LA) > G’LA) is natural 1n_h by the Lemma 1. 3w

BLA for all AeA. It is nOW‘”

commutes by neonaturality._j




In practice a neonatural transformation may

1““arise through the use of possibly distinct choices of ceend
representations_for;FS and GS,* Lemma 5. 1 1-and 1.3. 1

.guarantee that this choice 1s irrelevant provided the

E' funsioriality of‘FiIA) and G(LA) in & is- fixed and that_;

ii;f “the’ c;;een coends “natural in this extra variable. “

Aﬁ;; - _ An important example of a neonatural transformationV:;'
L7 ;;ﬂsis the isomorphism. | |
i | 'z% s ¢ [MTAVI(EA,S)6F(LA) =
é. which is defined to be the exten31on of the compos*te'

lﬁl«:**f*?-ﬂf ] LA, V(LA LA')@F(LA)-uuf-u..q_ F(LA ) :{ju

Cwe T rf-f_'}dg,vj_.m;

;Y"

diagrams in Appendix 1 still commute.
The aecond concept to be generalised is thet of

Strong menoidal~func Lod.. We do this by observiﬁg thau, 1

= ($, ¢ ¢ 3 o W

rrpromonoidal functor.from a_*

.B, then the matural transformations -
X _ D

- .‘ ¢

-_.‘ | - .¢..-.:-

transform to

P(AA'X) » BGASGA',0X)
T, 4X)

"'IAA(A’A)'@FAi e FA"“_;';';*ﬂv_i.v

"9”¥%ing this deflnltlon of z it is clear that the "coherence":ﬂ

'np;omonoidal'catégﬁ%_ A to a ¢~cotensorsd monoidal catesory

bitpend s




¢A9¢A' - [P(AA‘X) ¢X3
I [JX SX T .i “f

'juhder the cotensinng:agjunction; These in turn provide

'fmmrphisms

= ¢ﬁ@¢A' R fx[P(AA‘X) ¢X] R
. = (5Ll;3)
- L jngx,¢x3 o
 ?! i Lo T <

nefinition 5.1;3‘ The promonoidal functor @ '_Af+ B 1s '

s@mong if the morphisms (5 1. 3) are isomorphisms,° :




:Hfunctors S,T. A + V et

“category ensures_thatrcertain S—products_gg exist;,for
-example, JBLA, -E&E&ﬁf‘ (LA@E)@LA'- ((LA@LA')@LA")@LA‘“.
'M@m&over tmese wxpr9531ons are canOHically functorial in'f

A A, by Lems L3l P
"ffismmor@him stru@&ur@ determined by the isomorohinm

' %iif?;.  'w:. . | . .
"r'and Lemma 2. 2. 5, This mﬂdlflcatlon of A ‘enables ﬁs to.

- fpraﬂuce natural . lSOEorphlsmS J@LA = LA, LA@J LA and' _
”LQ(L@@LA )@LA“ = LA@(LA @LA") directly from dlagrams (2 1. L)

_(2,1'2}, and (2 1.3) respectively.' Then using Lemma 5 1. 2

Section 5.2 The "monoidal® presentation of a promonoidal

category o

Let A be a promonoidal category and for

f“A'Sﬁ@TA )@P(AA'-)

F(”T} = fA[SA TH]

,whenever they exist. The very definition of promonoidal

.

Keplaﬁ% thﬁ promon@1dal structure on A by the

LR

32 r«A&H“) + F(L-, LA@LA')' -

o

.ux “+ ML—- J)

il .

~

and the coend def:nltion of ® thebe isomorphisms admit

neonatural extensions:




;587 =8

- (SBLA)BLA'

Bpats

(LABS)BLA!
 (LABLA')8S =

=8

SB(LABLA') -
LAB(SBLA')

' Now we are able to write down the "axioms":

1

s

e aasn@ar

—

a

(AR YRLA JBLA — (TABLA )B(LA"ELA" ) >~ LAR(LA'E(LATELAM )) -

°§ L

— LAS(ISLA')

an .

e : . o \ -

B -
by

O CLAB(LA TELAT) JELATS

'"ffTﬁ$.commutativity~oﬁ”these

¥alidity of axioms PC1 and

'-"tqmdiagramslfz.f;ﬁl aﬂd (2.

