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ABSTRACT. A theorem of Lurie and Pridham establishes a correspondence between formal moduli
problems and differential graded Lie algebras in characteristic zero, thereby formalising a well-
known principle in deformation theory. We introduce a variant of differential graded Lie algebras,
called partition Lie algebras, in arbitrary characteristic. We then explicitly compute the homotopy
groups of free algebras, which parametrise operations. Finally, we prove generalisations of the
Lurie-Pridham correspondence classifying formal moduli problems via partition Lie algebras over
an arbitrary field, as well as over a complete local base.

CONTENTS

Introduction

Preliminaries

Functors of k-modules

The axiomatic argument

Deformations over a field

Deformations over a complete local base

The homology of partition Lie algebras

. Appendix: Hypercoverings and Kan extensions
References

R R

E-mail addresses: brantner@maths.ox.ac.uk, amathew@math.uchicago.edu.
1

RAGL[ AN G =


http://arxiv.org/abs/1904.07352v2

DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 2

1. INTRODUCTION

A well-known principle in deformation theory postulates that the infinitesimal structure of any
moduli space in characteristic zero is controlled by a differential graded Lie algebra.

This heuristic can be traced back to Deligne [Del], Drinfeld [Dri], and Feigin, and was explored
further in the work of Goldman-Millson [GMS88|, Hinich [HinOI], Kontsevich-Soibelman [KS02],
Manetti [ManQ9], and many others. Eventually, it was articulated as a precise correspondence
by Lurie [Lurlla] and Pridham [Pril0], who constructed an equivalence between formal moduli
problems and differential graded Lie algebras in characteristic zero.

Our principal aim is to generalise this equivalence to finite and mixed characteristic, thereby
giving a Lie algebraic description of formal deformations in these contexts.

1.1. Background. Before delving into any technical details, we shall recall a classical example.

Example. Given a smooth and proper variety Z over the field C of complex numbers, we can
study its infinitesimal deformations over local Artinian C-algebras. It is well-known that these
deformations are closely related to the lower cohomology groups of the tangent bundle 7':

a) H°(Z,Ty) classifies infinitesimal automorphisms of the trivial deformation Z x speccSpec(Cle]/€2);
infinitesimal automorphisms therefore correspond to vector fields.

b) H'(Z,Tz) classifies isomorphism classes of first-order deformations; every such deformation
Z — Spec(Cle]/€?) gives rise to a Kodaira-Spencer class zz in H*(Z,Ty), cf. [KS58].

To formulate a criterion for when a given first order deformation Z — Spec(Cle]/e?) extends to
higher order, observe that the classical Dolbeault complex

C*(Z,Tz) = (A"(Tz) = A% (Tz) = A°*(Tz) — ...)

computing H*(Z,Tz) admits the structure of a differential graded Lie algebra. Tts Lie bracket
combines the wedge product on differential forms with the commutator bracket on vector fields.

¢) H?(Z,Tz) contains the obstructions to extending first-order deformations: a first-order deforma-
tion Z — Spec(C[e]/€?) extends to Spec(Cle]/e®) precisely if the self-bracket [z z,zz] vanishes.

It turns out that the differential graded Lie algebra C*(Z, Tz) records all the formal deformation
theory of Z. More precisely, given any local Artinian C-algebra A, deformations of Z to A corre-
spond to Maurer-Cartan elements in ms ® C*(Z,T7), considered up to gauge equivalence. A key
insight of Drinfeld [Dri] was that C*(Z,Tz) does not just remember the infinitesimal deformations,
but also the derived infinitesimal deformations of Z to simplicial local Artinian C-algebras (via a
refined Maurer-Cartan construction, cf. [Hin01, Section 1.3]). In fact, the differential graded Lie
algebra C*(Z,Ty) is uniquely determined by this property (up to equivalence).

This illustrates the general principle we alluded to in the very beginning: the derived infinitesimal
deformations of an object in characteristic zero are controlled by a differential graded Lie algebra.
A precise formulation was given by Lurie [Lurlla] and Pridham [Pril0] using the language of formal
moduli problems (cf. Definition[[4lbelow); roughly speaking, any reasonably geometric deformation
problem (such as deformations of schemes, of complexes, or the formal completion of a suitably
geometric stack) gives rise to a formal moduli problem. For example, there is a formal moduli
problem corresponding to deformations of a variety Z as above.

We then have the following correspondence:

Theorem 1.1 (Lurie, Pridham). If k is a field of characteristic zero, then there is an equivalence
of oco-categories between formal moduli problems and differential graded Lie algebras over k.
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This result has been extended in various directions in characteristic zero, but an analogue in
positive or mixed characteristic has not appeared. Note that derived deformation theory in such
settings has attracted interest in number theory, for example in the work of Galatius-Venkatesh
[GV1S] on derived deformations of Galois representations.

In this paper, we formulate and prove a generalisation of the Lurie-Pridham theorem in positive
and mixed characteristic. For this purpose, we introduce the notion of a partition Lie algebra,
which is the correct generalisation of the notion of a differential graded Lie algebra in this context.
Partition Lie algebras are subtle homotopical objects controlled by the equivariant topology of the
partition complex. By studying this simplicial complex, we compute the homotopy groups of free
partition Lie algebras. These parametrise the natural operations acting on the homotopy groups of
any partition Lie algebra.

1.2. Statement of Results. Away from characteristic zero, classical algebraic geometry can be
generalised in two inequivalent ways (cf. [TVO08] and [Lurl@] for detailed treatments):

a) derived algebraic geometry is based on simplicial commutative rings.
b) spectral algebraic geometry is based on (connective) Eoo-rings.

We will prove variants of our main results in both settings, and will begin with the former. Here,
affine schemes over a given field &k correspond to simplicial commutative k-algebras, and infinitesimal
thickenings of Spec(k) (over k) correspond to the following kind of objects:

Definition 1.2 (Derived Artinian algebras). A simplicial commutative k-algebra A is called Artinian if

(1) mo(A) is a local Artinian ring with residue field k.
(2) m«(A) is a finite-dimensional k-vector space.

Let SCRY™ denote the co-category of Artinian simplicial commutative k-algebras, defined as a full
subcategory of the oo-category of simplicial commutative k-algebras (cf. Construction B36]).

Notation 1.3. Write S for the co-category of spaces (cf. [Lur09, Definition 1.2.16.1]). Unless stated
otherwise, limits and colimits will be computed in an co-categorical sense (cf. [Lur09, Chapter 4]).

Derived infinitesimal deformations will be described by the following kind of functors:
Definition 1.4 (Formal moduli problems). A derived formal moduli problem over a field k is given
by a functor X : SCR¥™" — S satisfying the following two properties:

(1) The space X (k) is contractible.
(2) Given a pullback square

A—s A
A——> A"
in SCR{™ in which 7mg(A’) — mo(A”) and m(A) — mo(A”) are surjective, the square
X(A) —= X(A)

l |

X(A) —= X (A")

is a (homotopy) pullback of spaces.
Let Moduliz a be the full subcategory of Fun(SCRZ", S) spanned by all formal moduli problems.
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Formal moduli problems exist in abundance. Indeed, the formal neighbourhood of any point
in a (suitably geometric) derived stack, as well as various natural deformation problems (such as
deformations of varieties or vector bundles), provide a vast supply of examples. We refer to [Lurl6l
Chapter 16] or [Toél4] for a discussion of some of them.

A guiding goal in the subject is to give an “algebraic” classification of formal moduli problems.
Theorem [T realises this aim when k is a field of characteristic zero by constructing an equivalence

Modulix,a —— Alg, a
k

between Moduliy Ao and the oco-category of differential graded Lie algebras over k. Intuitively,
this correspondence arises as follows. Given a formal moduli problem X € Modulig A, one first
constructs its tangent complex T’x. This chain complex is a derived version of the tangent space,
and is determined by the values of F' on trivial square-zero extensions. The correspondence then
equips the shift T'x[—1] with the structure of a differential graded Lie algebra over k, and moreover
provides a method to functorially recover X from T'x[—1]. Hence, it can be interpreted as a variant
of formal Lie theory (cf. [GR17, Chapter 7]).

The Lurie-Pridham correspondence has been extended in several directions, for example by
Gaitsgory-Rozenblyum [GR17], Hennion [Henl8], and Nuiten [Nuil7]. These generalisations treat
the case of formal moduli problems relative to a base (rather than a point) in characteristic zero.

To generalise Theorem [l to general base fields, we will introduce the new algebraic and
homotopy-theoretic structure of a partition Lie algebra. In characteristic zero, partition Lie alge-
bras are equivalent to differential graded Lie algebras; in finite characteristic, this is no longer true.
Partition Lie algebras are closely related to the genuine equivariant topology of the following spaces:

Definition 1.5 (Partition complexes). Given an integer n > 1, the n'* partition compler |I1,,| is
the genuine 3,,-space given by the geometric realisation of the following simplicial 3,,-set:

IT,, := N, ({Poset of partitions of {1,...,n}} — {0, i}) .

Here N, denotes the nerve construction, 0 = . . . is the discrete partition, 1 = is the

indiscrete partition, and all partitions are ordered under refinement.

Partition complexes were linked to ordinary Lie algebras in the work of Barcelo [Bar90], Han-
lon [Han&1], Joyal [Joy86], and Stanley [Sta82], who constructed and examined an isomorphism of

S,-representations H (3|11,]°, Z) = Lie,, ® sgn,,. Here X|II,,|° is the unreduced-reduced suspen-
sion of |II,,| and sgn,, denotes the sign representation of ¥,,. Moreover, Lie, is the quotient of the
free abelian group on all Lie words in letters z1, ..., z, involving each z; exactly once by the usual
antisymmetry and Jacobi relations.

This above isomorphism between representations of the symmetric group was later refined in
work of Salvatore [Sal98] and Ching [Chi05], who constructed the Lie operad in the co-category of
spectra; algebras over this operad are called spectral Lie algebras.

Remark 1.6. Spectral Lie algebras offer excellent computational and conceptual opportunities in
unstable chromatic homotopy theory, as is exploited, for example, in [BR15], [Bral7, [Heulg|,[BHK].

Over a field of characteristic zero, spectral Lie algebras are equivalent to differential graded Lie
algebras. In contrast, they are not the correct structure for the purposes of deformation theory in
characteristic p, where it will in fact not be possible to define partition Lie algebras as algebras
over any operad. Instead, we will need to use the language of monads, which we briefly recall:
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Notation 1.7. Write Mody, for the derived co-category of k; its objects are chain complexes of
k-vector spaces, or equivalently k-module spectra (cf. [Lurl?, Definition 1.3.5.8; Remark 7.1.1.16]).

Recall that a monad on Mody, consists of an endofunctor 7' together with natural transformations
id - T, ToT — T, and an infinite set of coherence data. Every monad T on Mody, gives rise to an
oo-category Alg, of T-algebras (sometimes also called T-modules); an object in Alg, is informally
given by a chain complex M € Mody, a natural transformation T'(M) — M, and an infinite set of
coherence data. We refer to [Lurl®, Section 4.7] for precise definitions.

Example 1.8. If k£ is a field of characteristic zero, then the oo-category Alg; . s of differential
k

graded Lie algebras can be described as algebras over a certain monad Liezg on Mody, which sends
a chain complex V' to the chain complex Lie}®(V) = @, (Lie, ®V®")5;. Here the tensor product is
computed in complexes, and (—)x,, denotes X,,-orbits (which are equivalent to X,,-homotopy orbits).

In Definition [5.47 below, we will construct the partition Lie algebra monad Lie x on Mody.

Construction 1.9 (Partition Lie algebras). The monad Liej 5 satisfies the following properties:
(1) If V is a finite-dimensional k-vector space (considered as a discrete k-module spectrum),
then Lieg 5 (V') is the linear dual of the (algebraic) cotangent fibre of k @ V'V, the trivial
square-zero extension of k by V'V. In fact, this remains true for any coconnective k-module
spectrum V for which m;(V') is finite-dimensional for all i.
(2) If V ~ Tot(V*) € Modg, <o is represented by a cosimplicial k-vector space V'*, then

LieZ,A(V) o~ @Tot (6"(2|Hn|0, k) ® (VO)®n> Xin .

Here C*(S|I1,|°, k) denotes the k-valued cosimplices on the space %|IL,|°, the functor (—)=»
takes strict fixed points, and the tensor product is computed in cosimplicial k-modules.
(3) The functor Liej o commutes with filtered colimits and geometric realisations.
(4) The tangent fibre T'x of any X € Modulix A has the structure of a Liej, 5-algebra.

We write Algy;.r for the oo-category of Liej, o-algebras in Mody,.

Remark 1.10. Given any partition Lie algebra g € AlgLiC: K the homotopy groups m.(g) form a
graded Lie algebra in the shifted sense. This means that gi,ven z € mi(g) and y € m;(g), we have
a bracket [x,y] € mi1;j—1(g). This shift is merely a matter of convention, but we have decided to
adopt it as it seems more natural for our applications.

When £k has characteristic zero, Liej o can be identified with the shifted differential graded Lie
algebra monad (cf. Proposition (48). For general fields, partition Lie algebras provide a new
generalisation of differential graded Lie algebras. While Lie’,; A looks somewhat similar to the
restricted Lie algebra monad (cf. e.g. [Fre00]), it behaves in a substantially different way; for
example, Lieg) A does not preserve modules concentrated in any particular homological degree.

Most importantly, partition Lie algebras have the following application in deformation theory:

Theorem 1.11 (Main theorem). If k is a field, there is an equivalence of oco-categories
Modulig A =~ AlgLng’A

between formal moduli problems and partition Lie algebras over k. It sends a formal moduli problem
X € Modulig A to its tangent fibre T'x.

This means that locally, moduli spaces are still governed by an appropriate Lie algebraic structure.
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As in [Lurllal [Pril0], the correspondence between formal moduli problems and partition Lie
algebras arises from a form of Koszul duality for algebras, which we shall formulate next.

Write SCR}"® for the oo-category of augmented simplicial commutative k-algebras. We will
construct a Koszul duality functor

D : SCR;™ — Algpir

which sends an augmented simplicial commutative k-algebra A to the dual of its (algebraic) tangent
fibre (k ®4 Lﬁ/k)v, equipped with its natural Liej -algebra structure. A key step in the proof of

Theorem [[TTlis to show that D restricts to an equivalence on the following subcategory of SCRy"®:

Definition 1.12. An augmented simplicial commutative k-algebra A € SCR}"® is complete local
Noetherian if

(1) mo(A) is a complete local Noetherian ring.
(2) Each m;(A) is a finitely generated mp(A)-module.

Let SCR%N be the full subcategory spanned by all complete local Noetherian k-algebras. Then:

Theorem 1.13. The Koszul duality functor ® restricts to a contravariant equivalence between
SCREN and the full subcategory of AlgLiCE’A spanned by those partition Lie algebras g for which

7:(g) is finite-dimensional for each i and vanishes for i > 0.

We prove Theorem [LT3] “by hand” at the level of simplicial commutative rings, by working
carefully with filtered objects and exploiting the fact that all rings that one encounters in this way
are Noetherian. To deduce Theorem [[L.TT] one also needs to prove that the Koszul duality functor
carries appropriate pullbacks of simplicial commutative rings to pushouts of Liej A-algebras.

Partition Lie algebras are subtle homotopical objects, and we therefore need tools to study them.
For example, one can consider the natural operations acting on their homotopy groups. These are
parametrised by the homotopy groups of free partition Lie algebras, which we will compute by
using techniques from the work of the first author and Arone [ABT§|, which rely on discrete Morse
theory and an argument inspired by earlier work of Arone and Mahowald [AM99).

To state our result, we need the following classical notion (cf. [Shi58], [CFL5S]):

Definition 1.14. A word w in letters z1,...,xy is said to be a Lyndon word if it is smaller than
any of its cyclic rotations in the lexicographic order with z1 < --- < x. Write B(nq,...,ny) for
the set of Lyndon words which involve the letter x; precisely n; times.

Remark 1.15. It is well-known that the set of Lyndon words in letters x1, ... x; forms a basis for
the free (ungraded) Lie algebra over Z on n letters (cf. e.g. [Reu03]).

Theorem 1.16. The Fy-vector space m.(Lief A(3F), & ... & LF,)) has a basis indexed by
sequences (i1,...,ig,e,w). Here w € B(ny,...,ny) is a Lyndon word. We have e € {0, ¢}, where
e=1ifpis odd and deg(w) := ), (¢; — 1)n; + 1 is even. Otherwise, e = 0.

The integers i1, ..., 4, satisfy:

(1) Each |ij| is congruent to 0 or 1 modulo 2(p — 1).

(2) For all1 < j <k, we have piji1 <ij < —10r0<1i; <piji

(8) We have (p —1)(1 + e)deg(w) — e <ip < =1 or 0 < i < (p—1)(1 + ¢) deg(w) —e.
The sequence (i1, ..., ik, e,w) sits in homological degree ((1 + e)deg(w) —e) + i1+ - +ir —k and
multi-weight (n1pF(1+e), ..., n,p*(1 +e)).
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The input of this computation is the homotopy of free simplicial and cosimplicial commutative
rings as computed by Dold [Dol58], Nakaoka [Nak57] [Nak59], Milgram [Mil69], and Priddy [Pri73].
The case where ¢; < 0 for all 7 follows immediately from [ABIS8| Theorem 8.14]. For p = 2 and
£; <0 for all ¢, our result can also be read off from the work of Goerss [Goe90], who computed the
algebraic André-Quillen homology of trivial square-zero extensions at p = 2.

Remark 1.17. Note that Pridham (cf. [Pril0, Section 5.3]) also considers the operations acting
on the tangent spaces of formal moduli problems. He abstractly identifies the operations on the
coconnective part with the operations on André-Quillen homology.

Up to now, we have stated our results in the context of simplicial commutative rings, which was
indicated by the subscript “A”. We can obtain parallel results in the context of spectral algebraic
geometry, hence describing deformations parametrised by connective E,.-rings over a given field k.

More precisely, define the co-category CAlgd™ of spectral Artinian k-algebras and the oo-category
Moduliy g of spectral formal moduli problems by replacing the term “simplicial commutative k-
algebra” by the term “connective Eo.-k-algebra” in Definition and Definition [[4] respectively.

In Definition [5.32 below, we construct the spectral partition Lie algebra monad Lieg p_ on Modg.

Construction 1.18 (Spectral partition Lie algebras). The monad Liej _ satisfies the following:

(1) If V is a finite-dimensional k-vector space (considered as a discrete k-module spectrum),
then Lief i (V) is the linear dual of the topological cotangent fibre of k @ VY, the trivial
square-zero extension of k by V'V. In fact, this remains true for any coconnective k-module
spectrum V for which 7;(V') is finite-dimensional for all i.

(2) If V € Modg, <n is truncated above, then

LieZz.. (V) = @D (C*(ZIL|°, k) & V®n)h2" :

where (—)"*» denotes homotopy fixed points and the other notation is as above.
(3) The functor Lief iy commutes with filtered colimits and geometric realisations.
(4) The tangent fibre Tx of any X € Moduliy i, has the structure of a Liej p -algebra.

We write AlgLiCZ,EOO for the oo-category of Lief _-algebras in Mody,.
We then have a variant of the previous equivalence:
Theorem 1.19. If k is a field, then there is an equivalence of co-categories
Moduliy g, =~ AlgLiCE,Em

between spectral formal moduli problems and spectral partition Lie algebras over k, sending a formal
moduli problem X € Moduliy g, to its tangent fibre T'x.

Proving this equivalence again requires constructing a Koszul duality functor, and showing that it
restricts to an equivalence between complete local Noetherian E.-k-algebras and spectral partition
Lie algebras g which are coconnective and have degreewise finite-dimensional homotopy groups.
Theorem [[LTT] and Theorem are proven with similar methods, which is why we present much
of the argument in an axiomatic way (cf. Section []) applying to both of these contexts at once.

The natural operations on Liej  -algebras are parametrised by the homotopy groups of free
spectral partition Lie algebras, which we compute by a similar method as before:
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Theorem 1.20. The Fy-vector space . (Liefy_(S9F, & ... & SF,)) has a basis indezed by
sequences (i1,...,ig,e,w). Here w € B(ny,...,ny) is a Lyndon word. We have e € {0, €}, where
e=1ifpis odd and deg(w) :=Y_,(¢; — 1)n; + 1 is even. Otherwise, e = 0.
The integers i1,. .., satisfy:
(1)’ Each ij; is congruent to 0 or 1 modulo 2(p — 1).
(2)” Forall1 < j <k, we have i; < piji1.
(8)” We have i, < (p— 1)(1 + e) deg(w) — .
The homological degree of (i1, ... ik, e,w) is ((1 4+ e)deg(w) —e) + i1 + - - - + ix, — k and its multi-
weight is (n1p*(1+e), ..., nup*(1 +e)).
The input to this computation is the homotopy of free Eo-rings computed by Adem [Ade52],
Serre [Ser53], Cartan [Car54] [Car55], Dyer-Lashof [DL62], May, and Steinberger [BMMSS86]. It is
again inspired by Arone-Mahowald’s classical work [AM99].

Finally, we prove variants of Theorem [[LT1l and Theorem in mixed characteristic. More pre-
cisely, let A be complete local Noetherian with residue field k, either in simplicial commutative rings
or in Eo-rings. There is a natural notion of formal moduli problems in these mixed contexts (cf.
Definition below); we write Modulia /i, A and Modulis, k. for the respective co-categories.
For example, we can describe the formal neighbourhood of a k-point inside a (suitably geometric)
stack defined over Spec(A) by one of these “mixed” formal moduli problems.

In Theorem and Construction [6.20, we construct relative versions of partition Lie algebras
and spectral partition Lie algebras. The resulting oo-categories are denoted by AlgLie;r1 a and

AlgLie;r1 e respectively. Finally, we prove:

Theorem 1.21. Let k be a field.

(1) If A is a complete local Noetherian simplicial commutative ring with residue field k, there
is an equivalence of co-categories Moduliy /g A >~ AlgLicz K

(2) If A is a complete local Noetherian Ex-ring with residue field k, then there is an equivalence
of 0o-categories Modulia /g, ~ Algpen

In both cases, these equivalences send a formal moduli problem to its tangent fibre.

Hence the various variants of partition Lie algebras provide an algebraic description of formal
deformation theory in finite and mixed characteristic.
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2. PRELIMINARIES

Let C be a presentable stable co-category. In this section, we will briefly review various prelimi-
naries involving filtered and graded objects in C, and moreover fix some notation for the remainder
of this paper. A convenient reference for this material (with slightly different notation) is [GP18].

For notational convenience, we will usually work with filtrations and gradings concentrated in
degrees 1 and above. This choice reflects that in the sequel (in particular in Section[]), we will often
work with nonunital commutative algebras. We will use the notation Fil and Gr in this context.

When we discuss unital commutative algebras in Section [, we will use the notation Fil™ and
Gr for filtrations and gradings that start in degree zero.

Definition 2.1 (Filtered objects). Consider the nerve N(Z>1) of the partially ordered set Z>; and
its opposite N(Z>1)°?. We define the oo-category Fil(C) of filtered objects of C as

Fil(C) := Fun(N(Z>1)",C).

We will often write a filtered object X € Fil(C) as a system {FiX}Z.>1 of objects in C, i.e. a sequence
o X 5 FElX o0 o FUX. We call FLX the underlying object of X, and obtain a functor
und : Fil(C) — C.

Similarly, we define Fil*(C) as
Fil*(C) := Fun(N(Zx()?",C).
The objects of Filt(C) are filtered objects where the filtration starts in degree zero instead.

Example 2.2. The functor und : Fil(C) — C sending {F'X} to F'X € C admits a left adjoint,
which sends an object Y € C to the filtered object (--- -0 — 0 —Y).

Definition 2.3 (Graded objects). Let Z‘isl denote the category with one object for every nonneg-
ative integer and only identity morphisms. Define the oo-category Gr(C) of graded objects of C as
Gr(C) = Fun(N(Z%)),0).

We write objects of Gr(C) as X, whenever we want to emphasize the grading. Given a graded
object X, the direct sum @,., X;. is referred to as the underlying object of X,.

Similarly as for filtered objects, we define a variant Gr*(C) as
Gr*(C) = Fun(N(Z%),C),
where ngo denotes the discrete category on Zxq.

Definition 2.4 (Associated gradeds). We have a functor
Gr : Fil(C) — Gr(C),
which sends X = {FiX}i>1 to the associated graded object GrX satisfying (GrX); = F'X/Fit1X
for all 4 > 1. Similarly, we have a natural functor
Gr: Filt(C) — Gr*(C).

Definition 2.5 (Symmetric monoidal structures). Suppose that C is nonunital presentably sym-
metric monoidal, by which we mean that C is presentable and the tensor product preserves colimits
in each variable. Using Day convolution (cf. [Glal6]), one can equip both Fil(C) and Gr(C) with the
structure of presentably nonunital symmetric monoidal co-categories. Furthermore, the associated
graded functor Gr : Fil(C) — Gr(C) is (nonunital) symmetric monoidal (cf. [GP18, Sec. 2.23]).
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Definition 2.6 (Gradings in degree > a). Given an integer a > 1,

(1) let Gr>4(C) be the full subcategory of Gr(C) spanned by all X, with X; ~ 0 for j < a.
(2) let tr<, : Gr(C) — Gr(C) denote the functor which sends a graded object X, to the graded
object Y, with Y; = X for j <a and Y; =0 for j > a.

Next, we will review the process of completion.

Definition 2.7 (Complete and constant filtered objects).

(1) A filtered object ¥ = {FiY}i>1 is said to be constant if the maps F**Y — F'Y are
equivalences for all i > 1, or equivalently, if Gr(Y) = 0.

(2) A filtered object Z = {FiZ}i21 is complete if lim, FiZ =0, i.e. if for each constant filtered
object Y € Fil(C), we have Hompjcy(Y,Z) = 0. Let Filep1(C) C Fil(C) denote the full
subcategory of complete objects. We have a similar notion for objects of Fil™(C).

Definition 2.8 (Completions). The general theory implies that the inclusion Fil.,1(C) C Fil(C)

is the right adjoint of a Bousfield localisation, which we will refer to as the completion functor
Fil(C) — Filepi(C). Given a filtered object X = {F'X} _ , we can form its completion X. The

canonical map X — X induces an equivalence on Gr(—).

Remark 2.9. We can detect whether a given morphism X L Y induces an equivalence after
completion by passing to associated gradeds. Indeed, if Gr(f) : Gr(X) — Gr(Y') is an equivalence,

then Gr(cofib(f)) ~ cofib(Gr(f)) =~ 0. This implies that cofib(f) =~ cofib(f) is both constant and
complete, and therefore vanishes.

In general, Fil.;,1(C) C Fil(C) is not closed under colimits. However completions are preserved by
geometric realisations under suitable connectivity hypotheses. More precisely, let R be a connective
Eoo-ring. Write Modg >0 C Modpg for the full subcategory of connective R-modules.

Definition 2.10 (Connective filtered and graded objects). We define:
(1) FilModg, >0 C FilModp is the subcategory spanned by all X = {FZ'X}Z.>1 for which each
F'X belongs to Modpg,>0; we have an analogous subcategory Fil+M0dR7ZO c Fil"Modp.
(2) FilepiModg >0 C FilModg,>¢ is the subcategory of complete objects (and similarly for Fil+).
(3) GrModpg >0 C GrModp, is the subcategory of objects X, with X; connective for each i > 1.

In the sequel, we will make frequent use of the following observation:
Proposition 2.11. The subcategory FilcpiModr >0 C FilModg is closed under geometric realisations.

Proof. Let Xo be a simplicial object in FilcmModg >o and let Y = |X,| denote its geometric
realisation (computed in FilModg). We need to see that Y is complete, i.e. 1&11 F'Y =0 in Modp.
By the Milnor short exact sequence, this is equivalent to the assertion that for each j, we have

1) lim m, (FY) = lim by (') = 0,

in the category of abelian groups.

We observe that F'Y = |F?X,|. Since all modules in question are connective, we have 7;(F'Y) =
7;(sky |[F?X,]) for n > j and all i. Thus, in verifying () for a given j, we may replace Y with
the filtered object skj+1]|Xe| € FilModg. This can be expressed as a finite colimit of a diagram
in the X, and since Fil;piModr C FilModg is closed under finite colimits, we deduce skji1|Xe| €
FilcpiModg. Applying the Milnor exact sequence again to skji1|Xe| € FilcpiModg shows (I). O



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 11

In the sequel, it will be important to understand how functors F interact with the internal
grading. To this end, we will use the following natural definition.

Definition 2.12 (Increasing functors). We say that a functor F' : GrModg >0 — GrMody >¢ is
i-increasing if:
(1) The functor tr<,F factors through tr<,—;+1 : GrMody >0 — GrModj, >0.
(2) Given any X € GrMody, >0, we have F'(X); = 0 for all j < i. That is, F' takes values in
objects which have contractible components in internal grading less than 4.

Example 2.13. The functor V ~ V® GrMody, >0 — GrMody >¢ is i-increasing. Similarly, the
functor V + (V®),s, (which appears in the expression for the free E-algebra) is i-increasing.

Next, we record several finiteness conditions which will be useful in the sequel. Mostly the
following serves to record some notation.

Definition 2.14 (Finiteness conditions). Let k be a field.

(1) Let Modfet C Mody, denote the subcategory spanned by those objects X € Mody such that
each homotopy group m;(X),7 € Z is a finite-dimensional vector space. We say that these
objects are of finite type. Define Modff)zo, Modf:éo - Modfet as the subcategories spanned
by connective and coconnective objects, respectively.

(2) Let Gr®Mod; C GrMody, denote the subcategory spanned by all objects X, € GrMody,
for which ;> Xi belongs to Modf. We define GrtMod}" in a similar way. We let

Grftl\/[odkzo C Gr*Mody, be the subcategory spanned by connective objects.
(3) Let Fil*Mod,, c FilMody, denote the subcategory of filtered objects X = {FiX}i>1 which

are complete and such that Gr(X) € GrftModk. Similarly, we denote the full subcategory of
connective objects by FilftModeO C Fil"Mody. (As an example, we could take a (discrete)
finite-dimensional k-vector space with a finite classical filtration by subspaces).
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3. FUNCTORS OF k-MODULES

Let k be a field and write Mody, for the co-category of k-module spectra. In this section, we will
discuss functors Mody — Mody which preserve sifted colimits, which is equivalent to preserving
filtered colimits and geometric realisations.

Below, we will need to construct various such functors Mody — Mody, e.g. the free partition Lie
algebra functor. One typically cannot write down such a functor easily by hand on all of Mody.
However, it will be easy to describe functor on a suitable subcategory on Mody, often in particular
the coconnective perfect k-module spectra. For the general theory we will need our functors on all
of Mody, though, and the primary purpose of this section is to discuss some abstract homological
algebra which will enable us to construct the extension to all of Mody.

3.1. Extending Functors. In the following, we will freely use the theory of Kan extensions along
fully faithful inclusions, as in [Lur09, Section 4.3.2].

Notation 3.1. Let C,D be oco-categories admitting sifted colimits. We write Funx(C,D) for the
full subcategory of Fun(C, D) spanned by all functors which preserve sifted colimits.

The first observation is that it is easy to describe sifted-colimit-preserving functors out of the
full subcategory Mody, 9 C Modj, of connective k-module spectra. In fact, Mody >¢ can be char-
acterised by a universal property (cf. [Lurl7, Sec. 7.2.2]):

Proposition 3.2 (The universal property of Modg, >0). Given any co-category D with sifted col-
imits, restriction induces an equivalence of co-categories

Funy,(Mody, >0, D) —— Fun(Vect{, D)

whose inverse is given by left Kan extension. Here Vecty denotes the full subcategory spanned by all
finite-dimensional discrete k-module spectra, which is equivalent to the (nerve of the) usual category
of finite-dimensional k-vector spaces.

One therefore has the following construction (which goes back to the work of Dold-Puppe [DP61]):

Construction 3.3 (Nonabelian derived functors). Fix a functor F : Vect; — Vect; from the
category Vecty of finite-dimensional k-vector spaces to the category Vecty of all k-vector spaces.
Using that Vecty is equivalent to the full subcategory of Mod spanned by all discrete k-module
spectra, we can extend F' to a sifted-colimit-preserving functor LF' : Mody >0 — Mody, >¢. The
functor ILF is often called the nonabelian derived functor of Fy.

Example 3.4. We recall the following classical examples:

(1) Given an integer n > 0, consider the functor @" : Vecty — Vecty which sends a vector
space Vp to V;®". This canonically extends to a functor Mody > — Mody >0, which is
necessarily just the iterated tensor power functor @" : Mody >0 — Mody, >¢ coming from
the symmetric monoidal structure on Mody, >g.

