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ABSTRACT. We show that the characteristic polynomial and the Lefschetz zeta function
are manifestations of the trace map from the K-theory of endomorphisms to topological
restriction homology (TR). Along the way we generalize Lindenstrauss and McCarthy’s
map from K-theory of endomorphisms to topological restriction homology, defining it for
any Waldhausen category with a compatible enrichment in orthogonal spectra. In partic-
ular, this extends their construction from rings to ring spectra. We also give a revisionist
treatment of the original Dennis trace map from K-theory to topological Hochschild ho-
mology (THH) and explain its connection to traces in bicategories with shadow (also
known as trace theories).
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The trace of a matrix is one of the most fundamental invariants in mathematics.
It is concrete, computable, easy to define, and ubiquitous. It generalizes to traces of
operators, traces of endomorphisms of projective modules, traces in symmetric monoidal
categories [DP80], and traces in bicategories with shadow [Pon10, PS13, Kall15]. The
trace is computable because it is additive: given two endomorphisms of k-vector spaces

f:V—>Vand g: W— W, the trace satisfies
tr(f @ g) = tr(f) + tr(g).

A similar additivity statement holds for exact sequences of R-modules, in symmetric

monoidal categories [May01], and in bicategories [PS18].
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Therefore the trace, considered as a function from the set of matrices to the ground
ring, can be encoded using a universal additive invariant. The Hattori—Stallings trace

Ko(A)— HHy(A) = A/[A,A],

and its generalization the Dennis trace K(A) — HH(A), make this idea precise. Here
K(A) is the algebraic K-theory of a ring A [Qui73, Wal85] and HH is the Hochschild
homology. Following the outline of Goodwillie [Goo91], the Dennis trace was further
generalized to a map to topological Hochschild homology THH(A), then to topological
restriction homology TR(A) and topological cyclic homology TC(A) in the celebrated work
of Bokstedt, Hsiang, and Madsen [B6k85, BHM93]. The invariants THH, TR and TC are
the source of much of our computational knowledge of algebraic K-theory.

The Hattori-Stallings trace is constructed in a concrete way from the ordinary trace
of endomorphisms of modules. In this paper we show that the same is true of the Dennis
trace and its refinements to THH and TR: they also encode concrete and computable
trace invariants. This is a shift in perspective, because typically THH, TR, and TC are
viewed as tools for computing the whole of K-theory, rather than a sequence of natural
receptacles for trace maps. Our goals are two-fold:

o To explain why the invariants comprising the Dennis trace K(A) — THH(A) and
the TR trace K(A) — TR(A) are generalized traces arising in the bicategorical du-
ality theory of Ponto and Ponto-Shulman [Pon10, PS13]. These invariants, which
include the trace of a matrix, the characteristic polynomial, and the Lefschetz
zeta function, are easy to define, frequently computable, and have excellent for-
mal properties.

e To carefully explicate the construction of the Dennis trace map and its gen-
eralizations. We follow previous accounts of the Dennis trace [DM96, BM12,
DGM13], using shadows in bicategories to simplify and conceptualize the defini-
tion.

As aresult of the first goal, we also show that fixed-point and periodic-point invariants
of “Reidemeister type” lift along the Dennis trace, as in [Iwa99, GN99].

In summary, we view THH not as a stepping stone to K-theory computations, but as
an important receptacle for invariants in its own right. This shift in perspective is ac-
companied by a shift in emphasis in the definition of the Dennis trace. Cyclic invariance
has been central to the construction of the Dennis trace since its invention by Dennis
[Wal79, p.36]. In that guise, cyclicity is more commonly called the Dennis—Waldhausen—
Morita argument [BM11]. We expand this idea, putting it in the context of bicategorical
traces.

1.1. Statement of results: Invariants. In order to relate the Dennis trace to bicate-
gorical traces, we consider a generalization of the Dennis trace of the form

K(A;M)— TR(A; M) — THH(A; M)

which was studied by Lindenstrauss and McCarthy [LM12] in the case of discrete rings
and bimodules. Here THH(A; M) denotes topological Hochschild homology with coeffi-
cients in an (A,A)-bimodule M, K(A;M) is the K-theory of perfect A-modules P and
twisted endomorphisms

(1.1) f:P—M®ayP,

and K(A; M) is the cofiber of the map K(A) — K(A; M) that sends each perfect A-module
to its zero endomorphism.
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We will recall in §2 that a twisted endomorphism f: P — M ®4 P, with P a dualizable
A-module, has an associated bicategorical trace (Definition 2.14)

tr(f): S — THH(A; M)
Our first result, an elaboration of [CP19, 7.11], says that the Dennis trace encodes the
bicategorical trace.

Theorem 1.2 (Example 6.26). For any ring or ring spectrum A and a (A,A)-bimodule
M, there is a generalized Dennis trace map (Definition 6.16)

R(A; M) 2 THH(A; M)
that on mq takes the class of an endomorphism f: P — M ®4 P to its bicategorical trace
tr(f): S — THH(A; M).

More generally, topological restriction homology encodes the traces of the iterates of
an endomorphism.

Theorem 1.3 (Theorem 8.21). There is a lift of the Dennis trace to topological restriction
homology (Definition 8.13)
RK(A; M) -2 TR(A; M)

that on m takes the class of an endomorphism f: P — M ®4 P to the trace of its n-fold
iterate

fon:P—>M®A---®AM®AP
for every n = 1.

We call the map in Theorem 1.3 the TR-trace. The characteristic polynomial of a
matrix is a refinement of the trace, and is encoded by the TR-trace.

Theorem 1.4 (Theorem 9.9). If A is a discrete commutative ring, then the composite

Ro(A:;A) —" 1o TR(A) —— (1+ tA[[£])"

takes the class [f : P — P]of an endomorphism to its characteristic polynomial det(1—¢tf).

We emphasize that Theorem 1.4 states that the TR-trace is exactly the homotopical
analogue of the characteristic polynomial. Since zeta functions are built out of charac-
teristic polynomials, we summarize with the slogan:

K-theory is the natural home for additive invariants, THH is the natural
home for traces, and TR is the natural home for zeta functions.

A related slogan occurs in topological fixed-point theory:

THH is the natural home for fixed-point invariants and TR is the natural
home for periodic-point invariants.

The following result captures this idea, and is the topological analogue of the algebraic
slogan.

Theorem 1.5 (Theorems 9.22 and 9.33). Every self-map [ : X — X of a connected finite
complex defines a canonical class in endomorphism K-theory

[£1€ Ko(SIQX; SIQf X)).

The image of this class under the TR-trace coincides with the periodic-point invariant
R(WY°°(f)) studied in [MP18b].
Composing with the map on TR induced by the ring map

collapse unit

S[QX] S— HZ,
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the image in 1o TR(Z) = (1 + tZI[[t]1])* is the Lefschetz zeta function of f:
o0 tn
{(¢)=exp ( > L(f°")—) .
n=1 n

In more detail, the image of [f]in 7o TR(S[QX]; SIQf X]) is given by the Fuller traces
R(¥P"f)Cr for all n = 1. These are the strongest invariants that detect the n-periodic
points of f up to homotopy, and our work here extends [MP18b] by lifting them to the
K-theory of spherical group rings. This realizes a vision of Klein, McCarthy, Williams
and others about the fundamental nature of these periodic-point invariants.

The theorem also suggests that the higher homotopy groups of K-theory with coeffi-
cients capture parameterized versions of the Lefschetz zeta function, just as K-theory
without coefficients captures parametrized Euler characteristics [DWWO03]. We intend
to return to this idea in future work.

1.2. Statement of Results: The Dennis Trace. In order to prove that the trace maps
out of K-theory encode bicategorical traces, as described in the theorems above, we in-
tegrate the perspective of shadows into the construction of the Dennis trace. This has
the unexpected benefit of simplifying many aspects of its construction. We emphasize
that our definition is similar to and very much motivated by the work in [DM96, BM12,
DGM13], but the focus on shadows is conceptually clarifying.

To make sense of both the algebraic K-theory of a category and its topological Hochschild
homology we need the category to be a spectral category and have a compatible Wald-
hausen structure. Applying the building blocks of algebraic K-theory (i.e. applying w.
and S.) to a Waldhausen category goes back to Waldhausen’s original work, but applying
these to a spectral category is the most technically demanding portion of the paper. For
the introduction we will treat this step as a black box.

Given a spectral category C and a Waldhausen category Cy with appropriate compat-
ibility (Definition 3.9), the foundation of the Dennis trace is the inclusion of the zero
skeleton in THH:

S — THH(C).
feEnd(Cy)
Note that the object on the left depends only on the base category Cy, which we assumed
to be Waldhausen. Since w. and S. can be applied to both Cy and €, the inclusion of the
zero skeleton gives a map of bisimplicial spectra

>*obw.S.End(Cy) - THH(w.S.C)
and more generally for each n =0 a map of (n + 1)-fold multisimplicial spectra
£®0bw.S" , End(€y) — THHw.S™_,0).
The Dennis trace is then defined to be a map in the homotopy category
(1.6) tre: K(End(Cy)) — THH(C)
obtained from a zig-zag of the form
2®obw.S: .End(Cy) — THHw.S: ,C)—THH(S] .)<— Z°THH(C).

The backwards maps of the zig-zag are provided by the following two theorems.

Theorem 1.7 (Lemma 3.15). If Cis a spectral category and wC is the associated category
of flags of weak equivalences in C, then there is a natural equivalence

THH(w; @) < THH(C).
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Theorem 1.8 (Additivity of THH, Theorem 5.1). Let C be a spectral category and let
SoC be the associated spectral category of cofiber sequences in C. Then there is a natural
equivalence

THH(S5C) — THH(C) v THH(C).
These equivalences inductively define an equivalence

THH(S.C) < X THH(C),

and thus an equivalence to the iterated S.-construction

THH(S"_,€) < =" THH(C).

Note that, as a result, the zig-zag defining (1.6) has fwo spectral directions. One
spectral direction comes from the enrichment of €. The other spectral direction comes
from the iterated S.-construction and additivity.

The above two theorems are essential components in the construction of the Dennis
trace. They are well known in many different contexts [DM96, BM11, BM12, DGM13,
HS18]. We provide new proofs in the context of spectral Waldhausen categories that
highlight how these theorems are completely formal consequences of the fact that

o THH is a shadow on the bicategory of spectral categories and spectral bimodules,
and that
o THH preserves cofiber sequences in the bimodule slot.

We define the Dennis trace for any ring or ring spectrum A by applying the above to
the spectral Waldhausen category 4% of perfect A-module spectra:

(1.9) K(End(A)) = K(End(4P,)) — THH(AP).

To make this land in THH(A) we use one final core result, which is also a formal conse-
quence of the shadow property.

Theorem 1.10 (Morita invariance of THH, Example 4.16). There is a natural equiva-
lence ~

THH(*®P) = THH(A)
defined by a bicategorical trace.

Again, this is well known, but recognizing that the map underlying the equivalence is
itself a bicategorical trace is clarifying and simplifies the proof.

The trace to THH(A; M) for an (A,A)-bimodule M proceeds in the same way, using
variants of the above theorems with coefficients. To define the lift to TR as in [LM12] we
perform the same manipulations but replace the endomorphisms cy — ¢g in Gy by length
r cycles of maps

(1.11) ag gy Bagg Bty I

for each r = 1, and include these into the zero skeleton of THH"(C), a certain r-fold
subdivision of THH. The resulting traces agree by taking fixed points along the action
of a cyclic group that rotates the endomorphisms, and therefore they assemble together
into a map to TR.

1.3. Connection to the literature. In the case of discrete or simplicial rings A, the
trace of Theorem 1.2 is not new. The algebraic K-theory of parametrized endomorphisms
K(A;M) and its trace to THH(A ; M) were first defined in [DM94] for exact categories, see
also [Iwa99, DGM13]. The lift to TR(A; M) was constructed for discrete rings (or exact
categories) by Lindenstrauss and McCarthy in [LM12]. Our contribution is mainly to
re-tool the construction so that it works for any ring spectrum, or more generally any
spectrally enriched Waldhausen category.
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Our reworking uses the Hill-Hopkins-Ravenel equivariant norm of [HHR16] and the
associated cyclotomic structure on THH from [ABG* 18, Mal17a, DMP* 19]. Many of our
arguments are adaptations and conceptualizations of work of Blumberg and Mandell
[BM11, BM12, BM15]. To identify the image on 719 we make heavy use of the main
result of [CP19].

In the setting of stable co-categories, the Dennis trace has a universal characteri-
zation [BGT13, BGT16]. The point-set model of the Dennis trace for spectrally en-
riched Waldhausen categories serves as a concrete description of the trace for stable
oo-categories. (Note from [BGT13] that the two settings are essentially equivalent.) We
expect that the generalized Dennis trace constructed here will similarly underlie the
oco-categorical Dennis trace with coefficients [BGT16, HS18], and the universal charac-
terization of the TR-trace described in forthcoming work of Nikolaus [Nik].

Finally, on the subject of fixed-point theory, we note that Theorem 1.5 is closely related
to the main result of [Iwa99], which lifts the Reidemeister traces of the iterates R(f°")
to Ko(Z[n1X1;Z[n1XT)). They are related because on 7, the Fuller trace R(V"f )Cn is
equivalent to the Reidemeister traces R(f°*) for all k|n, by [MP18b]. We anticipate that
the formulation in Theorem 1.5 will be needed for future generalizations to families
of endomorphisms, where the Fuller trace becomes a strictly stronger invariant than
R(f°™), and approaches that use discrete rings tend to break down.

1.4. Organization. We recall preliminaries on duality and traces in symmetric mon-
oidal categories and bicategories, as well as on equivariant spectra, in §2. §3—4 recall
and extend necessary foundations to apply the trace in categories that are compatibly
spectrally enriched and have a Waldhausen structure. In §5 we revisit the additivity
of THH using shadows in preparation for the definition of the Dennis trace in §6. We
extend this definition to an equivariant trace in §7 and use it to define the TR trace in
§8. Finally in §9 we describe applications to homotopical characteristic polynomials and
periodic point invariants.

1.5. Acknowledgments. JC would like to thank Andrew Blumberg, Mike Mandell,
and Randy McCarthy for helpful conversations about this paper, and for general wis-
dom about trace methods. CM would like to thank Randy McCarthy for persistently
telling him about the TR trace for years — it’s beginning to sink in a little. KP was par-
tially supported by NSF grant DMS-1810779 and the University of Kentucky Royster
Research Professorship. The authors thank Cornell University for hosting the initial
meeting which led to this work.

2. PRELIMINARIES: DUALITY, BICATEGORIES, AND SPECTRA

We begin with a slogan:

Every endomorphism of a finite mathematical object defines a class in
K-theory, and the Dennis trace takes its trace.

In this section, we recall many of the fundamental definitions in this slogan. We de-
fine the trace of an endomorphism in a symmetric monoidal category, and then extend
the formalism to the noncommutative setting of bicategories. Ideas suggesting this
approach can be found in [Nic05], but the first successful formalization was the no-
tion of “shadowed bicategory” in the thesis of the fourth author [Pon10, PS13], later
re-discovered by Kaledin under the name “trace theory” [Kall5, Kal20]. In this sec-
tion we give a brief introduction to these ideas. The reader is encouraged to consult
[Pon10, PS13, PS14, DP80] for more details.
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2.1. Duality and trace in symmetric monoidal categories. An object X of a sym-
metric monoidal category (C,®,1) is dualizable if there exists an object X*, together
with an evaluation map €: X ® X* — I and a coevaluation map n: [ — X* ® X, such that
both composites

X —= 3y Xel 2 xeX*oX -4y 1ex —= v X

= id, i ~
X' =5 I1eXx* 5 X eXeX® 1% Xrol — X+
are identity maps. The dual object X * is unique up to canonical isomorphism.
Given a dualizable object X, the trace of a map f: X — X is the composite

@.1) tr(f): I —s X*oX L x ox =3 XoX* —3 1.

When f is the identity morphism, we call tr(idx) the Euler characteristic of the object
X [DP80, LMSM86, PS14].

Example 2.2. In classical contexts, the above definition becomes familiar.

i. In the category of vector spaces over a field &, the trace of an endomorphism
f:V — V of a finite dimensional vector space is the k-linear map tr(f): 2 — &
given by multiplication by the trace of a matrix representing f.

ii. In the stable homotopy category of spectra, the trace of the identity map on the
suspension spectrum X°X of a finite CW complex X is a map tr(idz>x): S — S
whose degree is the Euler characteristic of X.

iii. More generally, if f: X — X is a self-map of a finite CW complex, then the
trace of the stable map Z°f: ZPX — X°X is the Lefschetz number L(f) [DP80,
Dol65].

2.2. Bicategories and shadows. If A is a non-commutative ring then A-modules do
not form a symmetric monoidal category. Hence the trace as defined in (2.1) does not
make sense. To take the trace of an endomorphism f: M — M in this setting, one must
circumvent the problem that

MNZNeoM

— they are not even objects of the same type. The Hattori—Stallings trace solves this is-
sue in an ad-hoc way, by modding out by a commutator ideal. The general solution to this
issue first appeared in [Pon10] (and was independently developed in work of Kaledin on
cyclic K-theory [Kal15]). The idea is to use bicategories to encode noncommutativity, and
create a type of wrapper {(—), called a “shadow,” which removes just enough information
to give us commutativity when we need it.

Definition 2.3. A bicategory B consists of objects, A, B, ..., called 0-cells, and categor-
ies B(A, B) for each pair of objects A, B. Objects in the category B(A, B) are called 1-cells
and morphisms are called 2-cells. The bicategory is further equipped with horizontal
composition functors

(2.4) o: B(A,B)x B(B,C)— B(A,C),

that are associative and have units Uy € B(A,A), up to coherent isomorphism.

In our context, the horizontal composition will substitute for the tensor product; the
following family of examples is used throughout this section as motivation.
Example 2.5. There is a bicategory with one 0-cell for each ring A. For each pair of
rings A and B, the category B(A,B) is the category of (A, B)-bimodules. The horizontal
composition is the tensor product ®p.
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This bicategory serves as motivation for the bicategory of spectral categories, bimod-
ules, and homotopy classes of maps of bimodules, which we describe in §4. The true work
of the paper requires the bicategory in §4.

In order to define the trace, extra structure is required.

Definition 2.6 ([Pon10]). Let B be a bicategory. A shadow functor for B consists of
the following data:

a target category: T,
functors:
- BC,C)—T

for each object C of B,
a natural isomorphism:

2.7) 0: (M o NY=(N o M)
for M € B(C,D) and N € B(D, C).

These must satisfy the condition that the following diagrams commute whenever they
make sense:

cyclic associativity:

(((MON)@P))L((P@(M@N)))ﬂ(((P@M)@N)).

((a>>l TG
€ad

((M@(NoP)))L)(((NoP)@M)}—>({N®(P o M)y
unitality:

(MoUc)—2(UcoMy—>(MoUc).

% l«l» o
)

If{(—)is a shadow functor on B, then the composite

MoNY—2 s (NoMy— M oNy

is the identity [PS13, Prop. 4.3]. More generally, the circular product (M1 ©---® M,) of
any composable list of 1-cells M1,...,M, is well-defined up to canonical isomorphism
[MP18a, 1.6].

Example 2.8. The 0th Hochschild homology group (M)= HHy(A;M) := M/(am — ma)
defines a shadow on the bicategory of rings and bimodules. The isomorphism

0: HHo(A,M ®p N) — HHy(B,N ®4 M)

is given by observing that both sides are the same quotient of M ® N.

If we modify the bicategory of Example 2.5 by taking derived tensor products ®"
instead of ordinary ones, then the higher Hochschild homology HH.(A;M) is also a
shadow. See Definition 4.9 for an analog of this using topological Hochschild homology.