= LAB((LA'SLAM)BLA™) .
&iagrgms.is'equivalenf@tc the
PC2 for A. To see this, return

1.5)'and.observe that the center

regions commute if and;only_if the above dilagrams do; the

'-remaining subregions:off(z.

l.h) and (2.1.5) éommute-for_the

"same" reasons'they_did so before, hamely_thefdefiniticns'of

%, ¥, 8, the neonaturality

of T, ¥, @, z (using Lemma 5.1.2);




N

) ahd-the:“eoherence"'of'z3(ﬁpbendixfl);-

Thus, the'promon01dal structure on Armay.bé

formally represented by a "partial monoidal" struqtﬁreIOn'

'fthe 1eft—represented functors from A to V

E




JSection 5l37' The conetrﬁetion theerem g

S8

Theorem 5.3.1 Let A be.a.promonoidai category and let

® 2 4%P.+ ¢ be a dense functor ihto'a cotensored and

Ptﬁedﬂgategory'c.. Then, inﬂerdef'for thﬂre*to'exiStf7'

med wErusbure on. for which MOF A+ c°p admitsi

enrichment to a strong promonoidal functor, it is necessary

:anﬁ,suff1c¢ent that the coends and ends

(1) Q(AA' j P(AA" X)@MX
o [Roxemx

f (C(MX C}QC(MX' C'))@Q(Xx )Hfzg

Lo ]
L%
Nug?
e :
(%
Nl
l

(4) h(AC) = ] C(Q(XA) C)eMx
= [ C(Q(AX) C)®MK EPR

fx[C(MX c1 chc )]
fx[C(MX,V),K:XC')]

'fexiet'intﬁ'for all A, A’eA and C C'eC, add the resultlng f_'

B morphisms_e

(8)  c(utEn),0) » o, H(A0))

= < c(a(mc) ca . c(m,KcAcn

: be isomorphisms The blclosed sfructure on C is then

mnaque to w1tn1n 1somorphism.'

Proof of necessity Let ¢ = (C,8,I,...) be a biclosed

structure on C for*wh;ch NOp : A+ Co?uadmits enrichment

ez A strong pramorwfreﬂifuncto:. Then, by Definition




{-tggﬁsnmgmgb*,m, 
oo QAAT)

isomorphisms
C'(-Q{XA) c)
C(Q(AX) C)

’%‘ o e

L [ axenx

’emﬁﬁﬂéﬁﬁh“%ariable.

i

~

Proof of suff1c1encv

ﬂa,_the coenﬁs (1) and (2)

1.

n

-{_;‘r‘ L fXC(MX c)emx

The existence of the coends (&) an@ (5)’_.;w

ZC(MxémA:Ci"

C(MA@MX C)

;c@c'
E3

'.é. ..biclosed:

= fXpaarx)eMx’

C .

~

ll

-

together with ‘the den31ty of M

_fquaMx.

are.fequiredjto exist with

= MAGMA™

Leomy, C/Maj'”

3%%§w@mmbw380duse 8 admlts right adgoints to emoh

ﬁ,ixarnéble, henﬂe'preserves the density expre551on'_'

_and the isomorphisms (8) and (9,, follows from the

C(FX NA\C)

Flnally, the ends (6) &ﬁﬁ

SEErause the opDOSiLes of ‘the functors_
kﬂ%@; v\C top + € admit rlght adj01nts, namely,—\c ani G[—‘P
‘anDE“ﬁﬂﬂﬁ%TVE”“ﬂe density expre551on.__,
By Lemma 1 3.1, a canon1ca1 funmtor

iﬁeﬁwﬁxom.fﬁf_to C¢@§ obtained on: settlng

f (C(MX C)@C(MY' c'))eerx )