(2) Given n > 0, we consider the functors Sym™, A", I'" : Vecty — Vect, which send a
finite-dimensional vector space V' to its n'" symmetric, exterior, or divided power, respec-
tively. The nonabelian derived functor Construction 3.3 again allows us to define canonical
extensions LSym’, L A", LT : Mody, >0 — Mody >o of these three functors.

There is a basic asymmetry between these two examples. The extended functor on ModfO

arose naturally from the symmetric monoidal structure; consequently, the functor ®i is naturally
defined on all of Modg, not only on the connective k-module spectra. By contrast, if £ is of
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characteristic p > 0, the functors LSym® generally cannot be described directly in terms of the
symmetric monoidal structure on Mody >o. It is correspondingly less clear that LSym’ and L N\
naturally extend to all of Mody, though this was first shown in work of Illusie [III71, Sec. I-4].

In this section, we will establish two generalisations of Proposition 3.2 to functors defined on all
k-module spectra, and help bridge the above asymmetry: in particular, we will describe functors
such as LSym®, L A" on all of Mody.

We begin by reviewing some basic facts about compact generation and perfect modules, and
refer to [Lurl?, Sec. 7.2.4] for a detailed treatment.

Notation 3.5 (Perfect modules). We write Perf;, C Mody, for the full subcategory of Mody, spanned
by all perfect k-module spectra, i.e. k-module spectra M with dimg(m.(M)) < oo. Let Perfy, [, 1,1
be the full subcategory of Perf;, spanned by k-module spectra whose homotopy groups are concen-
trated between degrees n1 and na. Set Perfy >, := Perfy [, o) and Perfy <, := Perfy, | -

The oco-category Mody, is a compactly generated oo-category, and a module spectrum M € Mody,
is compact if and only if it is perfect. The oco-category Mody can therefore be identified with the
Ind-completion (cf. [Lur09, Sec. 5.3.5]) of Perfy. We deduce that for any oco-category D with
filtered colimits, restriction and left Kan extension give mutually inverse equivalences

(2) Fun,, (Mody, D) ~ Fun(Perfy, D)

between Fun(Perfy, D) and the oo-category Fun,, (Mody, D) of functors Mody, — D which preserve
filtered colimits.

Notation 3.6. Given a simplicial diagram X, € Fun(A°P,C) in some oco-category C, we write

| Xo| := colim pop (Xo) for its geometric realisation. The simplicial object X, is said to be m-skeletal
if it is the left Kan extension of its restriction to AZ . the full subcategory of A° spanned by

[0],[1],...,[m]. We recall that A% is cofinal to a finite simplicial set (see [Lurl7, 1.2.4.17]), so
that geometric realisations of m-skeletal simplicial objects behave like finite colimits.

Definition 3.7 (Finite geometric realisations). Let D be an oo-category admitting geometric re-
alisations. We say that a functor F' : Perfy, — D preserves finite geometric realisations if for every
simplicial object X, of Perf), which is m-skeletal for some m (so that |X,| belongs to Perfy), the
natural map |F(X,)| — F(|X.|) is an equivalence. We write Fun, (Perfy, D) C Fun(Perfy, D) for
the full subcategory spanned by functors which preserve finite geometric realisations.

We can now state our first generalisation of Proposition

Proposition 3.8. Given any oo-category D with sifted colimits, restriction and left Kan extension
induce mutually inverse equivalences

Funy,(Mody, D) —— Fun, (Perfy, D).

Proof. This follows from the equivalence Fun,,(Modg, D) ~ Fun(Perfy, D) stated in [@). It suffices
to show that a functor F': Mody — D which preserves filtered colimits additionally preserves sifted
colimits if and only if its restriction F|pes, preserves finite geometric realisations. This follows
easily from the following facts:

(1) The functor F preserves sifted colimits if and only if it preserves filtered colimits (which it
does by assumption) and geometric realisations (cf. [Lur09, Corollary 5.5.8.17]).

(2) Every simplicial object in Mody, is a filtered colimit of simplicial objects which are m-skeletal
for various m (take the left Kan extensions from truncations).
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(3) Every m-skeletal simplicial object in Mody is a filtered colimit of m-skeletal simplicial
objects which take values in Perfy (this follows as the hom-sets in AZ, = are finite). O

For later applications, we need to refine the above result from Perf; to a smaller subcategory.

Definition 3.9 (Finite coconnective geometric realisations). Let D be an oo-category admitting
geometric realisations. We say that a functor F' : Perfy <o — D preserves finite coconnective
geometric realisations if for every simplicial object X, of Perf, <o which is m-skeletal for some m
and such that |X,| belongs to Perf; <o, the natural map |F(X,)| — F(]X.|) is an equivalence.
We write Fun, (Perfy <o, D) C Fun(Perfy <o, D) for the full subcategory spanned by functors which
preserve finite coconnective geometric realisations.

We will now interpret the condition in Definition in terms of left Kan extensions (albeit with
an infinite number of such conditions).

Proposition 3.10. Let D be an co-category with sifted colimits.
(1) Let F € Fun(Perfy, D). Then F preserves finite geometric realisations if and only if, for
each n > 0, the restriction Flpert, ., is left Kan extended from Vecty[—n].
(2) Let F € Fun(Perfy <o, D). Then F preserves finite coconnective geometric realisations if

and only if, for any n > 0, the restriction Flpext, _, 5 left Kan extended from Vectj/[—n].

Proof. We shall only prove statement (2); the proof of (1) is similar. Suppose F' € Fun, (Perfy <o, D).
We claim that F,, = F|Perfky[7m0] is left Kan extended from Vect} [—n]. Analogously to Proposi-
tion B2 the left Kan extension of F? := F|Vcct‘,;’[fn] to Perfy, [_,, o (and indeed to all of Modg, > )
can be computed as follows: given X € Perfy [_, o, we find an n-skeletal simplicial object Y, with
each Y; € Vecty[—n] such that |Ys| =~ X. The value of the left Kan extension of F? on X is then
given by |F?(Y,)|. Since F preserves finite coconnective geometric realisations, it follows that this
agrees with F,,(X) and F, is indeed left Kan extended from Vect}[—n], as desired.

Conversely, suppose I’ € Fun(Perfy, <o, D) has the property that F,, = Flper, ., 18 left Kan
extended from Vect},[—n] for all n > 0. For each n, it then follows (as in Proposition B2]) that F
preserves geometric realisations of simplicial objects in Perfy, |, o) whose realisation also belongs to
Perfy [y, 0. Since any m-skeletal simplicial object in Perfy <¢ is a simplicial object in Perfy [_, g
for n sufficiently large, we deduce that I preserves all coconnective finite geometric realisations. [

Corollary 3.11. If F : Perfy, — D preserves finite geometric realisations, then F is left Kan
extended from Perfy, <o.

Proof. The statement follows from part (1) of Proposition B0 by “taking the limit as n — oo”.
More precisely, since F'lperf, .., is left Kan extended from Vecty/[—n], it is also left Kan extended
from the larger subcategory Perfy, |_,, o). The claim then follows from the remark below. (]

Remark 3.12. Let C = |J,, C" be the union of an increasing chain C' € C? C ... of full subcat-
egories of C and suppose that F' : C — D has the property that F|c» is left Kan extended from
C = CoNC™ for all n. Then F is left Kan extended from Cy. This follows from the definition of a Kan
extension because for any x € C, we have an equivalence of oo-categories (Co)/, = colim,, (Cf}) /-

We arrive at our second generalisation of Proposition

Proposition 3.13. Given any co-category D with sifted colimits, restriction induces an equivalence

Funs.(Mody, D) —— Fun, (Perf; <o, D)
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between Funs,(Mody, D) and the full subcategory of Fun(Perfy <o, D) spanned by all functors which
preserve finite coconnective geometric realisations. The inverse is given by left Kan extension.

Proof. In view of Proposition B.8] it suffices to show that the restriction functor Fun, (Perfy, D) —
Fun, (Perf <o, D) is an equivalence whose inverse is given by taking the left Kan extension. By
Corollary B.17] this restriction functor is fully faithful.

For essential surjectivity, we will check that if G : Perfy, <o — D preserves finite coconnective geo-
metric realisations, then its left Kan extension G : Perf r — D preserves finite geometric realisations.
For this, let én denote the left Kan extension of G |Perfk,[ to Perf,. The various functors én are
linked by natural transformations Go— G1 — Gy — ... By Proposition [B.10/(2), the restriction of

G, to Perfy, >_,, preserves finite geometric realisations, as it is left Kan extended from Vecty [—n].
Any simplicial object in Perf;, which is m-skeletal for some m belongs to Perf;, >_,, for n > 0, and

—n,0]

thus its geometric realisation is preserved by G,, for n sufficiently large. The result then follows
from the equivalence G' ~ colim,,G,. g

Proposition B.13] characterises sifted-colimit-preserving functors F' : Mody — D in terms of their
restriction to Perfy <¢. Setting D = Mody, we can deduce:

Perfgo

Corollary 3.14. Let Endy, (Mody,) be the full subcategory of Ends(Mody) spanned by those
functors which preserve Perfy <o. Then the monoidal restriction functor

Endy™'=°(Mod},) — End,, (Perf:?)

is an equivalence. Here End,(Perfy <o) denotes the oco-category of endofunctors of Perfy, <o which
preserve finite coconnective geometric realisations.

Corollary 314 allows us to extend functors F : Perfy <o — Perfy <o which preserve suitable
colimits to sifted-colimit-preserving endofunctors of Mody in a monoidal fashion. However, the
functors which we will want to extend later will usually not preserve Perfy. Instead, they will
preserve the following larger subcategory of Mody. We will now record slight variants of the above
results extending from Mod}:<0 instead of Perfy <q.

Definition 3.15. Let D be an oco-category with sifted colimits. A functor F : Mod}:<O — D is said
to preserve finite coconnective geometric realisations if for every simplicial object TX. € Modf:)<0
which is m-skeletal for some m and with |X,| € Mod%ﬁgo, the natural map |F(X,)| — F(|X._|)
is an equivalence. We say that F is right complete if for any X € Modﬁgo, the natural map
colim, F(1>_,X) — F(X) is an equivalence. We write Fun'a(Modf;SO,’D) C Fun(Modf:)SO,D) for
the full subcategory spanned by all functors which preserve finite coconnective geometric realisations
and which are right complete.

We can now deduce the following “finite type variant” of Proposition 313t
Proposition 3.16. Given any co-category D with sifted colimits, restriction induces an equivalence
Funy,(Mody,, D) — Fun, (Modj; <4, D)

between Funy,(Mody, D) and the full subcategory of Fun(Mod}Ztéo, D) spanned by all functors which
preserve finite coconnective geometric realisations and are right complete.
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Proof. Using Proposition [3.13, we observe that it suffices to check that the restriction functor
Fun'a(Modfjéo, D) — Fun, (Perfy <o, D) is an equivalence with inverse given by left Kan extension.

Given F € Fun;(Mod%)SO,D), the restriction F'|pert, _, preserves finite coconnective geometric
realisations. Proposition B.I3limplies that the left Kan extension of F’ |Perfky <o O Mody, preserves all

sifted colimits, which in turn shows that the left Kan extension Fof F |Pcrfk’ < to Mod%ﬁgo is right

complete. We deduce that F — F is a transformation between right-complete functors Mod%)@ —
D which is an equivalence on Perfy, <. This transformation is therefore an equivalence and F is left
Kan extended from Perfy, <o. Hence, the restriction Funf,(Mod%KO, D) — Fun, (Mod}:<0, D) is fully
faithful. It is also essentially surjective since the left Kan extension of any G € Fungi(Perfkéo, D)
to Mody, preserves sifted colimits by Proposition B.13] which implies that the left Kan extension of
G to Mod%‘o is right complete and preserves finite geometric realisations. O

Setting D = Mody, in Proposition B.16] we can deduce the following result, which will be crucial
in our later applications to extend monads. We let Ends(Mody) denote the monoidal co-category
of functors Mody — Modj which preserve sifted colimits.

o ft
Corollary 3.17. Let End;/[ dSO(Modk) be the subcategory of Ends(Mody) spanned by all functors
which preserve Modff)go. Then the monoidal restriction functor
ft y
Endy, "'=* (Mody) — End, (Modf! )

s an equivalence. Here Endla(Mod}:SO) denotes the co-category of endofunctors of MOd%,go which
preserve finite coconnective geometric realisations and are right-complete.

3.2. Right-Left Extension. We shall now apply the tools developed in the previous subsection
and build an array of extended functors.

Remark 3.18. Closely related ideas appear in the work of Illusie [III71], Sec. I-4], and more recently
in the work of Kaledin [Kall5, Sec. 3].

Throughout this subsection, we fix a stable co-category D admitting all limits and colimits and
a field k. Our basic procedure first extends a functor on finite-dimensional k-vector spaces in the
coconnective direction and then in the connective direction.

More precisely, let F' : Vect; — D be a functor. Our goal is to extend F' to a sifted-colimit-
preserving functor Mody — D. In a first step, we take the right Kan extension F : Perf; <o — C
of F along the inclusion Vecty C Perfy <q.

Remark 3.19. Using linear duality and Proposition 3.2, we see that the right Kan extension F'%
of a functor F' as above can be computed as follows: given X € Perfy <o, we write X ~ Tot(V'*)
for V* a cosimplicial object of Vecty. Then FE(X) ~ Tot(F(V*)).

In order to further extend F& : Perfy, <o — D to a sifted-colimit-preserving functor Mod, — D
as in Proposition B.13] we need to assume the following condition:

Definition 3.20. A functor F' : Vect;, — D is said to be right-extendable if the right Kan extension
F : Perfy <o — D commutes with finite coconnective geometric realisations (cf. Definition B.9]).

Construction 3.21 (Right-left extension). The right-left extension FFL : Mody — D of a right-
extendable functor F : Vecty — D is given by the left Kan extension of F? : Perfy, <o — D to Mod.
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Remark 3.22. By Proposition .13} the right-left Kan extension F?L of any right-extendable
functor F' preserves sifted colimits. Hence, FEL restricts on Mody, >¢ to the left Kan extension LF.

Let Vecty, C Modj be the subcategory of discrete k-module spectra, i.e. ordinary k-vector spaces.

Proposition 3.23. Let F': Vecty, — Modi <o be a filtered-colimit-preserving functor, and suppose
that the restriction F|Vcct°,§ admits a right-left extension F to Mody (¢f. Construction[3.21).

If M* is a cosimplicial k-vector space, then F is determined by the formula

F(Tot(M?*)) ~ Tot(F(M?*)).
Proof. Since F preserves filtered colimits, we obtain a natural equivalence ﬁ|Vcctk ~ F. Given a
cosimplicial k-vector space M*® as above, we can write
M*® ~ colim (M),
iel
where each M]* belongs to Vect;, and every M. is a finite cosimplicial diagram for all .

Since each M is coconnective, every truncation Ts,,(Tot(M®)) is only affected by the m!”?
coskeleton of the appearing totalisations. We can therefore commute the filtered colimit past the
totalisation to obtain a equivalences Tot(M®) ~ Tot(colim (M;)) ~ colim (Tot(M;)). The same

. . icl el
argument applies to the diagram F'(M}).

Combining this observation with Remark and the defining property of F , we obtain equiva-
lences F(Tot(M®)) ~ colim ;¢ ; (Tot(F'(M}))) ~ Tot(colim,;c; (F(M?))). Since F preserves filtered
colimits, this is then equivalent to Tot(F'(colim;c;M?)) ~ Tot(F(M*)), as desired. O

Let Funpgr(Vecty, D) C Fun(Vecty,D) denote the full subcategory of right-extendable func-
tors. Right-left extension establishes a fully faithful embedding Fungy,(Vecty, D) C Funy,(Mody, D)
whose image consists of all functors F' whose restriction to F|Perka <, commutes with totalisations
which are m-coskeletal for some m (equivalently, F|pes, _, is right Kan extended from Vect?).

Construction 321 will be our basic tool for building sifted-colimit-preserving functors on Mody.
In order to proceed, we will need a criterion for right-extendability. We begin by recalling the
following definition, originally due to Eilenberg-MacLane [EML54]:

Definition 3.24 (Functors of finite degree). A functor F' : Vecty — D is said to be

(1) of degree 0 if F' is constant.

(2) of degree n with n > 1 if for any X € Vect, the difference functor Dx F : Vecty — D
defined via Dx F(Y) =fib(F(X @Y) — F(Y)) is of degree n — 1.

(3) of finite degree if it is of degree n for some n > 0.

Example 3.25. The n*" symmetric, exterior, and divided power functors Sym™, A", T™ on Vecty
are all of degree n.

We can now state the main result of this section:

Theorem 3.26. Let F' : Vecty — D be a functor of finite degree. Then F' is right-extendable. In
particular, we obtain a canonical sifted-colimit-preserving extension F' : Mody — D.

Our proof of the above result will rely on Goodwillie’s calculus of functors. We recall several of
the key definitions from Goodwillie’s work (cf. [Goo92] [Goo03]) in their co-categorical incarnation,
which is described in detail in [Lurl7, Chapter 6].

For the rest of this section, we fix a pointed oco-category A with finite colimits and a stable
oo-category D with small colimits.



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 18

Definition 3.27 (n-excisive functors).
(1) An (n + 1)-cube in A is a functor P({0,...,n}) — A, where P({0,...,n}) denotes the
poset of finite subsets of {0,...,n}. Such a cube is
o strongly coCartesian if it is left Kan extended from subsets of cardinality at most 1.
e coCartesian if it is a colimit diagram, i.e. its value on {0,...,n} is determined by its
values on proper subsets.
(2) A functor F : A — D is n-excisive if F carries strongly coCartesian (n + 1)-cubes to
coCartesian cubes (recall that D is assumed to be stable).

Let Exc" (A, D) denote the full subcategory of Fun(A, D) spanned by all n-excisive functors A — D.

Example 3.28. Let G : A" — D be a functor which preserves finite colimits in each variable.
Then the diagonal functor F' defined by F(X) = G(X,...,X) is n-excisive.

Remark 3.29. The subcategory Exc"(A, D) C Fun(A, D) is closed under arbitrary limits and
colimits: that is, limits and colimits of n-excisive functors are n-excisive. Here and in the preceding
Example, we have used that D is stable.

Remark 3.30. Suppose A is small. Given an n-excisive functor F' : A — D, we can canonically
extend F to a filtered-colimit-preserving functor Ind(.A) — D, where Ind(A) is the Ind-completion
of A. It is not hard to see that this functor is also m-excisive (cf. [Lurl7, Proposition 6.1.5.4]).
In fact, restriction and left Kan extension establish an equivalence Exc" (A, D) ~ Excl (Ind(A), D)
between n-excisive functors A — D and n-excisive filtered-colimit-preserving functors Ind(A) — D.

A theorem of Goodwillie allows us to universally approximate functors by n-excisive functors:

Proposition 3.31 (The n-excisive approximation). The inclusion Exc™ (A, D) C Fun(A, D) admits
a left adjoint P, : Fun(A, D) — Exc"(A, D).

Goodwillie has in fact given a more explicit description of the functor P, (F) as a sequential col-
imit P, (F) = colim,, (F = T,,(F) = T, (Tn(F)) — ...). Here G — T,,(G) is a certain construction
on functors G : A — D with the property that the value T,,(G)(X) is obtained as a finite limit of
copies of G evaluated on various direct sums of suspensions of X. We will not need to know the
precise formula for T),, except that it has the following implications:

Proposition 3.32. If F' preserves filtered colimits, then so does P, F .

Proposition 3.33. Given a right exact functor A — B between two pointed co-categories with
finite colimits, the following diagram commutes

Fun(B, D) —~ Exc™(B, D) .

|

P,
Fun(A, D) —— Exc" (A, D)
Here the vertical maps are simply restrictions.

Proposition 3.34 (Johnson-McCarthy [JM99l Proposition 5.10]). If F' : Vecty — D is of degree
n, then its nonabelian derived functor ILF : ModfO — D is n-excisive.
Proof. Given a collection of maps Y — X; for 0 < ¢ < n, we can form a strongly coCartesian cube

c:P{0,...,n}) — Mod® by left Kan extension. It suffices to show that the functor LF carries
every such cube c to a coCartesian cube LF o c.
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We first assume that each map ¥ — X; ~ Y @ Z; is a (split) injection between discrete finite-
dimensional k-vector spaces. In this case, the fact that F' is of degree n immediately implies that
F o cis a coCartesian cube.

But we can write any collection € = {Y, X;, Y — X;} .,, as a geometric realisation of collec-
tions ¢’ with all Y’, X/ € Vect{ and each Y’ — X/ (split) injective. Since LF preserves geometric
realisations, the known assertion for each €’ implies the desired result for €. (|

Theorem 3.35. Let A be small and stable. Suppose that Ay is a full subcategory of A which is
closed under finite colimits such that for any X € A, we have XX € Ay for m > 0 sufficiently
large. The restriction functor induces an equivalence

Exc"(A, D) —— Exc"(Ag, D)
whose inverse is given by F — Pn(Launjfll0 (F)).

Proof. The composite functor Exc"(A, D) — Fun(A, D) — Fun(Ap, D) admits a left adjoint P, o
Launﬁ0 by [Lur09, Proposition 4.3.2.17], [Lur09, Lemma 4.3.2.13], and Proposition B3I Given
that Exc™(Ag, D) < Fun(Ag, D) is fully faithful, this implies that Exc" (A, D) — Exc"(Ag, D) also
admits a left adjoint given by F +— Pn(LanjO F).

This left adjoint is fully faithful. Indeed, given an n-excisive functor Fy : Ay — D, we first observe
that Lanjo (Fo)|a, =~ Fp since Ag C A is a full subcategory. By Proposition B.33] Goodwillie’s
explicit construction of the n-excisive approximation allows us to recover Fy from Pn(LanﬁD (Fp)):

Py (Lan’y, (Fo))| o = Po(Lan®, (Fo)|a,) = Pu(Fo) = Fp.

To conclude the proof, it suffices to show that the right adjoint Exc” (A, D) — Exc"(Ap, D) is
conservative. After passing to cofibres, it is enough to prove that an n-excisive functor F' : A — D
which vanishes on Ag must also vanish on A. For each r > 0, we consider the statement .S, that
F(XrX®m) ~ 0 for all m > 0 and all X € A. Since F is n-excisive, statement S, implies statement
Sy—_1 as we can use the strongly coCartesian (n + 1)-cube obtained from the maps {X — 0} to
recover F(X) from F(0), F(XX),F(XX ¢ XX),.... By assumption, we know that S, holds true
for r > 0. A descending induction shows that Sy is true, i.e. that F' ~ 0. (]

Proposition 3.36. Let F': A — D be a functor between cocomplete stable co-categories which is
n-excisive and preserves filtered colimits. Then F preserves totalisations which are m-skeletal for
some m and all geometric realisations.

Proof. We begin with the fibre sequence D, (F) — P,(F) — P,_1(F). By induction, it suffices
to prove the claim for the n-homogeneous functor D, (F). We can find a symmetric functor G =
crp(F) : A" — D which preserves colimits in each variable such that D, (F) ~ G(X,..., X)px,
(cf. [Lurl7, Proposition 6.1.4.14., Corollary 6.1.4.15]). Since (—)xyz, : Fun(BX,,D) — D is exact
and limits and colimits in functor categories are computed pointwise, it suffices to check that the
functor A — D given by X — G(X, ..., X) preserves geometric realisations and finite totalisations.

For realisations, this follows immediately since A% — (A°P)™ is left cofinal (cf. [Lur09, Lemma
5.5.84]). If X*: A — A is a cosimplicial object which is right Kan extended from A<,,, we first
observe that (X°,..., X*) : A" — A" is right Kan extended from (A<,,)™. Since this is a finite limit
condition and G is exact in each variable, the multisimplicial object G(X*,..., X*) is also right Kan
extended from (A<,,)", which implies that G(Tot(X*),..., Tot(X*®)) ~ lima» G(X°®,...,X*)) ~
Tot (G(X*®,...,X*)). For the final equivalence, we have used that the diagonal map A — A" is
right cofinal. O
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Proof of Theorem[3.20. If F' : Vecty — D is of degree n, we know by Proposition B:34] that the
sifted-colimit-preserving left Kan extension ILF : ModfO — D is n-excisive.

The functor F := Pn(Lanﬁzfdi’go LF) ~ P,(LF o 7>¢) is evidently n-excisive, and it preserves
k

filtered colimits as the t-structure on Mody, is compatible with filtered colimits (cf. [Lurl7, Propo-
sition 1.3.5.21]). Combining this observation with Proposition B:33] and Theorem 338 we can
deduce that the restriction of F' to Mody, >0 agrees with LI

Proposition then implies that F preserves geometric realisations and finite totalisations.
Hence, }7'|Pcrfkgo is right Kan extended from F' and preserves finite coconnective realisations. (|

Example 3.37. As a consequence, we obtain n-excisive functors

n
LSym", L /\, LT"™ : Mody, — Modx.
extending the ordinary symmetric, exterior, and divided power functors Example [3.4]
We have the following duality phenomenon:

Proposition 3.38 (Duality). Let F' : Vecty — Mody be a functor of finite degree. Then the
functor FV : Vecty — Mody, given by M — (F(M)Y)Y is right-extendable and its extension FV
satisfies FV (M) ~ (F(MY))V for all M € Perfy.

Proof. Since the functor (—)¥ : Mod, — Mod;” preserves colimits, it is exact. As F preserves

geometric realisations and finite totalisations, the functor G = (F(MY))Y preserves finite realisa-
tions and finite totalisations. This in turn implies that G |Perfgo is right Kan extended from Vect
k

and that G|, <o preserves finite coconnective geometric realisations. Hence, the functor F Viis
k

right-extendable. The second claim follows since FV and G agree on Perf%0 and preserve finite
geometric realisations. (I

Example 3.39. Since the n'" symmetric power functor M ~— (M®)s,  is dual to the n'" divided
power functor M — (M®)®» for M € Vecty, we conclude from the above Proposition that the
extended functors satisfy I'"(M) ~ (Sym"(MV))V for all M € Perf.

3.3. Extended Functors and Bredon Homology. We shall now attach n-excisive functors

Mody — Modj, to genuine X,,-spaces and construct a spectral sequence to compute their values.
Given a field k and a finite pointed ¥,-set (X, z), we write k[X] for the quotient of the free

k-vector space on X by the relation x ~ 0. We define a functors Fy, F)’é : Vecty — Mody, by setting

Fx (M) := (k[ X]® M®")s,  and F2(M):= (k[X]® M®"),5,.

Proposition 3.40. The functors Fx and F% are of degree n in the sense of Definition[3.24}

Proof. In order to prove that Fx is of degree n, we prove the more general claim that for any sub-
group H C %, xX,, and any X,,,-vector space V in Vect%, the functor G given by Y — (VY ®")y is
of degree n. The claim is evident for n = 0. For n > 0, the binomial formula shows that DxG(Y') =
fib(G(X@Y) = G(Y)) sends Y € Vecty to Y — Py (V ®Indg? 5 (X2 @ Y®J’))H . Us-
ing the projection formula, we deduce that the functor DxG(Y) is in fact given by a sum of functors
Y = (V@ X®M9) @ Y®) g for H' a subgroup of (X, x ¥,_;) x &; with j <n — 1. The claim
follows by induction. A similar argument shows that F2 is degree n. ]
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By Theorem[3.26, the functors Fx, F' )’é admit canonical n-excisive sifted-colimit-preserving exten-
sions Mody;, — Mody, which we will denote by the same names. Extending the resulting assignments
(Setf™)®n — End%(Mody,) given by X + Fx and X + F% in a sifted-colimit-preserving manner,
we obtain functors

Foy, By o 8 ~ Py((SetI ™)) — Endg;(Mody)

from genuine ¥,,-spaces to n-excisive sifted-colimit-preserving endofunctors of Mody.
We will now describe a method for computing the value of Fx and F )’é on a given k-module
spectrum M. First, we recall the following notion:

Definition 3.41. Given an additive functor p : (Set:™)¢ — Mody from finite pointed G-sets to
k-module spectra, we define the (reduced) Bredon chains Cy(—, ) : S¢ — Mody, as the left Kan
extension of 1 to the co-category of pointed genuine G-spaces S& ~ Px((Set!™)%) . The (reduced)
Bredon homology groups of X € S¢ with coefficients in p are given by INJPY(X, 1) 1= T (6'*(X, ).

If X € 8>~ is the geometric realisation of a simplicial diagram X, taking values in the category
of finite pointed Y,-sets, then we have Fx (M) ~ |Fx,(M)| and F%(M) ~ |Fk (M)|. Using
the skeletal filtration of the simplicial k-module spectra Fx, (M) and F' )’é. (M) gives convergent
half-plane spectral sequences

B, =m (m(Fx, (M) = me(Fx (M)

ESch =Ts (”t(F)}}. (M))) = et (FR(M)).

Thus, we have B2, = HB* (X, M) and Eszth = HB (X, uM"), where p, u" ¢ (SetT™)=n — Mody,
are given by X ~ m(Fx(M)) and X + m,(F%(M)), respectively.

The functors M and uiw M are particularly computable when M is perfect and coconnective. In
this case, we can write M = Tot(M?*) as a finite totalisation of a cosimplicial finite-dimensional
k-vector space M*®. For X € (Sett ™)™ a finite pointed ¥,-set, the functor (FX)|Pcrf,§“ is right Kan
extended from Vect},, which in turn implies that Fx (M) ~ Tot(Fx (M*)) = Tot(k[X]® (M*)®™)x,
and F (M) ~ Tot(F&(M*)) = Tot(k[X] ® (M*)®");x, (by the dual of Proposition B.2). Dual
remarks apply for M connective and of finite type.

In both cases, we can use the standard wrong-way maps to upgrade p and ui\/[ " to Mackey
functors. We recall that a Mackey functor consists of a pair of functors

(1t : (Set™) — Mody, , p#: (Set™)% — ModP)

from finite X,,-sets to Mody, which agree on objects and such that whenever the left square below
is a pullback of finite pointed G-sets, then the right hand square commutes:

A-1sB n(Ay) " (B
hl/ \Lg Hh(h)T Tu”(g)
C—>D wC) —mz mD)

We will later use the above spectral sequence to compute the homotopy of free partition Lie algebras.
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3.4. Admissible functors. The main purpose of this subsection is to isolate a class of functors
which preserve certain totalisations in Modg?o. This will play a technical role at various stages in
the axiomatic argument in the following section.

We first need the following elementary and classical observation asserting that endofunctors of
Mody, >0 which preserve sifted colimits naturally commute with limits of Postnikov towers.

Proposition 3.42. Let F' : Mody,>9 — Mody, >0 be a functor which preserves sifted colimits.
Suppose V- — V' is a map in Mody, >0 such that 1<,V ~ 1<, V'. Then 1<, F(V) >~ 1<, F(V').

Proof. Since the functor Q*° : Modg, >9 — S preserves products and sifted colimits, the functor

Qo F : Modg,>9 — S has the same properties. Hence F := Qo F is left Kan extended from
a product-preserving functor Vect;, — S, since Mody, >0 = Px(Vecty). The general theory of Px
shows now that any such functor can be written as a geometric realisation of functors of the form

hv, (=) = Homuod, (Vo, —) : Modg, >0 — S,

for Vj € Vect},. It is clear that hy, has the desired property: if V' — V' is a map in Mod, >0 which
induces an equivalence on 7<,, then 7<,hv, (V) = 7<,hy, (V') is an equivalence. The result follows
as the collection of all functors Mody >0 — S satisfying this property is closed under colimits. [

Definition 3.43 (Admissible functors). Let F': Modg, >0 — Modg, >0 be a functor which preserves
sifted colimits. We will say that F' is admissible if the following hold:
(1) The functor F' preserves the subcategory Mod%ﬁzo C Mody, >0 of finite type k-modules.
(2) If X* is a cosimplicial object of Modﬁzo such that the totalisation Tot(X*®) (computed
in Mody) belongs to Mod}?zo, then F(Tot(X*®)) — Tot(F(X*)) is an equivalence. In
particular, this means that the right-hand side is connective.

Proposition 3.44. Let F' : Mody >0 — Mody, >0 be a functor which preserves sifted colimits and
preserves the subcategory Modf:7>0. Then we can define a functor FY : Perfy, <o — Modf:’q) by the
formula V — F(VV)V. The functor F is admissible if and only if FY preserves finite coconnective
geometric realisations (Definition[3.9).

Proof. If FV preserves finite coconnective geometric realisations, then FV extends uniquely to
a sifted-colimit-preserving functor FV . Mod;, — Modg. For V' € Perfy <o, we have a natural
equivalence ﬁ/(V) ~ F(VV)V. By Proposition [3.42] this in fact holds for all V € Modgéo. Now
suppose that W* is an augmented cosimplicial object in Mod%)zo which is a limit diagram in Mody.

