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ABSOLUTE PRISMATIC COHOMOLOGY

BHARGAV BHATT AND JACOB LURIE

Abstract. The goal of this paper is to study the absolute prismatic cohomology of p-adic for-
mal schemes. We do so by recasting the notion of a prismatic crystal on Spf(Zp) in terms of
quasicoherent sheaves on a geometric object we call the Cartier-Witt stack.
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1. Introduction

1.1. Goal. Let K be a field of characteristic zero and let XK be a smooth and proper variety over
K. One can then consider two different cohomological invariants of X:

• The algebraic de Rham cohomology H∗
dR(XK/K), defined as the (hyper)cohomology of XK

with coefficients in the algebraic de Rham complex

Ω0
XK/K

→ Ω1
XK/K

→ Ω2
XK/K

→ · · · .

• The p-adic étale cohomology H∗
ét(XK ,Zp); here p denotes a fixed prime number, K denotes

an algebraic closure of K, and XK denotes the geometric fiber Spec(K)×Spec(K) XK .
When K = C is the field of complex numbers, these invariants are closely related: there are
canonical isomorphisms

H∗
dR(XC/C) ≃ C⊗H∗

sing(X(C),Z) H∗
ét(XC,Zp) ≃ Zp⊗H

∗
sing(X(C),Z),

where H∗
sing(X(C),Z) denotes the singular cohomology of the complex manifold X(C) of C-valued

points of XC. Note that the definition of H∗
sing(X(C),Z) depends in an essential way on the

(archimedean) topology on the field of complex numbers.
A central goal of p-adic Hodge theory is to obtain an analogous picture in the case where the

field K is equipped with a nonarchimedean topology. Suppose that K is complete with respect
to a p-adic absolute value, and let us also assume that the variety XK has good reduction: that
is, it is given as the generic fiber of a scheme X which is smooth and proper over the valuation
ring OK ⊂ K. In this case, the algebraic de Rham cohomology groups of XK admit an integral
refinement: we have an isomorphism

H∗
dR(XK/K) ≃ H∗

dR(X/OK)[1/p],

where H∗
dR(X/OK) denotes the cohomology of the cochain complex

RΓdR(X/OK) = RΓ(X,Ω0
X/OK

→ Ω1
X/OK

→ · · · ).

It is then natural to ask the following:

Question 1.1.1. What is the relationship between the cochain complexes RΓdR(X/OK) and
RΓét(XK ,Zp)? Is there some more fundamental invariant of X recovering both these complexes,
and yielding new structures on them, or new relationships between them?

A rough goal of this paper is to propose an answer this question when K = Qp by elaborating
on the notion of absolute prismatic cohomology that was implicitly introduced (but not seriously
pursued) in the paper [21].

1.2. Some recent history. Recall that [18] gave an answer to Question 1.1.1 in the case whereK =

K is an algebraically closed field. Let Ainf =W (O♭K) denote Fontaine’s “infinitesimal” period ring, so
that the tautological surjection O♭K ։ OK /pOK lifts uniquely to a surjective ring homomorphism
θ : Ainf ։ OK . In this situation, we have:

Theorem 1.2.1 ([18, Theorem 1.10]). Let K be an algebraically closed field which is complete with
respect to a p-adic absolute value. To every smooth and proper OK-scheme X, one can associate
perfect complex of Ainf-modules RΓAinf

(X) with the following features:

• There is a canonical isomorphism

RΓdR(X/OK) ≃ OK ⊗
L
Ainf

RΓAinf
(X)

in the derived category of OK-modules. That is, the algebraic de Rham cohomology of X can
be recovered from RΓAinf

(X) by extending scalars along θ.
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• Let ξ denote a generator of the (principal) ideal ker(θ) ⊂ Ainf . Then there is a canonical
isomorphism

RΓét(XK ,Zp) ≃ (RΓAinf
(X)[1/ξ]∧)ϕ=1

in the derived category of Zp-modules. That is, the p-adic étale cohomology of XK can
be recovered from the p-adic completion of RΓAinf

(X)[1/ξ] by extracting the fixed points of
Frobenius.

The original definition of the complex RΓAinf
(X) uses perfectoid geometry. To carry out the

constructions of [18], it is not necessary to assume that K is algebraically closed: it is enough to
assume that K is a perfectoid field containing a system of pnth roots of unity. However, this a
very strong assumption which is not satisfied in many cases of arithmetic interest (for example,
finite extensions of Qp are never perfectoid). To address this point, [21] introduced the theory
of prismatic cohomology, which generalizes the construction X 7→ RΓAinf

(X) to geometric objects
which are defined over non-perfectoid ground rings. The starting point of this theory is the following:

Definition 1.2.2 (Prisms: Torsion-Free Case). Let A be a torsion-free commutative ring, let ϕA :
A → A be a ring homomorphism satisfying ϕA(x) ≡ xp (mod p), and let I ⊆ A be an invertible
ideal. We say that the pair (A, I) is a prism if A is both p-adically and I-adically complete, and
the collection of elements

{
ϕA(x)− x

p

p
}x∈I

generate the unit ideal of A. In this case, we will generally write A for the quotient ring A/I. We
say that the prism (A, I) is perfect if ϕA is an isomorphism, and bounded if the ring A has bounded
p-torsion.

Warning 1.2.3. Definition 1.2.2 is a special case of the general definition of prism (see Definition
2.1.3), which does not require the commutative ring A to be torsion-free.

Example 1.2.4. Let K be a perfectoid field, let Ainf =W (O♭K) be Fontaine’s infinitesimal period
ring, and let θ : Ainf ։ OK be the tautological map. Then the pair (Ainf , ker(θ)) is a perfect prism.

Let (A, I) be a bounded prism and let X be a smooth and proper A-scheme. In this setup,
the paper [21] defined the relative prismatic site (X/A)∆ and used it construct a complex of A-
modules RΓ∆(X/A), whose cohomology we will denote by H∗

∆
(X/A) and refer to as the prismatic

cohomology of X relative to A. In the special case where (A, I) = (Ainf , ker(θ)), this recovers the
complex RΓAinf

(X) of [18] (by [21, Theorem 17.2]). Other cohomology theories recovered by this
construction include:

Example 1.2.5 (Crystalline cohomology). Let k be a perfect field of characteristic p, let (A, I) =
(W (k), (p)), and let X be a smooth and proper k-scheme. Then the prismatic cohomology H∗

∆
(X/A)

can be identified with the crystalline cohomology H∗
crys(X/W (k)) (see [21, Theorem 5.2], or Theorem

4.6.1 for a more general statement). If Y is a proper smooth W (k)-scheme lifting X (i.e., X =
Spec(k) ×Spec(W (k)) Y ), then one can also identify H∗

crys(X/W (k)) (and thus H∗
∆
(X/A)) with the

algebraic de Rham cohomology H∗
dR(Y/W (k)) by a result of Berthelot [7], which we revisit from a

“prismatic” perspective in §5.4.

The examples discussed thus far concern perfect prisms. However, the general theory of prismatic
cohomology offers the flexibility of working over other (not necessarily perfect) prisms. An important
such example is:

Example 1.2.6 (q-de Rham cohomology). Let (A, I) denote the q-de Rham prism (Zp[[q−1]], (1+

q+ · · ·+qp−1)) (see Example 2.1.9), so that A = A/I is the cyclotomic number ring Zp[ζp]. If X is a
proper smooth Zp-scheme, then the cochain complex RΓqdR(X) := RΓ∆(XA/A) can be regarded as
a q-deformation of the algebraic de Rham complex RΓdR(X/Zp), which computes the q-de Rham
cohomology of the scheme X (see [21, § 16]).
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Given a smooth and proper Zp-scheme X and a bounded prism (A, I), we obtain a smooth and
proper A-scheme XA := Spec(A) ×Spec(Zp) X via base change. The preceding discussion suggests
that the construction carrying a bounded prism (A, I) to the cochain complex RΓ∆(XA/A) of A-
modules is an important invariant of X: it determines both the de Rham cohomology of X (using
Example 1.2.5) and the étale cohomology of the geometric generic fiber of X (using Theorem 1.2.1).
Thus, this invariant can be regarded as an answer to Question 1.1.1 when K = Qp. The goal of
this paper is to study the finer structure of this invariant and use it to construct more concrete
invariants of X. (In fact, the results in the paper itself usually have much milder hypotheses on X;
in the introduction, we often stick to smooth and proper X’s to obtain cleaner statements.)

1.3. Absolute prismatic cohomology and the Cartier-Witt stack. Recall that the absolute
prismatic site Spf(Zp)∆ of Spf(Zp) is simply another name for the category of all bounded prisms
(see Definition 4.4.27 for the absolute prismatic site in general). For a fixed (smooth and proper)
Zp-scheme X, the construction

(A, I) 7→ RΓ∆(XA/A)

discussed above is an example of a prismatic crystal on Spf(Zp): it associates to each bounded prism
(A, I) a perfect complex of A-modules, and to each morphism of bounded prisms f : (A, I)→ (B, J)
a quasi-isomorphism

B ⊗LA RΓ∆(XA/A) ≃ RΓ∆(XB/B),

whose formation is compatible with composition (up to coherent homotopy). Our first goal in this
paper is to study such objects geometrically, i.e., we shall realize prismatic crystals on Spf(Zp) as
quasi-coherent sheaves on an algebro-geometric object.

Let R be a commutative ring in which p is nilpotent. In §3, we will introduce a groupoid WCart(R)
of Cartier-Witt divisors for R (Definition 3.1.4), whose objects are closely related to prism structures
on the ring of Witt vectors W (R) (Remark 3.1.5). The assignment R 7→WCart(R) can be regarded
as a functor, which we will denote by WCart and refer to as the Cartier-Witt stack. The stack
WCart is not far from being algebraic: it can be described as the (stack-theoretic) quotient of an
(affine) formal scheme by the action of an (affine) group scheme (see Proposition 3.2.3). To every
prism (A, I), one can associate a map ρA : Spf(A) → WCart (Construction 3.2.4). Consequently,
every perfect complex F on WCart determines a prismatic crystal, given by the construction
(A, I) 7→ ρ∗A(F ). We will see that this construction induces an equivalence

{Perfect complexes on WCart} ≃ {Perfect Prismatic Crystals on Spf(Zp)} (1)

(see Proposition 3.3.5 for a more general statement). Some important examples of prismatic crystals
for this paper are the following:

Example 1.3.1 (The prismatic cohomology sheaf). Let X be a smooth and proper Zp-scheme.
Then the prismatic crystal (A, I) 7→ RΓ∆(XA/A) determines a perfect complex on WCart, which
we will denote by H∆(X) and refer to as the prismatic cohomology sheaf of X.

More generally, suppose that X is a p-adic formal scheme which is quasi-compact, quasi-separated,
and that the structure sheaf OX has bounded p-power torsion (if the last condition is satisfied, we
will say that X is bounded; see Definition 1.9.11). Applying a variant of the preceding construction,
we obtain a quasi-coherent complex H∆(X) on WCart (which is generally not a perfect complex);
see Construction 4.4.1 for a more general construction.

Example 1.3.2 (The Breuil-Kisin twist). For every bounded prism (A, I), we let A{−1} denote the
prismatic cohomology group H2

∆
(P1

A
/A). This is an invertible A-module, whose inverse we denote

by A{1} and refer to as the Breuil-Kisin twist of A. In §2, we give a purely algebraic construction of
the A-module A{1} (which does not depend on the theory of prismatic cohomology); see Definition
2.5.2. The construction (A, I) 7→ A{1} is an invertible prismatic crystal, which we can identify with
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a line bundle OWCart{1} on the Cartier-Witt stack. For any quasi-coherent complex F on WCart,
we let F{n} denote the tensor product of F with the nth power of OWCart{1}.

Let X be a bounded p-adic formal scheme which is quasi-compact and quasi-separated. For every
integer n, we let RΓ∆(X){n} denote the complex of (derived) global sections RΓ(WCart,H∆(X){n}).
In the special case n = 0, we denote RΓ∆(X){n} by RΓ∆(X) and refer to it as the absolute prismatic
complex of X. We denote the cohomology of this complex by H∗

∆
(X) and refer to it as the absolute

prismatic cohomology of X. In §4, we will see that this construction has the following features:
• If X is a quasisyntomic p-adic formal scheme, the absolute prismatic cohomology H∗

∆
(X)

admits a site-theoretic definition: it is the cohomology of the absolute prismatic site of X
(Theorem 4.4.30).
• If X is defined over A/I for a bounded prism (A, I), then there is a comparison map

H∗
∆(X)→ H∗

∆(X/A)

from absolute to relative prismatic cohomology. If (A, I) is a perfect prism, then this map
is an isomorphism (Proposition 4.4.12). In particular, absolute prismatic cohomology is a
generalization of the Ainf -cohomology introduced in [18].
• If X is an Fp-scheme, then there is a comparison map

H∗
∆
(X)→ H∗

crys(X/Zp)

from the absolute prismatic cohomology of X to the crystalline cohomology of X. If X is
quasisyntomic, then this map is an isomorphism (Theorem 4.6.1).

By virtue of the first point, it is possible to define the absolute prismatic complex RΓ∆(X) (at
least for quasisyntomic formal schemes) without mentioning the Cartier-Witt stack. However, if
one wishes to compute with absolute prismatic cohomology in situations of arithmetic interest, then
it is useful to understand the geometry of WCart.

Example 1.3.3 (WCart via simple quotient stacks). The q-de Rham prism (Zp[[q−1]], (1+q+· · ·+
qp−1)) determines a map ρqdR : Spf(Zp[[q − 1]]) → WCart. This map is equivariant with respect
to the action of the profinite group Z×

p (which acts on the q-de Rham prism via the construction
q 7→ qα), which is trivial modulo (q − 1). We therefore obtain a commutative diagram of stacks

[Spf(Zp)/Z
×
p ] //

��

[Spf(Zp[[q − 1]])/Z×
p ]

ρqdR

��
Spf(Zp)

ρdR // WCart .

In §3.8, we show that, for p > 2, this diagram behaves like a pushout square for the purpose of
cohomological calculations (see Theorem 3.8.3). In particular, if X is a proper smooth Zp-scheme,
we obtain a homotopy pullback diagram of complexes

RΓ∆(X) //

��

RΓqdR(X)hZ×
p

��

RΓdR(X/Zp) // RΓdR(X/Zp)
hZ×

p ,

which allows us to compute the absolute prismatic cohomology of X in terms of the de Rham
cohomology of X together with its q-deformation (see Remark 4.8.9).
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Remark 1.3.4 (Prismatic F -crystals). The structure sheafO∆ on the prismatic site Spf(Zp)∆ comes
equipped with an endomorphism that lifts the Frobenius on O∆/p; this structure is reflected in a map
F : WCart→WCart which is a lift of the Frobenius on WCart×Spec(Fp) (see Construction 3.6.1).
Any perfect prismatic crystal E coming from geometry (such as Example 1.3.1 or OWCart{−1}
from Example 1.3.2) is naturally (effective) prismatic F -crystal, i.e., it comes equipped with a map
F ∗E → E satisfying suitable conditions. This structure shall play a crucial role in some of the
structures studied in this paper (such as the Nygaard filtration and syntomic complexes). There is
also a close relationship between prismatic F -crystals and the classical theory of crystalline Galois
representations; we refer the interested reader to [22] for more on this connection.

Remark 1.3.5 (Drinfeld’s stacks). The Cartier-Witt stack WCart was independently discovered
by Drinfeld, albeit with somewhat different motivations; see [29, §4], where Drinfeld writes Σ for
what we call WCart. In fact, [29] went further to construct enlargements Σ′ and Σ′′ of Σ which
were expected to encode prismatic cohomology with its Nygaard filtration in stack-theoretic terms.
(This expectation will be verified in a sequel to the present paper.)

Remark 1.3.6 (WCartX for a p-adic formal scheme X). The stack WCart geometrizes the absolute
prismatic site of Spf(Zp)∆: perfect complexes on WCart identify with perfect prismatic crystals on
Spf(Zp) via the equivalence (1). Similarly, for any bounded p-adic formal scheme X satisfying mild
conditions, one can construct a stack WCartX with the property that perfect complexes on WCartX
are naturally identified with perfect prismatic crystals on X. The definition of WCartX relies on
formal derived algebraic geometry (and, in fact, the natural domain of definition of the construction
is a derived p-adic formal scheme X). To avoid introducing additional technical complications in
an already long paper, we defer the discussion of this generalization to the sequel [15]. We remark
that these generalizations were also suggested by Drinfeld in [29, §1.1].

1.4. Diffracted Hodge cohomology and the Hodge-Tate divisor. The global structure of
the Cartier-Witt stack is somewhat complicated. However, there is a closed substack WCartHT ⊂
WCart, which we refer to as the Hodge-Tate divisor, which admits a relatively simple description: it
is the formally completed classifying stack of a commutative affine group scheme G

♯
m, given by the

divided power envelope of Gm along its identity section. Quasi-coherent complexes on WCartHT

are easy to analyze: they can be identified with pairs (M,Θ), where M is a p-complete complex
of abelian groups and Θ is an endomorphism of M satisfying a certain integrality condition (see
Theorem 3.5.8). We will refer to Θ as the Sen operator; it is closely related to the work of Sen on
semilinear Galois representations, which we review in §3.9.

Remark 1.4.1 (Cohomological dimension of X∆). One consequence of our analysis of the Hodge-
Tate divisor is that the Cartier-Witt stack WCart has cohomological dimension 1. For example, if X
is an affine formal scheme which is smooth of relative dimension n over Spf(Zp), then the absolute
prismatic cohomology groups H∗

∆
(X) vanish for ∗ > n+1. This is consistent with the heuristic that

the prismatic cohomology of X should be viewed as its de Rham cohomology relative to “the field
with one element”, over which it has relative dimension n+ 1.

By applying the preceding analysis to prismatic crystals of algebro-geometric origin, we can obtain
a new invariant. Let X be a bounded p-adic formal scheme. It follows from the discussion above
that we can identify the restriction H∆(X)|WCartHT with a pair (M,Θ), for some p-complete cochain
complex M . The complex M can be realized as the (derived) global sections RΓ(X,Ω

/D
X ), where

Ω
/D
X ∈ D(X) is a certain (quasi-coherent) complex on X which we will refer to as the diffracted Hodge

complex of X (Notation 4.7.12). This construction has the following features:

• The diffracted Hodge complex Ω
/D
X is equipped with an exhausive filtration

Filconj0 Ω
/D
X → Filconj1 Ω

/D
X → Filconj2 Ω

/D
X → · · · ,
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which we will refer to as the conjugate filtration. Moreover, if X is smooth over Spf(W (k))
for some perfect field k, then there is a canonical isomorphism of the associated graded
complex grconj∗ Ω

/D
X with the Hodge complex

⊕
n≥0 Ω̂

n
X/W (k)[−n] (Example 4.7.15).

• The Sen operator on RΓ(X,Ω
/D
X ) is induced by an endomorphism of the diffracted Hodge

complex Ω
/D
X itself, which we will also denote by Θ and refer to as the Sen operator. More-

over, this endomorphism is compatible with the conjugate filtration and acts diagonally at
the associated graded level: that is, the induced endomorphism of grconjn Ω

/D
X is given by

multiplication by −n (Notation 4.7.2). In particular, the conjugate filtration on Ω
/D
X splits

rationally (into eigenspaces of Θ).
• Suppose that X is smooth over Spf(W (k)) for some perfect field k, and let

X0 = Spec(k) ×Spf(W (k)) X

denote its special fiber. Let i : X0 →֒ X denote the inclusion map. Then the (derived)
pullback i∗Ω /D

X can be identified with the de Rham complex of X0 (or, more precisely, with
its pushforward along the absolute Frobenius map ϕ : X0 → X0). This identification carries
the conjugate filtration on Ω

/D
X to the usual conjugate filtration on the de Rham complex.

Remark 1.4.2 (The Deligne-Illusie theorem via the Sen operator). Let k be a perfect field of
characteristic p and let X0 be a smooth k-scheme. Then the conjugate filtration of the de Rham
complex Ω∗

X/k determines a spectral sequence

Hs(X0,Ω
t
X0/k

)⇒ ϕ∗H
s+t
dR (X0/k). (2)

In [28], Deligne and Illusie showed that if the dimension dim(X0) is smaller than p and X0 can
be lifted to a smooth W (k)/(p2)-scheme, then the spectral sequence (2) degenerates (if X0 is also
proper over k, it then follows by a dimension-counting argument that the Hodge-to-de-Rham spectral
sequence Hs(X0,Ω

t
X0/k

)⇒ Hs+tdR (X0/k) also degenerates).
Using formal properties of the diffracted Hodge complex, we can immediately deduce a weaker

form of this result. Suppose that X0 arises as the special fiber of a formal scheme X which is smooth
over Spf(W (k)). Then the Frobenius pushforward ϕ∗Ω

∗
X0/k

can be identified with the restriction of

the diffracted Hodge complex Ω
/D
X |X0 . If the dimension of X0 is smaller than p, then the eigenvalues

of the Sen operator on the associated graded complex grconj∗ Ω
/D
X ≃ Ω∗

X/W (k) are distinct modulo p.

It follows that the conjugate filtration of Ω /D
X is canonically split (into generalized eigenspaces of Θ),

which immediately implies the degeneration of the spectral sequence (2) (see Remark 4.7.18).

Remark 1.4.3 (Extension to other DVRs). The results and constructions discussed in §1.3 and §1.4
concern the structure of prismatic crystals on Spf(Zp) arising from bounded p-adic formal schemes
X over Zp. These extend essentially without change if Zp is replaced by W (k) for any perfect field
k of characteristic p. In fact, most of our constructions admit analogues when Zp is replaced by OK
for any complete discretely valued extension K/Qp with perfect residue field. However, the resulting
statements depend on the absolute ramification index of K, and the results are strongest when K
is unramified. For instance, the condition on the eigenvalues of the (analog of the) Sen operator is
weaker in the ramified case, and there is consequently no analog of Remark 1.4.2 for proper smooth
schemes X/OK for ramified K. In the interest of simplicity, we have elected to restriction attention
to the unramified case in this paper; the sequel [15] contains some results for more general K.

1.5. The Nygaard filtration. For any bounded p-adic formal scheme X, the absolute prismatic
complex RΓ∆(X) is equipped with an endomorphism ϕ : RΓ∆(X) → RΓ∆(X), which we will refer
to as the Frobenius morphism (Notation 5.7.5). For the twisted prismatic complexes RΓ∆(X){n},
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the situation is more subtle: the Frobenius morphism is only partially defined. More precisely, the
complex RΓ∆(X){n} admits a decreasing filtration

· · · → Fil2NRΓ∆(X){n} → Fil1NRΓ∆(X){n} → Fil0NRΓ∆(X){n} = RΓ∆(X){n},

which we refer to as the absolute Nygaard filtration, and a naturally defined Frobenius operator
ϕ{n} : FilnNRΓ∆(X){n} → RΓ∆(X){n}. In §5, we introduce the Nygaard filtration and show that it
has the following features:

• Let (A, I) be a perfect prism and let X be a p-adic formal scheme which is smooth over
Spf(A/I). Then the quasi-isomorphism

RΓ∆(X){n} ≃ RΓ∆(X/A){n} ≃ ϕ
∗
ARΓ∆(X/A){n}

can be promoted to a filtered quasi-isomorphism, where the left side is equipped with the
absolute Nygaard filtration and the right side is equipped with the relative Nygaard filtration
introduced in [21] (Theorem 5.6.2).
• Let X = Spf(R) be an affine formal scheme whose coordinate ring R is quasiregular semiper-

fectoid. Then the absolute prismatic complex RΓ∆(X) can be identified with the underlying
commutative ring of a prism (A, I). Under this identification, each FilnNRΓ∆(X) corresponds
to the ideal {x ∈ A : ϕA(x) ∈ I

n}, regarded as a chain complex concentrated in degree zero
(Corollary 5.6.3). Moreover, if R is an Fp-algebra, we give an explicit set of generators for
this ideal (Proposition 5.3.6).
• Let X be an Fp-scheme. If X is regular, then the identification of the absolute prismatic

complex RΓ∆(X) with the crystalline cochain complex RΓcrys(X) carries the Nygaard fil-
tration on absolute prismatic cohomology to the classical Nygaard filtration on crystalline
cohomology (Proposition 5.3.8).
• Let X be a bounded p-adic formal scheme. For every pair of integers m and n, we have a

canonical fiber sequence

grmN RΓ∆(X){n} → RΓ(X,Filconjm Ω
/D
X )

Θ+m
−−−→ RΓ(X,Filconjm−1 Ω

/D
X )

(Remark 5.5.8). In particular, the complex grmN RΓ∆(X){n} is canonically independent of n
(Remark 5.5.15).

For every bounded p-adic formal scheme X, let us write RΓ
∆̂
(X) for the homotopy limit of the

tower

· · · → RΓ∆(X)/Fil
2
NRΓ∆(X)→ RΓ∆(X)/Fil

1
NRΓ∆(X)→ RΓ∆(X)/Fil

0
NRΓ∆(X) ≃ 0.

We refer to RΓ
∆̂
(X) as the Nygaard-complete prismatic complex of X. Beware that the tautological

map RΓ∆(X) → RΓ
∆̂
(X) is generally not a quasi-isomorphism. However, we will show that it is

a quasi-isomorphism whenever X is Noetherian and the special fiber of X is regular (Proposition
5.8.2); these conditions are satisfied, for example, if X is smooth over Spf(Zp).

Remark 1.5.1 (Connections to K-theoretic invariants). The Nygaard-completed prismatic com-
plexes RΓ

∆̂
(X) (along with their twisted counterparts RΓ

∆̂
(X){n}) have a close relationship with

K-theoretic invariants. Assume for simplicity that X = Spf(R) where R is a quasisyntomic ring.
Let TP(R) denote the topological periodic cyclic homology spectrum of R, and let TP(R)∧p denote
its p-completion. In [19], the first author, Morrow, and Scholze construct a complete and exhaustive
motivic filtration Fil•MTP(R)∧p on the spectrum TP(R)∧p , together with canonical identifications

grnMTP(R)∧p ≃ RΓ
∆̂
(Spf(R)){n}[2n].

In §6, we review the definition of the motivic filtration and extend the construction to arbitrary
commutative rings (Theorem 6.2.4). We also introduce an integral counterpart of the motivic
filtration (Construction 6.4.2), which is defined on spectrum TP(R) before completing at the prime
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p (and with no assumptions on R). Beware that, in general, the filtrations introduced here are not
exhaustive (though they are always complete: see Corollary 6.2.15).

1.6. Syntomic cohomology. Let X be a bounded p-adic formal scheme. For each n ≥ 0, we have
a tautological map ι : FilnN RΓ∆(X){n} → RΓ∆(X){n}. We let RΓsyn(X,Zp(n)) denote the fiber of
the map

(ϕ{n} − ι) : FilnNRΓ∆(X){n} → RΓ∆(X){n}.

Following [19], we will refer to RΓsyn(X,Zp(n)) as the nth syntomic complex of the formal scheme
X.

In the case n = 1, there is a close connection of the complex RΓsyn(X,Zp(n)) with the cohomology
of the multiplicative group Gm. Let (A, I) be a prism, and let Tp(A

×
) denote the p-adic Tate

module of the multiplicative group of the quotient ring A = A/I. In §2, we construct a canonical
homomorphism log∆ : Tp(A

×
)→ A{1}, which we refer to as the prismatic logarithm (Construction

2.7.4). In §7, we exploit the prismatic logarithm to construct a comparison map

csyn1 : RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spf(R),Zp(1))

for every p-complete commutative ring R, which we will refer to as the syntomic first Chern class
(Proposition 7.5.2). Our main result is that csyn1 becomes a quasi-isomorphism after (derived)
p-completion (Theorem 7.5.6). In the case where R is quasisyntomic, this is essentially Proposi-
tion 7.17 of [19]. We give a different proof here, which avoids the machinery of algebraic K-theory.

In §8, we study the relationship between syntomic cohomology of a formal scheme Spf(R) with
the étale cohomology of the affine scheme Spec(R[1/p]). Using the theory of arc descent, we show
that there are essentially unique comparison maps

γ étsyn{n} : RΓsyn(Spf(R),Zp(n))→ RΓét(Spec(R[1/p]),Zp(n))

which are multiplicative, functorial, and compatible with Chern classes (Theorem 8.3.1). In §8.4,
we exploit this comparison to “decomplete” the theory of syntomic complexes. Suppose that S is
a commutative ring and assume for simplicity that the p-power torsion in S is bounded. We let
RΓsyn(Spec(S),Zp(n)) denote the homotopy fiber product of the diagram

RΓsyn(Spf(Ŝ),Zp(n))
γétsyn{n}
−−−−−→ RΓét(Spec(Ŝ[1/p]),Zp(n))← RΓét(Spec(S[1/p]),Zp(n)),

where Ŝ denotes the p-adic completion of S (Construction 8.4.1). The construction Spec(S) 7→
RΓsyn(Spec(S),Zp(n)) satisfies flat descent (Proposition 8.4.6), and therefore admits a natural ex-
tension X 7→ RΓsyn(X,Zp(n)) to the category of all schemes (Variant 8.4.7). We denote the coho-
mology groups of RΓsyn(X,Zp(n)) by H∗

syn(X,Zp(n)), which we refer to as the syntomic cohomology
groups of X. Decompleting the constructions §7, we obtain a natural map of complexes

RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1))

which yields, after passing to cohomology in degree 2, a homomorphism of abelian groups csyn1 :
Pic(X)→ H2

syn(X,Zp(1)) which we also refer to as the syntomic first Chern class.
In §9, we use the existence of Chern classes to reproduce several standard calculations in the

setting of syntomic cohomology:

• Let X be a scheme, let E be a vector bundle of rank m on X, let P(E ) denote the projec-
tivization of E , and let O(1) denote the tautological line bundle on P(E ). In §9.1, we show
that the syntomic cohomology of P(E ) is a free module over the syntomic cohomology of
X, generated by the syntomic cohomology classes {csyn1 (O(1))i}0≤i<m (Theorem 9.1.1).
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• It follows from Theorem 9.1.1 that if E is a vector bundle of rank n on a scheme X, then
there are unique elements {csyni (E ) ∈ H2i

syn(X,Zp(i))}1≤i≤m satisfying the identity

csyn1 (O(1))n +
m∑

i=1

csyni (E ) · csyn1 (O(1))m−i = 0

in H2m
syn(P(E ),Zp(m)). We will refer to csyni (E ) as the ith syntomic Chern class of E (Con-

struction 9.2.1). The Chern classes given by this construction can be regarded as simul-
taneous refinements of their counterparts in crystalline, de Rham, and étale cohomology.
Moreover, they enjoy all of the expected features: for example, we show that the total
Chern class

1 + csyn1 (E ) + csyn2 (E ) + · · ·

is multiplicative in short exact sequences (Theorem 9.2.7).
• Let BGLm denote the classifying stack of the affine group scheme GLm, and let E denote

the universal vector bundle of rank m over BGLm. For any scheme X satisfying some
mild hypotheses, the syntomic cohomology ring of the product BGLm×X is a polynomial
algebra over the syntomic cohomology ring of X, with generators given by the Chern classes
{csyni (E )}1≤i≤m (Theorem 9.3.1). Stated more informally, any cohomological invariant of a
vector bundle E can be expressed in terms of its Chern classes.

Moreover, we establish analogous results for other cohomological invariants studied in this paper,
such as prismatic cohomology and diffracted Hodge cohomology.

Remark 1.6.1. One upshot of our construction of syntomic Chern classes is that we also obtain
Chern classes for vector bundles in prismatic cohomology, and thus in the Ainf -cohomology of [18]
for smooth p-adic formal schemes over OC with C/Qp complete and algebraically closed. Such
a theory was constructed independently by [44, §6.2] using the interplay between the theory of
crystalline Galois representations and Breuil-Kisin modules (see [44, §5.2]).

1.7. Cochains and Animation. Throughout most of this paper, we will freely use the language
of∞-categories (for various accounts, see [47], [46], [33], and [38]). For the reader’s convenience, we
briefly describe two examples of ∞-categories and the role they will play in our story.

Example 1.7.1 (Derived ∞-Categories). Let A be a commutative ring, and let Ch(A) denote the
category of cochain complexes of A-modules. A morphism f : M• → N• in Ch(A) is said to be
a quasi-isomorphism if it induces an isomorphism of cohomology groups H∗(M) → H∗(N). Recall
that the derived category D(A) is obtained from Ch(A) by formally adjoining inverses to quasi-
isomorphisms. More precisely, there is a functor T : Ch(A) → D(A) with the following universal
property: for every category C, precomposition with T induces a fully faithful functor

{Functors D(A)→ C} → {Functors Ch(A)→ C},

whose essential image consists of functors F : Ch(A)→ C which carry quasi-isomorphisms of cochain
complexes to isomorphisms in C.

The derived category D(A) can be realized as the homotopy category of an ∞-category D(A),
which we will refer to as the derived ∞-category of A. This ∞-category can be characterized by a
similar universal property: there is a functor T̃ : Ch(A) → D(A) such that, for every ∞-category
C, precomposition with T̃ induces a fully faithful functor

{Functors D(A)→ C} → {Functors Ch(A)→ C},

whose essential image consists of those functors F : Ch(A)→ C which carry quasi-isomorphisms of
cochain complexes to isomorphisms in C.
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Remark 1.7.2. Let A be a commutative ring. There is a fully faithful functor from the abelian
category of A-modules to the derived ∞-category D(A), whose essential image consists of those
complexes M ∈ D(A) for which the cohomology groups Hn(M) vanish for n 6= 0. Throughout
this paper, we will abuse terminology by identifying the ordinary category of A-modules with its
image under functor. In particular, if M is an object of the ∞-category D(A) for which the the
cohomology groups Hn(M) vanish for n 6= 0, then we will implicitly identify M with the A-module
H0(M).

In this paper, we will study several cohomological invariants of (bounded) p-adic formal schemes
X, such as the absolute prismatic cohomology H∗

∆
(X). For many purposes, it is essential to work

with cochain-level incarnation of these invariants: that is, to emphasize cochain complexes RΓ∆(X)
which compute absolute prismatic cohomology, rather than the cohomology groups themselves.
These cochain complexes are well-defined and functorial up to quasi-isomorphism. More precisely,
the construction X 7→ RΓ∆(X) determines a contravariant functor

{Bounded p-adic formal schemes} → D(Zp), (3)

where D(Zp) is the derived ∞-category of Example 1.7.1.

Remark 1.7.3. By passing to homotopy categories, (3) determines a contravariant functor of
ordinary categories

{Bounded p-adic formal schemes} → D(Zp). (4)

However, this passage loses a great deal of essential information. For example, an essential feature
of the prismatic complexes RΓ∆(X) (and other invariants we study) is that they are local in nature.
For example, if X is a bounded p-adic formal scheme, then the absolute prismatic complex RΓ∆(X)
can be computed as the limit

lim
←−
U⊆X

RΓ∆(U),

in the ∞-category D(Zp), where U ranges over the collection of affine open subsets of X. Here it is
essential to work with the ∞-category D(Zp), rather than its homotopy category D(Zp) (where the
relevant limit is usually not defined).

It follows from Remark 1.7.3 that the functor (3) is completely determined by its restriction to
the category of affine formal schemes, which we can identify with a covariant functor

{p-complete rings with bounded p-power torsion} → D(Zp) R 7→ ∆R = RΓ∆(Spf(R)).

To simplify the statements of theorems (and to slightly strengthen their conclusions), we will enlarge
the domain of this functor to include all commutative rings. In fact, it will be useful to make a
more dramatic enlargement.

Example 1.7.4 (Animated Commutative Rings). Let PolyZ denote the category of finitely gener-
ated polynomial rings over Z. An animated commutative ring is a functor of ∞-categories

PolyopZ → {Spaces}

which preserves finite products. The collection of animated commutative rings can be organized
into an∞-category which contains the ordinary category of commutative rings as a full subcategory,
where we identify each commutative ring R with the functor

PolyopZ → {Sets} P 7→ {Ring homomorphisms P → R}.

For a more detailed review of the theory of animated commutative rings, we refer the reader to §A.
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To every animated commutative ring R, we will associate a cochain complex ∆R, which we refer to
as the absolute prismatic complex of R (Construction 4.4.10). The construction R 7→ ∆R determines
a functor of ∞-categories

{Animated commutative rings} → D(Zp), (5)

where neither the domain nor the codomain is an ordinary category. Let us describe one motivation
for defining prismatic complexes in this generality:

Remark 1.7.5 (Derived Descent). For every animated commutative ring R, let us write R⊗L Fp
for the coproduct of R with the finite field Fp in the ∞-category of animated commutative rings.
We can then form a cosimplicial diagram of animated commutative rings

R⊗L Fp
//// R⊗L Fp⊗

LFp
// //// · · ·

In §4.4, we show that ∆R can be computed as the limit of the associated cosimplicial diagram

∆R⊗LFp

// // ∆R⊗LFp ⊗L Fp

// //// · · · ,

formed in the ∞-category D(Zp) (Proposition 4.4.15).

Warning 1.7.6. If R is an ordinary commutative ring which is p-torsion-free, then the tensor
product R⊗LFp can be identified with the usual quotient ring R/pR. However, the iterated tensor
products R⊗L · · · ⊗L Fp will never be ordinary commutative rings (except in the trivial case where
p is invertible in R). Consequently, to fully capture the phenomenon described in Remark 1.7.5,
the language of animated commutative rings is essential. However, Remark 1.7.5 has a consequence
which can be stated more concretely: if R is a p-torsion-free commutative ring, then ∆R can be
identified with the limit of the tower

· · · → ∆R/p3R → ∆R/p2R → ∆R/pR;

see Corollary 4.4.17.

Remark 1.7.7. Let R be an animated commutative ring. Then the absolute prismatic complex
∆R⊗LFp

can be identified with the (p-complete) derived de Rham complex d̂RR (see Construction E.2
and Theorem 5.4.2). Consequently, Remark 1.7.5 provides a mechanism for reducing statements
about absolute prismatic cohomology to questions about (derived) de Rham cohomology. This
mechanism will actually be useful in practice: we will apply it in §7 to reduce the proof of one of
our main results (Theorem 7.5.6) to a concrete calculation with divided power envelopes (Theorem
7.1.1).

1.8. The Bestiary. In this paper, we will study several cohomological invariants of bounded p-
adic formal schemes X. These invariants are local in nature, and are therefore determined by their
restriction to the case where X = Spf(R) is affine. To simplify the discussion, we will focus primarily
on the affine case and view our invariants as functors of R. As in §1.7, it will be useful to expand
the scope of our definition to allow R to be an arbitrary (animated) commutative ring. For the
reader’s convenience, we briefly summarize some of the invariants that we consider and how they
are related to one another.

• To every (animated) commutative ring R, we associate an absolute prismatic complex ∆R

and its twisted counterparts ∆R{n} (Construction 4.4.10), which are objects of the derived
∞-category D(Zp). Each of these complexes is equipped with a decreasing Nygaard filtration
Fil•N ∆R{n} (Construction 5.5.3) and a Frobenius morphism ϕ{n} : FilnN ∆R{n} → ∆R{n}.
• To every (animated) commutative ring R, we associate a diffracted Hodge complex Ω

/D
R (Con-

struction 4.9.1), which is an object of the derived ∞-category D(R). It is equipped with an
increasing conjugate filtration Filconj• Ω

/D
R and an endomorphism Θ which we refer to as the
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Sen operator (Remark 4.9.9). The diffracted Hodge complex Ω
/D
R does not depend on the

choice of prime number p. However, we will primarily be interested in its p-completion, which
we denote by Ω̂

/D
R and refer to as the p-complete diffracted Hodge complex of R (Construction

4.7.1).
• To every (animated) commutative ring R, we associate an absolute Hodge-Tate complex ∆R

and its twisted counterparts ∆R{n} (Construction 4.5.5), which are objects of the derived
∞-category D(R). There is a comparison map ∆R{n} → ∆R{n}, given geometrically by
restriction to the Hodge-Tate divisor WCartHT ⊂ WCart. Moreover, there is also a fiber
sequence ∆R{n} → Ω̂

/D
R

Θ+n
−−−→ Ω̂

/D
R (Remark 4.7.5): that is, we can identify ∆R{n} with the

“−n-eigenspace” for the Sen operator on Ω̂
/D
R .

• To every (animated) commutative ring R and every integer n, we associate syntomic complex
RΓsyn(Spec(R),Zp(n)), which is an object of the derived ∞-category D(Zp). When R is p-
complete, RΓsyn(Spec(R),Zp(n)) defined as the fiber of the map (ϕ{n}− ι) : FilnN ∆R{n} →
∆R{n} (see Construction 7.4.1, and Construction 8.4.1 for the case where R is not assumed
to be p-complete).
• Let S be a commutative ring. To every (animated) commutative S-algebra R, we associate

the (p-complete) derived de Rham complex d̂RR/S (Construction E.2), which is an object of

the derived∞-category D(S). It is equipped with a decreasing Hodge filtration Fil•Hod d̂RR/S .
In the special case S = Z, we denote the complex d̂RR/S by d̂RR. For every integer
n, the absolute prismatic complex ∆R{n} is equipped with a de Rham comparison map

γdR
∆
{n} : ∆R{n} → d̂RR, intertwining the Nygaard filtration on ∆R{n} with the Hodge

filtration on d̂RR (see Construction 5.5.3).

The situation is partially summarized by the following diagram:

RΓsyn(Spec(R),Zp(n))

�� **❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯

// RΓét(Spec(R[1/p]),Zp(n))

FilnHod d̂RR

��

FilnN ∆R{n}
ϕ{n}

//

��

oo ∆R{n}

��
grnHod d̂RR

∼

��

grnN ∆R{n} //oo

��

∆R{n}

��

LΩ̂nR[−n] Filconjn Ω̂
/D
R

oo // Ω̂
/D
R .

Here LΩ̂nR denotes the (completed) nth exterior power of the absolute cotangent complex of R,
which can be identified (after shifting) both with grnHod d̂RR and grconjn Ω̂

/D
R .

If (A, I) is a bounded prism with quotient ring A = A/I, then the theory of relative prismatic
cohomology provides several related invariants. To every (animated) A-algebra R, Construction 7.6
of [21] supplies a relative prismatic complex ∆R/A, which is an object of the derived∞-category D(A).
The Frobenius pullback ϕ∗

∆R/A is equipped with a decreasing relative Nygaard filtration Fil•N ϕ
∗
∆R/A

(see §5.1, following §12 of [21]) and a relative de Rham comparison map ϕ∗
∆R/A → d̂RR/A, which

intertwines the relative Nygaard filtration with the Hodge filtration and induces an isomorphism

A⊗LA ϕ
∗
∆R/A ≃ d̂RR/A
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(Corollary 15.4 of [21], which we recall here as Proposition 5.2.5). We denote the tensor product
A⊗LA∆R/A by ∆R/A and refer to it as the relative Hodge-Tate complex of R; this complex is equipped
with an increasing conjugate filtration Filconj• ∆R/A. The relative and absolute theories are related
by a commutative diagram

FilnHod d̂RR

��

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼

FilnN ∆R{n}oo ϕ{n} //

∗

''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆

��

∆R{n}

∗

##❍
❍❍

❍❍
❍❍

❍❍
❍

��

FilnHod d̂RR/A

��

FilnN ϕ
∗
∆R/A{n} //oo

��

∆R/A{n}

��

LΩ̂nR

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

grnN ∆R{n}oo

''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆

// ∆R{n}

∗

##●
●●

●●
●●

●●
●

LΩ̂n
R/A

Filconjn ∆R/A{n}oo // ∆R/A{n};

here the diagonal maps with an asterisk are isomorphisms when the prism (A, I) is perfect.

1.9. Completions. Throughout this paper, we will need to consider completions of modules which
are not necessarily finitely generated over commutative rings which are not necessarily Noetherian.
For this purpose, it will be convenient to adopt the following convention:

Definition 1.9.1. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let M
be an R-module. Then:

(a) We will say that M is I-adically separated if the intersection
⋂
n≥0 I

nM is equal to {0}.
(b) We will say that M is I-complete if, for every element x ∈ I, every short exact sequence of

R-modules
0→M →M ′ → R[1/x]→ 0

admits a unique splitting.
In the special case where I = (p) is the ideal generated by p, we say that an R-module M is
p-complete if it is I-complete, and p-adically separated if it is I-adically separated.

Remark 1.9.2. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let M
be an R-module. The following conditions are equivalent:

• The R-module M is both I-adically separated and I-complete.
• The canonical map M → lim

←−
M/InM is an isomorphism.

See Proposition 3.4.2 of [20].

Warning 1.9.3. Recall that it is standard to refer an R-module M as I-adically complete if the
canonical map M → lim←−M/InM is an isomorphism: that is, if it is both I-adically separated and
I-complete in the sense of Definition 1.9.1. Beware that this is generally a stronger condition than
the I-completeness of M .

Remark 1.9.4. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let M
be an R-module. Condition (b) of Definition 1.9.1 is equivalent to the requirement that, for every
element x ∈ R, the abelian groups ExtnR(R[1/x],M) vanish for every integer n (note that this is
automatic for n ≥ 2, since the R-module R[1/x] has projective dimension ≤ 1). Moreover, it suffices
to verify this condition for a collection of generators of the ideal I.

Remark 1.9.5. Let R be a Noetherian commutative ring, let I ⊆ R be an ideal, and let M be a
finitely generated R-module. If M is I-complete, then it is automatically I-adically separated.
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Remark 1.9.6. Let R be a commutative ring and let I ⊆ R be a finitely generated ideal. Then
the collection of I-complete R-modules is closed under the formation of kernels, cokernels, and
extensions. In particular, the category of I-complete R-modules is abelian and its inclusion into
the category of all R-modules is exact. Beware that the analogous assertion is not true for the
subcategory of I-complete and I-adically separated R-modules (if f : M → N is a homomorphism
of R-modules which are I-complete and I-adically separated, then the cokernel coker(f) need not
be I-adically separated).

Remark 1.9.7. Let f : R → S be a homomorphism of commutative rings, let I ⊆ R be a finitely
generated ideal, and let J = f(I)S be the ideal of S generated by the image of I. Then an S-module
M is J-complete (J-adically separated) if and only if it is I-complete (I-adically separated) when
viewed as an R-module via the homomorphism f . In particular, the condition that an S-module M
is p-complete (p-adically separated) depends only on the underlying abelian group of M , and not
on its S-module structure.

Notation 1.9.8 (The Complete Derived∞-Category). Let R be a commutative ring and let I ⊆ R
be a finitely generated ideal. We will say that an object M ∈ D(R) is I-complete if the cohomology
group Hn(M) is I-complete for every integer n. We will generally write D̂(R) for the full subcategory
of D(R) spanned by those objects which are I-complete. In practice, we will almost always use this
notation in the case where I = (p) is the ideal generated by p. There is one exception to this rule:
if (A, J) is a prism, we write D̂(A) for the full subcategory of D(A) spanned by those complexes
which are I-complete where I = J + (p) is the ideal generated by p and J .

Warning 1.9.9. Let R be a commutative ring and let I ⊆ R be a finitely generated ideal. It will
be important to distinguish between three potentially different notions of I-completion.

• IfM is an R-module, then we will refer to the inverse limit lim←−n≥0
M/InM as the separated I-

completion of M . It is I-complete, I-adically separated, and is characterized by the following
universal property: if N is any other R-module which is I-complete and I-adically separated,
then the canonical map HomR(lim←−n≥0

M/InM,N)→ HomR(M,N) is a bijection.

• For every object M ∈ D(R), there exists a morphism f : M → M̂ where M̂ is I-complete
and, for every other object I-complete object N ∈ D(R), composition with f induces a
bijection HomD(R)(M̂,N)→ HomD(R)(M,N). The object M̂ ∈ D̂(R) is determined (up to
canonical isomorphism) by this universal property and depends functorially on M ; we refer
to M̂ as the I-completion of M .
• Let M be an R-module, which we can regard as an object of D(R) whose cohomology groups

are concentrated in degree zero. Beware that the I-completion M̂ generally has nonzero co-
homology groups in negative degrees. However, the 0th cohomology group H0(M̂) is an
I-complete R-module, and the tautological map f : M → M̂ induces an R-module homo-
morphism H0(f) : M → H0(M̂) with the following universal property: for every R-module
N which is I-complete, composition with H0(f) induces a bijection HomR(H

0(M̂ ), N) →
HomR(M,N).

If M is an R-module, we have tautological comparison maps

M̂
u
−→ H0(M̂)

v
−→ lim←−

n≥0

M/InM,

where u is a morphism in the derived ∞-category D(R) and v is an R-module homomorphism.
Beware that, in general, neither u nor v is an isomorphism. However, the homomorphism v is
always surjective, and its kernel is equal to the intersection

⋂
n≥0 I

nH0(M̂ ) (measuring the failure

of H0(M̂) to be I-adically separated).
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Remark 1.9.10. In the situation of Warning 1.9.9, suppose that I = (p) is the ideal generated by
p and that the R-module M has bounded p-power torsion: that is, that the chain of p-power torsion
submodules

M [p] ⊆M [p2] ⊆M [p3] ⊆M [p4] ⊆ · · ·

is eventually stable. In this case, the comparison maps

M̂ → H0(M̂ ) ։ lim←−M/pnM

are isomorphisms; that is, the p-completion of M as an object of the derived ∞-category D(R) can
be identified with the usual separated p-completion of M .

Let R be a commutative ring which is p-complete and p-adically separated. We let Spf(R) =
(X,OX) denote the formal spectrum of R with respect to its p-adic topology. Here X is the set
of prime ideals p ⊂ R which contain the prime number p. It has a basis consisting of open sets
Uf = {p ∈ X : f /∈ p} where f is an element of R, and its structure sheaf is given by the
formula OX(Uf ) = lim

←−n
R[1/f ]/pnR[1/f ]. To guarantee that this construction is well-behaved, we

will generally need to assume that the commutative ring R has bounded p-power torsion, so that
OX(Uf ) is also the p-completion of R[1/f ].

Definition 1.9.11. Let X be a p-adic formal scheme. We say that X is bounded if the structure
sheaf OX has bounded p-power torsion.