. 'c_:(cécs'“,o)'= c(}'XX (C(MX C)@C(MX' ct ))@Q(xx') Dy
[h ' [C(MX,C)EC(MX",C1),C(Q(XX"),D)] A
[CMX,C)BC(MET,C") , C MK, H(X! D))]. #
e . by the isomorphism (8), | | |

}'X[C(MX ), fx,[cmw cy, c(mx H(X! D))}"-.._”.'
SRR fxtc(Mx C) C(MX, !x,[chxv C'), H(X D)J)s'
R - €(C, yTee, ) (D)D) - R

_ by the density of M

R C(C B/C* ) say.' | _

oisimilarly C\CQC' D} = C(C',IX[C(MX C) K(XD)])

B . '“;;é c(s‘ G\D) say.-_. R

. 3 Furthermore, th@re ex15ts'a natural 1somorphism

MABMA' = Q(AA" y = (5 3. 1)

};ﬁhiCh cén,bévobtained as follows The represnntatjon X
| : the0Pem applied. to cec in the comp051te _]
S C{f C(Mx MA)@Q(KA') C) .'.. fx[C(MX \m) c(Q(XA') C)] N
R . IX{C(MX'MA) c(MX H(A'C))l

he

by -the 1somo"phism (8),-'

; A = C(MA H(A'C‘\ |
%: by density of M,
z = €(Q(AAT),C)

'by'isomorphism {8),




e
2
%

;L_yiélde_én‘isomorphism  : e o
LT e, MA)@U(XA“) Q(AA )

G 'Tﬁe tranSpose argument yields an 1somorphlsme

imx MA") @Q(AX) (AA'):Tleﬂ

e _ & (ccmx MA)®C(MX' MAfneqcxx')ref'ﬁifi::f-ﬁ“?7fi o
= Q(AA >e RN IR
If the "reflectlon" of a functor S :'A€+fvf@xists_e

i@.ﬁ then it is denoted by

Lk .!."

j SA@MA
ﬁﬂwﬁlarly, the reflection of a nafural transformeﬁ;em
fn x_S é'” A+ UV 1s denoted by - \:;
| fa@l : f SAGMA > fATAGMA

‘a transformatlon

‘Ws F(LA Sy -+ C(wLA ¥S)

";f;' 13 defined whba the transform, under j and’teﬁsériﬁg'ih -

'{{; : 't, of the neonatural transformatlon

BTN

. z;=_ fAF(LA S)@mLA -+ wS Then V(t,:S (a) = ¢(a) f&w each L
- fua4.tranoiopmation_a‘. LA » S : A= Voo ' L

* From the defihition of w,fwe-haVé'natﬁral

'&I‘jn:. phj_sns e

_YLA = IX‘AfX)QMX = MA by the higher repn. thm.,

N
5 .
oo
‘ i .
G Tm
5 ..




II! :

MA@MA'
Q(AA') by (5 3 1),-
(P(AA'-))

e

(LA@LA ),

A'where 9 is as constructed in. Section 5 2 | USingiLemmaIW

'5 1. 2 and the coend aefinition of 8 w admits neonataral 'tﬂf_}?;j

3

qutensions__ [ S : Doy
e ’i@SAti'¢s§w A > w(seLa) B -7'“]f:5f;5>t“‘
3 wLA@uo > waﬁ@S) = e

“iijé lready have w ¢J by éefinition of . 'Thus.we

"~;;are able to write down "axinms“ for (w ¢ ¢ ) to be.a

'-“monaiﬁal functor“-ftf

B CE

"ﬁnaéwJ ' _*—wLA_.ttttvtii.:";vL'tt’*.- 533

p(LABy)




“r]:‘;ﬁ'laﬁg e
ST S :7}',7. o
=}h¢LA@¢(LAf§LAﬁ). |

7 $((LABLA')BLA™) - '_}_wcmﬁcm'é‘m"))- T

L o ova _
cause YL = o A%P 4 C is dense and @ admits right

.Y

“adjoints to each variable, tbe isomorphisms g, 3, a.a,i;,,“

Aaefined by the above three diagrams, admlt unique

ensions to natural isomorphisms 2 I@C

‘_.ssi‘s“_c,_ éi’-”-‘ (csc')sc"é cs(c'@c"’) by Lemma 1 5. l!