Dualising, we obtain an augmented simplicial object (W), of Modff)SO which is a colimit dia-
gram. Here we have used that linear duality is conservative. Now FV ((WVY)e) is a colimit diagram.

Dualising again, we find that F(W*) is a limit diagram, as desired. The reverse implication follows
by a similar argument. O

Proposition 3.45. Let F' : Mody. >0 — Modi be a functor which commutes with sifted colimits.
Suppose that F' carries Mod%ﬁzo nto Modﬁzo and that F' is n-excisive. Then I is admissible.

Proof. We first observe that F extends uniquely to an n-excisive functor on Mody, (Theorem [B.33]),
and that it therefore preserves all finite totalisations by Proposition .36l The functor FV on Perf}
given by V +— F(VV)V is also n-excisive and therefore preserves finite geometric realisations. By
Proposition [3.44] it follows that F' is admissible. O
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Proposition[B.458l provides a large supply of examples of admissible functors. However, we will also
need to work with functors, e.g. the free E.-algebra functor, which are not admissible. However,
they will become admissible in the graded setting, and this observation will be crucial.

Definition 3.46 (Pointwise finite type). Let GrpftModeO be the full subcategory of GrMody
consisting of those objects X, such that X; € Modf:zo for all 4 > 0. We shall refer to these objects
as pointwise of finite type. Note that GrftModk)Zo is a subcategory of Grpftl\/[odkzo.

Remark 3.47. This is a weaker notion than being of finite type in the sense of Definition 2.14
We can give the following graded variant of Definition [3.43]

Definition 3.48 (Graded admissible functors). Let F' : GrMody > — GrMody > be a functor
which preserves sifted colimits. We will say that F' is admissible if the following conditions hold:
(1) The functor F preserves the subcategory Gr**Mody, > € GrMody, >o.
(2) If X* is a cosimplicial object of GrP™Mody, >¢ such that the totalisation Tot(X®) (computed
in GrMody,) belongs to GrP™Mody, >0, then F(Tot(X*)) — Tot(F(X*)) is an equivalence.
In particular, the right-hand side is connective.

We illustrate the technical advantage of working in the graded setting:

Example 3.49. For some n > 0, consider the functor Mody >o — Mod, >0 given by V — V&,
Since this is m-excisive, Proposition implies that this functor is admissible. However, the
functor V= @, V" is not admissible as a functor Mody, >o — Mody, >o.

It is, however, easy to see that the assignment V — P, ., V®" js admissible as a functor
GrModg,>9 — GrMody, >¢. This holds because each summand is admissible, and the summands
live in higher and higher internal degree.
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4. THE AXIOMATIC ARGUMENT

Given an augmented monad acting on Mody, we can consider the co-category of formal moduli
problems based in algebras over this monad (cf. Definition £22). In this section, we shall prove
that under certain conditions specified in Definition [.15] this co-category admits a “Lie algebraic”
description (cf. Theorem [23)) as algebras over a monad constructed in terms of the monadic bar
construction.

4.1. An informal overview. We briefly recall some axiomatic aspects of bar-cobar duality, which
goes back to the classical work of Moore [Moo71]. For recent modern treatments, we refer to [Chi05]
Chapter 4], [FG12| Sections 3,4], or [GR17, Chapter 6], [LV12, Chapters 2,6].

Given an E.-ring spectrum k, we write Mody for the oco-category of k-module spectra. If O
is an oo-operad in Mody (cf. e.g. [Bral7, Definition 4.1.4], then we can consider the oco-category
Alg,(Mody) of O-algebras in Mody. Suppose now that O(0) = 0, O(1) = k. Restriction along the
canonical map from O to the trivial operad gives rise to the square-zero functor

sqz : Mody, — Algy(Mody,),

which turns an object V € Mody, into an O-algebra whose operadic multiplication maps are trivial.
This functor admits a left adjoint, which we will denote by

cot : Alg,(Mody) — Mody.

It is often called the cotangent fibre or O-algebra homology and can be thought of as the derived
indecomposables functor.

Remark 4.1. If k is a field of characteristic zero, this was discussed by Hinich [Hin97], who studied
operads in chain complexes of k-vector spaces. For general E.-ring spectra R, modelled as com-

mutative algebra objects in symmetric spectra, these functors were also studied in [Harl0, [Har09,
HarT5].

Informally speaking, bar-cobar duality aims to recover an O-algebra A from cot(A) together
with some additional structure placed on it. More formally, we observe that C' = cot osqz defines a
comonad on Mody, and abstract nonsense gives rise to a functor

(3) Alg(’) (MOdk) - COAlgcot 0sqz (MOdk ) .

Furthermore, the functor cotosqz can be identified with V' — @, .,(K(n) ® V¥"),x,, where
K(n) € Fun(BX,, Mody) is a symmetric sequence of k-module spectra. This symmetric sequence is
in fact the underlying symmetric sequence of the Koszul dual cooperad K = Bar(Q), which one can
often identify explicitly, cf. e.g. [GK94, [GK95| [GJ94]. Taking k-linear duals, it follows that Bar(O)Y
is an operad in Mody, and the functor cot” takes values in algebras over Bar(O)Y. Under suitable
conditions, one may hope that [B]) will restrict to an equivalence on appropriate subcategories.

We mention some well-known results in this direction. First of all, the following general com-
parison result shows that one has an equivalence under connectivity hypotheses:

Theorem 4.2 (Ching-Harper [CH19]). Let k be a connective commutative symmetric ring spectrum
and let O an operad Mody, for which O(0) ~ 0,0(1) ~ k, and O(i) is connective for all i > 0. Let
KC be the associated cooperad on Mody. Then the duality functor Alg,(Mody) & coAlg,(Mody)
restricts to an equivalence between 0-connected objects on both sides.

The hypotheses of 0-connectedness (which means that 7, (X) = 0 for all n < 0) is crucial and
essential for the convergence of certain filtrations. This result has many predecessors, including
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the result of Moore [MooT71], who proves Theorem .2 for O the nonunital associative operad (over
a discrete ring k) by explicitly constructing the adjunctions on chain complexes. Quillen [Qui69]
proves it for O the Lie operad over Q, where coAlg, becomes (up to a shift) the co-category of
cocommutative coalgebras.

The theorem of Lurie [Lurlla] and Pridham [Pril0] classifying formal moduli problems in char-
acteristic zero can be interpreted as a result in this vein, albeit with some additional hypotheses
and conclusions. In particular, one needs to slightly extend the equivalence beyond the assumption
of O-connectedness, and one needs to prove that certain pullbacks are carried to pushouts.

We recall the work of Lurie and Pridham in more detail. Let k£ be a field of characteristic zero,
and write CAlg}"® for the co-category of augmented Eo-algebras over k. Note that we can also
regard this as the oo-category of algebras over the monunital Eo.-operad in Modg, so this is an
instance of the situation described above.

Definition 4.3. We say that A € CAlg}"® is complete local Noetherian if A is connective, m(A)
is a Noetherian ring which is complete with respect to the augmentation ideal, and each m;(A) is a
finitely generated my(A)-module.

Let CAIgﬁN denote the full subcategory of CAlg;"® spanned by such algebras.

It is well-known that the Koszul dual to the nonunital E.,-operad is the shifted Lie operad.
It follows that if A € CAlg;"®, then cot(A)Y[—1] is naturally equipped with the structure of a
differential graded Lie algebra, and we obtain a functor

D : (CAlgy"®)P — Algy . (Mody).

Here Alg;;.(Mody) denotes the oo-category of Lie algebras in Mody, which is presented by the
model category differential graded Lie algebras.
The Lurie-Pridham Theorem [[T] is essentially equivalent to the following result:

Theorem 4.4 (Lurie, Pridham). The functor ® restricts to an anti-equivalence
D : (CAlg{N)oP ~ Liez‘ﬂ’gfl

between CAlgf;N and the oco-category Liei?g_l of differential graded Lie algebras whose homotopy
groups are finite-dimensional in each degree and concentrated in negative degrees.

Furthermore, given maps A — A" and A’ — A" in CAlgN which induce surjections on o,
the functor ® takes the associated pullback diagram to a pushout square of differential graded Lie
algebras.

The deduction of Theorem [[LT] from Theorem 4] is explained in Sections 6 and 7 of the survey
paper [Lurl0], or, using the language of deformation theories, in [Lurllal Theorem 1.3.12].

The main “formal” contribution of this paper is a new method for proving results like Theorem 4]
for co-categories of algebras more general than CAlg}"® with char(k) = 0. We will prove the relevant
equivalence using Lurie’s higher categorical version of the Barr-Beck comonadicity theorem (cf.

Theorem 4.7.3.5 in [Lurl7]), which we shall briefly recall for the reader’s convenience:

Theorem 4.5 (Barr-Beck-Lurie). The adjunction F:C =—= D : G is comonadic if and only if

the following conditions hold true:

(1) The functor F is conservative, i.e. a morphism f in C is an equivalence if and only if F(f)
is an equivalence.
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(2) Given an F-split cosimplicial object X* in C (cf. [Lurld, Section 4.7.2]), the diagram X*
admits a limit in C, which is preserved by F'.

The Barr-Beck-Lurie theorem is a powerful tool in higher category theory which, just like its
classical counterpart, has been used to establish various descent equivalences by checking certain
convergence results. We give an instructive example (cf. [Matl6, Sec. 3]):

Example 4.6 (Nilpotent descent). Fix a field ¥ and consider the algebra object k[e]/e?, equipped
with the obvious augmentation map to k. We claim that the natural functor

Modk[é]/ez — Modg, Mw—k Okle]/e2 M

is comonadic. To see this, we need to check that the functor k®yq ez (=) is (1) conservative and (2)
commutes with totalisations of cosimplicial objects in Mody/> which become split after applying
k ®g[ee2 (—). Both of these facts follow easily from the fibre sequence of k[e]/e*-modules

k — kle]/e* — k.

Indeed, if M € Mody¢) /2 satisfies k @y /2 M = 0, then the above fibre sequence implies that M =
0. This implies (1). Similarly, we can prove statement (2) about commutativity with totalisations
by observing that if M* is a cosimplicial object in Mod(k[e]/e?) such that k @y(q ez M® is split,
then the Tot-tower defined by M is a constant pro-object.

Since we will be working with algebras rather than modules, the arguments are more involved.
The basic observation is that the convergence criterion appearing in the Barr-Beck-Lurie Theo-
rem [L.5](2) is far easier to check when working in the context of connected graded objects (compare
also the notion of pro-nilpotence in [FG12]). As a consequence, it becomes much easier to establish
a Koszul duality statement for connected graded E..-algebras.

Any augmented Eoo-algebra is automatically endowed with a canonical m-adic filtration. With
some care, we can use this fact to transfer all convergence questions into the simpler connected
graded setting. We note that the use of filtrations in this type of argument is standard in the
literature on operadic Koszul duality, cf. for example [Kuh04, [HH13, [KP17, [GR17, [CH19].

In Definition 4.15] below, we will isolate axiomatic properties of a monad which will guarantee
that the strategy outlined above passes through. Indeed, we prove in Theorem [L.2(] that if these
axioms are satisfied, then a generalised version of Theorem [£.4] holds true.

4.2. The Axiomatic Setup. Let k be a field and suppose that T is a sifted-colimit-preserving
monad acting on Mody. In order to set up a cotangent formalism for T-algebras and apply it to
T-based formal moduli problems, we shall need to assume that T is augmented over the identity
monad. In fact, we will adopt an equivalent formalism based in adjunctions rather than monads;
this will later facilitate our treatment of filtrations:

Definition 4.7. An augmented monadic adjunction consists of a pair of adjunctions

free cot
MOdk,ZO 1 C s MOdk,ZO
forget sqz

whose composite is the identity such that C is pointed and presentable and (free 4 forget) is monadic
with sifted-colimit-preserving right adjoint.
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Remark 4.8. Given an augmented monadic adjunction as above, we can identify C with the oo-
category of algebras for a monad 7" = forget o free on Mody, >0, and this monad is canonically
augmented via T = forget o free — forget o sqz o cot o free = id.

Example 4.9. The main example of interest to us is the case where C is the oco-category of
augmented simplicial commutative k-algebras. In this case, the above adjunctions are defined
as expected: free builds the free simplicial commutative k-algebra, forget sends an augmented
simplicial commutative k-algebra to its augmentation ideal, cot takes the cotangent fibre, and sqz
is the trivial square-zero construction functor.

The augmented monad LSym = forget o free sends M to @, , LSym‘(M), where LSym’ is the
left derived functor of the it symmetric power functor (_)% The functor cot can be computed
explicitly as R — Bar(1,LSym, I A), where I A is the augmentation ideal of A.

Example 4.10. There is also a variant of the above example when we consider C to be the co-
category of connective augmented E.-algebras over k.

Example 4.11. In fact, given any oo-operad O in Modj >0 with O(0) = 0 and O(1) ~ k, we
can take C to be the oo-category of connective O-algebras. For k a field of characteristic zero, we
recover the desired adjunctions as in the discussion at the beginning of Section [Tl

Remark 4.12. We will often suppress the notation forget when it will not cause confusion. For
instance, given A € C, we shall write m;(A) = m;(forget(A)).

In the situation of Definition 4.7l we hope to establish a version of Theorem[4.4l For this, we shall
need to identify a full subcategory Cag, C C of complete almost finitely presented objects satisfying
the following desiderata:

cot
(1) The adjunction (cot 4 sqz) restricts to a comonadic adjunction Cagp, T Mod}?zo .
sqz
(2) The monad (M — cot(sqz(M"))Y) on Modff)SO extends uniquely to a sifted-colimit-preserving
monad T on Mody, (cf. Corollary B.17).
We write D : Cof — Algpy for the fully faithful embedding sending A to cot(A).
(3) Given A, A’, A" € Cupp and mp-surjective maps A — A” and A’ — A”, the fibre product
A xan A’ € C also belongs to Cagp, and the square

2(4") D(A)

l |

@(A) —— @(A X A A/)

is a pushout in T"V-algebras.

Remark 4.13. Writing T = cot osqz : MOd%,zo — MOd%,zo for the comonad induced by the above

adjunction, the above conditions give equivalences Cag, =~ coAlgT(Modgﬁzo) ~ Algpv (Mod%ﬁgo)"p .
This is a version of bar-cobar duality.

Remark 4.14. In all our Examples and above, we will be able to explicitly identify
the target subcategory Casp. More precisely, Cagp Will be the oco-category of augmented simplicial
commutative rings (resp. connective Eoo-rings) A such that m9(A) is complete local Noetherian,
and such that 7;(A) is finitely generated as a mo(A)-module for all ¢ > 0.
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In order to construct a subcategory Cag, C C satisfying the desirable properties listed above, we
will need to work in a more refined context. Thinking of C as some oco-category of algebras, we will
specify oo-categories C¥! and CO" of filtered and graded algebras, and assume that these categories
are suitably linked by several natural functors. Further technical assumptions, which are readily
checked in practice, will then allow us to establish a Koszul dual description of C-based formal
moduli problems.

We summarise all required data in the following central definition, which is a filtered enhancement
of Definition [£77}

Definition 4.15. A filtered augmented monadic adjunction consists of a diagram of left adjoints

t
MOdk,ZO C —>CO MOdk7ZO

o d| fl

cot

FilMody, >0 —— CFil —* , FilMody >0

dt | dt

cot

GrMody >0 —°— ¢S —°' 5 GrMods >0

free

where the vertical arrows (—)1 : Mody, >0 — FilMody, >0 send V to (V)1 =(---—=0—=0— V) (cf.
Example 2:2)) and the functor Gr takes the associated graded. Moreover, we shall assume:

(1) Augmented Monadicity. All horizontal composites give the identity, and the adjunctions
(Mody, >0 = C), (FilMody, >0 = CF1), (GrMody, >0 = CY") are monadic with sifted-colimit-
preserving right adjoints.

(2) Adjointability. Taking right adjoints of the top vertical arrows gives commutative squares

free

MOdk)ZQ — C L MOdk,ZO
+] +] +
FilMody, >0 —— CFl —' , FilMody, >0

Taking right adjoints of the middle and lower horizontal maps gives commutative squares

FilMody 5o 22 CFil  *¥  FilMody, 5
5 5 5
GI’MOdk)ZQ forget CGr e Gl”MOdk)ZQ

forget ofree

(3) Admissibility. The map GrMody >0 GrMody, >0 is admissible (cf. Definition [B.48)).
Moreover, given A € CS*, there is a functorial tower {A(i)}izl in C%" and compatible maps
A — AW gatisfying the following three properties:
(a) There is a natural isomorphism A() ~ sqz o cot(A) of objects over A in CG*.
(b) For i > 1, there is a natural isomorphism forget(A“=1)/ forget(A®) ~ G;(cot(A)) for
an admissible and i-increasing functor G; : GrMody, >0 — GrMody, >o.
(¢c) The map forget(A) — forget(A®) in GrMody >¢ induces an equivalence on graded
pieces of (internal) degree < i.
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Let Cff; C €Y consist of all A with cot(A) € Gr'*Mody, . Write Cgfi;) C CFi! for the full subcat-
egory of all complete A with Gr(A4) € CGr. Let Cag, C C consist of all A with adic(4) e CEl.

(4) Coherence.
(a) When A, A’ A" € C,Sc; and we have maps A — A”, A — A” which induce surjections
on o, then the fibre product A x 4» A’ € CE™ also belongs to C&*

afp-
(b) If V € Gr"*Mody, >0, then sqz(V) € CS.
(5) Completeness. If A € Cft%, then the following conditions hold true:
a) The cotangent complex cot(A) is complete.
b) The adic filtration adic(F'A) on F'A € C is complete.

Remark 4.16. The first part of the adjointability axiom asserts that taking free algebras and taking
the cotangent fibre commutes with taking underlying objects. The second part ensures that taking
underlying objects or taking a square-zero extension commutes with passage to associated gradeds.

The functor adic is an abstraction of the construction which sends an augmented commutative
ring R with augmentation ideal m to its (derived) m-adic filtration.

Remark 4.17. The reader is encouraged to keep in mind the following example (which is discussed
in more detail starting in Construction (.36]). Let C be the oo-category of augmented simplicial
commutative k-algebras, as in Example[9. Then we can let CFi! to be the co-category of augmented
filtered simplicial commutative k-algebras and C* the of augmented graded simplicial commutative
k-algebras. In this case, one can show:

(1) Cff; consists of those graded simplicial commutative rings A such that the bigraded ring
7«(A) has the following property: mp(A) is Noetherian, and m;(A) is a finitely generated
mo(A)-module for ¢ > 0.

(2) Efg consists of those complete filtered simplicial commutative rings A whose associated
graded Gr(A). is almost finitely presented as the previous item. This in particular implies
that mo(A) is a complete local Noetherian ring and each m;(A) is finitely generated as a

mo(A)-module.

Remark 4.18. Given any augmented oo-operad O in Mody >0, there is a natural oco-category of
filtered O-algebras (i.e. O-algebras in filtered objects), as well as one of graded O-algebras. If O
satisfies reasonable finiteness properties, then these co-categories are linked by a diagram satisfying
conditions (1) — (3) of Definition LT5] where (3) can be handled using the homotopy completion
tower for graded k-modules (cf. [HH13]). More generally, it is not hard to check that a similar
statement holds for any augmented monad in the category of strict polynomial functors (cf. [FS97]),
with the identity functor as weight one component.

Remark 4.19. The admittedly clumsy axiomatisation adopted in Definition [4.15] allows us to
simultaneously handle the cases of E.-k-algebras (which are algebras over an operad) and simplicial
commutative k-algebras (for which this is not true).

We can state and prove the main formal result in this paper:
Theorem 4.20. Let C,CF!, ... be part of a filtered augmented monadic adjunction (cf. Definition [{.15).

(o} 3
(1) The adjunction (cot - sqz) restricts to a comonadic adjunction Cupy T— Modf:zo,

where Cagp is defined as in Definition [{.15 above or Definition [{.43 below.”
(2) The monad (M > cot(sqz(MV))V) on Modﬁgo extends uniquely to a sifted-colimit-preserving
monad TV on Mody, (cf. Corollary[517).
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We write © : Cop, — Algpy for the fully faithful embedding sending A to cot(A)Y.

(3) Given A, A’ A" € Casp and mo-surjective maps A — A" and A" — A", the fibre product
A x an A" € C also belongs to Cagp, and the following square is a pushout in T -algebras:

D(A") —— = D(A)

l |

@(A) —_— @(A X A A/)

This will allow us to prove that C-based formal deformations are in fact governed by T'V-algebras.
First, we specify the small objects which will parametrise our deformations (cf. [Lurllal, Definition 1.1.8]):

Definition 4.21 (Artinian objects). Let Cary C Cagp denote the smallest full subcategory satisfying:
(1) Cayt contains the terminal object .
(2) Given A € C,y and a morphism A — sqz(k[n]) with n > 0, then the fibre product
A" = A Xgqu(kn)) () also belongs to Cart.
Observe that (1) and (2) together imply that Cay contains sqz(k[n]) for any n > 0.

We spell out the definition of a C-based formal moduli problem (cf. [Lurllal Definition 1.1.14]):

Definition 4.22. A C-based formal moduli problem is a functor X : C,y — S with the properties:
(1) X carries the terminal object * to a contractible space.
(2) Given A € Cyy and a morphism A — sqz(k[n]) with n > 0, the functor X sends the fibre
product A" ~ A X, k[n]) (*) to a fibre product in spaces X (A") ~ X (A) X x (squ(kn])) X (*)-
Let Modulic C Fun(Cayt,S) be the oo-category of formal moduli problems.
Given F' € Modulic, the functor F osqz : Perfy, >0 — S is excisive. The corresponding k-module
Tr € Mody, called the tangent fibre to F. Its underlying spectrum satisfies Q>°~"Tp ~ F(sqz(k[n]).

We then have the following consequence of Theorem [4.20)

Theorem 4.23. IfC is part of a filtered augmented monadic adjunction (cf. Definition[{.19), there
is an equivalence of co-categories Algp — Modulic with g — (R Map g, (D(R),9)) such that
the composite Modulic — Algrv — Mody is equivalent to the tangent fibre functor F +— Tp.

4.3. Graded Objects. Let C,CF",CC", ... be part of a filtered augmented monadic adjunction in
the sense of Definition EET5l Our first goal is to study the adjunction cot : C5* =——= GrMody, >0 :

sqz on graded objects. The admissibility axiom (B]) will allow us to argue in a straightforward
manner that this adjunction is in fact comonadic on a large class of objects. The rest of the
argument required to prove Theorem [4.20] will then amount to reducing everything to this case. We

begin with several basic observations on graded objects:

Remark 4.24 (The bar construction). Let A € C% (resp. C,CF!). The augmented simplicial
object Bar,(free, free, A) — A admits an extra degeneracy in Mody, >0, and therefore induces an
equivalence | Bare (free, free, A)| ~ A. As the forgetful functor preserves geometric realisations, we
deduce that Bar, (free, free, A) — A is in fact a colimit diagram in C%* (resp. C,CF!).

Since cot(—) preserves colimits, it follows that cot(A) is the geometric realisation of the simplicial
object Bar, (id, free, A) whose value in degree i is free®’(A).

In addition, we have a natural map A — cot(A) in GrMody >o (resp. Mody, >0, FilMody >0),
which is obtained by observing that Barg(A4) = A and that we have a map Barg(A) — |Bare(A4)].
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Note that for each i, we obtain a (degeneracy) map A — Bar;(4) = free® (A); this is simply a
composite of unit maps.

Remark 4.25 (Conservativity of cot in the graded case). Let A € CS*. Then the map A — cot(A)
induces an equivalence A; ~ cot(A); in degree 1 by assumption (3a) in Definition

If amap A — B in C%" induces an equivalence on cot(—), then A — B is an equivalence. Indeed,
it follows inductively from assumption () of Definition that A® — B® is an equivalence for
all i > 1. Letting ¢ — oo and considering graded pieces, it follows that A — B is an equivalence.

We will now prove that the associated graded of adic(A) is canonically a free algebra for
any A € C. Heuristically, we can think of the functor adic(—) as a method of interpolating between
a general algebra and a free algebra.

Proposition 4.26. There is a canonical isomorphism of functors C — CS* given by
Gr(adic(A)) ~ free([cot(A)]1).
Here we place cot(A) € Modg, >0 in graded degree one to construct [cot(A)]1 € GrMody >o.

Proof. Note that for any B € CS*, there is a natural map from free([B;];) — B. This map is an
equivalence in internal degree 1: by assumption [3 of Definition [£15] it suffices to check this after
applying cot. Here, the map becomes B; — cot(B)1, which again is an equivalence by assumption [l

Let A € C. Then cot(adic(A)) is the filtered object -+ — 0 — 0 — cot(A), and therefore
cot(Gr(adic(A))) is the graded object [cot(A)]; with cot(A) concentrated in degree 1. It follows
that we obtain a map free([cot(4)]1) — Gr(adic(A)) in CE*. This map is an equivalence when
A = free(X) for X € Modg, >0 as in this case, it is simply the identity map on free([X]1). It must
therefore be an equivalence in general since both sides preserve geometric realisations. O

We invite the reader to recall the notion of graded modules pointwise of finite type introduced
in Definition [3.46l This finiteness property can be detected using the cotangent fibre functor:

Proposition 4.27. Let A € CS*. Then the following are equivalent:
(1) forget(A) € GrP™Mody >o.
(2) cot(A) € GrP™Mody, 0.

Proof. As before, we will omit the forgetful functor from our notation.

Suppose first that cot(4) € GrP™Mody >, i.e. that each graded piece cot(A); € Mod}:>0 is of
finite type. The filtration appearing in assumption (B]) of Definition shows by induction that
each A lies in Grp&Modk,ZO, because the functors G; preserve Grp&Modk,ZO by assumption. Since
A — A is an equivalence in graded degrees below i, letting i — oo implies that A € Grp&ModkyZO.

Conversely, suppose A € GrpftModk,Zo is a k-module spectrum of pointwise finite type. We can
again proceed by induction. By Remark[4.25] we know that cot(A); ~ A; is of finite type. Suppose
cot(A)y,...,cot(A);_1 € M0d2>0. Since the functors G are increasing and preserve GrPMody, >¢
for all j > 1, it follows that G,;(cot(A)); = G;(tr<;(cot(A))); belongs to Mod%)zo forall 1 < j <i.
Then the filtration of assumption [3] shows inductively that the graded piece 4; = Az(-i) of AW e cGr
has a finite filtration involving cot(A); and terms in Mod%)zo (namely, G;(cot(A)); for 1 < j <4).
Since we assumed that A; € Mod}:m, it follows from this cot(A4); lies in Mod}:m. O

We can now establish the basic tool for commuting cot and totalisations, which is the heart of
the convergence arguments needed in this work. First we need a basic notion.
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Definition 4.28. The co-categories C,CF!!,CS" are presentable, and hence have all limits. These
are computed at the level of objects in Mody, >¢ (or GrMody >0, FilMody, >0). We will say that a
limit in C,CF1, CC™ connectively exists if the limit is also preserved in Mody, GrMody, or FilMody,.
In particular, the limit in Mody, GrModg, or FilMody is connective.

Proposition 4.29 (Convergence criterion in C%). Let A® be a cosimplicial object of CS* such that
for each i, we have forget(A?) € GrpftModk,Zo. Then the following are equivalent:

(1) The totalisation Tot(forget(A®)) (computed in GrMody) belongs to GrP™Mody, >o.
(2) The totalisation Tot(cot(A®)) (computed in GrMody,) belongs to GrP™Mody, >¢.

If these conditions are satisfied, then the limit Tot(A®) connectively exists in CS*, and the canonical
map cot(Tot(A®)) — Tot(cot(A®)) in GrMody >¢ is an equivalence.

Proof. In fact, we shall prove the following more refined statement:

Let B® be an augmented cosimplicial object of C&" with B7 € GrpftModeO for all j > 0.
Suppose that Bf,...,B? ; are limit diagrams in Mody, with By',..., B} € Mod}:>0.
Then the following are equivalent: -
(1) By is a limit diagram with B; ' € Mod}! ».

(2) cot(B®); is a limit diagram in Mody, and cot(B~1); € Modff_’>0.

By induction, this implies the equivalence of (1) and (2) in the proposition, as well as the asserted
convergence. Here we use that the forgetful functor C* — GrMody, >¢ creates limits.

For ¢ = 1, our refined claim follows from the equivalence B} ~ cot(B*®);. In general, we observe
that B? (considered as an augmented cosimplicial object of Mody) admits a finite filtration whose
associated graded terms are given by cot(B*); and G;(cot(B*®)); for 1 < j < i. By assumption, the
functor G; is admissible and increasing, and so the augmented cosimplicial object G;(cot(B®)); ~
G, (tri—j+1 cot(B*®)); is a limit diagram by the hypothesis. It follows that BY is a limit diagram with
B le GrpftModeO if and only if cot(B®); is a limit diagram with cot(B~1) € GrpftModk)Zo. O

Let €™ C €O be the full subcategory spanned by objects whose underlying graded module
belongs to GrPMody, >o.

Proposition 4.30. Restriction gives rise to a comonadic adjunction

ft
cot : CO" —= GrP"Mody, > : sqz.

Proof. The adjunction is well-defined by Proposition .27 It is in fact comonadic by Theorem [£.5]
whose conditions are satisfied by Remark [4.25] and Proposition [4.29] (Il

This comonadicity result for CE™™ will later allow us to check convergence results in C by first
lifting cosimplicial diagrams to filtered objects and then taking associated gradeds everywhere.

However, CS™™ is not the correct graded analogue of the co-category C*P of almost finitely
presented objects because the cotangent complex need not be finite type (only pointwise finite
type). We therefore introduce a more restrictive notion of finiteness.

For this, we first recall Definition [2.14] which introduces Gr&Modkzo as the full subcategory of
GrMody, spanned by all X, for which the underlying module €p,-, X; is of finite type. Note that

Gr'*Mody o € GrP™Mody >0 is a proper inclusion.
We recall the corresponding full subcategory of CE':
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Definition 4.31 (The subcategory C,ﬁ;). The category CSC; of almost finitely presented objects

consists of all A € CS* whose cotangent complex cot(A) € GrftModeO has finite type.
We should think of this as a finite generation condition (at least after any truncation). Note

pft

that by Proposition [£.27] we have an inclusion C,ﬁ; cco.

Remark 4.32. While ¢S is evidently closed under fibre products of maps which are surjective
on 7y (as these can be computed pointwise), the corresponding claim in Cac}}r) only holds by our
coherence axiom (4) in Definition .15, which will be easy to check in the examples of interest.
For instance, this ensures that if V, V', V" € Gr'®Mod}, >¢ and we have maps V — V", V' — V"
which induce surjections on g, then the fibre product A = free(V) Xgree(vy free(V’) has the
property that cot(A) € Gr'*Mody, . Proposition only shows that cot(A4) € GrP™Mody, >0, so

we need to postulate this stronger statement.
The coherence axiom (4) in Definition £.15 implies:
Construction 4.33. The (cot, sqz)-adjunction between C%* and GrMody, > restricts to an adjunction

cot : Cac}}r) p— GrMod}:ZO : 8qZ.

4.4. Filtered objects. We will now transfer some of the above results to the oo-category CF.
In order to obtain similarly strong statements, we need to restrict attention to complete objects.
Recall that a filtered connective k-module (... — F?M — F'M) € FilMody, > is said to be
complete if the inverse limit lim;(F*M) vanishes. The inclusion Fil.,iModg >0 C FilModg >0 of
complete filtered connective k-modules into all filtered connective k-modules admits a left adjoint
called completion (cf. Definition 2.§]).

In order to lift this completion functor to CF!!, we need an elementary categorical observation.

Remark 4.34 (Adjunctions and localisations). Let F': A = B: G be an adjunction of presentable
oo-categories and suppose that we are given a Bousfield localisation L4 : A — A of A with
corresponding strongly saturated class of morphisms W4 in A (cf. [Lur09, Def. 5.5.4.5]).

To produce a corresponding Bousfield localisation on B, we let Wi be the class of morphisms
f + By — B satisfying G(f) € W4. Assume that Wg is strongly saturated and contains F'(Wy4).
The localisation functor Lg for Wi (cf. [Lur09, Sec.5.5.4]) sits in a commutative square:

B-L5. B
o e
La
A—— A
Indeed, given any B € B, the unit B — LgB lies in Wg. It follows that if B is Wg-local, then

G(B) € A is Wy-local. Since G sends Wp to Wy, the commutativity follows. We say that the
adjunction is compatible with localisations.

Using this, we can lift the notion of completeness to CFl:

Definition 4.35 (Completions in CF!). An object A € CF!! is complete if forget(A) € FilMody, >0
is complete. We let CFil € CFi! be the full subcategory spanned by all complete objects.