Remark 1.9.12. Let X be a p-adic formal scheme. Then:
• If X is locally Noetherian, then it is automatically bounded.
• If X = Spf(R) is an affine p-adic formal scheme, then it is bounded if and only if the

coordinate ring R has bounded p-power torsion.
• The condition that X is bounded can be tested locally with respect to the Zariski topology.
• Suppose that X = Spf(Zp)×X is the formal completion of a scheme X along the vanishing

locus of p. If the structure sheaf OX has bounded p-power torsion, then X is bounded.
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Shubhodip Mondal, Wiesia Niziol, Arthur Ogus, Sasha Petrov, Peter Scholze and Longke Tan for
useful conversations and communications. Finally, many thanks to Akhil Mathew for comments on
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2. Breuil-Kisin Twists and the Prismatic Logarithm

Let (A, I) be a prism and let A denote the quotient ring A/I. We write Tp(A
×
) for the p-adic

Tate module of the multiplicative group A× (Notation 2.7.1). Our goal in this section is to construct
an invertible A-module A{1}, which we will refer to as the Breuil-Kisin twist of A, together with a
group homomorphism

log∆ : Tp(A
×
)→ A{1},

which we will refer to as the prismatic logarithm.
It will be convenient to view our prismatic logarithm as a composition of two more primitive

operations. Let u be an element of the Tate module Tp(A
×
), which we can identify with a sequence

of elements u0, u1, u2 · · · ∈ A satisfying u0 = 1 and un = upn+1 for n ≥ 0. It follows from an
elementary p-adic convergence argument that u can be lifted uniquely to a sequence of elements
ũ0, ũ1, ũ2, · · · ∈ A satisfying ũn = ũpn+1 for n ≥ 0 (Proposition 2.7.3). Here the element ũ0 ∈ A
need not be equal to 1. However it is always a rank one element of the δ-ring A: that is, it satisfies
the identity δA(ũ0) = 0 (this immediately implies the slightly weaker identity ϕA(ũ0) = ũp0, and the
converse holds when A is p-torsion-free). Let (1 + I)rk=1 denote the collection of rank 1 elements
v ∈ A satisfying v ≡ 1 (mod I), which we regard as a subgroup of the unit group A×. The
construction u 7→ ũ0 then determines a group homomorphism ρ : Tp(A

×
) → (1 + I)rk=1, which we

explain in greater detail in §2.7. The prismatic logarithm log∆ : Tp(A
×
)→ A{1} will be defined as

the composition of ρ with another group homomorphism (1 + I)rk=1 → A{1}, which (by abuse of
notation) we will also denote by log∆ and refer to as the prismatic logarithm.

Heuristically, one can think of the A-module A{1} as an infinite tensor product

I ⊗A ϕ
∗
A(I)⊗A ϕ

2∗
A (I)⊗ · · ·

of iterated pullbacks of I along the Frobenius morphism ϕA : A → A. If v ∈ A is a rank one
element satisfying v ≡ 1 mod I, then the prismatic logarithm log∆(v) can be viewed as a suitably
normalized version of the the limit

lim
α→0

uα − 1

α
= lim

n→∞

up
n
− 1

pn
.

To make sense of these heuristics, it will be convenient to first assume that the prism (A, I) is
transversal, meaning that the quotient ring A = A/I is p-torsion-free (Definition 2.1.3). We give
a brief overview of the theory of transversal prisms in §2.1. Under the assumption that (A, I) is
transversal, we define the Breuil-Kisin twist A{1} in §2.2 (Construction 2.2.11), and the prismatic
logarithm log∆ in §2.3 (Construction 2.3.2).

To handle the general case, we exploit the fact that every prism can be approximated by transver-
sal prisms. More precisely, we show in §2.4 that for every prism (A, I) there exists a homomorphism
(B, J) → (A, I), where the prism (B, J) is transversal (Proposition 2.4.1). Moreover, the category
of such transversal approximations admits pairwise coproducts, and is therefore sifted (Corollary
2.4.8). In §2.5, we apply these approximation results to extend the definition of the Breuil-Kisin
twist A{1} and the prismatic logarithm log∆ to the case of an arbitrary prism (A, I) (Definitions
2.5.2 and 2.5.11).

In §2.6, we specialize our constructions to the case where the prism (A, I) is defined over the q-de
Rham prism (Zp[[q− 1]], ([p]q)). In this case, the Breuil-Kisin twist A{1} has a canonical generator
eA on which the Frobenius acts by the formula ϕ(eA) = eA/[p]q (Notation 2.6.3). Moreover, if
u ∈ A is a rank one element satisfying up ≡ 1 (mod I), then the prismatic logarithm log∆ satisfies
the identity log∆(u

p) = logq(u)eA where logq(u) is the q-logarithm studied in [3] (Corollary 2.6.11).
We will be particularly interested in the case where the prism (A, I) is crystalline, in which case
we have log∆(u

p) = log(u)eA, where log(u) =
∑

n>0(−1)
n−1 (u−1)n

n is the usual logarithmic series
(Corollary 2.6.12).
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Remark 2.0.1. The theory of Breuil-Kisin twists is discussed from stacky perspective in [29, §4.9],
while the prismatic logarithm has been discussed from the same perspective in [30, Corollary 2.7.11].

2.1. Transversal Prisms. In this section, we review the definition of a transversal prism, intro-
duced by Anschütz and Le Bras in [3]. For purposes of giving examples, it will be convenient to
introduce a slightly more general notion.

Definition 2.1.1. A preprism is a pair (A, I), where A is a δ-ring and I ⊆ A is an ideal which is
invertible as an A-module. If (A, I) and (B, J) are preprisms, then a morphism of preprisms from
(A, I) to (B, J) is a δ-ring homomorphism f : A→ B satisfying J = f(I)B. We say that a preprism
(A, I) is transversal if the quotient ring A/I is p-torsion-free.

Notation 2.1.2. Let (A, I) be a preprism. We write ϕ : A→ A for the Frobenius lift supplied by
the δ-structure on A, and ϕ∗(I) for the invertible A-module obtained from I by extending scalars

along ϕ. Note that the composite map I
δ
−→ A ։ A/I is additive and ϕ-semilinear: the additivity

follows from the identity

δ(x+ y) = δ(x) + δ(y) − (p− 1)!

p−1∑

i=1

xi

i!

yp−i

(p− i)!

(applied to elements x, y ∈ I), and the ϕ-semilinearity from the identity

δ(xy) = ϕ(x)δ(y) + δ(x)yp

(applied to elements x ∈ A and y ∈ I). It follows that there is a unique A-linear map ρ : ϕ∗(I) →
A/I for which the diagram of sets

I

��

δ // A

����
ϕ∗(I)

ρ // A/I

is commutative.

Definition 2.1.3. A prism is a preprism (A, I) which satisfies the following additional conditions:
(1) The A-module homomorphism ρ : ϕ∗(I)→ A/I of Notation 2.1.2 is surjective.
(2) The commutative ring A is p-complete and I-complete.

We say that a prism (A, I) is transversal if it is transversal as a preprism: that is, if the commutative
ring A/I is p-torsion-free.

Remark 2.1.4. Recall that a prism (A, I) is bounded if the quotient ring A/I has bounded p-power
torsion. Every transversal prism is bounded.

Remark 2.1.5. Let (A, I) be a preprism which satisfies condition (1) of Definition 2.1.3. Then the
morphism ρ of Notation 2.1.2 induces an isomorphism of invertible (A/I)-modules (A/I)⊗Aϕ∗(I) ≃
A/I.

Remark 2.1.6 (Morphisms of Prisms). Let (A, I) and (B, J) be prisms, and let f : A → B be a
δ-ring homomorphism. The following conditions are equivalent:

(1) The homomorphism f is a morphism of preprisms from (A, I) to (B, J). That is, the ideal
J ⊆ B is generated by the image f(I).

(2) The homomorphism f satisfies f(I) ⊆ J .
The implication (1) ⇒ (2) is immediate, and the reverse implication is Proposition 1.5 of [21]. If
these conditions are satisfied, then we say that f is a morphism of prisms from (A, I) to (B, J).
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Remark 2.1.7. Let A be a commutative ring and let I ⊆ A be an invertible ideal. Suppose that the
quotient ring A = A/I is p-torsion-free. Then, for every integer m, the quotient Im/Im+1 ≃ A⊗AI

m

is an invertible A-module, and is therefore also p-torsion free. It follows by induction that for each
n ≥ 0, the quotient A/In is p-torsion-free. If A is I-complete, then A is also p-torsion-free. In
particular, if (A, I) is a transversal prism, then the commutative ring A is p-torsion-free.

Remark 2.1.8. A prism (A, I) is transversal if and only if it satisfies the following conditions:
• The commutative ring A is p-torsion-free.
• The natural map u : I/pI → A/pA is injective.

Moreover, if these conditions are satisfied, then the image of u is an invertible ideal in the quotient
ring A/pA.

Example 2.1.9 (The q-de Rham Prism). Let A = Zp[[q − 1]] be the completion of the polynomial
ring Z[q] with respect to the ideal (p, q − 1). We regard A as equipped with the δ-structure given
by the Frobenius lift

ϕA : A→ A q 7→ qp.

Then (A, ([p]q)) is a transversal prism; note that the quotient

A/([p]q) ≃ Zp[q]/(1 + q + · · ·+ qp−1)

can be identified with the ring of integers of the local field Qp(ζp), and is therefore p-torsion-free.

Proposition 2.1.10. Let (A, I) be a transversal preprism. Then there exists a preprism homomor-
phism f : (A, I)→ (B, J) with the following universal property:

(1) The pair (B, J) is a prism.
(2) For every prism (C,K), precomposition with f induces a bijection

{Prism homomorphisms (B, J)→ (C,K)} → {Preprism homomorphisms (A, I)→ (C,K)}

Moreover, the prism (B, J) is transversal and f induces an open immersion of affine schemes
Spec(B/J + (p)) →֒ Spec(A/(I + (p))).

Proof. Let ρ : ϕ∗(I) → A/I be as in Notation 2.1.2. Since ϕ∗(I) is a projective A-module, we
can lift ρ to an A-module homomorphism ρ̃ : ϕ∗(I) → A. Let U ⊆ Spec(A) denote the Zariski
open subset given by the nonvanishing locus of ρ̃. Then U is affine (it can be described locally
as the complement of the vanishing locus of single element of A). Write U = Spec(A′) and let
I ′ = IA′ denote the ideal of A′ generated by I. Let B = lim

←−m,n
A′/(I ′m + (pn)) be the separated

(I ′+(p))-completion of A′ (which coincides with (I ′+(p))-completion, since I ′ is an invertible ideal
and A′/I ′ is p-torsion-free). Our assumption that (A, I) is transversal supplies exact sequences

0→ I ⊗A (A′/(I ′m + (pn)))→ A′/(I ′m+1 + (pn))→ A′/(I ′ + (pn))→ 0.

Passing to the inverse limit over m and n (and noting that the transition maps are surjective), we
deduce that the canonical map I⊗AB → B is a monomorphism, whose image is the invertible ideal
J = IB. By construction, the commutative ring B is complete with respect to the ideal J + (p),
and the quotient ring B/J is the p-completion of A′/IA′, which is a Zariski localization of A/IA.
In particular, B/J is p-torsion-free, so that B is also p-torsion-free by virtue of Remark 2.1.7.

Let ϕA : A→ A denote the Frobenius lift supplied by the δ-structure on A, so ϕA(I) ⊆ Ip + (p).
It follows that, for every integer k ≥ 0, we have ϕ(I2k+(pk)) ⊆ Ipk+(pk). Consequently, ϕA induces
a morphism of schemes Spec(A/Ipk + (pk)) → Spec(A/I2k + (pk)). Since ϕ is a lift of Frobenius,
this map is the identity at the level of topological spaces, and therefore preserves the inverse image
of the open subscheme U ⊆ Spec(A). We therefore obtain ϕA-semilinear maps

ϕB,k : (B/J
pk + (pk))→ B/J2k + (pk).
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Passing to the inverse limit over k, we obtain a map of commutative rings ϕB : B → B. This
map is a lift of the Frobenius on B/pB. Since B is p-torsion-free, the morphism ϕB determines
a δ-structure on B, which is uniquely characterized by the requirement that the tautological map
f : A→ B is a δ-homomorphism.

We now claim that the pair (B, J) is a prism. Let ρB : ϕ∗
B(J) → B/J be as in Notation 2.1.2;

we wish to show that ρB is surjective. Since B/J is p-complete, it will suffice to show that the
the composite map ϕ∗

B(J)
ρB−−→ B/J → B/(J + (p)) is surjective. Equivalently, we must show that

the canonical map Spec(B/J + (p))→ Spec(A) factors through the open subscheme U ⊆ Spec(A),
which follows immediately from the construction.

We now prove (2). Suppose we are given a prism (C,K) and a morphism of preprisms g : (A, I)→
(C,K); we wish to show that g factors uniquely through f . Note that our assumption that (C,K)
is a prism guarantees that the map Spec(C/K)→ Spec(A/I) →֒ Spec(A) factors through the open
subscheme U ⊆ Spec(A). Since C is complete with respect to K, the ideal K is contained in
the Jacobson radical of C; it follows that the map Spec(C) → Spec(A) also factors through U .
Consequently, there exists a unique A-algebra homomorphism A′ → C. Since C is complete with
respect to the ideal K + (p) = I ′C + (p), the ring homomorphism g : A → C factors uniquely as

a composition A
f
−→ B

ĝ
−→ C. We will complete the proof by showing that ĝ is a homomorphism of

δ-rings. Let us identify the δ-structure on A with a ring homomorphism sA : A → W2(A) (which
is a section of the restriction map), and define sB : B → W2(B) and sC : C → W2(C) similarly.
To show that ĝ is a homomorphism of δ-rings, we must show that sC ◦ ĝ and W2(ĝ) ◦ sB coincide
(as ring homomorphisms from B to W2(C)). Let us regard W2(C) as an A-algebra via the ring
homomorphism sC ◦ g = W2(g) ◦ sB (where the equality follows from our assumption that g is a
δ-ring homomorphism), so that we can regard sC ◦ ĝ and W2(ĝ) ◦ sB as A-algebra homomorphisms.
We conclude by observing that an A-algebra homomorphism B →W2(C) is automatically unique,
since W2(C) is complete with respect to the ideal I + (p) and the map Spec(W2(C)) → Spec(A)
factors through the open subscheme U ⊆ Spec(A). �

2.2. Breuil-Kisin Twists: Transversal Case. Our goal in this section is to construct the Breuil-
Kisin twist A{1} in the case of a transversal prism (A, I). We begin by reviewing some elementary
properties of transversal prisms (see [3] for a closely related discussion).

Lemma 2.2.1 ([3], Lemma 3.3). Let (A, I) be a transversal prism. Then, for every integer r ≥ 0,
the inclusion I →֒ A induces a monomorphism θ : (ϕrA)

∗(I) → (ϕrA)
∗(A) ≃ A, whose cokernel is

p-torsion-free.

Proof. Since (ϕrA)
∗(I) is an invertible A-module, it is p-complete and p-torsion-free, hence p-adically

separated. It will therefore suffice to show that θ induces a monomorphism θ : (ϕrA)
∗(I/pI)→ A/pA.

This is clear, since I/pI can be identified with an invertible ideal I of the quotient ring A/pA

(Remark 2.1.8), so its Frobenius pullback (ϕrA)
∗(I/pI) maps isomorphically to Ip

r

. �

Notation 2.2.2. Let (A, I) be a transversal prism. For each integer r ≥ 0, we will abuse no-
tation by identifying the pullback (ϕrA)

∗(I) with its image under the monomorphism of Lemma
2.2.1, which is an invertible ideal of the commutative ring A. We let Ir denote the product ideal
Iϕ∗

A(I) · · · (ϕ
r−1
A )∗(I) ⊆ A (so that Ir is also an invertible ideal of A, abstractly isomorphic to the

tensor product I ⊗A ϕ∗
A(I)⊗A · · · ⊗A (ϕr−1

A )∗(I)).

Remark 2.2.3. Let (A, I) be a transversal prism. Then the ideals I
pr−1
p−1 and Ir have the same

image in the quotient ring A/pA.

Remark 2.2.4. Let (A, I)→ (B, J) be a morphism of prisms. For each r ≥ 0, Jr ⊆ B is the ideal
generated by the image of Ir ⊆ A.
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Lemma 2.2.5. Let (A, I) be a transversal prism, and let r ≥ 0 be an integer. Then the quotient
ring A/Ir is p-torsion-free.

Proof. We proceed by induction on r, the case r = 0 being vacuous. To carry out the inductive
step, assume that A/Ir is p-torsion-free. We have an exact sequence of A-modules

0→ Ir ⊗A (A/(ϕ∗
A)

r(I))→ A/Ir+1 → A/Ir → 0,

where the first term is p-torsion-free by virtue of Lemma 2.2.1 (and the fact that Ir is invertible as
an A-module). It follows that A/Ir+1 is also p-torsion-free. �

Remark 2.2.6 ([3], Lemma 3.4). Let (A, I) be a transversal prism. Then A is an inverse limit of
the diagram of quotient rings

· · ·։ A/I4 ։ A/I3 ։ A/I2 ։ A/I1 = A/I.

Since A and its quotients A/Ir are p-complete and p-torsion free, this is equivalent to the assertion
that A/pA is an inverse limit of the diagram

· · ·։ A/(I4 + pA) ։ A/(I3 + pA) ։ A/(I2 + pA) ։ A/(I + pA).

Setting A = A/pA, taking I to be the image of I in A, and invoking Remark 2.2.3, we are reduced
to checking that A is the limit of the diagram

· · ·։ A/I
p4−1
p−1 ։ A/I

p3−1
p−1 ։ A/I

p2−1
p−1 ։ A/I.

This is clear, since A is separated and complete with respect to I.

Remark 2.2.7. Let (A, I) be a transversal prism. Then A can be also realized as the inverse limit
of the diagram

· · ·։ A/ϕ∗
A(I4) ։ A/ϕ∗

A(I3) ։ A/ϕ∗
A(I2) ։ A/ϕ∗

A(I).

This follows from a slight variant of the argument supplied in Remark 2.2.6.

Lemma 2.2.8. Let (A, I) be a transversal prism. For each r > 0, the natural map

f : (ϕrA)
∗(I)/Ir+1 → A/Ir

is a monomorphism, whose image is the principal ideal (p) ⊆ A/Ir.

Proof. We first show that the image of f is divisible by p. Equivalently, we show that the ideal
(ϕrA)

∗(I) is contained in (p) + Ir. This is clear, since the image of (ϕrA)
∗(I) in the quotient ring

A/pA coincides with the image of Ip
r

(and therefore contains the image of Ir by virtue of Remark
2.2.3).

Since the quotient ring A/Ir is p-torsion-free (Lemma 2.2.5), we can write f = pf0 for some unique
A-module homomorphism f0 : (ϕ

r
A)

∗(I)/Ir+1 → A/Ir. We wish to show that f0 is an isomorphism
of A-modules. Since the domain and codomain of f0 are invertible modules over the quotient ring
A/Ir, it will suffice to show that f0 is surjective. We now observe that for each x ∈ I, we have

ϕrA(x) = ϕr−1
A (xp + pδ(x))

= ϕr−1
A (x)ϕr−1

A (x)p−1 + pϕr−1
A (δ(x))

∈ ϕr−1
A (x)(Ir−1 + (p))p−1 + pϕr−1

A (δ(x))

∈ Ir + p(ϕr−1
A )∗(I) + pϕr−1

A (δ(x)),

so that f0(x) ≡ ϕr−1
A (δ(x)) (mod (ϕr−1

A )∗I). Since (A, I) is a prism, the elements {δ(x)}x∈I generate
the unit ideal of A. It follows that the elements {f0(x)}x∈I generate the unit ideal in the quotient
ring A/(ϕr−1

A )∗(I), hence also in A/Ir (since A is complete with respect to (ϕr−1
A )∗(I) ⊆ I+(p)). �
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Corollary 2.2.9 ([3], Lemma 3.6). Let (A, I) be a transversal prism. Then, for each r ≥ 0, the
ideal Ir ⊆ A is equal to the intersection of the ideals {(ϕsA)

∗(I)}0≤s<r. In other words, the canonical
map

A/Ir →
∏

0≤s<r

A/(ϕsA)
∗(I)

is injective.

Proof. We proceed by induction on r (the case r = 0 being trivial). Assume that the conclusion is
valid for some integer r ≥ 0, and let x ∈ A belong to each of the ideals {(ϕsA)

∗(I)}0≤s≤r. Invoking
our inductive hypothesis, we deduce that x belongs to Ir, and therefore also to the kernel of the
map

(ϕrA)
∗(I) ։ (ϕrA)

∗(I)/Ir+1
f
−→ A/Ir,

where f is the monomorphism of Lemma 2.2.8. It follows that x belongs to Ir. �

Corollary 2.2.10. Let (A, I) be a transversal prism, and let r ≥ 0. Then:

(1) The A-module Ir/I
2
r is p-torsion-free.

(2) The canonical map Ir+1/I
2
r+1 → Ir/I

2
r is divisible by p.

(3) The induced map Ir+1/I
2
r+1

1/p
−−→ Ir/I

2
r is surjective, and therefore induces an isomorphism

of invertible (A/Ir)-modules Ir+1/IrIr+1
1/p
−−→ Ir/I

2
r ).

Proof. Since Ir is an invertible ideal, assertion (1) follows from the fact that A/Ir is p-torsion-free
(Lemma 2.2.5), and assertions (2) and (3) follow from Lemma 2.2.8. �

Construction 2.2.11 (Breuil-Kisin Twists: Transversal Case). Let (A, I) be a transversal prism.
We let A{1} denote the inverse limit of the diagram of surjections

· · ·։ I4/I
2
4 ։ I3/I

2
3 ։ I2/I

2
2 ։ I/I2,

where the transition maps are given by division by p (Corollary 2.2.10). We will refer to A{1} as
the Breuil-Kisin twist of A.

Proposition 2.2.12. Let (A, I) be a transversal prism. Then the Breuil-Kisin twist A{1} is an
invertible A-module. Moreover, for each integer r ≥ 0, the tautological map A{1} → Ir/I

2
r induces

an isomorphism

A{1}/IrA{1} → Ir/I
2
r .

Proof. Since each Ir/I2r is p-complete and p-torsion-free, the A-module A{1} is also p-complete and
p-torsion-free. It will therefore suffice to show that each quotient A{1}/pnA{1} is an invertible
module over A/pnA (see Lemma 4.11 of [12]). Proceeding by induction we can reduce to the case
n = 1. Letting I denote the image of I in the quotient ring A/pA, we observe that A{1}/pA{1} is
the inverse limit of the tower

{Ir/(pIr + I2r )}r≥0 ≃ {I
pr−1
p−1 /I

2 pr−1
p−1 }r≥0

of invertible modules over (A/pA)/I
pr−1
p−1 . Since A/pA is I-adically separated and I-complete, it will

suffice to show that each quotient I
pr−1
p−1 /I

2 pr−1
p−1 is an invertible module over (A/pA)/I

pr−1
p−1 . This

follows immediately from the invertibility of the ideal I ⊆ A/pA (Remark 2.1.8). �

Remark 2.2.13 (Functoriality). Let f : (A, I) → (B, J) be a morphism of transversal prisms.
Then there is a unique A-module homomorphism f{1} : A{1} → B{1} having the property that,
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for each r ≥ 0, the diagram

A{1}
f{1}

//

����

B{1}

����
Ir/I

2
r

f // Jr/J
2
r

is commutative. Moreover, f{1} induces an isomorphism of invertible B-modules B ⊗A A{1}
∼
−→

B{1}.

Construction 2.2.14 (The Frobenius on A{1}). Let (A, I) be a transversal prism. For each A-
module M , let us denote the tensor product I−1 ⊗A M by I−1M . For each r ≥ 0, we have a
canonical isomorphism of A-modules

ϕ∗
A(Ir)

∼
−→ I−1Ir+1

Reducing modulo the ideal ϕ∗
A(Ir) (which contains Ir+1) and invoking Proposition 2.2.12, we obtain

isomorphisms
ϕ∗
A(A{1}) ⊗A A/ϕ

∗
A(Ir) ≃ I

−1A{1} ⊗A A/ϕ
∗
A(Ir)

Passing to the inverse limit over r (and invoking Remark 2.2.7), we obtain an isomorphism of
invertible A-modules ϕ∗

A(A{1}) ≃ I
−1A{1}, which we will identify with a ϕA-semilinear map ϕA{1} :

A{1} → I−1A{1} and refer to as the Frobenius morphism.

2.3. The Prismatic Logarithm: Transversal Case. Let (A, I) be a transversal prism. Our goal
in this section is to construct a group homomorphism log∆ : (1 + I)rk=1 → A{1} which we refer to
as the prismatic logarithm. Our construction is motivated by the observation that if x is a positive
real number, the classical logarithm log(x) can be computed as the limit

lim
α→0

xα − 1

α
.

Proposition 2.3.1. Let (A, I) be a transversal prism, and let u ∈ 1 + I be a unit satisfying the
identity δ(u) = 0 (or, equivalently, ϕA(u) = up). Then:

(1) For each r ≥ 0, the element up
r

is congruent to 1 modulo the ideal Ir+1 of Notation 2.2.2.
(2) For each r > 0, the division by p map

1

p
: Ir+1/I

2
r+1 ։ Ir/I

2
r

of Corollary 2.2.10 carries the residue class of up
r
− 1 to the residue class of up

r−1
− 1.

Proof. We first prove (1). By virtue of Lemma 2.2.8, it will suffice to show that up
r

is congruent
to 1 modulo the ideal (ϕsA)

∗(I) for 0 ≤ s ≤ r. This is clear: our assumption that u has rank 1

guarantees that up
r
= ϕsA(u

pr−s
), and up

r−s
is congruent to 1 modulo I (since u is congruent to 1

modulo I).
We now prove (2). Set x = up

r−1
. It follows from (1) that x is congruent to 1 modulo Ir, so that

1+ x+ · · ·+ xp−1 is congruent to p modulo Ir. Multiplying by the element x− 1 ∈ Ir, we conclude
that xp − 1 is congruent to p(x− 1) modulo I2r . �

Construction 2.3.2 (The Prismatic Logarithm, Transversal Case). Let (A, I) be a transversal
prism, and let u ∈ 1 + I satisfy δ(u) = 0. It follows from Proposition 2.3.1 there is a unique
element of the Breuil-Kisin twist A{1} having image up

r
− 1 under each of the quotient maps

A{1}։ Ir+1/I
2
r+1. We will denote this element by log∆(u) and refer to it as the prismatic logarithm

of u. We regard the construction u 7→ log∆(u) as a function log∆ : (1 + I)rk=1 → A{1}.
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Proposition 2.3.3. Let (A, I) be a transversal prism. Then the prismatic logarithm map

log∆(u) : (1 + I)rk=1 → A{1}

is a group homomorphism (where the group structure on the domain is given by multiplication).

Proof. Let u and v be elements of (1 + I)rk=1; we wish to verify the identity log∆(uv) = log∆(u) +
log∆(v). To prove this, we must show that for each r ≥ 0, we have

(uv)p
r
− 1 ≡ (up

r
− 1) + (vp

r
− 1) (mod I2r+1).

We now note that difference between the right and left hand sides is equal to the product (up
r
−

1)(vp
r
− 1), where each factor belongs to Ir+1 by virtue of Proposition 2.3.1. �

Remark 2.3.4 (Functoriality). Let f : (B, J)→ (A, I) be a morphism of transversal prisms. Then
the diagram of abelian groups

(1 + J)rk=1
f //

log∆

��

(1 + I)rk=1

log∆

��
B{1}

f{1} // A{1}

is commutative.

2.4. Approximations by Transversal Prisms. We now show that there exists a good supply of
transversal prisms.

Proposition 2.4.1. Let (A, I) be a prism. Then there exists a prism homomorphism (B, J) →
(A, I), where (B, J) is transversal.

The proof of Proposition 2.4.1 will require some preliminaries.

Lemma 2.4.2. Let R be a commutative ring and let M be a projective R-module of finite rank.
Then there exists a ring homomorphism R0 → R and an isomorphism of R-modules M ≃M0⊗R0R,
where M0 is a projective R0-module of finite rank and R0 is a smooth Z-algebra.

Proof. Since M is projective of finite rank, there exists an integer n ≥ 0 and an idempotent R-
module homomorphism e : Rn → Rn whose image is isomorphic to M . Let X be the scheme
representing the functor

S 7→ {f ∈ EndS(S
n) : f2 = f}).

Then X is a closed subscheme of the affine space A2n (over Z), and is therefore affine. A standard
calculation shows that X is smooth over Z, and can therefore be identified with the spectrum
Spec(R0), where R0 is a flat Z-algebra. The identity map id : R0 → R0 corresponds to an idempotent
endomorphism of the module Rn0 , whose image M0 is a projective R0-module of finite rank. The
endomorphism e ∈ EndR(R

n) corresponds to an R-valued point of X, which we can identify with a
ring homomorphism R0 → R. By construction, we have an isomorphism M ≃M0 ⊗R0 R. �

Lemma 2.4.3. Let R be a Noetherian ring and let A be the free p-complete δ-ring generated by R.
Suppose that R is p-torsion-free and that the quotient R/pR is a smooth Fp-algebra. Then A is flat
over R.

Proof. Choose a surjective R-algebra homomorphism f : B ։ A, where B is the p-completion of
a polynomial ring (possibly on infinitely many generators) over R. Then B is flat over R (since
it is p-completely flat and R is Noetherian). We will complete the proof by showing that f has a
right inverse g : A → B in the category of R-algebras (so that A is a retract of B). Note that, for
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any commutative ring C, we can identify ring homomorphisms A→ C with δ-ring homomorphisms
A → W (C), or equivalently with ring homomorphisms R → W (C). Under this identification, the
identity map idA corresponds to a ring homomorphism γ : R → W (A), given by a compatible
sequence of ring homomorphisms {γn : R → Wn(A)}n>0. To construct a ring homomorphism

g : A→ B which is right inverse to f , we must factor γ a composition R
γ̂
−→W (B)

W (f)
−−−→ W (A): that

is, we must provide a compatible sequence of ring homomorphisms {γn : R→Wn(B)}n>0 satisfying
Wn(f) ◦ γn = γn. We will show that there exists such a sequence for which γ1 : R→W1(B) = B is
the tautological map (given by the R-algebra structure on B), so that g is a morphism of R-algebras.
To prove this, it suffices to solve a sequence of lifting problems

Wn+1(B)

��
R

(γn+1,γn)
//

γn+1

55❧
❧

❧
❧

❧
❧

❧
❧

❧
❧

❧
❧

❧
❧

❧
❧

Wn+1(A)×Wn(A) Wn(B).

Let I ⊆ B be the kernel of the ring homomorphism f . Then I is p-complete and p-torsion-free
(since B is p-torsion-free), and can therefore be identified with the limit lim

←−n
I/pnI. Moreover, the

fiber product Wn+1(A)×Wn(A)Wn(B) can be identified with the quotient of Wn+1(B) by the ideal
V n(I), where V denotes the Verschiebung. It follows that Wn+1(B) can be realized as the limit of
a tower of surjective ring homomorphisms

· · ·։Wn+1(B)/V n(p2I) ։Wn+1(B)/V n(pI) ։Wn+1(B)/V n(I) ≃Wn+1(A)×Wn(A) Wn(B).

We are therefore reduced to solving a sequence of lifting problems

Wn+1(B)/V n(pm+1I)

��
R //

99r
r

r
r

r
r

r
r

r
r

r
Wn+1(B)/V n(pmI).

This is possible by virtue of our assumption that R/pR is a smooth Fp-algebra, since the right
vertical map exhibits Wn+1(B)/V n(pm+1I) as a square-zero extension of Wn+1(B)/V n(pmI) by a
p-torsion module. �

Proof of Proposition 2.4.1. Let (A, I) be a prism. Then I is a projective A-module of rank 1.
By virtue of Lemma 2.4.2, there exists a ring homomorphism u0 : B0 → A and an A-module
isomorphism v : A⊗B0 J0 ≃ I, where B0 is a smooth Z-algebra and J0 is an invertible B0-module.
Set B1 = Sym∗

B0
(J0) and let J1 ⊆ B1 be the invertible ideal given by Sym>0

B0
(J0). Then v is

classified by a homomorphism of B0-algebras u1 : B1 → A satisfying I = J1A. Let B2 denote
the free p-complete δ-ring generated by B1, and set J2 = J1B2. Since B2 is a flat B1-algebra
(Lemma 2.4.3), the ideal J2 ⊆ B2 is invertible. Moreover, the quotient B2/J2 is flat over over the
smooth Z-algebra B1/J1 ≃ B0, and is therefore p-torsion-free. We can therefore regard (B2, J2) as a
transversal preprism. Invoking the universal property of B2, we deduce that the ring homomorphism
u1 factors uniquely as a composition B1 → B2

u2−→ A, where u2 is a preprism homomorphism from
(B2, J2) to (A, I). Applying Proposition 2.1.10, we conclude that u2 factors as a composition
(B2, J2)→ (B, J)→ (A, I), where (B, J) is a transversal prism. �
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Recall that a morphism of prisms θ : (A, I) → (B, J) is said to be flat if the underlying ring
homomorphism θ : A/I → B/J is p-completely flat, and faithfully flat if the morphism θ is p-
completely faithfully flat.

Remark 2.4.4. Let θ : (A, I) → (B, J) be a flat morphism of prisms. If the prism (A, I) is
transversal, then so is (B, J). The converse holds if θ is faithfully flat.

Proposition 2.4.5. Let (A, I) be a transversal prism. Then, for every bounded prism (B, J),
there exists a coproduct (A, I)

∐
(B, J) in the category of prisms. Moreover, the canonical map

(B, J)→ (A, I)
∐
(B, J) is flat.

Proof. Since (A, I) is bounded, the category of bounded prisms over (A, I) forms a stack with respect
to the étale topology on the affine scheme Spec(A/(I + pA)). We may therefore assume without
loss of generality that I = (d) is a principal ideal generated by a distinguished element d ∈ A. Let
C0 denote the completion of the tensor product A ⊗Z B with respect to the ideal generated by J
and p (which coincides with the separated completion, since the quotient A⊗Z (B/J) has bounded
p-torsion). Since A/dA is flat over Z, the image of d in C0 is (J, p)-completely regular relative to
B. Invoking Proposition 3.13 of [21], we conclude that there exists a universal δ-homomorphism
f : C0 → C, where (C, JC) is a prism for which JC contains the image of d. Moreover, the map
of prisms (B, J) → (C, JC) is flat. It follows immediately from the construction that (C, JC) is a
coproduct of (A, I) and (B, J) in the category of prisms (see Lemma 3.5 of [21]). �

Remark 2.4.6. In the first conclusion of Proposition 2.4.5 (i.e., for the existence of coproducts),
the hypotheses on the prisms (A, I) and (B, J) can be removed by working in the more general
setting of animated prisms.

Corollary 2.4.7. Let (A, I) and (B, J) be transversal prisms. Then there exists a coproduct
(A, I)

∐
(B, J) in the category of prisms, which is also transversal.

Proof. Combine Proposition 2.4.5 with Remark 2.4.4. �

Corollary 2.4.8. Let (A, I) be a prism and let C be the category of transversal prisms (A0, I0)
equipped with a morphism of prisms f : (A0, I0) → (A, I). Then C is sifted (in the ∞-categorical
sense). In particular, the nerve of C is weakly contractible.

Proof. The category C is nonempty (Proposition 2.4.1) and admits pairwise coproducts (Corollary
2.4.7). �

Proposition 2.4.9. Let (A, I) be a transversal prism with A 6= 0. Then, for every bounded prism
(B, J), the map of prisms (B, J)→ (A, I)

∐
(B, J) is faithfully flat.

Proof. Let (C,K) denote the coproduct (A, I)
∐
(B, J). Proposition 2.4.5 guarantees that the map

B → C is (p, J)-completely flat; we wish to show that it is (p, J)-completely faithfully flat, i.e.,
that the map Spec(C) → Spec(B) hits every point x of the closed set Spec(B/(p, J)) ⊂ Spec(B).
Fix one such point x, and let k be a perfect field containing κ(x). The map b : B → κ(x) → k
refines uniquely to a δ-map b : B →W (k). Properties of distinguished elements in the δ-ring W (k)

(see [21, Lemma 2.28, Lemma 3.8]) show that this map yields a map b̃ : (B, J) → (W (k), (p)) of
prisms. On the other hand, as Spec(A/(p, I)) 6= ∅ by assumption, we can, after possibly enlarging
k, find a map a : A → A/(p, I) → k of commutative rings. Again, this map refines uniquely
to a δ-map a : A → W (k), which then lifts to a map ã : (A, I) → (W (k), (p)) of prisms. The
coproduct of ã and b̃ then induces a map (C,K) → (W (k), (p)) of prisms. The induced map
Spec(k) = Spec(W (k)/(p)) → Spec(C/(p,K)) ⊂ Spec(C) yields a point of Spec(C) that lifts the
given point x ∈ Spec(B) by construction, proving the proposition. �

Corollary 2.4.10. Let (A, I) be a bounded prism. The following conditions are equivalent:
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(a) The prism (A, I) is transveral.
(b) For every bounded prism (B, J), there exists a coproduct (A, I)

∐
(B, J) in the category of

prisms, which is flat over (B, J).
(c) There exists a nonzero transversal prism (B, J) for which the coproduct (A, I)

∐
(B, J) is

flat over (B, J).

Proof. The implication (a) ⇒ (b) follows from Proposition 2.4.5 and the implication (b) ⇒ (c)
from the existence of a nonzero transversal prism (for example, the q-de Rham prism of Example
2.1.9). To prove that (c) implies (a), suppose that (B, J) is a transversal prism. If the coprod-
uct (A, I)

∐
(B, J) is flat over (B, J), then it is also transversal (Remark 2.4.4). If B 6= 0, then

(A, I)
∐
(B, J) is faithfully flat over (A, I), so that (A, I) is also transversal (again by Remark

2.4.4). �

Remark 2.4.11. Heuristically, Corollary 2.4.10 asserts that a prism (A, I) is transversal if and
only if it is flat over the (non-existent) initial object of the category of prisms. See Corollary 3.2.10
for a more precise formulation of this heuristic.

2.5. Extension to General Prisms. We now apply the results of §2.4 to extend the definition of
the Breuil-Kisin twist A{1} and the prismatic logarithm log∆ : (1 + I)rk=1 → A{1} to the case of
an arbitrary prism (A, I).

Proposition 2.5.1. Let (A, I) be a prism, and let C denote the category whose objects are transversal
prisms (A0, I0) equipped with a morphism of prisms f : (A0, I0)→ (A, I). Then the diagram

((A0, I0) ∈ C) 7→ A⊗A0 A0{1}

has a direct limit in the category of A-modules, which we will denote by A{1}. Moreover, for every
object (A0, I0) ∈ C, the tautological map A⊗A0 A0{1} → A{1} is an isomorphism.

Proof. Since the diagram {A⊗A0A0{1}}(A0 ,I0)∈C has invertible transition maps, it suffices to observe
that the category C has weakly contractible nerve, which follows from Corollary 2.4.8. �

Definition 2.5.2. Let (A, I) be a prism. We will refer to the A-module A{1} of Proposition 2.5.1
as the Breuil-Kisin twist of A.

Remark 2.5.3. Let (A, I) be a prism. Concretely, the Breuil-Kisin twist A{1} can be realized
as the tensor product A ⊗A0 A0{1}, where (A0, I0) is any transversal prism equipped with a map
f : (A0, I0)→ (A, I), and A0{1} denotes the A0-module given by Construction 2.2.11. In particular,
if the prism (A, I) is already transversal, then we can take f to be the identity morphism idA; in
this case, Definition 2.5.2 reduces to Construction 2.2.11

Notation 2.5.4. Let (A, I) be an arbitrary prism. Then the Breuil-Kisin twist A{1} is an invertible
A-module (this follows immediately from Proposition 2.2.12). For every integer n, we let A{n}
denote the nth tensor power of A{1} relative to A. More generally, for every A-module M , we let
M{n} denote the tensor product A{n} ⊗AM .

Remark 2.5.5 (Functoriality). The Breuil-Kisin twist A{1} of Definition 2.5.2 depends functorially
on the prism (A, I). More precisely, to every morphism of prisms (A, I)→ (B, J), one can associate
a canonical isomorphism B ⊗A A{1} ≃ B{1}, compatible with composition.

Remark 2.5.6. Let (A, I) be a prism. Then the inverse Breuil-Kisin twist A{−1} has a geometric
interpretation: it can be identified with the relative prismatic cohomology group H2

∆
(P1

A/A). See
Variant 9.1.6.

Remark 2.5.7. For every prism (A, I), there is a canonical isomorphism of invertible (A/I)-modules
β : A{1}/IA{1} ≃ I/I2. These isomorphisms are uniquely determined by the requirement that they
depend functorially on the prism (A, I) and recover the isomorphism of Proposition 2.2.12 in the
case where (A, I) is transversal.
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Remark 2.5.8. Let (A, I) be a prism. It follows from Remark 2.5.7 that the Breuil-Kisin twist
A{1} is trivial (that is, it is isomorphic to A as an A-module) if and only if the ideal I is principal
(since A is I-complete, both are equivalent to the triviality of I/I2 as an invertible (A/I)-module).

Remark 2.5.9 (The Frobenius on A{1}). For every prism (A, I), there is a canonical ϕA-semilinear
map ϕA{1} : A{1} → I−1A{1}, which induces an A-linear isomorphism ϕ∗

A(A{1}) ≃ I
−1A{1}. The

morphisms ϕA{1} are uniquely determined by the requirement that they depend functorially on the
prism (A, I) and are given by Construction 2.2.14 in the case where (A, I) is transversal. Passing
to tensor powers, we obtain a ϕA-semilinear map ϕA{n} : A{n} → I−nA{n} for each integer n ∈ Z.

Proposition 2.5.10. Let (A, I) be a prism. Then there is a unique function

log∆ : (1 + I)rk=1 → A{1}

with the following property: for every morphism of prisms f : (B, J) → (A, I) where (B, J) is
transversal, the diagram

(1 + J)rk=1
f //

log∆

��

(1 + I)rk=1

log∆

��
B{1}

f{1} // A{1}

is commutative; here the left vertical map is given by Construction 2.3.2.

Definition 2.5.11. Let (A, I) be a prism. We will refer to the map log∆ : (1 + I)rk=1 → A{1} of
Proposition 2.5.10 as the prismatic logarithm.

Example 2.5.12. Let (A, I) be a transversal prism. Then the prismatic logarithm log∆ : (1 +
I)rk=1 → A{1} of Construction 2.3.2 satisfies the conclusion of Proposition 2.5.10 (Remark 2.3.4),
and therefore coincides with the prismatic logarithm log∆ of Definition 2.5.11.

The proof of Proposition 2.5.10 will make use of the following:

Lemma 2.5.13. Let (B, J) be a bounded prism. Then there exists a faithfully flat morphism of
prisms f : (B, J)→ (C,K) and a rank 1 unit w ∈ (1+K)rk=1 with the following universal property:
for every morphism of prisms (B, J)→ (A, I), evaluation on w induces a bijection

{B-linear δ-homomorphisms C → A} → (1 + I)rk=1.

Proof. Let C0 denote Laurent polynomial ring B[w±1], equipped with the δ-structure determined by
the δ-structure on B and the relation δ(w) = 0 (so that ϕB0(w) = wp). Then C0 has the following
universal property: for every δ-algebra A over B, evaluation on u induces a bijection

{B-linear δ-homomorphisms C0 → A} → {Rank 1 units of A}.

Note that C0 is flat as an B-module, and the element w − 1 is (p, J)-completely regular relative to
B. Let K0 ⊆ C0 be the ideal generated by J and the element w − 1, and let C = C0{

K0
J }

∧ be as
in Proposition 3.13 of [21]. Then the prism (C, JC) has the desired properties. �

Remark 2.5.14. In the situation of Lemma 2.5.13, if the prism (B, J) is transversal, then the
prism (C,K) is also transversal (Remark 2.4.4).

Lemma 2.5.15. Let (A, I) be a prism and let u ∈ (1+ I)rk=1 be a rank 1 unit. Then there exists a
morphism of prisms f : (B, J)→ (A, I) and a rank 1 unit v ∈ (1+J)rk=1 where (B, J) is transversal
and f(v) = u.

Proof. Combine Proposition 2.4.1 with Lemma 2.5.13. �
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Proof of Proposition 2.5.10. Let (A, I) be a prism; we wish to show that there is a unique map log∆ :
(1 + I)rk=1 → A{1} satisfying the requirements of Proposition 2.5.10. We first prove uniqueness.
For every rank one unit u ∈ (1 + I)rk=1, Lemma 2.5.15 guarantees that we can choose a morphism
of prisms f : (B, J)→ (A, I), where (B, J) is transversal, and an element v ∈ (1+ J)rk=1 satisfying
f(v) = u. It follows that log∆(u) must be equal to the image of v under the composite map

(1 + J)rk=1
log

∆−−→ B{1}
f{1}
−−−→ A{1}.

To prove existence, we must show that this construction does not depend on the choice of approx-
imation f . That is, we must show that if f ′ : (B′, J ′) → (A, I) is another morphism of prisms,
where (B′, J ′) is transversal, and v′ ∈ (1 + J)rk=1 is an element satisfying f ′(v′) = u, then we have
an equality f{1}(log∆(v)) = f ′{1}(log∆(v

′)) in A{1}. Using Proposition 2.4.5, we can reduce to the
case where (B, J) = (B′, J ′) and f = f ′. Choose a flat map of prisms g : (B, J) → (C,K) and
an element w ∈ (1 +K)rk=1 satisfying the conclusions of Lemma 2.5.13. The universal property of
(C,K) then guarantees that there are unique B-linear δ-algebra homomorphisms r, r′ : C → B sat-
isfying r(w) = v and r(w′) = v′. The equality f(v) = u = f(v′) then guarantees that f ◦ r = f ◦ r′.
It follows that

f{1}(log∆(v)) = (f ◦ r){1}(log∆(w)) = (f ◦ r′){1}(log∆(w)) = f{1}(log∆(v
′)),

as desired. �

Proposition 2.5.16. Let (A, I) be a prism. Then the prismatic logarithm

log∆ : (1 + I)rk=1 → A{1}

is a group homomorphism.

Proof. Fix a pair of elements u, v ∈ (1+ I)rk=1; we wish to show that log∆(uv) = log∆(u)+ log∆(v).
By virtue of Proposition 2.4.1, there exists a morphism of prisms f : (B, J) → (A, I) where (B, J)
is transversal. By virtue of Lemma 2.5.13, we can further arrange that there exist elements u′, v′ ∈
(1 + J)rk=1 satisfying f(u′) = u and f(v′) = v. In this case, the desired result follows from the
identity log∆(u

′v′) = log∆(u
′) + log∆(v

′) in B{1} (Proposition 2.3.3). �

Remark 2.5.17 (Functoriality). Let f : (B, J) → (A, I) be a morphism of prisms. Then the
diagram of abelian groups

(1 + J)rk=1
f //

log∆

��

(1 + I)rk=1

log∆

��
B{1}

f{1}
// A{1}

is commutative. To prove this, we can use Lemma 2.5.15 to reduce to the case where (B, J) is
transversal, in which case it follows immediately from the definition.

Proposition 2.5.18. Let (A, I) be a prism and let u ∈ (1 + I)rk=1. Then the prismatic logarithm
log∆(u) satisfies the identity ϕA{1}(log∆(u)) = log∆(u).

Proof. Using Lemma 2.5.15, we can reduce to the case where (A, I) is transversal, in which case it
follows from the identity ϕA(up

r
− 1) = up

r+1
− 1 for r ≥ 0. �
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Proposition 2.5.19. Let (A, I) be a prism. Then the diagram of abelian group homomorphisms

(1 + I)rk=1
log∆ //

u 7→u−1

��

A{1}

��
I/I2

β−1

∼
// A{1}/IA{1}

is commutative, where β is the isomorphism of Remark 2.5.7.

Proof. Using Lemma 2.5.15, we can reduce to the case where (A, I) is transversal. In this case, the
desired result follows immediately from the definition of log∆ (see Construction 2.3.2). �

2.6. Example: The q-de Rham Prism. Let (A, I) = (Zp[[q − 1]], ([p]q)) denote the q-de Rham
prism of Example 2.1.9. Note that the identity qp−1 = (q−1)(1+ · · ·+qp−1) guarantees that qp ≡ 1
(mod I), so that qp is a rank 1 element of the group (1 + I)×. Applying the prismatic logarithm
log∆ of Construction 2.3.2, we obtain an element log∆(q

p) ∈ A{1}.

Proposition 2.6.1. Let (A, I) = (Zp[[q−1]], ([p]q)) be the q-de Rham prism. Then there is a unique
element eA ∈ A{1} satisfying (q − 1)eA = log∆(q

p). Moreover, A{1} is the free A-module generated
by eA.

Proof. For each r ≥ 0, the ideal Ir ⊆ A of Notation 2.2.2 is generated by the element [pr]q =
qp

r
−1

q−1 = 1 + q + · · ·+ qp
r−1. In particular, we have qp

r
≡ 1 (mod Ir), which yields a congruence

[pr+1]q = [p]qpr [p
r]q ≡ p[p

r]q (mod I2r ).

It follows that there is a unique element eA ∈ A{1} whose image in each quotient Ir/I2r is given by
the residue class of [pr]q, and that eA is a generator of A{1}. The identities (q − 1)[pr]q = qp

r
− 1

imply that (q − 1)eA = log∆(q
p). Since q − 1 is not a zero divisor in A, the element eA is uniquely

determined by this property. �

Remark 2.6.2. Stated more informally, Proposition 2.6.1 asserts that the invertible A-module
A{1} is freely generated by the element eA = log∆(q

p)
q−1 . Note that the Frobenius morphism ϕA{1} :

A{1} → I−1{1} of Remark 2.5.9 carries the element log∆(q
p) to itself (Proposition 2.5.18), and

therefore satisfies the identity

ϕA{1}(eA) = ϕA{1}(
log∆(q

p)

q − 1
) =

log∆(q
p)

qp − 1
= [p]−1

q eA.