-~ Por similar reasons, these isomorphisms satisfy the

'vimnnoidal functor axioms MCl and MC2. ' To see. this note.”f

"'~§!:g§£st thau each of the dlagrams (5 3 2) (5 3 3), and

;ff(S 3. ﬂ) Stili commutes if ‘one of the variables mLA iq
i”freplaced by wS throughout this follows from the obvzous
bs_neonaturallty argument u51ng Lemma 5. 1 2. Theo _ | _
',.substitutlng the’ results into diagrams (H 1. 2) and ( 1:3j;m

we see that MC1 and MC2. hold for 2 r, and a whenever the

: vertices ccntain variables all of the form pLA = MA T us,'
_because M is dense, axioms MCl and MCZ hold all the time

by Lemma 1. 5 by,




'°”f1§$ :emains to.show that Mop 3 A > “°p admits enri@hﬁent

to a strong promonoidal functor. Using Lemma 2.2.6, it

'ﬁsﬂ!fxce ‘un ccnsider strong enrlchment of the isomerphic-

:ﬁﬁ,aﬂ = COp, wLA rwith respect tc thﬁ

i

g@ﬁa"on01dal stru ture on-A introduced 1m.}

-.zSection 5 2.

;o complete the structure, define - -, - ;a,g'f£w~:

Y F(LB LABLA" )a—c(tpLB w(LA§LA )) ccl v *) C(mus wLAsM >

FB, J)——-‘E——a— C(yLB, wJ)

.

¢“’ | |
Then, rrom the deflnltion of w, _§ (¢ ¢ o° ) w 11e

*strcng.- The promon01da1 functor axioms PCl PCE ammEPC3-f ifo

-"“”Tﬁfcr ¢ are established by transforming the respectiv&
l.idalaax1oms" (5 3. 2), (5 3. 3), and (5 3 Ly for'_
“ Briefly, the diagram (5. 3 F) (and its transposertL;;gfﬁjrh
'gninmmﬁ.@an bﬁ.whecked to commute by firs transformrn&;it 1;_'..

under the tensorlng adgunctlon cf C then using the

: neonaturallty of w:




‘Vﬁf7123;..

F(LX,S)8F(LB,LXSLA)

- F(LX,S)8F(LB,LXLA) R - F(LB,S8LA)

ccg_;z.x,-xp-S)@c(lp.L-g,g,(Lx@La)) SR “."'_.-_C(thB',U’(Sﬁ-LA)A)' |

'@W .

Gy o0 C(YLX,pS)@C(YLB, yLX@YLA) . c(¢L3,wSG¢LA)

,: 5¢‘_ N , e e R T e
| C(Y,ws)@chB Y@szB) el g

-”2féThis d;agram reduces aX1om PCl for @ to the following- '  ”7.

e F('LX.,.I);G;F(._LB,LX@TL&); — : _:'; -A(_AB)

. F(LB,JRLA) — > F(LB,LA)

ol @
B R ST c(i,px) o ¥
S CE C(yLB,w(J8LAY) _ s C(yLB,pLA)

“F‘l*ﬁ—ll'l (3)

'_.?3_:_.- . . C(YLB,YIBYLA) —— : —_— C(Y-,¢s)gc(_¢LB,'i'@wLB').'_

'




respectively, while the subreglon

F(LA, S) > C(wLA,ws) is S—natural




s Section 5 4 Commutative monads

In conclusion we’ outline an applicat*on of

B Theorem b 3 1 to tt theory.of commutatlve monads. Some

'(as given, for example, in Dubuc' E73 or Kock {13]) is

3‘assumed Moreover, to permit these constructions,_we

7 suppose throughout this section that v has equalisers.