The strongly saturated class associated with the localisation Fil.piMody, >0 C FilMody >o consists
of all maps which induce equivalences on associated gradeds. By the assumptions in Definition [£.15]
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the free-forgetful adjunction FilMody >o = CF!! is compatible with completions in the sense of

Remark 34 We therefore obtain a completion functor C¥' — CFil which is the left adjoint
of a Bousfield localisation. Any A € C¥! comes equipped with a natural morphism A — A to
its completion, and the underlying object forget(zzl\) € FilMody,>¢ of A is simply given by the
completion of the filtered object forget(A).

Note that if a morphism A — B in C"! induces an equivalence on associated gradeds, then
so does cot(A) — cot(B). We deduce that for any A € C, the associated map on cotangent fibres

-~

cot(A) — cot(A) is also an equivalence on associated gradeds. We obtain a diagram of left adjoints:

FilMody, > —o— Pl —* 4 FilMod, -,
FilopModg, 59— CFl —' il Mod,, 5,

in which the vertical arrows are given by completion functors.

Remark 4.36 (The completed cotangent adjunction). The functor cot = (—)ocot appearing in the
lower right hand part of the above diagram is part of an adjunction cot: CFil = FilepiMody >0 : sqz.

Its left adjoint sends a complete object A of C to its completed cotangent fibre cm), whereas the
right adjoint sends V' € FilcpiMody >0 to sqz(V) € C C C.

We can next make a direct translation of Proposition [4£.29] to the filtered setting:

Proposition 4.37 (Convergence criterion in C¥'). Let X* be a cosimplicial complete object of CF'!
such that for each i, we have Gr(forget(X?)) € GrpftModk,Zo. Then the following are equivalent:
(1) The associated graded Gr(Tot(forget(X*®))) of the totalisation Tot(forget(X*®)) (computed
in FilMody ) belongs to GrpftModkzo.
(2) The associated graded Gr(Tot(cot(X*®))) of the totalisation Tot(cot(X*®)) (computed in
FilMody,) belongs to Grp“Modkzo.

Under these assumptions, the limit Tot(X*®) connectively exists, and the map cot(Tot(X®)) —
Tot(cot(X*®)) is an equivalence.

Proof. The equivalence of (1) and (2) follows immediately from Proposition by taking asso-
ciated gradeds (using the adjointability axiom (2) in Definition together with the fact that
Gr : FilMody — GrMody commutes with totalisations).

The filtered module Tot(forget(X*®)) (computed in FilMody) is complete (as completeness is
a limit condition) and has associated graded in Modg >o. The Milnor sequence implies that
Tot(forget(X®)) in fact belongs to FilMody >o. It follows that X*® admits a limit in C¥!l. The
arrow cot(Tot(X*®)) — Tot(cot(X*)) induces an equivalence after passing to associated gradeds by
Proposition Hence, it is itself an equivalence since both domain and target are complete. [

Remark 4.38. Note that both conditions (1) and (2) in Proposition 37 contain the nontrivial

assertion that the respective totalisations are connective.

We can now formulate a notion of almost finite presentation in the complete filtered context:
Definition 4.39 (The subcategory Cfflpl)) Let Cffipl) denote the subcategory of objects A € CF!!
which are complete and satisfy Gr(A) € CS{), i.e. Gr(cot(A)) € Gr'*Mody >0. We will refer to these
objects as complete almost finitely presented.
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Example 4.40 (Completed-free algebras in Cfflpl)) Completed-free algebras on filtered (connective)

modules of finite type belong to Cffipl). Indeed, if V € Fil®®Mody >0, then free(V) € CF! has cotangent

fibre V. Since free(V) — f@(\V ) induces an equivalence on associated gradeds, the observations
made after Definition imply that Gr(cot(free(V))) ~ Gr(cot(free(V))) ~ Gr(V) belongs to
Gr'*Mody, >0, and hence free(V) € CEil

In fact, the completeness assumpifipon (5a) in Definition implies a stronger assertion. We
know that cot(f@ )) is complete, and we can therefore conclude that cot(ﬁ@(\V )) ~ V. In other
words, the morphism free(V) — fr/e\e(V) induces an equivalence on cot. This can be thought of as a
generalisation of the classical fact that a polynomial ring and a power series ring on finitely many
variables have the same cotangent fibre.

Construction 4.41. If V € Fil®Mody >0, then the coherence axiom (4b) of Definition FET5 implies
that sqz(V') € Cffi}i. As in Construction [£33] we obtain the following adjunction by restriction:

cot : Cft% —— Fil"Mody >0 : sqz

Remark 4.42. The full subcategory CaFfi}l C CY¥'is closed under geometric realisations. This follows

as if X, is a simplicial diagram in Cffig, then the underlying module forget(|Xo|) ~ | forget(X)|
is complete by Proposition 21T, and moreover Gr(cot(| X)) ~ |Gr(cot(X,]|))| lies in Gr'*Mody >¢

since Modit >0 C Mody, is closed under geometric realisations.

Hence any geometric realisation of completed-free objects fr?e—(v )with V' € FilftModkzo lies in Cffig.
We will now pass from filtered to non-filtered objects:

Definition 4.43 (The subcategory Cas,). The full subcategory Cag, C C of complete almost finitely
presented objects in C consists of all A for which adic(A) € C¥! is complete and cot(A) € Mod}:zo.

In Examples and 410 the respective subcategories Capp Will be as expected, i.e. consist of all
augmented simplicial commutative k-algebras (resp. connective E..-k-algebras) A for which mo(A)
is complete local Noetherian and 7;(A) finitely generated over mq(A) for all i.

Remark 4.44. By the completeness axiom (5) in Definition 15 we know that if A € Cffipl), then
F'A € Cupp. Indeed, assumption (5b) implies that F'A is complete, and cot(F'A) ~ F!(cot(A))

lies in Mod%ﬁzo since cot(A) is complete by (5a) and Gr(cot(A)) lies in Gr'*Mody > by definition.

Example 4.45 (Completed-free algebras in Capp). Completed-free algebras on (connective) modules
of finite type belong to Cffig. Indeed, if V € Mod}?zo, then we consider V=(---—=0—=0—=V)in
Fil®®Mody, >. We have free(V) € Ciiy by Example A0 and this implies that free(V') ~ Flfree(V)
lies in Cafp by Remark 441

Remark 4.46 (Closure properties of Cagp). The subcategory Cag, C C is closed under geometric
realisations. This follows from Remark by noting that the left adjoints adic and cot preserve
realisations and the subcategory Mod}:>0 C Mody, is closed under realisations.

Moreover, if A, A", A” € Cagp and we are given maps A — A”, A’ — A" which induce surjections
on 7o, then the pullback A x 4~ A’ also belongs to Cag,. Indeed, note that adic(A), adic(A’), adic(A”)

belong to Cft%, and that both maps adic(A4) — adic(A”) and adic(A’) — adic(A”) are surjective on .
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By the coherence axiom (4a) in Definition &.15] we deduce that Gr(adic(A)) X gr(adic(a77))Gr(adic(A"))
belongs to Cafp The canonical arrow

Gr (adic(A) X agic(ar adic(A")) — Gr(adic(A)) X Gr(adic(ar)) Gr(adic(A4))
induces an equivalence after applying forget by the adjointability axiom (2) in Definition We

deduce that adic(A) Xagic(avy adic(A) € Ci}; (as it is evidently complete). Applying the right

adjoint F'' now shows that A x 4 A” € Cag, by Remark 44
Remark 4.47. If V € Mod,C >0, then sqz(V') belongs to Cag,. To see this, we lift V' to a complete
filtered module V = (.. 0=>0—>V)in FilftModeO. We then observe that sqz(‘~/) is evidently
complete and it therefore lies in CSC; by the coherence axiom (4b) in Definition 415 By Remark[£.44]
this implies that F!(sqz(V)) ~ sqz(V) lies in Catp-

Using this observation, we can establish a version of Construction [£.33]in the unfiltered context:

Construction 4.48. The (cot, sqz)-adjunction between C and Mody, >¢ restricts to an adjunction

cot : Casp —— Modff)>O : 8qZ.

We now wish to show that this adjunction satisfies the desirable conditions stated in Theo-
rem For this, we will need a convergence criterion for cosimplicial objects in Cas,. Indeed,
our criterion says that if a cosimplicial object in Cafp, admits a suitable lift to Cgfﬂ, then taking the
cotangent fibre commutes with totalisation. More precisely:

Proposition 4.49 (Convergence criterion in C). Let X* be a cosimplicial object of Capp. Suppose
that there exists a lift X of X*® to CF‘l which satisfies the equivalent conditions of Proposition [{.37

and moreover has complete almost finitely presented totalisation Tot()N(') C;};
Then the limit Tot(X*®) of X* connectively exists in C, belongs to Carp, and the following map is
an equivalence:

cot(Tot(X*®)) — Tot(cot(X*®)).
Proof. By Proposition £37 the totalisation X1 = Tot()? *) connectively exists in C¥! and we
have an equivalence cot(X 1) =» Tot(cot(X*®)). The right adjoint F* : CF! — C preserves limits,
and so X" :=Tot(X*) connectively exists in C and we have X' ~ F1(X~!). Our assumption
X1 =Tot(X*) € € Cil implies that X ! ~ F1(X 1) belongs to Cagp by Remark 44l
By the completeness axiom (5a) of Definition ELIB, we know that cot(X?) = cot XZ) is an
)

equivalence for all i > —1. Proposition 37 therefore shows that cot(X 1) ~ Tot(cot(X*)).
conclude the proof by applying F! and using the adjointability axiom (2) of Definition LI5] D

AA

We can now proceed to the proof of the main result of this axiomatic section:
cot
Proof of Theorem [£.20, We constructed the adjunction Car, 7 Mod%)zo in Construction A48
sqz
To prove that this adjunction is comonadic, we will verify the conditions of Theorem
First, we check that the functor cot is conservative. Let A — B be a map in Cag, which induces
an equivalence cot(4) =» cot(B) on cotangent fibres. Then adic(4) — adic(B) also induces an
equivalence on cotangent fibres, and hence also on associated gradeds by Proposition 426l Since
adic(A) and adic(B) are both complete, it follows from Remark 9 that adic(A) = adic(B) is an

equivalence, and hence the same holds true for 4 = B.
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To check the second condition of Theorem 5] we fix a cosimplicial object X ® in Catp and assume
that cot(X*) admits a splitting in Mod}:zo. We pick the filtered lift X*® := adic(X*®) of X*®, which is

a cosimplicial object in Cffipl) by definition. Proposition .26, implies that Gr(X®) ~ free([cot(X®)]1)
admits a splitting in Cﬁ»}’;. Using the adjointability axiom (2) in Definition 15 and Proposition d.27]
we see that Gr(Tot(forget(X*))) ~ forget(Tot(Gr(X*))) belongs to GrP*Mody, ¢. Proposition 37
therefore shows that the limit X~ := Tot(X*) connectively exists in CF!!, and that the natural map
cot(X 1) =5 Tot(cot(X*®)) is an equivalence. Since the cosimplicial diagram cot(X®) ~ (cot(X*));
is split in Fil®*Mody >0, it follows that cot(X ') belongs to Fil®®Mody, >0 as well. This shows that
Gr(cot(X 1) ~ Gr(cot(X 1) € Gr*Mody, which allows us to conclude that X ~* belongs to Ciy
(it is evidently complete as this is a limit condition).

The convergence criterion Proposition then implies that the limit X ! := Tot(X*®) belongs
to Catp, and that the canonical map cot(X ') = Tot(cot(X*)) is an equivalence. This proves
comonadicity, i.e. statement (1) of the theorem.

Before proceeding further, we record that comonadicity implies that any A € Cug, is the to-
talisation of its canonical cobar resolution ((sqz o cot)(A) = (sqz o cot) o (sqzo cot)(A)=}...). In
particular, A is a totalisation of a cosimplicial object in Cag, which at each level is square-zero.

We will now verify part (2) of the theorem using Proposition B.I0 For this, let T' = cot o sqz
be the comonad on Modﬁzo induced by the adjunction and define TV as the monad induced on
Mod%)go by linear duality. Let V* be a cosimplicial object in Mod%)zo which is m-coskeletal for

some m, and assume that V=1 := Tot(V'*) belongs to Modg)zo. To prove statement (2) of the
theorem, we need to first verify that the following map is an equivalence:

(4) T(V™Y) —=— Tot(T(V*)).

Via duality, this implies that TV commutes with finite coconnective geometric realisations in Modff_q).
To prove the equivalence (@) above, we apply Proposition[£.49]to the cosimplicial object X* = sqz(V‘)
together with its filtered lift X = sqz(\7‘), where V*® = (-++—=>0—=0—=V*). Using axioms (2)
and (4b) in Definition .15 we see that the filtered lift X*isa cosimplicial object in Cffg and also
satisfies the other assumptions of Proposition It follows that cot(Tot(X*®)) = Tot(cot(X*®))
is an equivalence, which proves () since sqz preserves limits. Moreover, if V' € Modff_>0 is of finite
type, then T'(V) ~ lim T(7<,V), and the inverse limit stabilises in any finite range of homological
degrees by Proposition[3.420 We deduce that T is right complete. Thus, it follows that the criteria
of Proposition[3.16 are satisfied, which shows that TV admits the sifted colimit-preserving extension
Mody — Mody, asserted in (2).

Finally, we establish part (3) of the theorem. For this, let A, A, A” € C,p, and suppose that we
are given maps A — A’, A — A" which induce surjections on mg. We need to show that the natural
map D(A) Up(any D(A’) = D(A x4 A') is an equivalence. This is easy to check if everything is
square-zero. That is, if we are given V, V' V" € Modf:7>0 together with mg-surjective maps V- — V"
and V' — V", then the following map of TV-algebras is an equivalence:

D(3q2(V)) Un squvrry) D(3a2(V")) —— D(sqz(V xyn V')).
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Indeed, the left-hand-side is the pushout of the free TV-algebras on V'V, V"V, and V'V, respectively,
whereas the right-hand side is the free TV-algebra on (V x vy~ V’)V. Our strategy now is to reduce
the general case to the square-zero case by using cobar resolutions.

For this, let X*, X', X”* be the canonical cobar resolutions of A, A’, A", respectively. For
example, we have X" = (sqz o cot)(A) and X! = (sqz o cot) o (sqz o cot)(A). Note that these are
cosimplicial objects of Cyrp. The maps X°®* — X"*, X’* — X"* induce surjections on g at each
level, and so we can also form the cosimplicial object in Capp given by Y := X® x xrve X' by
Remark Comonadicity implies that A ~ Tot(X*), A’ ~ Tot(X’®), A” ~ Tot(X"*). Therefore,
we have Tot(Y®) ~ A x 4+ A”. Since we have already verified claim (3) in the case of square-zero
extensions, we have the following equivalence of T'V-algebras for all > 0:

@(XZ) Uo (x7r) @(X”) — @(YZ)

To deduce that D(A4)Ug 4 D(A") = D(A x4 A”), it therefore suffices to verify the following facts:

a) |D(X®)| ~D(A) and |D(X"®)| ~D(A’) and |D(X"*)| ~ D(A").

b) [D(Y*)| ~ D(A x4 A”).

Geometric realisations in T"V-algebras can be computed in Mody, as T preserves sifted colimits.
Claim (a) follows immediately by applying linear duality to the comonadicity established above.
Claim (b) will follow by applying the convergence criterion established in Proposition .37
First, we form the cosimplicial object Yy = adic(X®) Xaqic(xre) adic(X'®), which is a filtered

lift of Y'* to Cft% by Remark
Second, we will check that the totalisation of Gr(Y'®) € CS* belongs to GrP™Mody >o. For this,

we first observe that by construction, the cosimplicial objects cot(X*®), cot(X'®), cot(X"®) are all
split in Mod}:m. Proposition 420 then shows that Gr(adic(X*®)), Gr(adic(X’®)), and Gr(adic(X"®)
have splittings and therefore admit totalisations in GrpftModk)Zo. Since the maps between these

objects are levelwise surjective on o, we see that Gr(Y®) also admits a totalisation in GrP*Mody .
Third, we need to show that Tot(f") admits a totalisation in Cffipl). For this, we first observe that

the map adic(A) — Tot(adic(X*®)) induces an equivalence. By completeness, it suffices to check

this after applying Gr. Here, it is true because the functor Gr o adic is equivalent to free o [—]; by

Proposition EL26, the natural map cot(A) = Tot(cot(X*®)) is an equivalence by the construction

of the cobar resolution, and the functor forget ofree is admissible by axiom (3) of Definition

A similar argument gives equivalences adic(A’) — Tot(adic(X’®)) and adic(A”) — Tot(adic(X"*)).

We deduce Tot(Y'*) =~ Tot(adic(X*)) X (adic(x ) Tot(adic(X'*)) = adic(A4) X agic(ar) adic(A”),

which belongs to CaFfi}l by Remark [4.46)

We can now apply Proposition 49 to conclude that cot(Ax 4» A’) 2 cot(Tot(Y*)) = Tot(cot(Y'®))
is an equivalence. Using that cot(Y) € Mod%)zo is of finite type and therefore equivalent to its own

bidual, we can therefore apply duality and deduce that the natural map |D(Y'®)| = D(A x 4+ A”)
is an equivalence. This completes the verification of claim (b) above. O

4.5. Deformation theories. We shall now explain how Theorem [£.20] translates into the language
of deformation theories studied in [Lurl6l Ch. 12] or [Lurllal.

As before, we fix a filtered augmented monadic adjunction (cf. Definition ETI3]) throughout.
Write TV for the monad on Mody, constructed in Theorem (2), i.e. the unique sifted-colimit-

preserving extension of the monad (M +— (cot sqz(MY))Y) acting on Mod}?so. Our main aim in this
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section is to prove Theorem [4.23] which asserts that C-based formal moduli problems are equivalent
to TV-algebras.

We begin by constructing the required deformation functor. First, observe that composing the
(cot 4 sqz)-adjunction with linear duality in fact gives rise to an adjunction

(5) cotY : ¢ T Mod}” : sqzoTsgo(—)".

Its left adjoint sends A € C to cot(A)Y, i.e. the linear dual of the cotangent fibre, whereas its right
adjoint maps V' € Mody, to the trivial square-zero extension on 7>¢(V").

We can extend the functor © : Cag, — Alg:, from Theorem E20 to all of C in such a way that
postcomposing with the forgetful functor to Mody, recovers cot. Let Cyag, C C be the subcategory
of all A with cot(A) € Modg)zo.

Construction 4.50 (The Koszul duality adjunction). Since the action of TV on Mod%ﬁgo agrees
with the monad induced by adjunction (&l), we have a natural functor
D : Cyatp — Alg?,

which forgets to cot” in Mody <o. Observe that this functor is left Kan extended from the compact
objects of C, since cot" : C — Mod;” has this property.
We can left Kan extend further to C, to finally obtain the deformation functor

D:C — Alg?,.
By [Lur09, Proposition 5.3.5.13], the functor D admits a right adjoint
C* s Alg — C.
Remark 4.51. It should not be a surprise that we can extend D : Cagp — Alg7%, to all of C. Indeed,

writing TV for the monad on Mody, associated with the above adjunction (B]), the monad TV is
defined as the unique sifted-colimit-preserving extension of the restriction TV|MOd§:<O. Since this

extension is obtained by left Kan extension, there is a natural transformation of monads TV — f\//;
we may think of TV as an “uncompletion” of T'V.
The functor ® : C — Alg?, is then simply obtained as the composite C — Alg%’iv — Alg %,

Here the first map comes from adjunction (), whereas the second uses the map of monads TV — Tv.

Construction @50 factors (B)) through the free-forgetful adjunction forget : Alg7?, = Mod;” : free.
Unwinding the above definitions, we can observe the following natural equivalences:

(6) C*(freepv (V) ~ sqz(t>o0V"), V € Mody,
(1) D(free(W)) ~ WY, W &€ Modg, >0,
(8) D(sqz(W)) = freerv (W), W € Mody! 5.

The statement (7)) is to be interpreted as on the level of objects of Mody; informally the TV-
algebra-structure should be square-zero, but we do not attempt to make this precise.

Combining these basic facts with Theorem .20, we can conclude that the adjunction (© - C*)
restricts to a pair of inverse equivalences between C,¢, and Algpy (Modg‘o)ol’:

Proposition 4.52. Let C,Cag,, D, C*, ... be defined as above.
(1) Given any A € Casp, the natural map A — C*(D(A)) is an equivalence.
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(2) Given any TV -algebra g such that the underlying k-module belongs to Modgﬁgo, the natural
map g = D(C*(g)) is an equivalence.

Proof. If A = sqz(W) € Casp is a trivial square-zero extension on some W € Mod}:m, the first
claim follows from observations (6) and (8) above. Given a general A € Cagp, the comonadicity
claim in Theorem A20(1) shows that A can be written as a totalisation of a cosimplicial object
A® in C cousisting of square-zero extensions, and that moreover © preserves this totalisation (i.e.
carries it to a geometric realisation of T"V-algebras). Of course, the right adjoint C* also preserves
all totalisations. Claim (1) therefore follows.

For claim (2), we use that by Theorem F20(1), any T"V-algebra g with underlying k-module in
Mod%‘o can be written as g = D(A) for some A € Capp. The statement then follows from (1). O

Proposition 4.53. Let g,¢',¢" € Algyy (Modgﬁgo) be TV -algebras with underlying module in
Mod%)go and suppose that we are given maps " — g,9” — ¢ which induce injections on 7.
Then the pushout gligrg’ (computed in TV -algebras) has underlying k-module in MOd%,go as well.

Proof. Define A, A’ A" € Cupp as C*(g),C*(g’), and C*(g”). We now observe that the induced
maps A — A", A’ — A” induce surjections on my. Indeed, this follows immediately from from the
adic filtration. For example, A has a complete filtration with associated graded given by free([g¥]1 ),
where [g¥]; is the graded k-module with gV in internal degree one (cf. Proposition[£.26). The maps
free([g¥]1) — free([g”V]1) and free([g’V]1) — free([g”V]1) then induce surjections on 7y, and passing
to the filtered objects shows that A — A", A’ — A” have the same property.

Theorem F20)(3) now shows that D (A x 4 A’) ~ gLy~ g has the asserted properties. O

We are now ready to show that one can obtain a deformation theory in the sense of Lurie.
Recall the following definition from [Lurllal Definition 1.3.1, 1.3.9] (see also [CGI18| Section 2]
for a treatment). Roughly, it expresses the idea of a bar-cobar duality, together with suitable
subcategories on which one obtains an inverse equivalence, albeit translated into more abstract
language.

Definition 4.54 (Lurie). A deformation theory consists of a presentable co-category A, a set of
objects { Ea} e in the stabilisation of A, and an adjunction © : A = B : C* with B presentable.
Moreover, we require that there exists a full subcategory By C B satisfying the following conditions:

(1) For B € By, the natural map B — ©C*(B) in B is an equivalence.

(2) The subcategory By C B contains the initial object § of . Moreover, for any o € T and
n > 1, there is an object K, ,, € Bp such that Q*° "E, = C*(Kqn)-

(3) Given an object K € By and maps K, — K and K., — 0, the pushout K Lig, , 0
(computed in B) is contained in By.

(4) For each @ € T and any n > 2, assumptions (a) through (c) above imply equivalences
YKan >~ Kqn—1. Using these equivalences, we can define a functor f, : B — Sp with

Q7" f(X) = Homp(Kan, X).
We then assume that each functor f, commutes with sifted colimits.

We now wish to define a deformation theory in the above sense from the filtered augmented
monadic adjunction (cf. Definition ETH) fixed throughout this section.

For this, we consider the adjunction ® : C = AlgX, : C* constructed in the beginning of this
subsection. Observe that since sqz is a right adjoint functor Mody >9 — C, it naturally lifts to
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the stabilisation of C: given any V' € Mody, >0, the object sqz(V) defines an object of Stab(C)
corresponding to the sequence {sqz(V'[n])},,~,-

Proposition 4.55. The oo-category C, the infinite loop object {sqz(k[n])}n>0 in Stab(C), and the
functor ©°P : C°P — Alg together define a deformation theory in the sense of Definition [{.57.

Proof. We define By C B = Algpv as the subcategory of those objects whose underlying k-module
belongs to Mod%‘o. We let K, be the free TV-algebra on k[—n]; recall that C*(K,,) ~ sqz(k[n])
and D (sqz(k[n])) ~ K, by construction of these adjunctions. Assumptions (a) through (c) now
follow from Proposition .52 and Proposition Assumption (d) follows because TV commutes
with sifted colimits by construction, and so the forgetful functor from TV-algebras to Mody, (which
is the functor f, described above) also commutes with sifted colimits. O

We can now deduce the classification of formal moduli problems through T"V-algebras which was
asserted in the beginning of this section:

Proof of Theorem [£.23 Indeed, this follows from [Lurl6l Theorem 12.3.3.5], since we know that we
have a deformation theory by Proposition 455 O



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 42

5. DEFORMATIONS OVER A FIELD

In this section we consider some concrete examples of the general argument in the previous
section. In particular, we verify that one can apply the argument for connective E..-algebras or
simplicial commutative rings augmented over a field.

5.1. Ex

-algebras. We begin by examining deformations parametrised by E.-algebras.

Preliminaries on Ex-algebras. To set the stage, we will briefly review some of the basic facts about
E-algebras; a comprehensive treatment of this theory can be found in [Lurl7].
Let (A, ®,1) be a presentably symmetric monoidal stable co-category.

(1)

We can associate the co-category CAlg(A) of E.-algebras in A, and there is a natural
free-forgetful adjunction

freeg : A 7——= CAlg(A) : forget

The free Eo-algebra on an object X € A is given by freeg_ (X) ~ @(X®")hgn.
n>0

We write CAlg™"#(A) = CAlg(A)y /1 for the co-category of augmented Eo-algebras in A;
its objects are E-algebras A in A equipped with an augmentation map A — 1 to the unit.
Let CAlg™(A) denote the oco-category of nonunital Eo-algebras in A. Since A is assumed
to be stable, we have an equivalence CAlg™®(A) ~ CAlg""(A) which sends an augmented
E-algebra A to the fibre m4 of the augmentation map A — 1. As expected, there is a
free-forgetful adjunction

freegn. : A T CAlg""(A) : forget,

and the free nonunital algebra on an object X € A is given by freega. (X) ~ @(X®")hgn.
n>0
Since the monad forgetg.. ofreegnu is naturally augmented over the identity monad, and

this gives rise to an adjunction
cot : CAlg™(A) —— A:sqz,
where the functor sqz sends an object of A to the associated nonunital E..-algebra with

square-zero multiplication and the left adjoint cot is called the cotangent fibre.
Under the identification CAlg*#(A) ~ CAlg™(A), we have an equivalence

cot(A) ~ QL4 4,

where L_,4 denotes the cotangent complex of an E..-A-algebra in A (cf. [Lurl7 Section
7.3-7.4] or in the original setting [Bas99a]). Alternatively, we have cot(A) ~1®4 La/1.

Remark 5.1. The definition of nonunital E,.-rings and the construction of the cotangent fibre
adjunction (@) do not require the unit in A; they therefore both make sense for nonunital symmetric
monoidal co-categories. This is relevant for us as we will later study the oco-category FilModj of
k-modules filtered by positive integers (cf. Definition [2]).

Finally, we will review the adic filtration and how it allows us to approximate every augmented
E.-algebra by extended powers of its cotangent fibre. This is also discussed in [GLl Section 4.2],
and in fact a special case of the homotopy completion tower studied in [HH13].
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Construction 5.2 (The functor adic and the completion tower). As explained in Definition 2.5
the functor F' : Fil(A) — A is (nonunital) symmetric monoidal. It therefore lifts to a functor on
algebras CAlg™ (Fil(A)) — CAlg™ (A), and this functor preserves limits (as these are computed
on underlying oco-categories.

Taking the left adjoint now gives rise to a functor

adic : CAlg™(A) — CAlg™ (Fil(A)).

This construction refines any nonunital commutative algebra object in A to a filtered one, and
we therefore get a natural tower. More explicitly, we see that adic carries the free nonunital Eo.-
algebra @, (V®)ps, on V € A to the free filtered nonunital Eo.-algebra on the filtered object
(+-+—=0—= 0 — V). Unwinding the definitions of the tensor product in Fil(A), we see that for
each n, there is an equivalence

(9) Fradic(free(V)) ~ @(VE s,

Example 5.3. Let A = Mod. Let I € CAlg™(Mody) be a connective nonunital Ey-algebra, so
that mo(I) is an ordinary nonunital k-algebra. Then the image of mo(F™adic(I)) — mo(I) is given
by the nth power ideal of mo(I). This is evident in the free case, and the general case follows by
taking sifted colimits.

We return to the general case where A is any presentably symmetric monoidal stable co-category.

Remark 5.4 (The cotangent fibre in degree 1). For any A € CAlg™(Gr(A)), the natural map
A — cot(A) in Gr(A) induces an equivalence in (internal) degree 1. Indeed, this follows by consid-
ering the free case and then observing that everything commutes with sifted colimits. We obtain
a natural map

free™ ([cot(A)1]1) — A
in CAlg™(Gr(A)), where [cot(A)1]; denotes the graded object given by placing cot(A); in degree 1.

We will now verify some basic properties of of the construction adic.

Proposition 5.5. For any nonunital Eo-algebra A € CAlg™ (A), we have:
(1) The natural unit map A — Fladic(A) is an equivalence.
(2) There is a natural equivalence cot(adic(A)) ~ (cot(A))1 = (--- = 0 — cot(A)) in Fil(A).
(8) There is a functorial identification free™ ([cot(A)]1) ~ Gr o adic(A) in CAlg"™ (Gr(A)),
where [cot(A)]1 denotes the graded object obtained by placing cot(A) in degree one.

Proof. Tf A is free, then (1) follows by our explicit computation in ([@). From this, we can deduce
the general case by observing that both F' and adic preserve geometric realisations.
For (2), we observe that the following square of right adjoints evidently commutes:

Fil(4) — > A
sqz\L squ/
CAlg™ (Fil(4)) T> CAlg™ (4)

Finally, statement (3) follows (just like Proposition @26l above) by directly checking the free case
and then taking geometric realisations. O
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The setup for Eo-algebras. We shall now define a filtered augmented monadic adjunction (cf.
Definition ELTH]) for E..-algebras over a given field k. By our previous work, this will allow us to
deduce a version of Theorem [4.20] and thereby give a Lie algebraic description of deformation theory
in this context.

We write CAlg,, for the co-category of E..-k-algebras and CAlg," for its nonunital version. We
let C = CAlgy"s denote the full subcategory of connective objects in CAlgy" ~ CAlgi"®.
Remark 5.6. For simplicity, we will generally state our results in terms of augmented (rather than
nonunital) algebras in this section.

Construction 5.7 (The setup for E-algebras). Let k be a field.

a) Let C = CAngt‘EO ~ CAlg™ (Mody, >0) be the oo-category of augmented (or equivalently nonuni-
tal) connective E..-algebras over k.

b) Let CFl = CAlg"(FilMody, >0) be the oco-category of nonunital E.-algebras in the nonunital
symmetric monoidal co-category FilMody >o. Note that C¥!! is equivalent to the full subcategory
of CAlg® ¢ (Fil*Mody, >0) spanned by all augmented E..-algebra objects A with FCA/F'A ~ k.

¢) Let C¢ = CAlg™" (GrMody, >0) denote the co-category of nonunital E-algebras in the nonunital
symmetric monoidal co-category CAlg™ (GrMody, >0). Equivalently, CS* is the full subcategory
of CAlg™'8(GrMody, >0) spanned by those objects A, such that Ay ~ k.

d) We obtain the free-forgetful adjunction free : Modg >9 &= C : forget and the cotangent fibre
adjunction cot : C = Modyg, >0 : sqz from (I0) and @) above by restricting to connective objects.
Note that if we describe C as augmented E,-algebras, then the forgetful functor forget sends an
augmented E.-algebra to its augmentation ideal.

Taking A = FilMody (or A = GrMody) instead, we obtain a similar pair of adjunctions
(cot - sqz), (free - forget) between CF!! and FilMody. > (or C%* and GrMody, >0)-

e) The functor F'! : CF! — C forgets the filtration on an object; its left adjoint is the functor adic
(cf. Construction [5.2).

f) The (nonunital) symmetric monoidal functor Gr : FilMod, >0 — GrMody, >0 induces a functor
Gr : CF1 — CS* on the level of algebras.