While we won’t make any formal use of graphical reasoning or string diagram calculi,
“cartoon” images of the shadow and later generalizations can be useful. Figure 2.9 con-
tains two examples of this. We think of a 1-cell M as a vertex with two edges labeled
by the 0-cells which are the source and target of M. Then the shadow of M glues the
free ends of these edges to each other, as in Figure 2.9a. The shadow of the horizontal
composite of compatible 1-cells is displayed in Figure 2.9b.
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FIGURE 2.9. Graphical representations of shadows
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FIGURE 2.13. The trace

2.3. Duality and trace. With a shadow we can now define traces in bicategories. We
start by recalling the generalization of dualizability to bicategories.

Definition 2.10. We say that a 1-cell P € B(C,D) in a bicategory is left dualizable if
there is a 1-cell P* € B(D,C), called its left dual, and coevaluation and evaluation 2-
cellsn: Up - P*oP and ¢: P © P* — Ug satisfying the triangle identities. We say that
(P*,P) is a dual pair, that P* is right dualizable, and that P is its right dual.

Example 2.11.

i. For rings C and D, a (C,D)-bimodule P is left dualizable if and only if it is finitely
generated and projective as a left C-module.
ii. The 2-category of small categories, functors, and natural transformations is a
bicategory. The functors and their compositions may either be written from right
to left (function convention), or from left to right (bimodule convention, (2.4)).
Under the function convention, a functor G: € — D is left dualizable if and
only if it is a left adjoint. Under the bimodule convention, G is left dualizable if
and only if it is a right adjoint.
Definition 2.12 ([Pon10]). Let B be a bicategory with a shadow functor and let (P*,P)
be a dual pair of 1-cells. Let M € B(C,C) and N € B(D, D) be 1-cells. The trace of a 2-cell
f:PoN — M oP is the composite

Ny2Up o Ny px o p o Ny 89, ps o 116 Py L (M 0 P o P4y 8D (01 0 Uy =,

The trace for a 2-cell g: N oP* — P* ® M is defined similarly.

See Figure 2.13.
As explained in [Pon10], there is a conceptual re-interpretation of the Hattori—Stallings
trace of an A-module endomorphism f: P — P as a bicategorical trace

Z =HHy(Z) L} HHy(Z;P* ®4 P) L} HHy(Z;P* ®4 P) A/lA,A]l
4= =
HHy(A;P ®7 P*) —— HHy(A)
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This formalism is precisely what we need to generalize the classical link between the
Dennis trace and the Hattori—Stallings trace so that it also applies to ring spectra.

Definition 2.14. If P € B(C,D) and P is left dualizable with left dual P*, the Euler
characteristic of P is the trace of its identity 2-cell,

X(P):{Upy—(Uch»  x(P):=tr(idp).

(Here, M =U¢ and N = Up.) Similarly, the Euler characteristic y(P*) is the trace of the
identity 2-cell of P*. A check of the definitions shows that y(P) = y(P*).

As for symmetric monoidal categories, there is also a notion of invertible 1-cell that is
stronger than being dualizable. It gives us a natural notion of equivalence between the
0-cells.

Definition 2.15 ([Bén67][CP19, Def. 4.1]). A pair of 1-cells P € B(C,D) and P* € B(D,C)
forms a Morita equivalence between C and D if (P*,P) is a dual pair whose coevalua-
tion and evaluation maps are isomorphisms.

Example 2.16. Morita equivalence in the bicategory of rings and bimodules is the usual
notion of Morita equivalence between rings.

When (P*,P) is a Morita equivalence, the Euler characteristic y(P) is an isomor-
phism since it is a composite of isomorphisms. We will make significant use of this
observation—it is an essential part of our approach to Theorem 1.10.

We finish this section with a definition which will be used often in this paper:

Definition 2.17. Let C be a category, such as the category of rings and ring homo-
morphisms. A pre-twisting of an object C € C is a pair of morphisms F: A — C and
G: B — C; this is denoted ;A/C\B,. When clear from context we often omit A and B
from the notation. A morphism of pre-twistings (H,I,J): zA/C\B;, — pA'/C"\Bg is
a commutative diagram

AL .c 8 B

Hl lJ ll

Ao fp
A pre-twisting is a twisting if A = B; we denote a twisting by ,A/C, and often omit A
from the notation. If ,A/C; — A'/C'g/ is a morphism of pre-twistings between twist-

ings then it is a morphism of twistings if H = I; this is denoted (Z, /).
Many bimodules of interest arise from twistings in the following way.

Example 2.18. Let R be aring, and let f: S — R and g: T — R be a pre-twisting of
R. Then fS/R\T < gives R the structure of an (S,T)-bimodule, with S acting on the
left through f and T acting on the right through g. Morphisms of twistings produce
morphisms of bimodules. In a similar manner, a twisting fS/R g gives R an S-bimodule
structure.

We use this perspective in future sections (e.g. Definition 4.4) to produce examples of
bimodules over spectral categories.

2.4. Review of orthogonal G-spectra. We will also recall a bit of the theory of equi-
variant spectra; more details can be found in [MMO02, HHR16, CLM™].

For simplicity, let G be a finite abelian group, such as C, = Z/rZ. An orthogonal
G-spectrum is an orthogonal spectrum with an action of G. By the point-set change
of universe functor, this is the same thing as an orthogonal spectrum indexed on the
finite-dimensional representations of G [MMO02, V.1.5]. An equivalence of G-spectra
is a map that induces an isomorphism on the homotopy groups that are defined using
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all of the G-representations; these are the weak equivalences in a model structure on
orthogonal G-spectra from [MMO02, II1.4.2], and when we say “cofibrant” or “fibrant” we
are always referring to the notions coming from this model structure.

There is a categorical fixed-points functor (—)¥ from orthogonal G-spectra to orthog-
onal G/H-spectra. It is right Quillen and its right-derived functor is the genuine fixed
points functor. There is also a point-set geometric fixed points functor ®¥ from orthog-
onal G-spectra to orthogonal G/H-spectra [MMO02, V.4.1]. It is not a left adjoint, but it is
left-deformable and we refer to its left-derived functor L& as the (left-derived) geo-
metric fixed points functor. On suspension spectra we have canonical isomorphisms
@Hyox = 3°XH There is a natural transformation x: X7 — ®7X for G-spectra X
called the restriction map. Making X cofibrant and fibrant gives a corresponding re-
striction map from the genuine fixed points to the geometric fixed points.

We recall a common tool for checking that a map of G-spectra is an equivalence.

Proposition 2.19. [May96, XVI1.6.4] A map of G-spectra X — Y is an equivalence if and
only if for every H < G the induced map on derived geometric fixed points L X — LOHY
is an equivalence of spectra.

As discussed in [DMP*19, 4.1], the geometric fixed point functor ®7 and its left-
derived functor L® also commute with the forgetful functor from G-spectra to H-
spectra. As a result, to determine whether a map of G-spectra is an equivalence, it
suffices to forget down to the H-action and measure its geometric H-fixed points, for
each H <@G.

If X is an orthogonal spectrum, then the r-fold smash product X" admits a canonical
C-action by rotating the factors. By the above discussion, we may then consider X" to
be an orthogonal C,-spectrum. This is the Hill-Hopkins-Ravenel norm of X. The fol-
lowing fundamental property of the norm gives us control over its equivariant homotopy

type.
Proposition 2.20. [HHR16] There is a natural diagonal map of orthogonal spectra

D,: X — ¢ X,

If X is cofibrant, then X" is cofibrant and D, is an isomorphism on the point-set level.
We therefore get a natural equivalence for cofibrant X,

X = LoC X,

In [ABG" 18, Mal17a] this result is used to build a cyclotomic structure on the topologi-
cal Hochschild homology of an orthogonal ring spectrum, that by [DMP*19] is equivalent
to the cyclotomic structure of Bokstedt [Bok85]. In this paper we use Proposition 2.20
in much the same way to control the equivariant homotopy type of the r-fold topological
Hochschild homology spectrum THH" (see Definition 7.4).

Remark 2.21. Tt is especially important for us to note that on suspension spectra, the
HHR norm agrees with the more obvious map

zooX ~ zoO(X/\r)Cr ~ (DC,zooX/\r ~ (DCr (zooX)/\r

This can be checked by tracing through the definitions, but it is much easier to conclude
it formally by noting that any point-set automorphism of the functor Z*°X has to be the
identity when X = S° and therefore has to be the identity for all X. The rigidity theorem
for geometric fixed points from [Mall7a, 1.2] is a generalization of this observation.
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3. SPECTRAL CATEGORIES AND SPECTRAL WALDHAUSEN CATEGORIES

In this section we establish our conventions on spectral categories, define the notion
of a spectral Waldhausen category, and set up notation. In later sections, spectral cate-
gories will play the role that rings played in the primary example of §2.

3.1. Spectral categories.

Definition 3.1. A spectral category C is a category enriched in orthogonal spectra. In
other words, for every ordered pair of objects (a,b) there is a mapping spectrum C(a, b),
a unit map S — C(a,a) from the sphere spectrum for every object @, and multiplication
maps
Cla,b) AC(b,c)— C(a,c)

that are strictly associative and unital. A spectral category is pointwise cofibrant if
all mapping spectra are cofibrant in the stable model structure on orthogonal spectra
[MMSSO01, §91.

A functor of spectral categories F': C — D consists of a map on the object sets
and maps of spectra F': C(a,b) — D(Fa,Fb) that agree with the multiplications and
units. Such a functor is called a Dwyer-Kan embedding if each of these maps is an
equivalence [BM12, 5.1].

Throughout, we assume that spectral categories are small, meaning that they have a
set of objects.

Remark 3.2. Our convention that C(a,b) is an orthogonal spectrum imposes no essential
restriction. Any category enriched in symmetric or EKMM spectra can be turned into an
orthogonal spectral category using the symmetric monoidal Quillen equivalences (P,U)
and (N,N*) from [MMSS01] and [MMO02], respectively.

Example 3.3.

i. Every (orthogonal) ring spectrum A is a spectral category with one object.

ii. If Gy is a pointed category, then there is a spectral category 2°°Cy with the same
objects as Gy, mapping spectra given by the suspension spectra Z*°Cy(a, b), and
composition arising from Cy.

Definition 3.4. A base category of a spectral category C is a pair (Cgy,F: Z*°Cy — ©)
where €y is an pointed category and F is a spectral functor that is the identity on object
sets. When the functor is clear from context we omit it from the notation.

We can form such a base category Cy by restricting each mapping spectrum to level
zero and forgetting the topology. However, there are also examples, such as Example 3.7,
which do not arise in this way.

Definition 3.5. Let A be an orthogonal ring spectrum. The category of A-modules
4M is a spectral category whose objects are the cofibrant module spectra over the ring
spectrum A. The mapping spectra are the right-derived mapping spectra. When A is
clear from context we omit it from the notation.

Perfect modules also form a spectral category.

Example 3.6. For a ring spectrum A, the category of perfect A-modules 47 is the full
subcategory of M spanned by the modules that are retracts in the homotopy category
of finite cell A-modules. When A is understood, we call this . There is a functor of
spectral categories A — 4P taking A to A equipped with the left-multiplication action.

In both of these cases, we make the mapping spectra right-derived by passing through
the category of EKMM spectra, using the symmetric monoidal Quillen adjunction (N, N¥)
from [MMO2, I.1.1]. A more explicit treatment appears in [CLM™*, Section 3.2].

Another common example of a spectral category is a functor category.
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Example 3.7. Let I be a small category, and let C be a spectral category with a base cat-
egory Cg. Write Fun(Z, Cy) for the category of functors (and natural transformations)
I — Cy. The category Fun(Z, Cy) is a base category of a spectral category Fun(Z, C), whose
mapping spectra are right-derived from the equalizer

ea [ €@lio)yGon= [] CpGio),yir)-
igeob] lo—i1

To be more precise, the spectral category Fun(Z,C) is defined using the Moore end con-
struction of [MS02, 2.4] and [BM11, 2.3]. An explicit and detailed treatment of this
construction for spectra appears in [CLM™, Section 4].

Many of our techniques will require the use of pointwise cofibrant spectral categories.
Spectral categories can always be replaced with equivalent pointwise cofibrant spectral
categories using the model structure from [SS03, 6.1, 6.3].

Theorem 3.8. There is a pointwise cofibrant replacement functor @ and a pointwise
fibrant replacement functor R on spectral categories. In particular,

Q@ : SpCat — SpCat

is a functor equipped with a natural transformation q: @ = idgpcat such that qe is a
pointwise equivalence for every spectral category C.

3.2. Spectral Waldhausen categories. We now extend the definition of Waldhausen
categories to spectral categories. Recall that a Waldhausen category Cy is a category
with cofibrations and weak equivalences satisfying the axioms in [Wal85, §1.2].

Definition 3.9. A spectral Waldhausen category is a spectral category C together
with a base category Cy which is equipped with a Waldhausen category structure. This
data is subject to the following three conditions:

i. The zero object of C is also a zero object for C.
ii. Every weak equivalence ¢ — ¢’ in Gy induces stable equivalences

Cc',d) — C(c,d), e(d,c) — C(d,c").
iii. For every pushout square in Cy along a cofibration

a——b

l

c——d

and object e, the resulting two squares of spectra

Cla,e) +— C(b,e) Cle,a) — C(e,b)

I I l |

Cle,e) +— C(d,e) Cle,c) —— C(e,d)

are homotopy pushout squares.

A functor of spectral Waldhausen categories F: (C,Cy) — (D,Dy) is an exact
functor Fy: Gy — Dy and a spectral functor F: € — D such that the diagram

X°F
TR, =3 5D,

l |

G#D

commutes. When it is clear from context, we omit Cy from the notation and refer simply
to the spectral Waldhausen category C.
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Example 3.10. The categories 2P of perfect A-modules and AM of all A-modules are
both spectral Waldhausen categories.

Example 3.11. If Cj is a simplicially enriched Waldhausen category in the sense of
[BM11] then the spectral enrichment C! from [BM11, 2.2.1] is compatible with the Wald-
hausen structure in our sense. The same is true for the non-connective enrichment €3
from [BM11, 2.2.5] if Gy is enhanced simplicially enriched.

Proposition 3.12 ((CLM*, Theorem 4.1]). The category of functors construction from
Example 3.7 respects Waldhausen structures and defines a functor

Fun: Cat® x SpWaldCat — SpWaldCat,

by giving Fun(l, Cy) the levelwise Waldhausen structure.

By levelwise Waldhausen structure, we mean that a map of diagrams ¢ — y is a cofi-
bration (resp. weak equivalence) if ¢p(i) — y(i) is a cofibration (resp. weak equivalence)
for every object i of the indexing category I. In practice, this is usually more cofibrations
than we need, but we can always restrict the class of cofibrations:

Lemma 3.13. If (C,Co) is a spectral Waldhausen category, and Cj is a different Wald-
hausen structure on Cog with the same weak equivalences and fewer cofibrations, then
(C,Cy) is also a spectral Waldhausen category.

3.3. The S. construction and the K-theory of spectral Waldhausen categories.
Let [k]={0 <1< --- <k} denote the totally ordered set on % + 1 elements. Recall that for
a Waldhausen category Cg, the S. construction produces a simplicial category whose kth
level is the full subcategory

S Co € Fun([k] x [£],Co)

consisting of functors that vanish on all pairs (i, j) with i > j, and on the remaining pairs
(in other words the category of arrows Arr[k]) form a sequence of cofibrations and their
quotients [Wal85, §1.3].

We extend this definition to spectral Waldhausen categories C by defining S;C to be
the full subcategory of Fun([Z] x [£],C) on the objects that define S;Cy. We define the
n-fold S. construction and the simplicial category w. of composable sequences of weak
equivalences for spectral Waldhausen categories in a similar way; see [CLM™", Defini-
tions 5.6 and 5.10] for more details.

Lemma 3.14 ((CLM?*, Definition 5.10]). For every n =0, there is a functor from spectral
Waldhausen categories to multisimplicial Waldhausen categories

w.S™: SpWaldCat — Fun(A""!, SpWaldCat)

which on base categories takes Cy to w.S (.n)@o, as defined by Waldhausen [Wal85].

For the next lemma, recall that a Dwyer-Kan equivalence is a Dwyer—Kan em-
bedding of spectral categories that induces an equivalence of ordinary categories after
applying ¢ to the mapping spectra.

Lemma 3.15 ((CLM*, Lemma 5.7]). The iterated degeneracy map
woSk,,. .k, C— wrSk, . £,C

is a Dwyer-Kan equivalence of spectral categories. In particular, the spectral categories
wy,C are all canonically Dwyer-Kan equivalent to C.

Definition 3.16. We define the K-theory of a spectral Waldhausen category C to be the
K -theory of the base category Cy. In other words, the nth level of the K-theory spectrum
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is obtained from the spectral category w.S"Me by restricting to objects and taking the
geometric realization:

K(C), = [obw.S™e)|.
Note that, as usual, the K-theory spectrum is a symmetric spectrum with the sym-
metric groups permuting the S. terms.

4. BIMODULES OVER SPECTRAL CATEGORIES AND THEIR TRACES

In this section, we define the bicategory of spectral categories and bimodules, which
is the relevant generalization of the bicategory of rings and bimodules from §2. This
bicategory can be equipped with a shadow via THH, and we use the notion of Morita
equivalence from Proposition 4.12 to construct examples of equivalences on THH.

4.1. Spectral bimodules.

Definition 4.1. If C and D are spectral categories, a (C, D)-bimodule is a spectral func-
tor

X:CP’AD—Sp

to the spectral category of orthogonal spectra. More explicitly, a bimodule X consists of
an orthogonal spectrum X(c,d) for every ordered pair (c,d) € obC x obD, along with a
left action by C and a right action by D

Cla,c)AX(c,d)— X(a,d), X(c,d)AD(d,e)— X(c,e)

satisfying evident unit and associativity conditions. A morphism of (C,D)-bimodules
X — Y is a collection of maps of orthogonal spectra X(c,d) — Y(c,d) commuting with the
C and D actions. A pointwise equivalence of bimodules is a morphism which induces
weak equivalences of spectra X(c,d) — Y(c,d) for all objects ¢ € C and d € D. We denote
the category of spectral (C, D)-bimodules by Mc p).

Example 4.2. If A and B are ring spectra, then a (B, A)-bimodule is the same thing as
a bimodule over the associated one-object spectral categories.

Example 4.3. Let C be a spectral category. Then € gives rise to a (C, C)-bimodule defined
by the enrichment functor Hom: C°° A € — Sp. By an abuse of notation we denote this
bimodule by C.

We can further generalize this example by allowing different sources for the domains
and codomains of the mapping spectra.
Definition 4.4. Recall from Definition 2.17 that a pre-twisting of spectral categories

pA/C\B, is a pair of spectral functors F': A — C and G: B — C. Given a pre-twisting, we
define an (A, B)-bimodule (which, by an abuse of notation, we denote by .C.) by

7Cqla,b):=C(F(a),G(D)).

We have the following special cases:

* the (A, C)-bimodule jC,,, abbreviated by ,C or AG’ (when F' is clear from context).
e the (G, B)-bimodule ; dC'G, abbreviated by C’G or GB (when G is clear from context).
* the (C,C)-bimodule ,,C,,, abbreviated by C. Note that this agrees with the use of
C as a bimodule above.
Example 4.5. Let A and B be ring spectra and let M be a cofibrant (B, A)-bimodule. As
discussed in [CLM™*, Definition 3.8], M induces a spectral functor on the categories of
modules M A4 —: AM — BM, and thus defines a (BM, 4M)-bimodule (BM)M,\A_. We will
often abbreviate this to My if the rings are understood. By [CLM*, Lemma 3.15], there
is a natural equivalence of (B, A)-bimodules M — M given by the map M — BM(B, M)
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adjoint to the B-action on M. Note that the target is implicitly restricted to a (B,A)-
bimodule along the canonical inclusions of spectral categories A — 4M and B — BM.