Notation 2.6.3. Let f : (Zp[[q − 1]], ([p]q)) → (A, I) be a morphism of prisms. We will write eA
for the image of the generator log∆(q

p)
q−1 under the homomorphism f{1} : Zp[[q − 1]]{1} → A{1}. It

follows from Remark 2.6.2 that the A-module A{1} is freely generated by the element eA, and that
the Frobenius map ϕA{1} : A{1} → I−1{1} is given by concretely by the formula

ϕA{1}(λeA) =
ϕA(λ)

f([p]q)
eA.

Beware that the element eA ∈ A{1} depends not only on the prism (A, I), but also on the choice of
morphism f .

Example 2.6.4 (The Breuil-Kisin twist over crystalline prisms). Let (A, I) be a crystalline prism
(so that I = (p) is the principal ideal generated by p). Then there is a canonical map of prisms

f : (Zp[[q − 1]], ([p]q))→ (A, I) q 7→ 1
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satisfying f([p]q) = p. It follows that Notation 2.6.3 supplies a canonical generator eA ∈ A{1} which
satisfies the identity ϕA{1}(eA) =

eA
p .

We now compare the prismatic logarithm of Definition 2.5.11 with the q-logarithm of [3].

Proposition 2.6.5. There exists a morphism of prisms (Zp[[q − 1]], ([p]q)) → (A, I) and a rank 1
unit u ∈ A with the following universal property:

(1) The element ϕA(u) is congruent to 1 modulo I.
(2) For every morphism of prisms (Zp[[q − 1]], ([p]q)) → (B, J) and every rank 1 unit v ∈ B

satisfying ϕB(v) ≡ 1 (mod J), there is a unique Zp[[q − 1]]-linear δ-algebra homomorphism
f : A→ B satisfying f(u) = v.

Moreover, the commutative ring A is flat over Zp[[q − 1]].

Proof. Let A0 denote the Laurent polynomial ring Zp[[q − 1]][u±1], which we regard as a δ-algebra
over Zp[[q − 1]] by setting δ(u) = 0 (so that u is a rank 1 unit of A0). Note that the quotient
A0/(u

p − 1) is free of rank p as a Zp[[q − 1]]-module, so that the element up − 1 ∈ A0 is (p, q − 1)-
completely regular relative to Zp[[q − 1]]. Let I0 ⊆ A0 be the ideal generated by [p]q and up − 1

and let A denote the δ-ring A0{
I0
[p]q
}∧ = A0{

ϕ(u−1)
[p]q
}∧ given by Proposition 3.13 of [21]. Setting

I = [p]qA, we have a morphism of prisms (Zp[[q − 1]], ([p]q))→ (A, I) which satisfies conditions (1)
and (2) by construction. Moreover, Proposition 3.13 of [21] guarantees that A is (p, [p]q)-completely
flat over Zp[[q− 1]], and therefore flat over Zp[[q− 1]] (since A is complete with respect to the ideal
(p, [p]q) and the commutative ring Zp[[q − 1]] is Noetherian). �

Remark 2.6.6. Let A be as in Proposition 2.6.5. Then the element q−1 ∈ A is a non-zero-divisor,
and the quotient ring A/(q − 1)A ≃ Zp{

ϕA(u−1)
p }∧ can be identified with the p-completion of the

divided power algebra
⊕

n≥0
(u−1)n

n! Zp. See Corollary 2.38 of [21].

For each nonnegative integer n ≥ 0, we let [n]q! denote the product
∏n
m=1[m]q.

Proposition 2.6.7. Let A be the δ-ring of Proposition 2.6.5. For each integer n ≥ 0, there is a
unique element γn,q(u− 1) ∈ A satisfying the identity

[n]q!γn,q(u− 1) = (u− 1)(u− q) · · · (u− qn−1).

Moreover, as a module over Zp[[q− 1]], A can be identified with the (p, q− 1)-completion of the free
module ⊕

n≥0

γn,q(u− 1)Zp[[q − 1]].

Proof. Since A is flat over Zp[[q − 1]], the elements γn,q(u − 1) are automatically unique if they
exist. For existence, we refer to Proposition 4.9 of [3]. Note that reduction modulo q − 1 carries
each γn,q(u − 1) to the divided power (u−1)n

n! ∈ A/(q − 1). Using Remark 2.6.6, we conclude that
the natural map

(
⊕

n≥0

γn,q(u− 1)Zp[[q − 1]])∧(p,q−1) → A

induces an isomorphism after reduction modulo (q−1), and is therefore an isomorphism (since both
sides are (q − 1)-complete and (q − 1)-torsion-free). �

Definition 2.6.8 ([3]). Let A be the δ-ring of Proposition 2.6.5. We let logq(u) denote the element
of A given by the infinite sum

∞∑

n=1

(−1)n−1q−n(n−1)/2 (u− 1)(u − q) · · · (u− qn−1)

1 + q + · · ·+ qn−1
.

Note that this sum is convergent in A, since its nth term is divisible by [n − 1]q!.
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Proposition 2.6.9 ([3]). The element x = logq(u) ∈ A is characterized by the following properties:

(1) Let ρ : A → Zp[[q − 1]] denote the unique Zp[[q − 1]]-linear δ-homomorphism satisfying
ρ(u) = 1. Then ρ(x) = 0.

(2) Let τ : A → A denote the unique Zp[[q − 1]]-linear δ-homomorphism satisfying τ(u) = qu.
Then τ(x)− x = q − 1.

Proof. See Lemma 4.6 of [3]; note that the identities (1) and (2) can be written more informally as

logq(1) = 0 and
logq(qu)−logq(u)

qu−u = 1
u , respectively. �

Proposition 2.6.10. Let (A, ([p]q)) be the prism of Proposition 2.6.5, and let eA ∈ A{1} be the
generator of Notation 2.6.3. Then the prismatic logarithm log∆ of Construction 2.3.2 satisfies the
identity

log∆(u
p) = logq(u)eA.

Proof. Since A{1} is a free module of rank 1 generated by eA, there is a unique element f ∈ A
satisfying log∆(u

p) = feA. To show that f = logq(u), it will suffice to verify that f satisfies
conditions (1) and (2) of Proposition 2.6.9. Condition (1) follows from the identity log∆(1) = 0, and
(2) from the identity log∆(q

pup)− log∆(u
p) = log∆(q

p) = (q − 1)eA. �

Corollary 2.6.11. Let f : (Zp[[q − 1]], ([p]q)) → (A, I) be any morphism of prisms, and let eA
be the generator of A{1} described in Notation 2.6.3. Assume that (A, I) is bounded and that, for
every positive integer n, the element [n]q is a non-zero-divisor in (A, I). Let u ∈ A be a rank 1 unit
satisfying ϕA(u− 1) = up − 1 ∈ J . Then:

(1) For every nonnegative integer n, the product (u−1)(u−q) · · · (u−qn−1) is uniquely divisible
by [n]q!.

(2) The sum

logq(u) =
∑

n>0

(−1)n−1q−n(n−1)/2 (u− 1)(u− q) · · · (u− qn−1)

[n]q

converges with respect to the (p, q − 1)-adic topology on A.
(3) We have log∆(u

p) = logq(u)eA in A{1}.

Proof. The assertion reduces immediately to the universal case where (A, I) is the prism of Proposi-
tion 2.6.5 (note that the technical assumption that (A, I) is bounded guarantees that A is separated
and complete with respect to (p, q − 1)-adic topology, so that the meaning of convergence is unam-
biguous). �

Corollary 2.6.12. Let A be a δ-ring which is p-complete and p-torsion-free, so that we can regard
(A, (p)) as a crystalline prism, and let eA ∈ A{1} be the generator of Remark 2.6.4. Let u ∈ A be
an element satisfying ϕA(u) = up and up ≡ 1 (mod p). Then:

(1) The element u− 1 ∈ A has divided powers: that is, for every positive integer n, the element
(u− 1)n is (uniquely) divisible by n!.

(2) The sum

log(u) =
∑

n>0

(−1)n−1 (u− 1)n

n

converges with respect to the p-adic topology
(3) We have log∆(u

p) = log(u)eA in A{1}.

Proof. Apply Corollary 2.6.11 to the morphism of prisms

(Zp[[q − 1]], ([p]q))→ (A, (p)) q 7→ 1.

�
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2.7. Tate Modules. The prismatic logarithm of Definition 2.5.11 associates to every prism (A, I)
a group homomorphism

log∆ : (1 + I)rk=1 → A{1}.

In practice, the abelian group (1+ I)rk=1 can be cumbersome to work with, since it depends on the
δ-structure on A. In this section, we introduce a variant of the prismatic logarithm (Construction
2.7.4) which does not not share this defect (and contains essentially the same information: see
Remark 2.7.6).

Notation 2.7.1 (The Tate Module). Let R be a commutative ring. We let R♭ denote the inverse
limit of the diagram

· · ·
x 7→xp
−−−→ R

x 7→xp
−−−→ R

x 7→xp
−−−→ R,

which we regard as a commutative monoid under multiplication. By definition, an element of R♭ is
given by a sequence {xn}n≥0 of elements of R which satisfy satisfying xpn+1 = xn for each n ≥ 0.
We let R♭× denote the group of invertible elements of R♭: that is, the inverse limit of the diagram
of unit groups

· · ·
x 7→xp
−−−→ R× x 7→xp

−−−→ R× x 7→xp
−−−→ R×.

The construction {xn}n≥0 7→ x0 determines a group homomorphism R♭× → R×, which we denote
by x 7→ x♯. We denote the kernel of this homomorphism by Tp(R

×), and refer to it as the Tate
module of R. By definition, Tp(R×) is given by the inverse limit of the diagram of abelian groups

· · ·
x 7→xp
−−−→ µp2(R)

x 7→xp
−−−→ µp(R)

x 7→xp
−−−→ {1},

where µpn(R) = {u ∈ R : up
n
= 1} denotes the group of pnth roots of unity in R. By construction,

we have an exact sequence of abelian groups

0→ Tp(R
×)→ R♭×

x 7→x♯
−−−→ R×,

which is exact on the right if and only if every invertible element of R admits a pth root.

Proposition 2.7.2. Let A be a p-complete δ-ring. Then, for every element x ∈ A♭, the image
x♯ ∈ A is rank one: that is, it satisfies δ(x♯) = 0.

Proof. If A is p-adically separated, then the result follows from Lemma 2.32 of [21]. To prove
it in general, let us identify the element x ∈ A♭ with a homomorphism of commutative rings
f : Z[X1/p∞ ]→ A. Then f factors canonically as a composition

Z[X1/p∞ ]→ B
f ′
−→ A,

where B is the free δ-ring generated by Z[X1/p∞ ]. We may therefore assume without loss of
generality that A is the p-completion of B. Writing Z[X1/p∞ ] as a filtered colimit of subrings
of the form Z[X1/pn ], we deduce that B can be realized as a filtered colimit of free δ-rings, and is
therefore torsion-free as an abelian group. In particular, the p-completion B̂ is p-adically separated,
so the desired result follows from [21]. �

Proposition 2.7.3. Let (A, I) be a prism. Then the quotient map A։ A/I induces an isomorphism

of abelian groups A♭×
∼
−→ (A/I)♭×.

Proof. The abelian group A♭× can be identified with the inverse limit of the system

· · · → (A/I3)♭× → (A/I2)♭× → (A/I)♭×.

It will therefore suffice to show that each of the transition maps (A/In+1)♭× → (A/In)♭× is an
isomorphism. Let

−→
M denote the inverse system of abelian groups

· · · → In/In+1 p
−→ In/In+1 p

−→ In/In+1
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where each term is equal to the quotient In/In+1 and each transition map is given by multiplication
by p. The short exact sequence

0→ In/In+1 x 7→1+x
−−−−−→ (A/In+1)× → (A/In)♭× → 0

yields a long exact sequence

0→ lim0−→M → (A/In+1)×♭ → (A/In)♭× → lim1−→M

We conclude by observing that the groups lim0−→M and lim1−→M vanish, since the abelian group
In/In+1 is p-complete. �

Construction 2.7.4. Let (A, I) be a prism and let A denote the quotient ring A/I. Proposition
2.7.3 guarantees that every element x ∈ A

♭× can be lifted uniquely to an element x̃ ∈ A♭×, and
Proposition 2.7.2 guarantees that x̃♯ is a rank one element of A×. The construction x 7→ x̃♯

determines a group homomorphism ρ : (A/I)♭× → A×
rk=1 which fits into a commutative diagram

0 // Tp(A
×
) //

ρ0

��

A
♭× ♯ //

ρ

��

A
×

0 // (1 + I)rk=1
// A×

rk=1
// A

×
.

Let log∆ : (1 + I)rk=1 → A{1} be the prismatic logarithm of Definition 2.5.11. We will abuse
terminology by referring to the composite map

Tp(A
×
)
ρ0
−→ (1 + I)rk=1

log∆−−→ A{1}

as the prismatic logarithm, and denoting it also by log∆ : Tp(A
×
)→ A{1}.

Example 2.7.5. Let A denote the completion of the ring Z[q1/p
∞

] with respect to the ideal (p, q−1),
equipped with the δ-structure given by ϕA(q1/p

n
) = q1/p

n−1
, and let I ⊆ A be the ideal generated

by [p]q =
qp−1
q−1 . Then ǫ = (1, q, q1/p, q1/p

2
, · · · ) is a compatible sequence of pth power roots of unity

in the quotient ring A = A/I, which we can regard as an element of the Tate module Tp(A
×
).

By construction, the homomorphism ρ0 : Tp(A
×
) → (1 + I)rk=1 of Construction 2.7.4 satisfies

ρ0(ǫ) = qp. We therefore have log∆(ǫ) = (q − 1)eA, where eA is the generator of A{1} described in
Proposition 2.6.1.

Remark 2.7.6. Replacing the prismatic logarithm log∆ : (1+I)rk=1 → A{1} of Definition 2.5.11 by
the prismatic logarithm log∆ : Tp(A

×
)→ A{1} of Construction 2.7.4 does not lose any information,

provided that the prism (A, I) is allowed to vary. If (A, I) is any bounded prism and u is a rank one
element of 1+I, then we can form a new bounded prism (A′, IA′), where A′ is the (p, I)-completion
of the tensor product A⊗Z[u]Z[u

1/p∞ ] (endowed with the δ-structure where each u1/p
n

is annihilated
by δ). Setting A

′
= A′/IA′ and letting u1/p

n
denote the image of u1/p

n
in A

′, we note that the
sequence {u1/p

n
}n≥0 determines an element e ∈ Tp(A

′×
), and the tautological map A{1} → A′{1}

is an injection which carries log∆(u) (in the sense of Definition 2.5.11) to log∆(e) (in the sense of
Construction 2.7.4).

Remark 2.7.7 (Comparison with Prismatic Dieudonné Theory). Let (A, I) be a bounded prism
and let C denote the category of bounded prisms (B, J) equipped with a morphism (A, I)→ (B, J),
The construction (B, J) 7→ Tp((B/J)

×) determines a functor from C to the category of abelian
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groups, which we will denote by T . In [2], Anschütz and Le Bras define the Breuil-Kisin twist
A{−1} to be the set of natural transformations from T to the forgetful functor

U : C → {Abelian groups} (B, J) 7→ B.

To avoid confusion, let us temporarily denote this set of natural transformations by A{−1}′; it is an
invertible A-module which depends functorially on the bounded prism (A, I) (see Definition 4.7.2
of [2]).

Let A{−1} denote the inverse of the invertible A-module A{1} introduced in Definition 2.5.2.
Every element x ∈ A{−1} determines a natural transformation of functors λ(x) : T → U , given by
the collection of group homomorphisms

λ(x)(B,J) : Tp((B/J)
×)→ B y 7→ x · log∆(y).

The construction x 7→ λ(x) determines an A-module homomorphism λ : A{−1} → A{−1}′, de-
pending functorially on A. We claim that λ is an isomorphism: in other words, Definition 2.5.2
agrees with the Breuil-Kisin twist defined in [2]. To prove this, we may assume without loss of gen-
erality that (A, I) is the q-de Rham prism (Zp[[q− 1]], ([p]q)). In this case, the invertible A-module
A{1} is generated by the element eA = log∆(q

p)
q−1 (Proposition 2.6.1). It will therefore suffice to show

that λ carries e−1
A to a generator of the invertible A-module A{−1}′, which follows by combining

Proposition 2.6.10 with Proposition 4.7.3 of [2].
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3. The Cartier-Witt Stack

Let R be a commutative ring in which p is nilpotent, so that the ring of Witt vectors W (R) has
the structure of a p-complete δ-ring. In §3.1, we introduce the notion of a Cartier-Witt divisor for
R (Definition 3.1.4). The collection of Cartier-Witt divisors for R comprise a groupoid WCart(R),
which can be thought of as an enlargement of the set of prism structures on W (R) (see Remark
3.1.5 for a precise statement). The construction R 7→ WCart(R) determines a groupoid-valued
functor on the category of commutative rings, which we will denote by WCart and refer to as the
Cartier-Witt stack.

Heuristically, one can think of the Cartier-Witt stack WCart as playing the role of the formal
spectrum Spf(Ainit), where (Ainit, Iinit) is an initial object of the category of prisms. Beware that
this is not literally true: the category of prisms does not have an initial object, and the Cartier-
Witt stack WCart is not a formal scheme. Nevertheless, in §3.2 we support this heuristic by
associating to every prism (A, I) a morphism ρA : Spf(A) → WCart, which depends functorially
on (A, I). Under mild hypotheses, we show that if (B, J) is another prism, then the fiber product
Spf(A) ×WCart Spf(B) can be identified with the affine formal scheme Spf(C), where (C,K) is a
coproduct of (A, I) and (B, J) in the category of prisms (Proposition 3.2.8).

Let D(WCart) denote the derived ∞-category of quasi-coherent complexes on WCart (see Def-
inition 3.3.1). For every prism (A, I), the morphism ρA : Spf(A) → WCart determines a pullback
functor

ρ∗A : D(WCart)→ D(Spf(A)) ≃ D̂(A),

where D̂(A) denotes the full subcategory of D(A) spanned by those complexes which are (p, I)-
complete. In §3.3, we show that these maps supply an equivalence of ∞-categories D(WCart) →

lim←−(A,I)
D̂(A), where limit is indexed by the category of bounded prisms (Proposition 3.3.5). In

other words, to supply a quasi-coherent complex on WCart, one must give a rule which associates
to each bounded prism (A, I) a (p, I)-complete complex of A-modules, which is compatible with
(p, I)-completed extension of scalars. For this reason, the Cartier-Witt stack plays an essential role
in organizing the information supplied by the (relative) prismatic cohomology of [21].

The structure of the Cartier-Witt stack is somewhat subtle. However, WCart contains a divisor
WCartHT, which we will refer to as the Hodge-Tate divisor, which is much easier to analyze. In §3.4,
we show that it can be identified with (p-complete) classifying stack of the affine group scheme G

♯
m

obtained as the divided power envelope of the multiplicative group Gm along its identity section
(Theorem 3.4.13). In §3.5, we apply this result to classify quasi-coherent complexes E on WCartHT:
they can be identified with pairs (Eη ,ΘE ), where Eη is a p-complete complex of abelian groups and
ΘE is an endomorphism of Eη satisfying a suitable integrality condition (Theorem 3.5.8). In §3.9,
we show that ΘE can be regarded as an analogue of the classical Sen operator appearing in the
theory of semilinear Galois representations (Theorem 3.9.5).

In §3.8, we extend the preceding ideas to understand quasi-coherent complexes on the entire
Cartier-Witt stack WCart. Applying the construction of §3.2 to the q-de Rham prism (Zp[[q −
1]], [p]q) of Example 2.1.9, we obtain a comparison map ρqdR : Spf(Zp[[q − 1]]) → WCart. This
map is invariant under the action of the profinite group Z×

p (acting on the the q-de Rham prism
Zp[[q − 1]] via the construction q 7→ qu for u ∈ Z×

p ), and therefore descends to a map of stacks
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[Spf(Zp[[q−1]])/Z
×
p ]→WCart (Proposition 3.8.2). This morphism fits into a commutative diagram

[Spf(Zp)/Z
×
p ]

q 7→1 //

��

[Spf(Zp[[q − 1]])/Z×
p ]

ρqdR

��
Spf(Zp)

ρdR // WCart .

In §3.8, we show that when p is an odd prime, then this diagram is close to being a pushout square
in the following sense: for every quasi-coherent complex E on WCart, the induced diagram of
complexes

RΓ(Z×
p , ρ

∗
dRE ) RΓ(Z×

p , ρ
∗
qdRE )oo

ρ∗dR(E )

OO

RΓ(WCart,E )oo

OO

is a pullback square in D̂(Zp) (see Theorem 3.8.3). We will deduce this from an analogous statement
for the Hodge-Tate divisor WCartHT, which we carry out in §3.7 (see Proposition 3.7.7).

The Cartier-Witt stack WCart is equipped with an endomorphism F : WCart →WCart, which
we will refer to as the Frobenius morphism (Construction 3.6.1). A crucial property of the Frobe-
nius morphism is that it contracts the Hodge-Tate divisor WCartHT, in the sense that there is a
commutative diagram

WCartHT � � //

��

WCart

F

��
Spf(Zp)

ρdR // WCart .

In §3.6, we show that this diagram is also close to being a pushout square: for every quasi-coherent
complex E on WCart, the induced diagram

RΓ(WCartHT, F ∗(E )|WCartHT) RΓ(WCart, F ∗(E ))oo

RΓ(Spf(Zp), ρ
∗
dR(E ))

OO

RΓ(WCart,E )oo

OO

is a pullback square (Theorem 3.6.7). Heuristically, one can think of this result as quantifying the
extent to which the (non-existent) initial prism (Ainit, Iinit) fails to be perfect.

Remark 3.0.1. The Cartier-Witt stack WCart was introduced independently by Drinfeld, who
denotes it by Σ. We refer to the reader to [29] for more details.

3.1. Cartier-Witt Divisors. Let X be a scheme. Recall that a Cartier divisor in X is a closed
subscheme D ⊆ X with the property that the ideal sheaf O(−D) ⊆ OX is an invertible OX-module.
Beware that this condition generally does not behave well with respect to base change: if f : Y → X
is a morphism of schemes and D ⊆ X is a Cartier divisor, then the inverse image f−1(D) ⊆ Y
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need not be a Cartier divisor. For this reason, it will be convenient to work with the following more
general notion:

Definition 3.1.1. Let X be a scheme. A generalized Cartier divisor of X is a pair (I, α), where
I is an invertible OX-module and α : I → OX is a a morphism of OX -modules. We let Cart(X)
denote the category whose objects are generalized Cartier divisors (I, α), where a morphism from
(I, α) to (I ′, α′) is an isomorphism of OX-modules ρ : I

∼
−→ I ′ satisfying α = α′ ◦ ρ.

In the special case where X = Spec(R) is an affine scheme, we will denote the category Cart(X)
by Cart(R); we will identify its objects with pairs (I, α) where I is an invertible R-module and
α : I → R is an R-linear map.

Remark 3.1.2. Let X be a scheme and let D ⊆ X be a Cartier divisor, let O(−D) denote its ideal
sheaf, and let ι : O(−D) →֒ OX be the inclusion map. Then the pair (O(−D), ι) is a generalized
Cartier divisor of X. This construction determines a fully faithful embedding from the set of Cartier
divisors of X (regarded as a category having only identity morphisms) to the groupoid of generalized
Cartier divisors in X. The essential image of this embedding consists of those generalized Cartier
divisors (I, α) for which the map α : I → OX is a monomorphism.

Remark 3.1.3 (Functoriality). Let f : X → Y be a morphism of schemes. Then f determines
a pullback functor Cart(Y ) → Cart(X), which carries each generalized Cartier divisor (I, α) of Y
to the pullback (f∗(I), f∗(α)), regarded as a generalized Cartier divisor of X. Beware that if α is
a monomorphism (so that (I, α) corresponds to a Cartier divisor of Y ), then f∗(α) need not be a
monomorphism (so (f∗(I), f∗(α)) need not correspond to a Cartier divisor of X).

The construction R 7→ Cart(R) determines a functor from the category of commutative rings to
the 2-category of groupoids, which is a stack for the fpqc topology. We will denote this stack by
Cart and refer to it as the moduli stack of generalized Cartier divisors. In fact, it is an Artin stack,
which can be identified with the stack-theoretic quotient [A1/Gm].

Definition 3.1.4. Let R be a commutative ring in which p is nilpotent, let W (R) denote the ring
of Witt vectors of R, and let (I, α) ∈ Cart(W (R))) be a generalized Cartier divisor of the affine
scheme Spec(W (R)) (so that I is an invertible W (R)-module and α : I → W (R) is a morphism
of W (R)-modules)). We will say that the pair (I, α) is a Cartier-Witt divisor of R if the following
conditions are satisfied:

(a) The image of the map I α
−→W (R) ։ R is a nilpotent ideal of R.

(b) The image of the map I α
−→W (R)

δ
−→W (R) generates the unit ideal of W (R).

We let WCart(R) denote the full subcategory of Cart(W (R)) spanned by the Cartier-Witt divisors
of R. By convention, we define WCart(R) = ∅ when p is not nilpotent in R.

Remark 3.1.5 (From Cartier-Witt Divisors to Prisms). Let R be a commutative ring and let
I ⊆W (R) be an invertible ideal. Then the following conditions are equivalent:

• The pair (W (R), I) is a prism. Moreover, the (p, I)-adic topology on W (R) is a refinement of
the V -adic topology (or equivalently that the image p and I under W (R) ։ R is nilpotent).
• The pair (I, ι) is a Cartier-Witt divisor of R, where ι : I →֒W (R) is the inclusion map (by

convention, this includes the condition that p is nilpotent in R).
Consequently, there is a close relationship between prism structures on W (R) and Cartier-Witt
divisors of R.

Remark 3.1.6. Let R be a commutative ring. Then the restriction map W (R) ։ R induces a
pullback functor µR : Cart(W (R)) → Cart(R). In particular, if (I, α) is a Cartier-Witt divisor
of R, then its image under µR is a generalized Cartier divisor of R. This construction depends
functorially on R, and therefore determines a morphism of stacks

µ : WCart→ Cart = [A1/Gm].
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Beware that, if (I, α) is a Cartier-Witt divisor of R, then its image under µR is never a Cartier
divisor of Spec(R) (except in the trivial case R ≃ 0), since the induced map R⊗W (R) I → R takes
values in the nilradical of R. In other words, the morphism µ : WCart→ [A1/Gm] factors through
the substack [Â1/Gm], where Â1 denotes the formal affine line.

Remark 3.1.7 (Functoriality). Let f : R→ S be a homomorphism of commutative rings. Then f
induces a ring homomorphism W (f) : W (R)→W (S), which in turn induces a pullback functor

W (f)∗ : Cart(W (S))→ Cart(W (R)).

It is not difficult to see that this pullback functor carries Cartier-Witt divisors of Spec(S) to Cartier-
Witt divisors of R, and therefore restricts to a functor WCart(S) → WCart(R). We can therefore
view the construction R 7→ WCart(R) as a functor from the category of commutative rings to the
2-category of groupoids. We will denote this functor by WCart and refer to it as the Cartier-Witt
stack. It is not difficult to see that WCart satisfies descent for the fpqc topology (and, in particular,
for the étale topology).

Warning 3.1.8. Let R be a commutative ring and let I ⊆ W (R) define a prism structure on the
ring of Witt vectors W (R). Assume that the (p, I)-adic topology on W (R) is a refinement of the
V -adic topology, so that the inclusion map ι : I →֒ W (R) determines a Cartier-Witt divisor of R.
If f : R → S is a ring homomorphism, then the pullback W (f)∗(I, ι) is a Cartier-Witt divisor of
Spec(S). Beware that this Cartier-Witt divisor need not correspond to a prism structure on W (S),
because the induced map I ⊗W (R) W (S)→W (S) need not be injective.

3.2. Relationship with Prisms. We now describe an explicit presentation of the Cartier-Witt
stack WCart as the quotient of an affine formal scheme by the action of affine group scheme.

Construction 3.2.1. Let R be a commutative ring in which p is nilpotent and let W (R) denote the
ring of Witt vectors of R. Every element of W (R) has a unique Teichmüller expansion

∑
n≥0 V

n[an],
where each an is an element of R. We let WCart0(R) denote the subset of W (R) consisting of those
Witt vectors

∑
n≥0 V

n[an] where a0 ∈ R is nilpotent and a1 ∈ R is a unit. By convention, we define
WCart0(R) = ∅ when p is not nilpotent in R. Note that the functor

WCart0 : {Commutative rings} → {Sets}

is (representable by) an affine formal scheme Spf(A0), where A0 denotes the completion of the
localized polynomial ring Z[a0, a

±1
1 , a2, a3, · · · ] with respect to the ideal (p, a0).

For every commutative ring R, let W (R)× denote the group of units of the commutative ring
W (R). The functor R 7→ W (R)× is (representable by) an affine group scheme over Z, which we will
denote by W×. For every commutative ring R, the action of W (R)× on W (R) (by multiplication)
preserves the subset WCart0(R) ⊆W (R) appearing in Construction 3.2.1; this determines an action
of the affine group scheme W× on the affine formal scheme WCart0 ≃ Spf(A0).

Remark 3.2.2. Let R be a commutative ring and let α : I →W (R) be a generalized Cartier divisor
of Spec(W (R)). We will say that the pair (I, α) is principalized if I is equal to W (R), so that α is
given by multiplication by some element f = α(1) ∈W (R). In this case, the pair (I, α) is a Cartier-
Witt divisor of R (Definition 3.1.4) if and only if f belongs to the subset WCart0(R) ⊆W (R).

Let WCartP(R) denote the full subcategory of WCart(R) spanned by the principalized Cartier-
Witt divisors. This category can be described more concretely as follows:

• The objects of WCartP(R) are given by elements f ∈ WCart0(R) ⊆ W (R) (which we

identify with the Cartier-Witt divisor given by the multiplication map W (R)
f
−→W (R)).

• If f and f ′ are elements of WCart0(R), then a morphism from f to f ′ in the category
WCartP(R) is an invertible element u ∈W (R) satisfying f ′ = uf .
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Consequently, the construction f 7→ (W (R), αf ) determines a functor from the set WCart0(R)
(regarded as a category having only identity morphisms) to the groupoid WCart(R) of Cartier-
Witt divisors. This construction depends functorially on R, and therefore determines a morphism
from the affine formal scheme WCart0 = Spf(A0) to the Cartier-Witt stack WCart.

Proposition 3.2.3. The morphism WCart0 → WCart of Remark 3.2.2 exhibits WCart as the
quotient [WCart0 /W

×], formed in the 2-category of stacks with respect to the Zariski topology on
Spec(R).

Proof. By virtue of Remark 3.2.2 it will suffice to show that the map WCart0 →WCart is Zariski-
locally essentially surjective. Let R be a commutative ring and let α : I → W (R) be a Cartier-
Witt divisor in Spec(R). Unwinding the definitions, we see that the pair (I, α) belongs to the
essential image of the map WCart0(R) → WCart(R) if and only if the invertible W (R)-module I
is isomorphic to W (R). Since p is nilpotent in R, this is equivalent to the requirement that the
invertible R-module R⊗W (R) I is isomorphic to R, which is true Zariski-locally on Spec(R). �

It will be convenient to reformulate Proposition 3.2.3 using the language of prisms. We begin by
observing that every prism (A, I) determines a morphism of stacks ρA : Spf(A)→WCart.

Construction 3.2.4 (From Prisms to Cartier-Witt Divisors). Let (A, I) be a prism and let f :
A → R be a homomorphism of commutative rings, so that f lifts uniquely to a morphism of
δ-rings f̃ : A → W (R). Let f̃∗(I) denote the tensor product W (R) ⊗A I, which we regard as an
invertible W (R)-module. Then the inclusion I →֒ A induces a W (R)-linear map α : f̃∗(I)→W (R),
and the pair (f̃∗(I), α) can be regarded as a generalized Cartier divisor of Spec(W (R)). The pair
(f̃∗(I), α) is a Cartier-Witt divisor of R precisely when the image of the ideal I + (p) is nilpotent
in R. Consequently, the construction (f : A → R) 7→ (f̃∗(I), α) determines a morphism of stacks
ρA : Spf(A) → WCart, where Spf(A) denotes the formal scheme determined by the (p, I)-adic
topology on A.

Example 3.2.5. Let A0 = Z[a0, a
±1
1 , a2, a3, · · · ]

∧
(p,a0)

denote the coordinate ring of the formal
scheme WCart0 described in Construction 3.2.1. Note that, for every commutative ring R, the Witt
vector Frobenius F : W (R)→W (R) carries the subset WCart0(R) into itself. The resulting map F :
WCart0(R) → WCart0(R) depends functorially on R and therefore determines an endomorphism
of the formal scheme WCart0 (reducing the Frobenius modulo p), which we can identify with a δ-
structure on the commutative ring A0. Let I0 ⊆ A0 be the principal ideal generated by the element
a0. Then the pair (A0, I0) is a prism, and the map ρA0 : Spf(A0) → WCart of Construction 3.2.4
can be identified with the morphism WCart0 →WCart of Remark 3.2.2.

Example 3.2.6. Applying Construction 3.2.4 to the crystalline prism (Zp, (p)), we obtain a Spf(Zp)-
valued point of the Cartier-Witt stack. We will refer to this point as the de Rham point and denote
it by ρdR : Spf(Zp) → WCart. We will later justify this terminology by showing that pullback
along the de Rham point ρZp : Spf(Zp) → WCart implements the comparison between (absolute)
prismatic cohomology and de Rham cohomology (see Proposition 5.4.8).

Remark 3.2.7. Let (A0, I0) be the prism of Example 3.2.5. For every prism (B, J), the construction
f 7→ f(a0) induces a bijection

{Prism homomorphisms (A0, I0)→ (B, J)} → {Generators of J}.

Proposition 3.2.8. Let (A, I) be a bounded prism and let (B, J) be a transveral prism, so that
(A, I) and (B, J) admit a coproduct (C,K) in the category of prisms (Proposition 2.4.5). Then the



42 BHARGAV BHATT AND JACOB LURIE

diagram of stacks

Spf(C) //

��

Spf(B)

ρB

��
Spf(A)

ρA // WCart

is a pullback square.

Proof. The conclusion of Proposition 3.2.8 can be tested Zariski-locally on Spf(A) and Spf(B).
We may therefore assume without loss of generality that the ideals I and J are generated by
distinguished elements dA ∈ A and dB ∈ B, respectively. Let (A0, I0) be the prism of Example
3.2.5, so that there is a unique morphism of prisms (A0, I0)→ (A, I) carrying a0 to dA. The prism
(A0, I0) is also bounded (in fact, it is transversal), so that the prisms (A0, I0) and (B, J) admit a
coproduct (C0,K0) in the category of prisms (Proposition 2.4.5). We have a commutative diagram

Spf(C) //

��

Spf(C0) //

��

Spf(B)

ρB

��
Spf(A) // Spf(A0)

ρA0 // WCart,

where the square on the left is a pullback (note that the vertical maps are both flat, by virtue of
Proposition 2.4.5). It will therefore suffice to show that the square on the right is also a pullback
square.

By virtue of Proposition 3.2.3, we can identify the pullback Spf(A0) ×WCart Spf(A
0) with the

affine formal scheme Spf(B) ×W×. Concretely, this affine formal scheme is given by the formal
spectrum of a δ-ring B′, given by the (p, J)-completion of the free δ-B-algebra B{u±1}δ generated
by an invertible element u. To complete the proof, it will suffice to show that the diagram above
exhibits (B′, JB′) as a coproduct of (B, J) with (A0, I0) in the category of prisms. Equivalently,
we wish to show that if (B′′, JB′′) is any prism over (B, J), then the canonical map

{Prism maps f : (A0, I0)→ (B′′, JB′′)} → {Invertible elements of B′} f 7→
f(a0)

dB

is a bijection, which follows from Remark 3.2.7. �

Corollary 3.2.9. Let (B, J) be a prism. Then the map ρB : Spf(B) → WCart of Construction
3.2.4 is affine. That is, for every for every commutative ring R and every Cartier-Witt divisor of
R, the fiber product Spf(B)×WCart Spec(R) is an affine R-scheme.

Proof. By virtue of Proposition 2.4.1, we may assume without loss of generality that the prism
(B, J) is transversal. The assertion is local on Spec(R), so we may also assume without loss of
generality that the Cartier-Witt divisor of R is principalized: that is, it is classified by a morphism
of formal schemes Spec(R)→WCart0 ≃ Spf(A0), where (A0, I0) is the prism of Example 3.2.5. Let
(C,K) denote the coproduct of (A0, I0) with (B, J) in the category of prisms. Using Proposition
3.2.8, we can identify Spf(B)×WCartSpec(R) with the affine R-scheme Spf(C)×Spf(A0)Spec(R). �

Corollary 3.2.10. Let (B, J) be a bounded prism. Then (B, J) is transversal if and only if the
affine map ρB : Spf(B) → WCart is flat. Moreover, if (B, J) is transversal and nonzero, then ρB
is faithfully flat.
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Proof. Assume first that (B, J) is transversal; we will show that ρB is flat. Without loss of generality,
we may assume B 6= 0; in this case, we will show that ρB is faithfully flat. Let (A0, I0) be
the prism of Example 3.2.5. By virtue of Proposition 3.2.3, it will suffice to show that the π :
Spf(B) ×WCart Spf(A

0) → Spf(A0) is faithfully flat. Using Proposition 3.2.8, we can identify the
source of π with the formal spectrum Spf(C), where (C,K) is a coproduct of (A0, I0) with (B, J)
in the category of prisms. We are therefore reduced to checking that the commutative ring C is
(p, I0)-completely faithfully flat over A0, which follows from Proposition 2.4.9.

For the converse, assume that ρB is flat. Then (C,K) is flat over the transversal prism (A0, I0),
and is therefore transversal (Remark 2.4.4). It follows from Proposition 2.4.9 that the homomor-
phism of prisms (B, J) → (C,K) is faithfully flat, so that (B, J) is also transversal (Remark
2.4.4). �

3.3. Complexes on the Cartier-Witt Stack. For our purposes, the Cartier-Witt stack is pri-
marily a bookkeeping device for carrying information about sheaves.

Definition 3.3.1. For every commutative ring R, let D(R) denote the derived ∞-category of R-
modules. We let D(WCart) denote the inverse limit

lim
←−

Spec(R)→WCart

D(R),

indexed by the category of points of the Cartier-Witt stack WCart, which we regard as a symmetric
monoidal stable ∞-category. We will refer to the objects of D(WCart) as quasi-coherent complexes
on WCart, and to D(WCart) as the ∞-category of quasi-coherent complexes on WCart.

Remark 3.3.2. Stated more informally, a quasi-coherent complex F ∈ D(WCart) can be viewed
as a rule which associates to each commutative ring R and each Cartier-Witt divisor α : I →W (R)
a complex of R-modules Fα, depending functorially on R (up to quasi-isomorphism).

Example 3.3.3. We let OWCart denote the unit object of the symmetric monoidal ∞-category
D(WCart), which we refer to as the structure sheaf of the Cartier-Witt stack. Concretely, OWCart

associates to every Cartier-Witt divisor α : I →W (R) the underlying commutative ring R ∈ D(R).

Example 3.3.4 (The Hodge-Tate Ideal Sheaf). For every commutative ring R and every Cartier-
Witt divisor α : I → W (R), extension of scalars along the restriction map W (R) ։ R determines
an invertible R-module R⊗W (R) I. The construction (R,α) 7→ R⊗W (R) I determines an invertible
object of the∞-category D(WCart), which we will denote by I and refer to as the Hodge-Tate ideal
sheaf. Note that the construction (R,α) 7→ α determines a morphism of quasi-coherent complexes
I → OWCart.

Let (A, I) be a bounded prism and let ρA : Spf(A) → WCart be the morphism of Construction
3.2.4. Then pullback along ρA induces a functor ρ∗A : D(WCart) → D(Spf(A)) ≃ D̂(A), where
D̂(A) denotes the full subcategory of D(A) spanned by those complexes of A-modules which are
(p, I)-complete.

Proposition 3.3.5. The preceding construction induces an equivalence of ∞-categories

D(WCart)→ lim←−
(A,I)

D̂(A),

where the limit is indexed by the category of all bounded prisms (A, I).

Warning 3.3.6. In the statement of Proposition 3.3.5, the boundedness hypothesis on (A, I) guar-
antees that we can identify D̂(A) with the ∞-category of quasi-coherent complexes on the formal
scheme Spf(A). However, the limit lim←−(A,I)

D̂(A) does not change if we enlarge the index category
to include non-bounded prisms, by virtue of Corollary 2.4.8.
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Remark 3.3.7. Thanks to Proposition 3.3.5 and Warning 3.3.6, we can also regardD(WCart) as the
∞-category of crystals of (p, I∆)-complete complexes on the absolute prismatic site (Spf(Zp)∆,O∆).

Example 3.3.8 (Breuil-Kisin Twists). By virtue of Proposition 3.3.5 and Remark 2.5.5, the con-
struction (A, I) 7→ A{1} determines an invertible object of the ∞-category D(WCart), which we
will denote by OWCart{1} and refer to as the Breuil-Kisin line bundle on the Cartier-Witt stack
WCart. More generally, for every integer n and every object E ∈ D(WCart), we let E {n} denote
the tensor product of E with the nth power of OWCart{1}.

Our proof of Proposition 3.3.5 will make use of an auxiliary construction.

Notation 3.3.9. Let (A0, I0) denote the prism of Example 3.2.5. For each n ≥ 0, we let (An, In)
denote the coproduct of (n+1) copies of (A0, I0) in the category of prisms (which exists by virtue of
Proposition 2.4.5), so that the construction n 7→ (An, In) determines a cosimplicial prism (A•, I•).

Lemma 3.3.10. Let (A•, I•) be the cosimplicial prism of Notation 3.3.9. Then pullback along the
maps ρA• : Spf(A•)→WCart of Construction 3.2.4 determines an equivalence of ∞-categories

D(WCart)→ Tot(D(Spf(A•))) ≃ Tot(D̂(A•)).

Proof. It follows from Proposition 3.2.3 that the map Spf(A0)→WCart is surjective with respect to
the Zariski topology and from Proposition 3.2.8 that, for each n ≥ 0, we can identify Spf(An) with
the (n+1)-fold fiber power of Spf(A0) over WCart. Lemma 3.3.10 now follows from cohomological
descent (with respect to the Zariski topology). �

Proof of Proposition 3.3.5. By virtue of Lemma 3.3.10, it will suffice to show that the restriction
functor

lim
←−
(A,I)

D̂(A)→ Tot(D̂(An))

is an equivalence of ∞-categories. Using flat cohomological descent, we can assume that the limit
on the left hand side is indexed by the category C of bounded prisms (A, I) for which the ideal
I = (d) is principal. In this case, the desired result follows from the cofinality of the functor

∆→ C [n] 7→ An.

�

Lemma 3.3.10 provides another useful description of the ∞-category D(WCart). Stated infor-
mally, it asserts that quasi-coherent complexes on the Cartier-Witt stack can be identified with
cosimplicial complexes M• of modules over the cosimplicial commutative ring A• of Notation 3.3.9,
where each Mn is (p, In)-complete (and each of the transition maps An

′

⊗̂
L
AnMn → Mn′

is invert-
ible). This description is useful for computing the global sections of the quasi-coherent complex on
WCart:

Corollary 3.3.11. The functor

D(Z)→ D(WCart) M 7→M ⊗OWCart

admits a right adjoint RΓ(WCart, •) : D(WCart) → D(Z), which we will refer to as the global

sections functor. Under the identification D(WCart) ≃ Tot(D̂(A•)) of Lemma 3.3.10, this functor
is given by the construction

M• ∈ Tot(D̂(A•)) 7→ Tot(M•) ∈ D̂(Zp) ⊂ D(Z).
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3.4. The Hodge-Tate Divisor. Let R be a commutative ring. Every Cartier-Witt divisor (I, α)
for R determines a generalized Cartier divisor in the affine scheme Spec(R), given by extending
scalars along the restriction map W (R) ։ R. Allowing R to vary, we obtain a (generalized) Cartier
divisor in the Cartier-Witt stack WCart.

Definition 3.4.1. Let R be a commutative ring. We let WCartHT(R) denote the full subcategory
of WCart(R) spanned by those Cartier-Witt divisors α : I → W (R) for which the composite map
I

α
−→W (R) ։ R is equal to zero. The construction R 7→WCartHT(R) determines a closed substack

of the Cartier-Witt stack WCart. We denote this closed substack by WCartHT and refer to it as
the Hodge-Tate divisor.

Remark 3.4.2. Let (A, I) be a prism and regard the commutative ring A as equipped with the
(p, I)-adic topology. Let ρA : Spf(A)→WCart be the the morphism described in Construction 3.2.4.
Then ρA carries the formal subscheme Spf(A/I) ⊂ Spf(A) to the Hodge-Tate divisor WCartHT, and
therefore restricts to a morphism ρHT

A : Spf(A/I)→WCartHT. Moreover, the diagram

Spf(A/I)
� _

��

ρHT
A // WCartHT

� _

��
Spf(A)

ρA // WCart

is a pullback square.

Example 3.4.3. Let A be a perfectoid ring. Then we identify A with a quotient A/I, where (A, I) is
a perfect prism (which is uniquely determined up to unique isomorphism). Applying Remark 3.4.2,
we obtain a morphism ρHT

A : Spf(A)→WCartHT, which depends functorially on the perfectoid ring
A.

Note that the Hodge-Tate divisor WCartHT can be described as the central fiber of the morphism
µ : WCart→ [Â1/Gm] described in Remark 3.1.6; that is, we have a pullback diagram of stacks

WCartHT µHT

//
� _

��

[{0}/Gm]
� _

��

WCart
µ // [Â1/Gm].

Our next goal is to show that the morphism µHT : WCartHT → [{0}/Gm] = BGm is not far from
being an isomorphism (see Theorem 3.4.13 below).

Construction 3.4.4. For every commutative ring R, let us write V : W (R) → W (R) for the
Verschiebung operator. If p is nilpotent in R, then multiplication by the element V (1) ∈ W (R)
determines a (principalized) Cartier-Witt divisor for R. Since V (1) is annihilated by the restric-
tion map W (R) ։ R, this Cartier-Witt divisor can be regarded as an object of the category
WCartHT(R). Allowing R to vary, we obtain a morphism of stacks η : Spf(Zp)→WCartHT.

Let R be a commutative ring in which p is nilpotent. We let Aut(η)(R) denote the automorphism
group of the composite map

Spec(R)→ Spf(Zp)
η
−→WCartHT .
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Unwinding the definitions, we see that Aut(η)(R) can be identified with the subgroup of W (R)×

consisting of those units u which satisfy the equation u · V (1) = V (1) in W (R). Using the identity
u · V (1) = V (F (u) · 1) = V (F (u)) (and the injectivity of the Verschiebung operator V ), we obtain
an isomorphism

Aut(η) ≃ Spf(Zp)×W
×[F ],

where W×[F ] denotes the affine group scheme over Z given by the kernel of the Frobenius F :
W× →W×.

Remark 3.4.5. The map µHT : WCartHT → BGm induces a homomorphism

Spf(Zp)×W
×[F ] ≃ Aut(η)→ Aut(µHT ◦ η) = Spf(Zp)×Gm

of formal group schemes over Zp. Concretely, this homomorphism is induced by the map of affine
group schemes

W×[F ] →֒W×
։ Gm

obtained by composing the inclusion of W×[F ] into W× with the epimorphism W×
։ Gm given

by restriction.

Remark 3.4.6. After extending scalars to Z[1/p], the group scheme W× splits as a product of
infinitely many copies of Gm (via the ghost components), with the Witt vector Frobenius acting by
a shift. Consequently, the comparison map W×[F ]→ Gm of Remark 3.4.5 becomes an isomorphism
after extending scalars to Z[1/p].

Our next goal is to describe the structure of the group scheme W×[F ] at the prime p.

Proposition 3.4.7. Let W ≃ Spec(Z[a0, a1, · · · , ]) be the affine scheme representing the Witt vector
functor R 7→W (R). Then the Witt vector Frobenius map F : W →W is faithfully flat.

Proof. Let A = Z[a0, a1, · · · ] denote the coordinate ring of the affine scheme W , so that the Frobe-
nius determines a ring homomorphism ϕA : A → A. We wish to show that ϕA is faithfully flat.
Since A is torsion-free, it suffices to show establish faithful flatness after inverting p and dividing
out by the ideal pA. For the first case, we observe that the localization A[1/p] can be identified
with the polynomial ring Z[1/p][γ0, γ1, γ2, · · · ], where γi denotes the ith ghost component, with
the Frobenius acting by ϕ(γi) = γi+1. In particular, the map ϕA exhibits A[1/p] as a polynomial
algebra over itself on a single generator γ0. In the second case, we observe that the quotient ring
A/pA is a polynomial ring Fp[a0, a1, · · · ] on which the endomorphism ϕA acts by ai 7→ api . �

Corollary 3.4.8. The Witt vector Frobenius map F : W× → W× is faithfully flat. In particular,
the group scheme W×[F ] is flat over Z.

Notation 3.4.9. Let Gm denote the multiplicative group (regarded as an affine group scheme
over Z) and let OGm = Z[t±1] denote its coordinate ring. We let O♯Gm

denote the subring of

Q⊗OGm ≃ Q[t±1] generated by t−1 together with the divided powers (t−1)n

n! (equivalently, the
commutative ring O♯Gm

can be described as the divided power envelope of the ideal (t−1) ⊆ Z[t±1]).

We let G♯
m denote the affine scheme Spec(O♯Gm

). The inclusion OGm →֒ O
♯
Gm

induces a morphism

of schemes β : G♯
m → Gm, which restricts to an isomorphism

Spec(Q)×G♯
m

∼
−→ Spec(Q)×Gm.

Note that there is a unique group structure on the affine scheme G
♯
m for which β is a homomorphism

of group schemes.