i-Notation. i'j_'“'af

”1“ﬁ3 L, u,n) 1s a V—monad on V 7 o o |
'i‘fic is the category of'E—algebras \C 5 TC + C), whose hom
"o_;;objeuts are defined by the equaliser diagrams R

c{cs)f—sf_;s_.tcoj — = {TC,D1

_ e, TD] R
',Ff—iu:_ C -+ V is the assoclated free alcebra adjunctlon._'

rHK is-the Kleisli category of “freeralgebras., where

‘_obj K = ob; V' and K(XY) = [X,TYI.

J o V > K is the canonlcal functor thet *s the identlty

on objocts.

M. K + C is the functor that fully embeds "free algebras

’

into the category of algebras.

?,familiarity with the usual constructions of U-monad theory :-t




X@TY > T(X@Y) is the canonical natural transformation

!f

'gassociated to T- anc_t? TX@Y Y@TX-——z—a-T(Y®X) = PXSY) -

“_is 1ts transpose N

i;Q   The symbols U and J are usually omitted

is.

<

.Définition's;k;l'fKOCK) The monad T= (T,u,n)‘oﬁf

;::  '_'commutat1ve ir the 1egs of the diagram : ' ',1¥ 5“
fﬁ*;:'fﬁf*'v**gﬁTxeTY' — ;alT(TXGY) T R S
U TXOTY) —————o P2(XQY) i T(XOY)

“:'fafé'edual;fWe'Writé'ﬁf%>§Xf:t TX@TY + T(X8Y) for their .
  f cumnon value. T

DY

-

The commutativzty condlticn on ﬁ'is equivalent

1 to the condition ‘that the anctors

Gefined by e |
-~ XBY = XeY,




P 35_ el T
kQ¥z) — — = e KOXeYXer)

-\"EY,,_TZ-].'-——'-'—-———-.-- {xw xa'rz3 o rX8Y T(X@Z)},
. Xe- I [1 t3 g

K(XZ) — — — — — — - K(XOY,78Y)

PRTRSE . L L L . : T .

ff}%:‘twttt.-;.t. i_f_*jy‘;"_:w;'tj'j-t“  "-

'_EXi,_Tz_J'___a- [xey T28Y] --ﬁ-cxmz T(Z@Y)], .
- - -8Y 7 1,71 o

i;_should be the partial functors of a bifunctor
"gf§': K@K > K. '}.t_:7frj¥_f.;}: o

irThus, Fr T is commutative then K assumes a (symmntﬂlc)-t ”

':~quonoidﬁl structure for Which Iz V -+ K_is a strong

__monoidai functor.

“ijhEOPEM 5.4, 2 It ﬁf (T,u n) is a commutatlve monad on. V

"then, in order for there to exist a closed structure on C
for Which M': K~+C admlts enrlchment to a strong mon01dal
functoi‘ *t is necessary and sufficient tbat the.

_coequallser of the pair

o o Tom e
TS(C8D) —— = T(C8D)

| T(EQE)
T(TCSTD)




exist in c for all'E-algebras C and D

'1given._ Tt is easy to verify that C is cotensored and

M—tensored- Furthermore, M 1is dense by the corollary to j_

: the monad representat*on"theorem given in Appendix L, By.

'7  the higher representation theorem, the coends (l) ‘and (2)
- in Theorem'5. 3 1 become' o |
o e

. reepecﬁively. On applying the monad - representation theorem

j K{X@Y zremz M(X@Y)

; K(IX}@MY MI

to the deflnitlons of X@m and -@Y +he eoend (3)

[ cﬁb e, C)oC(MY D))SM(X@Y) |
.'7;i reduces to the ggigt coequ&liser in C of the pairs
T(C@TD) e ffo_g | T(TC@D)

"Tio-' ' T(1®é)f B T(;@l)“_ TTr

T (cem-——-—a-rr(ceu).e_; 72 (cen)
S w o

‘Moreover, this'coincides with the coequaliser in C of the

‘single pair'