The bar construction provides a canonical model for the derived coend of bimodules
over spectral categories; this is the appropriate analog in our context of the derived
tensor product of bimodules over rings.

Definition 4.6. Let X be a (G, D)-bimodule and let Y be a (D, £)-bimodule. Define the
two-sided categorical bar construction B(X,D,Y) to be the (C,E)-bimodule whose
value at (c,e) is the geometric realization of the simplicial spectrum B.(X,D,Y)(c,e)
given by

B,(X,D,Y)c,e)= \/ X(c,do)AD(do,d1) A+ A(dy-1,dn) ANY(dy,e).
do,e,dn

As is usual for bar constructions, the iterated D-action maps define canonical pointwise

equivalences

(4.7) B(D,D,Y)d,e)—Y(d,e) and  B(X,D,D)c,d)— X(c,d).

When X is a (C,C)-bimodule we define the topological Hochschild homology or
cyclic bar construction THH(C;X) to be the realization of the simplicial spectrum
BY(€;X) given by

BY(€;X):=\/ Clco,c1) ACle1,c2) A-++ AC(cn-1,¢n) AX(Cpn,Co).
C(yeeny Cn

When C is pointwise cofibrant, the definition is equivalent to all other definitions of THH
in the literature, e.g. [Bok85, BM11, DGM13, NS18].

Note that THH(C; X) is functorial in both € and X. Directly from the definition we get
the following observation:

Lemma 4.8. A morphism of twistings pA/C, — pA'/C g induces a morphism
THH(A; zC) — THH(.A';Fr@'G/).

We equip the category M p) of (C,D)-bimodules with the model structure discussed
in [BM12, 2.4-2.8], in which the weak equivalences are the pointwise equivalences.

Bimodules over spectral categories form a bicategory with shadow, and this structure
is the foundation of all our work in this paper. It echoes the structure of the bicategory
of rings and bimodules from Example 2.5. There are several previous constructions in
the literature, for instance [Shu06, 22.11], [LM19, 4.13], [CP19, 2.17], [Mal19, 7.4.2].

Definition 4.9. Let Bimod(SpCat) be the bicategory with

0-cells the pointwise cofibrant spectral categories C,

1- and 2-cells the objects and morphisms in the homotopy categories Ho (Mod(@’D)),
and horizontal composition of 1-cells X, a (C,D)-bimodule, and Y, a (D, &)-
bimodule, given by the bar construction

XoY:=B(X,D,Y).

The bimodules D = D, are the units for the horizontal composition, with unit iso-
morphisms given by (4.7). The associativity of the horizontal composition follows from
a comparison of bisimplicial spectra. We equip the bicategory Bimod(SpCat) with a
shadow using topological Hochschild homology:

¢y := THH(C; X).

The horizontal composition of 1-cells is compatible with the bimodule structures given
by functors:
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Lemma 4.10. For any twisting ;C, there is a canonical isomorphism of 1-cells
7Ca=rCo0Cf.
For composable spectral functors A — B — C, there are canonical isomorphisms of 1-cells
4BogC= ,C CroB,=C,.
Our examples of 1-cells also give simple ways to construct dual pairs:

Proposition 4.11 ([Pon10, Appendix], [PS12, Lem. 7.6]). Let F: A — C be a spectral
functor. Then there is a dual pair (;C,Cp) whose coevaluation and evaluation maps are
induced by the composites

n: Ala,b) —— C(Fa,Fb)— B(C,C,C)Fa,Fb)= (€ © Cp)a,b)

and
e: (€p 0 pC)c,d) = B(Cp, A, zC)c,d) —— B(C,C,C)c,d) = €(c,d).

4.2. Bicategorical traces and THH. In this subsection we show how familiar maps on
THH can be described as traces of endomorphisms of bimodules. The primary results are
well-known, but our explicit use of the shadow structure on THH simplifies and clarifies
previous proofs, e.g. in the work of Blumberg and Mandell [BM12].

Proposition 4.12 ([CP19, 5.8]). Let F: A — C be a spectral functor.

i. Given a (C,C)-bimodule X, write FxF = FG oXo GF. Then the trace of the map

#Xp 0= C0X0C,0,2% o,
taken with respect to the dual pair (5C,Cp), is the map
THH(F): THH(A; zX5) — THH(C; X)

induced by F on the cyclic bar construction.
ii. The Euler characteristic x(Cy) of the left dualizable 1-cell Cp (resp. the right
dualizable 1-cell ;C) is the induced map

THH(#): THH(A) — THH(C).

Definition 4.13. A spectral functor F': A — C is a Morita equivalence if the dual pair
(5C,Cp) is a Morita equivalence, in the sense of Definition 2.15.

Lemma 4.14 ((BM12, 5.12]). If F is a Dwyer-Kan embedding and surjective up to thick
closure, then F is a Morita equivalence.

The condition of being surjective up to thick closure means that the representable
functors C(c,—) can be obtained from the representable functors C(Fa,—) for a € ob. A by
cofiber sequences and retracts, and similarly on the other side C(—, ¢).

Proposition 4.12 implies that when F: A — € is a Morita equivalence, the induced
map THH(F) is an equivalence. The next result follows immediately:

Theorem 4.15 (See [CP19, 5.9] and [BM12, 5.12]). Let F: A — € be a map of pointwise
cofibrant spectral categories and X be a (C,C)-bimodule. If F is a Dwyer-Kan embedding
and surjective up to thick closure, then the induced maps of spectra

THH(F): THH(A) — THH(C), THH(F): THH(A; zXz) — THH(C; X)

are equivalences.
We can use the theorem to show that THH(A) is equivalent to THH(AP).
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Example 4.16. If A is a ring spectrum, then the inclusion of spectral categories A —
AP is a Dwyer-Kan embedding, and surjective up to thick closure essentially by the
definition of 4P. Thus

THH(A) — THH(®).
Furthermore, if M is an (A, A)-bimodule, then along the map A — AP we have an equiv-
alence of bimodules M — 4M y from Example 4.5, and hence an equivalence

THH(A; M) — THHAP; 4M,,).

Example 4.17. In Lemma 3.15 we saw that the iterated degeneracy maps wyC — w;C
for a spectral Waldhausen category C are Dwyer—Kan equivalences, and thus induce
equivalences on THH.

Example 4.18. Let C and D be spectral categories with chosen zero object, let € x D be
their product in spectral categories, and let CvD < € xD be the full subcategory spanned
by the pairs in which at least one coordinate is the zero object. Then the inclusion C v
D — CxD is both a Dwyer—-Kan embedding and surjective up to thick closure. Therefore
we have an equivalence

THH(C) v THH(D) — THH(C v D) — THH(C x D).
This gives a short proof of the nontrivial fact that THH preserves finite products.
We can further strengthen Proposition 4.12 if X is of the form ;D,.
Proposition 4.19. Given a morphism of twistings (I,J): zC/D, — pC'/D' g there are
induced maps'
Do € = CopDe and Cr0pDg— pD'goC]
whose traces are both the induced map

THH(I;J): THH(C; D) — THH(C'; 7D’ 1)

Proof. Write F:= JF and G := J@G, and observe that F = F'I and G = G'I by the commu-
tativity of the diagram defining a morphism of twistings (Definition 2.17). We prove the
proposition for the first map; the second is proved analogously.

The desired map is the composite
idenoeid

Do Dgo el rDopD 0D'peD,06C

— D —eCopD 0D goleol doe @ o pD 0Dy,
where the two isomorphisms of 1-cells are obtained using Lemma 4.10. This map is
now in a form where its trace agrees with the right-hand side of the equation in [PS13,

Proposition 7.1], with M = ¢C'. Applying the proposition and simplifying implies that
the trace of this map is

{idonoeid) tridoe)

(rDed <<ﬁ®/@>>—’<<F'D,G'>>-
Applying the definition of the shadow {—) on the bicategory of spectral categories and
using Proposition 4.12 with X = 7D’/ the composite is

THH(E; ;D) il THH(E; 5D 5) T THH(C'; 5D ),

where the first map applies J to mapping spectra in D and the second is the map induced
by 1. ]

Putting Theorem 4.15 and Proposition 4.19 together gives the following:

IThese are examples of Beck-Chevalley maps.
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Corollary 4.20. Let (I,J): ;C/D, — pC'/D'g be a morphism of twistings where I and
J are Dwyer-Kan embeddings and I is surjective up to thick closure. Then the induced
map

THH(I;J): THH(C; zD;) — THH(C'; 5D’ 1)

is an equivalence.

5. THE ADDITIVITY THEOREM FOR THH, REVISITED

5.1. Additivity without coefficients. In this section we prove:

Theorem 5.1. There is an equivalence of spectra

k
(;)f_y: \/ THH(C) — THH(S,C).
j=1

This is similar in spirit to existing additivity results, such as [DM96, 1.6.20] and
[DGM13, IV.2.5.8] which use a category of upper-triangular matrices, [BM12, Thm. 10.8]
which proves a version for DG-categories, and [BM11, 3.1.1] which proves additivity for
WTHH(C) := THH(S.C), in other words after one copy of S. has been applied.

Our approach to Theorem 5.1 is fundamentally an adaptation of a technique from
[BM12, §7], made more conceptual by the machinery of shadows.
Definition 5.2. Let C be a spectral Waldhausen category. By [CLM*, Theorem 4.1] there
is a canonical equivalence S1C=C. Let s_1: S;,_1€ — S;Cand dj: S;C — S;_1C be the
last degeneracy and face functors, respectively. Let 73 : S;C — S1C = € be the induced
by dg_l and let 15: € = S1€ — S;C be induced by s’(‘;_l. More generally, for 1< j<k
write 1j: C — S;C for the functor induced by s{)_ls?ﬁ ; these are the functors inducing
the equivalence in Theorem 5.1.

The next proposition is the main ingredient for the proof of the additivity theorem. As
the proof is technical, we postpone it until §5.3.
Proposition 5.3. The coevaluation map of the dual pair (;, (SiC),(SC)g, ) and the
evaluation map of the dual pair (;,C, C, ) are pointwise equivalences of bimodules. The
other evaluation map and coevaluation map induce a homotopy cofiber sequence of (S C, S}, C)-
bimodules

(S0, @4, (S;C) =81 CoC, .
Theorem 5.1 follows by induction from the following proposition:

Proposition 5.4. The spectral functors sj_1 and i, induce an equivalence
THH(S},_1C) v THH(C) — THH(SC).
Figure 5.5 is the version of Figure 2.9a for Theorem 5.1.

Proof. By Proposition 4.12, the induced map THH(sy_1) is the Euler characteristic of
(SrC)s, ,, computed using the dual pair (;, ,(SzC),(S;C), ). By Definition 2.14, the
Euler characteristic is the following composite:

X((SCg, ):4Sr-1CV—(;, ,(SkC) @ (SrC),, »=((SrC), , @, ,(Sk C))——(S:C).

The first map is an equivalence by the first statement in Proposition 5.3. Rewriting in
terms of THH, it follows that the induced map THH(s_1) is the composite

Sk-1

(5.6) THH(S},_1C) — THH(SC; (S, sy, ©5,,(SeC)) . THH(S;C).
Similarly, the induced map THH(x}) is the composite
(5.7 x(C,,): THH(SC) 2, THH(SC;,,CoC,) — THH(C),

where the equivalence is induced by the evaluation map of the dual pair (,,C,C,, ).
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FIGURE 5.5. Graphical representations of Theorem 5.1

Composing the two sequences in (5.6) and (5.7), the two middle maps arise by applying
THH(S}C;—) to the cofiber sequence from Proposition 5.3. Since THH preserves cofiber
sequences, this produces a cofiber sequence

THH(S_1C) 22 THH(S),€) =% THH(C).

The second map has a section, induced by iz, so the cofiber sequence splits. O

5.2. Additivity with coefficients. Next we generalize Theorem 5.1 to allow for twisted
coefficients. For ease of future reference we state the theorem in its multisimplicial form.
Remark 5.8. From the properties of the S.-construction, any twisting ; C/Dj of spectral
Waldhausen categories induces a twisting g ;(S.C/S.D)g p. For ease of reading, in such
cases we drop the S.-notation from the subscripts and simply write ;(S.C/S.D)z.

Theorem 5.9. Given a twisting ;C/Dp of spectral Waldhausen categories there is an
equivalence of spectra

V THH(E ;D) THEG@, S,
<l;<R;
1s§5nj

€ W, ST, D).

The theorem follows from the w.-invariance of THH (see Example 4.17), and an in-
ductive argument based on the following generalization of Proposition 5.4:

Proposition 5.10. Let ; C/Dy be a twisting of spectral Waldhausen categories. The spec-
tral functors sp_1 and 1, induce an equivalence

THH(S}_1C; ;(Sp_1D)g) vV THH(C; ; D) — THH(SC; (S D)p).

The proof of this proposition is largely analogous to the proof of Proposition 5.4; the
main difficulty that the twisting adds is that the construction of the equivalences in (5.6)
and (5.7) requires an extra step.

The functors s;_1, dp, mp, and (; are functors of spectral Waldhausen categories. By
definition, dzsp_1 =id and 731, = id. These identities define the unit and counit, respec-
tively, of adjunctions

Sk-1 Tk
Sr-1Co <d—> S1Co S1Co <l—> Co
A k

on the associated base categories. These adjunctions do not extend to spectrally enriched
adjunctions between our models for the spectral categories S;C, because the Moore end
is not 2-functorial ((CLM™*, Section 4.5]). They do, however, still satisfy a condition
analogous to an adjunction:
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Proposition 5.11. The spectral functors dj, and mj, induce equivalences of spectra
SrC(sp-1a,b) — Sp_1C(d}sp-1a,db) = Sp_1C(a,drb)
S;C(a,1,b) — C(npa,mripb) = Clnra,b).
We postpone the proof of the proposition to §5.3, and now prove Proposition 5.10.

Proof of Proposition 5.10. We fill in the details that differ from the proof of Proposi-
tion 5.4. The spectral functor s;_; defines a morphism of twistings

(8p-1,8%-1): (Sp-1D)p — (S D)p.
By Proposition 4.19 there is an associated map
f:1Sr-1D)p o, (SrC) —, (SkC) o (SpD)p
whose trace is the induced map
THH(s-1): THH(S,-1C; 1 (Sk-1D)p) — THH(S,C; 1 (S D)g).
By definition, the trace of f is the composite
((SE-1DIR) ¢ (Sk-1D) © 4, (SkC) (S5O, )
Lo, (818 0 (S D)y © (S10),, )
=((SkC);, , O, (Sk® 0 (SED)RY——( (S D).

As in the proof of Proposition 5.4, we will prove that, prior to the application of the
evaluation map, the composite is an equivalence. It suffices to prove that f is a pointwise
equivalence of (S;_1C, S} C)-bimodules, which follows from the commutative diagram

LSk 1D) 0 (S 1D)g 04, (S€) —L— | (SkC) o (SpD) o (SkD)y
= |idoidody, 1Sr-1D)o, (SpD)o(SpD)g

id@dkoidlz
£82-1D) @ (S-1D)g © (Sg-1€)g, — (Sr-1D) @ (S D)y, © (S D,
where the unlabeled equivalences are instances of Lemma 4.10 and the equivalences

induced by d}, are from Proposition 5.11.
Similarly, the map 75, induces a morphism of twistings

(g, mr): L(SkD)R i L®R'
The same logic as above reduces the proof to showing that the map
8: [SkD)g ©7,C— 5,CoDp

from Proposition 4.19 is a pointwise equivalence of bimodules, which follows in the same
manner from the commutative diagram

1(SxD) 0 (S D)g ©(S40), —— ,(SpD) o (SD), 0Dy,

idomy, oidlz

= |ideidom; 1SrD)e,, DoDy

lz

18D 0 (S D)0, C —E—3  Co,DoD,.
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The rest of the proof proceeds as in the untwisted case. O

Remark 5.12. These results can be generalized to the case when D is a pointed spectral
category. In this case, w;D is defined to include all maps and wo¢D — wpD is still a
Dwyer—Kan embedding. The definition of S;D from §3.3 is modified to be the subcate-
gory of Fun([£] x [£], D) on diagrams sending each (i = j) to the zero object * € Dy.

This doesn’t affect any of the proofs because we only ever consider diagrams in the
image of the functors L and R, and so it is enough to control the behavior of cofibrations
and pushouts in S;C.

5.3. The technical proofs. In this subsection we prove Propositions 5.3 and 5.11.

Proof of Proposition 5.11. The proof requires explicit properties of the construction of the
mapping spectra in S;C from [CLM™, §4]. The key fact is that the mapping spectrum
S1C(a, b) is equivalent, via the canonical restriction maps, to the homotopy limit of the
zig-zag diagram of spectra built out of the composition maps between C(a(i,j),b(i, ))
for 0<i,j <k [CLM™", Theorem 4.1ii]. Under these equivalences, the last face functor
dp: SpC— S,_1C agrees with the map to the homotopy limit of the subdiagram where
0 <i,j<k—-1. Replacing the domain a with a diagram s;_ja in the image of the last
degeneracy functor, the canonical map s;_1a(k —1,j) — sp_1a(k,j) is the identity map,
and thus the induced maps of spectra

Clsp-1a(k, ), b(k, ) — C(sp_1a(k -1, ),b(k, j))
are identity maps for any j. Similarly, restricting to the bottom row gives
C(sp_1a(i,k),b(i, k)= *

for any i. It follows that the map of homotopy limits from the diagram with 0 <i,j <k
to the diagram with 0 < i,j <k — 1 is an equivalence of spectra. Therefore, the last face
functor d; induces an equivalence of mapping spectra

SkC(sp-1a,b) — Sp-1C(drsk-1a,drd),

as claimed. A similar argument shows that the functor n;, induces an equivalence of
mapping spectra
S1Ca,,b) — Clmpa, mpipb).

For ease of notation, we require an extra definition.

Definition 5.13. A pointwise map of (C,D)-bimodules, denoted X -+Y | is a map of
spectra X(c,d) — Y(c,d) for each c € obC and d € obD. These are not required to satisfy
any coherence with the C and D actions. When a pointwise map of (C,D)-bimodules is
compatible with the C-action, we denoteitby X ¢+ Y .

We write €g: sp_1dp — id for the counit of the adjunction (s;_1 - d}) of base categor-
ies. Composing with the morphism €g: s_1d;b — b in S} C( defines a pointwise map of
bimodules

(SLC). , G > S,C

Sp-1dp ¢

compatible with the left action. Similarly, composing with the unit ng: b — 1,7}, for the
adjunction (73, 1) of base categories defines a pointwise map of bimodules

(S C) ¢ (S1C)

lp Tk

that is also compatible with the left action.
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Lemma 5.14. The pointwise equivalences from Proposition 5.11 fit into commutative
diagrams of pointwise morphisms of bimodules

(SkO);, , 04, (SkO) —— S4C and S —— ,CoC,
(SkC)s, , ©(Sp-10)y, — (SkG)sk d, (SkC)yn, — (SzC), ©C

relating the evaluation (resp. coevaluation) map for the dual pairs with the counit (resp.
unit) of the adjunction on base categories.