Remark 3.4.10. For every commutative ring R, the morphism β : G♯
m → Gm of Notation 3.4.9

induces a group homomorphism β(R) : G
♯
m(R) → Gm(R) = R×. If the commutative ring R

is torsion-free, then this homomorphism is an injection, whose image can be identified with the
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subgroup consisting of those elements u ∈ R× for which u−1 has divided powers (that is, each power
(u− 1)n is divisible by n!). In particular, we have a canonical isomorphism G

♯
m(Zp) ≃ (1 + pZp)

×.

Lemma 3.4.11. The comparison map W×[F ]→ Gm of Remark 3.4.5 lifts uniquely to an isomor-
phism

Spec(Z(p))×W
×[F ]

∼
−→ Spec(Z(p))×G♯

m

of group schemes over Z(p).

In the language of δ-rings, this lemma asserts that the free δ-Z(p)-algebra A on an element x ∈ A
with φ(x) = 1 identifies with O(G♯

m). Similarly, Variant 3.4.12 asserts that the free δ-Z(p)-algebra
B on an element x ∈ A with φ(x) = 0 identifies with O(G♯

a).

Proof. Let S denote the coordinate ring of the affine scheme Spec(Z(p))×W
×[F ]. Then S is a flat

Z(p)-algebra (Corollary 3.4.8), and the comparison map

Spec(Z(p))×W
×[F ]→ Gm

is classified by an invertible element t ∈ S. The Witt vector Frobenius determines a δ-structure on
the ring S satisfying ϕS(t) = 1. In particular, the element t− 1 is annihilated by ϕS and therefore
admits a system of divided powers in S (see Lemma 2.35 of [21]). We can therefore promote t to a
ring homomorphism ν : (O♯Gm

)(p) → S, which we can identify with a morphism of affine schemes

Spec(Z(p))×W
×[F ]→ Spec(Z(p))×G♯

m.

By construction, the restriction of ν to generic fibers is an isomorphism of group schemes over Q

(see Remark 3.4.6). Since Spec(Z(p)) ×W
×[F ] is flat over Z(p), it follows that ν is a morphism of

group schemes over Z(p). To complete the proof, it will suffice to show that it is also an isomorphism
of special fibers: that is, that the map ν induces an isomorphism of Fp-algebras

ν : O♯Gm
/pO♯Gm

→ S/pS.

Set a = ν(t − 1) ∈ S, and let a denote the image of a in the quotient ring S/pS. For each
element x ∈ (t− 1)O♯Gm

, let us write α(x) for the element −xp

p . Note that the element ν(x) ∈ S is
annihilated by the Frobenius map ϕS , and therefore satisfies

δ(ν(x)) =
ϕS(ν(x))− ν(x)

p

p
= ν(α(x)).

The quotient ring O♯Gm
/pO♯Gm

has an Fp-basis consisting of the images of monomials

(t− 1)e0α(t− 1)e1α2(t− 1)e2 · · ·αn(t− 1)en ,

where each exponent ei is strictly less than p. Moreover, the homomorphism ρ carries every such
monomial to the image of the product ae0δ(a)e1 · · · δn(a)en . We conclude by observing that the
latter monomials form an Fp-basis for the quotient ring

S/pS ≃ Fp[a, δ(a), δ
2(a), · · · ]/(ap, δ(a)p, · · · ).

�

Variant 3.4.12 (The group scheme G
♯
a). Let Ga = Spec(Z[x]) denote the additive group, and let

G
♯
a = Spec(Z[{x

n

n! }n≥1]) denote the group scheme obtained by taking the divided power envelope at

0. Write W [F ] = ker(W
F
−→W ) for the kernel of Frobenius on W , again regarded as a group scheme

over Z. A similar argument to Lemma 3.4.11 shows the following: the natural mapW [F ] ⊂W ։ Ga

lifts uniquely to an isomorphism

Spec(Z(p))×W [F ]
∼
−→ Spec(Z(p))×G♯

a

of group schemes over Z(p).
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Theorem 3.4.13. The morphism η : Spf(Zp) → WCartHT of Construction 3.4.4 extends to an

isomorphism of stacks Spf(Zp)×BG
♯
m ≃WCartHT; here BG

♯
m denotes the classifying stack for the

group scheme G
♯
m (with respect to the fpqc topology).

Proof. Lemma 3.4.11 supplies an isomorphism Aut(η) ≃ Spf(Zp)×G
♯
m. It will therefore suffice to

show that the map η : Spf(Zp)→WCartHT is locally surjective with respect to the fpqc topology.
Let R be a commutative ring and suppose we are given a morphism f : Spec(R) → WCartHT,
corresponding to a Cartier-Witt divisor α : I → W (R) of R which factors through the submodule
VW (R). We wish to show that, after passing to a faithfully flat extension of R, the morphism f
factors through η. By virtue of Proposition 3.2.3, we may assume without loss of generality that
I =W (R), so that α is given by multiplication by the element α(1) ∈ VW (R). Write α(1) = V (u),
where u ∈ W (R) is a unit. Since the Witt vector Frobenius F : W× → W× is faithfully flat
(Corollary 3.4.8), we can assume (after passing to a faithfully flat extension of R) that u = F (u′)
for some u′ ∈ W (R)×. Then α(1) = V (u) = u′ · V (1), so that (W (R), α) is isomorphic to the
Cartier-Witt divisor (W (R), V (1)) in the category WCart(R). �

Remark 3.4.14. The homomorphism of group schemes G
♯
m → Gm determines a map of classi-

fying stacks BG
♯
m → BGm. Composing with the isomorphism of Theorem 3.4.13, we recover the

comparison map µHT : WCartHT → BGm of Remark 3.4.5.

Example 3.4.15. Let (A, I) be a prism and let A denote the quotient A/I, so that Remark 3.4.2
determines a morphism ρHT

A : Spf(A) → WCartHT. By virtue of Theorem 3.4.13, we can identify
ρ with a W×[F ]-torsor P over the formal scheme Spf(A). Note that the quotient map A ։ A
lifts uniquely to a δ-homomorphism ψ : A → W (A). Unwinding the definitions, we see that
trivializations of the torsor P can be identified with A-linear maps ξ : I → W (A) for which the
diagram of A-modules

I
ξ //

��

W (A)

V (1)

��
A

ψ // W (A)

is commutative.

For later use, we note the following consequence of Theorem 3.4.13:

Corollary 3.4.16. Let R be a commutative ring and let (I, α) be a Cartier-Witt divisor for R.
Then the automorphism group Aut(I, α) is commutative and is annihilated by a power of p.

Proof. By definition, Aut(I, α) is a subgroup of the automorphism group of I as a W (R)-module,
which is isomorphic to the abelian group W (R)× (since I is an invertible W (R)-module).Let J ⊆ R
denote the ideal generated by p together with the image of the map I α

−→W (R) ։ R. For each n ≥ 0,
let (In, αn) denote the Cartier-Witt divisor for R/Jn obtained from (I, α) by extension of scalars.
Note that the ideal J is nilpotent, so that we have Aut(I, α) ≃ Aut(In, αn) for n ≫ 0. We will
complete the proof by showing that each of the automorphism groups Aut(In, αn) is annihilated by
pn. The proof proceeds by induction on n. A standard deformation-theoretic argument shows that,
for n > 1, the kernel of the restriction map Aut(In, αn) → Aut(In−1, αn−1) admits the structure
of an (R/J)-module, and is therefore annihilated by p. It will therefore suffice to treat the case
n = 1. Replacing R by the quotient ring R/J , we may assume that R is an Fp-algebra and that the
Cartier-Witt divisor (I, α) belongs to the Hodge-Tate divisor WCartHT(R). In this case, Theorem
3.4.13 supplies an isomorphism Aut(I, α) ≃ G

♯
m(R). We conclude by observing that the Fp-group
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scheme G
♯
m × Spec(Fp) is annihilated by the Frobenius (since it is isomorphic to the kernel of the

Frobenius endomorphism of W× × Spec(Fp); see Lemma 3.4.11), and is therefore also annihilated
by multiplication by p. �

3.5. Complexes on the Hodge-Tate Divisor. Let Gm = Spec(Z[t±1]) be the multiplicative
group. Representations of the group scheme Gm are easy to describe: endowing an abelian group M
with an algebraic action of Gm is equivalent to giving a direct sum decomposition M ≃

⊕
n∈ZM(n).

In this case, the abelian group M is equipped with a weight endomorphism Θ :M →M , character-
ized by the identity Θ(x) = nx for x ∈ M(n). Concretely, the morphism Θ can be realized as the
composition

M
c
−→ OGm ⊗M

ψ⊗idM−−−−→ Z⊗M ≃M,

where c :M → OGm⊗M describes the action of Gm on M and ψ : OGm → Z is the homomorphism
of abelian groups given by f(t) 7→ ∂f(t)

∂t |t=1.
Let G

♯
m be the group scheme described in Notation 3.4.9. Note that, if M is an abelian group

equipped with an algebraic action of G♯
m, then the rational vector spaceMQ = Q⊗M inherits action

of Gm (since the map G
♯
m → Gm becomes an isomorphism after extending scalars to Q), which

we can identify with a grading MQ ≃
⊕

n∈QMQ(n). Beware that this grading generally cannot
be obtained from a grading of the abelian group M itself. However, the weight endomorphism of
the rational vector space MQ does always arise from an endomorphism Θ of the underlying abelian
group M , given by the composition

M
c
−→ O♯Gm

⊗M
ψ⊗idM−−−−→ Z⊗M ≃M,

where ψ is again defined by the construction f(t) 7→ ∂f(t)
∂t |t=1. Moreover, the action of G♯

m on M
can be completely recovered from the endomorphism Θ. In this section, we prove a version of this
result in the p-complete setting (Theorem 3.5.8), where representations of G

♯
m can be identified

with quasi-coherent sheaves on the Hodge-Tate divisor WCartHT.

Definition 3.5.1. Let D(WCartHT) denote the ∞-category of quasi-coherent complexes on the
Hodge-Tate divisor WCartHT ⊆WCart. Formally, D(WCartHT) is defined as the inverse limit

lim
←−

Spec(R)→WCartHT

D(R),

indexed by the category of points of the stack WCartHT.

Example 3.5.2. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart. Then E

determines a quasi-coherent complex E |WCartHT on the Hodge-Tate divisor WCartHT.
For every integer n, we let OWCartHT{n} denote the restriction of OWCart{n} to the Hodge-Tate

divisor WCartHT. By virtue of Remark 2.5.7, we have canonical isomorphisms OWCartHT{n} ≃
In|WCartHT , where I denotes the Hodge-Tate ideal sheaf of Example 3.3.4.

Remark 3.5.3. For every prism (A, I), let ρHT
A : Spf(A/I) → WCartHT be the map described

in Remark 3.4.2. Pullback along ρHT
A determines a functor from D(WCartHT) to the p-complete

derived ∞-category D̂(A/I). Arguing as in Proposition 3.3.5, we see that these maps furnish an
equivalence of ∞-categories D(WCartHT)→ lim

←−(A,I)
D̂(A/I), where the limit is taken over the cat-

egory of bounded prisms (or the larger category of all prisms, or the smaller category of transversal
prisms). Alternatively, we can describe D(WCartHT) as the totalization of the cosimplicial ∞-
category D̂(A•/I•), where (A•, I•) is the cosimplicial prism of Notation 3.3.9 (see Lemma 3.3.10).

Construction 3.5.4 (The Sen Operator). Let Z[ǫ]/(ǫ2) denote the ring of dual numbers and let
R be a Z[ǫ]/(ǫ2)-algebra. Note that the Teichmüller representative [ǫ] ∈ W (R) is annihilated
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by the Witt vector Frobenius, so that multiplication by 1 + [ǫ] acts by the identity on the ideal
VW (R) ⊆ W (R). Let (I, α) be a Cartier-Witt divisor for R. Suppose that (I, α) determines an
R-valued point of the Hodge-Tate divisor WCartHT: that is, the map α : I →W (R) factors through
the ideal V W (R) ⊆W (R). It follows that multiplication by 1+ [ǫ] determines an automorphism of
the Cartier-Witt divisor (I, α). This construction depends functorially on R (and on the Cartier-
Witt divisor (I, α)), and can therefore be regarded as an automorphism γ of the projection map

π : WCartHT×Spec(Z[ǫ]/(ǫ2))→WCartHT .

For every quasi-coherent complex E ∈ QCoh(WCartHT), γ induces an automorphism of the
pullback π∗E , which we can identify with a morphism

u : E → Z[ǫ]/(ǫ2)⊗Z E

in the∞-category D(WCartHT). This morphism reduces to the identity modulo ǫ, and can therefore
be written as id+ǫΘE for some endomorphism ΘE : E → E , which we will refer to as the Sen
operator on the complex E .

Remark 3.5.5 (The Leibniz Rule). Let E and E ′ be quasi-coherent complexes on WCartHT, and
let E ⊗ E ′ denote their (derived) tensor product. Then the Sen operator ΘE⊗E ′ can be identified
with the sum (ΘE ⊗ idE ′) + (idE ⊗ΘE ′). In particular, when E = OWCartHT is the structure sheaf,
the Sen operator ΘE vanishes.

Example 3.5.6. Let I ∈ QCoh(WCart) be the Hodge-Tate ideal sheaf (Example 3.3.4). To every
commutative Z[ǫ]/(ǫ2)-algebra R and every Cartier-Witt divisor (I, α) for R, the sheaf I associates
the R-module R⊗W (R)I obtained from I by extending scalars along the restriction map W (R) ։ R.
Since this restriction map carries 1 + [ǫ] ∈ W (R) to the element 1 + ǫ ∈ R, it follows that the Sen
operator ΘI |

WCartHT
is equal to the identity map. Combining this observation with Remark 3.5.5

and Example 3.5.2, we see that the Sen operator on OWCartHT{n} is given by multiplication by n
(for every integer n).

Notation 3.5.7. Let η : Spf(Zp)→WCartHT be the faithfully flat surjection of Construction 3.4.4,

corresponding to the Cartier-Witt divisor W (Z)
V (1)
−−−→ W (Z). For every quasi-coherent complex

E ∈ D(WCartHT), we let Eη denote the pullback η∗(E ), which we regard as an object of the p-
complete derived ∞-category D̂(Zp) ≃ D(Spf(Zp)). Note that the Sen operator ΘE : E → E of
Construction 3.5.4 induces an endomorphism of Eη, which (by slight abuse of notation) we will also
denote by ΘE and refer to as the Sen operator of E .

Our goal in this section is to show that a quasi-coherent complex E on WCartHT is completely
determined by the fiber Eη, together with the Sen operator ΘE : Eη → Eη of Notation 3.5.7. More
precisely, we have the following:

Theorem 3.5.8. The functor

D(WCartHT)→ D(Z[Θ]) E 7→ (Eη,ΘE )

is fully faithful. Moreover, its essential image consists of those objects M ∈ D(Z[Θ]) which satisfy
the following pair of conditions:

(a) The complex M is p-complete.
(b) The action of Θp −Θ on the cohomology H∗(Fp⊗

LM) is locally nilpotent.

The proof of Theorem 3.5.8 will require some preliminaries.

Example 3.5.9. Let η : Spf(Zp) → WCartHT be the faithfully flat surjection of Construction
3.4.4. Let E = η∗OSpf(Zp) ∈ D(WCartHT) denote the direct image of the structure sheaf of



ABSOLUTE PRISMATIC COHOMOLOGY 51

Spf(Zp). Theorem 3.4.13 then supplies an identification of η∗E ≃ Ô
♯

Gm
, where Ô

♯

Gm
denotes the

p-completion of the coordinate ring O♯Gm
for the affine group scheme G

♯
m.

Note that the automorphism γ of Construction 3.5.4 restricts to an automorphism of the com-
posite map Spf(Zp[ǫ]/(ǫ

2)) → Spf(Zp)
η
−→ WCartHT. Under the identification Aut(η) ≃ G

♯
m sup-

plied by Theorem 3.4.13, this automorphism corresponds to the unit 1 + ǫ ∈ G
♯
m(Zp[ǫ]/(ǫ

2)) ⊆

Gm(Zp[ǫ]/(ǫ
2)). It follows that, for each element f(t) ∈ Ô

♯

Gm
, we have an identity f((1 + ǫ)t) =

f(t)+ǫΘE (f(t)). In other words, the Sen operator on Eη ≃ Ô
♯

Gm
is given by the differential operator

f(t) 7→ t ∂∂tf(t).

Let u : OWCartHT → η∗OSpf(Zp) denote the unit map. Note that, since the Sen operator vanishes
on OWCartHT , the morphism u factors through the fiber

(η∗OSpf(Zp))
Θ=0 = fib(Θη∗ OSpf(Zp)

: η∗OSpf(Zp) → η∗OSpf(Zp)).

Proposition 3.5.10. The unit map OWCartHT → (η∗OSpf(Zp))
Θ=0 is an isomorphism in the ∞-

category D(WCartHT).

Proof. Since the morphism η : Spf(Zp) → WCartHT of Construction 3.4.4 is faithfully flat, it will
suffice to show that the induced map η∗(OWCartHT)→ η∗((η∗OSpf(Zp))

Θ=0) is an isomorphism in the
∞-category D̂(Zp). By virtue of Example 3.5.9, this is equivalent to the exactness of the sequence
of p-complete abelian groups

0→ Zp → Ô
♯

Gm

t ∂
∂t−−→ Ô

♯

Gm
→ 0.

Note that Ô
♯

Gm
can be identified with the collection of all formal series f(t) =

∑
n≥0 cn

(t−1)n

n! where
the coefficients cn converge to zero in Zp. Under this identification, the differential operator t ∂∂t is
given by the construction

∑

n≥0

cn
(t− 1)n

n!
7→
∑

n≥0

(cn+1 + ncn)
(t− 1)n

n!
,

from which we immediately deduce that t ∂∂t is surjective and that its kernel consists of those series∑
n≥0 cn

(t−1)n

n! where the coefficients cn vanish for n > 0. �

Let E be any quasi-coherent complex on WCartHT. Tensoring the isomorphism of Proposition
3.5.10 with E and applying the projection formula, we obtain a fiber sequence

E → η∗Eη → η∗Eη.

Passing to global sections over WCart, we obtain the following:

Proposition 3.5.11. For every object E ∈ D(WCartHT), we have a canonical fiber sequence

RΓ(WCartHT,E )→ Eη
ΘE−−→ Eη,

where ΘE is the Sen operator of Notation 3.5.7.

Example 3.5.12. Proposition 3.5.11 supplies canonical isomorphisms

Hn(WCartHT,OWCartHT) ≃

{
Zp if n = 0, 1

0 otherwise.

When n = 1, the inverse isomorphism Zp ≃ H1(WCartHT,OWCartHT) can be described explicitly:
it carries the generator 1 ∈ Zp to the cohomology class determined by the logarithm map

log : Spf(Zp)×G♯
m → Spf(Zp)×Ga.
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Corollary 3.5.13. The global sections functor RΓ(WCartHT, •) : D(WCartHT)→ D̂(Zp) commutes
with colimits.

Corollary 3.5.14. Let n be an integer and let E be a quasi-coherent complex on WCartHT. Then
E is isomorphic to the Breuil-Kisin twist OWCartHT{n} if and only if the following pair of conditions
is satisfied:

(1) The fiber Eη is isomorphic to Zp.
(2) The Sen operator ΘE : Eη → Eη is given by multiplication by n.

Proof. The necessity of conditions (1) and (2) follows from Example 3.5.6. To prove the converse,
we can replace E by the twist E (−n) and thereby reduce to the case n = 0 (see Remark 3.5.5).
In this case, assumption (2) asserts that the Sen operator ΘE : Eη → Eη vanishes. Choose an
isomorphism u : Zp ≃ Eη. Applying Proposition 3.5.11, we can realize u as the pullback along η of
a morphism of quasi-coherent complexes OWCartHT → E , which is also an isomorphism (since η is
faithfully flat). �

Proposition 3.5.15. The ∞-category D(WCartHT) is generated, under shifts and colimits, by the
Breuil-Kisin twists OWCartHT{n} for n ≥ 0.

Proof. Let C ⊆ D(WCartHT) be the full subcategory generated under shifts and colimits by the
Breuil-Kisin twists OWCartHT{n} for n ≥ 0. We wish to show that every object E ∈ D(WCartHT)

belongs to C. Let η : Spf(Zp)→WCartHT be the faithfully flat morphism of Construction 3.4.4, so
that Proposition 3.5.10 supplies a fiber sequence

E → η∗(Eη)→ η∗(Eη).

Consequently, to show that E belongs to C, it will suffice to show that C contains the pushforward
η∗(E0) for each object E0 ∈ D(Spf(Zp)). Since D(Spf(Zp)) is generated (under shifts and colimits)
by the structure sheaf of Spf(Zp) it will suffice to show that F = η∗(OSpf(Zp)) belongs to C.

Using Theorem 3.4.13, we can identify D(WCartHT) with the ∞-category of O♯Gm
-comodule

objects of D̂(Zp). Under this identification, η∗(OSpf(Zp)) corresponds to the p-complete regular

representation Ô
♯

Gm
of O♯Gm

. For each n ≥ 0, let V≤n denote the Zp-submodule of Ô
♯

Gm
generated

by the divided powers (t−1)m

m! for m ≤ n. Note that the coaction c : Ô
♯

Gm
→ Ô

♯

Gm
⊗̂Ô

♯

Gm
is

determined by the formula c(t) = t⊗ t, and therefore satisfies

c(
(t− 1)n

n!
) =

(t⊗ t− 1⊗ 1)n

n!

=
(t⊗ (t− 1) + (t− 1)⊗ 1)n

n!

=
∑

a+b=n

ta(t− 1)b

b!
⊗

(t− 1)a

a!

∈ tn ⊗
(t− 1)n

n!
+ (O♯Gm

⊗̂V≤n−1).

It follows that each V≤n inherits the structure of a O♯Gm
-comodule object of D̂(Zp), and therefore

corresponds to a quasi-coherent complex F≤n ∈ D(WCartHT). Note that the identity

t
∂

∂t

(t− 1)n

n!
=

(t− 1)n

(n− 1)!
+

(t− 1)n−1

(n− 1)!
≡ n

(t− 1)n

n!
(mod Vn−1)

guarantees that the Sen operator acts by multiplication by n on each quotient (F≤n/F≤n−1)η.
Invoking Corollary 3.5.14, we obtain fiber sequences

F≤n−1 → F≤n → OWCartHT{n}.
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It follows by induction on n that each F≤n belongs to the category C, so that F ≃ lim
−→n

F≤n also
belongs to C. �

Corollary 3.5.16. The ∞-category D(WCart) is generated, under shifts and colimits, by the in-
vertible sheaves In for n ∈ Z (here I denotes the Hodge-Tate ideal sheaf of Example 3.3.4).

Proof. Let E be a quasi-coherent complex on the Cartier-Witt stack satisfying RHom(In,E ) ≃
RΓ(WCart,I−n E ) vanishes for every integer n. Using the fiber sequence

RΓ(WCart,I1−n E )→ RΓ(WCart,I−n E )→ RΓ(WCartHT, (I−n E )|WCartHT),

we deduce that each of the complexes

RΓ(WCartHT, (I−n E )|WCartHT) ≃ RHom(In |WCartHT ,E |WCartHT)

vanishes. It follows from Proposition 3.5.15 (and Example 3.5.2) that the restriction E |WCartHT

vanishes, so that E ≃ 0. �

Proof of Theorem 3.5.8. We first show that the functor

D(WCartHT)→ D(Z[Θ]) E 7→ (Eη,ΘE )

is fully faithful. Let E and F be quasi-coherent complexes on WCartHT; we wish to show that the
natural map

HomD(WCartHT)(E ,F )→ HomD(Z[Θ])(Eη ,Fη)

is a homotopy equivalence. By virtue of Proposition 3.5.15, we may assume that E = OWCartHT{n}
for some integer n. Replacing F by the Breuil-Kisin twist F{−n}, we can reduce to the case n = 0.
In this case, the desired result is a reformulation of Proposition 3.5.11.

We next claim that, for every object E ∈ D(WCartHT), the fiber Eη satisfies condition (b) of
Theorem 3.5.8 (note that condition (a) is automatic from the definition). By virtue of Proposition
3.5.15, we may again assume without loss of generality that E = OWCartHT{n} for some integer n,
so that the desired result follows from Example 3.5.6 together with the congruence np ≡ n (mod p).

Let C ⊆ D(Z[Θ]) denote the full subcategory spanned by those objects satisfying conditions
(a) and (b). To complete the proof, it will suffice to show that C is generated by the objects
OWCartHT{n}η for n ∈ Z. Equivalently, we must show that for every nonzero object M ∈ C, there
exists a nonzero morphism OWCartHT{n}η [m] → M , for some pair of integers m and n. Replacing
M by the tensor product Fp⊗LM , we may assume without loss of generality that some cohomology
group H−m(M) contains a nonzero element which is annihilated by Θp −Θ =

∏
0≤n<p(Θ− n), and

therefore also a nonzero element which is annihilated by Θ− n for some integer n. It then follows
that there exists a morphism from OWCartHT{n}η[m] ≃ Zp[Θ]/(Θ − n)[m] to M which is nonzero
on cohomology in degree −m. �

Remark 3.5.17 (The Cartier dual of G
♯
m). Theorem 3.5.8 can be regarded as form of Cartier

duality. Let G♯
a be the group scheme from Variant 3.4.12; it can be identified with the Cartier dual

of the formal additive group Ĝa by inspection. To describe the Cartier dual of G♯
m, we shall use

the following:

Lemma 3.5.18. After extending scalars to R = Z /pk Z for any k ≥ 0, there is a pullback diagram
of flat group schemes

G
♯
m

x 7→log(t)
//

t7→t

��

G
♯
a

t7→exp(px)

��
Gm

t7→tp // Gm.
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In particular, there is a short exact sequence

0→ µp
[·]
−→ G♯

m
log(−)
−−−−→ G♯

a → 0

of flat group schemes over R.

Proof. The existence of the commutative diagram is clear. To prove the pullback property, as
all group schemes are flat over R, we may assume R = Z/p. Now recall that we have natural
identifications

G♯
a =W [F ] and G♯

m =W×[F ].

Moreover, as we work in characteristic p, there is an isomorphism of group schemes

µp ×W [F ] ≃W×[F ]

determined by (a, x) 7→ [a] + V x. Using these descriptions, it suffices to show that the composition

W [F ]
x 7→1+V x
−−−−−−→W×[F ]

log(−)
−−−−→W [F ]

is an isomorphism. In fact, we claim the stronger statement that this composition identifies with
the map V − id (which is clearly an isomorphism: V is a topologically nilpotent endomorphism of
W [F ] as we work in characteristic p). Thus, we must check that

log(1 + V x) = V x− x

for x ∈W [F ](S) for any Fp-algebra S. Consider the power series expansion

log(1 + V x) =
∑

n≥1

(−1)n−1 (V x)
n

n
.

Note that V x · V y = V (Fx · x) = 0 for x ∈ W [F ](S); this kills the terms indexed by 1 < n < p.
Moreover, by the existence of divided powers of V x, the terms for n > p vanish as W [F ](S) = G

♯
a(S)

is p-torsion. Thus, we obtain

log(1 + V x) = V x+
(V x)p

p
,

so it suffices to show that (V x)p

p = −x. Now recall that (V x)p

p is defined by observing that 1+ V x ∈

W×[F ](S) = G
♯
m(S). Concretely, since F (1+V x) = 1, we can write F (V x) = p·0, whence standard

arguments with δ-rings give a well-defined divided power:

(V x)p

p
:=

F (V x)− pδ(V x)

p
:= 0− δ(V x) = −δ(V x).

We are therefore reduced to checking that δ(V x) = x for x ∈ W [F ](S) ⊂ W (S). But for any
y ∈W (S), one has the formula

δ(V y) = y − (p− 1)!pp−2V (yp),

which one checks by reducing to a universal case. Specializing to our context, it is then enough
to show that xp = 0 for x ∈ W [F ](S) ⊂ W (S). But F (x) = 0, so xp = −pδ(x) in W (S).
As W [F ](S) ⊂ W (S) is p-torsion, it suffices to show that δ(x) ∈ W [F ](S); this follows because
Fδ = δF . �
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Passing to Cartier duals from the pullback square in Lemma 3.5.18, we obtain a pushout diagram
of formal group schemes

D(G♯
m) Ĝa

oo

Z

OO

pZ,oo

OO

over R = Z/pk, which induces an isomorphism of the Cartier dual D(G♯
m) with the formal scheme

X obtained by completing the affine line Ga = Spec(R[Θ]) along the closed subset consisting of
its Fp-rational points (that is, the vanishing locus of the element Θp − Θ). Cartier duality then
identifies D(Spec(R)×BG

♯
m) with the full subcategory of D(R[Θ]) spanned by those objects which

are complete with respect to the ideal (Θp − Θ). We recover the statement of Theorem 3.5.8 by
taking the inverse limit over k. In [30, Appendix B], one can find a different perspective on the
same calculation.

3.6. The Frobenius Endomorphism of WCart. We now observe that the Cartier-Witt stack
WCart is equipped with a lift of Frobenius.

Construction 3.6.1 (The Frobenius Endomorphism of WCart). Let R be a commutative ring.
Then the Witt vector Frobenius W (R)→ W (R) determines a functor Cart(W (R))→ Cart(W (R)),
which carries Cartier-Witt divisors of R to Cartier-Witt divisors of R. This construction depends
functorially on R, and therefore determines an endomorphism of the Cartier-Witt stack which we
denote by F : WCart→WCart and refer to as the Frobenius morphism.

Remark 3.6.2. Let R be an Fp-algebra. Then the Witt vector Frobenius W (R)→ W (R) can be
identified with W (ϕR), where ϕR : R→ R is the Frobenius endomorphism of R. It follows that the
induced map F : WCart(R) → WCart(R) coincides (up to canonical isomorphism) with the map
WCart(ϕR). In other words, the Frobenius endomorphism F : WCart → WCart of Construction
3.6.1 restricts to the usual Frobenius endomorphism of the Fp-stack WCart×Spec(Fp).

Remark 3.6.3. Let (A, I) be a prism and let ρA : Spf(A)→WCart be the morphism of Construc-
tion 3.2.4. Then the diagram

Spf(A)
ρA //

ϕ

��

WCart

ϕ

��
Spf(A)

ρA // WCart

commutes up to canonical isomorphism. Here the left vertical map is the Frobenius lift determined
by the δ-structure on the ring A, and the right vertical map is the Frobenius of Construction 3.6.1.

Remark 3.6.4. Let (A•, I•) be the cosimplicial prism of Notation 3.3.9, so that WCart can be
identified with the geometric realization of the simplicial formal scheme Spf(A•). Then the Frobenius
endomorphism F : WCart → WCart of Construction 3.6.1 is induced by the endomorphism of
simplicial formal scheme Spf(A•)→ Spf(A•), given at each level by the Frobenius lift ϕAn : An →
An supplied by the δ-structure on An.

Remark 3.6.5. Let F : WCart→WCart be the Frobenius morphism of Construction 3.6.1. Then
F determines a pullback functor F ∗ : D(WCart) → D(WCart). For every integer n, Remark 2.5.9
supplies a canonical isomorphism F ∗OWCart{n} ≃ I

⊗−nOWCart{n} of invertible sheaves on WCart.
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Beware that the Frobenius morphism F : WCart → WCart of Construction 3.6.1 does not
preserve the Hodge-Tate divisor WCartHT. Instead we have the following (see Lemma 4.5.3 of [29]):

Proposition 3.6.6. The diagram of stacks

WCartHT //

��

WCart

F

��
Spf(Zp)

ρdR // WCart

(6)

commutes up to unique isomorphism. Here ρdR is the de Rham point of Example 3.2.6.

Proof. Let R be a commutative ring and let α : I → W (R) be a Cartier-Witt divisor for Spec(R)
which determines an R-valued point of the Hodge-Tate divisor WCartHT. Write F : W (R)→W (R)
for the Witt vector Frobenius and V : W (R) → W (R) for the Verschiebung, so that α factors
uniquely as a composition V ◦ β for some F -semilinear map β : I → W (R). Let F ∗(I) denote
the invertible W (R)-module obtained from I by extending scalars along F , so that β induces a
W (R)-linear morphism γ : F ∗(I) → W (R). Our assumption that (I, α) is a Cartier-Witt divisor
guarantees that γ is an isomorphism. It follows from the identity α = V ◦ β that the pullback
F ∗(α) : F ∗(I)→W (R) coincides with the composition

F ∗(I)
γ
−→W (R)

V
−→W (R)

F
−→W (R).

Consequently, γ determines an isomorphism of Cartier-Witt divisors (F ∗(I), F ∗(α)) ≃ (W (R), p).
This construction depends functorially on R and therefore determines an isomorphism of F |WCartHT

with the composite map WCartHT → Spf(Zp)
ρdR−−→ WCart. To prove the uniqueness of this

isomorphism, it suffices to observe that the automorphism group of ρdR is trivial (as a Spf(Zp)-
valued point of the Cartier-Witt stack), since p is not a zero-divisor in the ring W (Zp). �

It follows from Proposition 3.6.6 that the Frobenius morphism F : WCart → WCart is not an
isomorphism: it collapses the Hodge-Tate divisor WCartHT to a point. Our goal for the remainder
of this section is to show that this is essentially the only reason that F fails to be an isomorphism:
that is, the diagram (6) behaves in certain respects like a pushout square.

Theorem 3.6.7. Let E be a quasi-coherent complex on the Cartier-Witt stack WCartHT. Then the
diagram (6) determines a pullback square

RΓ(WCartHT, (F ∗E )|WCartHT) RΓ(WCart, F ∗E )oo

RΓ(Spf(Zp), ρ
∗
dRE )

OO

RΓ(WCart,E )

OO

oo

in the ∞-category D̂(Zp).

Remark 3.6.8. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart, and let F ∗E

be its Frobenius pullback, and let (F ∗E )η ∈ D̂(Zp) be the fiber of F ∗E at the point η of Construction
3.4.4. It follows from Proposition 3.6.6 that we can identify (F ∗E )η with the pullback ρ∗dRE , where
ρdR is the de Rham point of Example 3.2.6. Moreover, the Sen operator on (F ∗E )η is canonically



ABSOLUTE PRISMATIC COHOMOLOGY 57

trivial. Applying Proposition 3.5.11, we obtain canonical isomorphisms

RΓ(WCartHT, (F ∗
E ))|WCartHT ≃ fib(Θ : (F ∗

E )η → (F ∗
E )η)

≃ (F ∗
E )η ⊕ (F ∗

E )η[−1]

≃ (ρ∗dRE )⊕ (ρ∗dRE )[−1].

Consequently, the pullback diagram of Theorem 3.6.7 determines a fiber sequence

RΓ(WCart,E )→ RΓ(WCart, F ∗
E )→ ρ∗dRE [−1]

in the ∞-category D̂(Zp).

Corollary 3.6.9. The diagram ( 6 ) determines a fully faithful functor of ∞-categories

D(WCart)
(F ∗,ρ∗dR)−−−−−→ D(WCart)×D(WCartHT) D(Spf(Zp)).

Proof. Let C denote the fiber product

D(WCart)×D(WCartHT) D(Spf(Zp))

and let E and E ′ be quasi-coherent complexes on the Cartier-Witt stack; we wish to show that the
functor F induces a homotopy equivalence of mapping spaces

HomD(WCart)(E
′,E )→ HomC((F

∗, ρ∗dR)(E
′), (F ∗, ρ∗dR)(E )).

By virtue of Corollary 3.5.16, we may assume without loss of generality that E ′ = In is a power
of the Hodge-Tate ideal sheaf of Example 3.3.4. Replacing E by the twist I−n E , we can reduce to
the case n = 0, in which case the desired result follows from Theorem 3.6.7. �

Remark 3.6.10. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart, so that
the Sen operator vanishes on the fiber (F ∗E )η (Remark 3.6.8). We can regard Corollary 3.6.9
(together with Theorem 3.5.8) as providing a partial converse: the complex E can be recovered (up
to canonical isomorphism) by the Frobenius pullback F ∗E together with a trivialization of the Sen
operator ΘF ∗E (as an endomorphism of the complex (F ∗E )η ∈ D̂(Zp)).

Warning 3.6.11. The fully faithful functor of Corollary 3.6.9 is not an equivalence of∞-categories.

Our first step is to reduce Theorem 3.6.7 to a more concrete statement describing the Hodge-Tate
divisor WCartHT.

Notation 3.6.12. Let F−1 WCartHT denote the closed substack of WCart given by the inverse
image of the Hodge-Tate divisor along the Frobenius map F : WCart → WCart. Concretely, for
every commutative ring R, (F−1 WCartHT)(R) is the full subcategory of WCart(R) consisting of

those Cartier-Witt divisors (I, α) for which the composite map I α
−→W (R)

F
−→ W (R) ։ R vanishes.

Note that F restricts to a morphism of stacks F−1WCartHT →WCartHT, which we will also denote
by F .

Remark 3.6.13. Let (A•, I•) be the cosimplicial prism of Notation 3.3.9. For each n ≥ 0, the
prism (An, In) is transversal, so that the Frobenius pullback ϕ∗

An(In) can be identified with an
invertible ideal in An (Lemma 2.2.1). Unwinding the definitions, we can identify F−1 WCartHT

with the geometric realization of the simplicial p-adic formal scheme Spf(A•/ϕ∗
A•I•).

Remark 3.6.14. Let R be a commutative ring and suppose we are given an R-valued point of the
Hodge-Tate divisor WCartHT, corresponding to a Cartier-Witt divisor (I, α) for Spec(R). Then
Proposition 3.6.6 supplies an isomorphism of the Frobenius pullback of (I, α) with the Cartier-Witt
divisor (W (R), p). In particular, the following conditions are equivalent:

(1) The commutative ring R is an Fp-algebra.
(2) The Cartier-Witt divisor (I, α) corresponds to an R-valued point of F−1 WCartHT.
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That is, the intersection WCartHT ∩F−1WCartHT coincides (as a closed substack of WCart) with
the product WCartHT

Fp
= WCartHT×Spec(Fp).

It follows from Remark 3.6.14 that the commutative diagram of (6) restricts to a diagram of
closed substacks

WCartHT
Fp

//

��

F−1 WCartHT

F

��

Spec(Fp)
ρHT
dR // WCartHT .

(7)

Lemma 3.6.15. Let E be a quasi-coherent complex on WCartHT, and let F ∗ WCartHT denote its
pullback to F−1WCartHT. Then the tautological map

ρ : Fp⊗
LRΓ(F−1 WCartHT, F ∗

E )→ RΓ(WCartHT
Fp
, (F ∗

E )|WCartHT
Fp

)

is an isomorphism in the ∞-category D(Fp).

Proof. Let F denote the pullback F ∗E , and let F0 = F |WCartHT
Fp

. Let I ⊆ OF−1 WCartHT denote the

restriction of the Hodge-Tate ideal sheaf. It follows from Remark 3.6.14 that the closed substack
WCartHT

Fp
⊆ F−1WCartHT is the vanishing locus of I. On the other hand, the closed substack

Spec(Fp) × F
−1WCartHT is the vanishing locus of Ip. Unwinding the definitions, we can identify

ρ with the tautological map

RΓ(F−1 WCartHT,F/IpF )→ RΓ(F−1 WCartHT,F/IF ).

To show that this map is an isomorphism, it will suffice to show that the complex

RΓ(F−1 WCartHT,In F/In+1
F ) ≃ RΓ(WCartHT

Fp
,F0{n})

vanishes for 0 < n < p. Let us abuse notation by identifying F with its direct image in the Hodge-
Tate divisor WCartHT, and let ΘF be the Sen operator of Construction 3.5.4. It follows from the
commutativity of the diagram (7) that ΘF vanishes, so that ΘF{n} is given my multiplication by n.
For 0 < n < p, the operator ΘF{n} is invertible, so the desired vanishing follows from Proposition
3.5.11. �

Lemma 3.6.16. Let n be an integer. Then the complex RΓ(F−1 WCartHT, F ∗(OWCartHT{n})) ∈

D̂(Zp) is quasi-isomorphic either to a direct sum Zp⊕Zp[−1] or to (Z /pk Z)[−1] for some integer
k > 0.

Proof. Since RΓ(F−1 WCartHT, F ∗(OWCartHT{n}))) is p-complete, it will suffice to show that the
derived tensor product

Fp⊗
LRΓ(F−1 WCartHT, F ∗(OWCartHT{n}))

is isomorphic to Fp⊕Fp[−1] as an object of D̂(Fp). By virtue of Lemma 3.6.15, we can rewrite this
tensor product as

RΓ(WCartHT
Fp
,OWCartHT

Fp
(pn)) ≃ Fp⊗

LRΓ(WCartHT,OWCartHT
Fp

(pn)),

so the desired result follows from Proposition 3.5.11. �

Lemma 3.6.17. The coherent cohomology groups of F−1WCartHT are given by

Hn(F−1WCartHT,OF−1 WCartHT) ≃

{
Zp if n = 0, 1

0 otherwise.
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Proof. Since F−1 WCartHT is not empty, the coordinate ring H0(F−1 WCartHT,OF−1 WCartHT) is
nonzero. The desired result now follows from Lemma 3.6.16. �

The main ingredient in our proof of Theorem 3.6.7 is the following calculation:

Proposition 3.6.18. Pullback along the Frobenius map F : F−1WCartHT → WCartHT induces a
monomorphism

Zp ≃ H1(WCartHT,OWCartHT)→ H1(F−1 WCartHT,OF−1 WCartHT) ≃ Zp,

whose image is the subgroup pZp.

Proof. Let R be a commutative ring which is p-adically separated and complete, and let u be an
invertible element of W (R). Writing u =

∑
V n[an], we let ℓ(u) denote the element of R given by

the power series expansion
1

p
log(1 + p

a1
ap0

) =
∑

n>0

(−p)n−1

n

an1
apn0

.

Writing γn(u) = ap
n

0 + pap
n−1

1 + · · · + pnan for the nth ghost component of u, we can write ℓ(u)
more informally as 1

p log(
γ1(u)
γ0(u)p

). It follows that the construction u 7→ ℓ(u) determines a group
homomorphism W (R)× → R = Ga(R), depending functorially on R.

In what follows, let us abuse notation by identifying the group schemes W×, Ga, and Gm

with their products with Spf(Zp) (that is, viewing them as functors defined only on the category of
commutative rings in which p is nilpotent). The preceding construction determines a homomorphism
ℓ : W× → Ga of commutative formal group schemes over Zp. Let β ∈ H1(WCart,OWCart) denote
the cohomology class determined by the composite map

WCart ≃ [WCart0 /W
×]→ BW× ℓ

−→ BGa.

Note that the composite map
G♯
m ≃W

×[F ] →֒W× ℓ
−→ Ga

is given by t 7→ − log(t). Invoking Example 3.5.12, we see that x|WCartHT is a generator of the
cohomology group H1(WCartHT,OWCartHT) ≃ Zp. In particular, the restriction β|WCartHT

Fp
is a

generator of the group H1(WCartHT
Fp
,OWCartHT

Fp
) ≃ Fp. Using Lemmas 3.6.17 and 3.6.15, we deduce

that β|F−1 WCartHT is a generator of the group H1(F−1WCartHT,OF−1 WCartHT) ≃ Zp. Let F ∗(β)
denote the pullback of β along the Frobenius map F : WCart → WCart, which we regard as an
element of H1(WCart,OWCart). We will complete the proof by showing that the cohomology classes
F ∗(β) and −pβ have the same restriction to F−1WCart.

Let X ⊆ W be the p-adic formal scheme whose R-valued points are given by Witt vectors
x =

∑
V n[an] ∈ W (R) where a1 is invertible and the ghost component γ1(x) = ap0 + pa1 vanishes.

The formal group scheme W× acts on X by multiplication, and F−1 WCart can be identified with
the stack-theoretic quotient [X/W×]. Unwinding the definitions, we see that the cohomology class
(F ∗(β) + pβ)|F−1 WCart is represented by the 1-cocycle

g : W× ×X → Ga g(u, x) = ℓ(F (u)) + pℓ(u) = ℓ(F (u)up).

We will complete the proof by showing that g is the coboundary of the 0-cochain

f : X → Ga f(x) = ℓ(δ(x));

that is, the morphism f satisfies f(ux) = f(x)+g(u, x) for every pair of R-valued points u ∈W (R)×

and x ∈ X(R), where R is a commutative ring which is p-adically separated and complete. Note
that it suffices to check this in the universal case where R is the coordinate ring of the affine formal
scheme W× ×X; in particular, we may assume without loss of generality that R is p-torsion-free.
Unwinding the definitions, we wish to establish the identity ℓ(δ(ux)) = ℓ(δ(x)F (u)up). Note that,
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for an invertible element v =
∑
V n[an] ∈W (R), the element ℓ(v) depends only on a1

ap0
= 1

p(
γ1(v)
γ0(v)p

−1),

and therefore only on the ratio γ1(v)
γ0(v)p

. We now compute

γ1(δ(ux))

γ0(δ(ux))p
=

γ1(ϕ(ux)−(ux)p

p

(γ0(ϕ(ux)−(ux)p)
p )p

=

γ2(u)γ2(x)−γ1(u)pγ1(x)p

p

(γ1(u)γ1(x)−γ0(u)
pγ0(x)p

p )p

= (−1)ppp−1 γ2(u)γ2(x)

γ0(u)p
2γ0(x)p

2

where the last equality follows from the identity γ1(x) = 0. Combining this with the analogous
calculation for u = 1, we obtain

γ1(δ(ux))

γ0(δ(ux))p
=

γ1(δ(x))

γ0(δ(x))p
·
γ2(u)

γ0(u)p
2

=
γ1(δ(x))

γ0(δ(x))p
·
γ2(u)

γ1(u)p
·
γ1(u)

p

γ0(u)p
2

=
γ1(δ(x) · F (u) · u

p)

γ0(δ(x) · F (u) · up)p
,

as desired. �

Lemma 3.6.19. Let E be a quasi-coherent complex on WCartHT. Then the diagram (7) induces a
pullback diagram

RΓ(WCartHT
Fp
, (F ∗E )|WCartHT

Fp
) RΓ(F−1 WCartHT, F ∗E )oo

RΓ(Spec(Fp),E |Spec(Fp))

OO

RΓ(WCartHT,E )oo

OO
(8)

in the ∞-category D̂(Zp).

Proof. By virtue of Corollary 3.5.13

RΓ(WCartHT, •) : D(WCartHT)→ D̂(Zp)

commutes with colimits. It follows immediately that the global sections functor

RΓ(WCartHT
Fp
, •) : D(WCartHT)→ D(Fp)

has the same property. Applying Lemma 3.6.15, we see that the functor

RΓ(F−1 WCartHT, F ∗(•)) : D(WCartHT)→ D̂(Zp)

also commutes with colimits. Consequently, the collection of those objects E ∈ D(WCartHT) for
which the diagram (8) is a pullback square is closed under colimits. Invoking Proposition 3.5.15, we
are reduced to proving Lemma 3.6.19 in the special case where E = OWCartHT{n} for some integer
n. We now proceed in several steps:
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• Suppose first that n = 0. By virtue of Lemma 3.6.15, we have a commutative diagram of
fiber sequences

fib(ǫ)
α //

��

RΓ(F−1 WCartHT,OF−1 WCartHT)

p

��

RΓ(WCartHT,OWCartHT)

ǫ

��

// RΓ(F−1 WCartHT,OF−1 WCartHT)

��

Fp // RΓ(WCartHT
Fp
,OWCartHT

Fp
)

and we wish to show that α induces an isomorphism on cohomology. Note that the coho-
mology groups of both of the upper complexes are concentrated in degrees 0 and 1, and
that α clearly induces an isomorphism on cohomology in degree zero (since the restriction
map H0(WCartHT,OWCartHT)→ H0(F−1 WCartHT,OF−1 WCartHT) can be identified with a
ring homomorphism from Zp to itself, and is therefore an isomorphism). We are therefore
reduced to checking that α induces an isomorphism on cohomology in degree 1, which is a
reformulation of Proposition 3.6.18.
• Suppose that n is divisible by p. Since (8) is a diagram of p-complete complexes, it suffices

to show that it is a pullback diagram after replacing E = OWCartHT{n} by the derived
tensor product Fp⊗

LE . It follows from Theorem 3.5.8 that the line bundles OWCartHT and
OWCartHT{n} become isomorphic after extending scalars to Fp, so the desired result follows
from the previous step.
• Suppose that n is not divisible by p. In this case, the complex RΓ(WCartHT,OWCartHT{n})

is acyclic. Set L = F ∗OWCartHT{n} ∈ D(F−1 WCartHT) and let L0 = L |WCartHT
Fp

. Then

L0 ≃ OWCartHT
Fp
{pn} is a trivial line bundle on WCartHT

Fp
, so the complex RΓ(WCartHT

Fp
,L0)

is isomorphic to Fp⊕Fp[−1] (as an object of D(Fp)) and RΓ(Spec(Fp),E |Spec(Fp)) maps
isomorphically onto the first factor. We will show that the complex RΓ(F−1 WCartHT,L )
is isomorphic to Fp[−1]. It will then follow from Lemma 3.6.15 that the restriction map

RΓ(F−1 WCartHT,L )→ RΓ(WCartHT
Fp
,L0)

induces an isomorphism on cohomology in degree 1, which will complete the proof that (8)
is a pullback diagram.

Assume, for a contradiction, that RΓ(F−1 WCartHT,L ) is not isomorphic to Fp[−1].
Applying Lemma 3.6.16, we see that the derived tensor product

(Z /p2 Z)⊗L RΓ(F−1 WCartHT,L ) ≃ RΓ(F−1 WCartHT,L /p2L )

is isomorphic to (Z /p2 Z)⊕ (Z /p2Z)[−1]. Choose a generator e of the cyclic group

H0(F−1 WCartHT,L /p2L ) ≃ Z /p2 Z .