T“(C8D) — - ,;_T(CQD)i-

R "Tcé?\g\

v

Cmiges)

Proof In Theorem 5.3. 1 take A°p =X and M K> ¢ as ;.friiﬁj;




tﬁ;Thus, the codomain of this coequaliser is the tensor ,'
 ““product of the algebras C and D in c. To construct the
.°w1nterna1 hom in C, we. must first verify that the
tt-;;isomorphism | “”_ _ ‘ ' _ | -i-: S R o
’tfffk\ e(FX,LYCT) "txt&djjlg_txef;CJ;zc(F(XQY),C)ff7°-'”
.;-actually pvovides an iSOﬁerpHism'e .t;" ";tit;g:ffiwf'f o 'ﬁ"ﬂ'"'

'-Vf?ﬂi;s{~,f. ‘e(mx,[¥C]) = c(M(xey), c) | 'f,,. 7'[‘ (5.1, 1)

-that is natu"al in XeK This is done simply by applying

T the monad representation theorem. Coend_(h) now becomes

”'?ﬁﬁhehée:CS)fiéean“iSOmorpgism by (5. h 1) Flnally, the eqd
‘“EV(G)-aIWays exists'becaUSe U :‘C'+ V creates llmltS ana we
f'already know that - 3 .

exists in V, by.the‘density of M, .This:cempletes the preof,

o Remarks . The conditlon or commuvativity on a monad ﬂ‘was

pirst formulated by Kock [123 who established in [131,

f internal hom {in- the original Ellenberg—Kelly (97 sense)

'11

oS C(M(X@Y) C)omx
fXC(MX [YCT‘@MX by (5 B, 1)

L H(YC)'

-

<

*m

[YC] bg the den;ity of M,

L U([X[C(MX C) H(YD)J, & [X[c(mx c) C(MX D)]
| | | = ¢(CD)

that a commutatlve monad generates a Category C with an,'




gf:The formula we orovide 1n Theorem 5.4, 5 for the extra
_ ?monoidal structure of C has also been suggested by
7-1-;L1nton £15]., It is not difficult to cheok that this
';olosed structure on C roincides with the one’ obtained-in-f

. Example 3 2. 3 whenever ﬂ‘is a commutative “theoreticai

”'Fmonad that *s, a monad - obtained by Kan exnension from

a commutative theory.
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' APPENDICES

Appendix 1 On the iterated use of z‘

‘ we require that the transformation Z, 1ntroduced_'f”"

in Section 4 1 be "coherent“ _ In the absence of-a

general theorem to this ePfecu, we verify the folloW1ng..:'

”Jo,rLemmaV' Lét M A'+ B, 'S 3-3 > B, T :-B"+ v, -and'_:ﬂ*

'_R B@B > U be functors for which the required coends

exist Then uhe exteriors cP the following dlagrame

'*f3?commute for all B CeB.' LA G

'*i:1.B(Mx,B)Q(B(MY,SMX}@&ME}-: (B(Mx,s)gsémz,$MXJ)g$M¥;;

T 281

. B(MIX,B)RTSMX . o B(MY,SB)eTMY

. TSB

2.B(Mx,B)g(B(MZ;C)QB(MX;MY))'s B(MY,C)8(B(MX,B)8R{MX,MY))
SRR R ~ ' o o
Coqes | N o
-_1@? | S BN 193 -

- B(MX,B)8R(MX,C) B(MY,C)8R(B,MY)




-;32r:ﬁr”'
'aProoF“' The lower subregions of both diagrams commute on jff T
) applying the representation tneorem to BeB and u31ng
* the definition_(l.k.l)'of'z, To verify that the upper
'regionoof'diagram ltcommutes,swe “expand?_the coends
present: | AR | o
5 B(MX;B)®(B(MY,SMX)®TMY) ——=— (B(MX,B)8B (MY,SMX) }OTMY )

188

B(MX,B)®(B(MY,SMX)@TMY ~ (B(MX,B)@B(MY,SMX)}ETMY .