Proof. We prove the lemma for the first diagram; the second follows analogously. Recall
that the spectral category S;.C is defined as a full subcategory of the functor category
Fun([k1?,€). Define a twisting of spectral categories ;S €/S:C r Where

Sz C < Fun((1] x [£1?, )

is the full subcategory of diagrams that at each i € [1] satisfy the conditions for S;C.
The spectral functor L: S;C — §;:é arises from the collapse [1] — *, and the spectral
functor R: S,C — §;é arises from the map of posets [1] x [k]? — [k]? that on 1 € [1] is
the identity of [£]? and on 0 € [1] applies i — max(i, % — 1) to each coordinate of [£]? (this
is the map of totally ordered sets inducing s;_1dz). Let ro,ry: §;;é = S;C denote the
spectral functors that restrict to 0 € [1] and 1 € [1], respectively. We form the following
diagram of (S;C, S;C)-bimodules

Skeskf1 © SHSkG <—(r0,1,1) Skesk_l © SHSkG (—>r1,1,1) Skeskf1 © sHSkG

l(l,l,dk) l(l;sk—lyl) l(l,skl,l)

Skeskf1 QSk—ledk W SkGQSkG 4> Sr,C08;,C
ro,dr,dr

P

(Sk e)sk—ldk c ¢ Sk (‘3

ro

The four rectangular regions commute and all the solid arrows are maps of (S;C,S}C)-
bimodules, as is verified by checking that various maps of twistings, arising from maps
of posets, agree with each other. The top region also commutes easily. The region at
the very bottom commutes in the category of pointwise maps of bimodules, again using
the description of Fun([1],C) as a homotopy limit of a zig-zag — see [CLM™, §4] for more
details. The outside maps are the desired pointwise maps of bimodules, finishing the
proof. ]

We are now ready to prove Proposition 5.3.

Proof. The first claim in the proposition follows from the commutativity of the diagrams

Sp-1€C —1— ,, (Sk) (S0, | Cp © & —— €

H =\Ldk oid and id@nsz H

(Sk—l)dkSk-1 ;> (Sk_le)dk © (Ske)ska Gﬂk © (S e)lk ;> G”klk
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which are formally analogous to those in Lemma 5.14 (but easier to check because ng =id
for (sp_1 1d) and eg = id for (my - 1z)).

To check the cofiber sequence statement note that the two diagrams in Lemma 5.14
give, for each x,y € obS;C, a natural weak equivalence betwen the sequence of interest
and the sequence

SrCx,sp_1dpy) — SpClx,y) — Sy Clx, 137 y).

Thus to show that the given sequence of bimodules is a homotopy cofiber sequence it
suffices to show that this is a homotopy cofiber sequence of spectra for each x, y.

The counit and unit of the adjunctions (s;_1 - dz) and (75 —13) of base categories fit
into a pushout square of functors S;Cy — S;Co

(sp_1dp) —2—id

-

* ——— (p711)

whose horizontal arrows are cofibrations. Since S;C is a spectral Waldhausen category,
there is an induced homotopy pushout square of spectra

SrCx,sp_1dpy) —— SpClx, y)

| l

S Clx, %) ———— SpClx, 11 y).

Since the lower-left corner is contractible, the other three terms form a homotopy cofiber
sequence, as desired. ]

6. THE DENNIS TRACE

In this section we construct the Dennis trace map K(End(C)) — THH(C) out of endo-
morphism K-theory for a spectrally enriched Waldhausen category C, as well as a twisted
Dennis trace which allows bimodule coefficients. This material serves as the scaffolding
for the construction of the trace map to TR in §7-8. We conclude the section with a con-
crete description of the effect of the Dennis trace on 7 in terms of bicategorical traces
(Proposition 6.24).

6.1. Endomorphism categories. We begin by defining endomorphism categories.
Definition 6.1. For any Waldhausen category Cy, let End(Cy) be the Waldhausen cat-
egory of functors Fun(N, Cy), where N is considered as a category with one object and
morphism set N. More concretely, the objects of End(Cy) are endomorphisms f:a — a
in Gy, and the morphisms are commuting squares of the form

p
—

i| ji
b b.

—
g

We define the morphism to be a cofibration or weak equivalence if i is a cofibration or
weak equivalence, respectively. We also define exact functors

Y
Co <— End(Cyp)
N A
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where End(Cy) — €y forgets the endomorphism f. The inclusions i,t1: Cg — End(Cyp)
equip each object @ with either the zero endomorphism or the identity endomorphism.
Example 6.2. If A is a ring spectrum and C = P = 4P is the spectral Waldhausen cate-
gory of perfect A-modules from Example 3.10, then K(Cy) is the usual algebraic K-theory
spectrum K(A) of A, and the K-theory of End(Cy) is the K-theory of endomorphisms
K(End(A)).
It is also possible to extend the definition of endomorphism K-theory to twistings.
First we recall our main example of a twisting.
Example 6.3. Let A be a ring spectrum. Recall from Definition 3.5 and Examples 3.6
and 4.5 the spectral categories P of perfect left A-modules and M of all left A-modules.
Let
LR:P=M

denote, respectively, the inclusion and the functor M A 4 — for a cofibrant (A, A)-bimodule
M. This defines a twisting that we denote by P/M,,.
Definition 6.4. Given a twisting ; /D, of spectral Waldhausen categories, the twisted
endomorphism category End (; C/Dp) is the category where

e the objects are pairs (a, f) of a € obCy and a morphism f: L(a) — R(a) in Dy, and

e a morphism (a, f) — (b, g) is a morphism i: a — b in €y such that the diagram

L) -1 R@)

iL(i) iR(i)
L) —%= R(b)

commutes.

Note that this definition only uses the base categories Cy and Dy, and not the spectral
enrichment.
Example 6.5.
i. When D =€ and L =R =ide we get the usual endomorphism category.
ii. The twisted endomorphism category for P/M,, = AP/AM u has as objects A-
module maps P — M Aap P with P a perfect A-module. Following [LM12], the
K-theory of its base Waldhausen category is denoted by

K(A; M) := KEnd(*P/AM,)).

6.2. Bispectra. Before defining the Dennis trace, we introduce some formal structure
that arises naturally when analyzing THH.
Definition 6.6. A bispectrum is a symmetric spectrum object in orthogonal spectra
[MMSS01, Hov01, CLM™].

In order to construct bispectra, we need a technical tool which formalizes the way that
the iterated S.-constructions IS(.',L.?.,.GOI assemble into a symmetric spectrum. Let J be
the skeleton of the category of finite sets and injections spanned by the objects

n={1,...,n}

for n = 0. Let A°®?*" be the n-fold product of the opposite of the category A of nonempty
totally ordered finite sets
[k]={0<---<E}.

For each morphism f: m — n in J, there is an induced functor f,: A°®*™ — A%P*"
taking ([k1],...,[k»]) to the n-tuple whose value at f(i) is [%;] and whose value outside
the image of f is always [1]. In particular, when m = n there is an action of the symmetric
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group X, on A°?*"  This rule defines a strict diagram of categories indexed by J, and

we write J [ A°?*~ for its Grothendieck construction. Thus, the objects of the category
J [ A°P*~ are tuples
(ﬂ;kla' "7km)’
where m,k; =0, and a morphism
(1, orlm) = (31, L)
consists of an injection f: m — n and a morphism (¢;): f.([k1],...,[knD — (U1],...,[I,])
in A°P*7,
Definition 6.7. Given a pointed category M, a Zp-diagram in M is a functor
X(ese,..0)" J[AP* — M
with the following two properties:
* X(miky,...ky) = * any time k; = 0 for at least one 7, and
e the morphisms (m;k1,...,kn) — (n;f«(k1,...,kn)) With every ¢; =id induce iso-
morphisms
Xmskr,bm) = X@sfo oy om))-
The symmetric group action on A°?*" defines an action of X,, on the geometric realiza-
tion of the multisimplicial object |X(5..... .|, and this construction extends to a functor

from XA-diagrams in a pointed simplicial model category M to symmetric spectrum ob-
jects in M [CLM™*, Lemma 6.3]. For further discussion of X-diagrams, see [CLM™, §6].

6.3. Definition of the Dennis trace. Let C be a spectral Waldhausen category and let
X be a (C,C)-bimodule. The key observation for the construction of the Dennis trace is
that the inclusion of 0-simplices in the cyclic bar construction defines a canonical map
(6.8) \V  X(eo,co) — THH(C; X).

coeob Cq
When X = €, each object f: co — co of End(Cy) defines a map of spectra S — C(co, cg),
and so composing with (6.8) gives a map

(6.9) 3%0bEnd(Cp)= \/ S— \/ Clco,co) — THH(C)
f:co—co, co€obCy
coE*

where f runs over the objects of End(Cj). See Figure 6.11a for a picture of this map.
Applying (6.9) to the spectral Waldhausen category wy, "SZ)... ;. C for each value of n and
ko,...,k, defines a map of orthogonal spectra

2%0b End(wg,Sy". , o) — THH(wg, Sy , ©).
Appending the splitting from Theorem 5.9 gives a zig-zag of orthogonal spectra
(6.10) 2%0b End(wy, Sy, ) — THHGwy, Sy , €)= \/ THH().

ila_m:in
1Slj5kj

The number of summands on the right is the same as the number of nonzero points in
the set S;l A-ee /\S;n, where S1 is the simplicial circle A[11/0A[1]. Therefore these wedge
sums form an (n + 1)-fold multisimplicial spectrum that is constant in the k¢ direction.
The construction of the zig-zag (6.10) works identically for a bimodule arising from
a twisting ; C/Dy of spectral Waldhausen categories. In this case, the map (6.8) with

X= L(w.S(.” )D)R defines a zig-zag of multisimplicial orthogonal spectra
>*®0b End(; (w.S™€/w.S™D)s) — THHw.S™C; ; (w.S™D)y)

(6.12) -
< (SH™ ATHH(C; ; Dp).
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co @ Cco C
° T ° / T .
b N p .
coo 9C0 ~vanrvns b s Llco)e 9R(cg) s 8 o
N f S N 2 . f N4
e LDr
(a) ;C/Dp=C (B) General case

FIGURE 6.11. Graphical representation of (6.9). An endomorphism is
“closed up” via a bar construction.

The following lemma follows directly from the definitions and Theorem 5.9:

Lemma 6.13. The maps in the zig-zag (6.12) of multisimplicial orthogonal spectra com-
mute with the Z,-actions and the identifications that remove a simplicial direction when
its index is equal to 1. In other words the given maps produce a zig-zag of Za-diagrams
of simplicial orthogonal spectra.

Another way of saying this is that (S1)"” A THH(C) is the free Xs-diagram on the
spectrum THH(C) at level (0;), and V;, . ;, agrees with the map that arises from the
free-forgetful adjunction.

Taking the geometric realization of these multisimplicial orthogonal spectra gives a
zig-zag of bispectra. At level n in the symmetric spectrum direction, the zig-zag of bis-
pectra is

.....

12%°0b End(; (w.S™ C/w.S™D)p)| — ITHH(w.S™C; ; (w.S™D)y)

(6.14) =

There is a canonical identification of sets
ob End(; (w.S™€/w.S™ D)) = obw.S™ End(, C/Dp).

This identifies the bispectrum on the left of (6.14) with the orthogonal suspension spec-
trum of the symmetric spectrum K(End(; C/Dp)). On the other hand, the spectrum on
the right of (6.14) is the symmetric suspension spectrum of the orthogonal spectrum
THH(C; ; Dp).

Applying the (left-derived) prolongation functor from [CLM™, Proposition A.7] to these
bispectra, we get a zig-zag of orthogonal spectra

(6.15) PK(End(; C/Dg)) — PITHHw.S . C; 1 (w.S:D)g)| — THH(C; ; Dp).

The first term in (6.15) is the prolongation of K(End(; €/Dg)) from symmetric to orthog-
onal spectra.

Definition 6.16. The Dennis trace map associated to a twisting ; €/Dy, is obtained by
choosing an inverse to the wrong-way map in (6.15), defining a map

(6.17) tre: PK(End(; C/Dp)) — THH(C; ; Dp)

in the homotopy category of orthogonal spectra, or, equivalently, in the homotopy cate-
gory of symmetric spectra

(6.18) tre: K(End(, €/Dp)) — UTHH(E; , Dp)

to the underlying symmetric spectrum of THH.

Remark 6.19. It is unnecessary to check that the multisimplicial objects above are Reedy
cofibrant, because the realization can be automatically left-derived without losing the
symmetric spectrum structure ((CLM™*, Theorem 6.4]). See [CLM*, Remark 7.14] for
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additional discussion. The upshot is that this construction of the Dennis trace is insen-
sitive to the choice of model for THH.

Observation 6.20. Consider the case when C =D and L =R =id. The Dennis trace map
on K(End(Cg)) extends the Dennis trace on K(Cy), as constructed in e.g. [BM11, DGM13],
in the sense that the following diagram commutes:

K(Cy) —2— K(End(Cy))

tre
l /

THH(C).

To see this, observe that other authors construct the Dennis trace map in the same
way that we did for K(End(Cy)), except using the map (6.8) with X(cg,cg) =S instead of
(6.9). The two maps agree along the inclusion of the identity morphisms, and tracing
through the construction above this becomes the map of K-theory spectra i1: K(Cy) —
K(End(Cy)) induced by the exact functor (1 from beneath Definition 6.1.

Remark 6.21. The same argument shows that the diagram

K(Co) —2 s K(End(Cy))
Ol /
tre
THH(C)

commutes. As a result, the Dennis trace factors through the mapping cone of iy, often
called eyclic K-theory (or the reduced K-theory of endomorphisms):

K¥%(Co) = K(End(€y)) = K(End(Cp)) / 10K (Co).

If we return to the case of general D, the inclusion of identity endomorphisms i;
becomes meaningless, but the inclusion of zero endomorphisms (g is still defined, and
there is a commutative diagram

K(Cp) ———— KEnd(,C/Dy)
|
tre
THH (C;, Dp).

Thus the Dennis trace descends to a map out of cyclic K-theory,
KEnd (,€/Dg) =KEnd(,C/Dg) / 10K(Co) — THH(C; . Dg).
In particular, for a ring spectrum A and bimodule M the Dennis trace defines a map
K9%A;M)=K(A; M) tre, THH(A‘P;AMM) — THH(A; M).

Remark 6.22. We sketch an argument that this agrees with the trace defined in [LM12,
9.2], see also [DGM13, V1. The idea is to use a version of [DMP*19] with bimodule co-
efficients to turn our smash products into Bokstedt smash products. Then the relevant
bispectrum is an Q-spectrum in the THH direction, hence the prolongation is equivalent
to the functor that restricts to the symmetric spectrum direction. After these manip-
ulations, the inclusion of endomorphisms map (6.9) is the same as the one in [LM12,
9.11.
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Example 6.23. Taking C = 47 for a ring spectrum A, we get maps

K(A) KEnd(A) THH(A)

[ [ 1~
KAP) — s REnd(AP) < THH(AP)

whose composite agrees with the Dennis trace map K(A) — THH(A) studied previously,
e.g. [DM96, DGM13, Mad94].

Proposition 6.24. Let f: L(a) — R(a) be an object of the twisted endomorphism category
End (,C/Dy). The image of [f1€ KoEnd (,C/Dy) under the Dennis trace is the homotopy
class of the composite

s L D), R@) — \/ DLico), Rco)) L4 THH(C; , D))

C()Ee

which includes [ as a 0-simplex in the cyclic bar construction.

Proof. Consider the following commutative diagram, where the top row maps to the
bottom row by mapping symmetric spectrum level 0 and simplicial level 0 into the zig-
zag of bispectra:

2%0b End(wo; C/Dyp) —————— THH(woC; ;woDg) 30 THH(C; D)

| | =

..........

The vertical map on the left is surjective on 7y by the standard presentation for K of a
Waldhausen category. By the construction of the Dennis trace, the first horizontal map
in the top row is the inclusion of endomorphisms map, so the conclusion follows. O

Example 6.25. If A is a ring spectrum, each perfect left A-module P defines a class
[P] € Ko(A). By Proposition 6.24, its image in mo THH(A?P) is the inclusion of the 0-
simplex corresponding to the identity map of P into the cyclic bar construction. By
[CP19, §7], the image of this class under the Morita equivalence

7o THH(AP) = 1o THH(A)

is the Euler characteristic of P. More generally, each endomorphism f: P — P defines
a class [f]1€ KoEnd(A) whose image in 1o THH(A) is the trace of f, by Proposition 6.24
and [CP19, 7.11].

Example 6.26. Every twisted endomorphism f: P — M A4 P of a perfect left A-module
P defines a class [f]1€ Ky(A; M) whose image in 7 THH(A‘P;AJ\/[M) is the inclusion of the
0-simplex corresponding to f in the cyclic bar construction. By [CP19, 7.4], applied as in
the proof of [CP19, 7.11], its image under the Morita equivalence

mo THH(AP; AM ;) = o THH(A ; M)
is the bicategorical trace

tr(f): S =(S)—(M)=THH(A; M).
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7. THE EQUIVARIANT DENNIS TRACE

In order to build a trace to topological restriction homology (TR), we construct C,-
equivariant refinements of THH and the K-theory of endomorphisms whose fixed points
for varying r are linked together. This requires some generalizations of the constructions
and theorems of the previous three sections. For a short review of equivariant spectra
and the notation we are using see §2.4. We then define the equivariant Dennis trace and
give a description of its effect on 7o in terms of the bicategorical trace

tr(fro---of1)

of a composite twisted endomorphism (Proposition 7.18).

7.1. r-fold endomorphisms and THH",
Definition 7.1. Given a spectral Waldhausen category C, let C;” denote the r-fold prod-
uct of the base category, with Waldhausen structure determined coordinate-wise. Let p
denote the rotation functor
P: (Cly""cr)"_’ (027«"707‘701)‘
Given a twisting 1, C/Dg of C, let R, =R"op=poR": Cj" — D" denote the exact functor
R;(cl, oo, ) =(R(cg),...,R(cr),R(c1)).

Definition 7.2. Define the r-fold twisted endomorphism category of ; C/D by

End® (,€/Dp) :=End (€7D, ).
P

There is an exact functor
A,: End(;€/Dp) —End”(,€/Dp)

taking (a, f) to ((a,...,a),(f,...,f)); we refer to this as the duplication functor.

An object of this category consists of an r-tuple of objects (ai,...,a,) in Gy and an
r-tuple of morphisms in Dy

(fl: L(a1) — R(a9), ..., fr-1: Lla,—1) — R(a;), fr: L(a;) —>R(a1)).
See Figure 7.3a. A morphism (a;, f;) — (b;,g;) is an r-tuple of morphisms (¢;: a; — b;)
such that
R(tjs1)ofi =gioL(¢;) (indices taken mod r).
See Figure 7.3b.
Definition 7.4. Suppose C is a pointwise cofibrant spectral category and X is a pointwise

cofibrant (C, ) bimodule. For each r =1, let " be the spectral category with object set
(obC)*" and mapping spectra

r
CMWaq,...,ar),(b1,...,b,) = /\ Cla;,b;).
i=1
As in Definition 7.1 we let
p: CN—=CN,  pley,...,er)=(c,...,cr,C1)

be the spectral functor that rotates the smash product factors.

Similarly, let X" denote the (C*",C"")-bimodule whose value on each pair of r-tuples
is the evident r-fold smash product. Twisting on the right by p gives another (C"",C"")-
bimodule DC;)“ . We define r-fold topological Hochschild homology by the formula

THH"(C;X) := THH(C""; X)").



K-THEORY OF ENDOMORPHISMS, THE TR-TRACE, AND ZETA FUNCTIONS 31

L(ay) 1 Ray) g "\ LD Ra) L) 5 Ry
ai az ar-1 ar ai
(a) Objects of End™ (, C/D},)
ail as ar, al
\A fl KJ_// \’1 fr
L(a1) — R(a2) L(a;) — R(a1)
t lL(tl) lR(tz) to t, lL(t,) lR(tl) t
Lib1) — R(b2) L(b,) —— R(b)
b1 by b, by.

(B) Morphisms of End” (, €/D )

FIGURE 7.3

Rotating the coordinates of X')" gives an isomorphism of bimodules p: X" — X3" over
the map of spectral categories p: C"" — C*". In other words, we get an action of the
cyclic group C, on the pair consisting of the spectral category C*" and the bimodule DC;," .
This makes r-fold THH into an orthogonal C,.-spectrum.