Proposition 5.8. The setup of connective Ex-algebras in Construction [5.7 satisfies conditions
(1) — (3) of Definition[{-12]

Proof. Conditions (1) and (2) of Definition T8 both follow from straightforward formal arguments.
For (3), we first observe that the free nonunital E-algebra functor GrModg,>o — GrMody >¢ is
given by X — @,. o(X®")nz, and therefore admissible by Example

To construct the filtration required in condition (3), we use the adic filtration. Given X €
CAlg™ (GrMody, >0), we form adic(X) € CAlg™ (Fil(GrMody,)) and set X @ = Fiadic(X) € GrMody.
It follows that we have the tower {X () }i>1, naturally in X, and natural isomorphisms

X /X ~ (cot(X)®)s,
in GrMody. By taking simplicial resolutions and thereby reducing to the free case, it follows that
X is concentrated in internal degrees > i for any X. We deduce that the tower {X (i)}pl
converges in GrMody. Setting A(™ = X/X(™*1 gives the required filtration in condition @). O
Finiteness conditions. In order to verify the remaining axioms (@) and (&) of Definition 18] we

will need to exploit the Noetherian and finiteness properties of Eo-ring spectra; we refer to [Lurl7,
Chapter 7] or [Lurl6, Chapter IT.4] for a detailed study of these notions.
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Definition 5.9 (Cf. [Lurl7, Definition 7.2.4.30]). An E.-ring spectrum R is Noetherian if
(1) R is connective.
(2) mo(R) is Noetherian.
(3) For each i > 0, m;(R) is a finitely generated mo(R)-module.

We will also need the following notion:

Definition 5.10. An E,-k-algebra R is said to be almost finitely presented if R is Noetherian and
mo(R) is a finitely generated k-algebra.

The almost finitely presented E.-algebras over k are precisely those connective E.-k-algebras
R for which the functor Mapc g, (R, —) commutes with filtered colimits of connective, n-truncated

Eoo-algebras. In fact, this is used as the definition when one works over a non-Noetherian base (cf.
|[Lurl7, Definition 7.2.4.26] and [Lurl?, Proposition 7.2.4.31]).

One can define analogous finiteness properties on the level of modules. If R € CAlg, is a
connective E.-algebra over k, then there is a notion of an almost perfect R-module (cf. [Lurl7,
Definition 7.2.4.10], [Lurl6l Section 2.7]). More generally, for each n € Z, one has the notion of an
R-module which is perfect to order n; an R-module M is almost perfect if and only if it is perfect
to order n for each n. When R is Noetherian, then this notion simplifies by [Lurl7, Proposition
7.2.4.17]. Indeed, an R-module M is then almost perfect if and only if M is bounded below and
each homotopy group m; (M) is a finitely generated mo(R)-module.

The theory of Noetherian E..-rings is well-behaved and robust; for instance, one has a version
of Hilbert’s basis theorem (cf. [Lurl7, Proposition 7.2.4.31]) which, when combined with [Lurl7,
Proposition 7.4.3.18], implies:

Proposition 5.11. The cotangent fibre of any augmented Noetherian k-algebra R lies in Modﬁzo.

One can detect almost finite presentation of k-algebras using the cotangent complex by the
following special case of [Lurl7, Theorem 7.4.3.18]:

Theorem 5.12. Let R be a connective Eo-algebra over k. Suppose my(R) is a finitely generated
k-algebra. Then the following are equivalent:

(1) R is almost finitely presented.
(2) The cotangent complex Ly, is almost perfect as an R-module.

We shall now discuss graded versions of the above definitions.

Definition 5.13. Let k be a field.

(1) A graded E.-k-algebra R, € CAlg(Gr*(Mody)) is almost finitely presented if the underly-
ing Eoc-k-algebra @, R; is almost finitely presented (cf. Definition B.10).

(2) If R, € CAlg(Gr™(Modg >0)) is a connective graded E.-ring and M, is a graded R,-
module, then we will say that M, is almost perfect (respectively perfect to order n) if the
underlying ungraded @, R;-module €,., M; is almost perfect (respectively perfect to
order n).

If Ry = k, then we have the following straightforward criterion for almost perfectness:

Proposition 5.14. Let R, be a degreewise connective graded Eo-k-algebra with Rg = k. Let M,
be an R.-module which is bounded below in each degree. Then the following are equivalent:

(1) M, is almost perfect.
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(2) mi(M.®gr, k) is a finite-dimensional k-vector space for alli. We use the augmentation R, — k.

Proof. Condition (1) implies (2) since almost perfect modules are preserved under base-change.

For the converse direction, we may assume without restriction that M, is connective in each
degree. We will show by induction that if (2) holds, then M, is perfect to order n for each n > 0.

The graded k-module M, is perfect to order 0 precisely if mo(M,) is finitely generated. This
follows from the graded variant of Nakayama’s lemma since mo(My ®r, k) = mo(My) @ro(r,) k is
finite-dimensional.

Now suppose we know that M, is perfect to order n — 1 for some n > 1. Choose a degreewise
connective, finitely generated free graded R,.-module P,, together with a map P, — M, inducing a
surjection of graded k-vector spaces on my. Let F, be the homotopy fibre of P, — M,. By [Lurl6l
Proposition 2.7.2.1], M, is perfect to order n if and only if F, is perfect to order n — 1. Since
F, ®p, k is almost perfect over k, the inductive hypothesis shows that F, is perfect to order n — 1,
which in turn implies that M, is perfect to order n. (I

The finiteness notion for graded Eo-rings introduced in Definition B.I3] recovers the “axiomatic”
notion of graded finiteness given Definition 3Tk

Proposition 5.15. Let R, € CAlg*8(Gr"(Modg >0)) be a degreewise connective, augmented
graded Eo-k-algebra with Ry = k. Then the following are equivalent:

(1) R, is almost finitely presented.
(2) cot(R,) € Gr(Mody >0) belongs to Gr'*Mody, >o.

Proof. If R, is almost finitely presented, then it follows from Theorem that the cotangent
complex Lp, /i is almost perfect as an R,-module. The cofibre sequence for a triple of rings then
implies that the cotangent complex Ly, g, belongs to GrftModk,Zo.

Conversely, suppose that cot(R,) belongs to Gr'*Mody, >0. Recall that m(cot(R,)) is the mod-
ule of indecomposables of the augmented graded algebra my(Ry). Since mo(cot(Ry)) is a finite-
dimensional vector space, it follows immediately that 7y(Ry) is a finitely generated graded algebra;
here we use that all elements in the augmentation ideal sit in positive degrees. Next, we observe that
the cotangent complex Ly, /;, € Modpg, has the property that Lg, /1 ®r, k ~ cot(R,) is almost per-
fect as a graded k-module, which in turn implies that Lg, ;5 is almost perfect by Proposition 5.141
Thus, we see that Lg, / is almost perfect as an R,-module. By Theorem (.12 it follows that R,
is almost finitely presented. (I

Next, we record analogous finiteness notions in the filtered case.

Definition 5.16. Let R € CAlg®8(Filt(Mody, >0)) be a degreewise connective, filtered augmented
E-algebra over k such that FOR/F'R ~ k. We say that R is complete almost finitely presented if:
(1) R is complete as a filtered object.
(2) The associated graded algebra Gr(R) € CAlg*™#(Gr™ (Mody >¢)) is almost finitely presented
in the sense of Definition

Remark 5.17. Again by Proposition 5.5, we can see that R € CAlg*¢(Fil" (Mody >¢)) is com-
plete almost finitely presented precisely if it belongs to to the co-category Cft% defined in Defini-
tion €.39 of the axiomatic section.

We shall now discuss the completed finiteness condition in the absence of a grading or filtration.
This will later allow us to give a concrete description of the subcategory Cag, C C from Definition 4.43]
in our context. For future reference, we will start with a slightly more general notion:
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Definition 5.18 (Complete local Noetherian Eo-rings). An E.-ring spectrum R is said to be
complete local Noetherian if R is Noetherian (cf. Definition [1.9]) and 7 (R) is a complete local ring.
We will refer to the residue field of mo(R) as the residue field of R itself. We write CAlg™™ ¢ CAlg
for the subcategory spanned by complete local Noetherian E.-rings; we will use the same notation
for simplicial commutative rings.

Remark 5.19 (Topological finite generation). Let R € CAlgi"™® be complete local Noetherian. By
assumption, the local ring mo(R) has residue field k. If zq,...,z, € mo(R) are generators for the
maximal ideal, then we can use the Cohen structure theorem to write mo(R) as a quotient of the
formal power series ring k|[[t1, ..., t,]] via the map ¢; — x;. Moreover, if R — R’ is amap in CAlg}"®
between complete local Noetherian Eo-rings, then 7o(R) — mo(R’) is a local homomorphism.

Example 5.20 (Completions of almost finitely presented algebras). Let R € CAlg,, be a connective
Eo-k-algebra which is almost finitely presented in the sense of Definition Let m be a maximal
ideal of mo(R) whose residue field is k. Then the completion Ry, of R along m, together with its

canonical augmentation to k, is a complete local Noetherian with residue field k. In fact, mo(Rm)

is the (algebraic) completion of mo(R) along m, and m;(Rn) ~ m(R) ®@r(r) 7o(Rm). We refer to
[Lurl6l, Section 7.3] for a general reference on completions in the context of Eo-ring spectra.

We will now prove that the cotangent fibre functor is conservative on complete local Noetherian
Eo-algebras augmented over k. We need the following straightforward observation:

Lemma 5.21. Let R be a complete local Noetherian Eo -ring with residue field k. Let M be an
R-module which is almost perfect. If M @r k = 0, then M = 0.

Proof. Suppose that M is nonzero. We then look at the smallest integer n for which m, (M) # 0.
Since 7, (M ®g k) = 7, (M) ®@x,(r) k = 0 and 7, (M) is finitely generated over mo(R), Nakayama’s
lemma gives a contradiction. O

Proposition 5.22. Let f : R — R’ be a map between complete local Noetherian Eo.-k-algebras. If
f induces an equivalence after applying cot(—), then f is itself an equivalence.

Proof. First, we recall that m(cot(R)) is given by the cotangent space of the augmented k-algebra
mo(R), i.e. the quotient of indecomposables of the maximal ideal. A similar statement holds for R’.
Since both 7o (R) and mo(R’) are complete local rings, it follows that mo(R) — mo(R’) is surjective.
This in turn implies that the map R — R’ makes R’ into an R-module of almost finite presentation.
The triple of maps R — R’ — k gives rise to a cofibre sequence k®r' Lr/ /g — Ly/r — Li/r/- By
assumption, the second map is an equivalence, which shows that k @ g/ Lrs /g is contractible. Since
LR is almost perfect by [Lurl7, Theorem 7.4.3.18], we can deduce that Lp /g ~ 0 by Lemmal[5.211
By [Lurl6, Lemma 4.6.2.4], this in turn proves that the surjection mo(R) — mo(R’) is étale, and hence
an isomorphism (cf. e.g. [Stal9, Tag 0257]). The claim now follows from [Lurl7, Corollary 7.4.3.4].
O

We now wish to show that Cag, from Definition in the axiomatic setting precisely consists
of all complete local Noetherian E,.-algebras, and that the remaining axioms of Definition are
satisfied. To this end, we first show that complete almost finitely presented filtered algebras are
well-behaved.

Proposition 5.23. Let R be an augmented filtered Eo-algebra over k which is complete almost
finitely presented in the sense of Definition [5.10l Then the underlying augmented E -k-algebra
FOR is a complete local Noetherian Eo,-ring (cf. Definition [5.18).
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Proof. Choose a system of generators Ty, ..., T, of mo(Gr(R)) in positive internal degrees. Lifting
them to mo(F°R), we get a system of elements x1,...,x, € mo(F°R) living in positive filtration.

By the Milnor exact sequence, we know that @n mo(F™R) vanishes, which in turn implies
that the commutative ring mo(R) is (x1,...,x,)-adically complete. We therefore obtain a map
E[[t1, .- tn]] = 7o(F°R), which is readily seen to be surjective by passing to associated gradeds.
It follows that mo(FOR) is a quotient of a formal power series ring in finitely many variables over
k. Tt is therefore complete, local, and Noetherian.

It remains to check that the homotopy groups of FUR are finitely generated mq(F°R)-modules.
To this end, we observe that since the filtration on R is complete, [Lurl6, Corollary 7.3.3.3] shows
that FOR is in fact an (21, ..., x,)-adically complete E,.-ring (cf. [Lurl6l Definition 7.3.1.1]), which
by [Lurl6l Theorem 7.3.4.1] implies that m;(F°R) is a derived complete 7o (F°R)-module for the
ideal (z1,...,2y,) (cf. [Lurl6l Theorem 7.3.0.5]). By [Stal9l Tag 091N], it therefore suffices to prove
that m;(F°R)/(x1,...,2y,) is a finitely generated mo(F°R)/(z1, ..., x,)-module for all i.

For this, we first upgrade the F* R-module FOR/(z1, . .., z,) to a filtered R-module R/(x1, ..., 2y)
by taking the iterated cofibre of multiplication by each z; in filtered R-modules, thereby placing
x; in the appropriate filtration degree. Using that Gr(R) is almost finitely presented, a standard
induction argument shows that the Gr(R)-module Gr(R/(z1,...,2,)) ~ Gr(R)/(Z1, ..., Ty) has ho-
motopy groups which are finite-dimensional k-vector space in each degree i. Since R/(x1,...,xy,)
is complete, we deduce that FCR/(x1,...,x,) belongs to M0d§;>0. O

We proceed to verify the completeness axiom (5) in Definition .15 indicating that the cotangent
complex of a complete almost finitely presented E o-ring is well-behaved. We first examine the
filtered setting, and start with the easy O-connected case where mg is simply k.

Proposition 5.24. Let R € CAlg*¢(FilT (Mod, >0)) be complete almost of finite presentation.
Suppose that mo(Gr(R)) = k. Then cot(R) € Fil(Mody, >o) belongs to Fil'™Mody, .

Proof. For all i, our assumptions imply that m;(Gr(R)) is a finite-dimensional k& = 7o(Gr(R))-
module. Therefore the augmentation ideal of R, which belongs to CAlg™ (Fil(Modg, >0)), has
underlying object in Fil*Mody 1. We observe that if V' € Fil®Mody >1, then the free filtered
algebra @, (V®"),s, on V also belongs to FilftModkzl; this follows since the i*" summand is
i-connective. By Remark B24] we conclude that cot(R) is a geometric realisation of objects in
FilftModkzo, which implies the claim by Proposition 217} O

To extend the above result, we will need the following notion:

Definition 5.25. Let R € CAlg*"#(Fil" (Mod >0)) be complete almost finitely presented. Let M
be an R-module in Fil™(Mody) for which the following conditions hold true:

(1) Gr(M) is almost perfect as a Gr(R)-module (cf. Definition [B.13]).
(2) M is complete.

Then we say that M is almost perfect.
The oco-category of almost perfect R-modules behaves analogously to the oco-category of almost

perfect modules over a connective ring spectrum. Rather than verifying all details (which we leave
as an exercise to the reader), we simply observe the following;:

Proposition 5.26. Let R € CAlg*"8(Filt (Mody, >0)) be complete almost finitely presented. If M
and N are almost perfect R-modules, then so is M @r N.
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Proof. We first note that almost perfect R-modules are necessarily bounded-below. Since tensor
products of almost perfect modules over a connective Ey-ring are almost perfect, it only remains
to show that M ®gr N is complete as a filtered object. Observe that this is clear when M is a free
R-module. Suppose we know that M ®pz N is complete in (homotopical) degrees < n (i.e. that
Wl(@(M ®pr N)) vanishes for all i < n). The assumptions imply that there exists a finite free
R-module F together with a map F — M inducing a surjection on mg. The homotopy fibre F’
remains connective and is still almost perfect. The cofibre sequence FF — M — X F’ and induction
then imply that M ® g N is complete in degree n. O

Remark 5.27. An elaboration of the above argument shows that if M is connective, then it arises
as the geometric realisation of a simplicial diagram of finite free R-modules. In the unfiltered case,
this is established in [Lurl7, Proposition 7.2.4.11].

We can now generalise Proposition [£.24]

Proposition 5.28. Let R € CAlg®8(FilT (Mody >0)) be complete almost of finite presentation.
Then cot(R) € Fil*Mody, >o.

Proof. First, mo(Gr(R)) is finitely generated, and we can lift generators to various filtered pieces.
It follows that there is a finite-dimensional vector space V equipped with a finite filtration

...cococvVv,cV,1C...CcWV1 =V,

together with a map of filtered augmented E.-algebras free(V) — R inducing a surjection on
mo(Gr(—)). Since R is complete, this map factors through a map frge-(?) — R, which turns R into
an almost perfect fre/e-(? )-module.

A direct calculation shows that the cotangent fibre of fm ) is just V' € FilMody, >o: that is, the
map free(V) — flge—(? ) induces an equivalence on cotangent fibres. This is clearly true on associated
gradeds, so it suffices to see this on underlying objects. But on underlying objects, F’ Of&(\V ) =
[1,50(V®)ps, is the completion of the augmented Eoo-algebra @, ,(V®")s, at the augmentation

ideal which does not change the cotangent fibre. For this, compare also Proposition [5.23]
By Proposition [5.26] it follows that

R =R Dpreatir) k€ CAlg*"&(Fil™ (Mody, >0))
is also an almost perfect f@ )-module, and hence complete. Since we have an equivalence of fil-
tered objects cot(R’) ~ cofib(V — cot(R)), it suffices to show that cot(R’) belongs to Fil"Mody, >¢.
Indeed, this follows from the special case given by Proposition since mo(Gr(R')) = k. O

Proposition 5.29. If R € CAlg}"® is complete local Noetherian, then adic(R) is complete.

Proof. Since adic(R) — adic(R) is an equivalence on associated gradeds, it suffices to check that it

o —

also induces an equivalence on underlying objects to conclude that adic(R) is equivalent to adic(R)
and thus complete.

We begin by observing that by Proposition 5.5 the cotangent fibre cot(adic(R)) is given by the
filtered module ... — 0 — 0 — cot(R). Furthermore, the natural map cot(adic(R)) — cot(ad/ic'(\R))
induces an equivalence on associated gradeds.

Now a@) is complete almost finitely presented as a filtered E,-ring, since its associated
graded is free on [cot(R)]; by Proposition We have used that cot(R) € Mod%?o as R is
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—

Noetherian (cf. Proposition [IT)). By Proposition B28] this implies that cot(adic(R)) belongs to
Fil"®Mody, >o and it is therefore in particular complete. Hence cot(adic(R)) — cot(a@)) is an
equivalence, as it is a map between complete objects inducing an equivalence on associated gradeds.
Taking underlying objects everywhere, it follows that R = Fladic(R) — F Oa@) induces an
equivalence on cot. Both source and target are complete local Noetherian E..-algebras over & (the

latter by Proposition [5.23). Hence R — Fladic(R) is an equivalence by Proposition [5.22 O
We can now show that two notions of smallness coincide:

Corollary 5.30. Let R € CAlg;"® be a connective augmented E-algebra over k. Then the fol-
lowing are equivalent:

(1) R belongs to Casp, in the sense of Definition [[43

(2) R is complete local Noetherian in the sense of Definition [L.18

Proof. If R is complete local Noetherian, then adic(R) is complete by Proposition [5.29 and cot(R)
belongs to Mod%ﬁzo by Proposition [5.11l Conversely, if R belongs to Cagp, then applying Proposi-
tion 523 to adic(R) shows that R is complete local Noetherian. O

We can finally establish the following result:

Proposition 5.31. The datum of C = CAngIfZgO,CGr,CFil specified in Construction [5.7 specifies
a filtered augmented monadic adjunction in the sense of Definition [{-15] It therefore satisfies the
conditions of Theorem [{.20,

Proof. We have already verified conditions (1), (2), and (3) of Definition in Proposition 5.8

For part a) of the coherence condition (@), we must check that if A, A’, A” are graded E.-
algebras over k (with k as degree zero component) which are almost finitely presented, and if
A — A" A" — A" are maps which induce surjections on 7y, then A x 4» A’ is almost finitely
presented. This follows easily from the algebraic fact that if S,S’,S” are finitely generated k-
algebras and S — S”, S’ — S” are surjections, then S x g~ S’ is finitely generated as a k-algebra,
cf. e.g. [Stal9, Tag 08KG]. Part b) of the coherence condition () follows from Proposition B.1T] as
if V € Gr'*Mody, >0, then sqz(V) is manifestly Noetherian.

Part a) of the completeness axiom (@) follows from Proposition For part b) of axiom ({l),
we note that if A € C,gfipl) is an augmented complete E-k-algebra which is complete almost finitely
presented, then the underlying augmented E..-k-algebra F°A is complete local Noetherian by
Proposition 523l Proposition [£.29 and Corollary 530 then imply that adic(F°A) is complete. [J

Hence, Theorem [4.20] applies to the present setting, and we can perform the following construc-
tion:
Definition 5.32 (Spectral partition Lie algebras). Write Lief z : Modx — Mody, for the unique
sifted-colimit-preserving monad on Mody, satisfying Lieg y_ (V) = cot(sqz(V'))Y forall V € Mod}j)go.
Algebras over Lieg y  will be called spectral partition Lie algebras.

In particular, Theorem [4.23] asserts an equivalence between formal moduli problems for E..-
algebras and the oco-category AlgLng L We postpone the discussion and formulation of this result
to the next section (cf. Theorem [6.27]), where we will also discuss generalisations to other bases
(but still augmented over k).
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Instead, we will now give a more explicit description of partition Lie algebras. To begin with, we
check that when k is a field of characteristic zero, we recover a familiar notion. Recall that in this
case, the ordinary category of differential graded Lie algebras over k carries a model structure whose
weak equivalences and fibrations are transported along the forgetful functor to chain complexes.
Its underlying oo-category will be denoted by AlgLicig (cf. [Lurl@, Section 13.1] for a detailed

treatment), and we write Lieig for the corresponding monad on Mody.

Proposition 5.33. If k is of characteristic zero, then the following monads on Mody, are equivalent:
Lie} %o Lie{® o N1,
As a result, the co-categories of spectral partition Lie algebras and shifted differential graded Lie

algebras are all equivalent.

Proof. Writing C'98 for the classical Chevalley-Eilenberg complex functor, we have a pair of adjunc-
tions (cf. [Lurl6l Section 13.3]) given by

aug pde Y forgctdg op
CAlg)"t ——— (AlgLiC:g) P ———————7 Mod.".
Cds freeds
By [Lurl6, Proposition 13.3.1.4], their composite is given by
Yl ocot(—)Y : CAlgi"™® #=——= Mod" : sqz(—"Y)oX.
Abstract nonsense therefore gives rise to a natural transformation of monads
Liel® = forget?® ofree®® ——— 1o cot (sqz(—"))" o2,

which is obtained by inserting the unit id — ®98 o C9%. The monad Lieig preserves Modﬁgfl,
and we can therefore deduce from [Lurl6, Proposition 13.3.1.1] that the above transformation is
an equivalence for all V' € Mod}:g_l. By construction of Liefy , we obtain an equivalence of

monads (X o Liezg o 2*1)|M0d§:’so ~ Liegp_ |M0df§,go' Since both Liezg and Lief p_ preserve sifted
colimits (the former by [Lurl6, Proposition 13.1.4.4], the latter by construction), we in fact obtain
an equivalence of monads ¥ o Liegg o X! ~ Lief i on Mody, applying Corollary 317 above. [

Remark 5.34. As oo-categories, Alg . 4= and Algg, . as ., are equivalent via a functor whose
k
effect on underlying k-modules is simply a shift by 1.

For general fields, partition Lie algebras are somewhat more complicated objects. We recall the
notion of partition complexes from Definition [[LHlabove. Write X|I1,,|® for the ¥,,-space given by the
reduced-unreduced suspension of the n*" partition complex. Let 5'(E|Hn|°, k) be the cosimplicial
k-vector space given by its k-valued (reduced) singular cochains.

Proposition 5.35. Given any V € Mody, there is an equivalence
Lief 5 (V) ~ @(Fgmnlo)v.
n>1
Here (FQIHnIO)v is the right-left extension (cf. Section[32) of the functor Vect; — Mody, given by
Vs (C*(S|, |, k) @ VE)En | [FV € Mody <y is truncated above, there is an equivalence
~ h¥y,
Liefs_ (V) ~ P (C'(E|Hn|°, k) ® V®")

n
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Proof. For each n > 0, we define a simplicial ¥,,-set T'(n) by specifying its set of k-simplices as

T(n), = { 0=0¢0<o01<... o; are partitions of {1,...,n} } H {x}

Degeneracy maps insert repeated partitions into chains and fix *. Face maps delete partitions from
chains whenever this yields a “legal” chain starting in 0 and ending in 1; otherwise, they map to .
As cot preserves geometric realisations, we obtain, for any V' € Vect}, the following equivalence:

B P@vyir 2 Py = v

m>1 n>1 n>1

]

IN

cot(sqz(V)) ~ | Bar,(id, Freegau, V)|

For (X, ) a pointed set, we write k[X] for the free k-module on X subject to the relation 0 ~ x.
Expanding out extended powers binomially, a well-known and elementary combinatorial observation
(explained for example in [Chi05]) shows that cot(sqz(V')) is equivalent to

o B BTev s, 8 DETMIE Vs, = @MV s, |
n>1 n>1 n>1

which is equivalent to €, -, (Co(IT ()|, k) @ VE™)5. . Since both functors preserve sifted colimits,

we deduce that cot(sqz(V)) ~ @n21(5.(|T(n)|, k)@ VE™)s for all V € Mody.

We now observe that T'(n) can be identified with the quotient of the join {0} % II,, * {1} by the
simplicial subset spanned by all chains not containing [0 < 1] as a subchain. The realisation |T'(n)]
is therefore equivalent to the reduced-unreduced suspension of the n** partition complex Y|II,,|°
(cf. [ABI1S8| Section 2.9]).

Ifv e Mod,C <0» then sqz(V'") is Noetherian, and so Lieyz (V) = cot(sqz(V"))" belongs to
Modkéo too (cf. Proposition [F.11]). We can then identify the appearing infinite product with an
infinite sum and compute

~ hS,
Lief g (V) = (cot(saz(V))" ~ D) (c’(z|nn|<>, k) ® V®") ~ P(Flp, ) (V).
n n>1
Since Lieg p (V) and ®n>l( i ‘O)V commute with sifted colimits, the first claim follows.

We observe that both Lief p_(—) and @n(5°(2|nn|<>, k) ® (—)®")hEn preserve filtered colimits
in Mody,<o; the above formula therefore holds for any V' € Mody <o. Both functors also preserve
finite geometric realisations, which implies the formula whenever V' € Mody <y for some V. O
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5.2. Simplicial commutative rings. We shall now explain the modifications needed in order to
obtain a Lie algebraic description of deformations over simplicial commutative rings over a field k.
In particular, we will obtain a setup as in Definition of our axiomatic section.

For this, we will need to recall the basic homotopy theory of simplicial commutative rings, as
introduced by Quillen. We refer to [Lurl6, Chapter 25] for a detailed oco-categorical treatment
of simplicial commutative rings. For our axiomatic setup, we will also need graded and filtered
versions. We give a quick summary below:

Construction 5.36 (The setup for simplicial commutative rings).

a) Let D = SCR;"® be the co-category of augmented simplicial commutative k-algebras. Explicitly,
SCR}"® can be obtained as the nonabelian derived co-category Py (as in [Lur09, Section 5.5.8])
of the category of finitely generated augmented polynomial k-algebras.

b) Let D! be the oco-category of filtered, augmented simplicial commutative k-algebras R with
FOR/F'R ~ k. Specifically, DF!! can be obtained by applying Ps to the category of filtered,
augmented k-algebras which are free on a finite-dimensional vector space V equipped with a
finite filtration with FOV = F'V.

c) Let DS denote the oo-category of graded, augmented simplicial commutative k-algebras. More
precisely, DS is obtained as Py of the category of finitely generated, graded augmented poly-
nomial algebras of the form k[x1,...,2,] with each z; homogeneous of positive degree.

d) We have free-forgetful adjunctions Mody > = D, Gr(Mod, >0) = D, and Fil(Mody, >¢) = D
The forgetful functors act as expected on the polynomial generators of the respective oo-
categories of algebras (i.e. by taking the kernel of the augmentation). Moreover, the forgetful
functors are required to commute with sifted colimits (cf. Construction below).

The three evident square-zero functors sqz : Mod > — D, sqz : Gr(Mody, >0) — D", and
sqz : Fil(Mody, >0) — D! admit left adjoints

cota : D — Mody >0, cota : D" — Gr(Mody, o), cota : DF! — Fil(Mody >).

We use the subscript A to contrast this with the E..-cotangent fibre construction.

e) The underlying object functor F'! : D¥l — D forgets the filtration. On the polynomial gener-
ators, it behaves as the name indicates; in general, it is determined by commuting with sifted
colimits. The functor adic : D — D! is the left adjoint of the underlying functor.

f) The associated graded functor DF! — D" is constructed similarly by first defining it in the
evident way on polynomial generators and then extending in a sifted-colimit-preserving manner.

Remark 5.37. D contains the (ordinary) category of augmented k-algebras as a full subcategory.
Similarly, DS and D! contain the categories of graded and filtered augmented k-algebras.
Construction 5.38 (The free functors). We let LSym® : Modg, >0 — Modg, >0 denote the func-
tor which sends V' € Modg, >0 to the augmentation ideal of the free simplicial commutative
k-algebra on V' (with its natural augmentation). Explicitly, if V' is a (discrete) k-vector space, then
LSym™(V) = @, Sym'V is the (usual) nonunital symmetric algebra on V; in general LSym* is
defined as the nonabelian (left) derived functor construction (Construction [B3)).

The functors LSym™ : Gr(Modg,>¢) — Gr(Mody,>0) and LSym”* : Fil(Mody, >o) — Fil(Mody,>0)
are defined in a similar way; they recover LSym™ on underlying k-modules, but keep track of the
additional grading and filtration, respectively.

We now observe that LSym’ is a polynomial functor of degree i (as it preserves filtered colimits
and is i-excisive by Proposition [334). Combining this with the finiteness properties of symmetric
powers established in [Lurl6| Section 25.2.5], it follows that LSym* : GrMod, >0 — GrModg, >¢ is
admissible in the sense of Definition [3.43]
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Example 5.39 (The adic filtration of a polynomial ring). Unwinding the definitions, we see that

applying the functor adic to a free simplicial commutative ring k[z1, ..., 2,] € SCR;"® = C recovers
the usual m-adic filtration, where m = (x1,...,2,) is augmentation ideal. In other words, one
obtains the free filtered simplicial commutative ring on z1, ..., z, in filtration 1.

Very explicitly, the adic filtration can also be defined as follows: on polynomial rings, it is the
m-adic filtration and in general, it is defined via left Kan extension.

Proposition 5.40. The setup of simplicial commutative k-algebras in Construction [5.36 satisfies
conditions (1) — (3) of Definition[{.10]

Proof. Conditions (1) and (2) are straightforward to check.

In Construction 538 we saw that LSym™ : GrMod, >0 — GrModg, > is an admissible functor.
It remains to produce the filtration for a graded, augmented simplicial commutative ring A € DE;
for this, we will follow the discussion in Example If A is free with maximal ideal m4, the
my-adic filtration gives a natural convergent filtration on mg4; its associated graded is given by
the symmetric algebra Sym*(m4/m?%). By taking left Kan extension, we conclude that for any
A € DS, the augmentation ideal my is equipped with a convergent filtration with associated graded
LSym™*(cota(A)). This immediately implies that condition (3) of Definition is satisfied. O

We will now verify the coherence axiom M and the completeness axiom [Blin Definition [Z.T5l These
will both be deduced from the analogous assertions involving E.,-rings, which we have already
checked in Proposition (£.31] above.

Construction 5.41 (Forgetting to Eo.-algebras). There is a natural forgetful functor from simpli-
cial commutative rings to Eoo-rings. It is characterised by the properties of acting as the forgetful
functor on ordinary polynomial rings and preserving sifted colimits (cf. [Lurl6, Section 25.1.2]).
This construction clearly carries over to the augmented, filtered, and graded settings, and we there-
fore obtain forgetful functors D — C, DFIl — CFll and D" — CC*. Here we use the notation
introduced in Construction [5.7 and Construction

Definition 5.42. We say that A € SCR;"® = D is Noetherian (respectively complete local Noe-
therian) if the underlying Eo-algebra of A is Noetherian (respectively complete local Noetherian).

The axiomatic Definitions [£.3T] and [£.39] give notions of almost finite presentation and complete
almost finite presentation for graded and filtered simplicial commutative k-algebras, respectively.

Proposition 5.43. These notions are compatible with the forgetful functor to Eo-k-algebras:

(1) A graded (augmented) simplicial commutative k-algebra A € DS is almost finitely presented
if and only if the underlying graded Eo-k-algebra (in CF) is almost finitely presented.

(2) A filtered (augmented) simplicial commutative k-algebra A € DY is complete almost finitely
presented if and only if the underlying filtered Eo-k-algebra (in D) is complete almost
finitely presented.