Note that e restricts to a generator of the group H0(WCartHT
Fp
,L0), and can therefore be

regarded as a trivialization of the line bundle L over the closed substack Spec(Z /p2 Z) ×
F−1WCartHT. Let u denote the image of e under the boundary map

∂ : H0(F−1 WCartHT,L /p2L )→ H1(F−1 WCartHT, p2L /p3L ).
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Since the target of this boundary map is a p-torsion abelian group, we have pu = 0. It
follows that the pth power ep extends to a trivialization of L p over the closed substack
Spec(Z /p3Z)× F−1WCartHT. In particular, the derived tensor product

(Z /p3Z)⊗L RΓ(F−1 WCartHT,L p)

is quasi-isomorphic to (Z /p3 Z)⊕ (Z /p3 Z)[−1], so the cyclic group H1(F−1 WCartHT,L p)
must have order > p2. On the other hand, applying Lemma 3.6.19 to the line bundle
E = OWCartHT{pn} yields a short exact sequence of abelian groups

H1(WCartHT,OWCartHT{pn})→ H1(F−1 WCartHT,L p)→ H1(WCartHT
Fp
,L p

0 ),

where the third term is cyclic of order p. It follows that the order of the cohomology
group H1(WCartHT,OWCartHT{pn}) must be larger than p. Proposition 3.5.11 supplies an
isomorphism

H1(WCartHT,OWCartHT{pn}) ≃ Zp /(pn)Zp,

contradicting our assumption that n is not divisible by p.

�

Remark 3.6.20 (Transversality). Let ι : WCartHT →֒WCart and ι′ : F−1WCartHT →֒WCart be
the inclusion maps, so that we have a commutative diagram of stacks

WCartHT
Fp

//

��

WCartHT

ι

��
F−1 WCartHT ι′ //

FHT

��

WCart

F

��
WCartHT ι // WCart .

(9)

where both squares are pullbacks (Remark 3.6.14). These squares are transversal in the following
sense:

• For every quasi-coherent complex E on WCartHT, the bottom square in (9) induces an
isomorphism

RΓ(WCart, F ∗ι∗E )→ RΓ(F−1 WCartHT, FHT∗
E )

in the ∞-category D̂(Zp).
• For every quasi-coherent complex F on F−1WCartHT, the upper square in (9) induces an

isomorphism

RΓ(WCartHT, (ι′∗F )|WCartHT)→ RΓ(WCartHT
Fp
,F |WCartHT

Fp
).
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Writing (A•, I•) for the cosimplicial prism of Notation 3.3.9, this assertion follows from the obser-
vation that both squares in the diagram

A•/(I•, p) A•/I•oo

A•/F ∗(I•)

OO

A•

OO

oo

A•/I•

OO

A•

ϕ

OO

oo

are pushout squares of (cosimplicial) animated commutative rings: that is, each of the inclusion
maps In →֒ An remains injective after base change along the Frobenius map ϕ : An → An (Lemma
2.2.1 and and after base change along the quotient map An ։ An/F ∗(In).

Proof of Theorem 3.6.7. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart; we
wish to show that the diagram σE :

RΓ(WCartHT, (F ∗E )|WCartHT) RΓ(WCart, F ∗E )oo

RΓ(Spf(Zp), ρ
∗
dRE )

OO

RΓ(WCart,E )

OO

oo

is a pullback square in D̂(Zp). Let I denote the Hodge-Tate ideal sheaf on WCart. Writing E as a
limit of sheaves of the form E /In E , we are reduced to proving that each of the diagrams σE / In

E

is a pullback square. Proceeding by induction on n, we can reduce to showing that σE is a pullback
square in the special case where E = ι∗F is a quasi-coherent complex on the Hodge-Tate divisor
WCartHT. By virtue of Remark 3.6.20, we can identify σF with the diagram

RΓ(WCartHT
Fp
, (F ∗F )|WCartHT

Fp
) RΓ(F−1 WCartHT, F ∗F )oo

RΓ(Spec(Fp),F |Spec(Fp))

OO

RΓ(WCartHT,F )

OO

oo

determined by (7), which is a pullback square by virtue of Lemma 3.6.19. �

3.7. Exponentiating the Sen Operator. Let E be a quasi-coherent complex on the Hodge-Tate
divisor WCartHT, and let Eη ∈ D̂(Zp) denote its fiber at the point η : Spf(Zp) → WCartHT of
Construction 3.4.4. Note that that Eη is equipped with an action of the group Aut(η)(Zp) =

G
♯
m(Zp) = (1 + pZp)

×. In particular, each element u ∈ (1 + pZp)
× determines an automorphism

of Eη, which we will denote by γu. By virtue of Theorem 3.5.8, the automorphism γu is completely
determined by the Sen operator ΘE of Notation 3.5.7. Heuristically, the automorphism γu can be
described as the exponential uΘE . This heuristic can be made precise as follows:
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Proposition 3.7.1. Let E be a quasi-coherent complex on WCartHT and let u be an element of the
group (1 + pZp)

×. Assume that, if p = 2, then u ≡ 1 (mod 4). Then the automorphism γu of Eη

satisfies the congruence

γu ≡ exp(log(u) ·ΘE )(x) =
∑

m≥0

log(u)m

m!
Θm

E (mod pd)

for every integer d ≥ 0.

Remark 3.7.2. In the situation of Proposition 3.7.1, the sequence of divided powers { log(u)
m

m! }m≥0

converges p-adically to zero, so that the sum
∑

m≥0
log(u)m

m! (ΘE )
m has only finitely many nonzero

term modulo pd for any fixed integer d ≥ 0. Beware that when p = 2, this convergence requires the
assumption that u ≡ 1 (mod 4).

Proof of Proposition 3.7.1. Note that the unit map

E → η∗η
∗(E ) ≃ Eη ⊗

L η∗(OSpf(Zp))

is a (nonequivariantly split) monomorphism. We may therefore replace E by η∗η∗(E ), and thereby
reduce to the case where E is a tensor product of some complex M ∈ D̂(Zp) with η∗OSpf(Zp).
Without loss of generality we may assume that M = Zp, so that Eη can be identified with the p-

completed coordinate ring Ô
♯

Gm
of the group scheme G

♯
m. Under this identification, γu corresponds

to the automorphism f(t) 7→ f(u · t) of Ô
♯

Gm
, and the Sen operator ΘE is given by the differential

operator t ∂∂t (Example 3.5.9). Using these identifications, we are reduced to verifying the identity

f(u · t) =
∑

m≥0

log(u)m

m!
(t
∂

∂t
)mf(t).

for f ∈ Ô
♯

Gm
. Setting x = log(u) ∈ pZp, y = log(t) ∈ (t− 1)Qp[[t− 1]], and g(y) = f(exp(y)), this

reduces to Taylor’s formula

g(x+ y) =
∑

m≥0

xm

m!
(
∂

∂y
)mg(y).

�

Let us describe an application of Proposition 3.7.1 which will be useful in §3.8. Note that, for
each element u ∈ (1+ pZp)

×, the divided powers (u−1)n

n! are divisible by p for each n > 0. It follows
that u is annihilated by the group homomorphism

(1 + pZp)
× ≃ G♯

m(Zp)→ G♯
m(Fp).

In particular, if E is a quasi-coherent complex on WCartHT, then the automorphism γu induces the
identity on the complex Fp⊗

LEη, so that the difference γu − idEη is divisible by p. In fact, we can
be more precise:

Proposition 3.7.3. Let p be an odd prime and let u be a topological generator of the group (1 +
pZp)

×. For every quasi-coherent complex E on WCartHT, there is a canonical fiber sequence

RΓ(WCartHT,E )→ Eη
ξu
−→ Eη,

where ξu is an endomorphism of Eη satisfying pξu = γu − idEη .

Remark 3.7.4. Stated more informally, Proposition 3.7.3 asserts that the endomorphism γu− id is
canonically divisible by p, and that the fiber of the resulting map γu−id

p : Eη → Eη can be identified
with the complex of global sections RΓ(WCartHT,E ).
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Remark 3.7.5. Let E be a quasi-coherent complex on the Hodge-Tate divisor WCartHT, and let
K ∈ D̂(Zp) denote the cofiber of the restriction map RΓ(WCartHT,E )→ Eη denote the restriction
map. It follows from Proposition 3.5.11 that there is a canonical isomorphism α : K ≃ Eη for
which the composite map Eη → K

α
−→ Eη is equal to the Sen operator ΘE of Construction 3.5.4.

The content of Proposition 3.7.3 is that, if p is an odd prime and u is a topological generator of
(1 + pZp)

×, then there is a different isomorphism α′
u : K ≃ Eη for which the composite map

Eη → K
α′
u−→ Eη

p
−→ Eη

can be identified with γu − id. Note that the composition α′
u ◦ α

−1 is an automorphism of the
complex Eη. Heuristically, this automorphism is given by the formal series

uΘE − id

pΘE

=
∑

n≥1

log(u)n

p · n!
Θn−1

E

(see Proposition 3.7.1). Beware that this formal series is not p-adically convergent in the case p = 2.
(see Remark 3.7.13 below).

For our applications, it will be convenient to have a more canonical formulation of Proposition
3.7.3, which does not depend on a choice of topological generator u ∈ (1 + pZp)

×. We begin by
observing that if E is then the action of (1 + pZp)

× on Eη continuous with respect to the p-adic
topologies on E and (1 + pZp)

×, respectively:

Notation 3.7.6. In what follows, we regard (1 + pZp)
× as a profinite group, and we write

[Spf(Zp)/(1+ pZp)
×] for its p-complete classifying stack. Roughly speaking, we can think of quasi-

coherent complexes on the quotient stack [Spf(Zp)/(1+pZp)
×] as p-complete complexes M ∈ D̂(Zp)

equipped with a p-adically continuous action of the profinite group (1 + pZp)
×.

The action of (1 + pZp)
× on the map η : Spf(Zp) → WCartHT determines a morphism of

stacks η̃ : [Spf(Zp)/(1 + pZp)
×] → WCartHT. If E is a quasi-coherent complex on WCartHT,

we write η̃∗(E ) for the pullback of E to [Spf(Zp)/(1 + pZp)
×]. Note that, if p is an odd prime

and u is a topological generator for the group (1 + pZp)
×, then the complex of global sections

RΓ([Spf(Zp)/(1 + pZp)
×], η̃∗(E )) can be identified with the fiber

E
u=1
η = fib(γu − id : Eη → Eη)

Since the group homomorphism G
♯
m(Zp)→ G

♯
m(Fp) is trivial, the morphism η̃ of Notation 3.7.6

fits into a commutative diagram of stacks

WCartHT [Spf(Zp)/(1 + pZp)
×]

η̃oo

Spec(Fp)

OO

[Spec(Fp)/(1 + pZp)
×].

OO

oo

(10)

Proposition 3.7.7. Let p be an odd prime and let E be a quasi-coherent complex on the Hodge-Tate
divisor WCartHT. Then the diagram (10) determines a pullback square

RΓ(WCartHT,E ) //

��

RΓ([Spf(Zp)/(1 + pZp)
×], η̃∗E )

��
Fp⊗LEη

// Fp⊗LRΓ([Spf(Zp)/(1 + pZp)
×], η̃∗E )

(11)
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in the p-complete derived ∞-category D̂(Zp).

Warning 3.7.8. Proposition 3.7.7 is false in the case p = 2. See Remark 3.7.13 below.

Remark 3.7.9. In the situation of Proposition 3.7.7, let u be a topological generator of the group
1 + pZp. Then we can rewrite (11) as a diagram of complexes

RΓ(WCartHT,E ) //

��

E u=1
η

��
Fp⊗

LEη
// Fp⊗

LE u=1
η .

Proof of Proposition 3.7.3 from Proposition 3.7.7. Let p be an odd prime, let u be a topological
generator of the group (1 + pZp)

×, let E be a quasi-coherent complex on WCartHT, and let K
denote the cofiber of the map Fp⊗

LEη → Fp⊗
LE u=1

η . Using Proposition 3.7.7 (and Remark 3.7.9),
we obtain a commutative diagram of fiber sequences

RΓ(WCartHT,E ) //

��

E u=1
η

//

��

K

��
Eη

ξu

��

Eη
//

γu−id

��

0

��
Eη

p // Eη // Fp⊗
LEη.

�

Proof of Proposition 3.7.7. For every quasi-coherent complex E on WCartHT, Proposition 3.5.10
supplies a fiber sequence

E → η∗(Eη)→ η∗(Eη).

It will therefore suffice to show that the conclusion of Proposition 3.7.7 holds in the special case
where E has the form M ⊗ η∗(OSpf(Zp)), for some object M ∈ D̂(Zp). Using Corollary 3.5.13 we
can reduce further to the case M = Zp, so that E ≃ η∗(OSpf(Zp)). In this case, we can identify

Eη with the p-completed coordinate ring Ô
♯

Gm
of the group scheme G

♯
m (Theorem 3.4.13), and

RΓ(WCartHT,E ) with the subalgebra Zp ⊂ Ô
♯

Gm
. Let u be a topological generator of the group

(1 + pZp)
×. Unwinding the definitions (as in the proof of Proposition 3.7.3), we are reduced to

showing that the sequence of abelian groups

0→ Zp → Ô
♯

Gm

γu−id
p

−−−−→ Ô
♯

Gm
→ 0

is exact, where γu denotes the automorphism of Ô
♯

Gm
given by the construction f(t) 7→ f(ut). Since

Ô
♯

Gm
is p-adically separated and complete, we can use Proposition 3.7.1 to identify γu−id

p with the
formal power series ∑

n≥1

log(u)n

p(n!)
Θn

E = ΘE ·
∑

n≥1

log(u)n

p(n!)
Θn−1

E
,
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where ΘE is the Sen operator (given on Ô
♯

Gm
by the differential operator t ∂∂t ; see Example 3.5.9).

Note that the second factor is invertible (it is congruent modulo p to the scalar log(u)/p, which
is invertible by virtue of our assumption that u is a topological generator of (1 + pZp)

×). We are
therefore reduced to showing that the sequence

0→ Zp → Ô
♯

Gm

t ∂
∂t−−→ Ô

♯

Gm
→ 0

is exact, which was established in the proof of Proposition 3.5.10. �

Corollary 3.7.10. Let p be an odd prime. Then the commutative diagram (10) induces a fully
faithful functor of ∞-categories

F : D(WCartHT)→ D([Spf(Zp)/(1 + pZp)
×)]×D([Spec(Fp)/(1+pZp)×]) D(Spec(Fp)).

Remark 3.7.11. Stated more informally, Corollary 3.7.10 asserts that a quasi-coherent complex E

on WCartHT can be recovered from the action of the profinite group (1 + pZp)
× on the fiber Eη,

together with the trivialization of this action modulo p. Alternatively, E can be recovered from the
complex Eη together with the endomorphism γu−id

p , where u is a topological generator of (1+pZp)×

(compare with Theorem 3.4.13).

Proof of Corollary 3.7.10. Let C denote the fiber product

D([Spf(Zp)/(1 + pZp)
×])×D([Spec(Fp)/(1+pZp)×]) D(Spec(Fp))

and let E and E ′ be quasi-coherent complexes on D(WCartHT); we wish to show that the functor
F induces a homotopy equivalence of mapping spaces

HomD(WCartHT)(E
′,E )→ HomC(F (E

′), F (E )).

By virtue of Proposition 3.5.15, we can assume without loss of generality that E ′ = OWCartHT{n}
for some integer n. Replacing E by the twist E {−n}, we can reduce to the case n = 0, in which
case the desired result follows from Proposition 3.7.7. �

Warning 3.7.12. The functor F of Corollary 3.7.10 is not essentially surjective. For example, let
E be an object of the category

Vect([Spf(Zp)/(1 + pZp)
×])×Vect([Spec(Fp)/(1+pZp)×]) Vect(Spec(Fp))

of vector bundles on the pushout

[Spf(Zp)/(1 + pZp)
×]

∐

[Spec(Fp)/(1+pZp)×]

Spec(Fp).

Choosing a topological generator u for the group (1 + pZp)
×, we can identify E with pair (M,γu),

where M is a projective Zp-module of finite rank and γu is an automorphism ofM which is congruent
to the identity modulo p. Let {λi}i∈I be the collection of all eigenvalues for the induced action of
γu on the vector space Qp ⊗Zp M ; our assumption then guarantees that each λi is congruent to 1
modulo p as an element of the valuation ring OQp

. Using Theorem 3.5.8 and Proposition 3.7.1, it
is not difficult to see that E belongs to the essential image of F if and only if each λi is congruent
to an integer modulo p2O

Qp
.

Remark 3.7.13. Suppose that p = 2, so that the group G
♯
m(Zp) = (1 + pZp)

× factors as a
direct product 〈±1〉 × (1 + 4Zp)

×. In this case, the action of the profinite group (1 + pZp)
× on

η : Spf(Zp)→WCartHT extends to an action of the group scheme µ2 × (1 + 4Zp)
×, and therefore

determines a map of stacks

η̃ : [Spf(Z2)/(µ2 × (1 + 4Z2)
×)]→WCartHT .
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Since the restriction map G
♯
m(Z2) → G

♯
m(Z /4Z) vanishes on (1 + 4Z2)

×, we can extend η̃ to a
commutative diagram of stacks

WCartHT [Spf(Z2)/(µ2 × (1 + 4Z2)
×)]

η̃oo

[Spec(Z /4Z)/µ2]

OO

[Spec(Z /4Z)/(µ2 × (1 + 4Z2)
×)].

OO

oo

(12)

Proposition 3.7.3, Proposition 3.7.7, and Corollary 3.7.10 have analogues in the case p = 2, where
we use (12) as a replacement for the diagram (10). For example, if E is a quasi-coherent complex
on the Hodge-Tate divisor WCartHT, then there is a canonical fiber sequence

RΓ(WCartHT,E )→ E
+
η

γu−id
4−−−−→ E

+
η ,

where E +
η denotes the direct summand of Eη on which the Sen operator ΘE is topologically nilpotent,

and u is a topological generator of the group (1 + 4Z2)
×.

3.8. Comparison with the q-de Rham Prism. Let E be a quasi-coherent complex on the
Cartier-Witt stack. It follows from Corollary 3.3.11 that the complex RΓ(WCart,E ) can be realized
as the totalization of a cosimplicial complex defined over the cosimplicial δ-ring A• of Notation 3.3.9.
While this description is explicit in some sense, it is not very practical: for example, each term of
the cosimplicial δ-ring A• is non-Noetherian. In this section, we will provide a much more concrete
description of the complex RΓ(WCart,E ), at least when p is an odd prime, which can be regarded
as a “q-deformation” of Proposition 3.7.7 (Theorem 3.8.3).

Notation 3.8.1. Let (Zp[[q − 1]], ([p]q)) denote the q-de Rham prism of Example 2.1.9. Applying
Construction 3.2.4, we obtain a morphism of stacks ρqdR : Spf(Zp[[q−1]])→WCart. Concretely, to
each Zp[[q−1]]-algebra R in which the elements p and (q−1) are nilpotent, the map ρqdR associates
the Cartier-Witt divisor for R given by the map

W (R)
1+[q]+···+[q]p−1

−−−−−−−−−−→W (R),

where [q] denotes the Teichmüller representative of q in W (R).

Note that, since the q-de Rham prism is transversal (and nonzero), the morphism ρqdR is faithfully
flat (Corollary 3.2.10). We would like to use this observation to present WCart as a quotient of the
affine formal scheme Spf(Zp[[q− 1]]). Note that the q-de Rham prism (Zp[[q − 1]], ([p]q)) carries an
action of the group of p-adic units Z×

p , where an element u ∈ Z×
p acts by the automorphism q 7→ qu.

It follows by naturality that we can promote ρqdR : Spf(Zp[[q − 1]]) →WCart to a Z×
p -equivariant

morphism of stacks (where the group Z×
p acts trivially on WCart). The resulting action of Z×

p on
ρqdR is continuous in the following sense:

Proposition 3.8.2. The preceding construction determines a morphism of stacks

[Spf(Zp[[q − 1]])/Z×
p ]→WCart,

where [Spf(Zp[[q − 1]])/Z×
p ] denotes the stack-theoretic quotient of Spf(Zp[[q − 1]]) by the profinite

group Z×
p (regarded as a pro-(finite étale) group scheme).

Proof. Let R be a Zp[[q − 1]]-algebra in which the element p and (q − 1) are nilpotent, and let
G ⊆ Z×

p be an open subgroup which stabilizes the associated R-valued point of Spf(Zp[[q − 1]]) (so
that qu = q in R for each u ∈ G). It follows that the group G acts on the Cartier-Witt divisor

W (R)
1+[q]+···+[q]p−1

−−−−−−−−−−→W (R) described in Notation 3.8.1. To complete the proof, we must show that
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this action is trivial when restricted to an open subgroup of G. In fact, it is trivial on image of the
map

G
x 7→xp

n

−−−−→ G

for n≫ 0; see Corollary 3.4.16. �

In what follows, we will abuse notation by denoting the morphism [Spf(Zp[[q−1]])/Z
×
p ]→WCart

of Proposition 3.8.2 also by ρqdR. This map is not quite an isomorphism. Note that the composite
map

Spf(Zp)
q 7→1
−−−→ Spf(Zp[[q − 1]])

ρqdR
−−−→WCart

can be identified with de Rham point ρdR of Example 3.2.6. Since the action of Z×
p on (Zp[[q −

1]], ([p]q)) is trivial modulo (q − 1), we obtain a commutative diagram

WCart Spf(Zp)
ρdRoo

[Spf(Zp[[q − 1]])/Z×
p ]

ρqdR

OO

[Spf(Zp)/Z
×
p ].

OO

oo

(13)

We can now formulate the main result of this section:

Theorem 3.8.3. Let p be an odd prime. Then the diagram (13) determines a fully faithful functor
of ∞-categories

D(WCart)→ D([Spf(Zp[[q − 1]])/Z×
p ])×D([Spf(Zp)/Z×

p ]) D(Spf(Zp)).

In particular, if E is a quasi-coherent complex on WCart, then the diagram

RΓ(WCart,E ) //

��

RΓ(Spf(Zp), ρ
∗
dRE )

��
RΓ(Spf([Zp[[q − 1]])/Z×

p ], ρ
∗
qdRE ) // RΓ([Spf(Zp)/Z

×
p ], ρ

∗
dRE )

(14)

is a pullback square in the ∞-category D̂(Zp).

Warning 3.8.4. Theorem 3.8.3 is false in the case p = 2 (see Remark 3.7.13).

Warning 3.8.5. The fully faithful functor

D(WCart)→ D([Spf(Zp[[q − 1]])/Z×
p ])×D([Spf(Zp)/Z×

p ]) D(Spf(Zp))

of Theorem 3.8.3 is not essentially surjective (Warning 3.7.12).

It will be convenient to give a slightly more concrete formulation of Theorem 3.8.3. Note that
the short exact sequence

0→ (1 + pZp)
× → Z×

p → F×
p → 0

has a unique splitting, given by the homomorphism

F×
p → Z×

p e 7→ [e].
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This splitting determines an action of the group F×
p on Zp[[q−1]], which carries each element e ∈ F×

p

to the automorphism of Zp[[q − 1]] given by q 7→ q[e]. We let p̃ denote the sum
∑

e∈Fp

q[e] = 1 +
∑

e∈F×
p

q[e],

formed in the power series ring Zp[[q − 1]]. By construction, the element p̃ is invariant under the
action of F×

p .

Proposition 3.8.6. The element p̃ is a generator of the principal ideal ([p]q) ⊆ Zp[[q − 1]].

Proof. For each integer 0 ≤ e < p, let [e] ∈ Zp denote the Teichmüller representative of the image of
e in F×

p . Then [e] is congruent to e modulo p (as an element of Zp), and therefore q[e] is congruent to
qe modulo qp−1 (as an element of the ring Zp[[q−1]]). Summing over e, we obtain p̃ = [p]q+(qp−1)f
for some element f ∈ Zp[[q − 1]]. It follows that p̃ is the product of [p]q with the invertible element
1 + (q − 1)f ∈ Zp[[q − 1]]. �

Example 3.8.7. For p = 2, we have p̃ = 1 + q = [p]q. For p = 3, we have

p̃ = q[0] + q[1] + q[2] = 1 + q + q−1 = q−1[p]q.

Corollary 3.8.8. There is a unique morphism of power series rings f : Zp[[x]] → Zp[[q − 1]]

satisfying f(x) = p̃. Moreover, f is an isomorphism from Zp[[x]] to the subring Zp[[q − 1]]F
×
p of

F×
p -invariant elements of Zp[[q − 1]].

Proof. The existence and uniqueness of f is clear (since p̃ belongs to the maximal ideal of the
complete local ring Zp[[q− 1]]). Let R ⊆ Zp[[q− 1]] denote the subring consisting of elements which
are fixed by the action of F×

p ; we wish to show that f : Zp[[x]] → R is an isomorphism. Since the
source and target of f are (x)-complete and x-torsion-free, it will suffice to show that the induced
map Zp → R/(p̃) is an isomorphism. Note that the exact sequence

0→ p̃Zp[[q − 1]]→ Zp[[q − 1]]→ Zp[[q − 1]]/(p̃)→ 0

remains exact after taking F×
p -fixed points (since the F×

p is a finite group of order relatively prime
to p). It follows that R/(p̃) can be identified with the ring of F×

p -invariant elements of the quotient
Zp[[q − 1]]/(p̃) ≃ Zp[[q − 1]]/([p]q) (see Proposition 3.8.6): that is, with the ring of F×

p -invariant
elements of the discrete valuation ring Zp[ζp], which is evidently isomorphic to Zp. �

Notation 3.8.9. Let Zp[[p̃]] denote the ring of F×
p -invariant elements of Zp[[q − 1]] (by virtue of

Corollary 3.8.8, Zp[[p̃]] is isomorphic to a power series algebra over Zp on one generator, as suggested
by the notation). Note that the δ-ring structure on Zp[[q − 1]] restricts to a δ-ring structure on the
subring Zp[[p̃]] (since F×

p acts by δ-algebra automorphisms of Zp[[q− 1]]). Moreover, it follows from
Proposition 3.8.6 that the element p̃ is a distinguished element of Zp[[p̃]]: that is, the pair (Zp[[p̃], (p̃))
is a prism. Note that the action of Z×

p on Zp[[q− 1]] restricts to an action of Z×
p ≃ F×

p ×(1+ pZp)
×

on Zp[[p̃]], which is trivial on the first factor. In particular, the prism (Zp[[p̃]], (p̃)) inherits an action
of the p-profinite group (1 + pZp)

×.

Applying Construction 3.2.4 to the prism (Zp[[p̃]], (p̃)), we obtain a morphism of stacks ρZp[[p̃]] :
Spf(Zp[[p̃]]) → WCart. Arguing as in the proof of Proposition 3.8.2, we see that ρZp[[p̃]] can be
refined to a morphism

[Spf(Zp[[p̃]])/(1 + pZp)
×]→WCart,
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which (by slight abuse of notation) we will also denote by ρZp[[p̃]]. Note that we can expand (13) to
a diagram

WCart Spf(Zp)
ρdRoo

[Spf(Zp[[p̃]])/(1 + pZp)
×]

ρZp[[p̃]]

OO

[Spf(Zp)/(1 + pZp)
×]

OO

p̃7→poo

[Spf(Zp[[q − 1]])/Z×
p ]

OO

[Spf(Zp)/Z
×
p ].

OO

oo

(15)

Moreover, the bottom vertical maps induce fully faithful pullback functors

D([Spf(Zp[[p̃]])/(1 + pZp)
×]) →֒ D([Spf(Zp[[q − 1]])/Z×

p ])

D([Spf(Zp)/(1 + pZp)
×]) →֒ D([Spf(Zp)/Z

×
p ]).

Consequently, Theorem 3.8.3 can be reformulated as follows:

Theorem 3.8.10. Let p be an odd prime. Then the diagram (15) determines a fully faithful functor
of ∞-categories

F : D(WCart)→ D([Spf(Zp[[p̃]])/(1 + pZp)
×])×D([Spf(Zp)/(1+pZp)×]) D(Spf(Zp)).

Theorem 3.8.10 is equivalent to the following a priori weaker result:

Theorem 3.8.11. Let p be an odd prime, and let E be a quasi-coherent complex on WCart. Then
the diagram

RΓ(WCart,E ) //

��

RΓ(Spf(Zp), ρ
∗
dRE )

��
RΓ([Spf(Zp[[p̃]])/(1 + pZp)

×], ρ∗
Zp[[p̃]]

E ) // RΓ([Spf(Zp)/(1 + pZp)
×], ρ∗dRE )

(16)

is a pullback square in the ∞-category D̂(Zp).

Proof of Theorem 3.8.10 from Theorem 3.8.11. Let C denote the fiber product

D([Spf(Zp[[p̃]])/(1 + pZp)
×)]×D([Spf(Zp)/(1+pZp)×)] D(Spf(Zp))

and let E and E ′ be quasi-coherent complexes on the Cartier-Witt stack; we wish to show that the
functor F induces a homotopy equivalence of mapping spaces

HomD(WCart)(E
′,E )→ HomC(F (E

′), F (E )).

By virtue of Corollary 3.5.16, we may assume without loss of generality that E ′ = In is a power
of the Hodge-Tate ideal sheaf of Example 3.3.4. Replacing E by the twist I−n E , we can reduce to
the case n = 0, in which case the desired result follows from Theorem 3.8.11. �

We will deduce Theorem 3.8.11 by combining Proposition 3.7.7 with the following:
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Proposition 3.8.12. Let ρHT
Zp[[p̃]]

: Spf(Zp) → WCartHT be the morphism obtained by applying

Remark 3.4.2 to the prism (Zp[[p̃]], (p̃)) of Notation 3.8.9. Then ρHT
Zp[[p̃]]

is isomorphic to the mor-

phism η : Spf(Zp) → WCartHT of Construction 3.4.4. Moreover, any choice of isomorphism is
equivariant with respect to the action of the group (1+ pZp)

× (which acts on η via the isomorphism

Aut(η)(Zp) = G
♯
m(Zp) ≃ (1 + pZp)

× of Theorem 3.4.13).

Proof. Let us identify the quotient Zp[[q−1]]/(p̃) with the ring Zp[ζp] obtained from Zp by adjoining
a primitive pth roof of unity ζp (given by the image of q). Note that the quotient map ξ : Zp[[q−1]] ։
Zp[ζp] lifts uniquely to a morphism of δ-rings ξ : Zp[[q − 1]] → W (Zp[ζp]), which carries q to the
Teichmüller representative [ζp]. It follows that

ξ(p̃) = f(
∑

e∈Fp

q[e]) =
∑

e∈Fp

[ζep ] ∈W (Zp[ζp]).

Note that ξ(p̃) belongs to the kernel of the restriction map W (Zp[ζp]) ։ Zp[ζp], and can therefore
be written as V (x) for some unique element x ∈W (Zp[ζp]). We then compute

px = F (V (x)) = F (ξ(p̃)) =
∑

e∈Fp

[ζpep ] = p.

Since p is not a zero divisor in W (Zp[ζp]), it follows that x = 1: that is, the diagram of Zp[[q − 1]]-
modules

p̃Zp[[q − 1]]
p̃7→1 //

��

W (Zp[ζp])

V (1)

��
Zp[[q − 1]]

ξ // W (Zp[ζp])

is commutative. Passing to F×
p -fixed points, we obtain a commutative diagram of Zp[[p̃]]-modules

p̃Zp[[p̃]]

��

p̃7→1 // W (Zp)

V (1)

��
Zp[[p̃]]

ξ0 // W (Zp),

which determines an isomorphism of ρHT
Zp[[p̃]]

with η (see Example 3.4.15). We will complete the
proof by showing that this isomorphism is equivariant with respect to the group (1+pZp)

× (it then
follows formally that the same result holds for any other isomorphism of ρHT

Zp[[p̃]]
with η, since the

automorphism group Aut(η) ≃ G
♯
m is abelian).

Let u be an element of the group (1+pZp)
×, and let γu denote the corresponding automorphism

of Zp[[q − 1]] (given by γu(q) = qu). Unwinding the definitions, we see that the image of u in
Aut(η)(Zp) ≃ G

♯
m(Zp) ⊆ Z×

p can be identified with the image of γu(p̃)
p̃ under the composite map

Zp[[p̃]]
ξ0
−→W (Zp) ։ Zp p̃ 7→ 0,
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given by the restriction of ξ to F×
p -invariant elements of Zp[[q − 1]]. Identifying F×

p with the set of
integers {0 < 1 < · · · < p− 1}, we compute

γu(p̃) =
∑

0≤e<p

qu[e]

= [p]q +
∑

0≤e<p

qu[e] − qe

= [p]q(1 + (q − 1)
∑

0≤e<p

qe
qu[e]−e

qp − 1
).

Dividing by [p]q and applying the homomorphism ξ, we obtain

ξ(
γu(p̃)

[p]q
) = ξ(1 + (q − 1)

∑

0≤e<p

qe
qu[e]−e

qp − 1
)

= 1 + (ζp − 1)
∑

0≤e<p

ζepξ(
qu[e]−e

qp − 1
)

= 1 + (ζp − 1)
∑

0≤e<p

ζep
u[e]− e

p

= u
ζp − 1

p

∑

0≤e<p

ζep[e];

here the last equality follows from the identity p = (ζp − 1)
∑

0≤e<p eζ
e
p . We therefore compute

ξ(
γu(p̃)

p̃
) = ξ(

γu(p̃)

[p]q
)ξ(

γ1(p̃)

[p]q
)−1 = u,

as desired. �

Warning 3.8.13. The isomorphism of Proposition 3.8.12 is not unique: it is ambiguous up to the
action of the automorphism group Aut(η)(Zp) ≃ G

♯
m(Zp) = (1 + pZp)

×.

Proof of Theorem 3.8.11. Note that every quasi-coherent complex E on WCart is complete with
respect to the Hodge-Tate ideal sheaf I : that is, E can be identified with the inverse limit of the
tower lim

←−n≥0
E /In E . It will therefore suffice to prove that the diagram (16 ) is a pullback square

after replacing E by each quotient E /In E . Proceeding by induction on n, we are reduced to
proving Theorem 3.8.11 in the special case where E is the direct image of a quasi-coherent complex
F on the Hodge-Tate divisor WCartHT. Passing to the inverse image of the Hodge-Tate divisor,
(15) yields a diagram of stacks

WCartHT Spec(Fp)
ρHT
Zpoo

[Spf(Zp)/(1 + pZp)
×]

ρHT
Zp[[p̃]]

OO

[Spec(Fp)/(1 + pZp)
×],

OO

oo

(17)
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and we wish to show that the induced diagram

RΓ(WCartHT,F ) //

��

RΓ(Spec(Fp), (ρ
HT
dR )∗F )

��
RΓ([Spf(Zp)/(1 + pZp)

×], (ρHT
Zp[[p̃]]

)∗F ) // RΓ([Spec(Fp)/(1 + pZp)
×], (ρHT

dR )∗F )

is a pullback square in the ∞-category D̂(Zp). By virtue of Proposition 3.8.12, we can identify (17)
with the diagram (10), so that the desired result is a restatement of Proposition 3.7.7. �

3.9. Sen Theory. Let k be a perfect field of characteristic p, which we regard as fixed throughout
this section. Let K =W (k)[1/p] denote the fraction field of W (k), and choose an algebraic closure
K of K. Let C be the completion of K with respect to the unique valuation extending the p-adic
valuation on K, and let K∞ =

⋃
n≥1K(ζpn) denote the subfield of K generated by K together with

the pth power roots of unity. Let Gal(K/K) denote the absolute Galois group of K, so that C
carries an action of Gal(K/K) which is continuous for the p-adic topology. Let

χ : Gal(K/K) ։ Gal(K∞/K) ≃ Z×
p

denote the cyclotomic character of Gal(K/K). Our starting point is the following theorem of Sen
(Theorem 4 of [53]):

Theorem 3.9.1 (Sen). Let V be a finite-dimensional vector space over C equipped with a continuous
semilinear action of Gal(K). Then there exists a unique subgroup V∞ ⊆ V and endomorphism
Θ : V∞ → V∞ with the following properties:

(1) The subgroup V∞ is a vector space over the subfield K∞ ⊂ C, and the endomorphism Θ :
V∞ → V∞ is K∞-linear.

(2) The inclusion V∞ →֒ V induces a C-linear isomorphism C ⊗K∞
V∞ → V ; in particular, we

have dimK∞
(V∞) = dimC(V ) <∞.

(3) For each element x ∈ V∞, there exists an open subgroup G ⊆ Gal(K/K) with the property
that, for every element g ∈ G, we have

g(x) = exp(log(χ(g)) ·Θ)(x).

In this section, we study a special class of semilinear Galois representations associated to perfect
complexes on the product WCartHT

W (k) = Spf(W (k)) ×WCartHT (such complexes arise naturally
when studying the Hodge-Tate cohomology of formal schemes which are proper and smooth over
Spf(W (k)); see Remark 4.4.7). For such representations, we prove a refinement of Theorem 3.9.1,
which describes the action of the entire Galois group Gal(K/K) when p is an odd prime (and
subgroup of index 2 in the case p = 2).

Construction 3.9.2. Let OC denote the valuation ring of C, and let Spf(OC) denote its formal
spectrum (with respect to the p-adic topology on OC). Then OC is a perfectoid ring. Combining
the construction of Example 3.4.3 with the inclusion map W (k) →֒ OC , we obtain a morphism
of stacks ρHT

C : Spf(OC) → WCartHT
W (k). Let E be a perfect complex on WCartHT

W (k): that is, a
dualizable object of the derived ∞-category D(WCartHT

W (k)). For every integer n, we let V n(E )

denote the localization Hn(ρ∗OC
E )[1/p], which we regard as a finite-dimensional vector space over

C. Note that the construction E 7→ V n(E ) depends functorially on the choice of algebraic closure
of K, and therefore carries semilinear action of the absolute Galois group Gal(K) = Gal(K/K)
(which is easily seen to be continuous with respect to the p-adic topology on V n(E )).
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Example 3.9.3. Let (A, I) denote the perfect prism with quotient A/I ≃ OC . Then there is a
canonical Gal(K/K)-equivariant isomorphism

V ∗(OWCartHT
W (k)
{1}) ≃

{
(I/I2)[1/p] if ∗ = 0

0 otherwise.

More generally, for every integer m, the graded Galois representation V ∗(OWCartHT
W (k)
{m}) can be

identified with the Tate twist C(m) (concentrated in degree zero).

Remark 3.9.4. Let E be a perfect complex on the stack WCartW (k) = Spf(W (k))×WCart which
is equipped with the structure of an F -crystal: that is, a pair of morphisms

I
n ⊗ F ∗(E )→ E I

n ⊗ E → F ∗(E )

for some n ≫ 0 which are mutually inverse to one another (up to powers of the Hodge-Tate ideal
sheaf I ). In this case, there is a canonical isomorphism

V ∗(E |WCartHT
W (k)

) ≃ C ⊗Qp
V ∗
0 (E ),

where V ∗
0 (E ) is a graded Qp-vector space equipped with a crystalline action of Gal(K/K); we refer to

[22] for more on the relation of F -crystals over WCartW (k) and lattices in crystalline representations
of Gal(K/K).

Let η : Spf(Zp)→WCartHT be the morphism of Construction 3.4.4 and let ηW (k) : Spf(W (k))→

WCartHT
W (k) be the product of η with the identity map on Spf(W (k)). For every quasi-coherent

complex E on WCartHT
W (k), we write Eη for the pullback η∗W (k)E , which we identify with a p-complete

complex of W (k)-modules. Our main result can now be stated as follows:

Theorem 3.9.5. Let E be a perfect complex on WCartHT
W (k), and let V ∗(E ) be the graded C-vector

space of Construction 3.9.2. Then there is a canonical isomorphism of graded C-vector spaces

α : C ⊗W (k) H
∗(Eη)

∼
−→ V ∗(E )

with the following property:

• Let g be an element of Gal(K/K). Assume that, if p = 2, then χ(g) ≡ 1 (mod 4). Then
the diagram of graded abelian groups

H∗(Eη)
exp(log(χ(g))·ΘE ) //

α

��

H∗(Eη)

α

��
V ∗(E )

g // V ∗(E )

(18)

is commutative, where ΘE is (induced by) the Sen operator of Notation 3.5.7.

Remark 3.9.6. Let E be a perfect complex on WCartHT
W (k), and let V ∗(E ) be the semilinear

Galois representation of Construction 3.9.2. It follows that the subspace V ∗(E )∞ appearing in the
statement of Theorem 3.9.1 coincides with the image of K∞⊗W (k)H

∗(Eη) under the isomorphism α
of Theorem 3.9.5. Moreover, the endomorphism Θ which appears in Theorem 3.9.1 can be identified
with the K∞-linear extension of the Sen operator ΘE on H∗(Eη).

Theorem 3.9.5 is a consequence of a more refined statement which holds at the level of OC-
complexes and does not require the assumption that E is perfect. Note that the morphism ρHT

C ap-
pearing in Construction 3.9.2 descends to morphism of stacks [Spf(OC)/Gal(K/K)]→WCartHT

W (k),
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which (by slight abuse of notation) we will also denote by ρHT
C . Let π : Z×

p → (1 + pZp)
× be the

unique splitting of the exact sequence 0 → (1 + pZp)
× → Z×

p → F×
p → 0, so that the composite

map
Gal(K/K)

χ
−→ Z×

p
π
−→ (1 + pZp)

×

induces a map of quotient stacks [Spf(OC)/Gal(K/K)] → [Spf(Zp)/(1 + pZp)
×]. We will prove

the following:

Proposition 3.9.7. The diagram of stacks

[Spf(OC)/Gal(K/K)]
ρHT
C //

��

WCartHT
W (k)

��

[Spf(Zp)/(1 + pZp)
×]

η // WCartHT

commutes (up to a canonical isomorphism).

Proof. Write the perfectoid ring OC as a quotient A/I, where (A, I) is a perfect prism. Choosing
a compatible system of primitive pnth roots of unity in OC , we obtain a Gal(K/K)-equivariant
morphism of prisms (Zp[[q − 1]], ([p]q)) → (A, I), where Gal(K/K) acts on Zp[[q − 1]] via the
cyclotomic character q 7→ qχ(•). Restricting to the prism (Zp[[p̃]], (p̃)) of Notation 3.8.9 and invoking
the functoriality of Remark 3.4.2, we see that the diagram

[Spf(OC)/Gal(K/K)]
ρHT
C //

��

WCartHT
W (k)

��

[Spf(Zp)/(1 + pZp)
×]

ρHT
Zp[[p̃]] // WCartHT

commutes up to canonical isomorphism. Proposition 3.9.7 now follows from Proposition 3.8.12. �

Proof of Theorem 3.9.5. Let E be a perfect complex on WCartHT
W (k). Proposition 3.9.7 then supplies

a Gal(K/K)-equivariant isomorphism α : OC ⊗
L
W (k)Eη → (ρHT

C )∗E , where Gal(K/K) acts on Eη

via the composite map

Gal(K/K)
χ
−→ Z×

p
π
−→ (1 + pZp)

× = G♯
m(Zp) ≃ Aut(η)(Zp).

Passing to cohomology and inverting p, we obtain an isomorphism of graded vector spaces α :
C⊗W (k)H

∗(Eη)
∼
−→ V ∗(E ). The commutativity of the diagram (18) follows by combining the Galois

equivariance of α with Proposition 3.7.1. �
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4. Absolute Prismatic Cohomology

Let (A, I) be a bounded prism, and let X be a p-adic formal scheme which is smooth over
Spf(A/I). In [21], the first author and Scholze introduced a complex of A-modules RΓ∆(X/A),
which we will refer to as the prismatic complex of X relative to A and whose cohomology we will
refer to as the prismatic cohomology of X relative to A. As noted in [21] (Remark 1.7), it is also
possible to consider an absolute version of prismatic cohomology, which does not involve a choice of
base prism (A, I). Our goal in this section is to develop this absolute theory.

In the special case where X = Spf(R) is an affine formal A-scheme, we denote the relative pris-
matic complex RΓ∆(X/A) by ∆R/A. As in [21], it will be convenient to formally extend the definition
of the complex ∆R/A to the case where R is an arbitrary p-complete (animated) commutative A-
algebra (in fact, we will go slightly further and drop the assumption that R is p-complete, but this
is just for notational convenience: see Corollary 4.1.14). In §4.1, we review the construction of the
complexes ∆R/A and recall some of their essential properties. In §4.2, we extend this construction
to arbitrary formal A-schemes X by defining RΓ∆(X/A) to be the homotopy inverse limit of the
complexes ∆R/A, indexed by the category of all maps Spec(R) → X (Construction 4.2.1). In the
case where X = Spf(R) is the formal spectrum of a p-complete A-algebra R with bounded p-power
torsion, then this construction recovers the relative prismatic complex ∆R/A (Corollary 4.2.6); this
can be regarded as a “p-adic continuity” property of the functor R 7→ ∆R/A. In §4.3, we show that
in many cases, the prismatic complex RΓ∆(X/A) can be computed using the relative prismatic site
(X/A)∆ introduced in [21] (Theorem 4.3.6). In particular, this is true when X is smooth over Spf(A)
(so that our notation is compatible with that of [21]).

In §4.4, we associate to each (animated) commutative ring R a complex of abelian groups ∆R

(well-defined up to quasi-isomorphism), which we will refer to as the absolute prismatic complex of R
(Construction 4.4.10). We will obtain ∆R as the global sections of a quasi-coherent complex H∆(R)
on the Cartier-Witt stack WCart, which assembles the relative prismatic complexes ∆(A⊗LR)/A as
(A, I) varies over all bounded prisms (Construction 4.4.1). As in the relative case, we can formally
extend this construction to associate an absolute prismatic complex RΓ∆(X) to an arbitrary p-adic
formal scheme X (Construction 4.4.19). Under some mild assumptions, we show that the absolute
prismatic complex RΓ∆(X) can also be computed using an absolute version of the prismatic site
introduced in [21] (Theorem 4.4.30). If X is smooth over Spf(Zp) and the prime p is odd, then
RΓ∆(X) has a simple description in terms of the q-de Rham complex of [52], which we explain in
§4.8 (see Proposition 4.8.8 and Remark 4.8.9).

Let R be a commutative ring. In §4.5, we introduce a complex of R-modules ∆R (well-defined up
to quasi-isomorphism), which we will refer to as the absolute Hodge-Tate complex of R (Construction
4.5.5). There is a tautological map ∆R → ∆R, which behaves heuristically as if ∆R were obtained
from ∆R by reducing modulo a locally principal ideal (see Example 4.5.9). Formally, we define
∆R as the global sections of a quasi-coherent complex H

∆
(R) = H∆(R)|WCartHT on the Hodge-

Tate divisor WCartHT. By exploiting properties of the global section functor RΓ(WCartHT, •), we
establish cocontinuity properties of the functors R 7→ ∆R and R 7→ ∆R (see Propositions 4.5.8 and
4.5.10).

For some purposes, it is convenient to replace the absolute Hodge-Tate complex ∆R by a more
fundamental invariant. Let η : Spf(Zp) → WCartHT be the point described in Construction 3.4.4.
The pullback η∗H

∆
(R) can be regarded as a complex of R-modules, which we will denote by Ω̂

/D
R

and refer to it as the p-complete diffracted Hodge complex of R. It is equipped with an endomor-
phism Θ (the Sen operator of Notation 3.5.7), and the absolute Hodge-Tate complex ∆R can be
identified with the fiber (Ω̂

/D
R )

Θ=0 = fib(Θ : Ω̂
/D
R → Ω̂

/D
R ) (see Remark 4.7.5 for a slightly stronger

statement). In §4.9, we show that, as the prime p varies, the p-complete diffracted Hodge complexes
Ω̂

/D
R can be assembled into a single complex Ω

/D
R ∈ D(R) which we refer to as the diffracted Hodge
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complex of R (Construction 4.9.1); we will see later that this complex arises naturally when when
studying the “decompleted” analogues of the motivic filtration on topological Hochschild homology
(see Proposition 6.4.8).

4.1. Relative Prismatic Cohomology: Affine Case. Let (A, I) be a bounded prism, which we
regard as fixed throughout this section, and let A denote the quotient ring A/I. Our goal is to
provide a quick review of the theory of (derived) prismatic cohomology relative to (A, I), following
[21].

Definition 4.1.1 (The Relative Prismatic Site). Let X be a bounded p-adic formal scheme over A.
We define a category (X/A)∆ as follows:

• The objects of (X/A)∆ are pairs (B, v), where B is a δ-algebra over A such that (B, IB) is
a prism, and v : Spf(B/IB)→ X is a morphism of formal A-schemes.
• A morphism from (B, v) to (B′, v′) in the category (X/A)∆ is a homomorphism f : B → B′

of δ-algebras over A for which the composition Spf(B′/IB′)→ Spf(B/IB)
v
−→ X is equal to

v′.
We will refer to (X/A)∆ as the prismatic site of X relative to the prism (A, I). In the special case
where X is the formal completion of an affine scheme Spec(R), we denote the prismatic site (X/A)∆
by (R/A)∆.

Remark 4.1.2. Let X be a p-adic formal scheme over A. We define the flat topology on the relative
prismatic site (X/A)op

∆
to be the Grothendieck topology generated by those finite collections of

morphisms
{(B, v)→ (Bs, vs)}s∈S

for which the induced ring homomorphism B →
∏
s∈S Bs is (p, I)-completely faithfully flat.

Construction 4.1.3 (Relative Prismatic Cohomology). Let CAlgan
A

denote the ∞-category of an-
imated A-algebras, and let D̂(A) denote the (p, I)-complete derived ∞-category of A. It follows
from the universal property of Proposition A.5 that there is an essentially unique functor

∆•/A : CAlgan
A
→ D̂(A) R 7→ ∆R/A

with the following properties:
(1) The functor ∆•/A commutes with sifted colimits, and is therefore a left Kan extension of

its restriction to the full subcategory PolyA ⊆ CAlgan
A

spanned by the finitely generated
polynomial rings over A.

(2) Let R be a finitely generated polynomial algebra over A. Then ∆R/A is given by the limit
lim←−(B,v)∈(R/A)∆

B, formed in the ∞-category D̂(A).

If R is an animated commutative A-algebra, we will refer to ∆R/A as the prismatic complex of R
relative to A.

Remark 4.1.4. In [21], the relative prismatic complex ∆R/A is defined under the assumption that
the animated A-algebra R is p-complete. However, the additional generality of Construction 4.1.3
is only illusory. If R is any animated commutative A-algebra and R̂ is its p-completion, then the
tautological map R 7→ R̂ induces an isomorphism ∆R/A → ∆R̂/A in the ∞-category D̂(A) (see
Corollary 4.1.14).