Proposition 7.5. When C and X are pointwise cofibrant, THH" is cofibrant and the
Hill-Hopkins—Ravenel norm diagonal of Proposition 2.20 induces isomorphisms of or-
thogonal Cg-spectra

®C THH"®(C;X) = THH®(C; X)

forall r,s=1.

Proof. For the cofibrancy statement it suffices to check that the latching maps of the
simplicial spectrum defining THH™ are cofibrations of orthogonal C,-spectra. These
latching maps are cofibrations since the r-fold smash power turns cofibrations into equi-
variant cofibrations [Mall7a, 4.11].

For the second part, we commute ®°r with the realization and apply the norm diago-
nal D, at every simplicial level:

% k1~ \/  CVH@), (@) A ACNE(@E ), @F) A XN (@), (@)

(a?),m,(aﬁe

2|k1— /0 (@GN, OD I A ACYTHBE (BT A X8, (69T
(b9),...,(0%)

=k~ \/ CMBN, (B A ACT(BET), (65 A XN (BF), (B9))
(09),...(b")

Here (a{) = (a{,aé,...,ais) ranges over rs-tuples of objects of C, (b{) = (bj,bé,...,bg)
ranges over s-tuples of objects of €, and

BT =(b,...,bl,...,b],..., b))
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is the rs-tuple obtained by duplicating an s-tuple r times. It remains to check that the
diagonal respects the faces and degeneracy maps, and the Cs-action. For degeneracies
and every face but the first, this follows by naturality of the diagonal. For the first face
this follows from [Mall7a, 3.26], and for the Cg-action it follows from [Mall7a, 3.27]. In
other words, both are consequences of the rigidity theorem [Mall7a, 1.2]. O

Remark 7.6. When X = €, the spectrum THH"(C; ©) is isomorphic to THH(C) using r-fold
subdivision, and this is the cyclotomic structure constructed in [Mall7a, 4.6]. It is equiv-
alent to Bokstedt’s cyclotomic structure on THH(C) by the main result of [DMP*19].

The next result formalizes the observation that if we unwind the r-fold topological
Hochschild homology spectrum we get the construction illustrated in Figure 7.7.

FIGURE 7.7. THH"(C;X)

Proposition 7.8. After forgetting the C,-action, there is a natural equivalence
THH"(C;X) = THH(C; X 0 --- 0 X)
with r copies of X on the right.

Proof. The spectrum THH(C;X®") is built using r bar constructions, the final one being
the cyclic bar construction, so it is the realization of an r-fold multisimplicial spectrum.
Taking the diagonal of this multisimplicial spectrum, we identify the resulting simplicial
spectrum with the one for THH(C;X) by regrouping copies of € and X. Note that the

use of the cyclic action p in the definition of THH™ is essential to this argument. O

Remark 7.9. As a consequence of Corollary 4.20 and Propositions 2.19, 7.5 and 7.8, the
construction THH"(C; 1. Dp) sends Morita equivalences in the C variable and Dwyer—
Kan embeddings in the D variable to equivalences of C,.-spectra. Consequently, the map

THH"(A; M) — THH" (AP;4M,,)

induced by the Morita equivalence A — 4P (Example 4.16) is an equivalence of C,-
spectra.

Theorem 7.10 (Additivity of THH"). Let C be a spectral Waldhausen category. Then
the maps ;, . i, defined above Theorem 5.9 induce an equivalence of C,-spectra

0.

.....

L1yeeey 127

.....

ll,:..,ln
1Slj5kj
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FIGURE 7.11. Graphical representations of Theorem 7.10

C1 ©
L(cy) o R(cqp) P
A N 2N
R(cp)s” 1 fr oL(c,) /o* o
g0 OCr v G\:’ °Q
Led® %\
Ry’ pDr e
c3 Cs e

FIGURE 7.15. Graphical representation of (7.14)

Proof. By Propositions 2.19, 7.5 and 7.8, it suffices to check that the corresponding non-
equivariant map
. ~ (n) . (n)

-V THH(C; [ D *") — THHwy, Sy, C; e Syy 4 D)

I1,0e0sin

1;1']' Skj
is an equivalence. This is proven by the same induction as in Theorem 5.9. The only
difference is that in the inductive step (proof of Proposition 5.10) we apply the map f a
total of r times instead of just once. O

7.2. Definition of the equivariant Dennis trace. We next define the equivariant
refinement of the Dennis trace.

Remark 7.12. If C is a spectral Waldhausen category, then (C"", ") fails to be a spectral
Waldhausen category because it does not satisfy the pushout axiom. Therefore the equi-
variant Dennis trace is not the twisted Dennis trace applied to C"". Instead, the smash
powers have to occur on the outside of the S. construction.

Definition 7.13. Let ;C/D, be a twisting of a spectral Waldhausen category C. For
each r = 1 the inclusion of the 0-simplices into the cyclic bar construction defines a C,.-
equivariant map

(7.14)  Z®0bEnd” ((C/D)y) — \/ A DW@Lci),R(ci+1)— THH?(C;, Dp).

c1,...,cr€0bCI=1

See Figure 7.15. This is natural with respect to morphisms of twisted spectral Wald-
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hausen categories, so we apply it to the multisimplicial spectral Waldhausen category
w.S™ e twisted by w.S WD, and get a zig-zag of multisimplicial orthogonal spectra

£%0b End" (1w, S €/w, S D)y | — THH" (1.5"€; ;0.5 D)y )
< (SH"™ ATHH" (C;,Dy),

the second map coming from Theorem 7.10. The same argument as in Lemma 6.13
shows that this is a zig-zag of Za-diagrams of simplicial orthogonal C,-spectra, hence
we can take their geometric realization and get a zig-zag of C,.-equivariant bispectra.
We describe these in detail in [CLM™, Appendix A]. Applying left-derived prolongation
([CLM*, Proposition A.7]), and using the canonical identifications of object sets

obw. S End™ (/D) = ob End” ( (w. S €w. S D)),
we get a zig-zag of orthogonal C,-spectra
(116)  PKEnd" (,€/Dp) — |THH" (.S:€; 1 (w.S2D)g)| < THH® (€; D).
The r-fold Dennis trace map
tr¢”: KEnd” (,€/Dy) — THH" (C; ;D)
is the map represented by this zig-zag in the stable homotopy category of orthogonal
C,-spectra.
The case r = 1 recovers the twisted Dennis trace
tre'Y = tre: Z°K(End(;, C/Dg)) — THH(C; ; Dy)
from Definition 6.16.

The following is an extension of Proposition 6.24:

Lemma 7.17. Let (f;: L(a;) — R(a;+1)) be an object of the r-fold twisted endomor-
phism category End™ ( LG/DR), where we take indices modulo r. The image of the class

[f1,...,fr1€ KoEnd™ (LG/DR) under the r-fold Dennis trace map
tre”: moK End” (,C/Dp) — o THH(, C/Dp)
is the composite
AIfil A A 0-skeleton r)
S —— A DL(a;),R@is1y))— \/ A\ DWLcy),R(ci+1) —— THH(,C/Dp)
i=1 (C1,Cr)ECT =1
which includes the homotopy classes of the f; as 0-simplices in the cyclic bar construction.

We can use this result to identify the image under the trace of certain classes in the
K-theory of endomorphisms. Let A be a ring spectrum and let M be an (A, A)-bimodule.
Given a collection Pjq,...,P, of perfect left A-modules and A-module maps

fi:Pi— MApP; 1,

where the indices are taken modulo r, we let f,.0---of; denote the composite map

idAa idA idAf,
f> M/\AM/\AP3——£3—> ——f—>MAAr/\AP1.

P, i M NA Py
The bicategorical trace of f,o---o f1 is a map of spectra
tr(fro---of1): S =THH(S) — THH(A; M 4").

On the other hand, the collection (f1,...,f) is an object of the r-fold twisted endomor-
phism category End(r)(‘P/M_,\AM), and thus determines a class [f1,..., /-] in

KoEnd™ (P/My).
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Proposition 7.18. The image of the class [f1,...,fr]€ Ko(End"™(P/Myr)) under the com-
posite map
(7.19)

KEndP(@PMyp) 27 THHO(P;Myy) <= THHO(A; M) —=3 THH(A; M ")
is the homotopy class of the trace of the composite [tr(fo---o f1)] € mo THH(A; M A7),
Proof. The homotopy class of f,o---o f1 is encoded by the map of spectra

N i1 & °
s =5/ Dol A NPy, M Ag Piit) = M(P1, MM A g Py).
i=1
This fits into the following commutative diagram of inclusions and composition maps.
(7.20)

r

Ni_qLfi]
S =S AMP;, M Ag Pivy) — \V M@Q1,MAp Q)N AMQr,M Ap Q1)
i=1 @Q1,.-.Q,)c0b P

o V V. M@Q1LMAsQ2)A- AM@r,M A Q1)
QI(QZ ----- Qr)

M(P1,M"AT Ag P1) >/ M@Q,M™M A s Q)
Qeob P

[f1o--ofr]

The right-hand column of the previous diagram is the 0-skeleton of the left-hand column
of the next diagram:

THH"(P; My) +—— THH(A; M)

= =

(7.21) THH(P; M3)) <——— THH(A;M°")

THH(P; Mppaar) <—— THH(A; M7,

Here the horizontal arrows come from the Morita equivalence A — P and the map of
bimodules M — Mjy; from Example 4.5. The upper vertical maps on the left and right
are the unwinding equivalence from Proposition 7.8 and the top region commutes by
naturality of this equivalence. We use the notation M © — to denote the bar construction,
to distinguish it from the strict smash product M A4 —. The lower-right vertical map
collapses this bar construction, and the bottom region commutes using ((CLM™*, Lemma
3.16]).

The lower-left vertical map of (7.21) arises by applying THH to the morphism of (P, P)-
bimodules M3/ — Mjsrar defined by iterating the composition operation

MP, M Ay =)o M(—,M Ag P")
AN, MM Ay —) 0 M(MME A4 —, MMEHD A, PTy
M@, M D py P

for i =1,...,r — 1. The commutativity of the bottom region of (7.21) is the fact that when
we take P = P/ = A, the resulting composite map of (4, A)-bimodule spectra

]

MM — MA,M Ay A)°" — M(A, M7 A g A)
is adjoint to the identity of M"a”,
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Paste the diagrams (7.20) and (7.21) together by including the 0-skeleta into the THH
terms. The composite along the top and right of the resulting diagram agrees with the
composite in the statement of the proposition, by Lemma 7.17. The bottom composite is
the inclusion of the map f,o---of7 into the cyclic bar construction for THH(P; Myna-), fol-
lowed by the Morita equivalence to THH(A; M"4"). By [CP19, 7.4], this is the homotopy
class of the bicategorical trace [tr(f-o---o f1)], and thus the proof is complete. O

8. THE TRACE TO TOPOLOGICAL RESTRICTION HOMOLOGY

Now that we have constructed an equivariant refinement of the Dennis trace, we
distill out of it a trace from the K-theory of endomorphisms to topological restriction
homology which we call the TR-trace. We then define an analog of the ghost coordinates
of Witt vectors for TR: the ghost maps g, : TRX. — X,,. Finally, we prove that applying
the n-th ghost map to the TR-trace encodes the trace tr(f°") of the n-fold iterate of a self-
map (Theorem 8.21).

8.1. Restriction Systems. We begin by formalizing the sense in which the r-fold Den-
nis traces trc” fit together as r varies. The situation is a bit subtle because on the
K -theory side they are related by the categorical fixed points, and on the THH side they
are related by the geometric fixed points.

Definition 8.1. For each m,n =1, let ©, be a functor from C,,,-spectra to C,,-spectra
such that for all r,s =1 we have natural transformations

0,5 — 0500,.
An O, -pre-restriction system consists of the following data:

* A sequence of spectra {X,}7? ; together with an action of C;, on X, for all n.
e A Cs-equivariant map c,: 0,(X,s) — X, for all r,s = 1 making the square

Ops(Xpgt) ——— X,

0O,(0,(Xst)) W O,(Xt)

commute for all r,s,£>1.

When 0, is the categorical fixed points functor (=)¢» and each ¢, is an isomorphism,
this is called a naive restriction system. When ©,, is the geometric fixed points functor
®Cn | and each ¢, induces a weak equivalence out of the derived geometric fixed points,
this is a genuine restriction system.

A morphism of restriction systems consists of equivariant maps X,, — Y,, commuting
with the maps c,.

Remark 8.2. Our definition of restriction systems recalls the structures defining a p-
cyclotomic spectrum; however, instead of working with the pro-group Z, we are instead
working with the pro-group Z. Restriction systems should therefore be closely related to
pro-spectra; see, for example, [Fau08].

Example 8.3. The definition of naive restriction system works equally well for the cat-
egory of spaces, so let us consider that case first. Let X be a space equipped with a
self-map f: X — X. There is a naive restriction system whose nth term is the twisted
free loop space of the Fuller construction £L¥" VX" consisting of all n-tuples of points
X1,...,%, and paths from f(x;) to x;+1 (indices modulo n) [MP18b, KW10]. The case
where all of the paths are constant gives a naive restriction system where the n-th level
is the n-periodic points Fix(f°"). In the case where f =id, the system assigns to each
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n = 1 the free loop space £LX = Map(S!,X) with C,, acting by rotating the loops. The
structure maps are the n-power maps (LX) = LX.

Example 8.4. If T is a cyclotomic spectrum in the sense of [ABG*18, BM15], there is a
genuine restriction system where the nth term is T with the generator of C,, acting by
e2ni/n € Sl.
Example 8.5. We give a couple of examples of ways to go between different kinds of
restriction system structures. If X, is a naive restriction system of based spaces, taking
suspension spectra X*°X, gives a genuine restriction system. This uses the isomorphism
@CryoX = 30X ), and the fact that in this case the geometric fixed points agree with
the left-derived geometric fixed points.

Now suppose instead that X, is a genuine restriction system of fibrant orthogonal
spectra. For any G-spectrum Y there is a canonical map x: Y& — ®%Y from the cate-
gorical fixed points to the geometric fixed points. There are therefore maps

KCS

Cs
Crs Cr Cs Cr Cs
Yr: X — (@7 Xpg)) " — X f.

rst

These maps make X, into a (—)°»-pre-restriction system.
The key examples for the purposes of the current discussion are the following:

Example 8.6. There is a naive restriction system whose n-th level is the K-theory
K(End"™( 1.€/Dp)) of the n-fold endomorphism category from Definition 7.1. The struc-
ture maps c, identify the fixed points of such a category with the same category for a
smaller value of n:

ol
K (End" (,0/Dg)) " =K (End" (,€/D)% ) = K End® (,€/Dp).

In other words, an rs-tuple of objects and morphisms that is strictly preserved by the
C,-action must be an s-tuple of objects and morphisms that are repeated r times.

Example 8.7. When C is a pointwise cofibrant spectral category and X is a pointwise
cofibrant bimodule, the isomorphisms from Proposition 7.5 make THH*(C;X) into a gen-
uine restriction system. The proof is essentially that of [Mall7a, 4.6], but simpler be-
cause there are no subdivisions.

The r-fold Dennis trace map from Definition 7.13 assembles into a map of restriction
systems. Since the Dennis trace is a zig-zag of bispectra, the most natural statement
to make is that it defines a zig-zag of restriction systems of bispectra. The details of
this notion are in Appendix A—the important thing to know is that the geometric fixed
points of a bispectrum are taken at each symmetric spectrum level separately, so that in
the symmetric spectrum direction they behave like categorical fixed points, and in the
orthogonal direction they behave like geometric fixed points. It is this convention that
rectifies the apparent disparity between K End” and THH".

We can suspend the naive restriction system of Example 8.6 and get a genuine re-
striction system of bispectra K (End" ( 1.C/D R)), as in Example 8.5. Similarly, we can
suspend the genuine restriction system of Example 8.7 and get a genuine restriction sys-
tem of bispectra 2 THH"* (C; 1D R). See Examples A.2 and A.3 for additional discussion.

Theorem 8.8. The r-fold Dennis trace for varying r =1
tre’: 2°K (End® (,C/Dg)) — Z®°THH" (C; ; Dg)

together define a morphism of genuine restriction systems of bispectra.
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By Propositions A.1 and A.6, we can therefore make these restriction systems cofi-
brant and then prolong them back to orthogonal spectra, giving a map in the homotopy
category of genuine restriction systems of orthogonal spectra

PE®K (End’ (,€/Dp)) — THH® (€ Dp).
Proof. Apply Example 8.7 to the middle term
THH" (1.5€; (0.5 D) )

of the zig-zag that defines the r-fold Dennis trace (7.16). By the naturality of the con-
struction, this gives a Xa-diagram of restriction systems of simplicial orthogonal C,.-
spectra. Concretely, such an object consists of orthogonal spectra X 1, .k, with the
structure of a X5-diagram in the first (n + 1) indices, and of a genuine restriction system
in the last index, that commute with each other. By naturality, the maps of the additiv-
ity theorem for THH™ (Theorem 7.10) give a map of Zx-diagrams of restriction systems
of simplicial orthogonal C,-spectra.

We next check that the inclusion of K-theory (7.14) also gives a map of X5-diagrams
of restriction systems of simplicial orthogonal C,-spectra. We already know it commutes
with most of this structure by the argument before Definition 7.13; the only new thing
to check is agreement with the maps of the restriction system. By Remark 2.21, we can
rewrite the maps of the restriction system on the left using the HHR norm diagonal, and
then the inclusion of endomorphisms commutes with the restriction system structure,
simply because the norm diagonal is natural:

PCr3®0b End" ((C/D)g) —— @ \/ A\ DL(a;),R(a;+1)

ai,....ars€0bCI=1

D, TDr

S
$®0bEnd® (,(€/D)p) —— /A DWL®b,),R(b;s1)).
bi,...bscobCi=1

Each of the desired two maps is now a map of systems of spectra Xz, . r.r With
both a Zj-action and with restriction maps. We re-interpret these as X-diagrams of
restriction systems and take their realization to get symmetric spectrum objects in pre-
restriction systems. We identify these with pre-restriction systems of bispectra by noting
that the geometric fixed point functor for bispectra is (uniquely) isomorphic to the func-
tor that takes the geometric fixed points at each symmetric spectrum level separately
(ICLM™, Definition A.9]).

It remains to check that we actually have restriction systems, in other words that the
geometric fixed points agree with the left-derived geometric fixed points. We already
know this for K-theory and THH but not for the middle term of our zig-zag. To verify
this condition, it is enough if each of the C,-bispectra Y, . is a cofibrant orthogonal C,-
spectrum at each symmetric spectrum level Y, .. In other words, we must show that
the realization in the k¢ through %k, directions, |X.. ..l, is a cofibrant orthogonal C,-
spectrum.

To accomplish this we use the model structure on restriction systems of orthogonal
C,-spectra from Proposition A.6 and then take cofibrant replacement in Xj-diagrams
of such objects by [CLM*, Theorem 6.4]. Then for fixed n, each system X 1, %, -
is Reedy cofibrant, meaning each latching map is a cofibration of restriction systems.
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Therefore for each fixed value of r the latching map is a cofibration of orthogonal C,-
spectra. Therefore the realization is a cofibrant orthogonal C,-spectrum. Therefore,
after cofibrant replacement we get a zig-zag of maps of restriction systems of bispectra.

Note that after this replacement, the backwards map of the zig-zag is an equivalence
of bispectra at level 1 of the restriction system. By Proposition 2.19, it is therefore an
equivalence of C.-bispectra at level r for every r = 1. This finishes the proof. O

8.2. Topological restriction homology.

Definition 8.9. For any O,-pre-restriction system, the spectra ©,(X,) assemble into a
diagram indexed by the category [ with one object for each n = 1, one morphism n — m
when m|n, and no other morphisms (as in [Mad94, §2.5]). For any O.-pre-restriction
system, the spaces ©,(X;,) assemble into a diagram indexed by the category [.