Proof. Both assertions follow straightforwardly from [Lurl6, Remark 25.3.3.7]. More explicitly, this
remark shows that there is an associative ring spectrum k+ with an augmentation k* — k such that
cot(A) is a kT-module and cota (A) =~ cot(A) @+ k. Moreover, kT is connective with m(k*) = k,
and its homotopy groups are finite-dimensional in each degree. This readily implies that cot(A) has
finite-dimensional homotopy groups in each degree if and only if cota(A) does, hence proving (1).
Assertion (2) follows from (1) as completeness is detected on underlying k-module spectra. O

Proposition 5.44. If R € D' is complete almost finitely presented, then cota(R) € Fil"®Mody, >¢.
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Proof. This follows by combining [Lurl6, Remark 25.3.3.7] with Proposition Namely, we
already know that cot(R) € Fil"Mody >0, and the identification cota(R) ~ cot(R) @+ k (which
works in the filtered category too) together with Proposition2ITlallow us to conclude the claim. O

Proposition 5.45. If R € SCR}"® is complete local Noetherian, then the adic filtration converges.

Proof. This follows by the argument used in the proof of Proposition[5.29, where we simply replace
Eoo-rings by simplicial commutative rings everywhere. O

Corollary 5.46. The setup of simplicial commutative k-algebras of Construction [5.30] satisfies the
azioms of Definition[{.15] Consequently, Theorem [{.20] holds true in this context.

Proof. We have already checked axioms (1)-(3) in Proposition The coherence axiom (4)
follows immediately by combining Proposition (.43 with the corresponding result for E.-algebras,
which was established in Proposition (31l Part a) of the completeness axiom (5) was proven in
Proposition 544 whereas part b) follows by combining Proposition 545 with Proposition 523 O

In particular, we can again perform the following construction:

Definition 5.47 (Partition Lie algebras). Write Lie o : Modz — Mody, for the unique sifted-
colimit-preserving monad on Mody, satisfying Lieg (V) = cota(sqz(V"))Y for all V' € Modﬁgo.
Algebras over Lief p_ will be called partition Lie algebras.

Applying Theorem [4.23] to our setup, we obtain a classification of formal moduli problems for
augmented simplicial commutative rings as equivalent to the oco-category of partition Lie algebras.
We again postpone stating the result formally until the next section (cf. Theorem [G.27]).
Proposition 5.48. Ifk is of characteristic zero, then the monad Lieg)A is equivalent to the monads

Liegp. and X o Lieig o 27! building free spectral and free shifted differential graded Lie algebras.
As a result, the oco-categories of partition Lie algebras, spectral partition Lie algebras, and shifted
differential graded Lie algebras are equivalent.

Proof. Since k has characteristic zero, the forgetful functor from simplicial commutative k-algebras
to connective E.-k-algebras is an equivalence (cf. [Lurl6l Proposition 25.1.2.2]). Together with
Proposition [£.48] this implies the claim. O

We proceed to establish a concrete description of Lieg p_ . As above, let C* (2|, |°, k) denote the

k-valued (reduced) singular cochains of the doubly suspended n*" partition complex. The following
result uses the genuine ¥,,-equivariant structure of this cosimplicial k-module:
Proposition 5.49. Given any V € Mody, there is an equivalence Lieg (V) ~ @, - (Fyjm,.jo)"-
Here (Fsym, )" is the right-left extension (cf. Section[323) of the functor Vecty — Mody given by
Vs (C*(Z|,|°, k) @ VO En (cf. Section[F3 for a more formal definition,).

If V ~ Tot(V*) € Mody, <o is represented by a cosimplicial k-vector space V*, then

n

Lief A (V) ~ €P Tot (6’(2|Hn|°, k) ® (V')®") )

Here C*(S|I1,|°, k) denotes the k-valued cosimplices on the space S|, |°, the functor (=)= takes
strict fized points, and the tensor product is computed in cosimplicial k-modules.

Proof. We apply the same argument as in Proposition (.35 replacing homotopy orbits with strict
orbit, to deduce the first statement. The second statement then follows from Proposition[3.23] [
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5.3. Operads. In this section, we fix a field k and an co-operad O internal to Mody, (cf. e.g. [BralT,
Definition 4.1.4]) satisfying the following three basic properties:

(1) O(0) is contractible.

(2) O(1) is equivalent to k via the unit map k — O(1).

(3) O@) € Modff_’>0 is connective and of finite type for all ¢ > 0.
The co-category Alg, of O-algebras in Mody, which comes with a free-forgetful adjunction

(10) freeo : Mody, Alg, : forget,

The free functor is given by the formula freeo (V) ~ @,~, (0O(i) @ V)5, .

The main result of this section is that when we restrict to formal moduli problems defined on
connected O-algebras (i.e. O-algebras in Mody >1), then our axiomatic Theorem [L.23] implies a
classification of formal moduli problems. We stress that this will not quite recover the (harder)
main result of Section [5.]]above due to the stronger connectedness assumption; more on this point
in Remark 5.6 below. Since the essential features are very similar to the previous examples, we will
be brief. Compare also the result of Ching-Harper [CHI9], which proves the comonadicity assertion
under the connectedness assumption.

Construction 5.50 (The setup for connected O-algebras). Let k be a field.

a) Let C be the co-category Alg,(Mody, >1) of connected O-algebras.

b) Let CF! = Alg,(FilMody >1) be the oo-category of filtered O-algebras.

¢) Let C°" = Alg,(GrModg >1). Denote the oo-category of graded O-algebras.

d) We have a free-forgetful adjunction freep : Mody >1 & C : forget. The natural augmentation
map from O to the trivial operad induces an adjunction cotp : C = Modg,>1 : sqz. We define
free-forgetful and cotangent fibre adjunctions in the filtered and graded context in a similar way.

e) The adic filtration functor adic : C — C¥ is right adjoint to the underlying functor F! : CF! — C.

f) The associated graded functor lifts naturally to define a functor Gr : CF'! — C.

Because of the connectedness assumption, verifying the hypotheses of Theorem turns out to
be much simpler than before, as convergence works more nicely. To verify this, we will first show
that the adic filtration converges automatically for connected O-algebras. In a second step, we then
show that finiteness can be detected by (and is reflected in) coto.

Example 5.51 (The adic filtration on a free algebra). The adic filtration on freep (V) is given by
F"adic(freep(V)) ~ @(O(z) @ VE) s,

i>n
In particular, if V' € Modg, >1, then the filtration converges for connectivity reasons.

Proposition 5.52 (Convergence of the adic filtration). Let A € Algy,(Mody,>1) be a connected
O-algebra. Then the adic filtration on A converges.

Proof. This follows from Example [5.51] and Proposition 2.11] since any connected O-algbera is the
geometric realisation of free connected O-algebras. O

The next result, which is essentially already contained in [HHI13|, shows that finite type conditions
can be detected using the cotangent fibre functor cotp (under the assumption of connectedness).

Proposition 5.53 (Finiteness, completeness, and cotp).
(1) Let A € Algy(Mody,>1) be connected. Then A € Mod}:Zl if and only if cotp(A) € Mod%)zr
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(2) Let B € Algy(GrMody, >1) be connected and graded. Then B € Gr'®Mody >1 if and only if
coto(B) € Gr'*Mody, > .

(8) Let C € Alge(FilMody 1) be a connected, filtered O-algebra. Then C € Fil'®Mody >1 if
and only if C is complete and cotp(C) € Filftl\/[odk,zl.

Proof. For part (1), let A be a connected O-algebra. Suppose that cotp(A) is of finite type. The
fact that A is of finite type (as a k-module spectrum) follows from the adic filtration on A. Indeed,
this filtration converges by Proposition[5.52], and the terms of its associated graded are each of finite
type and become arbitrarily connected. Conversely, if A is of finite type, then the bar construction
can be used to express cotp(A) as a geometric realisation of a simplicial k-module spectrum whose
terms are of the form freep o - - o freep(A). Each of these is connected and of finite type, so that
the geometric realisation cotp(A) is connected of finite type as well.

Part (2) follows directly from part (1) by forgetting to underlying ungraded O-algebras.

Part (3) follows from part (2) together with the claim that if C' is a connected filtered O-algebra
whose underlying object belongs to FilftModk,Zl, then cotp(C') is automatically complete. This
last claim again follows from the bar construction: the key observation is that freep preserves
Fil"*Mody, >1, and that Fil®Mody, >1 is closed under geometric realisations. 0

We can explicitly identify the subcategories Cagp, Cffig, and Cac}}r) which appear when applying the

axiomatic definitions from Section Ml to the setup specified in Construction [£.50] The following is
immediate from Proposition [5.53t

Corollary 5.54.

(1) An object A € Algn,(Mody, >1) is complete almost finitely presented if and only if the un-
derlying k-module spectrum is finite type.

(2) An object B € Algy,(GrMody >1) is almost finitely presented if and only if the underlying
k-module spectrum of B is of finite type.

(8) An object C' € Algy(FilMody >1) is complete almost finitely presented if and only if the

underlying object of FilMody, >1 belongs to FilftModkzl.
Corollary 5.55. The above satisfies the conditions of Definition [.13]

Proof. Since the conditions of almost finite presentation, complete almost finite presentation, and
so forth are purely module-theoretic in view of Corollary 5.54] the conditions of Definition .15 are
evidently satisfied. (|

Construction 5.56. It follows that we obtain a monad 75 on Mody, and a Koszul duality functor
D : Algyp(Mody >1) — AlgoTpg

as Theorem and Construction By construction, the monad T preserves sifted colimits
and its value on V' € Mod}jéfl is given by T (V) ~ coto(sqz(V'Y))V.

Remark 5.57. Let OV = Bar(O) be the Koszul dual co-operad in Mody. Then the functor T is
given, for V' € Modl,:g_l, by the formula

V = (coto osqz(VY))Y = @H(0Y (i) @ V)",
i>1

Here the product could be interchanged with the sum for connectivity reasons. Roughly speaking,
we should regard Tj-algebras as “divided power” algebras over the Koszul dual operad OV.
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We introduce the following explicit definition:

Definition 5.58 (Artinian O-algebras and formal moduli problems).

(1) A connected O-algebra A is Artinian if 7,(A) is a finite-dimensional k-vector space. Let
Alg?f)rt denote the co-category of Artinian O-algebras.

(2) An O-formal moduli problem is a functor F : Algl® — S such that if A — A" A" — A"
are maps in Algh" inducing surjections on 1, then F(A x 4» A') ~ F(A) X p(ary F(A").

We can then use our results in Section [k

Corollary 5.59. There is an equivalence between the co-category of O-formal moduli problems and
the co-category AlgTé.

Proof. In order to apply Theorem [£23] it suffices to verify that Artinian (O-algebras in the sense
of Definition [F58(1) are exactly the Artinian objects with respect to the deformation theory given
by Algy(Mody, >1), i.e. objects which can be built up inductively by pullbacks of trivial extensions
(cf. Definition 42T]). It then also follows that Definition [58|(2) is an instance of Definition f22] in
the present context.

Observe that any O-algebra with homotopy groups concentrated in degree 1 is necessarily square-
zero by our connectivity assumptions on O. Given an algebra A € Alg?grt, we write 7<,, A for the
nt" Postnikov truncation of A (cf. [Lur09, Proposition 5.5.6.18]). Arguing as in [Lurl7, Proposition
7.1.3.15], we see that the underlying k-module of 7<,, A is simply given by the k-truncation in Mody.
It then suffices to verify that if A € Alg?f)rt has top homotopy group in degree n, then there exists
a pullback square of O-algebras

A 0

| l

T<n—1A ——sqz((m, A)[n + 1))

In the case of Eo-rings, this observation appears in [Kri96] and [Bas99b], and is discussed in modern
language in [Lur09, Corollary 7.4.1.28].

To construct the desired pullback square, we first form the pushout P = 7<,_1A U4 0 in Algy
and then apply the functor 7<,,11 to it, which implies the claim as 7<,4+1 P ~ sqz((7, A)[n+1]). O

Remark 5.60. In characteristic zero, Tpj agrees with the free OV-algebra monad. In particular,
the assertion is that O-formal moduli problems are equivalent to OV-algebras under the above
assumptions. This fact is well-known to experts, but we are not aware it has appeared explicitly yet.

Remark 5.61 (Comparison with spectral formal moduli problems). One can apply the above
results when O is the (nonunital) commutative operad. This gives rise to a classification of a variant
of spectral formal moduli problems (which are only defined on connected Artinian E..-k-algebras)
in terms of the same oco-category of spectral partition Lie algebras.

In particular, it follows that spectral formal moduli problems over k are determined by their
restriction to connected Artinian E..-k-algebras; they automatically extend to all Artinian E..-k-
algebras. However, the arguments are simpler when one restricts to the connected case (as in the
present section), and apply to more general operads O.

The fact that, for O the commutative operad, the theory extends to some connective (rather than
connected) objects requires an additional calculation (and does not appear to be purely formal).



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 59

6. DEFORMATIONS OVER A COMPLETE LOCAL BASE

Assume that A is complete local Noetherian with residue field & (cf. Definition B.I8]), either in
the setting of Eoo-rings or in the setting of simplicial commutative rings. The following rings will
play the role of infinitesimal thickenings of Spec(k) in this mixed setting:

Definition 6.1 (Artinian rings for A//k). An object B of CAlg, ,/, is called Artinian if

(1) mo(B) is a local Artinian ring (with residue field k)
(2) D> mi(B) is a finitely generated module over m(B) (in particular, m;(B) = 0 for i > 0).

We let CAlgi{; /i denote the full subcategory of CAlg,,/, spanned by Artinian objects.

art

An object of SCR4, /i is Artinian if the underlying object of CAlg,,/;, is, and we let SCRY/ .
be the full subcategory of SCR 4,/ spanned by all Artinian objects.

We can now generalise the notion of a formal moduli problem to the relative context; note that
this notion also appears in [Lurllbl Section 6.1].

Definition 6.2 (Formal moduli problems for A//k). A spectral formal moduli problem for A/ /k is
a functor F : CAlgif/t/k — &S such that:

(1) F(k) is contractible.
(2) If B,B',B" € CAlg"X;/k and we have maps B — B” and B’ — B’ which induce surjections

on o, then the canonical map F(B x g» B') = F(B) x p(gny F(B') is an equivalence.
We denote the oo-category of spectral formal moduli problems by Moduliy /5. -

art

Similarly, a derived formal moduli problem for A//k is a functor F : SCRY%/ ), — S satistying

the analogous conditions (1) and (2) above. We denote the oco-category of derived formal moduli
problems for A//k by Modulia, /i A-

Remark 6.3. Suppose k is a perfect field of characteristic p. Let W (k) denote the spherical Witt
vectors of k (cf. [Lurl8, Example 5.2.7]), so that W (k) is a complete local Noetherian Eo.-ring
with residue field k. Then the oo-category of Artinian objects of CAlg,,/; is equivalent to a full
subcategory of CAlg (namely, those which are Artinian). It therefore follows that we can regard
spectral formal moduli problems as defined on all Artinian E-algebras augmented over k; the map
from A is therefore superfluous.

A similar statement holds for derived formal moduli problems and the classical Witt vectors W (k).

The principal goal of this section is to generalise Section Bl to the mixed context. Our main

result is Theorem below, which gives a Lie algebraic description of spectral and derived formal
moduli problems for A//k.

6.1. Descent properties of modules. Let A be a complete local Noetherian E-ring with residue
field k. We will now establish several convergence results on modules. This will later allow us to
reduce the proof of Theorem to the case A = k, which has been handled in Section

Definition 6.4 (Complete A-modules). An A-module spectrum M € Mody is complete if it is
derived m-complete (cf. [Lurl6, Theorem 7.3.4.1]), where m C mp(A) is the unique maximal ideal.

Proposition 6.5 (Convergence criterion for A-modules). Let M*® be a cosimplicial object of Mod g >¢.
Suppose that each M* is complete and that Tot(k ® 4 M®) € Mody, is connective. Then:

(1) Tot(M?®) is connective and complete (as an A-module).



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 60

(2) If N is an almost perfect A-module, then N® s Tot(M®) =s Tot(N®4M®) is an equivalence.

Proof. We begin with statement (1). Consider the class T of connective A-modules N for which
Tot(N ® 4 M*®) is connective. By assumption, 7 contains k[i] for ¢ > 0. Moreover, T is closed under
extensions: given a cofibre sequence N7 — Ny — N3 with Ny, N3 € T, it follows that Ny € T.

Assume that N’ is an almost perfect and connective A-module such that the homotopy groups
7;(N') are all m-power torsion. By induction, the above properties of 7 show that all the truncations
T<n N/ all belong to 7. Passage to the limit as n — oo now shows that N’ € T too.

For instance, if z1, ..., 2, € mo(A) generate the maximal ideal, then if N is any connective, almost
perfect A-module, we conclude that the iterated cofibre N/(z1,...,z,) belongs to 7. It follows that
Tot(N ®4 M*®)/(z1,...,7,) is a connective A-module. Since each N ® 4 M* is complete, it follows
that Tot(N ® 4 M*) is a complete A-module. Thus, it also follows that Tot(N ® 4 M®) is connective
itself. Therefore, we have shown that 7 contains every connective, almost perfect A-module. In
particular, taking N = A verifies part (1) of the theorem.

We shall now verify part (2). The claim is clearly true in the case where N is perfect. Suppose that
N is an arbitrary almost perfect A-module, and assume without restriction that N is also connective.
Both domain and target of the map N ® 4 Tot(M*®) — Tot(N ®4 M*) are connective (since N € T
by the previous paragraph). Fix n > 0. We can find a perfect A-module P and a map P — N
which induces an equivalence on n-truncations, so we obtain a cofibre sequence P —- N — N’
where N’ € Mod 4, >pn+1. Since N'[—n — 1] € T, it follows that Tot(N' @ 4 M*®) € Mod 4, >n+1. In
particular, in the commutative square

P ®4 Tot(M®) — Tot(P ®4 M*) |,

l |

N @4 Tot(M*) — Tot(N ®4 M*)

the vertical maps P ® 4 Tot(M®) — N ®4 Tot(M*®) and Tot(P ® 4 M*®) — Tot(N ®4 M*®) are
equivalences on n-truncations. Since the top horizontal map is an equivalence, it follows that the
bottom horizontal map is an equivalence on n-truncations. Since n was arbitrary, we conclude that
the bottom horizontal map is an equivalence, which implies (2). ([

Next, we show that for connective complete A-modules, the Adams spectral sequence converges.
More precisely, consider the Cech nerve of A — k, i.e. the augmented cosimplicial diagram

(11) A—(k = k@ak & ...)
in the co-category of E.-rings. We then have:

Proposition 6.6. As before, let A be a complete local Noetherian Eq.-ring with residue field k. If M

18 a connective and complete A-module, then the diagram M =5 Tot (MRak=M®esk®ak = ...

(obtained by tensoring (1) with M) is a limit diagram.
Proof. After base-change along the map A — k, the cosimplicial diagram
(12) k=koak & ...

admits a splitting, since it becomes the Cech nerve of the map k — k ®4 k, which has a section.
Proposition therefore applies to diagram (I2), which implies that the totalisation is connective
and commutes with base-change with any almost perfect A-module. From this, we deduce that
M — Tot (M @ak = M®ask®ak E}...) is a map of connective, complete A-modules which
becomes an equivalence after applying k® 4 —. Thus, it is an equivalence by Nakayama’s lemma. [
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As an application of Proposition [6.6] we observe the following descent theorem for complete
connective modules. Note that descent for all modules in the faithfully flat case appears in [Lurl6l
Section D.6.3] and in the proper surjective case in [Lurl6l Theorem 5.6.6.1]. We thank Bhargav
Bhatt for indicating the following result to us.

Theorem 6.7. Let A be a complete local Noetherian B -ring with residue field k. Writing Modi‘pgo

for the full subcategory of all complete connective A-modules (cf. Definition[6.4), the natural map
Mod$L, —— Tot ( Mody,>0 = Modyg k>0 E...)
18 an equivalence of co-categories.

Proof. 1t suffices to show that the functor k®4 — : Modi‘p_go — Mody, >0 is comonadic as in [Lurl6l
Lemma D.3.5.7]. First, we observe that k ® 4 — is conservative on connective and complete A-
modules by Nakayama’s lemma. Next, let M*® be an object of MOde,l>o such that the cosimplicial
k-module k ®4 M*® admits a splitting. It follows that Tot(k ®4 M*®) (computed in k-modules) is
connective. Thus, by Proposition [6.5, Tot(M*®) is connective and k ® 4 Tot(M*®) — Tot(k ®4 M*)

is an equivalence. This verifies the hypotheses of the comonadicity theorem. (I
Notation 6.8. Let APerfr be the full subcategory of Modg spanned by almost perfect R-modules.

As a consequence of Theorem [6.7], we observe also that almost perfect modules satisfy descent,
cf. [HLP14, Sec. 4] for closely related results:

Corollary 6.9 (Descent for almost perfect modules). Let A be a complete local Noetherian Eo,-ring
with residue field k. Then the diagram

APerf, ——— Tot ( APerf), =t APerfrg ,x &5 ...)

is an equivalence of symmetric monoidal co-categories. This remains true when we replace APerf
by the corresponding oo-categories Pert of perfect modules.

Proof. For the first claim, by Theorem [6.7] it suffices to check that if M is any connective complete
A-module with k ® 4 M € APerfy, then M belongs to APerf4, which means that M has finitely
generated homotopy groups. We show inductively that the homotopy groups of M are finitely
generated.

Indeed, if M is such a module, then mo(k ®4 M) ~ k ®,,a) M is finitely generated. Choose
a map A" — M which induces a surjection on mo(k ®4 -) and let C' be the cofibre. Then [Stal9l
Lemma 09B9] implies that mo(A") — mo(M) is surjective, and 7o(C) = 0. Therefore, mo(M) is
finitely generated.

Now assume n > 0, and that for any connective, complete module M with k ® 4 M € APerfy,
we have that m; (M) is finitely generated for ¢ < n. We will show additionally that m, (M) is finitely
generated, which will establish the claim by induction. Choose the map A”™ — M as above. The
inductive hypothesis shows that fib(A” — M) has finitely generated homotopy groups m;,i < n.
The long exact sequence now shows that 7, (M) is finitely generated.

Finally, for the second claim, we observe that perfect modules are characterised as the dualisable
objects in APerf, so the second claim follows from the first. O

6.2. Constructing a deformation theory. Let A be a complete local Noetherian E,-ring with
residue field k. Write CAlg,,/;, > for the oo-category of connective Eo.-A-algebras B equipped
with a map B — k. In this subsection, we use this data to construct a deformation theory in the
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sense of Lurie (cf. [Lurl6l Definition 12.3.3.2]). When A = k, this was done in Section Bl above,
and we will now indicate the necessary modifications.
First, we consider the adjunction

(13) cota : CAlgy k>0 «— Mody,>0 : 5qz

where:

a) the left adjoint cot4 sends B € CAlgy,/y, >o to cota(B) =k ®p Lp/a.
b) the right adjoint sqz sends V' € Modj, >0 to the object k@ V', considered as a trivial square-zero
k-algebra and equipped with an A-algebra structure via A — k.

Remark 6.10. As CAlg,,/; >¢ is not pointed when A # k, the mixed context does not quite
fit into the framework of Section [l However, it will be possible to deduce all results from the
case A = k. This is possible because the adjunction ([I3]) above is the composite of @) with the
adjunction

CAlg 4/ /k,>0 = CAlgy) /1, >0
given by base-change and forgetting. In particular, observe that for any B € CAlg 4 //k,>0, We have

(14) cot4(B) ~ cot(k ®4 B).

Notation 6.11. Let CAIgﬂ\}/k denote the full subcategory of CAlg 4/, >, spanned by those objects
B which are complete local Noetherian, i.e. such that B is Noetherian (cf. Definition 5] and such
that mo(A) is a complete local ring. We use similar notation SCR‘X\; /i When A is a simplicial
commutative ring which is complete local Noetherian with residue field k.

Example 6.12. The completion A {x:—\, Zn} of a free Ey-algebra in variables x1,...,x, over
A is an object of CAIgﬂ\}/k. Indeed, these are the free objects of CAlgf}/k: it Be CAlgf}/k, then

HomCAIg;,‘N//k(A {z1,...,2n}, B) = Q°m’, where mp = fib(B — k) is the augmentation ideal of B.

We begin by observing that any object of CAlgfL‘l\} /i can be written as a geometric realisation of
such completed-free objects; while this will not be used in the sequel. For convenience, we state
the result as well for simplicial commutative rings.

Theorem 6.13. Let A be a complete local Noetherian Eqo-algebra (resp. simplicial commutative
ring) augmented over k. Then any object of CAlgfL‘l\}/k (resp. SCR?}/;C) can be erpressed as the

geometric realisation of a simplicial object Xq in CAlgi‘]\}/k (resp. SCRi‘l\}/k) where each X; is the
formal completion of a free algebra over A on finitely many variables in degree zero.

Proof. We give the proof for CAIgff; /k; the simplicial commutative ring case is similar. Here we

use the notation and language of Lemma below. We take C = CAlgi‘l\} /i and S to be the class
of maps B — B’ which induce surjections on mg. Note that coproducts in C are given by completed
tensor products. Similarly, we take F to be the class of objects in CAlgﬂ\} /i which are free on

a finite set of generators in degree zero. These play the role of free objects in CAlgfL‘l\} /K @S In
Example [6.12] so they have the lifting property with respect to S. Thus, we can apply Lemma
to produce an (F,S)-hypercover X, in C as desired. This is necessarily a colimit diagram, since
one can check this after applying (2°°, and hypercovers are colimit diagrams in the oco-category S
|[Lur09, Lemma 6.5.3.11]. O
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If B e CAlgf} /> then the augmented Eoc-k-algebra k ®4 B is complete local Noetherian. It
therefore has an almost perfect cotangent fibre by Proposition 11l which means that cot4(B) is
almost perfect. We can therefore restrict [I3] to obtain an adjunction

(15) coty : CAlgf}/k r— Mod%ﬁzo 1 8Q2.

with associated comonad Ty : Modﬁzo — Modgﬁzo. Pre- and postcomposing with linear duality as
before, we obtain a monad Liey _ : Modﬁgo — Modﬁgo satisfying Liel g (V) = cota(sqz(V"))".

Example 6.14. Given a complete local Noetherian algebra B € CAlgﬂ\}/k, we set cot(B) = Ly p[—1].
Note that if B arises from an augmented k-algebra by restriction of scalars along A — k, then cot(B)
agrees with the cotangent fibre considered before. The natural pushout square in CAIgi\; /k given by

B——=k®uB

L

k——k®ak
induces a basic cofibre sequence
cot(B) — cot4(B) — cot(k ®a4 k).
Taking B =k & V', we obtain a cofibre sequence
(16) cot(k ®a k)" — Lieh g (V) — Liefg_(V), V € Mod} 5.
We can use this to establish a relative version of Theorem in the context of Eo-rings:

Theorem 6.15. Let A be a complete local Noetherian Eo-ring with residue field k. Then:
(1) The adjunction (IH) is comonadic.
e monad Lie : Mo — Mo rom above extends to a sifted-colimit-preserving
2) Th dLie x_ : Mod; <o — Mod}; b d ifted-colimi :
monad Lie}y x_ on Mody.
e induced functor® 4 : — o carries pullbacks of diagrams B — B”,
3) The induced Da: (CAIES) /)P — Algper | jes pullbacks of diag B— B’

B" — B" inducing surjections on mo to pushouts of Liey p__ -algebras.

Proof. For A = k, we have verified the claim in Proposition .31l We will now reduce to this case.

For part (1), we verify the hypotheses of the comonadicity theorem (cf. Theorem above).
First, we observe that cot 4 is conservative. Indeed, cot 4 is the composite of the base-change functor
CAlgﬂ\;/k — CAlggj/k with the cotangent fibre functor cot : CAlgg;I/k — Mody, both of which are
conservative by [Stal9 Lemma 09B9] and Proposition [5.22

Let B® be a cosimplicial object in CAlgfj\}/k such that cot4(B®) admits a splitting. Using the
equivalence cot4(B*®) ~ cot(k ®4 B®), we conclude that k ® 4 B® defines a cosimplicial object of
CAlgz%k such that cot(k ® 4 B®) is split. By the comonadicity already proved when A = k, it
follows that Tot(k ® 4 B®) is complete local Noetherian), and the natural map

cot(Tot(k @ B®)) —— Tot(cot(k ®4 B*))
is an equivalence. Using Proposition [6.5], we can conclude that Tot(B®) is connective and that
k ®a Tot(B*) = Tot(k ®4 B*) is an equivalence. Therefore, Tot(B®) is also complete local

Noetherian and cot 4 (Tot(B*)) = Tot(cota(B*)) is an equivalence.
Part (2) follows from the case A = k and the cofibre sequence (6] constructed above.
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Finally, part (3) will be proved in Proposition [6.18 below. O
We can use Theorem [6.15] to generalise Definition [5.32] to the mixed setting:

Definition 6.16 (Mixed spectral partition Lie algebras). Given a complete local Noetherian E.-
ring A with residue field k, an (A, k)-spectral partition Lie algebra is an algebra over Lie]y _ .

Construction 6.17 (The forgetful functor from Liey i -algebras to Lief p_-algebras). The base-
change functor CAIgﬂ\} k= CAIgZ% i given by B — k® 4 B induces, by using the anti-equivalences
established in Theorem [615 a functor U : AlgLiCZ,Em (Mod%)go) — AlgLiCE,Ew (Mod%)go). By
construction, U preserves the forgetful functors to Mod}?so. We extend this to a functor

U: AIgLiCZI,EOO — AlgLng,Em .

which commutes with the forgetful functor to Mod. For this, we simply left Kan extend from free
Lie), _ -algebras on objects of Perfy <o (using Example B.12).

Proposition 6.18. The forgetful functor U : Algpe= — — AlgLiegE from Construction [6.17]
commutes with pushouts. ’ Y

Proof. Suppose that we are given maps V' — V and V" — V' with V, V' V" € Modgéo. Consider
the Lie); y_-algebras g” = freeLiCl’x,Ew V"), g= freeLinx,Ew (V), and g'= freeLinx,Ew (V). The diagram

U(freeLieE,zm A (V”)) U(fI'eeLie;;Eoo A (V))

| |

U(freeLie:,EooA(V/)) —_— U(freeLie:,EooA(V Ly V/))

is a pushout of Liej _-algebras, as it is by construction equivalent to

DhkRa(kpV") ————=D(k R4 (kVY)) ,

| l

Dk@a(kdVV) —=D(k®a (kD (V Uyr V)

which is a pushout by Theorem [£20] (applied to the case of augmented E..-k-algebras).
Since we can write any object in AlgLiczE as a sifted colimit of free algebras on objects of

Mod%ﬁgo, the claim follows as U preserves sifted colimits. O

We now shift attention to the context of simplicial commutative rings, where we fix a complete
local Noetherian simplicial commutative ring A with residue field k. Since the arguments will be
precisely analogous to the ones given in the previous paragraphs, we will simply state the results.

Definition 6.19. Let SCR,,/; be the co-category of simplicial commutative A-algebras B with a

map to k factoring the augmentation A — k. Write SCRi‘l\}/k for the full subcategory of SCR 4,/
spanned by all complete local Noetherian objects.

Construction 6.20. Consider the adjunction cota a : SCR 4,/ & Modg >0 : sqz, whose the right
adjoint is the square-zero functor given by V +— k@ V. This induces a comonad on Mody, >¢ and,

by dualisation, a monad Lie’j  : Modff)SO — Mod}?so satisfying Liey o (V) = cota a(sqz(V"))".
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Theorem 6.21. Let A be a complete local Noetherian simplicial commutative ring with residue
field k. Then:

(1) The adjunction cotaa : SCRi‘I\}/k = Mod}:zo :sqz is comonadic.
(2) The induced monad Lie)j 5 : Mod%ﬁgo — Mod%ﬁgo extends to a sifted-colimit-preserving

momnad on Mody,.
(8) The induced functor D4 a : SCR%\;/,C — Algﬁ)ez . carries pullbacks of diagrams B — B”,

B" — B" inducing surjections on mo to pushouts of Liely x-algebras.
We can therefore generalise Definition [5.47 as follows:

Definition 6.22 (Mixed partition Lie algebras). Given a complete local Noetherian simplicial
commutative ring A with residue field &, an (A, k)-partition Lie algebra is an algebra over Liej A.

6.3. Formal moduli problems in mixed characteristic. Finally, we can prove that formal
moduli problems in mixed characteristic are governed by (possibly spectral) partition Lie algebras.
For this, we fix a complete local Noetherian E..-ring (respectively simplicial commutative ring) A
with residue field k. We define a version of the Chevalley-Eilenberg cochains functor in this context:

Construction 6.23 (The adjunction (D 4,C?%)). The colimit-preserving functor
@A : CAlgA//k — Algizi)ezﬁm
defined by © 4(B) := cota(B)" admits a right adjoint C : Alngcz .~ CAlgy -
Similarly, if A is a simplicial commutative ring, the cocontinuous functor
. op
QA,A : SCRA//k — AlgLicg’A
defined by D4 a(B) := cota,a(B)" admits a right adjoint C} A : Algfi. — SCRy4 .