- { BOnx,BY8(B(MY ,SMX)ETMY =

© B(MY,SB)@TMY o B(MY,SB)®TMY

':g”-CommutativityHof;the.exterior of'fhis-diagram foi]oms S
-easily from the represenvation theorem applled to BeB
| together vlth coherence of a, T, 2 in U ~ The uncommented "__
'subregions commute by. deflnitlons. Thus the diagram (%)
commutes because s(l@s) is a coend over X and Y. The

—upper region of dlagram 2 commutes for similar “easons.




+ .

A theorem on Kan extensions

. Appendix 2
Let V be a cartesian closed category end'let A
--be a V—category with finite V—products, including a

etermina1 object I. Ihen we say that a functor T ; A > V

Jepreserves finite prouucts if the canonical morphlsms

"f .'

“Theerem (v cartesian elo ed)  Let M 3 A > B be a functor

_between categories A and B which admit flnlte products.
Then the Kan extension S _'__”’ _ | |
E ; Biss -}XTA DA v,

'e_i?of a firite—product—preseweing’fanetor T

‘1ffunotor M, is finite-prodmet preserving.-

£= " From the deflnitieﬁ of terminal the composite

A(AI)--—a-egMA,M£} o B(MA,IY = I
M R E(l u) o .

' ”is the identity isomorphlsm for all AeA .Thus
[RB(MA,T)xTA |

H

T

i

IAA(AI)XTA

L

TI by the higher repn. CthmL

T m

I because T preserves I by nypothesis.'
Hence T preserves termlnal ondects.'tqecondly, if
B + BXC > is a prouuct of B and C in B, then the

resultlng morpnism T(Bxc) + TBXTC is easlly shown to be

A v along the g

"T(AXA ) + TAXTA' and TI + I are isemorphisms for all A, Al EA ff":i




134,

left inverse to the composite 1bomorphism s o
S medTe = (JRBOmx, B)*TX)x (/B (MY,0)*TY)
[ IXY(B(MX B)xB(MY €))x (TXXTY}

because V is cartesian closed

s IXY(B(MX B)xB(NY, c))xT(XxY)

because T preserves finite products, ;

[XY(B(MX B)xB(MY, c))ijA(z XxY)xTZ

| IN

by the higher repn. thm., L .
[XY(E(MX B)XB(MY,C))x[ (A(ZX)xA(zy);xTa-j

‘because A(Z ) prcserves V- 1imits,

IZ((! Biﬁx B)KA(ZK)\XifYB(MY C)xA(ZY)))xTu L

.m’

o because V is oa”tesian closed

IZ(B{MZ leB(mz C))xTz

aUt

'*Q'Q;5H',i_fouf' . by the higher repn. thm.,

ne

[zBiﬁz on)XTZ
because B(MZ —) preserves V—limits,

T(BxG)

“‘Remark _Special cases of this theorem have_appoaféd

elsewhere; in Ulmer [18] for example.




' hpﬁ£ndix 3 A criterion for V-naturality

Let‘F G,: B - C’be functors‘between,téﬁsored -

tr&nsfdrmation. Tnenwxis U—natural 1f and only if the )  ' :gg‘5:”

//canopical dlagramv SRR  (’_ }[  ___;. _,;31_:,;,_  ;:_"-;5 _“ \v

._*-:J554=n_-*5' R |
.. .. ~XerB — .~ F(XeB)

L T e -] R “XGB B MR RS SR

b XGGB" _ ,,G(xeB)

.:" commuteq for all XeV and BeB

aﬁProof By definition, the family aB =.FB > GB is V-natural

]fif and only 1f

"B(BB?}.‘ — %—IG(FB;FQ’): |

¢(GB,GB") o C(FB,GB_r)_-_ |
S : .c(a 1) o “

-chﬁmutés for all B,B‘eB;' By the representatlon thecrem

applied_to eV, this isfso'if and‘only if the center region

of the following diagram commutes for all B,B‘eB and XelV.,

i T B



.