Remark 4.1.5 (Change of Prism). Let f : (A, I)→ (B, J) be a morphism of bounded prisms, and
let R be an animated commutative algebra over the quotient ring A = A/I. Set B = B/J and
regard the derived tensor product B ⊗L

A
R as an animated commutative B-algebra. Then there is

a canonical isomorphism
ρ : ∆(B⊗L

A
R)/B ≃ B⊗̂

L
A∆R/A
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in the ∞-category D̂(B), where ⊗̂LA denotes the (J, p)-completed derived tensor product (see Con-
struction 7.6 of [21]).

Variant 4.1.6 (The Relative Hodge-Tate Complex). Let R be an animated commutative A-algebra.
We let ∆R/A denote the derived tensor product A⊗LA∆R/A, which we regard as a commutative algebra
object of the p-complete derived∞-category D̂(A). We will refer to ∆R/A as the Hodge-Tate complex
of R relative to A.

Remark 4.1.7 (The Conjugate Filtration). For every animated commutative A-algebra R, the
Hodge-Tate complex ∆R/A is equipped with an exhaustive increasing filtration

Filconj0 ∆R/A → Filconj1 ∆R/A → Filconj2 ∆R/A → · · · ,

which we will refer to as the conjugate filtration. This filtration is characterized by the requirement
that it depends functorially on R and satisfies the following conditions:

(1) For each n ≥ 0, the functor

Filconjn ∆•/A : CAlgan
A
→ D̂(A) R 7→ Filconjn ∆R/A

commutes with sifted colimits, and is therefore a left Kan extension of its restriction to the
full subcategory PolyA ⊆ CAlgan

A
spanned by the finitely generated polynomial rings over

A.
(2) When R is a finitely generated polynomial ring over A, the conjugate filtration coincides

with the Postnikov filtration on the Hodge-Tate complex ∆R/A. That is, each Filconjn ∆R/A

can be identified with the cohomological truncation τ≤n∆R/A.

Let R be an animated commutative A-algebra. By convention, we define Filconjn ∆R/A for n < 0.
For each n ∈ Z, we let grconjn ∆R/A denote the cofiber of the map Filconjn−1 ∆R/A → Filconjn ∆R/A. Then
Theorem 4.10 of [21] supplies a Hodge-Tate comparison isomorphism

ξR : grconjn ∆R/A ≃ LΩ̂
n
R/A

[−n]{−n},

where LΩ̂n
R/A

is the complex defined in Construction B.1.

Remark 4.1.8 (Künneth Formula). For every animated commutative A-algebra R, the prismatic
complex ∆R/A can be regarded as a commutative algebra object of the ∞-category D̂(A): that
is, as an E∞-algebra over A (which is complete with respect to the ideal I + (p)). This com-
mutative algebra structure depends functorially on R: that is, we can promote ∆•/A to a functor
CAlgan

A
→ CAlg(D̂(A)), which is characterized by the obvious analogue of properties (1) and (2) of

Construction 4.1.3. Combining the Hodge-Tate comparison of Remark 4.1.7 with Remark B.3, we
conclude that the functor

∆•/A : CAlgan
A
→ CAlg(D̂(A)) R 7→ ∆R/A

commutes with all colimits. In particular, we have canonical isomorphisms

∆(R⊗L
A
R′)/A ≃ ∆R/A⊗̂

L
A∆R′/A,

where the (derived) tensor product on the right is completed with respect to the ideal I + (p).

Remark 4.1.9. Let R be an A-algebra having bounded p-power torsion, and suppose that the
completed cotangent complex LΩ̂1

R/A
is p-completely flat over R (this condition is satisfied, for

example, if the p-completion R̂ is p-completely smooth over A). Then, for every integer n, the
complex grconjn ∆R/A ≃ LΩ̂n

R/A
[−n]{−n} is concentrated in cohomological degree n. It follows that

the conjugate filtration on ∆R/A coincides with the Postnikov filtration {τ≤n∆R/A}n∈Z.
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Remark 4.1.10. Let R be an animated commutative A-algebra. For every integer n, the fiber
sequence

In+1/In+2 ⊗LA ∆R/A → In/In+2 ⊗LA ∆R/A → In/In+1 ⊗LA ∆R/A

determines a boundary map

β : Hn(∆R/A{n})→ Hn+1(∆R/A{n+ 1}).

When R is p-completely smooth over A, the boundary map β fits into a commutative diagram

Hn(∆R/A{n})
β //

∼

��

Hn+1(∆R/A{n + 1})

∼

��

Ω̂n
R/A

d // Ω̂n+1
R/A

,

where the lower horizontal map is the de Rham differential and the vertical maps are induced by
the Hodge-Tate comparison isomorphisms of Remark 4.1.7. Moreover, the Hodge-Tate compari-
son isomorphism is essentially determined by this property (together with the requirement that it
depends functorially on R).

Remark 4.1.11. For every animated commutative A-algebra R, the relative Hodge-Tate complex
∆R/A admits the structure of a commutative algebra object of D̂(A), which is compatible with the
conjugate filtration and the Hodge-Tate comparison isomorphism of Remark 4.1.7. In particular,
we have a canonical isomorphism

Filconj0 ∆R/A ≃ LΩ̂
0
R/A

= R̂,

where R̂ denotes the p-completion of R, so that ∆R/A inherits the structure of a p-complete E∞-

algebra over R (that is, a commutative algebra object of the ∞-category D̂(R)).

Remark 4.1.12. Let R be an animated commutative A-algebra. For every integer n ≥ 0, the
cohomology groups of the complex LΩ̂n

R/A
are concentrated in degrees ≤ 0. Proceeding by induction

on n, we obtain the following:

• The cohomology groups of the complex Filconjn ∆R/A are concentrated in degrees ≤ n.
• The natural map

Hn(Filconjn ∆R/A)→ Hn(grconjn ∆R/A) ≃ H0(LΩ̂n
R/A
{−n}) ≃ Ω̂n

R/A
{−n}

is an isomorphism.

Proposition 4.1.13. Let f : R → S be a morphism of animated commutative A-algebras which

is p-completely formally étale: that is, the p-complete relative cotangent complex LΩ̂1
S/R vanishes.

Then the tautological map S⊗̂
L
R∆R/A → ∆S/A is an isomorphism in the ∞-category D̂(A).

Proof. The vanishing assumption on L̂S/R guarantees that, for each m ≥ 0, the induced map
S ⊗LR LΩ

n
R → LΩnS becomes an isomorphism after p-completion. Using the Hodge-Tate comparison

(Remark 4.1.7), it follows by induction on n that f induces isomorphisms S⊗̂LR Filconjn ∆R/A →

Filconjn ∆S/A for each n ≥ 0. Proposition 4.1.13 follows by passing to the colimit over n. �
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Corollary 4.1.14. Let R be an animated commutative A-algebra and let R̂ denote the p-completion
of R. Then the tautological maps

∆R/A → ∆
R̂/A

∆R/A → ∆
R̂/A

are isomorphisms.

Corollary 4.1.15. The functor

CAlgan
A
→ D̂(A) R 7→ ∆R/A

satisfies descent for the étale topology.

Proof. Extension of scalars along the quotient map A։ A induces a functor D̂(A)→ D̂(A) which is
conservative and preserves small limits. It will therefore suffice to show that the functor R 7→ ∆R/A

satisfies descent for the étale topology, which is an immediate consequence of Proposition 4.1.13. �

Variant 4.1.16. For each integer n, the functor R 7→ Filconjn ∆R/A satisfies p-complete faithfully
flat descent. This follows by induction on n, using the fact that the functor R 7→ grconjn ∆R/A ≃

LΩ̂n
R/A
{−n}[−n] satisfies p-complete faithfully flat descent (see [10, Remark 2.8], [19, Theorem

3.1]).

Corollary 4.1.17. Let (A, I) → (B, IB) be a morphism of bounded prisms for which the induced
map A → B/IB is p-completely formally étale, and let R be an animated commutative (B/IB)-

algebra. Then the tautological map ∆R/A → ∆R/B is an isomorphism in the ∞-category D̂(A).

Proof. As in the proof of Corollary 4.1.15, it will suffice to show that the natural map θ : ∆R/A →

∆R/B is an isomorphism in D̂(A). Setting R′ = (B/IB) ⊗L
A
R, we observe that θ factors as a

composition

∆R/A
θ′
−→ R⊗̂

L
R′∆R′/B

θ′′
−→ ∆R/B

where θ′ and θ′′ are invertible (by virtue of Remark 4.1.5 and Proposition 4.1.13, respectively). �

Remark 4.1.18. Let R be an A-algebra which satisfies the following condition:
(∗) The commutative ring R has bounded p-torsion and the derived tensor product R/pR ⊗LR

LR/A ∈ D(R/pR) has Tor-amplitude contained in [−1, 0].

Then:
• For every integer n ≥ 0, the derived tensor product R/pR ⊗LR LΩ̂n

R/A
∈ D(R/pR) has

Tor-amplitude contained in [−n, 0].
• For every integer n ≥ 0, the complex

R/pR⊗LR grconjn ∆R/A

has Tor-amplitude contained in [0, n] as an object of D(R/pR).
• For every integer n ≥ 0, the complex (R/pR) ⊗LR Filconjn ∆R/A has Tor-amplitude contained

in [0, n] as an object of D(R/pR).
• The complex R/pR⊗LR∆R/A has Tor-amplitude contained in [0,∞] as an object of D(R/pR).
• The cohomology groups of the relative Hodge-Tate complex ∆R/A and the relative prismatic

complex ∆R/A are concentrated in degrees ≥ 0.

Variant 4.1.19. Let R be an A-algebra which satisfies the following condition:
(∗+) The commutative ring R has bounded p-torsion and the complex R/pR⊗LR LR/A is isomor-

phic to a flat R/pR-module, concentrated in cohomological degree −1.
Then:
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• For every integer n ≥ 0, the derived tensor product R/pR⊗LR LΩ̂
n
R/A
∈ D̂(R/pR) is isomor-

phic to a flat R/pR-module, concentrated in cohomological degree −n.
• For every integer n ≥ 0, the derived tensor product

R/pR⊗LR grconjn ∆R/A

is isomorphic to a flat R/pR-module, concentrated in cohomological degree 0.
• For every integer n ≥ 0, the derived tensor product

R/pR⊗LR Filconjn ∆R/A

is isomorphic to a flat R/pR-module, concentrated in cohomological degree 0.
• The complex R/pR⊗LR ∆R/A is isomorphic to a flat R/pR-module, concentrated in cohomo-

logical degree zero.
• The relative Hodge-Tate complex ∆R/A is concentrated in cohomological degree zero and is
p-completely flat as an R-module. Consequently, the relative prismatic complex ∆R/A is also
concentrated in cohomological degree zero.

If, in addition, R is p-completely flat over A, it follows that ∆R/A is p-completely flat over A, so
that ∆R/A is (p, I)-completely flat over A.

Remark 4.1.20. Let u : R′
։ R be a surjective homomorphism of A-algebras. Assume that R

and R′ satisfy condition (∗+) of Variant 4.1.19 and that the p-complete cotangent complex LΩ̂1
R/R′

has cohomology concentrated in degrees ≤ −2. Then:
• For every integer n ≥ 0, the induced map

(R/pR)⊗LR′ LΩ̂nR′/A
→ (R/pR)⊗LR LΩ̂

n
R′/A

is a surjection of flat (R/pR)-modules, concentrated in cohomological degree −n.
• For every integer n ≥ 0, the induced map

R/pR⊗LR′ grconjn ∆R′/A → R/pR⊗LR grconjn ∆R/A

is a surjection of flat R/pR-modules, concentrated in cohomological degree 0.
• For every integer n ≥ 0, the induced map

(R/pR)⊗LR′ Filconjn ∆R′/A → (R/pR)⊗LR Filconjn ∆R/A

is a surjection of flat (R/pR)-modules, concentrated in cohomological degree 0.
• The induced map

(R/pR)⊗LR′ ∆R′/A → (R/pR)⊗LR ∆R/A

is a surjection of flat (R/pR)-modules, concentrated in cohomological degree zero.
• The induced map ∆R′/A → ∆R/A is a surjection of p-adically separated and complete abelian

groups.
• The induced map ∆R′/A → ∆R/A is surjective.

4.2. Relative Prismatic Cohomology: Globalization. Let (A, I) be a bounded prism, which
we regard as fixed throughout this section, and let A denote the quotient ring A/I.

Construction 4.2.1. Let X be scheme, formal scheme, or algebraic stack equipped with a mor-
phism π : X → Spec(A). We let RΓ∆(X/A) denote the inverse limit lim←−Spec(R)→X

∆R/A, formed

in the ∞-category D̂(A). Here the limit is indexed by the category of points of X: that is, the
category of pairs (R, f) where R is a commutative ring and f : Spec(R) → X is a morphism (so
that the composition π ◦ f determines an A-algebra structure on R). We will refer to RΓ∆(X/A)
as the prismatic complex of X relative to A. We let RΓ

∆
(X/A) denote the derived tensor product

A⊗LA RΓ∆(X/A); we will refer to RΓ
∆
(X/A) as the Hodge-Tate complex of X relative to A.
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For every integer n, we let Hn
∆
(X/A) denote the nth cohomology group of the complex RΓ∆(X/A),

and we let Hn
∆
(X/A) denote the nth cohomology group of the complex RΓ

∆
(X/A). We will refer to

we refer to Hn
∆
(X/A) as the nth prismatic cohomology group of X relative to A, and to Hn

∆
(X/A) as

the nth Hodge-Tate cohomology group of X relative to A.

Remark 4.2.2. The construction X 7→ RΓ∆(X/A) satisfies descent with respect to the étale topol-
ogy (this is a formal consequence of Corollary 4.1.15).

Example 4.2.3. Let X = Spec(R) be an affine A-scheme. Then the prismatic complex RΓ∆(X/A)
of Construction 4.2.1 can be identified with the relative prismatic complex ∆R/A of Construction
4.1.3.

Example 4.2.4. Let X be a bounded p-adic formal scheme over A. For each n ≥ 0, let Xn ⊆ X

denote the closed subscheme given by the vanishing locus of pn, so that we have X = lim
−→n

Xn (as set-
valued functors on the category of commutative rings). It follows that RΓ∆(X/A) can be identified
with the limit lim

←−n
RΓ∆(Xn/A), formed in the ∞-category D̂(A). In particular, the construction

X 7→ RΓ∆(X/A) satisfies descent for the étale topology on the category of bounded p-adic formal
A-schemes.

In practice, little generality is lost by restricting Construction 4.2.1 to the setting of formal
schemes:

Proposition 4.2.5. Let X be an A-scheme for which the structure sheaf OX has bounded p-power
torsion (this condition is satisfied, for example, if X is smooth over A), and let X = Spf(A)×Spec(A)

X denote its underlying p-adic formal scheme. Then the restriction map RΓ∆(X/A) → RΓ∆(X/A)

is an isomorphism in the ∞-category D̂(A).

Corollary 4.2.6. Let R be an A-algebra having bounded p-power torsion, and let R̂ denote the

p-completion of R. Then the tautological map ∆R/A → RΓ∆(Spf(R̂)/A) is an isomorphism in D̂(A).

Proof. Combine Proposition 4.2.5 with Example 4.2.3. �

Our proof of Proposition 4.2.5 will require some preliminaries.

Notation 4.2.7. For each integer n ≥ 0, let F⊗n
p denote the derived tensor product

Fp⊗
L
ZFp⊗

L
Z · · · ⊗

L
Z Fp

of n copies of the finite field Fp, which we regard as an animated commutative ring. The construction
[n] 7→ F⊗n+1

p determines a cosimplicial object of the ∞-category CAlgan, which we will denote by
F⊗•+1
p .

Proposition 4.2.8 (Derived Descent for Relative Prismatic Cohomology). Let R be an animated
commutative A-algebra, and regard R• = F⊗•+1

p ⊗LR as a cosimplicial animated commutative R-

algebra. Then the tautological map ∆R/A → Tot(∆R•/A) is an isomorphism in D̂(A). In other words,
∆R/A can be identified with the inverse limit of the diagram [n] 7→ ∆(F⊗n+1

p ⊗LR)/A.

Proof. By virtue of Remark 4.1.5, the assertion can be tested locally (with respect to the flat
topology) on the category of prisms, so we may assume without loss of generality that the ideal
I = (d) is principal. Let S denote the derived tensor product Fp⊗

LA; it will then suffice to show
that the comparison map

S ⊗LA ∆R/A → S ⊗LA Tot(∆R•/A) ≃ Tot(S ⊗LA ∆R•/A)

is invertible. Let S• denote the cosimplicial commutative algebra object of D(S) given by

S• = S ⊗LA ∆(A⊗LF⊗•+1
p )/A.
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Using the Künneth formula of Remark 4.1.8, we are reduced to proving that the tautological map
M → Tot(M ⊗LS S

•) is an isomorphism in the ∞-category D(S) for M = S ⊗LA ∆R/A. Moreover,
the cosimplicial object S• is given by the iterated (derived) tensor powers of S0 relative to S. We
will complete the proof by showing that the unit map u : S → S0 generates a covering sieve with
respect to the faithfully flat topology: that is, there exists a faithfully flat morphism of S → S′

which factors through u. Note that this assertion does not depend on the animated commutative
A-algebra R.

Let (A0, I0) be the prism of Example 3.2.5. Since the ideal I is principal, there exists a morphism
of prisms (A0, I0)→ (A, I). Using Remark 4.1.5, we can reduce to the case where (A, I) = (A0, I0).
In particular, (A, I) is a transversal prism, so that S = A/pA is an ordinary commutative ring.
Let W = Spec(Z[a0, a1, · · · ]) denote the Zp-scheme representing the Witt vector functor B 7→
W (B), so that we can identify the Spf(A) with the formal subscheme WCart0 ⊆ W described in
Construction 3.2.1. This restricts to an identification of Spec(S) with the locally closed subscheme
of Spec(Fp)×W given by the locus where a0 vanishes and a1 is invertible (hence an isomorphism
of commutative rings S ≃ Fp[a

±1
1 , a2, a3, · · · ]). Similarly, we can identify ∆S/A with the δ-ring

A{ p
I0
}, so that (∆S/A, I

0
∆S/A) is the universal crystalline prism over (A, I) (see Example 4.3.16

below). In particular, there is an identification of the formal spectrum Spf(∆S/A) with the product
Spf(Zp)×W

× ⊆W×, fitting into a commutative diagram

Spf(∆S/A)
� � //

��

W×

p

��
Spf(A) �

� // W.

(19)

When B is an Fp-algebra, the multiplication map p : W (B) → W (B) factors as a composition

W (B)
F
−→ W (B)

V
−→ W (B). We can therefore expand (19) to a commutative diagram of formal

schemes
Spec(Fp)×W× � � //

F

��

Spf(∆S/A)
� � //

��

W×

p

��

Spec(Fp)×W
×

V∼

��
Spec(S) �

� // Spf(A) �
� // W.

We complete the proof by observing that the morphism of affine schemes F : Spec(Fp) ×W
× →

Spec(Fp)×W
× is faithfully flat (Corollary 3.4.8). �

Corollary 4.2.9. Let R be an animated commutative A-algebra. For each n ≥ 0, let Rn denote
the derived tensor product (Z /pn Z) ⊗L R. Then the tautological map ∆R/A → lim←−n ∆Rn/A is an

isomorphism in the ∞-category D̂(A).

Proof. By virtue of Proposition 4.2.8, we may assume without loss of generality that R is an algebra
over the derived tensor product Fp⊗

LA. In this case, the tower {Rn}n≥0 is isomorphic to R as a
pro-object of the ∞-category CAlgan

A
, so the result is clear. �



ABSOLUTE PRISMATIC COHOMOLOGY 85

Proof of Proposition 4.2.5. Let X be an A-scheme for which the structure sheaf OX has bounded
p-power torsion, and let X = Spf(A)×Spec(A)X denote its p-completion. We wish to show that the

restriction map RΓ∆(X/A) → RΓ∆(X/A) is an isomorphism in D̂(A). Without loss of generality,
we may assume that X = Spec(R) is affine (Remark 4.2.2), so that R is an A-algebra of bounded
p-power torsion. Using Example 4.2.4, we are reduced to showing that the canonical map ∆R/A →

lim←−n ∆(R/pnR)/A ≃ RΓ∆(X/A) is an isomorphism in D̂(A). This follows from Corollary 4.2.9, since
the tautological maps

(Z /pn Z)⊗L R→ (Z /pn Z)⊗R = R/pnR

define an isomorphism {(Z /pn Z)⊗L R}n≥0
∼
−→ {R/pnR}n≥0 of pro-objects of CAlgan

A
. �

For later use, we record a version of Proposition 4.2.8 for the conjugate filtration on relative
Hodge-Tate cohomology.

Variant 4.2.10. Let R be an animated commutative A-algebra and let R• = R ⊗L F⊗•+1
p be as

in the statement of Proposition 4.2.8. For every complex M ∈ D̂(Zp) and every integer m, the
tautological map

θ :M⊗̂
L
Filconjm ∆R/A → Tot(M⊗̂

L
Filconjm ∆R•/A)

is an isomorphism in D̂(R).

Proof. Proceeding by induction on m and using Remark 4.1.7), we are reduced to proving the
following assertion:

(∗) Let M be an object of D̂(Zp). Then the comparison map

M⊗̂
L
LΩ̂m

R/A
→ Tot(M⊗̂

L
LΩ̂m

R•/A
)

is an isomorphism.

We have a fiber sequence of cosimplicial R•-modules R• ⊗LR LΩ̂
1
R/A
→ LΩ̂1

R•/A
→ LΩ̂1

R•/R. This

determines a finite filtration of LΩ̂m
R•/A

) whose associated graded is given by (LΩ̂m−d
R/A

)⊗̂
L
R(LΩ̂

d
R•/R).

Moreover, the comparison map of (∗) can be promoted to a map of filtered objects, given at the
associated graded level by

M⊗̂
L
(LΩ̂m−d

R/A
)⊗̂

L
R(LΩ̂

d
R/R)→ Tot(M⊗̂(LΩ̂m−d

R/A
)⊗̂

L
R(LΩ̂

d
R•/R)).

Setting N =M⊗̂Ω̂m−d
R/A

, we are reduced to proving the following:

(∗′) Let N be an object of D̂(R) and let d ≥ 0 be an integer. Then the comparison map

N⊗̂
L
RLΩ̂

d
R/R → Tot(N⊗̂

L
RLΩ̂

d
R•/R)

is an isomorphism.
Since both sides are p-complete, this can be checked after extending scalars to Fp. We may therefore
assume without loss of generality that R has the structure of an animated Fp-algebra, in which case
the result is clear (since the augmented cosimplicial object R 7→ R• splits). �

4.3. Calculation via the Relative Prismatic Site. We now compare Construction 4.2.1 with
the definition of prismatic cohomology given in [21].

Notation 4.3.1. Let X be a bounded p-adic formal scheme over A, and let (X/A)∆ be the relative
prismatic site of Definition 4.1.1. We let RΓsite

∆
(X/A) denote the limit

lim←−
(B,v)∈(X/A)∆

B,
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formed in the∞-category D̂(A). We will refer to RΓsite
∆

(X/A) as the site-theoretic prismatic complex
of X.

Let R be an A-algebra with bounded p-torsion, and let X = Spf(A)×Spec(A) Spec(R) denote the
associated p-adic formal scheme. In this case, we will denote the complex RΓsite

∆
(X/A) by ∆

site
R/A.

Warning 4.3.2. In the definition of ∆
site
R/A, we implicitly assume that the limit lim

←−(B,J,v)∈(R/A)∆
B

exists in the ∞-category D̂(A). This is not completely obvious, since the prismatic site (R/A)∆ is
not a small category (or even equivalent to a small category). In what follows, we will ignore this
technicality (it can be addressed, for example, by regarding ∆

site
R/A as belonging to a larger universe).

Example 4.3.3. By construction, the relative prismatic complex ∆R/A coincides with ∆
site
R/A in the

special case where R is a finitely generated polynomial algebra over A. In particular, Corollary 4.2.6
supplies a canonical isomorphism RΓ∆(Spf(R̂)/A) ≃ RΓsite

∆
(Spf(R̂)/A).

Proposition 4.3.4. Let X be a bounded p-adic formal scheme over A. Then there is a comparison
map

ξX : RΓ∆(X/A)→ RΓsite
∆ (X/A),

which is characterized (up to homotopy) by the requirement that it depends functorially on X and

agrees with the isomorphism of Example 4.3.3 when X has the form Spf(R̂), where R is a finitely
generated polynomial algebra over A.

Proof. Let C be the opposite of the category of bounded p-adic formal schemes over A and let
C′ ⊆ C be the full subcategory spanned by the affine formal schemes. It is not difficult to see that
the construction X 7→ RΓsite

∆
(X/A) satisfies descent for the étale topology, and is therefore a right

Kan extension of its restriction to the subcategory C ′ ⊆ C. It will therefore suffice to construct
the comparison map ξX when X is affine. Let C′′ ⊆ C′ be the full subcategory spanned by formal
A-schemes of the form Spf(R̂), where R is a finitely generated polynomial algebra over R. Using
Corollary 4.2.6 (and the definition of ∆R/A as a right Kan extension), we see that the functor

(X ∈ C ′) 7→ RΓ∆(X/A)

is a left Kan extension of its restriction to C′′. It will therefore suffice to construct the comparison
map ξX for X ∈ C′′, where it is supplied by Example 4.3.3. �

Notation 4.3.5. Let R be an A-algebra with bounded p-torsion. Then the comparison map ξX of
Proposition 4.3.4 can be regarded as a morphism from ∆R/A → ∆

site
R/A, which we will denote by ξR.

We can now state our main result:

Theorem 4.3.6. Let X be a bounded p-adic formal scheme over A. Suppose that, for every affine
open subset Spf(R) ⊆ X, the A-algebra R satisfies condition (∗) of Remark 4.1.18. Then the
comparison map

ξX : RΓ∆(X/A)→ RΓsite
∆ (X/A)

of Proposition 4.3.4 is an isomorphism in D̂(A).

Remark 4.3.7 (Comparison with [21]). Let X be a formal scheme which is smooth over Spf(A).
In [21], the prismatic complex RΓ∆(X/A) is defined to be the site-theoretic prismatic complex
RΓsite

∆
(X/A) of Notation 4.3.1. Theorem 4.3.6 implies that this agrees with with prismatic complex

of Construction 4.2.1 (up to canonical isomorphism). Moreover, a similar result holds for many
formal schemes which are not smooth over A.

Remark 4.3.8. Let X be a formal scheme which is smooth and proper over Spf(A). Then the
relative prismatic complex RΓ∆(X/A) is perfect (see Theorem 1.8 of [21]).
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We begin with an easy special case of Theorem 4.3.6.

Remark 4.3.9. Let R be a commutative algebra over A which satisfies condition (∗+) of Variant
4.1.19, so that the prismatic complex ∆R/A is concentrated in degree zero, and let X denote the
p-completion of the affine scheme Spec(R). Applying Lemma 7.7 of [21], we deduce:

• The pair (∆R/A, I∆R/A) can be regarded as an object of the relative prismatic site (R/A)∆.
• The relative prismatic site (R/A)∆ has an initial object, which can then be identified with
(∆site
R/A, I∆

site
R/A).

• The comparison map ξR : ∆R/A → ∆
site
R/A can be regarded a morphism in the prismatic site

(X/A)∆.
It follows that the composition

(∆R/A, I∆R/A)
ξR−→ (∆site

R/A, I∆
site
R/A)→ (∆R/A, I∆R/A)

determines an idempotent endomorphism ιR/A of the δ-ring ∆R/A; this endomorphism is surjective
exactly when it is an isomorphism, which happens if and only if ξR is an isomorphism.

Note that ιR/A depends functorially on both R and A: if (A, I) → (A′, I ′) is a morphism of
bounded prisms and R′ is a commutative algebra over the quotient ring A

′
= A′/I ′ which also

satisfies condition (∗+) of Variant 4.1.19, then we have a commutative diagram of prisms

(∆R/A, I∆R/A)
ξR //

��

(∆site
R/A, I∆

site
R/A)

//

��

(∆R/A, I∆R/A)

��
(∆R′/A′ , I ′∆R′/A′)

ξR′ // (∆site
R′/A′ , I ′∆site

R′/A′) // (∆R′/A′ , I ′∆R′/A′)

where the top horizontal composition is ιR/A and the bottom horizontal composition is ιR′/A′ . Here
the left square commutes by the construction of ξ, and the right square by virtue of the initiality
of (∆site

R/A, I∆
site
R/A) as an object of the relative prismatic site (X/A)∆.

Lemma 4.3.10. Let R be a quotient of A which satisfies condition (∗) of Remark 4.1.18. Then the
comparison map ξR : ∆R/A → ∆

site
R/A is an isomorphism.

Proof. It follows from the surjectivity of the unit map u : A ։ R that the module of Kähler
differentials ΩR/A vanishes, so that R satisfies the stronger condition (∗+) of (∗+) of Variant 4.1.19.
Let ιR/A be the idempotent endomorphism of Remark 4.3.9. We wish to show that ιR/A is an
isomorphism, or equivalently that is surjective. Let {fs}s∈S be a collection of generators for the
kernel ker(u), and let R′ denote the quotient of A[Y 1/p∞

t ] by the ideal generated by the elements
{Yt − ft}t∈T . Then there is a surjection of A-algebras v : R′

։ R which is uniquely determined by
the requirement that v(Y 1/pn

t ) vanishes for each t ∈ T and each integer n ≥ 0. By construction,
the induced map (R/p)⊗LR′ LR′/A[−1]→ (R/p)⊗ (R/p)⊗LR LR/A[−1] is a surjection of flat R/pR-
algebras. By virtue of Remark 4.1.20, the induced map of δ-rings ∆R′/A → ∆R/A is surjective.
Consequently, to show that the idempotent ιR/A is surjective, it will suffice to show that ιR′/A is
surjective. Since the functor

∆•/A : CAlgan
A
→ CAlg(D̂(A))

preserves colimits (Remark 4.1.8), it will suffice to show that the idempotent ιS/A is an isomorphism
in the special case where S is an A-algebra of the form A[Y 1/p∞ ]/(Y − f), for some element f ∈ A.
In this case, the desired result follows from Example 7.9 of [21]. �
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The following result is a slight generalization of Proposition 7.10 of [21]:

Lemma 4.3.11. Let (A, I) be a bounded prism and let R be a commutative algebra over the quotient
ring A = A/I. Assume that R satisfies condition (∗) of Remark 4.1.18 and that there exists a
collection of elements {xs}s∈S satisfying the following:

(a) Each xs admits a compatible system of pth-power roots {x
1/pn
s }n≥0.

(b) The images of the elements xs generate the quotient ring R/pR.

Then the comparison map ξR : ∆R/A → ∆
site
R/A is an isomorphism in the ∞-category D̂(A).

Proof. It follows from conditions (a) and (b) that the quotient ring R/pR is semiperfect, so that the
module of relative Kähler differentials ΩR/A is p-divisible. It follows that R satisfies the stronger
condition (∗+) of Variant 4.1.19. As in the proof of Lemma 4.3.10, we are reduced to showing that the
idempotent endomorphism ιR/A of Remark 4.3.9 is an isomorphism. Let A′ be the (p, I)-completion

of A[X1/p∞
s ], endowed with the δ-structure determined by the requirement that each X1/pn

s is rank
one. Let R̂ denote the p-completion of R (which agrees with the separated p-completion, since R
has bounded p-torsion). It follows from condition (a) that there is a commutative diagram of rings

A/I

��

// R

��

A′/IA′ u // R̂,

where u satisfies u(Xs) = xs. It follows from (b) that u is surjective modulo p and therefore
surjective (since both A′/IA′ and R̂ are p-complete). Since A′/IA′ is p-completely formally étale
over A/IA, it follows from Corollaries 4.1.17 and 4.1.14 that the induced map of prismatic complexes
∆R/A → ∆R̂/A′ is invertible. It will therefore suffice to show that the idempotent ιR̂/A′ is an
isomorphism, which follows from Lemma 4.3.10. �

To apply Lemma 4.3.11, we will appeal to the fact that both ∆•/A and ∆
site
•/A have good descent

properties.

Lemma 4.3.12. Let R be an A-algebra which is p-complete and has bounded p-torsion, and let
f : R → R0 be a p-quasisyntomic cover. Let R• denote the cosimplicial A-algebra given by the
p-completed tensor powers of R0 over R. Then the canonical map

∆
site
R/A → Tot(∆site

R•/A)

is an isomorphism in the ∞-category D̂(A).

Proof. Unwinding the definitions, we see that Tot(∆site
R•/A) can be identified with the inverse limit

lim←−(B,v)∈C
B, where C ⊆ (R/A)∆ is the full subcategory spanned by those objects (B, v) for which

the unit map R → B/IB factors through R0. It follows from Proposition 7.11 of [21] that (the
opposite of) C is a sieve with respect to the flat topology of Remark 4.1.2. The desired result now
follows from the observation that the functor

(R/A)∆ → D̂(A) (B, v) 7→ B

is a sheaf for the flat topology. �
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Lemma 4.3.13. Let R be a p-complete A-algebra which satisfies condition (∗) of Remark 4.1.18,
and let f : R → R0 be a p-quasisyntomic cover. Let R• denote the cosimplicial A-algebra given by
the p-completed tensor powers of R0 over R. Then the canonical maps

∆R/A → Tot(∆R•/A) ∆R/A → Tot(∆R•/A)

are isomorphisms (in the ∞-categories D̂(A) and D̂(A), respectively).

Proof. We will prove the assertion for the relative Hodge-Tate complex; the analogous statement
for the prismatic complex is a formal consequence. Using Remark 4.1.18, we see that each of the
complexes Filconjn ∆R/A and Filconjn ∆Rm/A is coconnective. Since the formation of totalizations of
coconnective complexes commutes with the formation of filtered colimits, it will suffice to show that
each of the natural maps

Filconjn ∆R/A → Tot(Filconjn ∆R•/A)

is an isomorphism in D̂(A). Proceeding by induction on n, we can reduce further to showing that
each of the maps

grconjn ∆R/A → Tot(grconjn ∆R•/A)

is an isomorphism. Invoking the Hodge-Tate comparison (Remark 4.1.7), we are reduced to checking
that each of the maps

LΩ̂n
R/A
≃ Tot(R•)⊗̂RLΩ̂

n
R/A

)→ Tot(R•⊗̂RLΩ̂
n
R/A

)→ Tot(LΩ̂n
R•/A

)

is invertible (here the first identification follows from the p-complete faithful flatness of the map
R → R0). The cofiber of this map has a finite filtration, where each successive quotient can be
realized as the totalization of a cosimplicial object of the form

LΩ̂mR•/R⊗̂
L
RLΩ̂

n−m
R/A

,

and therefore vanishes (see Lemma 2.6 of [10]). �

Proof of Theorem 4.3.6. Without loss of generality, we may assume that X = Spf(R) is affine,
so that R is a p-complete A-algebra satisfying condition (∗) of Remark 4.1.18. Choose a p-
quasisyntomic cover R → R0, where every element of R0 has a pth root, and let R• be as in
Lemma 4.3.13. By construction, each of the A-algebras Rn satisfies the hypotheses of Lemma
4.3.11, so that the comparison map ξRn : ∆Rn/A → ∆

site
Rn/A is an isomorphism. By functoriality, we

have a commutative diagram

∆R/A
ξR
∼

//

��

∆
site
R/A

��
Tot(∆R•/A)

Tot(ξR• ) // Tot(∆site
R•/A),

where the vertical maps are isomorphisms by virtue of Lemmas 4.3.12 and 4.3.13. It follows that
ξR is also an isomorphism. �

Corollary 4.3.14. Let R be an A-algebra which satisfies condition (∗+) of Variant 4.1.19. Then
the pair (∆R/A, I∆R/A) can be regarded as an initial object of the relative prismatic site (R/A)∆.

Proof. Combine Theorem 4.3.6 with Remark 4.3.9. �



90 BHARGAV BHATT AND JACOB LURIE

Example 4.3.15. Suppose that (A, I) is a tranversal prism and let (B, J) be a perfect prism with
quotient B = B/J . Then the tensor product R = A⊗LB satisfies condition (∗+) of Variant 4.1.19.
It follows that we can regard (∆R/A, I∆R/A) as an initial object of the relative prismatic site (R/A)∆.
Note that if (C, v) is any object of (R/A)∆, the ring homomorphism B → C/IC determined by v
lifts uniquely to a δ-ring homomorphism B → C (since the prism (B, J) is perfect). It follows that
(∆R/A, I∆R/A) can be identified with the coproduct of (A, I) and (B, J) in the category of bounded
prisms (see Proposition 2.4.5).

Example 4.3.16. Suppose that (A, I) is a transversal prism (Definition 2.1.3) and let R denote
the quotient ring A/pA. Then R satisfies condition (∗+) of Variant 4.1.19, so we can regard
(∆R/A, I∆R/A) as an initial object of the relative prismatic site (R/A)∆. It follows from Exam-
ple 4.3.15 that (∆R/A, I∆R/A) is the universal crystalline prism over (A, I) (that is, the coproduct of
(A, I) with (Zp, (p)) in the category of prisms). In particular, we can identify ∆R/A with the δ-ring
A{pI }

∧ described in Corollary 3.14 of [21].

Example 4.3.17. Let (A, I) = (Zp[[q − 1]], [p]q) denote the q-de Rham prism of Example 2.1.9,
let (B, IB) be the prism over (A, I) described in Proposition 2.6.5 (freely generated by a rank 1
unit u satisfying up ≡ 1 (mod IB)). Let C denote the (p, I)-completion of the tensor product
B ⊗Z[u] Z[u

1/p∞ ], so that (C, IC) inherits the structure of a prism over (A, I). Set A = A/I and
R = A[u1/p

∞

]/(up − 1). Then:
• Let (D, ID) be any prism over (A, I). Then A-algebra homomorphisms R→ D/ID can be

identified with elements w ∈ (D/ID)♭× satisfying (wp)♯ = 1 in (D/ID)×.
• Every element w ∈ (D/ID)♭× lifts uniquely to an element w ∈ D♭× (Proposition 2.7.3), and

the image w♯ ∈ D× is automatically of rank 1 (Proposition 2.7.2).
It follows that (C, IC) can be regarded as an initial object of the relative prismatic site (R/A)∆, so
that we have a canonical isomorphism ∆R/A ≃ C. Applying Proposition 2.6.7, we see that C can
be identified with the (p, q − 1)-completion of the free A-module generated by elements of the form

uαγn,q(u− 1) = uα
(u− 1)(u − q) · · · (u− qn−1)

[1]q[2]q · · · [n]q
,

where n ranges over nonnegative integers and α ranges over the set {α ∈ Z[1/p] : 0 ≤ α < 1}.

4.4. Absolute Prismatic Cohomology. We now introduce an absolute variant of prismatic co-
homology, which does not depend on a choice of base prism.

Construction 4.4.1 (Prismatic Cohomology Sheaves). Let R be an animated commutative ring.
For every bounded prism (A, I) with quotient ring A = A/I, let ∆(A⊗LR)/A denote the prismatic
complex of the derived tensor product A⊗LR relative to A (Construction 4.1.3), which we regard as
an object of the (p, I)-complete derived ∞-category D̂(A). For every morphism of bounded prisms
(A, I)→ (B, IB), Remark 4.1.5 supplies a canonical isomorphism

B⊗̂
L
A∆(A⊗LR)/A ≃ ∆(B⊗LR)/B .

where B denotes the quotient B/IB. By virtue of Proposition 3.3.5, the construction (A, I) 7→
∆(A⊗LR)/A determines an object of the ∞-category D(WCart). We will denote this object by
H∆(R) and refer to it as the prismatic cohomology sheaf of R.

Remark 4.4.2. The construction R 7→ H∆(R) determines a functor of ∞-categories H∆(•) :
CAlgan → D(WCart) which commutes with sifted colimits (this follows immediately from the
analogous property of relative prismatic complexes; see Construction 4.1.3).

Remark 4.4.3 (Étale Descent). The functor (R ∈ CAlgan) 7→ (H∆(R) ∈ D(WCart)) satisfies
descent for the étale topology (this follows immediately from Corollary 4.1.15).
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Remark 4.4.4. Let F⊗•+1
p be the cosimplicial animated commutative ring introduced in Notation

4.2.7, let R be an animated commutative ring, and let R• denote the derived tensor product R⊗L

F⊗•+1
p . Then the canonical map H∆(R) → Tot(H∆(R

•)) is an isomorphism in the ∞-category
D(WCart). This follows immediately from Proposition 4.2.8

Remark 4.4.5. Let R be an animated commutative ring. Then the prismatic cohomology sheaf
H∆(R) can be identified with the inverse limit lim←−n H∆((Z /p

n Z)⊗LR), formed in the ∞-category
D(WCart). This follows immediately from Corollary 4.2.9 (alternatively, it can be deduced formally
from Remark 4.4.4 by repeating the proof of Corollary 4.2.9).

Variant 4.4.6 (Globalization to Formal Schemes). Let X be a bounded p-adic formal scheme which
is quasi-compact and quasi-separated. Then the construction

(A, I) 7→ RΓ∆(Spf(A/I) × X/A),

defined on the category of transversal prisms (A, I), determines a quasi-coherent complex on the
Cartier-Witt stack WCart, which we will denote by H∆(X) and refer to as the prismatic cohomology
sheaf of X. This construction is characterized by the following properties:

• The construction X 7→ H∆(X) satisfies descent for the étale topology on the category of
bounded p-adic formal schemes.
• If X = Spf(R) is the spectrum of a p-complete commutative ring R with bounded p-torsion,

then H∆(X) agrees with the prismatic cohomology sheaf H∆(R) of Construction 4.4.1 (see
Corollary 4.2.6).

Remark 4.4.7. Let X be a formal scheme which is smooth and proper over Spf(Zp). Then the
prismatic cohomology sheaf H∆(X) of Variant 4.4.6 is a perfect complex on the Cartier-Witt stack
WCart (see Remark 4.3.8). More generally, if k is a perfect field and X is proper and smooth over
Spf(W (k)), then H∆(X) can be regarded as the direct image of a perfect complex on the product
WCart×Spf(W (k)).

Let (B, J) be a bounded prism with quotient B = B/J , and let ρB : Spf(B) → WCart be
the morphism of Construction 3.2.4. For every animated commutative ring R, we will identify
the pullback ρ∗BH∆(R) ∈ D(Spf(B)) ≃ D̂(B) with the relative prismatic complex ∆(B⊗LR)/B . In
particular, if R is an animated commutative B-algebra, then the multiplication map B ⊗L R→ R
induces an B-linear map ρ∗BH∆(R) → ∆R/B , which we can identify with a map ξ : H∆(R) →
ρB∗∆R/B in the derived ∞-category WCart.

Proposition 4.4.8. Let (B, J) be a perfect prism and let R be an animated commutative algebra
over the quotient ring B = B/J . Then the preceding construction determines an isomorphism

ξ : H∆(R)
∼
−→ ρB∗∆R/B in the ∞-category D(WCart).

Proof. Fix a nonzero transversal prism (A, I), and let ρA : Spf(A) → WCart be the morphism of
Construction 3.2.4. Then ρA is faithfully flat (Corollary 3.2.10). It will therefore suffice to show
that ρ∗A(ξ) is an isomorphism in D̂(A). Let (C,K) be a coproduct of (A, I) with (B, J) in the
category of prisms, so that Proposition 3.2.8 supplies a pullback diagram

Spf(C) //

��

Spf(B)

ρB

��
Spf(A)

ρA // WCart .
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Setting A = A/I and C = C/K and invoking Remark 4.1.5, we can identify ρ∗A(ξ) with the
composition of the bottom horizontal maps in the diagram

∆A⊗LB/A
//

��

∆C⊗LB/C
//

��

∆C/C

��
∆A⊗LR/A

// ∆C⊗LR/C
// ∆C⊗L

B
R/C

of commutative algebra objects of D̂(A). Note that the squares on the left and right are pushout
diagrams by virtue of Remarks 4.1.5 and 4.1.8, respectively. It will therefore suffice to show that
the upper horizontal composition ∆A⊗LB/A → ∆C/C ≃ C is an isomorphism, which follows from
Example 4.3.15. �

Corollary 4.4.9. Let (A, I) be a perfect prism, let A denote the quotient ring A/I, and let X be
a bounded p-adic formal A-scheme which is quasi-compact and quasi-separated. Then the prismatic
cohomology sheaf H∆(X) of Variant 4.4.6 can be identified with the pushforward ρA∗ RΓ∆(X/A),
where ρA : Spf(A)→WCart is the morphism of Construction 3.2.4.

Construction 4.4.10 (Absolute Prismatic Complexes: Affine Case). Let R be an animated com-
mutative ring. For every pair of integers m and n, we let ∆

[m]
R {n} ∈ D̂(Zp) denote complex

RΓ(WCart,I⊗m⊗H∆(R){n}), where I is the Hodge-Tate ideal sheaf of Example 3.3.4 and H∆(R)
is the prismatic cohomology sheaf of Construction 4.4.1. In the special case m = 0, we denote
∆
[m]
R {n} by ∆R{n}. In the special case n = 0, we denote ∆R{n} simply by ∆R, and refer to it as the

absolute prismatic complex of R.

Remark 4.4.11. Let (A•, I•) be the cosimplicial prism of Notation 3.3.9, and let A• be the cosim-
plicial commutative ring A•/I•. For every animated commutative ring R, the absolute prismatic
complex ∆R can be realized as the totalization of the cosimplicial complex ∆(A

•
⊗LR)/A• (see Corol-

lary 3.3.11). In §4.8, we will give a more efficient description of the ∆R, at least when p is an odd
prime (Proposition 4.8.8).

Let (A, I) be a bounded prism and let R be an animated commutative algebra over the quotient
ring A/I. For every pair of integers m and n, we have an evident comparison map

∆
[m]
R {n} = RΓ(WCart,I⊗m ⊗H∆(R){n})→ ρ∗A(I

⊗m ⊗H∆(R){n}) = Im∆R/A{n}.

Proposition 4.4.12. Let (A, I) be a perfect prism and let R be an animated commutative algebra
over the quotient ring A/I. For every pair of integers m and n, the comparison map

∆
[m]
R {n} → Im∆R/A{n}

is an isomorphism in the ∞-category D̂(A).

Proof. Apply Proposition 4.4.8. �

Example 4.4.13. Let R be a quasiregular semiperfectoid ring. Then there exists a perfect prism
(A, I) and a ring homomorphism A = A/I → R. It follows from Corollary 4.3.14 that the relative
prismatic complex ∆R/A is concentrated in cohomological degree zero, and the pair (∆R/A, I∆R/A)
can be viewed as prism over (A, I) (which is an initial object of the relative prismatic site (R/A)∆).
Applying Proposition 4.4.12, we obtain isomorphisms

∆R ≃ ∆R/A ∆
[1]
R ≃ I∆R/A;
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in particular, we can regard (∆R,∆
[1]
R ) as a prism. Moreover, the prismatic sheaf H∆(R) can be

identified with the direct image of the structure sheaf of the formal scheme Spf(∆R) along the map
Spf(∆R)→WCart given by Construction 3.2.4.

Proposition 4.4.14. For every pair of integers m and n, the functor

CAlgan → D̂(Zp) R 7→ ∆
[m]
R {n}

satisfies descent for the étale topology.

Proof. Apply Remark 4.4.3. �

Proposition 4.4.15. Let F⊗•+1
p be the cosimplicial animated commutative ring introduced in Nota-

tion 4.2.7. Let R be an animated commutative ring, and regard R• = R⊗L F⊗•+1
p as a cosimplicial

object of CAlgan. For every pair of integers m and n, the tautological map

∆
[m]
R {n} → Tot(∆

[m]
R• {n})

is an isomorphism in the ∞-category D̂(Zp).

Proof. Apply Remark 4.4.4. �

Remark 4.4.16. In the situation of Proposition 4.4.15, each individual term Rk of the cosim-
plicial animated commutative ring R• admits the structure of animated commutative Fp-algebra,
so that the absolute prismatic complex ∆Rk computes the (derived) crystalline cohomology of Rk

(see Remark 4.6.5). Consequently, Proposition 4.4.15 provides a mechanism for using crystalline
cohomology to prove results about prismatic cohomology, which we will exploit in §7.

Corollary 4.4.17. Let R be an animated commutative ring. For every pair of integers m and n,
the tautological map

∆
[m]
R {n} → lim

←−
k

∆
[m]

(Z /pk Z)⊗LR
{n}

is an isomorphism in the ∞-category D̂(Zp).

Corollary 4.4.18. Let R be an animated commutate ring and let R̂ denote the p-completion of R.

For every pair of integers m and n, the tautological map ∆
[m]
R {n} → ∆

[m]

R̂
{n} is an isomorphism in

the ∞-category D̂(Zp).

We now introduce a global variant of Construction 4.4.10.

Construction 4.4.19. Let X be scheme, formal scheme, or algebraic stack. For every pair of
integers m and n, we let RΓ

[m]
∆

(X){n} denote the inverse limit lim←−Spec(R)→X
∆
[m]
R/A{n}, formed in

the ∞-category D̂(Zp). Here the limit is indexed by the category of points of X: that is, the
category of pairs (R, f) where R is a commutative ring and f : Spec(R) → X is a morphism. In
the special case m = 0, we denote RΓ

[m]
∆

(X){n} by RΓ∆(X){n}. In the special case n = 0, we
denote RΓ∆(X){n} simply by RΓ∆(X), and refer to it as the absolute prismatic complex of X. We
denote the cohomology groups of RΓ∆(X) by H∗

∆
(X) and refer to them as the absolute prismatic

cohomology groups of X.