Theorem 6.24. Under the above assumptions, we have:
(1) The adjunction (D 4,C%) restricts to an equivalence CAlgi‘l\}/k ~ AlgLieZ,Em (Modﬁgo)(’p.
(2) If A is additionally a simplicial commutative ring, the adjunction (D a na,CA 4) restricts to
an equivalence SCR%I\}/,C ~ Algpien (Mod};téo)"p.

Proof. In both cases we will follow the argument in Proposition We will only prove (1) in
detail; assertion (2) can be established by a parallel argument.

The claim essentially follows from the comonadicity established in Theorem To show that
D 4 is fully faithful on CAlgi,l\} /k» it suffices to check that for any B € CAIgi\; /k» the unit

(17) B — C%(®a(B))

is an equivalence. We first observe that by construction, we have C (freepier . (V) = sqz(V'") for
all V e Mod};téo. Thus, the map (7)) is an equivalence for B = sqz(V). Using the comonadicity
claim in Theorem [6.15] we can write any B as a totalisation of a cosimplicial diagram of square-zero
extensions via the cobar resolution. It follows that (I7) is an equivalence in general. This shows

that © 4 is fully faithful; since it is also essentially surjective by Theorem [GI5(1), it follows that
® 4 is an equivalence. ([

We can now prove that one obtains a deformation theory in the sense of Lurie (cf. [Lurl6,
Definition 12.3.3.2]) for simplicial commutative rings and E.-rings with respect to a complete
base:



DEFORMATION THEORY AND PARTITION LIE ALGEBRAS 66

Theorem 6.25.

(1) Let A be a complete local Noetherian Eo,-ring with residue field k. The oco-category CAlg 4,/
the infinite loop object {sqz(k[n]) € Stab(CAlg,, /i) n>0, the adjunction (D4, C}), and the
subcategory AlgLiC’A,EOO (Mod}:go) - AlgLiCl‘;,Em form a deformation theory.

(2) Let A be a complete local Noetherian simplicial commutative ring, The co-category SCR4//p,
the infinite loop object {sqz(k[n]) € Stab(SCR4,/k)}n>0, the adjunction (Da,n,Ch A), and
the subcategory AlgLie;A(MOdggo) C AlgLieKA form a deformation theory.

Proof. Combine Theorem [6.24] and Theorem [6.15 (or Theorem [6:2T]). O

Using the argument of |[Lurl6, Proposition 12.1.2.9], it follows that the Artinian objects of
CAlgy, )y, (respectively SCRy, /1) from Definition are exactly the ones which are Artinian in
the axiomatic deformation theory setup of [Lurl6, Definition 12.1.2.4]. In order words, they are
those which can be built from a point by taking iterated fibres of maps to square-zero extensions
sqz(k[n]) with n > 0. Arguing as in [Lur, Proposition 6.1.4], we see that a morphism between two
Artinian objects is small in the axiomatic sense of [Lurl6l Definition 12.1.2.4] if and only if it is
surjective on my. This allows us to conclude that Definition agrees with the axiomatic notion
of a formal moduli problem attached to the above deformation problem (cf. [Lurl6l Definition
12.1.3.1, Proposition 12.1.3.2(3)]).

Construction 6.26 (The tangent complex). Given a formal moduli problem X, we can construct
its tangent complex Tx € Mody, (cf. [Lurl@, Definition 12.2.2.1]); its underlying spectrum satisfies
Q" Tx = X (sqz(k[n])) for all n > 0.

Combining Theorem[6.25]with Lurie’s axiomatic [Lurl6, Theorem 12.3.3.5], we can finally deduce:

Theorem 6.27.
(1) Let A be a complete local Noetherian Eo-ring. There is an equivalence of co-categories
ModuliA//kJEm ~ AlgLiCl‘;,Em .
(2) Let A be a complete local Noetherian simplicial commutative ring. There is an equivalence
of co-categories Moduli /g A =~ AlgLiezyA.

On underlying objects in Mody, both equivalences send a formal moduli problem X € Moduliy,
to its tangent complex Tx .
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7. THE HOMOLOGY OF PARTITION LIE ALGEBRAS

Away from characteristic zero, partition Lie algebras display additional subtleties:

Example 7.1. For A € SCRE’cg complete local Noetherian, the Frobenius (z — zP) on A induces
an endomorphism ¢ on the partition Lie algebra cot(A)Y. While ¢ is zero as a map of F,-modules
(as pzP~! = 0), Theorem [6.24] shows that ¢ is generally nonzero as a map of partition Lie algebras.

To get a better handle on our Lie algebras, we may wish to consider Dyer-Lashof-like operations
on their homotopy groups. These are parametrised by the homotopy groups of free Lie algebras:

Construction 7.2. Given a class a € 7 (Lieg)A(EllFP ©...0 EE"IFP)), we define a universal n-
ary operation acting on the homotopy groups of any partition Lie algebra g. For this, we send a
tuple (z1 € 7, (9),...,2n € 7y, (g)) to the element a(z1,...,x,) € 7;(g) represented by

LiegA(wl,...,mn)

SIF, & Lief A (S9F, @ ... @ £0F,)

There is a similar construction for spectral partition Lie algebras.

Lieg,A(G) — g.

We will now compute the homotopy groups of free (possibly spectral) partition Lie algebras
over F,,. Write B(nq,...,n,,) for the set of Lyndon words in m letters involving the ith letter n;
times (cf. Definition [[T4)). Given integers {1, ..., ¢y, we have the following results:

Theorem 7.3. The Fy,-vector space m, (Lief, o (SO F,@®. . .0%Fy)) has a basis indezed by sequences
(i1y...,ig,e,w). Here w € B(ny,...,nm) 18 a Lyndon word. We have e € {0,¢}, where e =1 if p
is odd and deg(w) =Y. (¢; — 1)n; + 1 is even. Otherwise, e = 0. The integers iy, ..., satisfy:
(1) Each |i;| is congruent to 0 or 1 modulo 2(p — 1).
(2) For all1 < j <k, we have piji1 <ij < —1 0r0<ij < pijq
(8) We have (p —1)(1 +e)deg(w) — e <ip < =1 or 0 < i < (p—1)(1 + ¢) deg(w) —e.
The sequence (i1, ..., ik, e,w) sits in homological degree ((1 + e)deg(w) —e)+ i1+ - +ir —k and
multi-weight (n1pF(1+e), ..., n,p*(1 +e)).
Theorem 7.4. The Fy-vector space m.(Lief g (S Fp®...®%"F,)) has a basis indeved by sequences
(i1,... ik, e,w). Here w € B(ny,...,ny) is a Lyndon word. We have e € {0,¢}, where e =1 if p
is odd and deg(w) := Y, (¢; — 1)n; + 1 is even. Otherwise, ¢ = 0. The integers i1, ..., i satisfy:
(1)’ Each i; is congruent to 0 or 1 modulo 2(p — 1).
(2)’ Foralll < j <k, we have i; < piji1.
(3)" We have iy, < (p — 1)(1 + e) deg(w) — €.
The homological degree of (i1,..., 1k, e,w) is ((1+ e) deg(w) —e) + i1 + - - - + ix, — k and its multi-
weight is (n1p*(1+e), ..., n,p*(1 +e)).

Our strategy will closely follow the proof of [AB18, Theorem 8.14], which essentially computes
the homotopy groups of free coconnective partition Lie algebras (for p = 2, [AB18, Theorem 8.14]
also follows from [Goe90]). Our computation relies on many classical ingredients and insights, which
we will reference in detail below. Broadly speaking, we will proceed in three steps:

(1) First, we compute the homotopy groups of a free Lie algebra on an odd class. We use a bar
spectral sequence and the known homotopy groups of symmetric or extended powers.

(2) In a second step, we express the homotopy groups of a free Lie algebra on an even class in
terms of the odd case (1). We rely on the Takayasu cofibration sequence and its strict cousin.

(3) Finally, we give a Hilton-Milnor decomposition for free Lie algebras on many generators,
thereby reducing the computation of their homotopy groups to the cases (1) and (2). We
rely on a certain splitting of the restriction of partition complexes to Young subgroups.
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7.1. Free Partition Lie Algebras on an Odd Generator. The principal aim of this subsection
is to compute the homotopy groups of free Lie algebras on a single odd class. We will establish the
following results:

Theorem 7.5. Let £ be an integer, assumed to be odd if p is. Then Lie’,;A(EZIE‘p) has a basis given
by all sequences (i1,12,...1) satisfying the following conditions:

(1) Each |ij| is congruent to 0 or 1 modulo 2(p — 1).

(2) For all1 < j <k we have piji1 <i; < —1 or0<i; < piji1.

(8) We have (p—1)¢ <ip < —1 or 0 < i < (p—1)¢.
The sequence (i1,4z...1) lies in homological degree £+ i1 + i3 — ...+ i, — k and weight pk.

Theorem 7.6. Let { be an integer, assumed to be odd if p is. Then Lief gz (X‘F,) has a basis
given by all sequences (i1,12,...1) satisfying the following conditions:

(1)’ Each i; is congruent to 0 or 1 modulo 2(p — 1).

(2)” For all 1 < j < k we have ij < piji1.

(8)” We have i, < (p — 1)L.
The sequence (i1,12 . ..4x) lies in homological degree £+ i1 + ia — ...+ i — k and weight .

We carry out these two parallel computations “weight-by-weight” by generalising the argument

provided in [AB18, Section 9], which is inspired by [AM99, Section 3]. We outline the main steps:
a) By duality, it suffices to compute the homotopy groups m. (Fs,, o (5°F,)) and . (Fglnnlo (ZfF,)).

The functors Fyr, o and Fg » were constructed in Section

I,

b) In a second step, we show tlhat| whenever ¢ is odd or p = 2, the Bredon spectral sequences
for m, (Fyym, o (XFp)) and . (F£|Hn‘O(E€Fp)) degenerate. This follows by applying a result of
Arone, Dwyer, and Lesh (cf. [ADLI6, Theorem 1.1]).

c¢) We then use the known homotopy of symmetric and extended powers to describe 7. (Fy,, /. (B°F,))
and m, (Fy,, i, (XFp)) for all subgroups H C X, arising as stabilisers of points in [IL,|°.

d) This allows us to compute the above E2-page by applying a combinatorial matching argument.

We will now provide the details of our computation.

Duality. Recall that given a genuine pointed ¥,,-space X, we have defined functors
Fx,F% : Mody, — Modg,

which extend the assignments M — (Fp[X]®@ M®")xy, and M — (F,[X]® M®"),x from discrete
F,-modules to all F,-modules in a sifted-colimit-preserving way (cf. Section B3).

Combining Proposition[5.35] Proposition[5.49, and Proposition[3.38 we see that in order to prove
Theorem [Z.5] and Theorem [Z.6] it suffices to compute 7, (Fym,, o (2‘Fp)) and . (Fglnnlo (ZfFp)) for
all n, where £ is odd or p = 2.

Degeneration of the Bredon Spectral Sequence. As explained in Section [3.3] the skeletal filtration
on the pointed simplicial ¥,,-set |II,,|® gives rise to spectral sequences converging to 7. (Fjr, o (M))
and T, (F‘}ﬁn‘o(M )). Their E2-pages are given by the reduced Bredon homology groups of |II,|°
with respect to the graded Mackey functors

sttt 8 — Modg,
sending a discrete G-set X to m.(Fx(M)) and 7. (F%(M)), respectively.

To establish degeneration of the Bredon spectral sequence, we will apply Arone-Dwyer-Lesh’s
[ADL16, Theorem 1.1]. We begin by checking that the conditions of this theorem are satisfied:
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Proposition 7.7. For M = X‘F,, with { odd or p = 2, the functors u, uiw’h satisfy:
(1) For any Sylow p-subgroup P C ¥,,, projection induces split epimorphisms
Pl (En/Px =) = (=) and @ (S0 /P x =) = (=)
(2) If D C %, is an elementary abelian p-subgroup acting freely and non-transitively, then
ker (Cs, (D) — mCaqr, ) (D)) acts trivially on p2*(X,/D) and pd" (2, /D), respectively.
(3) If p is odd, then odd involution in Cys, (D) acts as (—1) on pM(S,/D) and p2" (S, /D).
Proof. We follow [AB18| Proposition 9.3][ADL16, Example 11.5], which imply the result for £ > 0.
If X is a finite pointed X,,-set, then the transformations of functors VectﬁF’p — Modp, given by

(tr®id®™)s,,
-

n

(Fp[X] @ (=) ns,

induce multiplication by |3, /P| on homotopy groups. They are therefore equivalences.

(Fp[X] @ (=)%")s (Fp[Zn/P x X]® ()*")s, —— F[X]@ ()",

(t[‘®id®n)h,zn
—

(Fp[Xn/P x X]® (=) )ns, — (Fp[X]® (=) )z,

Taking right-left extensions of these degree n functors (cf. Theorem[B.26]), we obtain transforma-
tions Fx — Fy, /pxx and F)}} — an/PXx such that the two composites Fix — Fy, /pxx — Fx

and F# — an /Pxx F are equivalences, which clearly implies (1).

For (2), we begin with the diagram drawn on the left. Its rightmost arrow takes D-orbits or
D-homotopy orbits, respectively. Freely adding sifted colimits, we obtain the diagram on the right.

Ars AN Ars AN

Setfin (SetFim)P S, — > Py((SetFm)P)
A>—>]FP[A]\L \LAH]FP[A] AHC‘*(A)\L \LAHG*(A)
w  Vever w\D Vv en WD
Vecty ————= (Vectg )~ —> Mod, Mody,>9 ———> Px((Vect )”) — Modg,

The lower composite is equivalent to Fy, ,p(—) or an / p(—), respectively. Hence, the assignment

A= Fs, ;p(Ci(A,Fp)) factors through the functor sending a space A to the genuine D-space A™".
Replacing A — F,[A] by the functor A — F,[A]Y and using Proposition B:23] a similar argu-
ment shows that A — Fy , p(C* (A,F,)) factors through the functor sending A to the genuine
D-space AM™,

We can write each M = EZFP as the singular chains or the singular cochains of a sphere X = §¢
(depending on whether ¢ is positive or negative). The above observations therefore show that in
order to prove (2), it suffices to check that any o € ker(Cx, (D) — moCqr, (r)(D)) acts on the
genuine Y,,-space (S*)"" by a map that is D-equivariantly homotopic to the identity. This is clear
because any such o lies in the connected component of the identity in Cqr,,(r)(D).

For (3), we first recall that if X is a spectrum with 2 invertible in 7, (X), then 7 : X — X acts as
(—1) on 7. (X) if and only if 7 — 1 is an equivalence (cf. [ADL16, Proposition 11.4] and its proof).
Observe that if p is an odd prime and 7 € Cyx,, (D) is an odd permutation of order 2 centralising D,
then 7 acts by (—1) on H, ((S"Z)A, k) for any subgroup A C D. This implies that 7 — 1 induces
a quasi-isomorphism on the F,-modules C.((SmH)4, F,) and C*((S)4, F,). Elmendorf’s theorem
expresses the D-space S as a homotopy colimit of D-spaces of the form (D/B) A((S™)A. By the
functoriality established in the proof of (2), we can therefore express Fy, ,p(M) and an /D (M) as
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homotopy colimits of F-modules C.,((S™)4,F,) if £ > 0 or of F,-modules C*((S™)4,F,) if £ < 0.
Hence 7 — 1 acts as an equivalence on Fx/p(M) and FS/D(M), which implies the thrid claim. [

Hence, we can apply [ADL16, Theorem 1.1., Corollary 1.2] to conclude:
Corollary 7.8. For M = ZEIFP with £ even or p = 2, the Bredon homology groups
B2, = ML ) B = HE (S [P pt
vanish unless n = p* for some k and s = k—1. In particular, the spectral sequence degenerates and

~Br

H I« |°; M ; — ok
T (Fgjm, o (M) = m—1(Fm,, |« (M)) = { . k-1 (T [%5 %) Z; p
~Br 0., Mh : k
Hy oy (e 5 ,25)  if m=p*

0 else

W*(Fgmn\o(M)) = 7T*_1(F|Hn|°(M)) = {

Hence, it suffices to compute these Bredon homology groups to establish Theorems and

The Bredon Homology of Stabilisers. Next, we compute 7 (Fy,, ,i(M)) and w*(an/H(M)) for H
the stabiliser of a point in the partition complex |II,,| and M € Modg, any F,-module. This extends
[AB18| Section 9.2], which is inspired by [AM99, Section 3], to the coconnective setting.

We need several auxiliary additive functors:

Definition 7.9. Given k > 0, the functor Fj sends a graded F,-vector space V to the graded
F,-vector space Fi(V') generated by symbols (i1, ...,%x; v), where v is a homogeneous element of V'
and 41, ...,%, are integers satisfying the following conditions:

(1) Each [i;] is congruent to 0 or 1 modulo 2(p — 1).
(2) ij > pijp1 >pori; <pijp <0forall 1 <j<k,
(3) If pisodd, thenl < iy < (p—1)(Jv|+ia+...+ix) or 0>491 > (p—1)(|Jv| +i2+ ... +ix).
If pis even, then 1 < iy < (p—1)(Jv|+iz+...+ix) or 0>i1 > (p—1)(Jv| +iz+ ... +ix).
We divide out by the relation (i1, ..., ig;u) 4+ (i1, ..., ig; v) = (i1, ..., ix; u+v). There is a homological
grading on Fj(V), which puts (i1, ...,ig;v) in degree |v| + i1 +. ..+ i, whenever v is homogeneous
of degree |v|. Moreover, there is a weight grading putting (i1, ...,ix;v) in weight p*.

Remark 7.10. Observe that either all i; are strictly larger than 1 or all ¢; are nonpositive.

Definition 7.11. For k& > 0, the functor F' sends a graded F,-vector space V to the graded
F,-vector space F, ,?(V) generated by symbols (i1, ..., ix;v), where v is a homogeneous element of V'
and 71,...,1; are integers satisfying the following conditions:

(1)’ Each ¢; is congruent to 0 or —1 modulo 2(p — 1).

(2)’ 45 <pijpq forall 1 <j <k,

(3) If pis odd, then iy > (p—1)(|v| +i2+ ...+ ig).

If p is even, then 41 > (p — 1)(Jv| + 42 + ... + ig)-

We again divide out by the relation (i1, ..., ig; u) + (41, ..., ix; v) = (1, ..., ix; w + v). The homological
grading and the weight grading are as in Definition [7.9]

Definition 7.12. Given a homologically graded F-vector space, let S(V) = @, Sn(V) be the
free graded-commutative algebra on V if p is odd and for the free exterior algebra on V if p = 2.
Observe that if V' is equipped with an additional weight grading, then S(V) is naturally bigraded.
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We will now use the functors F, .7-',? , and S to give a simple formula for homotopy groups of
the symmetric and exterior powers of a given M € Mody, thereby summarising computations of
Dold [Dol58], Nakaoka [Nak57] [Nak59], Milgram [Mil69], and Priddy [Pri73| in the “strict” case,
as well as of Adem [Ade52], Serre [Ser53|, Cartan [Carb4] [Car55], Dyer-Lashof [DL62], May, and
Steinberger [BMMSS86] in the “homotopy orbits” case:

Proposition 7.13. For any M € Mody, there are (unnatural) isomorphisms

T (EB Py, /s, (M)> =S (@ Fh(ms (M))> L (EB FY s, (M)> =S (@ Fie(m. (M))>
n k n

k

which respect the homological and the weight grading. Here Fy(m.(M)), Fi(m.(M)) sit in weight p*.

Remark 7.14. Note that the functor F, /5, (M) computes the (suitably derived) n'" symmetric
power of M, whereas an /5 (M) computes its n'" extended power.

Warning 7.15. These are isomorphisms of bigraded vector spaces; they do not respect the multi-
plicative structure. In fact, they are not even functorial in M, as we should really use divided power
functors on the left. However, this will not cause any problems for us, since we will only need a
dimension count of the weighted pieces. We therefore adopt this simpler approach for notational
convenience.

Proof of Proposition [7.13 After picking a basis, we may identify M with a direct sum of shifts of
F,,. Since all functors commute with filtered colimits and send finite direct sums to tensor products,
it suffices to check the claim for F,-module spectra of the form M = XF,, where / is any integer.

For £ > 0, the vector space Fj(X‘F,) is the k*" summand of the free simplicial commutative
F,-algebra on one generator in degree ¢. The work of Nakaoka (cf. [Nak57] [Nak59]) therefore
shows that it has a basis given by all sequences (i1, ..., i) with

(1) Each ¢; is congruent to 0 or 1 modulo 2(p — 1),

(2) 7’7 2 pij-l‘l > D,

(3) If pisodd, thenl<iy < (p—1)(v+iz+...+1ik).
If pis even, then 1 <iy < (p—1)(v +iz2+ ... + k).

For ¢ < 0, the F,-vector space Fj(X‘F,) agrees with the k' summand in the free cosimplicial
F,-vector space on a generator in degree £. The work of Priddy (cf. [Pri73, Theorem 4.1]) therefore
shows that F;(X¢F,) has a basis given by all sequences (iy, ... ,ix) with

(1) Each ¢; is congruent to 0 or —1 modulo 2(p — 1),

(2) ij <pijp1 <0foralll1<j <k,

(3) If pisodd, then 0 >4 > (p—1)(v+ia+...+ k).
If p is even, then 0 > iy > (p— 1) (v + iz + ... + ig).

Corresponding statements for G are described on p.298 of [BMMS86] and p.16 of [CLM76]. O

Remark 7.16. Note that for p = 2, the cited sources state the result in a slightly different, yet
equivalent, form, which uses a strict inequality for the excess and the free symmetric algebra functor.

Write P(n) for the set of sequences (ao,a1,...) of natural numbers satisfying n = >, -, axp".
Restricting attention to a specific weight and expanding Proposition [(.13] binomially, we deduce:
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Corollary 7.17. For each n > 0 and any M € Mody, there are isomorphisms

) &) Sar (Fi(m (M)

(ao,a1,...)EP(n) \ k>0

IR

T (Fx, s, (M))

(R s 0n) = B @) Sax (Fh(me(M)))

(ag,a1,... )EP(n) \ k>0
We compute m, (Fs, /i, (M)) and . (an/Ka (M)) for K, the stabiliser of any simplex

c=[0<z <...<z<1]

in the doubly suspended partition complex X|II,|°, where the integer n > 1 is fixed throughout.
We will use [AB18|, Definition 9.12], which is a variant of [AM99, Definition 1.10]:

Definition 7.18. A p-enhancement of a chain of partitions ¢ = [0 < z; < ... < x; < 1 | consists
of a refining chain
O=[0<e;<m<...<e<m<eyr<1]

such that the following two conditions hold true:
(1) The number of x,-classes contained in a given e, i-class is a power of p.
(2) Given z,-classes S1 and S3, we can define chains of partitions of S; and Sy by restricting ©.
If 51,52 lie in the same e, y1-class, then these restricted chains are isomorphic, by which
we mean that they lie in the same ¥,-orbit.

Two p-enhancements are said to be isomorphic if they lie in the same X,-orbit. We can then
define endofunctors from enhancements as follows (cf. [AB18| Definition 9.13]):

Definition 7.19. Assume we are given a chain 0 = [0 < z; <... < z; < 1] and an isomorphism
class of p-enhancements of o represented by © =[0<e; <z <...<¢; <m; <ejp1 <1].
We define endofunctors [©] and [©]" on graded F,-vector spaces by the following rules:

e Ifi=0and [0 = [0 <e; <1]with e; having a; classes of size p*, we set

[O](C) = ® Sa; (F5(V)) [©"(C) = ®Saj (F7 (V).

e If i > 0, assume that restricting the chain © to the classes of e;11 gives a; chains of
isomorphism type 1, as chains of isomorphism type 2, etc.... Suppose that each e;-class
of type t contains p® many z;-classes, and write ©, for the restriction of © to any z;-class
contained in an e;;-class of type t. We then define

[©1(V) = ) Sar (Fo. ([0:)(V))) [0]"(V) := Q) S, (Fi: ([0:]" (V)

The functors [©] and [©]" are well-defined as the above construction only depends on the isomor-
phism class of the p-enhancement O.

Using this notation, we can generalise [AB18| Proposition 9.14] and describe the Bredon homol-
ogy of stabilisers in the partition complex:
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Proposition 7.20. Let K, C X, be the stabiliser of a simplex o = | O<ai < -<a <1 | in
Y|0,|° and write E[o] for the set of isomorphism classes of its p-enhancements.
For any M € Mody, there are isomorphisms

(P, i, (M) = @D [O](m(M)) (P, i, (M) = @ [8]"(m.(M))
[©l€Eo] [©]€Elo]
Proof. This follows formally from Corollary [[.17] by precisely the same argument as used in the
proof of [AB18| Proposition 9.14]. O

The Bredon Homology of the Partition Complex. Let P, be the poset of partitions of {1,...,n}.
Observe that |IT,|° is ¥, -equivariantly equivalent to the realisation of the pointed simplicial set

Ty := No(Py — {0})/Ne(Pn — {0,1}).
Its nondegenerate i-simplices are either the basepoint or correspond to chains of partitions

c=[0<z<...<x;<1].

~Br ~Br M.h . .
The groups H, (|TL,[°, uM) and H, (|]I1,|°,p;"") are given by the homology of the normalised

chain complexes CB (|1, |°, p, CBr(|IL,|°, 1iM") of the simplicial abelian groups M (Ty), ph(Ty).
The " degree of the chain complexes CB*(|II, |°, M) and CBr (|, |°, pi2™™) can be decomposed

with the help of Proposition[7.20 as a direct sum indexed by isomorphism classes of p-enhancements

O=[0<er <z <...<e <z <e <11

In fact, we can discard most p-enhancements. Let us call a p-enhancement as above pure if
ej = x; for all 1 < j <4+ 1. Extending [AB18| Proposition 9.19] to our setting, we have:

~Br ~Br
Proposition 7.21. For each t, the Euler characteristics of H, (|IL,[°, uM) and H, (|IL,|°, ")
agrees with the Buler characteristic of the submodules of CB*(|IL,[°, uM) and CBr(|IL,[°, u"")

spanned by all summands corresponding to pure p-enhancements.
We can now establish the main results of this section:

Proof of Theorem [7.5] and Theorem[7.6] By the observations on duality made in the beginning of
this section on page[G8, it suffices to compute m(Fyyr,, o (X'Fp)) and Trt(Fg\HnP(ElFP)) for | = —/.

By Corollary [Z.8] these groups vanish if n is not a power of p. If n = p¥, then the dimension of
these groups is given by the Euler characteristics of HE(|IL,x|°, i) and HEr(|Hpk [, ,ui\{,?)

Proposition [7.2T] shows that these dimensions agree with the Euler characteristics of the submod-
ules of CN'PY(|Hpk|°, M ) and 5'Pr(|Hpk 12, ™™y spanned by all summands corresponding to pure
p-enhancements. As in [AB18, Theorem 9.1], we are therefore reduced to computing the Euler
characteristics of the following bigraded abelian groups in “Bredon-direction”.

(1) Fir(Z'F)) D, gt Fhr Fs (2'F,) e Fi.. . F1(XIF))
(2) Fi(E'Fy) D, kot Tl Fiy (B1Fp) - Fi . FH(EF,)
To begin with, we use Definition [T to see that the summand Fy, ... Fx. (X'F,) in (1) has a
basis consisting of all sequences (i1, . ..,4x) satisfying the following properties:

(1) Each [i;] is congruent to 0 or 1 modulo 2(p — 1).
(2) ij ZpijJrl >Dp or ij SpijJrl <Oforalll S] <kW1th]§£k1,k1—|—k2,
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(3) If p is odd, then for ¢t =0,...,7 — 1, we have
1 <pytotbott < (0= DU+ kg otk + oo+ kytotk,)
or 0> iyt k1 > (P — D+ ik othyr2 + oot gtk

If p is even, then for t =0,...,7 — 1, we have
U<igypogbert S (= D0+ ik gker2 + oo F ik 1k,)
or 02 ik he+1 2 (P = D)+ kg potb 2 + oo+ ke, )-

Observe that if [ > 0, then i; > 1 for all j, whereas if [ <0, then ¢; < 0 for all j.

Fix a sequence (i1,...,1) satisfying the conditions above, but such that for j = ki, k1 + ko, . . .,
we have 1 < i; < pij41 or 0> 4; > piji1. Informally speaking, (2) is violated whenever possible.

This sequence (i1, ...,ix) appears exactly once as a basis element in F,, ... Fy,, (X'F,) for any
ordered partition mi +...4+mgs = k of the number k refining the ordered partition k; +...+k, = k.
Counting the number of such refinements, we see that the total contribution of (i1, ... k) to the
Euler characteristic in “Bredon direction” is

k

k—r
-1 s—1 .
>0 (( )
S=T
This alternating sum is zero for k # 7. For k = r, it is equal to (—1)*~1. In this case, (i1,...,ix)
indexes a basis element in Jj ... F;(X'F,). Hence, the absolute value of the Euler characteristic
“in Bredon direction” is equal to the number of sequences (i1, ..., 1)) satisfying the following:

(1) Each [i;| is congruent to 0 or 1 modulo 2(p — 1).
(2) 1< ij <pij+1 or 0> ij >pij+1 for all 1 <i< k.
(3) If p is odd, then for t =0,...,k — 1, we have
I<igpmi <=1+ dqo+...+ix) or 0> 401 > P — D +d12+ ... + k).
If p is even, then for t =0,...,k — 1, we have
1< it+1 S (p—l)(l+lt+2++lk;) or 0 Zit—i-l 2 (p— 1)(l+2t+2++lk)
We observe that these conditions can be rephrased as follows:

(1) Each [i;| is congruent to 0 or 1 modulo 2(p — 1).
(2) Forall 1 <j <k we have 1 <i; < piji1 or pijy1 < i; <O0.
(3) Wehave 1 <ip < (p—1)lor (p—1) < <0.

Theorem follows by replacing each i; by its inverse for the sake of notational convenience.

We compute the “Bredon Euler characteristic” of the complex (2) above by a similar method.
Using Definition [[.T1] we see that the summand ]-',?1 ...f,?T(ElIE‘p) has a basis consisting of all
sequences (i1, ...,1;) satisfying the following properties:

(1)’ Each ¢; is congruent to 0 or —1 modulo 2(p — 1).
(2)’ i; < pijpq for all 1 < j < k with j # ki, k1 + ko, .. ..
(3)" If p is odd, then for t =0,...,r — 1, we have
Gtk > (0= D+ iy ogker2 + -t etk )-
If p is even, then for t =0,...,7 — 1, we have
kytootket1 = (0= D)+ iy b2+ ik 1k, )
We fix a sequence (i1, ...,1x) satisfying the four conditions above, such that for j = ki, k1 +
ka,..., we have i; > pij;1. Again, the sequence appears exactly once as a basis element in
]-"fjh ...FQLS(EIFP) for any ordered partition m; + ...+ mgs = k of k refining k1 + ... + k. = k
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of k. As above, we see that these copies have vanishing contribution to the Euler characteris-
tic unless k = r, in which case they contribute (—1)*~1. Hence, the absolute value of the Euler
characteristic in Bredon direction is equal to the number of sequences (i1, ..., k) satisfying:

(1) Each i; is congruent to 0 or —1 modulo 2(p — 1).

(2)7 ij > pijJrl for all 1 < 7 < k.

(3) If p is odd, then for t =0,...,k — 1, we have 4411 > (p — 1)(l + G40 + ... + ix)-
If p is even, then for t =0,...,k — 1, we have 4441 > (p — 1)({ + dgq2 + . . . + ix).

To conclude the proof of Theorem[7.6] we check that these conditions are equivalent to the following:

(1) Each i; is congruent to 0 or —1 modulo 2(p — 1).
(2) For all 1 < j < k we have pij 1 < i .

(3)” We have (p — 1)l < i. 0

7.2. Free Partition Lie Algebras on an Even Generator. In the last section, we have com-
puted the homotopy groups of free partition Lie algebras on an odd generator (cf. Theorems [T, [7.6]).

We will now shift attention to the even degree case. For this, recall that given a pointed space
X and a positive integer d, Theorem 8.5. in [ABI§| constructs a natural sequence of spaces

(18) P2y |° A (BX"2)M2

g — 22|g)° ) XM 5 B[I° A (X))
d

Xg

[VsH

which varies naturally in X. If X = S™ is an even-dimensional sphere, then this sequence is in
fact a cofibration sequence. Applying F,-valued cohomology to this sequence, we can decompose
the free partition Lie algebra on a class in negative even degree —n in terms of free partition Lie
algebras on odd classes —n — 1 and —2n — 1 (using Proposition [5.49).