Let X. be a genuine restriction system. Define maps

(y,)%s
RLLAN

Cs
(8.10) XCr =(XC)C 2y (@0 X,4)Cs x&

by first composing the canonical map x from categorical fixed points to geometric fixed
points and the structure map y,. Then apply categorical Cs-fixed points. As above,
this makes the spectra X,? " into a diagram indexed by I. We define the underived
topological restriction homology of X. by

TR™(X,) = liDme".

If in addition each X, is fibrant as an orthogonal C,-spectrum, we define the topo-
logical restriction homology of X. as the homotopy limit

TR(X.) = holuimX,?" .

To define TR for an arbitrary genuine restriction system, we first take a fibrant replace-
ment in the model structure from Proposition A.6, and then take the homotopy limit as
above. There is a canonical map TR"™ — TR that takes fibrant replacement and passes
to the homotopy limit.

Definition 8.11. For any pointwise cofibrant spectral category C and pointwise cofibrant
(G, C) bimodule X, we write TR(C; X) for the TR of the restriction system THH"®(C; X) from
Example 8.7.

When € = A is a ring spectrum and X = A, this is the classical definition of topological
restriction homology. On the other hand, if we take a general (A, A)-bimodule spectrum
M, this is a spectral version of Lindenstrauss—McCarthy’s W(A; M) [LM12].

Before defining the TR-trace we need one more technical result.

Lemma 8.12 (Example A.2). Let X. be a naive restriction system of symmetric spectra.
Then PX*X, is a genuine restriction system of orthogonal spectra and there is an isomor-
phism

TR"™(PZ*X.) 2 PX*X; = PX;.
We are now ready to define the TR-trace.
Definition 8.13. The TR-trace is the map trc: K(End(;C/Dp)) — TR(C; ; Dy) defined
as the composition
K(End(; C/Dp)) = TR™(PZ*K(End"(; €/Dp))) — TR(PZ*K(End’(; C/Dy)))
(8.14) — TR(THH"(C; . Dg)) = TR(C; ; Dp).
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Example 8.15. Taking C = 47 for a ring spectrum A, and twisting by an (A, A )-bimodule
M, the TR-trace gives a map

(8.16) tre: K(A; M) = K End(P/M,,) — TR(P; M) — TR(A; M).

As before, the TR-trace is identically zero on the zero endomorphisms, so induces a map
out of cyclic K-theory

(8.17) tre: KY(A; M) = K(A; M) — TR(A; M).

Remark 8.18. We briefly discuss two compatibility statements with the existing litera-
ture. One is that when M = A and we restrict to identity morphisms, we recover the
usual trace K(AP) — TR(A?P) as in e.g. [BHM93]. Recall that the more common def-
inition arises by using the fact that the inclusion of identity morphisms into THH(C)
lands in the categorical fixed points THH(G’)Sl, and then constructing a natural map
THH(C)S' — TR(C) out of r-fold subdivision and the restriction maps in equivariant sta-
ble homotopy theory. However, the r-fold subdivision applied to the inclusion of identity
morphisms (6.8) agrees with the equivariant inclusion of identity morphisms in (7.14),
so our construction produces the same map to TR.

The other statement is that our trace agrees with the trace to W(A; M) as defined by
Lindenstrauss and McCarthy for discrete rings [LM12]. The comparison can be sketched
just as in Remark 6.22, only the equivalences are C,-equivariant and we compare the
r-fold inclusion of endomorphisms map (7.14) with the one in [LM12, 9.1].

8.3. The ghost map.
Definition 8.19. Let X. be a genuine restriction system. The ghost map
g =(gn): TR(X.) — an

n=1

is defined by the composites

gn: TR(X.) s X6 Iy x

where F* denotes the inclusion of fixed points.

The ghost map is defined in the same way for underived TR. It is natural with respect
to maps of restriction systems, and with respect to the inclusion of underived TR into
TR, and this naturality makes it easy to compute.

Proposition 8.20. Let C be a spectral Waldhausen category and let  C/Dg be a twisting
of C. Then the following diagram commutes

KEnd(,€/D,) —=—— TR(C;,Dp)

'L R
Anl Jgn
KEnd™ (,&/D,) =" THH®™ (€;, D),

where A, is the duplication functor from Definition 7.2. Setting n =1, we conclude that
the TR-trace is a lift of the Dennis trace along the first ghost map g1:

KEnd(,€/Dy,) —— TR(C;, D)

trc(l)
81

THH (€;,Dp) .
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Proof. By Lemma 8.12, the underived TR of the genuine restriction system
PE*K End’ (;C/Dg)

is the K-theory of endomorphisms K End ( LC’/DR). Using the naturality of the ghost
map, it suffices to prove that under this identification, the nth ghost map

gn: TR™PI®K End’ (;C/Dp) — KEnd"™ (,€/Dj)

agrees with the map induced by A,,.

The nth ghost map for the restriction system applies the inverse of the structural
isomorphisms y, (see Example A.2) to get to the C,-fixed points of the nth term, then
includes the C,,-fixed points into the entire K-theory spectrum

-1 Cn n
K End® (,€/Dp) ™ K (End™ (,€/Dp)) " = K End™ (,€/Dy).

It follows from the definition of vy, that this composite is the map induced by the dupli-
cation functor A,,. O

Using the ghost map, we can extend the result of Proposition 7.18.

Theorem 8.21. Let A be a ring spectrum, let P be a perfect A-module, and let M be an
(A,A)-bimodule. The image of the class [f1€ Ko(A; M) determined by a twisted endomor-
phism f: P — M Ay P under the composite

(8.22) K(A; M) _tre, TR(A; M) BELEN THH"™(A; M) —— THH(A; M"a")
is the homotopy class of the trace of the iterate [tr(f°")] € mo THH(A ; M"A™),

Proof. By naturality of the ghost map, we may apply g, before simplifying from P to
A. This gives the top route in the commutative square of Proposition 8.20 followed by
the equivalence THH™(P; M) =~ THH(A; M 4™). The composite then agrees with the
bottom route of Proposition 8.20 composed with this equivalence, and thus, by Proposi-
tion 7.18 with each f; = f, takes [f] to [tr(f°™)] € mo THH(A ; M"4"), O

9. CHARACTERISTIC POLYNOMIALS, ZETA FUNCTIONS, AND THE REIDEMEISTER
TRACE

In this section we explain how the characteristic polynomial, the Reidemeister trace,
and the Lefschetz zeta function are all encoded by the TR-trace. The first result is that
when A is a commutative Eilenberg—Maclane spectrum, the TR-trace

KyEnd(A) — 719 TR(A) = W(A) = (1 + tA[[t]D)*

takes each endomorphism [f]e€ Ky End(A) to its characteristic polynomial (Theorem 9.9).
Here W(A) = (1 + tAll£]])* is the ring of big Witt vectors of A, and the isomorphism
719 TR(A) = W(A) is aresult of Hesselholt and Madsen [HM97], see also [Hes97, DKNP20].
As aresult, the TR-trace of this paper is a generalization of the characteristic polynomial
map KoEnd(A) — (1 +tA[[¢]1])* studied by Almkvist and others [Alm74].

The second result is that when A = 23°QX is a spherical group ring with X finitely
dominated and path-connected, each based map f: X — X defines a class

[f1€ Ko(EPQX;32°0 X)

whose image in TR records the Reidemeister traces R(f") for all n = 1. Using [MP18b],
this implies that the trace to TR takes [f] to its Fuller trace R(¥"f)°» for all n = 1
(Theorem 9.33). On the other hand, if we map forward to TR(Z) = W(Z) then this class
becomes the Lefschetz zeta function of f (Theorem 9.22).
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In each of the above two cases there is a splitting of 79 TR into an infinite product,
but the splittings arise for very different reasons. We refer to the splitting of TR(Z°QX)
as tom Dieck coordinates and the splitting of TR(HA) for a commutative ring A as
Witt coordinates. These should not be confused with each other, nor should they be
confused with the image under the ghost map, which we call ghost coordinates. When
we apply the ring homomorphism S — Z to move between the above two examples, all
three of these coordinate systems come into play (Proposition 9.24). The distinction
between them is needed to fully comprehend how the Lefschetz zeta function of a map
f: X — X is related to the Fuller trace R(¥"f)Cn.

9.1. The case of commutative Eilenberg-MacLane spectra. The case of commu-
tative Eilenberg—MacLane spectra is intimately tied with the Witt vectors. There is a
conceptual reason for this: by Theorem 8.21, the TR-trace records the traces tr(f°") of
the iterates of an endomorphism f. The structure of the Witt vectors collates this infor-
mation into a single class in 7y TR(A) which corresponds to the characteristic polynomial
xr(t) =det(1-¢tf).

In this section, A is a discrete commutative ring. We abuse notation and make the
abbreviations TR(A) = TR(HA), etc., so that we have no need to explicitly refer to the
associated Eilenberg—MacLane spectrum.

We briefly recall the basic facts regarding the ring of (big) Witt vectors W(A) of
A, referring the reader to [Alm74, Gra78, Hes03, Cam19] for more details. As a set,
W(A) = A%+ consists of collections a = (a,) of ring elements a, € A indexed by the posi-
tive integers n = 1. We equip W(A) with the addition and multiplication uniquely deter-
mined by the requirement that the ghost coordinates map

(9.1) w=(wy): WA)— A", wy@)=) da"?
din

is a natural transformation of functors from commutative rings to commutative rings,
where the ring structure on A%+ is defined componentwise. There is a natural isomor-
phism of abelian groups

(9.2) W(A) = (1+tA[[£]D*  defined by a— [[(1-ant™),

n=1
and the group of invertible power series can be given an additional binary operation for
which this is an isomorphism of rings. The relevance of the ring structure on W(A) =
(1+tAllt]D)*, for our purposes, is that the characteristic polynomial map
Ko(End(4)) X (1 + tA[[£1])*
[f: P — P]l— det(1-tf)
is a ring homomorphism. In fact:
Theorem 9.3 ([Alm74]). For any discrete commutative ring A, x induces an injective
ring homomorphism
Ko(End(A)) := Ko(End(A)) / 11Ko(A) L @+ tAlLeD

and the image consists of precisely those power series that are quotients of polynomials.
Corollary 9.4. A surjective ring homomorphism A — B induces a surjection

Ko(End(A)) — Ko(End(B)).

In order to state Hesselholt—Madsen’s isomorphism W(A) = 7y TR(A) in a useful way,
we will also need the Witt vectors W,y(A) = A indexed on the truncation set

(ny={d€Z,:d|n}.
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The set W(,;,(A) is made into a commutative ring by declaring that the ghost coordi-
nates map w: Wy, (A) — A, defined as in (9.1), is a ring homomorphism. The re-
striction maps R™%: W,,(A) — W,4,(A), which forget the elements indexed by divisors
of n that do not divide d, are also ring homomorphisms. We make the identification
W(A) = lim, W,y(A), where the limit is taken over the restriction maps.

We now recall the result of Hesselholt—-Madsen, expressed in terms of the restriction
system THH*(A) from §8.1.

Theorem 9.5. [HM97, Add. 3.3] There is a natural isomorphism of rings
I,: Wiy (A) = 7o THH™(A)C

defined by

I(@)=Y V4Analaa).
d|n

Here
Ar: A =7y THH(A) — 7o THH(A)C"
is the duplication map induced by the map a — a”" on 0-skeleta, and

Ve 1o THH™(A)¢" — 7y THH@(A)Car

is the Verschiebung map on THH, defined in terms of the equivariant transfer for the
subgroup C, < Cg4,. The isomorphism I respects the ghost coordinate maps on its doman
and codomain, in the sense that gj01I, = wg for every d | n, where

n/d d
g4 1o THH™(A)C Z22, 70 THH@D(A)C 22 7y THH @A) = A
is the d-th ghost coordinate map on mo THH™(A)C".

Proof. Since our conventions are different from those of Hesselholt-Madsen, it’s worth
saying something about the proof. The main point is that under the equivalence

THH™(A) ~ THH(A)

of Proposition 7.8 (see also Remark 7.6), our definitions of the restriction map R”, in
terms of the restriction system structure map, and the Frobenius map F", in terms
of the inclusion of fixed-points, agree with Displays (1) and (16) of [HM97]. It follows
that on the n-th component THH™(A)C» of the restriction system, our ghost map g (see
Definition 8.19) agrees with theirs (denoted by w). The statement of the theorem then
follows as in [HM97, Add. 3.3]. O

Lemma 9.6. There is a natural isomorphism of rings I: W(A) =, 710 TR(A) that respects
the ghost coordinate maps, meaning that gol = w.

Proof. The map we want is essentially I =1lim,, I,, the limit over the restriction maps R
of the isomorphisms I,,. Technically, this produces an isomorphism to lim,, 7o THH(A)%",
but it lifts to an isomorphism to 7o lim, THH(A)" because lim! 7; THH(A)C» = 0. This
last claim follows from the surjectivity of R in the proof of [HM97, Prop 3.3], which
generalizes from the p-typical case by the discussion on [HM97, p. 55]. ]

Let f: P — P be an endomorphism of a finitely generated projective A-module, with
associated K-theory class [f]€ Ko(End(A)). By Theorem 8.21, the image of [f] under the
TR-trace and the ghost map is

(r(F), tr(£°2), tr(£°2),..) € ] o THH(A;4) = [] A.

n=1 n=1
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As explained in [Hes03, Cam19], along the isomorphism W(A) = (1 + tA[[#]1])* of (9.2),
the ghost map of W(A) is identified with the negative logarithmic derivative

—t4 1o
(L+ LAl — 2% AT = [] A
n=1

Lemma 9.7. The element of [1,,=1A given by the iterated traces (tr(f°")) is the negative
logarithmic derivative of the characteristic polynomial

xr(t) =det(id —¢f) € (1 + tAl[LID™.

In other words, the following diagram commutes.

9.8) Ko(End(A))
tre X
7o TR(A) (1 + tA[[tID*
Hgnl l—t% log
* A tA[[t]]

Proof. When A is an algebraically closed field, this follows by induction on the eigenval-
ues. It therefore holds for any integral domain, by passing to the algebraic closure of the
fraction field. In particular, it holds for any polynomial ring over Z. If A is a general
commutative ring, then there is a surjection from a polynomial ring to A. Using Corol-
lary 9.4, the statement therefore holds for A as well. See [Cam19, 4.24] for a different
derivation. O

Theorem 9.9. Let A be a commutative ring. Then the following triangle commutes.

(9.10) Ko(End(A))

70 TR(A) ——— W(A) ——— (1 +2A[LID”

In other words, as invariants underneath the K-theory of endomorphisms, the trace to
19 TR(A) is isomorphic to the characteristic polynomial.

Proof. Pasting the diagrams in Displays (9.8) and (9.10) together gives the diagram

Ro(End(A))
tre X
7o TR(A) f W(A) — - (1+ tA[[H)
Hgnl % l—t% log
0 A tA[[]).

n=1

The maps along the outside edge commute by the previous discussion, as does the trape-
zoid and the small triangle on the left (Lemma 9.6). If A is torsion-free, the two vertical
maps are injective and therefore the triangle at the top commutes as well.

To extend to the case where A is any commutative ring we use a standard trick (see
e.g. [Gra78, p. 6]). Pick a surjective ring homomorphism A’ — A with A’ torsion-free,
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and observe that the diagram is natural in ring homomorphisms. This gives a map from
the diagram for A’ to the diagram for A, that is surjective on the terms

1o TR(A) EW(A) = (1 + tA[[£1)*

and on Ko(End(A)) by Corollary 9.4. Therefore the desired triangle for A can be deduced
from the same triangle for A’. O

Corollary 9.11. Let A be a commutative ring. Then the TR-trace K(End(A)) — TR(A) is
injective on my.

9.2. The case of spherical group rings and fixed-point theory. As in the case of
Eilenberg—MacLane spectra, the computation of 79 TR(A) for A = 23°G a spherical group
ring hinges on the interplay between the ghost coordinates and a set of splitting coordi-
nates for 7o TR(A). However the splitting here arises for a very different reason, namely
the tom Dieck splitting from equivariant stable homotopy theory.

Proposition 9.12. If X, is a naive restriction system of spaces, then the TR of its suspen-
sion genuine restriction system XX, from Example 8.5 has a tom Dieck splitting

TR(E®X.) = [[(Z®X)nc;-

j=1

Proof. We interpret the naive restriction system as a Z-space X with no free orbits, so
that X,, = X™Z. Under the identification C,, = Z/nZ, the generator of the cyclic group C,,
acts on X,, = X"? by 1€ Z, and the generator of the subgroup C,/; <C, acts by j € Z for
each positive divisor j | n.

The proposition is a consequence of the classical tom Dieck splitting theorem, which
tells us that the derived fixed point spectrum of the suspension spectrum of X, splits as
a wedge of homotopy orbits

(Z°X,)%" = (X5 = \/ 22X D), =\ 22X Dac,-
Jin Jin

Here all of the fixed points labeled by cyclic groups C; are genuine fixed points, i.e.
they are implicitly right-derived. We also need the standard fact that the restriction
(Z°X"L)Cn — (22 X*Z)Ck for E|n corresponds along this splitting to the map that re-
stricts to the summands where j|k.

These statements only apply in the homotopy category, so they do not directly imply
anything about the homotopy limit defining TR. However, the map from jth summand
is described more concretely as a transfer followed by a splitting of the restriction map:

. _\C; N\ Cj
22Xy, I (22x77) 7 — ((£2x77) ) = (22X,

Therefore, if we pick a representative for the splitting ¢,: (2°X,)¢" — (Z°X »ne, for
each n =1, the jth term of the splitting in the homotopy category is given by the formula

N\C; t;
X, = (2°K,) ) & (2°X,)7 2 20 e,

This defines a map of homotopy limit systems from (£*°X.)%* to a product of homotopy
limit systems over j = 1, the jth system having nth term 2°°(X;),c; when jln and =
when j {n, with all identity maps between them. On each term this map of homotopy
limit systems is an equivalence by the above discussion, so it induces an equivalence of
homotopy limits. This gives the desired tom Dieck splitting of TR. ]
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Remark 9.13. There is a generalization of the tom Dieck splitting theorem due to Gaunce
Lewis [Lew00] that applies to the orthogonal C,-spectrum PX®K (End™ (,C/Dg)). We
could use this together with the argument in Proposition 9.12 below to identify the mid-
dle term of (8.14) as the infinite product

(n)
9.14) };[11{ (End (LG/DR))hC" .
The inclusion of underived TR is then just the first term in this product. Note that the

map to the TR system described in Proposition 9.12 does not respect this splitting.
Example 9.15. Along the tom Dieck splitting, the ghost map is a map of products

g: [[E®Xjne, — [] Z°X,.
j=1 n=1
To compute its nth coordinate we use the product system from the proof of Proposi-
tion 9.12:

TR(Z®X.) — (2°X,,)¢» — L 5ox,

L

[1E*Xne, — [TEZX ic,

j=1 Jln
We then use [Mall7b, 4.4] to compute the dashed composite as the sum over all j|n of
the transfers and inclusions
(9.16) (E¥X Jhe, T 20X, = 20(X,)C0 — I%X,,.
On 7o, the composite takes every path component of (X;)xc; to the weighted sum of its
preimage components in X; (weighted evenly so that the total weight is j), then maps
forward to the corresponding components of X,. Here is a useful consequence of this
description in the case j =n.

Proposition 9.17. For a suspension spectrum restriction system, the ghost map on 7y

g=(gn): 1yTR(Z®X,) — H XX, = H Hy(X,)
n=1 n=1
is injective.