Example 4.4.20. Let X be a bounded p-adic formal scheme which is quasi-compact and quasi-
separated. For every pair of integers m and n, we have a canonical isomorphism

RΓ
[m]
∆

(X){n} ≃ RΓ(WCart,Im⊗H∆(X){n}),

where H∆(X) is the prismatic cohomology sheaf of X defined in Variant 4.4.6.
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Remark 4.4.21. Let (A, I) be a bounded prism and let X be a scheme, formal scheme, or algebraic
stack which is defined over the quotient ring A = A/I. For every pair of integers m and n, there is
a tautological comparison map

RΓ
[m]
∆

(X){n} → Im{n} ⊗LA RΓ∆(X/A),

where RΓ∆(X/A) is the prismatic complex ofX relative to A (Construction 4.2.1). If the prism (A, I)

is perfect, then this comparison map is an isomorphism in the ∞-category D̂(Zp) (see Proposition
4.4.12).

Remark 4.4.22. For every pair of integers m and n, the construction X 7→ RΓ
[m]
∆

(X){n} satisfies
descent with respect to the étale topology (see Proposition 4.4.14).

Example 4.4.23. Let X = Spec(R) be an affine scheme. For every pair of integers m and n, the
complex RΓ

[m]
∆

(X){n} can be identified with the absolute prismatic complex ∆
[m]
R {n} of Construction

4.4.10.

Example 4.4.24. Let X be a bounded p-adic formal scheme. For each k ≥ 0, let Xk ⊆ X denote
the closed subscheme given by the vanishing locus of pk, so that we have X = lim

−→k
Xk (as set-valued

functors on the category of commutative rings). It follows that for every pair of integers m and n,
the canonical map RΓ

[m]
∆

(X){n} → lim
←−k

RΓ
[m]
∆

(Xk){n} is an isomorphism in D̂(Zp).

Proposition 4.4.25. Let X be a scheme for which the structure sheaf OX has bounded p-power
torsion, and let X = Spf(Zp)×X be the associated p-adic formal scheme. For every pair of integers

m and n, the restriction map RΓ
[m]
∆

(X){n} → RΓ
[m]
∆

(X){n} is an isomorphism in the ∞-category

D̂(Zp).

Proof. Using Remark 4.4.22, we can reduce to the case where X = Spec(R) is the spectrum of a
commutative ring R with bounded p-torsion. In this case, the desired result follows by combining
Example 4.4.24, Example 4.4.23, and Corollary 4.4.17. �

Corollary 4.4.26. Let R be a commutative ring having bounded p-power torsion, and let R̂ be

the p-completion of R. For every pair of integers m and n, the tautological map ∆
[m]
R {n} →

RΓ
[m]
∆

(Spf(R̂)){n} is an isomorphism in D̂(Zp).

In good cases, the absolute prismatic cohomology of a p-adic formal scheme X can be computed
using a variant of Definition 4.1.1.

Definition 4.4.27 (Remark 4.6 of [21]). Let X be a bounded p-adic formal scheme. We define a
category (X)∆ as follows:

• The objects of (X)∆ are triples (A, I, u), where (A, I) is a bounded prism and u : Spf(A/I)→
X is a morphism of p-adic formal schemes.
• A morphism from (A, I, u) to (B, J, v) in (X)∆ is a morphism of prisms (A, I)→ (B, J) for

which the composite map

Spf(B/J)→ Spf(A/I)
u
−→ X

is equal to v.
We refer to (X)∆ as the absolute prismatic site of X. For every pair of integers m and n, we let
RΓ

site,[m]
∆

(X){n} denote the inverse limit

lim
←−

(A,I,u)∈(X)∆

Im{n},

formed in the ∞-category D̂(Zp).
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Remark 4.4.28. Let X be a bounded p-adic formal scheme. We define the flat topology on the
category (X)op

∆
to be the Grothendieck topology generated by those finite collections of morphisms

{(A, I, u) → (As, Is, us)}s∈S

for which the induced ring homomorphism A →
∏
s∈S As is (p, I)-completely faithfully flat. Note

that, for every pair of integers m and n, the functor (A, I, u) 7→ Im{n} is a D̂(Zp)-valued sheaf with
respect to the flat topology.

Let X be a p-adic formal scheme. For every object (A, I, u) of the absolute prismatic site (X)∆,
restriction along u determines comparison maps

RΓ
[m]
∆

(X){n} → RΓ
[m]
∆

(Spf(A/I)){n} ≃ ∆
[m]

A
{n} → Im{n} ⊗LA ∆A/A ≃ I

m{n},

where A denotes the quotient ring A/I. Passing to the inverse limit over (X)∆, we obtain a com-
parison map

ξ : RΓ
[m]
∆

(X){n} → RΓ
site,[m]
∆

(X){n}.

Example 4.4.29. Let R be a quasiregular semiperfectoid ring, and let X = Spf(R) be the associated
p-adic formal scheme. Then the category (X)∆ has an initial object (A, I, u), where (A, I) is given
by the absolute prismatic cohomology (∆R,∆

[1]
R ) (see Example 4.4.13). It follows that preceding

construction supplies an isomorphism

ξ : Im{n} ≃ RΓ
[m]
∆

(X){n} → RΓ
site,[m]
∆

(X){n}

for every pair of integers m and n.

We will prove the following generalization of Example 4.4.29:

Theorem 4.4.30. Let X be a bounded p-adic formal scheme. Assume that, for every affine open
subset Spf(R) ⊆ X, the coordinate ring R is p-quasisyntomic. Then, for every pair of integers m
and n, the comparison map

ξ : RΓ
[m]
∆

(X){n} → RΓ
site,[m]
∆

(X){n}.

is an isomorphism in the ∞-category D̂(Zp).

The proof of Theorem 4.4.30 will require some preliminaries.

Proposition 4.4.31. Let C be the category of bounded p-adic formal schemes. For every pair of
integers m and n, the functor

Cop → D̂(Zp) X 7→ RΓ
[m],site
∆

(X){n}

satisfies descent with respect to the p-quasisyntomic topology on C.

Proof. Let π : X0 → X be a p-quasisyntomic covering of p-adic formal schemes, and let X• be the
simplicial formal scheme given by the fiber powers of X0 relative to X. We wish to show that the
tautological map

ρ : RΓ
[m],site
∆

(X){n} → Tot(RΓ
[m],site
∆

(X•){n})

is an isomorphism in the ∞-category D̂(Zp). Unwinding the definitions, we see that the target
of ρ can be identified with the limit lim←−(A,I,u)∈(X)′

∆

Im{n}, where (X)′
∆

is the full subcategory of

(X)∆ spanned by those triples (A, I, u) for which the map u : Spf(A/I) → X factors through π. It
will therefore suffice to show that the subcategory (X)′

∆
is a covering sieve with respect to the flat

topology of Remark 4.4.28, which follows from Proposition 7.11 of [21]. �
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Proposition 4.4.32. Let C′ be the category of p-quasisyntomic p-adic formal schemes. For every
pair of integers m and n, the functor

C ′ op → D̂(Zp) X 7→ RΓ
[m]
∆

(X){n}

satisfies descent with respect to the p-quasisyntomic topology on C′.

Proof. By virtue of Remark 4.4.22, the functor X 7→ RΓ
[m]
∆

(X){n} satisfies étale descent; it will
therefore suffice to prove that it satisfies p-quasisyntomic descent when restricted to the full sub-
category of C ′ spanned by the affine p-quasisyntomic formal schemes. Let R be a p-quasisyntomic
ring, let f : R→ R0 be a p-quasisyntomic ring homomorphism which is p-completely faithfully flat,
and let R• be the cosimplicial commutative ring given by the p-completion of the iterated tensor
powers of R0 over R. We wish to show that the canonical map θ : ∆

[m]
R {n} → Tot(∆

[m]
R• {n}) is an iso-

morphism in D̂(Zp). It follows from Lemma 4.3.13 that the canonical map H∆(R)→ Tot(H∆(R
•))

is an isomorphism in the ∞-category D(WCart); the desired result now follows by tensoring both
sides with the invertible sheaf Im{n} and passing to global sections. �

Proof of Theorem 4.4.30. By virtue of Propositions 4.4.31 and 4.4.32, we may assume without loss
of generality that X = Spf(R) is the formal spectrum of a quasiregular semiperfectoid ring R, in
which case the desired result follows from Example 4.4.29. �

4.5. Absolute Hodge-Tate Cohomology. For every animated commutative ring R, the absolute
prismatic complex ∆R is equipped with a decreasing filtration, given by the complexes {∆[n]

R }n≥0.
We now study the associated graded of this filtration.

Construction 4.5.1 (Hodge-Tate Cohomology Sheaves). Let R be an animated commutative ring
and let n be an integer. For every bounded prism (A, I) with quotient A = A/I, let Filconjn ∆(A⊗LR)/A

be the nth stage of the conjugate filtration of the relative Hodge-Tate complex ∆(A⊗LR)/A, which

we regard as an object of the p-complete derived ∞-category D̂(A). By virtue of Remark 3.5.3,
the construction (A, I) 7→ Filconjn ∆(A⊗LR)/A can be identified with a quasi-coherent complex on the
Hodge-Tate divisor WCartHT, which we will denote by Filconjn H

∆
(R).

Allowing n to vary, we obtain a direct system

Filconj0 H
∆
(R)→ Filconj1 H

∆
(R)→ Filconj2 H

∆
(R)→ · · ·

in the ∞-category D(WCartHT). We denote the colimit of this system by H
∆
(R) and refer to it as

the Hodge-Tate cohomology sheaf of R, and we will refer to the direct system Filconj• H
∆
(R) as the

conjugate filtration on H
∆
(R).

Remark 4.5.2. Let R be an animated commutative ring. Then the Hodge-Tate cohomology sheaf
H

∆
(R) can be identified with the restriction H∆(R)|WCartHT , where H∆(R) ∈ D(WCart) is the

prismatic cohomology sheaf of Construction 4.4.1.

Remark 4.5.3. Let R be an animated commutative ring. For every integer n, let grconjn H
∆
(R) de-

note the cofiber of the map Filconjn−1 H
∆
(R)→ Filconjn H

∆
(R), formed in the∞-category D(WCartHT).

The Hodge-Tate comparison of Remark 4.1.7 then supplies a canonical isomorphism

grconjn H
∆
(R) ≃ LΩnR ⊗OWCartHT{−n}[−n],

where LΩnR is the complex of Construction B.1.

Remark 4.5.4. Let R be an animated commutative ring. Then Filconj• H
∆
(R) can be regarded

as a commutative algebra object in the ∞-category of filtered objects of D(WCartHT). Moreover,
Remark 4.5.3 supplies an isomorphism

Filconj0 H
∆
(R) ≃ R⊗OWCartHT .
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It follows that each Filconjn H
∆
(R) can be regarded as an R-module object of the ∞-category

D̂(WCartHT).

Construction 4.5.5. Let R be an animated commutative ring. For each integer n, we let ∆R{n}
denote the complex RΓ(WCartHT,H

∆
(R){n}), which we regard as an object of the p-complete

derived ∞-category D̂(R). In the special case n = 0, we will denote ∆R{n} by ∆R and refer to it as
the absolute Hodge-Tate complex of R.

For every pair of integers m and n, we let Filconjm ∆R{n} denote the complex

RΓ(WCartHT,Filconjm H
∆
(R){n}).

Allowing m to vary, we obtain a direct system

Filconj0 ∆R{n} → Filconj1 ∆R{n} → Filconj2 ∆R{n} → · · ·

whose colimit can be identified with ∆R{n} (Corollary 3.5.13). We will denote this direct system
by Filconj• ∆R{n} and refer to it as the conjugate filtration on ∆R{n}.

Example 4.5.6. Let (A, I) be a perfect prism and let R be an animated commutative algebra over
the quotient ring A = A/I, and let ρHT

A : Spf(A/I)→WCartHT be the morphism of Remark 3.4.2.
Then Proposition 4.4.8 supplies an isomorphism

H
∆
(R) ≃ (ρHT

A )∗∆R/A

in the ∞-category D(WCartHT). Tensoring with OWCartHT{n} and passing to global sections, we
obtain canonical isomorphisms ∆R{n}

∼
−→ ∆R/A{n}.

Remark 4.5.7 (Relationship with Absolute Prismatic Cohomology). Let ι : WCartHT →֒ WCart
be the inclusion of the Hodge-Tate divisor and let R be an animated commutative ring. For every
pair of integers m and n, we have a canonical fiber sequence

Im+1
H∆(R){n} → I

m
H∆(R){n} → ι∗(H∆

(R){m+ n})

in the ∞-category D(WCart). Passing to global sections, we obtain a fiber sequence

∆
[m+1]
R {n} → ∆

[m]
R {n} → ∆R{m+ n}

in the ∞-category D̂(Zp).

Proposition 4.5.8. For every pair of integers m and n, the functor

CAlgan → D̂(Zp) R 7→ Filconjm ∆R{n}

commutes with sifted colimits. In particular, the functor R 7→ ∆R{n} commutes with sifted colimits.

Proof. It follows immediately from the definition that the functor

CAlgan → D(WCartHT) R 7→ Filconjm H
∆
(R){n}

commutes with sifted colimits. Proposition 4.5.8 now follows from the fact that the global sections
functor RΓ : D(WCartHT)→ D̂(Zp) preserves colimits (Corollary 3.5.13). �

Beware that, when regarded as a functor from CAlgan to D̂(Zp), the functor R 7→ ∆R does not
commute with filtered colimits. We can salvage the situation by regarding ∆R as a filtered complex.

Example 4.5.9. Let R be an animated commutative ring. For every integer n, the diagram

· · · → ∆
[2]
R {n} → ∆

[1]
R {n} → ∆

[0]
R {n} → ∆

[−1]
R {n} → ∆

[−2]
R {n} → 0

determines an object of D̂F(Zp), which we will denote by ∆
[•]
R {n}. By virtue of Remark 4.5.7, the

associated graded complex is given by grm ∆
[•]
R {n} ≃ ∆R{m+ n}.
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Proposition 4.5.10. Let n be an integer. Then:

(1) For every animated commutative ring R, the object ∆
[•]
R {n} ∈ D̂F(Zp) is filtration-complete.

(2) The construction R 7→ ∆
[•]
R {n} determines a functor of ∞-categories CAlgan → D̂F

c
(Zp)

which commutes with sifted colimits.

Proof. Let R be an animated commutative ring. Then the limit of the tower

· · · → I⊗2 ⊗H∆(R)→ I ⊗H∆(R)→H∆(R)

is zero (as an object of the ∞-category D(WCart)). Tensoring with OWCart{n} and taking global
sections, we deduce that the limit of the tower

· · · → ∆
[2]
R {n} → ∆

[1]
R {n} → ∆R{n}

is also zero (as an object of the∞-category D̂(Zp)). This proves (1). To prove (2), we note that the
functor Fil•(M) 7→ gr•(M) determines a conservative and colimit-preserving functor from D̂F

c
(Zp)

to the product
∏
m∈Z D̂(Zp). It will therefore suffice to show that, for every integer m, the functor

R 7→ grm ∆
[•]
R {n} ≃ ∆R{m+ n}

commutes with sifted colimits, which follows from Proposition 4.5.8. �

4.6. Comparison with Crystalline Cohomology. For every Fp-scheme X, let RΓcrys(X,Fp)
denote the crystalline cochain complex of X (Construction F.2) and let

ǫcrys : RΓcrys(X/Zp)→ RΓ(X,OX)

denote the crystalline augmentation map of Notation F.3. Our goal in this section is to prove the
following comparison result:

Theorem 4.6.1. Let X be a quasisyntomic Fp-scheme. Then there is a canonical isomorphism

γcrys
∆

: RΓ∆(X) ≃ RΓcrys(X/Zp)

of commutative algebra objects of D̂(Zp), which is characterized (up to homotopy) by the requirement
that it depends functorially on X and that the diagram

RΓcrys(X/Zp)
(γcrys

∆
)−1

//

ǫcrys

��

RΓ∆(X)
ϕ // RΓ∆(X)

��
RΓ(X,OX)

∼ // Filconj0 RΓ
∆
(X/Zp) // RΓ

∆
(X)

commutes (up to a homotopy depending functorially on X).

Warning 4.6.2. Let k be a perfect field of characteristic p and letX be a p-quasisyntomic k-scheme.
Then we can identify RΓ∆(X) with the prismatic complex RΓ∆(X/W (k)) of X relative to the perfect
prism (W (k), (p)) (Proposition 4.4.12). Similarly, the crystalline cochain complex RΓcrys(X/Zp)
of X relative to Zp can be identified with its crystalline cochain complex RΓcrys(X/W (k)) relative
to the ring W (k). Beware that the resulting identification of RΓ∆(X/W (k)) with RΓcrys(X/W (k))
is not W (k)-linear. Instead it is Frobenius semilinear: more precisely, Theorem 4.6.1 supplies an
isomorphism RΓcrys(X/W (k)) ≃ F ∗ RΓ∆(X/W (k)) in the∞-category D(W (k)) (see Example 4.6.9
below).

Remark 4.6.3. When X is a smooth Fp-scheme, the existence of an isomorphism RΓ∆(X) ≃
RΓcrys(X/Zp) is a special case of Theorem 5.2 of [21].
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Notation 4.6.4. Let X be a quasisyntomic Fp-scheme. We will refer to the isomorphism γcrys
∆

:
RΓ∆(X) ≃ RΓcrys(X/Zp) as the crystalline comparison map.

Remark 4.6.5. By virtue of Theorem 4.6.1, the construction R 7→ ∆R ≃ ∆R/Zp
determines a

functor of ∞-categories
CAlganFp

→ D̂(Zp)

which commutes with sifted colimits and is isomorphic to RΓcrys(•/Zp) when restricted to the
category PolyFp

of finitely generated polynomial algebras over Fp. It follows that, when R is an
animated Fp-algebra, the absolute prismatic complex ∆R computes the derived crystalline cohomol-
ogy of R: that is, R 7→ ∆R can be regarded as the nonabelian left derived functor of the crystalline
cochain complex functor R 7→ RΓcrys(R/Zp), in the sense of Proposition A.5.

Remark 4.6.6. The functor

CAlganFp
→ D̂(Zp) R 7→ RΓ∆(Spec(R)) ≃ ∆R/Zp

commutes with sifted colimits, and is therefore a left Kan extension of its restriction to the category
CAlgQSyn

Fp
of p-quasisyntomic Fp-algebras (or even the much smaller category of finitely gener-

ated polynomial algebras over Fp). It follows that the crystalline comparison map γcrys
∆

: ∆R →
RΓcrys(R/Zp) admits an essentially unique functorial extension to the category of all commutative
Fp-algebras R. By Zariski descent, we obtain a crystalline comparison map γcrys

∆
: RΓ∆(X) →

RΓcrys(X/Zp) for every Fp-scheme X. Beware that this map is generally not an isomorphism if the
Fp-scheme X is not p-quasisyntomic.

Corollary 4.6.7. The functor

{Quasisyntomic Fp-schemes}op → D̂(Zp) X 7→ RΓcrys(X/Zp)

satisfies descent for the p-quasisyntomic topology.

Proof. Combine Theorem 4.6.1 with Proposition 4.4.32. �

We begin our proof of Theorem 4.6.1 by considering the case where X = Spec(R) is the spectrum
of quasiregular semiperfect Fp-algebra R. By virtue of Remark F.6, we can identify the crystalline
cochain complex RΓcrys(X/Zp) with the commutative ring Acrys(R) (see Construction F.5), re-
garded as a cochain complex concentrated in cohomological degree zero. Similarly, the absolute
prismatic complex RΓ∆(X) ≃ ∆R is concentrated in cohomological degree zero by Example 4.4.29.
In this case, the inverse of the isomorphism γcrys

∆
has a simple description.

Lemma 4.6.8. Let R be a quasiregular semiperfect Fp-algebra. Then there is a unique ring homo-
morphism βR : Acrys(R)→ ∆R for which the diagram of ring homomorphisms

Acrys(R)
βR //

ǫcrys

��

∆R
ϕ // ∆R

��
R // ∆R

is commutative.

Proof. By virtue of Proposition 7.10 of [21], we can view the pair (∆R,∆
[1]
R ) as a prism (Example

4.4.29). Since the quotient ∆R = ∆R/∆
[1]
R has the structure of an R-algebra, the ideal ∆

[1]
R contains

the distinguished element p ∈ ∆R and is therefore generated by p (in particular, p is a regular
element of ∆R). By Theorem 12.2 of [21], the composite map

∆R
ϕ
−→ ∆R ։ ∆R/∆

[1]
R = ∆R
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has image R ≃ Filconj0 ∆R/Zp
, and therefore restricts to a surjection ∆R ։ R with kernel J = {x ∈

∆R : ϕ(x) ∈ p∆R}. By virtue of Lemma 2.35 of [21], every element x ∈ J has divided powers in
∆R. Moreover, for each n > 0, ϕ(x

n

n! ) = ϕ(x)n

n! is divisible by pn

n! and therefore by p, so that xn

n!
also belongs to J . The existence and uniqueness of βR now follow from the universal property of
Acrys(R) (see Remark F.6). �

Example 4.6.9. Let R be a perfect Fp-algebra, so that both Acrys(R) and ∆R can be identified
with the ring of Witt vectors W (R) (in the latter case, we normalize this identification to be a lift
of the unit map R

∼
−→ ∆R). Under these identifications, the homomorphism βR of Lemma 4.6.8

corresponds to the automorphism W (ϕ−1
R ) :W (R)→ W (R) (that is, the inverse of the Witt vector

Frobenius).

It follows immediately from the proof of Lemma 4.6.8 that the construction R 7→ βR is functorial:
that is, it can be viewed as a natural transformation of functors from the category CAlgqrspFp

to the
category of commutative rings. This immediately yields the following weak version of Theorem
4.6.1:

Corollary 4.6.10. Let X be a quasisyntomic Fp-scheme. There is a canonical morphism βX :

RΓcrys(X/Zp) → RΓ∆(X) in the ∞-category CAlg(D̂(Zp)), which is characterized up to homotopy
by the requirement that it depends functorially on X and that the diagram

RΓcrys(X/Zp)
βX //

ǫcrys

��

RΓ∆(X)
ϕ // RΓ∆(X)

��
RΓ(X,OX)

∼ // Filconj0 RΓ
∆
(X/Zp) // RΓ

∆
(X)

commutes (up to a homotopy depending functorially on X).

Proof. Combine Lemma 4.6.8 with the observation that the functors X 7→ RΓ∆(X) and X 7→
RΓ

∆
(X) satisfy descent for the p-quasisyntomic topology (Proposition 4.4.32). �

We will prove Theorem 4.6.1 by showing that the map βX of Corollary 4.6.10 is an isomorphism
(we then take the crystalline comparison map βcrys

∆
to be the inverse isomorphism β−1

X ). We begin
by treating the case where X = Spec(R) is the spectrum of a quasiregular semiperfect Fp-algebra.

Lemma 4.6.11. Let R be a quasiregular semiperfect Fp-algebra and let I denote the kernel of

the quotient map R♭ ։ R, so that the relative cotangent complex LΩ1
R/Fp

can be identified with

(I/I2)[1]. Let

βR : Acrys(R)/pAcrys(R)→ ∆R ≃ ∆R/Zp

denote the mod p reduction of the ring homomorphism βR of Lemma 4.6.8. Let x be an element of
I having image x in I/I2.

(1) For each integer n ≥ 0, the ring homomorphism βR carries the divided power γpn(x) ∈
Acrys(R)/pAcrys(R) into the subgroup Filconjn (∆R/Zp

) ⊆ ∆R/Zp
.

(2) There exists a nonzero constant λ(n) ∈ Fp (not depending on R or x) for which the map

Filconjn (∆R/Zp
) ։ grconjn (∆R/Zp

) ≃ ΓnR(I/I
2)

carries βR(γpn(x)) to λ(n)γn(x).

Proof. By functoriality, it suffices to treat the case where R♭ is the perfect polynomial ring k[x1/p
∞

]

for some perfect field k and R is the quotient ring R♭/(x) (in fact, we may assume that k = Fp).
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Moreover, we are free to enlarge k and may therefore assume without loss of generality that there
exists an element t ∈ k is transcendental over the ground field. Then I/I2 is a free R-module of
rank 1 generated by x. It follows from Example 7.9 of [21] that the morphism βR is an isomorphism
in this case, so that βR(γpn(x)) is a nonzero element of the commutative ring ∆R. Consequently,
there exists a unique integer m ≥ 0 for which βR(γpn(x)) belongs to the subgroup Filconjm (∆R/Zp

)

and has nonzero image in grconjm (∆R/Zp
) ≃ RΓn(x); let us denote this image by fγm(x).

Let σ denote the automorphism of R given by the construction x1/p
n
7→ (tx)1/p

n
. Then induces

a k-linear automorphism of Acrys(R)/pAcrys(R) for which the element γpn(x) is an eigenvector with
eigenvalue tpn. Example 4.6.9 implies that βR is ϕ−1

k -semilinear, so that the fγm(x) is also an
eigenvector for the action of σ with eigenvalue tn. It follows that the element f ∈ R is a nonzero
eigenvector for the action of σ on R with eigenvalue tn−m. We now observe that R = k[x1/p

∞

]/(x)
has a k-basis consisting of elements {xα}α∈Z[1/p],0≤α<1, where each xα is an eigenvector for σ with
eigenvalue tα. In particular, the only integral power of t which appears as an eigenvalue for σ on
R is the power t0 = 1, and the corresponding eigenspace Rσ=1 is equal to the ground field k. This
proves that m = n and that f ∈ k is a scalar. By functoriality, this scalar does not depend on the
field k and is therefore a nonzero element λ(n) of the prime field Fp. �

Remark 4.6.12. In the situation of Lemma 4.6.11, it is not difficult to see that the scalars λ(n) ∈
F×
p must satisfy λ(n) = λn for a single nonzero constant λ = λ(1) ∈ F×

p . The precise value of this
constant is dependent on sign conventions, so we will not attempt to evaluate it.

For every semiperfect Fp-algebra R, let us regard the quotient Acrys(R)/pAcrys(R) as equipped
with the conjugate filtration Filconj• Acrys(R)/pAcrys(R) of Construction F.8.

Lemma 4.6.13. Let R be a quasiregular semiperfect Fp-algebra. Then:

(1) For each n ≥ 0, the homomorphism

βR : Acrys(R)/pAcrys(R)→ ∆R = ∆R/Zp

carries Filconjn (Acrys(R)/pAcrys(R)) into Filconjn (∆R/Zp
).

(2) The induced map

gr(βR) : gr
conj
∗ (Acrys(R)/pAcrys(R))→ grconj∗ (∆R/Zp

)

is an isomorphism of graded abelian groups.
(3) For each n ≥ 0, the map βR induces an isomorphism

Filconjn (Acrys(R)/pAcrys(R)) ≃ Filconjn (∆R/Zp
).

(4) The map βR : Acrys(R)/pAcrys(R)→ ∆R is an isomorphism.
(5) The map βR : RΓcrys(R/Zp)→ ∆R is an isomorphism.

Proof. Assertion (1) follows immediately from Lemma 4.6.11, and the implications (2) ⇒ (3) ⇒
(4) ⇒ (5) are formal. We will prove (2). Let I denote the kernel of the map R♭ ։ R, and let
ξ : Γ∗

R(I/I
2) ։ grconj∗ (Acrys(R)/pAcrys(R)) be the surjection of Proposition F.9. It follows from

Lemma 4.6.11 that the composite map

Γ∗
R(I/I

2)
ξ
−→ grconj∗ (Acrys(R)/pAcrys(R))

gr(βR)
−−−−→ grconj∗ (∆R/Zp

) ≃ Γ∗
R(I/I

2)

is an isomorphism, which immediately implies that gr(βR) is also an isomorphism. �

Remark 4.6.14. Let R be a semiperfect Fp-algebra, let I denote the kernel of the map R♭ ։ R,
and let

ξ : Γ∗
R(I/I

2) ։ grconj∗ (Acrys(R)/pAcrys(R))

be the surjection of Proposition F.9. The proof of Lemma 4.6.13 shows that, if R is quasiregular
semiperfect, then ξ is an isomorphism.
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Corollary 4.6.15. Let R be a quasiregular semiperfect Fp-algebra. Then the commutative ring
Acrys(R) is p-torsion-free.

Proof of Theorem 4.6.1. It will suffice to show that if X is a quasisyntomic Fp-scheme, then the
map βX : RΓcrys(X/Zp) → RΓ∆(X) of Corollary 4.6.10 is an isomorphism in the ∞-category
D̂(Zp). The assertion is Zariski local on X; we may therefore assume without loss of generality that
X = Spec(R) is the spectrum of a p-quasisyntomic commutative Fp-algebra R. Choose a surjection
P ։ R, where P = Fp[{xs}] is a polynomial ring over Fp (possibly on an infinite set of generators).
Let P 0 = Fp[{x

1/p∞

s }] be the perfection of P 0, let P • be the cosimplicial P -algebra given by the
iterated tensor powers of P 0 relative to P , and set R• = P • ⊗P R. The morphism βX fits into a
commutative diagram

RΓcrys(X/Zp)
βX //

��

RΓ∆(X)

��
Tot(RΓcrys(R

•/Zp))
Tot(βR• ) // Tot(∆R•),

where the left vertical map is an isomorphism by virtue of Proposition F.4 and the right vertical map
is an isomorphism by virtue of Proposition 4.4.32. Consequently, to show that βX is an isomorphism,
it will suffice to show that βRm : RΓcrys(R

m/Zp) → ∆Rm is an isomorphism for each m ≥ 0. This
follows from Lemma 4.6.13, since Rm is quasiregular semiperfect. �

4.7. Diffracted Hodge Cohomology of Formal Schemes. We now introduce a variant of the
absolute Hodge-Tate complex ∆R which retains more information about the Hodge-Tate cohomology
sheaf H

∆
(R) of Construction 4.5.1.

Construction 4.7.1 (The p-Complete Diffracted Hodge Complex). Let R be an animated commu-
tative ring, and let H∆(R) ∈ D(WCart) be the prismatic cohomology sheaf of Construction 4.4.1.
We let Ω̂ /D

R ∈ D̂(Zp) denote the pullback of H
∆
(R) along the map η : Spf(Zp)→WCartHT ⊆WCart

described in Construction 3.4.4. We will refer to Ω̂
/D
R as the p-complete diffracted Hodge complex of

R.
For every integer n, we let Filconjn Ω̂

/D
R denote the pullback η∗ Filconjn H

∆
(R). Allowing n to vary,

we obtain a direct system

Filconj0 Ω̂
/D
R → Filconj1 Ω̂

/D
R → Filconj2 Ω̂

/D
R → · · ·

with having colimit Ω̂
/D
R in the p-complete derived ∞-category D̂(Zp). We will denote this direct

system by Filconj• Ω̂
/D
R and refer to it as the conjugate filtration on Ω̂

/D
R .

By virtue of Remark 4.5.3, we have canonical isomorphisms grconjn Ω̂
/D
R ≃ LΩ̂nR for each integer

n. In particular, we can identify Filconj0 Ω̂
/D
R with the p-completion of R, so that Filconj• Ω̂

/D
R can be

promoted to a filtered object of the p-complete derived ∞-category D̂(R).

Notation 4.7.2 (The Sen Operator). Let R be an animated commutative ring. For every integer
n, Notation 3.5.7 determines an endomorphism of the complex Filconjn Ω̂

/D
R ∈ D(R), which we will

denote by Θ and refer to as the Sen operator. This construction depends functorially on n, and
therefore also determines an endomorphism Θ of the p-completed colimit Ω̂

/D
R = lim

−→n
Filconjn Ω̂

/D
R .

Using the isomorphism

grconjn H
∆
(R) ≃ LΩ̂nR ⊗OWCartHT [−n]{−n}
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supplied by Remark 4.5.3, we see that the Sen endomorphism of grconjn Ω̂
/D
R is given by multiplication

by −n.

Remark 4.7.3. Let R be an animated commutative ring. For every integer n, the cohomology
groups of the complex Filconjn Ω̂

/D
R are concentrated in degrees ≤ n (this follows by induction on n,

using the isomorphism grconjn Ω̂
/D
R ≃ LΩ̂

n
R[−n]).

Remark 4.7.4. Let R be a commutative ring which is p-torsion-free and suppose that the quotient
ring R/pR is a regular Noetherian Fp-algebra. Then, for every integer n, the complex grconjn Ω̂

/D
R ≃

LΩ̂nR[−n] is concentrated in cohomological degree n. It follows that the conjugate filtration on Ω̂
/D
R

coincides with the Postnikov filtration: that is, we have Filconjn Ω̂
/D
R ≃ τ

≤nΩ̂
/D
R for every integer n.

Remark 4.7.5. Let R be an animated commutative ring. For every integer n, we let (Ω̂
/D
R )

Θ=n

denote the fiber of the map

Θ− n : Ω̂
/D
R → Ω̂

/D
R .

Applying Proposition 3.5.11 to the complex H
∆
(R){−n} ∈ D(WCartHT), we obtain a canonical

isomorphism ∆R{−n} ≃ (Ω̂
/D
R )

Θ=n in the p-complete derived ∞-category D̂(R). More generally, we
have isomorphisms Filconjm ∆R{−n} ≃ (Filconjm Ω̂

/D
R)

Θ=n for every integer m.

Example 4.7.6. Let R be a perfectoid ring. Then the p-complete diffracted Hodge complex Ω̂
/D
R

can be identified with the coordinate ring of the G
♯
m-torsor P → Spf(R) of Example 3.4.15 (this is

an immediate consequence of Example 4.4.13). In particular, Ω̂ /D
R is concentrated in cohomological

degree zero.

Remark 4.7.7 (Relative Hodge-Tate Comparison). Let (A, I) be a bounded prism with quotient
ring A = A/I, and suppose we are given a trivialization of the torsor P of Example 3.4.15, which
identifies the composite map Spf(A) → Spf(Zp)

η
−→ WCart with the map ρHT

A : Spf(A) → WCart

of Remark 3.4.2. For every animated commutative ring R, we obtain an isomorphism ∆(R⊗LA)/A ≃

A⊗̂
L
Ω̂

/D
R in the derived∞-category D̂(A). Beware that this isomorphism is not completely canonical:

it depends on a choice of trivialization of the torsor P.

Example 4.7.8. Let (Zp[[p̃]], (p̃)) be the prism of Notation 3.8.9, and let R be an animated com-
mutative Zp-algebra. Combining Remark 4.7.7 with Proposition 3.7.7, we obtain an isomorphism
of the p-complete diffracted Hodge complex Ω̂

/D
R with the relative Hodge-Tate complex ∆R/Zp[[p̃]].

More precisely, we have an isomorphism of filtered complexes

Filconj• Ω̂
/D
R ≃ Filconj• ∆R/Zp[[p̃]],

which is equivariant with respect to the action of the profinite group G
♯
m(Zp) ≃ (1 + pZp)

×.

Remark 4.7.9 (Flat Descent). For every integer n, the functor R 7→ Filconjn Ω̂
/D
R satisfies p-complete

faithfully flat descent. By virtue of Example 4.7.8, this is a special case of Variant 4.1.16.

Warning 4.7.10. Let (A, I) be a perfect prism and let R be animated commutative algebra over
the quotient ring A = A/I, so that Example 4.5.6 supplies an isomorphism ∆R

∼
−→ ∆R/A. It is not

difficult to see that this isomorphism can be refined to a morphism of filtered objects

α : Filconj• ∆R → Filconj• ∆R/A,

where the left hand side is defined using the “absolute” conjugate filtration of Construction 4.5.5 and
and the right hand side is defined using the relative conjugate filtration of Remark 4.1.7. Beware
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that α is not an isomorphism. For example, if R is p-complete, then the complex Filconj0 ∆R/A can
be identified with R, while the complex

Filconj0 ∆R = (Filconj0 Ω̂
/D
R )

Θ=0 ≃ RΘ=0

can be identified with the direct sum R⊕R[−1].

For every animated commutative ring R, the identification Filconj0 Ω̂
/D
R ≃ R̂ supplies each Filconjn Ω̂

/D
R

with the structure of an R-module. These R-modules are compatible with étale base change:

Proposition 4.7.11. Let f : R → S be a morphism of animated commutative rings which is

p-completely formally étale: that is, for which the p-complete relative cotangent complex LΩ̂1
S/R

vanishes. Then, for every integer n, the natural map S⊗̂
L
R Filconjn Ω̂

/D
R → Ω̂

/D
S is an isomorphism

in the p-complete derived ∞-category D̂(S). In particular, the natural map S⊗̂
L
RΩ̂

/D
R → Ω̂

/D
S is an

isomorphism in D̂(S).

Proof. Replacing R and S by their p-completions, we may assume without loss of generality that
R is a Zp-algebra. In this case, the result follows by applying Proposition 4.1.13 to the prism
(Zp[[p̃]], (p̃)) of Notation 3.8.9 (see Example 4.7.8). �

Using Proposition 4.7.11, we can globalize Construction 4.7.1 to the setting of p-adic formal
schemes:

Notation 4.7.12. Let X be a bounded p-adic formal scheme, and let U denote the collection of all
affine open subsets of X. For every integer n, Proposition 4.7.11 guarantees that the construction

(U ∈ U) 7→ Filconjn Ω̂
/D
OX(U)

determines an object of the derived∞-category D(X), which we will denote by Filconjn Ω
/D
X . Allowing

n to vary, we obtain a direct system

OX ≃ Filconj0 Ω
/D
X → Filconj1 Ω

/D
X → Filconj2 Ω

/D
X → · · ·

whose colimit we will denote by Ω
/D
X and refer to as the diffracted Hodge complex of X. We will refer

to the (hypercohomology) groups H∗(X,Ω
/D
X ) as the diffracted Hodge cohomology groups of X.

Example 4.7.13. Let R be commutative ring having bounded p-power torsion, let R̂ denote the
p-completion of R, and let X = Spf(R̂) be the associated p-adic formal scheme. Then the diffracted
Hodge complex Ω

/D
X can be identified with the image of Ω̂ /D

R under the equivalence of ∞-categories
D̂(R) ≃ D(Spf(R̂)). In particular, we have canonical isomorphisms H∗(X,Ω

/D
X ) ≃ H∗(Ω̂

/D
R ).

Remark 4.7.14. Let X be a bounded p-adic formal scheme. Globalizing the Hodge-Tate comparison
of Construction 4.7.1, we obtain canonical isomorphisms

grconjn Ω
/D
X ≃ LΩ̂

n
X[−n]

in the derived ∞-category D(X); here LΩ̂nX denotes the nth derived exterior power of the absolute
cotangent complex of X.

Example 4.7.15. Let k be a perfect field of characteristic p and let X be a p-adic formal scheme
which is smooth over Spf(W (k)). Then Remark 4.7.14 supplies isomorphisms

grconjn Ω̂
/D
X ≃ Ω̂nX/W (k)[−n],

where Ω̂n
X/W (k) denotes the locally free OX-module of differential forms of degree n on X (relative to

W (k)). It follows that the conjugate filtration on Ω̂
/D
X coincides with its Postnikov filtration, and its
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cohomology sheaves are given by Hn(Ω̂ /D
X ) ≃ Ω̂n

X/W (k); in particular, they are coherent OX-modules.
We therefore obtain a convergent spectral sequence

Ha(X, Ω̂bX/W (k))⇒ Ha+b(X,Ω
/D
X ) (20)

relating the diffracted Hodge cohomology of Notation 4.7.12 to the classical Hodge cohomology
groups of X relative to W (k). In particular, if X is proper and smooth over Spf(W (k)), then the
diffracted Hodge cohomology groups H∗(X,Ω

/D
X ) are finitely generated W (k)-modules.

Remark 4.7.16 (Étale Comparison). Let k be a perfect field of characteristic p. Choose an
embedding W (k) → OC , where C is an algebraically closed perfectoid field, and set A = W (O♭C).
Let X be a scheme which is smooth and proper over W (k), let X = Spf(W (k))×Spec(W (k))X denote
its formal completion along the vanishing locus of p, and let XC = Spec(C) ×Spec(W (k)) X be its
geometric generic fiber. Combining Theorem 14.3 of [18] with Theorem 17.2 of [21], we obtain a
canonical isomorphism

C ⊗LZp
RΓét(XC ,Zp) ≃ ∆(X×Spec(W (k))Spf(OC))/A[1/p].

By virtue of Remark 4.7.7, any trivialization of the torsor P of Example 3.4.15 determines an
isomorphism

∆(X×Spec(W (k))Spf(OC))/A ≃ OC ⊗
L
W (k)RΓ(X, Ω̂

/D
X )

(note that there is no need to p-complete the tensor product on the right hand side, since RΓ(X, Ω̂
/D
X )

is already a perfect complex of W (k)-modules). Combining these isomorphisms, we obtain an
isomorphism

C ⊗LZp
RΓét(XC ,Zp) ≃ C ⊗

L
W (k) RΓ(X, Ω̂

/D
X )

in the derived ∞-category D(C). Beware that this isomorphism depends on the choice of trivializa-
tion of P (though it has a canonical trivialization if we fix a system of primitive pnth roots of unity
in C: see Proposition 3.9.7).

Using diffracted Hodge cohomology and the Sen operator, we can give a new perspective on (and
a refinement of) the Deligne-Illusie decomposition in [28]; this connection was first observed by
Drinfeld (in somewhat different language).

Example 4.7.17 (Formality of the diffracted Hodge complex in small dimensions). Let X be a
bounded p-adic formal scheme. The Sen operator of Notation 4.7.2 determines an endomorphism Θ

of the diffracted Hodge complex Ω
/D
X , which preserves the conjugate filtration Filconj• Ω

/D
X and acts by

multiplication by −n on each grconjn Ω
/D
X . Suppose that X is smooth of dimension < p over Spf(W (k)),

for some perfect field k. In this case, the associated graded complexes grconjn Ω
/D
X vanish for n ≥ p.

It follows that the conjugate filtration of Ω /D
X admits a canonical splitting, given by the generalized

eigenspaces of Θ. We therefore obtain isomorphisms

Ω
/D
X ≃

⊕

b≥0

Ω̂bX/W (k)[−b] Hn(X,Ω
/D
X ) ≃

⊕

a+b=n

Ha(X, Ω̂bX/W (k)), (21)

and similarly after reduction modulo p.

Remark 4.7.18 (Connection to Deligne-Illusie). Keep notation as in Example 4.7.17, so X/W (k)
is a smooth p-adic formal scheme of dimension < p. Let us explain why the decomposition (21)
can be regarded as an integral refinement of the Deligne-Illusie decomposition [28]. Recall that the
prismatic-crystalline comparison theorem gives a natural identification

Ω
/D
X(1) ⊗W (k) k ≃ FXk/k,∗Ω

•
Xk/k
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in the quasi-coherent derived category D(X(1)
k ), where X(1) = ϕ∗X is the twist of X/W by the

Frobenius ϕ on W (k), and FXk/k : Xk → X
(1)
k is the relative Frobenius for Xk/k. Combining this

isomorphism with the mod p reduction of the first decomposition in (21) applied to X(1) gives a
decomposition

FXk/k,∗Ω
•
Xk/k

≃
⊕

b≥0

Ωb
X
(1)
k /k

[−b].

A similar decomposition was proven in [28]; in fact one can show that the two decompositions
coincide, though we do not show that here (see [45] for this compatibility as well as an alternate
perspective on the above decomposition and the nilpotent operators of Remark 4.7.20). Note that
the result of [28] has weaker hypotheses than the ones above: [28] only requires that the smooth
k-scheme Xk is endowed with a flat lift to W2(k), while our argument ostensibly uses the W (k)-lift
X of Xk; this can be avoided by contemplating the prismatization of Spec(Z/p2), see [15, Remark
5.16].

Remark 4.7.19 (Splitting small truncations of the de Rham complex). The analysis in Exam-
ple 4.7.17 and Remark 4.7.18 applies more generally to show the following statement: if k is a
perfect field of characteristic p, X/W (k) is a smooth p-adic formal scheme (of any dimension), and
a ∈ Z is an integer, then one has a natural decomposition

τ [a,a+p−1]
(
FXk/k,∗Ω

•
Xk/k

)
≃

a+p−1⊕

b=a

Ωb
X
(1)
k /k

[−b]. (22)

A related statement was previously shown independently by Achinger [1]. More precisely, [1] applies
to the slightly smaller truncation τ [a,a+p−2]

(
FXk/k,∗Ω

•
Xk/k

)
, but only assumes W2(k)-liftability.

Remark 4.7.20 (Nilpotent operators attached to the Sen operator). The arguments in Exam-
ple 4.7.17 and Remarks 4.7.18 and 4.7.19 only use the generalized eigenspace decomposition provided
by the Sen operator Θ to recover known decompositions of the de Rham complex in characteristic
p. However, the Sen operator itself provides additional structure in the form of certain nilpotent
operators on pieces of the de Rham complex; this structure seems previously unexplored. To explain
the construction of these operators, fix a smooth p-adic formal scheme X/W (k). The generalized
eigenspace decomposition for the Θ action on Ω

/D
X gives a decomposition

Ω
/D
X ≃

p−1⊕

i=0

Ω
/D
X,i,

with the i-th summand on the right corresponding to generalized eigenvalue −i, i.e., the summand
whose cohomology groups are annihilated by (Θ + i)N for N ≫ 0. Each of the summands Ω

/D
X,i

thus comes equipped with a residual nilpotent operator Θi := Θ + i. It would be interesting to
understand Θi more explicitly; for instance, is its order of nilpotence bounded independently of
dim(Xk)? Perhaps the first question is whether the operators Θi can be nonzero; this has been
answered affirmatively by Petrov (in preparation), who has constructed a smooth projective variety
where Θ0 already acts non-trivially on the truncated mod p reduction τ≤p(Ω

/D
X,0)⊗

L
W (k) k.

Remark 4.7.21. In the situation of Remark 4.7.20, one can regard the Sen operator Θ as encoding
an action of the group scheme G

♯
m-action on the diffracted Hodge complex Ω

/D
X (see Remark 3.5.17).

The decomposition Ω
/D
X ≃

⊕p−1
i=0 Ω

/D
X,i then corresponds to the (Z /pZ)-grading obtained by restrict-

ing to the subgroup µp ⊂ G
♯
m, and the nilpotent operator Θi encodes the residual action of the

quotient group G
♯
m/µp ≃ G

♯
a on each summand Ω

/D
X,i.
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Remark 4.7.22 (Splitting the conjugate filtration rationally). Let X be a bounded p-adic for-
mal scheme. In general, the conjugate filtration Filconj• Ω

/D
X need not be split. However, it has a

canonical splitting after inverting p (into eigenspaces for the Sen operator Θ). In particular, the
spectral sequence (20) is always rationally degenerate for X/W (k) smooth. Via the comparisons
in Remark 3.9.4 and Theorem 3.9.5, this yields the Hodge-Tate decomposition on the p-adic étale
cohomology groups H∗(XC ;C) when X is proper and smooth over W (k).

Remark 4.7.23 (The Sen operator and the Hodge filtration). Let k be a perfect field of charac-
teristic p, and let X/W (k) is a smooth p-adic formal scheme. The identification Ω

/D
X ⊗W (k) k ≃

FXk/k,∗Ω
•
Xk/k

(as in Remark 4.7.18) endows Ω
/D
X(1) ⊗W (k) k with two filtrations in D(X(1)

k ): an in-

creasing conjugate filtration Filconj∗ , and a decreasing Hodge filtration Fil∗Hod. By construction, the
Sen operator Θ preserves the conjugate filtration. However, we do not expect Θ to preserve the
Hodge filtration; instead, using Drinfeld’s refined prismatization Σ′ from [29], we expect (in forth-
coming work) to show a version of Griffiths transversality in this context: Θ refines to a filtered
map Fil•Hod(Ω

/D
X(1) ⊗W (k) k)→ Fil•−pHod(Ω

/D
X(1) ⊗W (k) k).

4.8. Comparison with q-de Rham Cohomology. If p is an odd prime, then we can use Theorem
3.8.3 to connect absolute prismatic cohomology with the q-de Rham cohomology of [52]. We begin
by adopting a definition of the latter which will be convenient for our discussion.

Definition 4.8.1. Let (Zp[[q − 1]], ([p]q)) be the q-de Rham prism of Example 2.1.9, and let us
denote the quotient ring Zp[[q−1]]/([p]q) by Zp[ζp] (where ζp is the image of q). For every animated
commutative Zp-algebra R with p-completion R̂, we let R̂[ζp] denote the (derived) tensor product
Zp[ζp]⊗̂

L
Zp
R̂, and we let qΩR ∈ D̂(Zp[[q − 1]]) denote the relative prismatic complex ∆R̂[ζp]/Zp[[q−1]]

of Construction 4.1.3. We will refer to qΩR as the q-de Rham complex of R.

Remark 4.8.2. Let R be a p-complete commutative ring which is p-completely smooth over Zp.
By virtue of Theorem 16.17 of [21], the q-de Rham complex qΩR can be computed using the q-
crystalline site of R (see Definition 16.12 of [21]). In particular, when given an étale coordinate
system Spf(R)→ An×Spf(Zp), then qΩR is modeled by an explicit q-deformation of the p-complete
de Rham complex (Ω̂∗

R/Zp
, d) (see Theorem 16.21 of [21]).

For every animated commutative ring R, the action of the profinite group Z×
p on the q-de Rham

prism (Zp[[q− 1]], ([p]q)) induces an action of Z×
p on the q-de Rham complex qΩR. In what follows,

it will be convenient to restrict our attention to the subcomplex given by the homotopy invariants
for the finite subgroup F×

p ⊆ Z×
p of (p− 1)st roots of unity. This subcomplex also has a description

in terms of relative prismatic cohomology:

Construction 4.8.3 (p̃-de Rham Cohomology). Let (Zp[[p̃]], (p̃)) be the prism of Notation 3.8.9.
For every animated commutative ring R, we regard the p-completion R̂ as an animated commutative
algebra over the quotient ring Zp[[p̃]]/(p̃) ≃ Zp, and we let p̃ΩR denote the relative prismatic complex
∆R̂/Zp[[p̃]]

of Construction 4.1.3, which we regard as an object of D̂(Zp[[p̃]]). We will refer to p̃ΩR
as the p̃-de Rham complex of R.