To extend this decomposition to all even integers, we will need to mildly generalise the above
sequence ([I8) and construct it naturally in topological vector spaces rather than just spaces. A
minor modification of our argument will also allow us to decompose the free spectral partition
Lie algebras on an even class (using Proposition [£.35]), thereby reproving the classical Takayasu
cofibration sequence (cf. [Tak99]) and its “dual” (cf [Aro06, Theorem 3.2]) by a new argument.

Topological Vector Spaces. Let Top be the category of compactly generated topological spaces
(henceforth simply called “spaces”) with its Quillen model structure. This is a well-fibred topolog-
ical cartesian closed category over sets in the sense of [AHS06], Definitions 21.7., 27.20]. By [Sea05]
Proposition 2.2, Proposition 4.6], we can therefore lift the usual tensor product on F,-vector spaces
to a closed symmetric monoidal structure ® on the category tMody, of (compactly generated) topo-
logical IF-vector spaces. This topological tensor product satisfies the expected universal property
with respect to continuous bilinear maps.

Given a pointed completely regular space (X, ), we can form the free topological Fp,-vector space
F,{X} on X with x = 0 satisfying the obvious universal property and containing X as a closed
subset (cf. [AGM96, Theorem 6.2.2]). The underlying F,-vector space of F,{X} is simply given by
the free IF-vector space on X with x = 0.

Gradings. For J (commutative) indexing monoid in sets, work of Schwénzl-Vogt [SV91] shows that
the category tModE{p of functors from J to (compactly generated) topological Fp-vector spaces
carries a cofibrantly generated model structure. Its underlying fibrations and weak equivalences are
given by pointwise fibrations and weak equivalences on underlying spaces.
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Moreover, tModE{p has a symmetric monoidal structure given by Day convolution. It sends V, W
to the J-graded topological Fy-vector space with (V @ W) = @, ,—;(Va ® Wp). For (X, z) a
pointed completely regular space, we equip F,{X} with a grading concentrated in degree 0.

Topological Algebras. Write tAlg%p for the category of commutative algebra objects in the symmet-
ric monoidal category tModﬁp; these are J-graded (compactly generated) topological commutative
F,-algebras. Again, the work of Schwinzl-Vogt [SV91] equips tAlg%p with a cofibrantly generated
model structure in which a map is a fibration or weak equivalence if the underlying map in tModﬁp
has the corresponding property. We denote the augmented variant by tAlgé;‘wg . There is a natural

functor tMod%p — tAlg%Zg "/ sending V' to the trivial square-zero extension F,®VonV.

Simplicial Variants. We can also define model categories sMod%p and sAlg%p of J-graded simplicial
F,-modules and simplicial commutative F,-algebras, respectively. The standard Quillen equivalence
| — | : sSet = Top : Sing preserves finite products and therefore induces Quillen equivalences

| —|:sMody = tMody :Sing and |—|:sAlgy < tAlgy :Sing.

Given two J-graded simplicial IFp-vector spaces Vo and W, it is straightforward to check that
there is an isomorphism |V4| ® |We| = |Ve ® W,|. Geometric realisation intertwines square-zero

extensions in sAlgH{’:"g with the corresponding construction in tAlgi;:mg . Finally, the functor | — |

sends free simplicial IF)-modules to free topological F,-modules.

Homotopy Pushouts of Algebras. As expected, pushouts in tAlg%p are simply computed by relative
tensor products. More precisely, given a span B <— A — C' of J-graded topological [F-algebras, the
pushout is given by the coequaliser B®4 C := coequ(B® A® C = B® ().

Construction 7.22. We describe an explicit model for the homotopy pushout of B + A — C in
tAlgE{p. For k > 0, the topological F,-vector space F,{A*} ® B® A®"® C is generated by symbols

0 < t < t < ... < t < 1
(b®a1®a2®...®ak® c)
with ¢; € [0,1], a; € A, b € B, and ¢ € C, subject to the standard multilinear relations.
Define an object in tModﬁp by B C = |Bare(B, A,C)| = <®k20 IFP{Ak}@B@A@n@C)/N,

where ~ denotes the quotient by the IF)-linear subspace generated by the following relations:

0 < <t o= b <Ll 0 < < i < tig2 <L
<b ® ® a; ® ai41 ® ) - <b ® ®Q @i Aip1 @ Giy2 @ )
0 < < t < tiy1 < ... 0 < ... < t; < iy <L
<b ® ... ® @ ® 1 ® ) - <b ® ... ® a ® Gy ® )

We endow B ®% C with the unique multiplication (B ®% C)® (B ®4 C) — (B @Y C) satisfying
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0 < t;, < <t < 1 0 < t;, < ... < t;, < 1
<b1 ® ay, ® ® a, ® cl> <b2 ® a, ® ... ® a;, ® 02> -
0 < t < ... <tpgm < 1
(b1b2 ® a1 ® ... ® Apym @ c1c2 )
for any disjoint union {1 < --- <m+n} = {i1 < -+ <in}[[{j1 < -+ < jm}. Simple checks

show that this multiplication is well-defined, commutative and associative.
The following is proven by an argument entirely parallel to the proof of [ABIS8| Proposition 7.15]:

Proposition 7.23. If the unit F, — A is a cofibration, then B ®" C is a homotopy pushout of the
span B <— A — C of topological J-graded Fy-algebras.

Definition 7.24. The suspension $® A of some A € tAlgH{f"g is given by F,, @4 F,.

Homotopy Pullbacks of Algebras. A much simpler construction gives us explicit models for homotopy
pullbacks of J-graded topological Fp-algebras. For this, let D! = MapTop([O, 1], D) denote the space
of paths in a given space D.

Definition 7.25. If BL A& Cis a diagram of J-graded topological commutative [Fp-algebras,
we equip the J-graded space B xg C determined by

h
(B C); = {(ba,c) € By x Aj x Cj | (0) = f(b), (1) = g(e) }
with an F,-algebra structure by setting

A (b1, &1, 1) + Aa(b2, X2, c2) = (A1b1 + Aab2, A1y + Ao, Aic1 + Aaca)

(b1, 0t1,¢1) - (b2, X2, c2) = (b1b2, X102, c1C2),
where the paths A\jo; + A2xe and o g are defined using pointwise operations.

An entirely parallel argument to the proof of [AB18, Proposition 7.24] then shows:
Proposition 7.26. The homotopy pullback of a diagram B Load cin tAlg]ﬁp is given by B x" C.

Definition 7.27. The loop space of some A € tAlg]ﬁp is given by Q®A :=F, x4 F,,.

Remark 7.28. The underlying space of Q® A is given by the space of all paths [0,1] — A which
start and end at the same point in F, C A.

Suspension-Loops Adjunction. We can link the two constructions above by setting up an adjunction
J J
Its unit 7 is defined by by the following explicit formula:

0 < s < 1
A 0%%%4 sends a€ A to o= 0<s<1l)—~ .
1 ® a ® 1

Here s € [0, 1] denotes a parameter for a loop, and it is not hard to check that the map na respects
the grading and is both linear and multiplicative. The unit € is specified as follows:
. 0o < 4 < ... £ t, < 1
NP0 A 2 A sends € N¥0%A to Aoy (t1)-. . . o (tn) -
A ® x ® ... ® & ® W
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Here a1,...,a, € Q®A are given paths, and we it is again straightforward to check that this
assignment gives a map in tAlg%p. Observe that exe 0 X®n and Q®eonge are indeed given by the
identity transformations, and we have therefore defined an adjunction.

The following result is proven by an argument parallel to the proof of [ABI18], Proposition 7.28]:

Lemma 7.29. The adjunction X% : tAlg]'PZp = tAlg]'PZp 1 Q% s Quillen.

The EHP-sequence for Topological Vector Spaces. We proceed to generalise the EHP-sequence for
(strictly commutative) monoid spaces (cf. [ABI8| Definition 7.42]) to the setting of topological
F,-algebras. We begin with the following observation, which is immediate from Definition [7.24

Proposition 7.30. Given a J-graded topological IFp-vector space V, we let F, &V € tAlg]'PZp denote
the trivial square-zero extension of Fy, by V. There is an of J-graded topological IFp-vector spaces

SO(F, 0 V) ~ PF{s"} @ Vo
k

Using this splitting, we define a natural transformation of functors tMod%p — tAlg%p as follows:

Definition 7.31. Given V € tModﬁp, the Einhingung Ev : S®(F, ®V) = F, @ (F,{S'} @ V) is

the map of J-graded topological [F-algebras obtained by projecting to the first two summands.
The construction of the Hopf map is somewhat more interesting. To this date, we do not know

of a definition staying in the realm of higher category theory, and this is in fact the reason why we

had to work with strict models.
First, given any V € tModép, we define a map of J-graded topological IF,-vector spaces

P:F,{S'}aV®? — Q¥S%F,aV)

0 < ¢t < s < 1
0<t<)®veWw 5 .

1 @ » @ w @ 1
Since ®(z)- ®(y) = 0 for all x,y by inspection, we obtain a map of J-graded topological F,-algebras

F, @ (F,{S'} @ V¥?) — Q®S®(F, @ V).

Definition 7.32. For V € tMod]'pr, the Hopf map Hy : ®(F,® (F,{S'}@V®?)) — X®(F,aV)
is adjoint to the map F, & (F,{S'} @ V®?%) — Q®X®(F, & V) specified above.

The Hopf map varies naturally in the F,-module V.

We now fix the indexing monoid of nonnegative integers J = N, considered under addition. Ob-
serve that the co-category D from Construction [5.36] arises as a full subcategory of the underlying
oo-category of tAlg]kNp. Namely, it is spanned by all algebras which are equal to I, in weight 0.

Given a finite-dimensional discrete IF)-vector space V € Vect%p, we write V; for the N-graded
topological F,-vector space consisting of V' concentrated in degree 1. Combining Definition [(.31]
and Definition [7.32] we obtain a sequence of N-graded topological F,-algebras

(19) SE(F, @ (F{S'} @ Vi#?) L x2(F, 0 V1) 5 F, 0 (F,{5'} @ ).

which varies naturally in V. Inverting weak equivalences in tModEp, we obtain:
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Proposition 7.33. There is a natural sequence of functors Vecti-"p — D (cf. Construction [5.36)
sending V' € Vect}, to a sequence

29 (sqz(SV22)) L 29 (sqz(11)) 2 sqz(SWh)

Here X® denotes the suspension functor in the pointed oo-category DS, whereas Y. denotes the
suspension functor in Mody, i.e. the shift in Mody.

Proof. Writing F,{S¢} for the free simplicial F)-module on the simplicial circle S with the base-
point equal to 0, we verify the universal property to deduce that |F,{St}| = F,{S'}. Since the
geometric realisation functor | — | : sModr, — tModr, also respects tensor products, we deduce
that |F,{St} @ V1| 2 F,{S'} ® V; is equivalent to the chain complex XV € Mody, concentrated in
weight 1. The claim follows from Proposition [7.23] since all appearing units are cofibrations. O

Decomposing Lie Algebras on an Even Class. The preceding section allows us to decompose even
Lie algebras in terms of odd ones. In the terminology of Section and Definition [l we obtain:

Proposition 7.34. For w > 0, there is a natural sequence of functors Vecty — Mody, sending V' to
SFyjmy 0 (BV®?) — SFyym, o (V) — Fyym,, 1o (2V),
where the leftmost module is interpreted as zero whenever w is odd.

Proof. First, we apply the cotangent fibre functor cot (for simplicial commutative rings) to the
sequence appearing in Proposition In a second step, we note that since the left adjoint cota
preserves colimits, there is a natural equivalence Y ocota ~ cota oX®. Finally, we proceed as in the
proof of Proposition to evaluate the functor cota on a trivial square-zero extension, thereby
keeping track of the weights. ]

By Theorem B.26] we can in fact take the right-left Kan extension and obtain a sequence of
w-excisive functors Mody — Mody sending V' to

(20) EFE‘H%‘Q(EV@M) = YFs, o (V) = Fyym, e (V).

Applying the reduced singular chains functor 5*(—,15‘17) to [ABI18| Theorem 8.5], we see that
(20) is a cofibre sequence when evaluated on modules V' = ¥"F, with n > 0 even. By [AM99]
Proposition 4.6], this implies that ([20) is in fact a cofibre sequence on all modules of the form
V = X"F, with n an even integer. Applying linear duality and using Proposition [5.49] we deduce:

Theorem 7.35. For all even integers n and all weights w > 0, there is a cofibre sequence in Mody

_ n w e
% Freetieg , [w](E"'F,) = Freepie , [w]("F,) — Freeviey , {5} (82n-1F,).

The forgetful functor D& — CS* from graded simplicial algebras to graded E..-algebras de-
scribed in Construction [0.41] preserves pushouts and trivial square-zero extensions. We may there-
fore interpret Proposition [.33] as a natural sequence of E..-algebras. Repeating the argument in
the proof of Proposition [.33] in this context, we conclude:

Theorem 7.36. For all even integers n and all weights w > 0, there is a cofibre sequence in Mody,
w

S Freepier, [w](S"'F,) — Freepier . [w](S"F,) — Freepier , [2

} (220-1F,).
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7.3. Free Partition Lie Algebras on Many Generators. We can express free Lie algebras on
many classes in terms of free Lie algebras on a single generator. Recall the following terminology:

Definition 7.37. A Lyndon word in letters x1, ...,z is a word which is lexicographically (strictly)

minimal among all its cyclic rotations. Write By, for the set of Lyndon words in & letters and let

B(my,...,my) C By be the subset consisting of all words involving each z; precisely m; times.
Given a Lyndon word w € By, we write |w|; for the number of occurrences of the letter x; in w.

Our decomposition will follow from [AB18, Theorem 5.10], which we will now recall:

Theorem 7.38. Given a decomposition n =nq + ...+ ng, there is a Xy, X ... X Xy, -equivariant
(simple) homotopy equivalence

~ Ypq Xeen
S|, [0 — = Ind>™
n S
d| ged(ni,...,nk)
n n
weB(&t,...,=k)

XEny, ((S%—l)/\d A ElHdlo) )

From this, we can obtain the following decomposition:

Proposition 7.39. Given integers {1, ..., Ly, there are isomorphisms of N -graded Fp,-modules
@ FreeLng N (EleZi(li*l)lwli(Fp)) = FreeLng N (EZIF;D D...D Efme)
wWEB, Y Y
P Freevicr, (2”21-(4*1)'1”'1'(&)) = FreeLiep, (S9F, ®...® S F,)
wEB,

The “multinomial” grading by N™ will be constructed in the course of the proof.

Proof. Recall the colimit-preserving functors F(_),F(’l ) S8¥» — End§,(Mody,) from Section B3]

For X € Set!™ vV ¢ Mody, and ¢y, ..., 4y € Z, expanding “binomially” gives a natural equivalence

FX] @ (Z9Ve...on mV)®n ~ EB y-hm——bmnm <IFP[X] o L8 v®”>.
X nm

Yn nq Xeee

ni+...+ng=n
Taking the right-left extension of these degree n functors (cf. Theorem [B:26), we obtain
(21)  Fx(EVe..ex V)~ g shmmThetn R s, V)

2"1 ><,A,><Enk
ni+...+nr=n

Since F(_) : S — Endy;(Mody,) was defined by freely extending from finite ¥,-sets to genuine
¥,.-spaces under sifted colimits, this equivalence in fact holds for general ¥,,-spaces X in S>n.

We will further analyse the right hand side of the above equivalence in the case X = X|II,,|°.
Here, Theorem gives rise to an equivalence of X,,-spaces

Indgzlxmxznk (S|1T,[°) ~ \/ Inds" ((S%~1)" A S0
d| ged(na,..., ng)
wGB("Tll ..... nT)’i)

Plugging this equivalence into (2II), we obtain an identification

Fom, (57 4Va. ox V) = @ Fyn,e (SHOWF A0 t05py ),
ni+...+nm=n
d| ged(na,...,nk)
wEB(”Tl ..... nT")
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Combining this with Proposition (.49 we can deduce the first claim: the weight n piece of
Freepier , (Elle D...0 ZEMFP) is (FE‘HH‘O(Z*EIFP D...P E’Zmlﬁ‘p))v, whereas the weight n piece

n Nm \
of @ Freepi (Euzi(eflnwu(wp)) s P (and‘o (21+<17e1>71+m+<14m> 7 ]Fp)) _

wWEB, ni+...+n,m=n
d| ged(ny,...,n)
weB(4F ..., )

The second claim follows by a parallel argument using the construction F| (h_ ) instead of F_y. [0

We combine our results to prove the main claim of this section.

Proof of Theorem [7.3 and Theorem[74) We first consider the case m = 1.
If p = 2 or ¢1 odd, both statements can be read off from Theorem [.5land Theorem [7.6] respectively.

If p is odd and /¢; is even, we recall the two cofibre sequences of weight graded [F,-module spectra
established in Theorem [[.35 and Theorem [7.30]

Y Freepier [w](Z471F,) — Freepier [w](Z9F,) — Freepier [ﬂ

2
S Freepier, [w](S%F,) = Freepior, [w](X9F,) — Freeper {%} (826-1F).

| =241F,).

If w = p* for some k, then the right terms vanish. This implies by the “odd case” that in both
cases, the middle terms have a basis consisting of all sequences (i1, ...,4x) satisfying conditions
(1),(2) and (1), (2)’ respectively, together with the respective conditions

B) (p—-11 -1 <ig<—-lor0<ip<(p—1)(f1 —1)
(3) ik < (p—1)(fr = 1).
Since ¢; is even, these conditions are (in light of the congruences (1) or (1)’) equivalent to
(3) (p—l)ﬁl—lgik<—1or0§ik§(p—l)él—l
(3) in < (p— s — 1.
This agrees with the assertions made in the two theorems (where € = 1 and e = 0 in this case).

If w = 2p* for some k, then the respective left terms in the above cofibre sequences vanish. By
the “odd cases”, the middle terms have a basis consisting of all sequences (i1, ...,i) satisfying
conditions (1), (2) or (1), (2)" , together with the respective conditions

B) (p—1D2H-1)<ir<—-lor0<ip<(p—1)(2¢,—1).
(3) ik < (p— 1)(261 — 1),
In light of the congruence conditions (1) or (1)’, these conditions are in turn equivalent to
B) (p—1)(2)—1<ir<-lor0<i<(p—1)(2¢1)— 1.
(3) i < (p—1)(261) — 1.
Again, this agrees with the assertions made in the two theorems (with e = 1 and e = 1 in this case).

If w # p¥,2p* for all k, then the outer summands in the above cofibre sequences vanish, which
implies that the middle term must also vanish. This verifies the two claims in these weights. We
have finally verified the two theorems whenever there is just a single generator.

The statement for m > 1 follows immediately from the single generator case by the direct sum
decomposition established in Proposition [7.39 ([
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8. APPENDIX: HYPERCOVERINGS AND KAN EXTENSIONS

In higher algebra, simplicial resolution arguments often proceed by writing a given object X
(which we want to control) as a geometric realisation of a simplicial diagram X, consisting of
simpler objects (which we can control). The theory of hypercoverings gives a general tool for
building such simplicial resolutions. It goes back to Verdier’s Exposé V in SGA 4 (cf. [AGVT2]),
and was studied in a higher categorical context by Dugger-Hollander-Isaksen [DHI04], Toén-Vezzosi
[TV05] Section 3.2], Lurie [Lur09, Section 6.5.3] [Lurl7, Section Prop. 7.2.1], and many others.

In this appendix, we will develop a variant of these ideas which will allow us to construct
completed-free resolutions of complete Noetherian algebras in Theorem above. Moreover, we
will use hypercoverings to explicitly describe certain left Kan extensions of algebras; this technical
result is needed in Construction [6.17 in the main body of this article.

8.1. Construction of hypercoverings. We begin by recalling the following classical definition:

Definition 8.1 (Matching and latching objects). Let X, be a simplicial object in an co-category C.
(1) The nth matching object M, (X,) is given by the limit M, (X,) = ]'&n[m]_)[n] men

this limit exists. The limit is taken over the opposite of the subcategory of A /(] spanned

Xy, if

by arrows [m] — [n] with m < n. Equivalently, by a classical cofinality argument, we can
take the limit over the opposite of the poset of proper subsets of [n].

(2) The nth latching object L, (X,) is given by the colimit lig[n]ﬁ[ : X, if it exists. By

m|,m<n

cofinality, we can also take the colimit over the poset of surjections [n] — [m] with m < n.
For each n, we have natural maps L,(Xe) = X, — M,(X,).

We recall a criterion for contractibility, together with its relative variant:

Example 8.2. Let X, be a simplicial space. Suppose the map X,, — M, (X,) induces a surjection
on 7o for all n > 0. Then | X,| is contractible. This is proven in [Lur09, Lemma 6.5.3.11].

Example 8.3. Let X, be a simplicial space augmented over a space Z, i.e. a simplicial object of §,z.
Consider the nth mapping object M,,(X,) in S,z (by computing the relevant limit internal to S,z ).
If the map X,, — M, (X,) induces a surjection on 7y for all n > 0, then |X,| ~ Z. This reduces to
the previous example by taking homotopy fibre products over points of Z.

The theory of hypercoverings provides a generalisation of the last example: we will look for (pos-
sibly augmented) simplicial objects such that the map X,, — M, (X,) has some type of surjectivity.
We will study hypercoverings in the following general context:

Definition 8.4. Let C be an co-category which admits (finite nonempty) coproducts and a terminal
object *, S a class of morphisms in C, and F C C a class of objects. We say that (F,S) forms a
weakly orthogonal pair if:

(1) Sis closed under composition and contains all equivalences. Moreover, we have the following
two-out-of-three property: given composable arrows g, f with go f € .S, we have g € S too.

(2) Pullbacks of morphisms in S along morphisms in S exist and belong to S.

(3) F is closed under coproducts.

(4) For each F € F, the map F' — = belongs to S.

(5) Given F € F and a morphism f :Y — Y’ in S, the map Map.(F,Y) — Map(F,Y”) is

surjective on 7g. Hence objects in F' have the left lifting property with respect to S.

(6) Given an object Y € C, there exists amap f: F — Y in S with F € F.
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Remark 8.5. Let C, F,S be as in Definition B4] and fix an object Z € C. Consider the full
subcategory (Cz)" C C/z consisting of those maps Y — Z which belong to S. Our assumptions
imply that (Cz)" contains a terminal object as well as finite nonempty coproducts. Then (Cz)’
admits a weakly orthogonal pair (Fz,Sz) as follows. The class Fz consists of those objects in
(C/z)" whose underlying object of C belongs to F. The class S, consists of those morphisms whose
underlying morphism in C belongs to S.

We will now define the notion of a hypercovering and prove an existence statement. This is
essentially a classical result from SGA4; the oo-categorical treatment is a slight modification of
[Lurl7l Proposition 7.2.1.5], except that we do not assume the existence of finite limits.

Lemma 8.6 (General hypercovering lemma). Assume that (F,S) is a weakly orthogonal pair in an
oco-category C which admits finite nonempty coproducts and a terminal object x. Then there exists
a simplicial object X4 such that for all n > 0, we have:

(1) The object X,, belongs to F.

(2) The matching object M, (X,) exists in C.

(3) The latching object L,(Xs) exists in C.

(4) The map X,, — My, (X,) belongs to S. (When n = 0, this is the map Xo — *.)

(5) The map L,(Xe) = X,, expresses X, as a coproduct of the source and an object in F.

Definition 8.7 ((F,S)-hypercoverings). Fix a weakly orthogonal pair (F,.S) on an oo-category C.
(1) A simplicial object X, is said to be an (F,S)-hypercovering of the terminal object x if it
satisfies conditions (1)—(5) of Lemma B8l
(2) An augmented simplicial object Xo — Z is called an (F,S) hypercovering of Z if each
X; — Z belongs to S, and, when considered as a simplicial object of (C,z)’, it is an
(Fz,Sz) hypercovering of the terminal object.

To prove Lemma [R.6 we will need the following technical result:

Proposition 8.8. Let P be a finite poset. Let D be an co-category containing an initial object and
suppose that T is a class of morphisms in D which is closed under composition and contains all
equivalences. Let G : P — D be any functor. Suppose that:

(1) Pushouts of morphisms in T along morphisms in T exist, and remain in T.

(2) For any x € P, the functor G|p_, : P<y — D admits a colimit in D.

(8) For any x € P, the morphism ligyepq G(y) — G(x) belongs to T.

Then G admits a colimit in D, and the canonical map from the initial object to li_ngp G belongs to T.

Proof. Let Q C P be an arbitrary downward-closed subset; this means that if x € Q and y € P
satisfies y < z, then y € Q. We claim that if @' C Q is a downward closed subset of Q, then the
colimits of G over Q, Q' exist, and the morphism ligg G — ligQ G belongs to T. Taking Q =P
(and Q' = )) will then imply the result.
Suppose Q is maximal among downward closed subsets for which the above claim holds true.

If @ £ P, let z € P be an element minimal subiect to the condition that z ¢ Q; this means that
any 2’ with 2z’ < z belongs to Q. In particular, Q@ := QU {z} is a downward closed subset as well.
The poset Q is the union of Q and P<., with common intersection being given by P.,. Moreover,
we have a pushout, and in fact a homotopy pushout in the Joyal model structure, of simplicial sets

N(Q) = N(Q) Unp_.) N(P<.).
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By assumption, the colimit ligyg)@ G(y) exists, and li_n>qy€7)<z Gly) — G(z) = h_rr>1 ep. G(y)
belongs to T'. By the defining hypothesis on Q, we know that h—n>1ye7><z G(y) — ligyeg G(y) belongs

to T" as well. Using [Lur09, Corollary 4.2.3.10], we deduce that G|5 admits a colimit as desired,
which is given as the pushout of the restricted colimits. It follows from (1) that both li_ngy6 o G(y) —

li_ngyeé G(y) and Hﬂyepgz G(y) — ligyeé G(y) belong to T'. Since any proper subposet Q" of 16}
is contained in either P<, or Q, we conclude that ligyeg, G(y) — ligyeé G(y) belongs to T by
using the defining hypothesis of Q and the fact that T is closed under composition. O

We are now in a position to construct hypercoverings:

Proof of Lemma[848 Using condition (5) in Definition B4l we can chose an object Xy € F such
that Xy — * belongs to S. We will now construct a simplicial object by a recursive construction.
Suppose that we have defined X on A%, so that it satisfies conditions (1)-(5) of Lemma[8.6] for

op
all n < r. In order to extend X to A%, |, we first observe that the colimit li lg[ 1] ] <t Xm

(i.e. the latching object, which is already defined for the r-truncated simplicial object) and the limit
@1[ | frt 1] m<r i X (i.e. the corresponding matching object) both exist. Furthermore, we claim
that the latching object belongs to F. To verify these claims, we apply Proposition .8 as follows:
(1) The matching object M,41(X,) (if it exists) can be computed as the limit @UC[T-{-I] Xu,
taken over the opposite of the poset of proper subsets U C [r + 1]. Given a proger subset
U C [r+1], say U = [m], the limit @U'g[m] Xy exists and X,, — @U’g[m] Xy belongs
to S by the inductive hypothesis. Therefore, the matching object exists by Proposition 8.8
(2) We apply a dual argument for the latching object. Indeed, define T' to be the class of
morphisms which are equivalent to Y — Y U X with X € F. By Proposition B8] it then

follows that the latching object exists and belongs to F.
To construct X on AZ ., by [Lur(9, Proposition A.2.9.15] and the surrounding discussion, it

suffices to provide an object X, 11 and a factorisation
lig Xn — X0 — l&n Xm-
[r+1]—=[m],m<r+1 [m]—=[n],m<n

We define X1 as the coproduct of the left-hand-side with an object F' € F with a map F —
l'gl[m]_)[anQl X, that belongs to S. Then, X, — l'gl[m]_)[anQl X, belongs to S by the two-
out-of-three property of S. This extends X to A<pr 41, and it is not hard to check that the conditions
(1)—(5) are satisfied for all n < r + 1. O

8.2. Kan extensions. Hypercoverings will allow us to compute certain left Kan extensions via
geometric realisations. For this, we will need a general way of producing weakly orthogonal pairs:

Construction 8.9. Let C be a presentable oo-category, and assume that F° is a set of objects
which is closed under finite coproducts.

a) Let F denote the class of objects of C which are (possibly infinite) coproducts of objects in F°.

b) Let S denote the class of morphisms f : X — Y in C such that for all F' € F°, the map of sets
o Mape (F, X)) — mo Map.(F,Y) is surjective.

It is then straightforward to check that (F,S) forms a weakly orthogonal pair in C. Part [f of

Definition R4 follows from a compactness argument.
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Proposition 8.10. Suppose C and (F,S) are specified as in Construction [§9. Let D be a pre-
sentable co-category and assume that G : C — D is a functor which is left Kan extended from F°.
Given any (F, S)-hypercovering Xo of an object Y € C, we have

|G(Xo)[ = G(Y).

Proof. Let F! be a small subcategory with 70 C F! C F such that the image of X, is contained
in F'. By assumption, the functor G is left Kan extended from F' too; in fact, the sole purpose of
introducing F* is to avoid discussing Kan extensions from non-small subcategories.

Recall (cf. [Lur09, Section 4.3.2]) that the left Kan extension can be computed by the formula

G(Y)~ lim G(2).
Zef}y

We have a natural functor AP — f/ly given by the simplicial object X,, and it therefore suffices
to check that this functor is left cofinal.

Using the co-categorical version of Quillen’s Theorem A [Lur(9, Theorem 4.1.3.1], we are reduced
to proving that for any Y7 € f/ly, the homotopy pullback A°P x f}y]:}l,l /)y has a weakly contractible

nerve. By the Grothendieck construction, it in fact suffices to show that the geometric realisation
of the simplicial space Hom}-/lY (Y1, X,) is weakly contractible. This is true because X, being an

(F, S)-hypercovering of Y implies that Hom Fly (Y1, X,) satisfies the conditions of Example82 O

We now illustrate Proposition 8. 10 in two examples of interest:

Example 8.11 (Left Kan extension from Perf <¢). Suppose that k is a field. We can then take
C to be the oo-category Mody and Fy to be the subcategory Perfy <o. It is then not hard to check
that S becomes the class of morphisms in Perfj <o which induce surjections on m; for all ¢ < 0.

We now claim that any (F,S)-hypercovering X, of Y € Mody, is a colimit diagram. Indeed,
applying the functors Homyjoq, (k[—n], —), and combining condition (4) of Lemma [R.6] with Exam-
ple B3l we see that [Q°7"X,| ~ Q" "Y is an equivalence for all n > 0. As we can write any
spectrum Z as a canonical colimit Z ~ h_n}n e 7 we deduce our claim.

We can therefore explicitly describe the procedure of left Kan extension along the inclusion
Perfy, <o — Mody, even for functors which do not preserve finite coconnective geometric realisations.
For this, let G : Perf;, <o — D be any functor. To compute its left Kan extension G : Mod, — D,
we first extend G in a filtered-colimit-preserving way to a functor G; : Mody, <o — D.

Given an arbitrary k-module Y € Mody, we can pick an (F, S)-hypercovering X, — Y by apply-
ing Lemma[8.6l By construction this means that each X; belongs to Modj, <. By PropositionB.10]
we obtain an equivalence G(Y') ~ |G1(X,)|. Note in particular that while G need not preserve all
geometric realisations, it can still be computed in this fashion.

We conclude by generalising the preceding application of Proposition B.10] to algebras:

Example 8.12 (Left Kan extension for co-categories of algebras). Let T' : Mod;, — Mody, be a
monad which preserves sifted colimits. Write Fo C Algy for the full subcategory spanned by all
free T-algebras of the form T'(V) with V € Perfy <o. It is again not difficult to check that the
associated class S consists those maps of T-algebras which induce surjections on 7; for all i < 0.

Let now D be a presentable co-category, and suppose that we are given a functor Gy : Fy — C.
We can then ask: what is the left Kan extension G : Alg; — C of Gy to all of Alg,?
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We observe that the associated oco-category F is spanned by all free T-algebras of the form T(W)
with W € Mody,<o. Since G is left Kan extended from its values on compact objects, it follows
that G commutes with filtered colimits, which determines its values on all objects in F.

Given an arbitrary T-algebra A, we can use Lemma 8.0l to find an (F, S)-hypercovering X, of A.
It follows as in Example [811] that in T-algebras, we have | Xo| =~ A, and Proposition 810 gives rise
to an equivalence

|G(Xe)| =~ G(A).

For each i, the value G(X;) is determined since X, is free on a coconnective k-module spectrum.
As a simple consequence, we deduce that any sifted-colimit-preserving functor Alg, — C is left
Kan extended from Fy. The forgetful functor Alg, — Mody is therefore left Kan extended from Fj.
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