We now apply the tom Dieck splitting to TR of a spherical group ring. Let G be a
topological group or grouplike topological monoid and write S[G] = Z3°G for its suspen-
sion spectrum. Let A be a topological space with commuting left and right G-actions.
Assume that G and A are cofibrant as topological spaces. Then the restriction system
THH*(SIG];S[A]) from Example 8.7 is the suspension spectrum of a naive restriction
system whose nth level is the bar construction in unbased spaces B(G*";A;"). Proposi-
tion 9.12 therefore gives a splitting (where the ¢; denotes coinvariants)

TR(SIG]; SIAD = [[ ZXBG ;A e,
j=1
7o TR(SIGL; SIAD = [| HHo(ZIm0G 1% ZImo ALY )¢,
j=1

1o TR(SIG]) = [ [ HHo(Z[70GY)
Jj=1

For a based connected CW complex X, we take G = QX to be any well-based topologi-
cal group modeling the loop space of X. Let f: X — X be a basepoint preserving self-map
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of X. We let A = Qf X be QX with the usual right action, and left action twisted by f,
i.e. given by the composite

Qf xid mult

QX xQX QX x QX — QX.

The tom Dieck coordinates can then be described as

mo TR(SIQX1;SIQ/ X 1) = [] HHo(ZIn1 X 1; ZIm1 X 121y,
j=1

where (-)7, denotes coinvariants under the action of f on each copy of 71 X.
The above is true in general, but if X is finitely dominated, then S is perfect as a left
S[QX]-module, and we can pick out a distinguished class

[£1€ Ko(End(SIQX; SIQ X1)).
It is the twisted endomorphism of (S[Q2X ], S)-bimodule spectra
(9.18) S = SIO X1 Asiax1 S

that is homotopy inverse to the map that collapses the bar construction on the right back
to S. This is the suspension of the canonical isomorphism

ax* = fQXQQX*

arising from the fact that f and the identity agree after composing with X — *. By
[Pon10], its bicategorical trace is the Reidemeister trace

R(f): S — THH(S[QX]; SIQ X )).

Theorem 9.19. For any finitely dominated space X and basepoint preserving self map
f: X — X, the image of the class [f] from (9.18) under the composite

tre

Ko(SIQXT; SIQf XD — 70 TRSIQX L SIQf X 1) —— [] HHo(ZIm1 X1 ZIm1 X Tpon)

n=1
is the Reidemeister series (R(f),R(f°%),R(f°3),...).
Proof. By Theorem 8.21, the nth factor of this map is the trace of the composite

S =SIQ X1 Asi0x1S = SIQ X] Asax) SIQ X1 Asiax) S = -+ = SIQ X105 A g0 5 S.

Collapsing the copies of S[Qf X] together gives the bimodule S[Q/ " X] and the twisted
endomorphism (9.18) with f replaced by f°”. Therefore, along the resulting isomorphism

(9.20) THH(S[QX];S[QfX]A§[QX]n) ~ THH(S[QX];S[QfDnX])

this trace is taken to the Reidemeister trace of f°”. ]

Remark 9.21. The TR-trace without coefficients A(X) = K(S[QX]) — TR(S[QX]) there-
fore gives traces of the identity map, as in [Lyd95].

The ring map 7n: S[QX]— S that collapses QX to a point and the corresponding bi-
module map S[Qf X]— S induce a map on topological restriction homology

TR(S[QX];S[Qf X]) —— TR(S).

We may further compose with the ring map S — HZ to land in TR(Z).
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Theorem 9.22. The composite

tre

Ko(SIQX], SIQf X 1) = 1o TR(SIQX ]; SIQT X 1) = 710 TR(S) — 710 TR(Z) = (1 + ¢ Z[[£]])*
maps the twisted module endomorphism [f]from (9.18) to the Lefschetz zeta function
exp (f E ( > L(f°")t")) = exp ( > Iﬁt”) .
t n=1 n=1 n

Proof. Naturality of the ghost map implies that the following diagram commutes, where
the vertical maps are ghost maps:

(9.23) o TR(S[QX];S[QfX]) —— 19 TR(S) —— (1 + Z[[¢]1D*
gJ/ gJ J{—t%log
[ HHo(Z[71X1; Z[71 X ] pon) [1z = tZI[t]]
n>1 n>1 -

By Theorem 9.19, the class [f] in the upper-left goes to the Reidemeister traces R(f°")
in the lower-left. The augmentation sends these to the Lefschetz numbers L(f°") in
the lower-middle. This agrees with the image of the Lefschetz zeta function along the
logarithmic derivative. Since the logarithmic derivative is injective, we conclude that
the image of [f] in the upper-right is the Lefschetz zeta function. O

In fact, the passage from S to Z in Theorem 9.22 has no effect on 7y TR:

Proposition 9.24. The ring map S — HZ induces an isomorphism

710 TR(S) = 19 TR(Z) = (1 + tZ[[¢1D ™.

Proof. Expanding the right-hand square of (9.23) using the tom Dieck splitting and Witt
coordinates, we get the commuting square

Jj= 1=
| [ ]
[[z—1]z (W), —— (W) ;.

The ghost coordinates w, are given by the formulas

Y dbg=w, =Y da"?,
dln d|n

the first arising from Example 9.15 and the second from Display (9.1). It is an easy
observation that both of these maps are injective. Therefore the top horizontal map is
injective.

To prove it is surjective, we reverse-engineer the second formula to write a, as %wn
plus a rational polynomial in the a4 for d|n, d < n. Inductively, this implies that a,
is expressed as a rational polynomial in the b, for d|n, whose b,-term is %(nbn) =b,.
Clearly changing the value of b,, then allows us to attain any integer value of a,, so by

induction this collection of polynomials defines a surjective map to [];>1 Z. ]
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Remark 9.25. The isomorphism g TR(S) =, 19 TR(Z) is given from tom Dieck coordi-
nates to Witt coordinates by the following polynomials in the first few degrees:

a1 = by b1 = a1
b2-b a’-a
as = bg—L— ! by = a2+—12 !
b3-b3 at-a
a3 = bz3——231 b = ag+-5—

The polynomials for a4 and b4 have many more terms, for instance
1 3 1
as=by+7 2by — b2 +2b%bg —2b1bg — Eb‘{uﬁ— Eb§+bl :

Though it is not directly apparent from the formula, this polynomial is integer valued
on integer inputs.

9.3. The relation to the free loop space and periodic-point theory. For a space X
and self-map f: X — X, let £/ X denote the twisted free loop space

L'X = {y: 10,11 — X1y(0) = f(y(L)}.
In this final subsection we describe how the work of the previous subsection is related to
[MP18b], which investigated the Reidemeister traces R(f°") as elements of
mo(EPLT X) = Ho(L!™ X),

rather than HHo(Z[71X1;Z[71X]z»). When X is path-connected and f preserves a cho-
sen basepoint, the two definitions of the Reidemeister trace agree along the equivalence
(see [LM18, 6.5], [CP19, Cor A.14], [Mal19, 8.2.8])

(9.26) THH(SIQX1;SIQ X ]) =~ 2L/ X,

We first lift this equivalence to an equivalence of restriction systems. Let W"(f) =
f*"op~! denote the nth Fuller construction of f as in [KW10, MP18b]:

Xx...xXLXx...xX

(xl’x2""’xn) (f(xn)7f(x1)77f(xn—1))

An element of the twisted free loop space £L¥ (X" consists of an n-tuple of points
x1,...,%, € X and paths y; from f(x;) to x;;+1, indices modulo n. As n varies, the sus-
pension spectra Zﬂ’f’Lw(f )X™ form a naive restriction system (Example 8.3.8.3). Follow-
ing [MP18b] and the precedent set by [BHM93], we denote its topological restriction
homology by TR(X; f).

Proposition 9.27. For any path-connected X and basepoint-preserving f: X — X, there
is an equivalence of restriction systems
THH"(SIQX];SIQf X]) =z P x7
and therefore an equivalence on TR
TR(SIQX]; SIQ X]) = TR(X;; f).

To prove the proposition, note that both sides of the equivalence are homotopy invari-
ant, and so we may without loss of generality assume that X = BG for a cofibrant topo-
logical group G, and use G as the model for QX. We may also assume that f: BG — BG
arises by applying the classifying space functor to a group homomorphism, which by
abuse of notation we also denote f: G — G.

The first step is to identify

(9.28) THH(r)(§[G];§[fG]) = THH(§[er];§[ferxrp]) = THH(§[G”];§[\I,,(f)G”])
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by applying p~! once to the bimodule coordinate. This gives an isomorphism of restric-
tion systems where the one on the right arises from the isomorphisms (¥75(f))°" = W5(f).
The proposition then follows from the next lemma by passage to suspension spectra.

Lemma 9.29. There is a natural equivalence of restriction systems of spaces
BY(G5 o &) = £V DBGT.

Proof. We start by constructing two equivalences of spaces

(9.30) BY(G; ,G)—EG xg fGad = r'BG

where fG?"d denotes G with the left G-action g-a = f(g)ag™!. The first equivalence is
actually an isomorphism, and is defined on k-simplices by

(81, 81:8)— 81| 18rl8&1 - gh-
To define the second, we compare two different fibrant models for the base change 1-cell
aBG ;= [BG 1, BG@G] in the bicategory of parametrized spaces over varying base spaces.

The first is the fibrant approximation of the parametrized space (id, f): BG — BG?
given by the space of paths (ev, foev): BG! — BG?2. The second is EG? x 2 fG, where

fG is given the left G2-action (g,h)a = f(g)ah™!, and the map to BG? arises from the
projection (p1,p2): EG2 — BG2. The equivalence

(9.31) BG — EG? x2 /G, g1l 1grl— (g1, f(@ |1 (g, f(gr)]e

of spaces over BG? is the fibrant approximation map. We form a commuting square of
spaces over BG? where the horizontal maps are induced by (9.31) and the vertical maps
are inclusion of constant paths:

BG ——— EG?x G

-| |-

BG! —— (EG® xg2 G

The final space projects to BG2 by (p10evg, paoevi). If we remove the upper left instance
of BG, the other three spaces are fibrant over BG2, hence we can pull them back along
the diagonal A: BG — BG? to get a zig-zag of equivalences of spaces over BG

L'BG = A" ((EG® xg2 ;@) | — EG xg ;G*.

The second equivalence in (9.30) is this zig-zag.
Applying the construction (9.30) to the group G*” and the map ¥"(f): G*" — G*7,
we have a composite equivalence

xr, X = X dxr = P (f) X
BY(G r’\yr(f)G " EG rxer ‘I"(f)Ga r= fBG r,

which defines each level of the equivalence of restriction systems in the statement of the
lemma. Since both of the maps are C,-equivariant, and taking fixed points with respect
to a subgroup of C,. gives the same maps for a smaller value of r, the desired equivalence
of restriction systems follows. ]

Remark 9.32. The map (9.30) is the canonical equivalence between two different mod-
els for rA*(;,BG f) that are computed by deriving the base change functor A* in two
different ways. It follows that each level of the equivalence of restriction systems in
Proposition 9.27 is a point set model for the comparison map of shadows induced by
the equivalence of symmetric monoidal bifibrations from [Mal19, §8.2] (see also [MP18a,

§14]).
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Recall from [MP18b] that the Fuller trace R(¥™(f))C" is defined as the C,,-equivariant
Reidemeister trace of the map W*(f). By the main theorem of [MP18b], these assemble
to define a class

R(Y(f)) € o TR(X; )
called the infinite Fuller trace.
Theorem 9.33. The composite

Ko(SIQX1,SIQ XD % 70 TR(SIQX L SIQf X1) = 7 TR(X; /)
of the TR-trace and the equivalence from Proposition 9.27 takes the class of the twisted
module endomorphism [f] from (9.18) to the infinite Fuller trace R(W°(f)).

Proof. We examine the image of the class [f] under the TR-trace and the routes in the
commutative diagram

7o TR(SIQX1;SIQf X1) ——— 7o TR(X; )

le e

7o THH(SIQX 1, SIQY X 1) —— moze ¥ x*n

Iz

1o THH(S[QX1; SIQF ™" X)),

where the upper square commutes by the naturality of the ghost maps for the equiv-
alence of restriction systems from Proposition 9.27, and the lower-left vertical map is
the composition of (9.28) and (9.20). Theorem 9.19 states that the image in the lower
left corner is the Reidemeister trace R(f°") of the iterate. By the unwinding argument
of [MP18b, Thm. 1.1], it follows that the image in the middle-left is the Fuller trace
R(¥Y"(f)). Therefore the image in the middle-right is R(W"(f)) as computed in parame-
trized spectra. By Proposition 9.17 the upper vertical maps are jointly injective, hence
the image of [f]in my TR(X; f) is the infinite Fuller trace R(W°°(f)). ]

Since the infinite Fuller trace capture the behavior of n-periodic points for every n =1,
the theorem suggests that K-theory might capture deeper dynamical information. We
plan to continue this investigation in future work.

APPENDIX A. MODEL CATEGORIES OF RESTRICTION SYSTEMS

Recall that in §8 we introduced the notion of a “restriction system” to link the equi-
variant Dennis traces together and define the TR-trace. A restriction system is like a
cyclotomic spectrum, but more general. In this appendix, we show how to move these
restriction systems between different models of spectra, and we establish a model struc-
ture for pre-restriction systems in the spirit of [BM15].

Recall the notion of an equivariant bispectrum from [CLM™*, Appendix A]. We define
genuine restriction systems of these bispectra by using the geometric fixed point functor
from [CLM*, Definition A.9].

Proposition A.1. If X. is a genuine (pre-)restriction system of bispectra and each X, is
cofibrant as a C,-bispectrum then the prolongation PX, to orthogonal spectra is naturally
a genuine (pre-)restriction system of orthogonal spectra.

Proof. We define the structure maps by

= Pe,
o6 pX, — PO X, —— PX,.
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By [CLM™, Proposition A.7], P preserves equivalences of cofibrant spectra, so if the maps
¢, are stable equivalences then so are these new maps. To check these form a pre-
restriction system it suffices to show the diagram below commutes. The top-right region
commutes because the bispectra X. form a restriction system. The bottom-right region
commutes by naturality and the left-hand region commutes by [CLM*, Lemma A.13].

= P rs
OCrPX, gy POCr X, —— L PX,

lit TPCS

POCs ¢,
it POCsdCr X,y —— PO X,

|z |z

= % Pe,
OC DCrPX gy ¢ OCPDCr X, L oCpX,,
O

Example A.2. For every termwise cofibrant naive restriction system of symmetric spec-
tra X., the orthogonal suspension spectra Z*°X, form a genuine restriction system of
bispectra. In fact, the restriction map from the categorical fixed points

K (E0X,5) — 0O E®X,

is an isomorphism, so we define the maps of the genuine restriction system using the
inverse of the naive restriction system maps:

O 2 N A
Their compatibility follows immediately from rigidity.

Example A.3. Similarly, for every genuine restriction system of orthogonal spectra X.,
the symmetric suspension spectra 2*°X. form a genuine restriction system of bispectra
with structure maps
030K, = 3P0 X, Y 30X,
Next we place model structures on the various categories of restriction systems. It is
simple enough to do this for naive restriction systems {X,} because they are equivalent
to spectra with a Z-action and no free Z-orbits. The weak equivalences and fibrations
are measured on each term X, separately, and the cofibrations are generated by the
maps of naive restriction systems that are * at all levels n not divisible by a, and the
shift-desuspensions of the canonical inclusions

F,(S* 1 x7/a7), — F,(D* x Z/aZ),

at all levels n where a | n.

Proposition A.4. This defines a model structure on naive restriction systems of symmet-
ric spectra.

Next we turn to the model structure on genuine restriction systems. The idea, as in
[BM15, §5], is to build a model structure on genuine pre-restriction systems by thinking
of them as algebras over a monad C. As in that paper, this is not completely correct
because C is only a monad on cofibrant inputs, but we can still use it to create free
pre-restriction systems, which is enough to build the model structure.

Consider the category of sequences {X,},>0 in which the nth term X, is a C,,-equivariant
orthogonal spectrum or bispectrum. Such a sequence is termwise cofibrant if each X,,
is cofibrant in the stable model structure. We define C{X.} to be the sequence with nth
term

CX =V O X

m=1
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If the sequence {X.} is termwise cofibrant then we make C{X.} into a genuine pre-
restriction system by defining ¢, to be the composite

DCC{X .} s C{X.)s

|| T

oCr ( \V; @Cme,s) —— \ @YX, —— \) O X
m=1 m=1 m=1

Note that the final map is an inclusion of some but not all of the summands of C{X.};.

Hence this is a not a restriction system, only a pre-restriction system. The compatibility

check for the structure maps ¢, can be done on each summand of the source separately,

where it follows from rigidity.

Lemma A.5. On cofibrant inputs, C is the left adjoint of the forgetful functor from pre-
restriction systems to sequences of equivariant spectra.

Proof. A map of pre-restriction systems CX — Y is given by maps of C,,-spectra
fm,n : (DCmen —Y,

for all m,n =1 that are compatible along the structure maps c,. In the case of » = m, one
finds that the compatibility condition implies that the maps f1 ,: X, — Y, determine all
of the others. O

The generating cofibrations for the model structure on pre-restriction systems are
constructed using the sets I, of generating cofibrations for C,-spectra, for all n = 1, by
considering each map as a morphism of equivariant sequences that is only nontrivial at
the nth term, and then applying C to get a map of pre-restriction systems. Concretely,
these are the maps of pre-restriction systems that are trivial on the kth term unless
k | n, in which case they are given by the maps of C-spectra

O B, ) (CalCa x SM ) — @O By (CaCa x DF)

Call the collection of such maps CI. By the preservation properties of geometric fixed
points detailed in [CLM™*, Lemma A.10], any CI-cell complex is at the nth term of the
restriction system an I, -cell complex.

We perform the same construction to the generating acyclic cofibrations, and in the
case of bispectra to the generating cofibrations for the model structure on C,-equivariant
bispectra from [CLM*, Proposition A.5]. Verifying that our definitions define a model
structure is now straightforward by checking the properties termwise.

Proposition A.6. These generating cofibrations and acyclic cofibrations, together with
the termwise stable equivalences, define a stable model structure on pre-restriction sys-
tems of orthogonal spectra or of bispectra.

REFERENCES

[Alm74] G. Almkvist, The Grothendieck ring of the category of endomorphisms, J. Algebra 28 (1974),
375-388. d0i:10.1016/0021-8693(74)90047-7 (cit on pp. 41, 42).

[ABG*18] V. Angeltveit, A. J. Blumberg, T. Gerhardt, M. A. Hill, T. Lawson, and M. A. Mandell, Topological
cyclic homology via the norm, Doc. Math. 23 (2018), 2101-2163. arXiv:1401.5001 (cit on pp. 6,
11, 37).

[Bén67] J. Bénabou, Introduction to bicategories, Reports of the Midwest Category Seminar, Springer,
Berlin, 1967, pp. 1-77. (cit. on p. 10).

[BGT13] A. J. Blumberg, D. Gepner, and G. Tabuada, A universal characterization of higher algebraic
K-theory, Geom. Topol. 17 (2013), no. 2, 733-838. d0i:10.2140/gt.2013.17.733 arXiv:1001.2282
(cit. on p. 6).


https://dx.doi.org/10.1016/0021-8693(74)90047-7
https://arxiv.org/abs/1401.5001
https://dx.doi.org/10.2140/gt.2013.17.733
https://arxiv.org/abs/1001.2282

54 J. A. CAMPBELL, J. A. LIND, C. MALKIEWICH, K. PONTO, AND I. ZAKHAREVICH

[BGT16] , K-theory of endomorphisms via noncommutative motives, Trans. Amer. Math. Soc. 368
(2016), no. 2, 1435-1465. doi:10.1090/tran/6507 arXiv:1302.1214 (cit. on p. 6).

[BM11] A. J. Blumberg and M. A. Mandell, Localization for THH(ku) and the topological Hochschild
and cyclic homology of Waldhausen categories, 2011. arXiv:1111.4003 (cit on pp. 2, 5, 6, 13, 14,

16, 19, 28).