. - o CO(T 1)
:ﬁﬁ_!HIYﬁR) FB') *_-—————4~C (X@FB FB') .

v (x C(FB FB'))

' V (l C(l,a))

(4}
v, (x C(FB GB' »eC, (X@WHWaB’)

R &)
V (1 C(a 1))

Vo (X, C(GB'GB )) Cb(lée,l)..
™ '

;5 (G(X@B) GB')——————ﬂaa-CO(XGGB GB )
(T 1) / |

-n

.In this diagram the bijections are those underlying _

Lng adjunctions hence subregions (3) and (H) commute '
Subregions (1) and (2) commute;

the =

- ,fensor

by the naturallty of these.;

.bg"the‘aefinltion of T (recalled from [117 §4). Tuus

commutes if and only if the exterior commutes._ Butgt'

-by the representatlon theorem at the3e level applleo to .

-,center

'B!eBO, the: exﬁgrlar commutes if and only if the diagram ®

v e E e

gg@%kmEHUired-

coedit




z:gﬁf

' 'elemente in the equallser of

Appendix b The monad representation theorem

In this appena*x we may as . well suppose that
= (T, u n) is a VY-monad on an’ arbitrary V-category, in;
all other respeots we shall use the notation given 1n $
Seﬂtion 5 R For ease’ of recognition, morphisms in theii
Kleisli category K ahall be represented by . their images

under the full embedding M : K - C

*i-Theorgml' Let S ; KOP - B’be a,functor and (C,& TC - C)

be afm—algebra; Then there is a (canonical) bijection-

'nfbetﬁeeﬁ?h uval traneformaﬁions o C\MX C) > SX and
: X

e e S
vsC - = VSIC .
| \retTé:) | |

‘?; Prégﬁ  We shall establish the (equlvalent) higher form of

this assertion.‘ Firet note that the fork on the right nand '

'c_s*de of the oiagram




Y T 1 R

[ re(ux,c),sx1
s g

o "j;fccl;g),lj
s S
E R | & | o
S R R = e O 'I M, 13

<

/

se | ST&"'”o.!‘*f_'of,f.fIJf'Lf;tctl;u),ll_; [.req,me),1g

O T DR N ."*”ffg  o fff' vy
STC ———= [ TK(X,T0), 5] < f_reqnx,ire) , 8x1
yoooo I [M 11 . o

:j;fo';'p 13 an equaliber diagram in UO’ this follows fron ther"

;;o;well—known characteristic of € that the fork _‘-'?,g;,ﬁggff

e e, u} ",_"" c(r,e)

. ggc(mx MTC) ) E(ME,HC) — C(MX,C)
c(1 Tg} S o

._is a coequallser dlagram in V '*or‘all'KeK 'Because'thé, 

'f‘two lower regions commute by naturality, we obtain an'

'7oglequaliser diagram on the left hand side (the dotted arrow -

is easily seen to be the composite :" |
I'[C(MX:C.)sSX} —'— —_— VS‘C

Sfreue,ar) - ,sel

R { [C(MX,MC),5X] — . {C(MC MC) 303' .




The theorem follows on applying V i'v + Sfto_this.

equaliser.

'-:Jm~Corollarg The:functor'M'-:K~+'c 1s-dense‘.j

Proof/’ In the higher form of the monad represenoation

theorem, take S to be C(M— D) :.K°p > ¥ for some algebra'”

’ K

hﬁ;peC;' We thus obtain an equallser diagram

. . . : _ C(p 1) s
]x[C(MX c), C(MX D)]——-arC(MC D) —— "C(MTV,D)

-

for each pair of- algebras C DeC But the morphivm

C(g l) C(CD) + C{MC,D) is the eoualiser of C(u 1) and fil'

C(Tg,l) The resulting isomorphism -

e(cp) = jx[cﬁmx c), C(MX D)]

-

 ﬁ3k3S Mo K + C a dense functo" “y Definltion 1. 5 1.
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