[BM12] , Localization theorems in topological Hochschild homology and topological cyclic homol-
ogy, Geom. Topol. 16 (2012), no. 2, 1053—1120. doi:10.2140/gt.2012.16.1053 arXiv:0802.3938 (cit
onpp. 2,4, 5, 6,12, 16, 17, 19).

[BM15] , The homotopy theory of cyclotomic spectra, Geom. Topol. 19 (2015), no. 6, 3105-3147.

doi:10.2140/gt.2015.19.3105 arXiv:1303.1694 (cit on pp. 6, 37, 51, 52).

[Bok85] M. Bokstedt, Topological Hochschild homology, 1985. (cit on pp. 2, 11, 16).

[BHM93] M. Bokstedt, W. C. Hsiang, and I. Madsen, The cyclotomic trace and algebraic K-theory of spaces,
Invent. Math. 111 (1993), no. 3, 465-539. doi:10.1007/BF01231296 (cit on pp. 2, 40, 49).

[CLM*] J. Campbell, J. Lind, C. Malkiewich, K. Ponto, and I. Zakharevich, Spectral Waldhausen cate-
gories and the S.-construction. arXiv:2006.04006 (cit on pp. 10, 12, 13, 14, 15, 19, 20, 22, 23, 25,
26, 27, 34, 35, 38, 51, 52, 53).

[Cam19] J. A. Campbell, Facets of the Witt vectors, 2019. arXiv:1910.10206 (cit on pp. 42, 44).

[CP19] dJ. A. Campbell and K. Ponto, Topological Hochschild Homology and Higher Character-
istics, Algebraic & Geometric Topology 19 (2019), 965-1017. doi:10.2140/agt.2019.19.965
arXiv:1803.01284 (cit on pp. 3, 6, 10, 16, 17, 29, 36, 49).

[Dol65] A. Dold, Fixed point index and fixed point theorem for Euclidean neighborhood retracts, Topology
4 (1965), 1-8. doi:10.1016/0040-9383(65)90044-3 (cit. on p. 7).

[DP80] A. Dold and D. Puppe, Duality, trace, and transfer, Proceedings of the International Conference
on Geometric Topology (Warsaw, 1978), PWN, Warsaw, 1980, pp. 81-102. (cit on pp. 1, 6, 7).

[DKNP20] E. Dotto, A. Krause, T. Nikolaus, and I. Patchkoria, Witt vectors with coefficients and character-
istic polynomials over non-commutative rings. arXiv:2002.01538 (cit. on p. 41).

[DMP*19] E. Dotto, C. Malkiewich, I. Patchkoria, S. Sagave, and C. Woo, Comparing cyclotomic structures
on different models for topological Hochschild homology, J. Topol. 12 (2019), no. 4, 1146-1173.
doi:10.1112/topo.12116 arXiv:1707.07862 (cit on pp. 6, 11, 28, 32).

[DGM13] B.I. Dundas, T. G. Goodwillie, and R. McCarthy, The local structure of algebraic K-theory, Alge-
bra and Applications, vol. 18, Springer-Verlag London, Ltd., London, 2013. (cit on pp. 2, 4, 5, 16,
19, 28, 29).

[DM94] B. I. Dundas and R. McCarthy, Stable K-theory and topological Hochschild homology, Ann. of
Math. (2) 140 (1994), no. 3, 685-701. doi:10.2307/2118621 (cit. on p. 5).

, Topological Hochschild homology of ring functors and exact categories, J. Pure Appl.
Algebra 109 (1996), no. 3, 231-294. doi:10.1016/0022-4049(95)00089-5 (cit on pp. 2, 4, 5, 19, 29).

[DWWO03] W. Dwyer, M. Weiss, and B. Williams, A parametrized index theorem for the algebraic K-theory
Euler class, Acta Math. 190 (2003), no. 1, 1-104. doi:10.1007/BF02393236 (cit. on p. 4).

[Fau08]  H. Fausk, Equivariant homotopy theory for pro-spectra, Geom. Topol. 12 (2008), no. 1, 103-176.
doi:10.2140/gt.2008.12.103 arXiv:math/0609635 (cit. on p. 36).

[GN99] R. Geoghegan and A. Nicas, Fixed point theory and the K -theoretic trace, Nielsen theory and Rei-
demeister torsion (Warsaw, 1996), Banach Center Publ., vol. 49, Polish Acad. Sci. Inst. Math.,
Warsaw, 1999, pp. 137-149. (cit. on p. 2).

[Goo91] T G. Goodwillie, The differential calculus of homotopy functors, Proceedings of the International
Congress of Mathematicians, Vol. I, II (Kyoto, 1990), Math. Soc. Japan, Tokyo, 1991, pp. 621—
630. (cit. on p. 2).

[Gra78] D. R. Grayson, Grothendieck rings and Witt vectors, Comm. Algebra 6 (1978), no. 3, 249-255.
doi:10.1080/00927877808822245 (cit on pp. 42, 44).

[Hes97] L. Hesselholt, Witt vectors of non-commutative rings and topological cyclic homology, Acta Math.
178 (1997), no. 1, 109-141. doi:10.1007/BF02392710 (cit. on p. 41).

, Lecture notes on Witt vectors, http://web.math.ku.dk/~larsh/papers/s03/wittsurvey.pdf,
2003. (cit on pp. 42, 44).

[HM97] L. Hesselholt and I. Madsen, On the K-theory of finite algebras over Witt vectors of perfect fields,
Topology 36 (1997), no. 1, 29-101. (cit on pp. 41, 43).

[HS18] L. Hesselholt and P. Scholze, Arbeitsgemeinschaft: Topological Cyclic Homology, Oberwolfach
Rep. 15 (2018), no. 2, 805-940, Abstracts from the working session held April 1-7, 2018, Orga-
nized by Lars Hesselholt and Peter Scholze. doi:10.4171/O0WR/2018/15 (cit on pp. 5, 6).

[DM96]

[Hes03]



https://dx.doi.org/10.1090/tran/6507
https://arxiv.org/abs/1302.1214
https://arxiv.org/abs/1111.4003
https://dx.doi.org/10.2140/gt.2012.16.1053
https://arxiv.org/abs/0802.3938
https://dx.doi.org/10.2140/gt.2015.19.3105
https://arxiv.org/abs/1303.1694
https://dx.doi.org/10.1007/BF01231296
https://arxiv.org/abs/2006.04006
https://arxiv.org/abs/1910.10206
https://dx.doi.org/10.2140/agt.2019.19.965
https://arxiv.org/abs/1803.01284
https://dx.doi.org/10.1016/0040-9383(65)90044-3
https://arxiv.org/abs/2002.01538
https://dx.doi.org/10.1112/topo.12116
https://arxiv.org/abs/1707.07862
https://dx.doi.org/10.2307/2118621
https://dx.doi.org/10.1016/0022-4049(95)00089-5
https://dx.doi.org/10.1007/BF02393236
https://dx.doi.org/10.2140/gt.2008.12.103
https://arxiv.org/abs/math/0609635
https://dx.doi.org/10.1080/00927877808822245
https://dx.doi.org/10.1007/BF02392710
http://web.math.ku.dk/~larsh/papers/s03/wittsurvey.pdf
https://dx.doi.org/10.4171/OWR/2018/15

[HHR16]

[Hov01]
[ITwa99]
[Kall5]
[Kal20]
[KW10]

[LMSMS86]

[Lew00]

[LM18]

[LM19]

[LM12]

[Lyd95]

[Mad94]
[Mall7a]
[Mal17b]
[Mal19]
[MP18a]
[MP18b]
[MMO02]

[MMSS01]

[May96]

[May01]

[MS02]

[Nic05]

K-THEORY OF ENDOMORPHISMS, THE TR-TRACE, AND ZETA FUNCTIONS 55

M. A. Hill, M. J. Hopkins, and D. C. Ravenel, On the nonexistence of elements of Kervaire
invariant one, Ann. of Math. (2) 184 (2016), no. 1, 1-262. do0i:10.4007/annals.2016.184.1.1
arXiv:0908.3724 (cit on pp. 6, 10, 11).

M. Hovey, Spectra and symmetric spectra in general model categories, J. Pure Appl. Algebra 165
(2001), no. 1, 63-127. doi:10.1016/S0022-4049(00)00172-9 arXiv:math/0004051 (cit. on p. 25).
Y. Iwashita, The Lefschetz-Reidemeister Trace in Algebraic K-theory, Ph.D. thesis, University of
Illinois at Urbana-Champaign., 1999. (cit on pp. 2, 5, 6).

D. Kaledin, Trace theories and localization, Stacks and categories in geometry, topology, and
algebra, Contemp. Math., vol. 643, Amer. Math. Soc., Providence, RI, 2015, pp. 227-262.
d0i:10.1090/conm/643/12900 arXiv:1308.3743 (cit on pp. 1, 6, 7).

, Trace theories, Bokstedt periodicity and Bott periodicity. arXiv:2004.04279 (cit. on p. 6).
J. R. Klein and B. Williams, Homotopical intersection theory. II. Equivariance, Math. Z. 264
(2010), no. 4, 849-880. doi:10.1007/s00209-009-0491-1 arXiv:0803.0017 (cit on pp. 36, 49).

L. G. Lewis, Jr., J. P. May, M. Steinberger, and J. E. McClure, Equivariant stable homotopy the-
ory, Lecture Notes in Mathematics, vol. 1213, Springer-Verlag, Berlin, 1986, With contributions
by J. E. McClure. doi:10.1007/BFb0075778 (cit. on p. 7).

L. G. Lewis, Jr., Splitting theorems for certain equivariant spectra, Mem. Amer. Math. Soc. 144
(2000), no. 686, x+89. doi:10.1090/memo/0686 (cit. on p. 46).

dJ. A. Lind and C. Malkiewich, The Morita equivalence between parametrized spectra and mod-
ule spectra, New directions in homotopy theory, Contemp. Math., vol. 707, Amer. Math. Soc.,
Providence, RI, 2018, pp. 45-66. d0i:10.1090/conm/707/14253 arXiv:1702.07794 (cit. on p. 49).

, The transfer map of free loop spaces, Trans. Amer. Math. Soc. 371 (2019), no. 4, 2503—
2552. d0i:10.1090/tran/7497 arXiv:1604.03067 (cit. on p. 16).

A. Lindenstrauss and R. McCarthy, On the Taylor tower of relative K-theory, Geom. Topol. 16
(2012), no. 2, 685-750. doi:10.2140/gt.2012.16.685 arXiv:0903.2248 (cit on pp. 2, 5, 25, 28, 39,
40).

M. G. Lydakis, Fixed point problems, equivariant stable homotopy, and a trace map for the alge-
braic K-theory of a point, Topology 34 (1995), no. 4, 959-999. d0i:10.1016/0040-9383(94)00047-6
(cit. on p. 47).

I. Madsen, Algebraic K-theory and traces, Current developments in mathematics, 1995 (Cam-
bridge, MA), Int. Press, Cambridge, MA, 1994, pp. 191-321. (cit on pp. 29, 39).

C. Malkiewich, Cyclotomic structure in the topological Hochschild homology of DX, Algebr.
Geom. Topol. 17 (2017), no. 4, 2307-2356. arXiv:1505.06778 (cit on pp. 6, 11, 31, 32, 37).

, The topological cyclic homology of the dual circle, J. Pure Appl. Algebra 221 (2017),
no. 6, 1407-1422. arXiv:1610.06898 (cit. on p. 46).

, Parametrized spectra, a low-tech approach, 2019. arXiv:1906.04773 (cit on pp. 16, 49,

50).

C. Malkiewich and K. Ponto, Coherence for indexed symmetric monoidal categories, 2018.
arXiv:1811.12873 (cit on pp. 8, 50).

, Periodic points and topological restriction homology, 2018. arXiv:1811.12871 (cit on pp.
3,4, 6, 36,41, 49, 51).

M. A. Mandell and J. P. May, Equivariant orthogonal spectra and S-modules, Mem. Amer. Math.
Soc. 159 (2002), no. 755, x+108. doi:10.1090/memo/0755 (cit on pp. 10, 11, 12).

M. A. Mandell, J. P. May, S. Schwede, and B. Shipley, Model categories of diagram spectra, Proc.
London Math. Soc. (3) 82 (2001), no. 2, 441-512. doi:10.1112/S0024611501012692 (cit on pp. 12,
25).

dJ. P. May, Equivariant homotopy and cohomology theory, CBMS Regional Conference Series in
Mathematics, vol. 91, Published for the Conference Board of the Mathematical Sciences, Wash-
ington, DC; by the American Mathematical Society, Providence, RI, 1996, With contributions by
M. Cole, G. Comezafia, S. Costenoble, A. D. Elmendorf, J. P. C. Greenlees, L. G. Lewis, Jr., R. J.
Piacenza, G. Triantafillou, and S. Waner. doi:10.1090/cbms/091 (cit. on p. 11).

, The additivity of traces in triangulated categories, Adv. Math. 163 (2001), no. 1, 34-73.
doi:10.1006/aima.2001.1995 (cit. on p. 1).

dJ. E. McClure and J. H. Smith, A solution of Deligne’s Hochschild cohomology conjecture, Recent
progress in homotopy theory (Baltimore, MD, 2000), Contemp. Math., vol. 293, Amer. Math.
Soc., Providence, RI, 2002, pp. 153-193. do0i:10.1090/conm/293/04948 (cit. on p. 13).

A. Nicas, Trace and duality in symmetric monoidal categories, K-Theory 35 (2005), no. 3-4,
273-339 (2006). doi:10.1007/s10977-005-3466-y (cit. on p. 6).



https://dx.doi.org/10.4007/annals.2016.184.1.1
https://arxiv.org/abs/0908.3724
https://dx.doi.org/10.1016/S0022-4049(00)00172-9
https://arxiv.org/abs/math/0004051
https://dx.doi.org/10.1090/conm/643/12900
https://arxiv.org/abs/1308.3743
https://arxiv.org/abs/2004.04279
https://dx.doi.org/10.1007/s00209-009-0491-1
https://arxiv.org/abs/0803.0017
https://dx.doi.org/10.1007/BFb0075778
https://dx.doi.org/10.1090/memo/0686
https://dx.doi.org/10.1090/conm/707/14253
https://arxiv.org/abs/1702.07794
https://dx.doi.org/10.1090/tran/7497
https://arxiv.org/abs/1604.03067
https://dx.doi.org/10.2140/gt.2012.16.685
https://arxiv.org/abs/0903.2248
https://dx.doi.org/10.1016/0040-9383(94)00047-6
https://arxiv.org/abs/1505.06778
https://arxiv.org/abs/1610.06898
https://arxiv.org/abs/1906.04773
https://arxiv.org/abs/1811.12873
https://arxiv.org/abs/1811.12871
https://dx.doi.org/10.1090/memo/0755
https://dx.doi.org/10.1112/S0024611501012692
https://dx.doi.org/10.1090/cbms/091
https://dx.doi.org/10.1006/aima.2001.1995
https://dx.doi.org/10.1090/conm/293/04948
https://dx.doi.org/10.1007/s10977-005-3466-y

56
[Nik]
[NS18]
[Pon10]
[PS12]
[PS13]
[PS14]

[PS18]

[Qui73]

[SS03]
[Shu06]

[Wal79]

[Wal85]

J. A. CAMPBELL, J. A. LIND, C. MALKIEWICH, K. PONTO, AND I. ZAKHAREVICH

T. Nikolaus, Topological Hochschild homology and cyclic K-theory, Personal communication.
(cit. on p. 6).

T. Nikolaus and P. Scholze, On topological cyclic homology, Acta Math. 221 (2018), no. 2, 203—
409. doi:10.4310/ACTA.2018.v221.n2.a1 arXiv:1707.01799 (cit. on p. 16).

K. Ponto, Fixed point theory and trace for bicategories, Astérisque (2010), no. 333, xii+102.
arXiv:0807.1471 (cit on pp. 1, 2,6, 7, 8,9, 17, 47).

K. Ponto and M. Shulman, Duality and traces for indexed monoidal categories, Theory Appl.
Categ. 26 (2012), No. 23, 582-659. arXiv:1211.1555 (cit. on p. 17).

, Shadows and traces in bicategories, J. Homotopy Relat. Struct. 8 (2013), no. 2, 151-200.
do0i:10.1007/s40062-012-0017-0 arXiv:0910.1306 (cit on pp. 1, 2, 6, 8, 18).

, Traces in symmetric monoidal categories, Expo. Math. 32 (2014), no. 3, 248-273.
doi:10.1016/j.exmath.2013.12.003 arXiv:1107.6032 (cit on pp. 6, 7).

, The linearity of fixed point invariants, New directions in homotopy the-
ory, Contemp. Math., vol. 707, Amer. Math. Soc., Providence, RI, 2018, pp. 89-120.
doi:10.1090/conm/707/14256 arXiv:1406.7861 (cit. on p. 1).

D. Quillen, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-theories (Proc. Conf.,
Battelle Memorial Inst., Seattle, Wash., 1972), 1973, pp. 85-147. Lecture Notes in Math., Vol.
341. (cit. on p. 2).

S. Schwede and B. Shipley, Equivalences of monoidal model categories, Algebr. Geom. Topol. 3
(2003), 287-334. d0i:10.2140/agt.2003.3.287 arXiv:math/0209342 (cit. on p. 13).

M. Shulman, Homotopy limits and colimits and enriched homotopy theory, 2006.
arXiv:math/0610194 (cit. on p. 16).

F. Waldhausen, Algebraic K-theory of topological spaces. II, Algebraic topology, Aarhus 1978
(Proc. Sympos., Univ. Aarhus, Aarhus, 1978), Lecture Notes in Math., vol. 763, Springer, Berlin,
1979, pp. 356-394. (cit. on p. 2).

, Algebraic K-theory of spaces, Algebraic and geometric topology (New Brunswick,
N.J., 1983), Lecture Notes in Math., vol. 1126, Springer, Berlin, 1985, pp. 318-419.
doi:10.1007/BFb0074449 (cit on pp. 2, 13, 14).

E-mail address: jonalfcam@gmail.com

E-mail address: jlind@csuchico.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, CALIFORNIA STATE UNIVERSITY, CHICO, CA USA

E-mail address: malkiewich@math.binghamton.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, BINGHAMTON UNIVERSITY, PO BOX 6000, BINGHAM-
TON, NY 13902

E-mail address: kate.ponto@uky.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, 719 PATTERSON OFFICE TOWER, LEX-
INGTON, KY USA

E-mail address: zakh@math.cornell.edu

587 MALOTT, ITHACA, NY 14853


https://dx.doi.org/10.4310/ACTA.2018.v221.n2.a1
https://arxiv.org/abs/1707.01799
https://arxiv.org/abs/0807.1471
https://arxiv.org/abs/1211.1555
https://dx.doi.org/10.1007/s40062-012-0017-0
https://arxiv.org/abs/0910.1306
https://dx.doi.org/10.1016/j.exmath.2013.12.003
https://arxiv.org/abs/1107.6032
https://dx.doi.org/10.1090/conm/707/14256
https://arxiv.org/abs/1406.7861
https://dx.doi.org/10.2140/agt.2003.3.287
https://arxiv.org/abs/math/0209342
https://arxiv.org/abs/math/0610194
https://dx.doi.org/10.1007/BFb0074449

	1. Introduction
	2. Preliminaries: duality, bicategories, and spectra
	3. Spectral categories and spectral Waldhausen categories
	4. Bimodules over spectral categories and their traces
	5. The additivity theorem for `3́9`42`"̇613A``45`47`"603ATHH, revisited
	6. The Dennis trace
	7. The equivariant Dennis trace
	8. The trace to topological restriction homology
	9. Characteristic polynomials, zeta functions, and the Reidemeister trace
	Appendix A. Model categories of restriction systems
	References