Remark 4.8.4 (Relationship with q-de Rham Cohomology). For every animated commutative ring
R, Remark 4.1.5 supplies a canonical isomorphism

Zp[[q − 1]]⊗̂
L
Zp[[p̃]] p̃ΩR

∼
−→ qΩR

in the ∞-category D̂(Zp[[q − 1]]), which is equivariant with respect to the action of the profinite
group Z×

p . Passing to homotopy fixed points for the action of the finite subgroup F×
p ⊂ Z×

p (which
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acts trivially on p̃ΩR), we obtain an isomorphism

p̃ΩR ≃ RΓ(F×
p , qΩR)

in the∞-category D̂(Zp[[p̃]]) which is equivariant with respect to the action of the p-profinite group
(1 + pZp)

×. Consequently, the q-de Rham complex qΩR and the p̃-de Rham complex p̃ΩR contain
essentially the same information.

Variant 4.8.5 (Globalization to Formal Schemes). Let X be a bounded p-adic formal scheme. We
let RΓp̃dR(X) denote the relative prismatic complex

RΓ∆(X/Zp[[p̃]]) ∈ D̂(Zp[[p̃]]).

We will refer to RΓp̃dR(X) as the p̃-de Rham complex of X. We denote cohomology of RΓp̃dR(X) by
H∗

p̃dR(X), which we refer to as the p̃-de Rham cohomology of X. Note that, in the special case where
X = Spf(R) is an affine formal scheme, we can identify RΓp̃dR(X) with the p̃-de Rham complex p̃ΩR
of Construction 4.8.3.

Remark 4.8.6 (Relationship with Diffracted Hodge Cohomology). Let R be an animated com-
mutative ring, and let Ω̂

/D
R denote the p-complete diffracted Hodge complex of R. By virtue of

Example 4.7.8, the complex Ω̂
/D
R can be obtained from the p̃-de Rham complex p̃ΩR by (derived)

extension of scalars along the quotient map Zp[[p̃]] ։ Zp[[p̃]]/(p̃) ≃ Zp. Similarly, if X is a bounded
formal scheme, then the complex RΓ(X,Ω

/D
X ) is obtained from RΓp̃dR(X) by extending scalars along

Zp[[p̃]] ։ Zp. In particular, we have a long exact sequence of cohomology groups

· · · → H∗−1(X,Ω
/D
X )→ H∗

p̃dR(X)
p̃
−→ H∗

p̃dR(X)→ H∗(X,Ω
/D
X )→ H∗+1

p̃dR(X)→ · · ·

Remark 4.8.7 (Relationship with Derived de Rham Cohomology). Let R be an animated commu-
tative ring, and let d̂RR denote the p-complete derived de Rham complex of R (see Construction E.2).
By virtue of the de Rham-crystalline and prismatic crystalline comparisons (see Theorem 5.4.2), the
complex d̂RR can be computed as the prismatic cohomology of Fp⊗LR relative to the crystalline
prism (Zp, (p)). Applying Remark 4.1.5 to the map of prisms

(Zp[[p̃]], (p̃))→ (Zp, (p)) p̃ 7→ p,

we see that d̂RR can be obtained from p̃ΩR by (derived) extension of scalars along the quotient
map Zp[[p̃]] ։ Zp[[p̃]]/(p̃ − p) ≃ Zp. Similarly, if X is a bounded p-adic formal scheme, then the
derived de Rham complex RΓdR(X/Zp) can obtained from RΓp̃dR(X) by extension of scalars along
Zp[[p̃]] ։ Zp. In particular, we have a long exact sequence of cohomology groups

· · · → H∗−1
dR (X)→ H∗

p̃dR(X)
p̃−p
−−→ H∗

p̃dR(X)→ H∗
dR(X)→ H∗+1

p̃dR(X)→ · · ·

Note that the action of Z×
p on the q-de Rham prism (Zp[[q − 1]], ([p]q)) restricts to an action of

the p-profinite group (1 + pZp)
× on Zp[[p̃]]. Moreover, the quotient map

Zp[[p̃]] ։ Zp p̃ 7→ p

is invariant under the action of (1 + pZp)
×. It follows that, for every animated commutative

ring R, the complex p̃ΩR is equipped with a semilinear action of (1 + pZp)
×. For each element

u ∈ (1 + pZp)
×, we write p̃Ωu=1

R for the fiber of the map (γu − id) : p̃ΩR → p̃ΩR, where γu is
the automorphism of p̃ΩR determined by u. Applying Theorem 3.8.11 to the prismatic cohomology
sheaf H∆(R) of Construction 4.4.1, we obtain the following:
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Proposition 4.8.8. Let p be an odd prime, let u be a topological generator for the profinite group
(1+ pZp)

×. For every animated commutative ring R, the diagram of stacks (15) induces a pullback
diagram

∆R
//

��

d̂RR

��

p̃Ωu=1
R

// d̂R
u=1

R

in the ∞-category D̂(Zp).

Remark 4.8.9. Let R be an animated commutative ring, let u be a topological generator of the
profinite group (1 + pZp)

×, and let γu denote the associated automorphism of the complex p̃ΩR.
We can state Proposition 4.8.8 more informally as follows: the endomorphism γu− id is canonically
divisible by the difference p̃− p, and we have a fiber sequence

∆R → p̃ΩR

γu−id
p̃−p
−−−−→ p̃ΩR

in the∞-category D̂(Zp). Similarly, if X is a bounded p-adic formal scheme, we have a fiber sequence

RΓ∆(X)→ RΓp̃dR(X)
γu−id
p̃−p
−−−−→ RΓp̃dR(X),

which yields a long exact sequence of cohomology groups

· · · → H∗−1
p̃dR(X)→ H∗

∆
(X)→ H∗

p̃dR(X)
γu−id
p̃−p
−−−−→ H∗

p̃dR(X)→ H∗+1
∆

(X)→ · · ·

4.9. Diffracted Hodge Cohomology of Schemes. For the duration of this section, we suspend
our convention that p denotes a fixed prime number. Instead, we allow the prime number p to
vary and assemble the results of Construction 4.7.1 to a single invariant, which we will refer to as
the diffracted Hodge complex. Our construction will exploit Sullivan’s arithmetic fracture square
together with the observation that the Sen operator is rationally diagonalizable.

Construction 4.9.1 (The Diffracted Hodge Complex). Let R be an animated commutative ring.
For every prime number p, we write Ω̂

/D
R,p for the p-complete diffracted Hodge complex of R and

Filconj• Ω̂
/D
R,p for its conjugate filtration (Construction 4.7.1). For each integer n, Remark 4.7.7

supplies an isomorphism of grconjn Ω̂
/D
R,p with the p-completion of the complex LΩnR[−n], which

we (temporarily, only in this subsection) denote by LΩnR[−n]
∧
(p) to emphasize its dependence on

p. Let Θ : Filconj• Ω̂
/D
R,p → Filconj• Ω̂

/D
R,p be the Sen operator of Notation 4.7.2, so that Θ acts on

each grconjn Ω̂
/D
R,p by multiplication by −n. In particular, regarding each LΩnR[−n] (and thus its p-

completion LΩnR[−n]
∧
(p)) as a Z[Θ]-complex where Θ acts by −n, we obtain unique Z[Θ]-equivariant

isomorphisms

Filconjn Ω̂
/D
R,p ≃

n⊕

m=0

LΩmR [−m]∧(p) for 0 ≤ n < p (23)

and

Filconjn Ω̂
/D
R,p[1/p] ≃

n⊕

i=0

LΩnR[−n]
∧
(p)[1/p] ∀n ≥ 0 (24)
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inducing the isomorphism grconjn Ω̂
/D
R,p ≃ LΩ

n
R[−n]

∧
(p) of Remark 4.7.7 on the generalized eigenspaces

of Θ. This allows us to form a pullback diagram

Filconjn Ω
/D
R

//

��

∏
p Fil

conj
n Ω̂

/D
R,p

��

Q⊗L (
⊕n

m=0 LΩ
m
R [−m]) // Q⊗

(∏
p Fil

conj
n Ω̂

/D
R,p

)

where the products on the right are taken over the set of all prime numbers p, the bottom hori-
zontal map comes from (23) and (24). This construction depends functorially on n, and therefore
determines a diagram

Filconj0 Ω
/D
R → Filconj1 Ω

/D
R → Filconj2 Ω

/D
R → · · ·

We will refer to the underlying complex lim−→n
Filconjn Ω

/D
R as the diffracted Hodge complex of R and

denote it by Ω
/D
R . The preceding diagram determines an increasing filtration of Ω /D

R , which we denote
by Filconj• Ω

/D
R and refer to as the conjugate filtration on Ω

/D
R .

Remark 4.9.2. Let R be an animated commutative ring and let Ω
/D
R be the diffracted Hodge

complex of Construction 4.9.1. For every prime number p, the p-completion of Ω /D
R can be identified

with the p-complete diffracted Hodge complex Ω̂
/D
R,p of Construction 4.7.1.

Remark 4.9.3 (The Associated Graded for the Conjugate Filtration). For every integer d ≥ 0,
we let grconjd Ω

/D
R denote the cofiber of the natural map Filconjd−1 Ω

/D
R → Filconjd Ω

/D
R . We then have a

pullback diagram

grconjd Ω
/D
R

//

��

∏
p gr

conj
d Ω̂

/D
R,p

��
Q⊗LLΩdR[−d]

// Q⊗L
∏
p LΩ

d
R[−d]

∧
(p)

which supplies an isomorphism grconjd Ω
/D
R ≃ LΩ

d
R[−d] (in the ∞-category D(Z)).

Remark 4.9.4. Let R be an animated commutative ring. For every integer d ≥ 0, the complex LΩdR
is concentrated in cohomological degrees ≤ d, so that grconjd Ω

/D
R ≃ LΩ

d
R[−d] is concentrated in coho-

mological degrees ≤ d. It follows by induction that Filconjd Ω
/D
R is also concentrated in cohomological

degrees ≤ d.
Let R be a commutative ring for which the relative cotangent complex LΩ1

R is a flat R-module
(this condition is satisfied, for example, if R is smooth over Z). In this case, each LΩdR can be
identified with the R-module ΩdR, concentrated in cohomological degree zero. It follows that each of
the complexes grconjd Ω

/D
R is concentrated in cohomological degree d: that is, the conjugate filtration

on Ω
/D
R coincides with its Postnikov filtration d 7→ τ≤dΩ

/D
R .

Variant 4.9.5. Let R be a commutative ring for which the relative cotangent complex LΩ1
R has

Tor-amplitude contained in the interval [−1, 0]. Then, for every integer d, the complex LΩdR has
Tor-amplitude contained in the interval [−d, 0]. It follows by induction that each of the complexes
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Filconjd Ω
/D
R has Tor-amplitude contained in the interval [0, d]: in particular, the cohomology groups

of the complex Filconjd Ω
/D
R are concentrated in degrees ≥ 0. Passing to the colimit over d, we deduce

that the cohomology groups of the diffracted Hodge complex Ω
/D
R are concentrated in nonnegative

degrees.

Proposition 4.9.6. For each integer n, the functor

CAlgan → D(Z) R 7→ Filconjn Ω
/D
R

commutes with sifted colimits and satisfies fpqc descent.

Proof. We proceed by induction on n, the case n < 0 being trivial. To carry out the inductive step,
it suffices to observe that the functor R 7→ grconjn Ω

/D
R ≃ LΩ

n
R[−n] commutes with sifted colimits and

satisfies fpqc descent (see Remark B.6). �

Corollary 4.9.7. The functor

CAlgan → D(Z) R 7→ Ω
/D
R

which commutes with sifted colimits.

Example 4.9.8. Let R be a smooth Z-algebra. Then, for each integer n, the complex grconjn Ω
/D
R ≃

ΩnR[−n] is concentrated in cohomological degree n. It follows that the conjugate filtration on Ω
/D
R co-

incides with the Postnikov filtration. Together with Proposition 4.9.6, this observation characterizes
the conjugate filtration for a general animated commutative ring R.

Remark 4.9.9 (The Sen Operator). Let R be an animated commutative ring. Then the diffracted
Hodge complex Ω

/D
R of Construction 4.9.1 comes equipped with an endomorphism Θ : Ω

/D
R → Ω

/D
R ; we

will refer to Θ as the Sen operator on Ω
/D
R . By construction, it refines to an operator on the filtered

complex Filconj• Ω
/D
R , and the induced action on each grconjn Ω

/D
R ≃ LΩ

n
R[−n] is given by multiplication

by (−n). With a bit more effort, one can show that Θ underlies an action of the group scheme G
♯
m

on the diffracted Hodge complex Ω
/D
R : that is, Ω /D

R can be promoted to a quasi-coherent complex on
the classifying stack BG

♯
m.

Remark 4.9.10. Let R be an animated commutative ring. Since the Sen operator Θ acts by
multiplication by (−n) on the complex grconjn Ω

/D
R , the composite map

Filconjn Ω
/D
R

Θ+n
−−−→ Filconjn Ω

/D
R → grconjn Ω

/D
R

is nullhomotopic. In fact, there is an essentially unique nullhomotopy which depends functorially on
R. To see this, we can reduce to the case where R is a polynomial algebra over Z (Proposition 4.9.6).
In this case, the desired result follow from the observation that for any morphism f : R → S in
PolyZ, the mapping space HomD(R)(Fil

conj
n Ω

/D
R , gr

conj
n Ω

/D
S ) is discrete (since Filconjn Ω

/D
R is concentrated

in cohomological degrees ≤ n and grconjn Ω
/D
S is concentrated in cohomological degree n; see Remark

4.9.4). It follows that Θ+ n factors through a map

Filconjn Ω
/D
R → Filconjn−1Ω

/D
R ,

which (by slight abuse of notation) we will also denote by Θ+ n.

Remark 4.9.11. For every animated commutative ring R, the filtered complex Filconj• Ω
/D
R can be

regarded as a commutative algebra object in the ∞-category of filtered objects of D(Z). Moreover,
the isomorphism Filconj0 Ω

/D
R ≃ LΩ

0
R ≃ R is an isomorphism of commutative algebra objects of D(Z).

It follows that each Filconjn Ω
/D
R can be promoted to an object of the ∞-category D(R), and that Ω /D

R
can be regarded as a commutative algebra object of D(R).
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We now introduce a global version of Construction 4.9.1. We will make use of the following
observation:

Proposition 4.9.12. Let f : R → S be a morphism of animated commutative rings which is
formally étale: that is, for which the relative cotangent complex LΩ1

S/R vanishes. Then, for every

integer n, the natural map S⊗LRFil
conj
n Ω

/D
R → Filconjn Ω

/D
S is an isomorphism in the ∞-category D(S).

In particular, the natural map S ⊗LR Ω
/D
R → Ω

/D
S is an isomorphism in D(S).

Proof. Proceeding by induction on n, we are reduced to showing that the natural map θ : S ⊗LR
grconjn Ω

/D
R → grconjn Ω

/D
S is an isomorphism in D(S). We now observe that, up to a cohomological shift,

θ can be identified with the nth (derived) exterior power of the comparison map S⊗LRLΩ
1
R → LΩ1

S,
which is an isomorphism by virtue of the vanishing of LΩ1

S/R. �

Corollary 4.9.13. The functor

CAlgan → D(Z) R 7→ Ω
/D
R

satisfies descent for the étale topology.

Notation 4.9.14. Let X be a scheme, and let U denote the collection of all affine open subsets of
X. For every integer n, Proposition 4.9.12 guarantees that the construction

(U ∈ U) 7→ Filconjn Ω
/D
OX(U)

determines an object of the derived∞-category D(X), which we will denote by Filconjn Ω
/D
X . Allowing

n to vary, we obtain a direct system

OX ≃ Filconj0 Ω
/D
X → Filconj1 Ω

/D
X → Filconj2 Ω

/D
X → · · ·

whose colimit we will denote by Ω
/D
X and refer to as the diffracted Hodge complex of X. We will refer

to the (hypercohomology) groups H∗(X,Ω
/D
X) as the diffracted Hodge cohomology groups of X.
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5. The Nygaard Filtration

Let k be a perfect field of characteristic p and let X be a smooth k-scheme. Then the crystalline
cohomology of X can be computed as the hypercohomology of X with coefficients in the de Rham-
Witt complex

WΩ∗
X = (WΩ0

X →WΩ1
X →WΩ2

X → · · · )

of Bloch and Deligne-Illusie (see [40], or [16] for an alternative approach). In [50], Nygaard introduces
a filtration of WΩ∗

X by subcomplexes

· · · → N 2WΩ∗
X ⊆ N

1WΩ∗
X ⊆ N

0WΩ∗
X =WΩ∗

X ,

which we will refer to as the Nygaard filtration on WΩ∗
X . This construction has the following feature:

(∗) For each integer m, multiplication by p carries each Nm−1WΩ∗
X into NmWΩ∗

X . More-
over, the quotient complex NmWΩ∗

X/pN
m−1WΩ∗

X is quasi-isomorphic to the truncated
de Rham complex

Ω≥m
X :=

(
ΩmX

d
−→ Ωm+1

X
d
−→ Ωm+2

X → · · ·
)
[−m].

Note that the crystalline cochain complex RΓcrys(X/Zp) = RΓ(X,WΩ∗
X) can be identified with

the Frobenius-twisted prismatic complex F ∗RΓ∆(X/W (k)) (see Warning 4.6.2). In [21], the first
author and Scholze introduced an analogue of the Nygaard filtration for an arbitrary bounded prism
(A, I). To every p-adic formal scheme X which is smooth over A = A/I, their construction supplies
a filtered complex

· · · → Fil2N F
∗ RΓ∆(X/A)→ Fil1N F

∗RΓ∆(X/A)→ Fil0N F
∗RΓ∆(X/A) ≃ F

∗ RΓ∆(X/A)

satisfying the following variant of (∗):
(∗′) For every integer m, there is a canonical fiber sequence

I ⊗LA Film−1
N F ∗ RΓ∆(X/A)→ FilmN F

∗ RΓ∆(X/A)→ RΓ(X, Ω̂≥m

X/A
)

We review the construction of the filtered complex Fil•N F
∗ RΓ∆(X/A) in §5.1. To simplify the

discussion, we will focus primarily on the case where X = Spf(R) is an affine formal scheme, in which
case we can identify RΓ∆(X/A) with the relative prismatic complex ∆R/A of Construction 4.1.3.
However, we place no restrictions R, which we allow to be an arbitrary (animated) commutative
A-algebra. In §5.2, we apply this result to prove a version of (∗′) for an arbitrary bounded prism
(Corollary 5.2.8). In §5.3, we specialize to the case where (A, I) is the crystalline prism (Zp, (p)),
and show that our construction agrees with the classical Nygaard filtration on the de Rham-Witt
complex whenever R is a regular Fp-algebra (Proposition 5.3.8).

Our primary goal in this section is to construct a counterpart of the Nygaard filtration in the
setting of absolute prismatic cohomology. Let R be a commutative ring. Assume for simplicity that
p is not a zero-divisor in R, and let R denote the quotient ring R/pR. Recall that the absolute
prismatic complex ∆R can be realized as the global sections of a quasi-coherent complex H∆(R)
on the Cartier-Witt stack WCart (Construction 4.4.10). By virtue of Theorem 3.6.7, ∆R can be
realized as the pullback of a diagram

RΓ(WCart, F ∗
H∆(R))→ RΓ(WCartHT, (F ∗

H∆(R))|WCartHT) ←RΓ(Spf(Zp), ρ
∗
dRH∆(R)).

(25)

Note that the complex on the right can be identified with the relative prismatic complex ∆R/Zp
. If

R is a smooth Fp-algebra, then Theorem 4.6.1 identifies ∆R/Zp
with the crystalline cochain complex

RΓcrys(R/Zp). By a classical result of Berthelot, RΓcrys(R/Zp) has an explicit model at the level
of cochain complexes, given by the p-complete de Rham complex (Ω̂∗

R, d). More generally, if R
is an arbitrary p-torsion-free commutative ring, then there is a canonical isomorphism ∆R/Zp

≃
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d̂RR, where d̂RR denotes the p-complete derived de Rham complex of R. In §5.4, we give a
direct construction of this isomorphism, which does not make reference to the theory of crystalline
cohomology (Theorem 5.4.2). In §5.5, we apply this construction to refine (25) to a diagram of
filtered complexes

RΓ(WCart,Fil•N F
∗
H∆(R))→ RΓ(WCartHT, (Fil•N F

∗
H∆(R))|WCartHT) ←Fil•Hod d̂RR, (26)

where Fil•N F
∗H∆(R) is a filtered complex on WCart obtained from the relative theory. We denote

the pullback of this diagram by Fil•N ∆R, which we refer to as the absolute Nygaard filtration on the
prismatic complex ∆R (Construction 5.5.3).

Let (A, I) be a bounded prism. It follows immediately from our construction that, if R is an
algebra over the quotient ring A = A/I, then the composite map ∆R → ∆R/A → F ∗

∆R/A can be
refined to a map of filtered complexes Fil•N ∆R → Fil•N F

∗
∆R/A. In §5.6, we show that this map is

an isomorphism in the case where the prism (A, I) is perfect (Theorem 5.6.2).

Remark 5.0.1. Let R be a quasiregular semiperfectoid ring, so that the absolute prismatic complex
∆R can be identified with a commutative ring, concentrated in cohomological degree zero. In [21],
the Nygaard filtration of ∆R is defined as the system of ideals

· · · ⊆ Fil2N ∆R ⊆ Fil1N ∆R ⊆ Fil0N ∆R = ∆R,

given by the formula

FilnN ∆R = {x ∈ ∆R : ϕ(x) ∈ ∆
[n]
R } (27)

We will show in §5.6 that this agrees with the definition of the absolute Nygaard filtration given in
this paper (Corollary 5.6.3). From the present perspective, this is not obvious from the definition:
it depends on a nontrivial calculation.

It is possible to adopt another approach to the theory of the absolute Nygaard filtration. One
could take (27) as a definition in the case where R is quasiregular semiperfectoid, and extend
to general p-quasisyntomic commutative rings using descent. However, from this perspective, the
relationship between the Nygaard filtration on ∆R and the Hodge filtration on d̂RR is somewhat
more opaque. Moreover, the calculations of §5.6 are not avoided: they reappear in the analysis of
the connectivity properties of the relative Frobenius map ϕ : Fil•N ∆R → ∆

[•]
R , which we will study

in §5.7.

Let R be a commutative ring. We let ∆̂R denote the Nygaard-completed prismatic complex of R,
defined as the limit of the diagram

· · · → ∆R/Fil
3
N ∆R → ∆R/Fil

2
N ∆R → ∆R/Fil

1
N ∆R ≃ R.

There is a tautological comparison map ∆R → ∆̂R. In §5.8, we show that this map is an isomorphism
when R is p-torsion-free and the quotient ring R/pR is regular (Proposition 5.8.2), but not in general
(see Example 5.8.1).

5.1. The Relative Nygaard Filtration. Throughout this section, we fix a bounded prism (A, I)
and we let A denote the quotient ring A/I. If R is an animated commutative A-algebra, we
let F ∗

∆R/A denote the commutative algebra object of D̂(A) obtained from the relative prismatic
complex ∆R/A by (completed) extension of scalars along the Frobenius morphism ϕ : A → A. In
§15 of [21], the complex F ∗

∆R/A is equipped with a decreasing filtration

· · · → Fil2N F
∗
∆R/A → Fil1N F

∗
∆R/A → Fil0N F

∗
∆R/A = F ∗

∆R/A,

which we will refer to as the relative Nygaard filtration. Our goal in this section is to review the
definition of this filtration in a form which will be convenient for our purposes. Note that the
Frobenius endomorphism of ∆R/A induces an A-linear morphism ϕ : F ∗

∆R/A → ∆R/A, which we will
refer to as the relative Frobenius.
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Proposition 5.1.1. Let R be an animated commutative A-algebra. Then the relative Frobenius
morphism ϕ : F ∗

∆R/A → ∆R/A can be promoted to a morphism of filtered complexes Fil•(ϕ) :
Fil•N F

∗
∆R/A → I•∆R/A, which is determined (up to essentially unique isomorphism) by the require-

ment that it depends functorially on R and has the following additional properties:

(1) For each integer n, the functor

CAlgan
A
→ D̂(A) R 7→ FilnN F

∗
∆R/A

commutes with sifted colimits.
(2) Let R be a finitely generated polynomial algebra over A. Then, for every integer n, the map

grn(ϕ) : grnN F
∗
∆R/A → In/In+1 ⊗LA ∆R/A = ∆R/A{n}

induces isomorphisms

Hm(grnN F
∗
∆R/A)

∼
−→

{
Hm

∆
(R/A){n} ≃ Ω̂m

R/A
{n−m} if m ≤ n

0 otherwise.

Remark 5.1.2. Let R be an animated commutative A-algebra. It follows from properties (1) and
(2) of Proposition 5.1.1 that, for every integer n, the relative Frobenius map grn(ϕ) : grnN F

∗
∆R/A →

∆R/A{n} factors through an isomorphism grnN F
∗
∆R/A ≃ Filconjn ∆R/A{n}, depending functorially on

R. Combining this observation with Remark 4.1.9, we deduce the following stronger version of (2):

(2′) Let R be an A-algebra whose p-completion R̂ is p-completely smooth over A. For every
integer n, the induced map

grnN F
∗
∆R/A → In/In+1 ⊗LA ∆R/A = ∆R/A{n}

induces isomorphisms

Hm(grnN F
∗
∆R/A)

∼
−→

{
Hm

∆
(R/A){n} ≃ Ω̂m

R/A
{n−m} if m ≤ n

0 otherwise.

Remark 5.1.3 (The relative Nygaard filtration is Beilinson connective). Let R be an animated
commutative A-algebra. If the p-completion of R is p-completely smooth over A, then assertion
(2’) in Remark 5.1.2 together with the definition of the Beilinson t-structure (Definition D.3) im-
plies that the filtered object Fil•N F

∗
∆R/A ∈ DF(A) is connective for the Beilinson t-structure.

Using Proposition 5.1.1 (1), it then follows that for any animated A-algebra R, the filtered object
Fil•N F

∗
∆R/A ∈ DF(A) is connective for the Beilinson t-structure.

Example 5.1.4. In the special case R = A, we can identify F ∗
∆R/A with the commutative ring A

(regarded as a chain complex concentrated in degree zero). Under this identification, the Nygaard
filtration is given by

FilnN F
∗
∆R/A =

{
In if n ≥ 0

A if n ≤ 0.

Remark 5.1.5. Let R be an animated commutative A-algebra. Combining the isomorphism
grnN F

∗
∆R/A ≃ Filconjn ∆R/A{n} of Remark 5.1.2 with the isomorphism Filconj0 ∆R/A ≃ R̂ of Remark

4.1.11, we obtain a canonical isomorphism gr0N F
∗
∆R/A ≃ R̂.

Remark 5.1.6. Let R be an animated commutative A-algebra. It follows from Remark 5.1.2 that
the complex grnN F

∗
∆R/A vanishes for n < 0. Consequently, the maps

F ∗
∆R/A = Fil0N F

∗
∆R/A → Fil−1

N F ∗
∆R/A → Fil−2

N F ∗
∆R/A → · · ·
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are isomorphisms (in the∞-category D̂(A)). It is therefore harmless to think of the relative Nygaard
filtration of Proposition 5.1.1 as indexed by the nonnegative integers, rather than the collection of
all integers.

For the proof of Proposition 5.1.1, we need the following slight variant of Lemma 4.3.13:

Lemma 5.1.7. Let CAlgQSyn

A
denote the category of p-quasisyntomic A-algebras. The functor

CAlgQSyn

A
→ D̂(A) R 7→ F ∗

∆R/A

satisfies descent for the p-quasisyntomic topology.

Proof. We show more generally that for every object complex M ∈ D̂(A) whose cohomology groups
are bounded below, the functor

CAlgQSyn

A
→ D̂(A) R 7→M⊗̂

L
A∆R/A

satisfies descent for the p-quasisyntomic topology. Without loss of generality, we may assume that
M is the image of an object of D̂(A), which we will also denote by M . Let R be a p-quasisyntomic
A-algebra, let R → R0 be a p-quasisyntomic cover, and let R• be the cosimplicial R-algebra given
by the p-complete tensor powers of R0 over R. We wish to show that the canonical map

θ :M⊗̂
L
A∆R/A → Tot•(M⊗̂

L
∆R•/A)

is an isomorphism in D̂(A). Since the degrees of the nonzero cohomology groups of the complexes
M⊗̂

L
∆R•/A are uniformly bounded below, we can realize θ as a filtered colimit of comparison maps

θn :M⊗̂
L
A Filconjn ∆R/A → Tot•(M⊗̂

L
Filconjn ∆R•/A).

It will therefore suffice to show that each θn is an isomorphism. Let M• denote the cosimplicial
object of D̂(R) given by the completed tensor product R•⊗̂

L
AM Proceeding by induction on n and

invoking the Hodge-Tate comparison (Remark 4.1.7), we are reduced to checking that each of the
comparison maps

M⊗̂
L
ALΩ

n
R/A
→ Tot(M⊗̂

L
ALΩ

n
R•/A

)

is an isomorphism in D̂(A), which follows from Lemma 2.6 of [10]. �

Proof of Proposition 5.1.1. We proceed as in §15 of [21]. Let CAlgQSyn

A
denote the category of

p-quasisyntomic A-algebras (Definition C.9), and let C ⊆ CAlgQSyn

A
denote the full subcategory

spanned by those p-quasisyntomic A-algebras R for which the quotient ring R/pR is generated
by the images over A and (R/pR)♭ (that is, the collection of A-algebras which are “large” in the
sense of [21]). For R ∈ C, the relative prismatic complex ∆R/A can be identified with a (p, I)-
completely flat A-algebra (concentrated in cohomological degree zero), so that the Frobenius pull-
back F ∗

∆R/A can also be viewed as a commutative ring concentrated in cohomological degree zero.
Let us write FilnN F

∗
∆R/A for the ideal of F ∗

∆R/A consisting of those elements x which satisfy
ϕ(x) ∈ In∆R/A, where ϕ : F ∗

∆R/A → ∆R/A is the relative Frobenius map. By construction, the
relative Frobenius map ϕ : F ∗

∆R/A → ∆R/A refines uniquely to a map of filtered abelian groups
Fil•(ϕ) : Fil•N F

∗
∆R/A → I•∆R/A, depending functorially on R ∈ C.

The construction R 7→ {FilnN F
∗
∆R/A}n∈Z then determines a functor from C to the ∞-category

D̂F(A) of I-complete filtered complexes (Notation D.12). This functor admits a right Kan exten-
sion CAlgQSyn

A
→ D̂F(A), which we will also denote by R 7→ Fil•N F

∗
∆R/A. Note that C forms

a basis for the p-quasisyntomic topology on CAlgQSyn

A
. Consequently, to show that a functor

U : CAlgQSyn

A
→ D̂F(A) is a right Kan extension of its restriction to C, it suffices to show that

U satisfies descent for the p-quasisyntomic topology. Since these conditions are satisfied for the
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functor R 7→ F ∗
∆R/A (Lemma 5.1.7), we have a canonical isomorphism Fil0N F

∗
∆R/A ≃ F ∗

∆R/A for
R ∈ CAlgQSyn

A
. Similarly, Lemma 4.3.13 and Corollary 4.1.14 guarantee that the functor

CAlgQSyn

A
→ D̂F(A) R 7→ I•∆R/A

is a right Kan extension of its restriction to C. It follows that the relative Frobenius map Fil•(ϕ) :

Fil•N F
∗
∆R/A → I•∆R/A admits an essentially unique (functorial) extension to all R ∈ CAlgQSyn

A
.

Let n be an integer. For each R ∈ CAlgQSyn

A
, the relative Frobenius map Fil•(ϕ) induces a map

grn(ϕ) : grnN F
∗
∆R/A → ∆R/A{n}. When R ∈ C, Theorem 15.2 of [21] guarantees that grn(ϕ) is a

monomorphism of abelian groups whose image is the subgroup Filconjn ∆R/A{n}. Since the functor

CAlgQSyn

A
→ D̂(A) R 7→ Filconjn ∆R/A{n}

is also a right Kan extension of its restriction to C, it follows that there is an essentially unique
isomorphism βR : grnN F

∗
∆R/A ≃ Filconjn ∆R/A{n} which depends functorially on R ∈ CAlgQSyn

A
for

which the composition grnN F
∗
∆R/A

βR−−→
∼

Filconjn ∆R/A{n} → ∆R/A{n} coincides with grn(ϕ) (up to a

homotopy depending functorially on R). From this observation, we immediately deduce that Fil•(ϕ)
satisfies requirement (2) of Proposition 5.1.1.

We next claim that the functor

CAlgQSyn

A
→ D̂F(A) R 7→ Fil•N F

∗
∆R/A

is a left Kan extension of its restriction to the category PolyA of finitely generated polynomial
algebras over A. Equivalently, for each n ∈ Z, the functor R 7→ FilnN F

∗
∆R/A is a left Kan extension

of its restriction to PolyA. To prove this, we proceed by induction on n, the case n ≤ 0 being
trivial (since the functor R 7→ F ∗

∆R/A commutes with sifted colimits). To handle the inductive
step, it suffices to observe that the functor R 7→ grnN F

∗
∆R/A is a left Kan extension of its restriction

to PolyA, which follows from the isomorphism grnN F
∗
∆−/A ≃ Filconjn ∆−/A{n} (since the functor

R 7→ Filconjn ∆R/A{n} also commutes with sifted colimits).
Applying Proposition A.5, we see that the functor R 7→ Fil•N F

∗
∆R/A admits an essentially unique

extension to the∞-category CAlgan
A

of all animated commutative A-algebras which commutes with
sifted colimits (and therefore satisfies requirement (1) of Proposition 5.1.1). Moreover, this functor
is characterized by the requirement that it is a left Kan extension of its restriction to CAlgQSyn

A
(or equivalently to the subcategory PolyA), so the relative Frobenius map Fil•(ϕ) : Fil•N F

∗
∆R/A →

I•∆R/A admits an essentially unique extension to all animated commutative A-algebras R. Since
the functor R 7→ F ∗

∆R/A is a left Kan extension of its restriction to CAlgQSyn

A
, we can identify

Fil0N F
∗
∆R/A with the Frobenius pullback F ∗

∆R/A and Fil0(ϕ) with the relative Frobenius map ϕ.
This completes the proof of the existence assertion of Proposition 5.1.1.

We now prove uniqueness. Suppose we are given another filtration Fil′• F ∗
∆R/A, depending

functorially on R, together with an extension of the relative Frobenius to a natural transformation
Fil′•(ϕ) : Fil′• F ∗

∆R/A → I•∆R/A satisfying conditions (1) and (2). We first show that the identity
map F ∗

∆R/A admits an essentially unique promotion to a morphism of filtered complexes Fil•(αR) :
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Fil′• F ∗
∆R/A → Fil•N F

∗
∆R/A for which the diagram

Fil′• F ∗
∆R/A

Fil•(αR)
//

Fil•(ϕ′)

$$❏
❏❏

❏❏
❏❏

❏❏
❏❏

❏❏
❏❏

❏❏
❏❏

Fil•N F
∗
∆R/A

Fil•(ϕ)

zztt
tt
tt
tt
tt
tt
tt
tt
tt
t

I•∆R/A

commutes (up to a homotopy depending functorially on R). Since the functor R 7→ Fil′• F ∗
∆R/A

satisfies condition (1), it is a left Kan extension of its restriction to CAlgQSyn

A
. As noted above, the

functors
CAlgQSyn

A
→ D̂F(A) R 7→ Fil•N F

∗
∆R/A, I

•
∆R/A

are right Kan extensions of their restrictions to C. Consequently, to construct the natural transfor-
mation R 7→ Fil•(αR), we may restrict our attention to A-algebras R which belong to the category
C. In this case, we will prove the following assertion (for each integer n ≥ 0):

(∗n) For R ∈ C, the complex Fil′n F ∗
∆R/A is an abelian group (regarded as a chain complex

concentrated in cohomological degree zero). Moreover, the tautological map Fil′n F ∗
∆R/A →

F ∗
∆R/A is a monomorphism whose image is the subgroup

FilnN F
∗
∆R/A = {x ∈ F ∗

∆R/A : ϕ(x) ∈ In∆R/A}

defined above.

To prove (∗n), we proceed by induction on n. The case n = 0 is trivial. To handle the inductive
step, we apply Remark 5.1.2 to the functor R 7→ Fil′• F ∗

∆R/A to obtain a fiber sequence

Fil′n+1 F ∗
∆R/A → Fil′n F ∗

∆R/A
grn(ϕ)
−−−−→ Filconjn ∆R/A{n}.

Using (∗n), we can identify Fil′n F ∗
∆R/A with the ideal Filn F ∗

∆R/A. It follows that grn(ϕ) is a
surjection of abelian groups (regarded as cochain complexes concentrated in cohomological degree
zero). Consequently, we can identify Fil′n+1 F ∗

∆R/A with the abelian group given by the kernel of
the map

FilnN F
∗
∆R/A

grn(ϕ)
−−−−→ Filconjn ∆R/A{n} →֒ ∆R/A{n},

which immediately implies (∗n+1).
To complete the proof of Proposition 5.1.1, it will suffice to show that for every integer n ≥ 0 and

every animated commutative A-algebra R, the map Filn(αR) : Fil
′n F ∗

∆R/A → FilnN F
∗
∆R/A is an

isomorphism. Since the construction R 7→ Filn(αR) commutes with sifted colimits, we may assume
without loss of generality that R is a finitely generated polynomial algebra over A. Proceeding by
induction on n, we are reduced to showing that the associated graded map grn(αR) : gr

′n F ∗
∆R/A →

grnN F
∗
∆R/A induces an isomorphism on cohomology. This follows from the commutativity of the

diagram

gr′n F ∗
∆R/A

grn(αR) //

grn(ϕ′)

%%❏
❏❏

❏❏
❏❏

❏❏
❏❏

❏❏
❏❏

❏❏
❏❏

grnN F
∗
∆R/A

grn(ϕ)

yyttt
tt
tt
tt
tt
tt
tt
tt
tt

∆R/A{n},
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noting that the vertical maps are isomorphisms in cohomological degrees ≤ n (and that the com-
plexes gr′n F ∗

∆R/A and grnN F
∗
∆R/A are concentrated in cohomological degrees ≤ n), by virtue of

assumption (2). �

Remark 5.1.8 (Multiplicativity). Let R be an animated commutative A-algebra, and let us regard
F ∗

∆R/A as a commutative algebra object of the ∞-category D̂(A) (that is, as an E∞-algebra over
A). The commutative algebra structure on F ∗

∆R/A admits an essentially unique refinement to a
commutative algebra structure on the filtered complex Fil•N F

∗
∆R/A which depends functorially on

R; in particular, the multiplication on F ∗
∆R/A admits a refinement

(FilmN F
∗
∆R/A)⊗

L
A (FilnN F

∗
∆R/A)→ Film+n

N F ∗
∆R/A,

depending functorially on m and n. To prove this, we can use Kan extension arguments to reduce
to the case where R belongs to the category C appearing in the proof of Proposition 5.1.1. The
desired assertion then reduces to the observation that if x, y ∈ F ∗

∆R/A satisfy ϕ(x) ∈ Im∆R/A and
ϕ(y) ∈ In∆R/A, then ϕ(xy) = ϕ(x)ϕ(y) belongs to Im+n

∆R/A.

Remark 5.1.9. Let R be an animated commutative A-algebra. Combining Remark 5.1.8 with
Example 5.1.4, we see that the multiplication on the filtered complex Fil•N F

∗
∆R/A induces a map

of filtered complexes
v : I ⊗LA Fil•N F

∗
∆R/A → Fil•+1

N F ∗
∆R/A.

Moreover, the composition of v with the tautological map Fil•+1
N F ∗

∆R/A → Fil•N F
∗
∆R/A agrees

with the map I ⊗LA Fil•N F
∗
∆R/A → Fil•N F

∗
∆R/A induces by the inclusion I →֒ A.

Remark 5.1.10 (Change of Prism). Let f : (A, I) → (B, J) be a morphism of bounded prisms
and let R be an animated commutative algebra over the quotient ring A = A/I. Then there is a
canonical isomorphism

B⊗̂
L
A Fil•N F

∗
∆R/A ≃ Fil•N F

∗
∆(B⊗L

AR)/B

in the∞-category D̂F(B) of filtered complexes over B, which is characterized (up to homotopy) by
the fact that it depends functorially on R and is given (in filtration degree zero) by the Frobenius
pullback of the isomorphism B⊗̂A∆R/A ≃ ∆(B⊗L

AR)/B
of Remark 4.1.5.

5.2. The Relative de Rham Comparison. Throughout this section, we fix a bounded prism
(A, I) with quotient ring A = A/I.

Construction 5.2.1 (The Bockstein Operator). Let R be an animated commutative A-algebra.
For every integer n, the relative Nygaard filtration of Proposition 5.1.1 determines a fiber sequence

grn+1
N F ∗

∆R/A → FilnN F
∗
∆R/A/Fil

n+2
N F ∗

∆R/A → grnN F
∗
∆R/A.

Passing to cohomology, we obtain a boundary map

β : Hn(grnN F
∗
∆R/A)→ Hn+1(grn+1

N F ∗
∆R/A),

which we will refer to as the Bockstein operator.

Proposition 5.2.2. Let R be an animated commutative A-algebra. Then there is a unique homo-
morphism of commutative differential graded algebras

θ :
⊕

n

Hn(grnN F
∗
∆R/A, β)→ (Ω̂∗

R/A
, d)

with the property that, in degree zero, it coincides with the ring isomorphism

H0(gr0(ϕ)) : H0(gr0N F
∗
∆R/A) ≃ H0(R̂) = Ω̂0

R/A

supplied by Remark 5.1.5. Here (Ω̂∗
R/A

, d) denotes the p-complete de Rham complex of R relative to

A (Notation E.1). Moreover, θ is an isomorphism.
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Proof. For each integer n, Remarks 5.1.2 and 4.1.12 supply isomorphisms

Hn(grnN F
∗
∆R/A)

Hn(grn(ϕ))
−−−−−−−→ Hn(Filconjn ∆R/A{n}) ≃ Ω̂n

R/A
,

depending functorially on R. We claim that these isomorphisms identify the Bockstein operator of
Construction 5.2.1 with the de Rham differential on Ω̂∗

R/A
. To prove this, we can assume without

loss of generality that R is a polynomial algebra over A, in which case it follows from Remark 4.1.10.
This proves the existence of the isomorphism

θ :
⊕

n

Hn(grnN F
∗
∆R/A, β) ≃ (Ω̂∗

R/A
, d).

To prove uniqueness, let θ′ : (
⊕

nH
n(grnN F

∗
∆R/A, β) ≃ (Ω̂∗

R/A
, d) be any other homomorphism of

commutative differential graded algebras which coincides with θ in degree zero. Then θ′ ◦ θ−1 is an
endomorphism of the p-complete de Rham complex (Ω̂∗

R/A
, d) which is the identity in degree zero.

We wish to show that θ′ ◦ θ−1 is the identity. For this, it will suffice to show that θ′ ◦ θ−1 restricts
to the identity on the usual de Rham complex (Ω∗

R/A
, d). This is clear, since Ω∗

R/A
is generated (as

a differential graded algebra) by elements of degree zero. �

If R is an animated commutative A-algebra, we write d̂RR/A for the p-complete derived de
Rham complex of R relative to A (Construction E.2), which we equip with the Hodge filtration
Fil•Hod d̂RR/A.

Proposition 5.2.3. Let R be an animated commutative A-algebra. Then there is a canonical map

Fil•(γR) : Fil
•
N F

∗
∆R/A → Fil•Hod d̂RR/A

of commutative algebra objects of D̂F(A) which is determined (up to essentially unique homotopy)
by the requirement that it depends functorially on R and that gr0(γR) agrees with the isomorphism

gr0N F
∗
∆R/A

gr0(ϕ)
−−−−→ Filconj0 ∆R/A ≃ R̂ ≃ gr0Hod d̂RR/A

(up to a homotopy which depends functorially on R).

Proof. Since the functor R 7→ Fil•N F
∗
∆R/A commutes with sifted colimits, it is a left Kan extension

of its restriction to PolyA. It will therefore suffice to construct the morphism Fil•(γR) (and the
homotopy gr0(γR) ≃ gr0(ϕ)) in the case where R is a finitely generated polynomial algebra over
A. In this case, we can identify Fil•Hod d̂RR/A with the p-complete de Rham complex (Ω̂≥•

R/A
, d),

regarded as an object of the heart of the Beilinson t-structure on DF(A) (see Definition D.3 and
Example D.8). Since Fil•N F

∗
∆R/A is connective with respect to the Beilinson t-structure (Remark

5.1.3), we can identify morphisms Fil•(γ) : Fil•N F
∗
∆R/A → Fil•Hod d̂RR/A with morphisms of chain

complexes

(
⊕

n

Hn(grnN F
∗
∆R/A), β)→ (Ω̂∗

R/A
, d).

The desired result now follows from Proposition 5.2.2. �

Example 5.2.4. Let (A, I) be the prism (Zp, (p)) and let R be a regular Noetherian Fp-algebra. In
the forthcoming Proposition 5.3.8, we shall identify Fil•N F

∗
∆R/A with the Nygaard-filtered de Rham

Witt complex N •WΩ∗
R. Under this identification, the comparison map Fil•(γR) of Proposition

5.2.3 has a concrete model at the level of (filtered) cochain complexes, given by the quotient map
WΩ∗

R ։ Ω∗
R which annihilates the Verschiebung operator on WΩ∗

R.
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Let R be an animated commutative A-algebra. Restricting the map of Proposition 5.2.3 to
filtration degree zero, we obtain a morphism γR : F ∗

∆R/A → d̂RR/A in the ∞-category D̂(A).

Extending scalars along the quotient map A ։ A, we obtain a map γR : A⊗LA F
∗
∆R/A → d̂RR/A.

The following result is Corollary 15.4 of [21]:

Proposition 5.2.5 (de Rham Comparison for Relative Prismatic Cohomology). Let R be an ani-
mated commutative A-algebra. Then the map

γR : A⊗LA F
∗
∆R/A → d̂RR/A

is an isomorphism in the ∞-category D̂(A).

Proof. Since the construction R 7→ γR commutes with sifted colimits, it will suffice to prove Propo-
sition 5.2.5 in the special case where R = A[x1, · · · , xd] is a finitely generated polynomial algebra
over A. It follows from Remark 5.1.10 that the construction

(A, I) 7→ fib(γA[x1,...,xd]) ∈ D̂(A)

is compatible with base change, and therefore defines a quasi-coherent complex E on the Hodge-
Tate divisor WCartHT (see Remark 3.5.3). We wish to show that E vanishes. To prove this, it will
suffice to show that E vanishes after pullback along the map Spec(Fp) → WCartHT obtained by
applying Remark 3.4.2 to the perfect prism (Zp, (p)). In other words, it suffices to prove Proposition
5.2.5 after replacing (A, I) by the prism (Zp, (p)). Since R = Fp[x1, . . . , xd] is a regular Noetherian
Fp-algebra, Example 5.2.4 supplies an explicit model for γR at the level of cochain complexes, given
by the quotient map WΩ∗

R/pWΩ∗
R ։ Ω∗

R. This map is an isomorphism at the level of cohomology
(see Remark 4.3.6 of [16]). �

Example 5.2.6. Let Zp[[p̃]] be the δ-ring of Notation 3.8.9. Note that the composite map

Zp[[p̃]]
ϕ
−→ Zp[[p̃]] ։ Zp[[p̃]]/(p̃) ≃ Zp

is a surjection which carries p̃ to the element p ∈ Zp.
Let R be an animated commutative Zp-algebra and let p̃ΩR = ∆R/Zp[[p̃]] be the p̃-de Rham

complex of Construction 4.8.3. Applying Proposition 5.2.5 to the prism (Zp[[p̃]], (p̃)), we obtain a
canonical isomorphism

Zp[[p̃]]/(p̃ − p)⊗
L
Zp[[p̃]]

p̃ΩR ≃ d̂RR.

of commutative algebra objects of D̂(Zp). Equivalently, we have a canonical isomorphism

Zp[[q − 1]]/(q − 1)⊗LZp[[q−1]] qΩR ≃ d̂RR,

where qΩR is the q-de Rham complex of Definition 4.8.1 (see Remark 4.8.4).
Stated more informally: the p̃-de Rham complex p̃ΩR specializes to the usual p-complete derived

de Rham complex d̂RR by setting p̃ equal to p, and the q-de Rham complex qΩR specializes to d̂RR
by setting q equal to 1.

Remark 5.2.7. Let R be an animated commutative ring and let p̃ΩR be the p̃-de Rham complex
of R, which we regard as a (p, p̃)-complete object of the derived ∞-category D(Zp[[p̃]]). Then:

• The p-complete diffracted Hodge complex Ω̂
/D
R can be obtained from p̃ΩR by extending

scalars along the map Zp[[p̃]] ։ Zp carrying p̃ to 0 (Remark 4.8.6).
• The p-complete derived de Rham complex Ω̂R can be obtained from p̃ΩR by extending

scalars along the map Zp[[p̃]] ։ Zp carrying p̃ to p (Example 5.2.6).
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We therefore obtain a canonical isomorphism

Fp⊗
LΩ̂

/D
R ≃ Fp⊗

Ld̂RR ≃ dRR/Fp
,

where R denotes the derived tensor product Fp⊗
LR.

Proposition 5.2.5 admits a refinement, which describes the Hodge filtration on derived de Rham
cohomology:

Corollary 5.2.8. For every animated commutative A-algebra R, there is a fiber sequence

I ⊗LA Fil•−1
N F ∗

∆R/A
v
−→ Fil•N F

∗
∆R/A

Fil•(γR)
−−−−−→ Fil•Hod d̂RR/A

in the ∞-category D̂F(A), where v is the morphism of Remark 5.1.9 and Fil•(γR) is the morphism
of Proposition 5.2.3. This fiber sequence determined (up to isomorphism) by the requirement that it
depends functorially on R.

Proof. We first claim that the composite map

(Fil•(γR) ◦ v) : I ⊗
L
A Fil•−1

N F ∗
∆R/A → Fil•Hod d̂RR/A

admits an essentially unique nullhomotopy which depends functorially on R. Since the functor
R 7→ I⊗LAFil

•−1
N F ∗

∆R/A commutes with sifted colimits, it will suffice to construct this nullhomotopy
in the case where R is a finitely generated polynomial algebra over A. We now observe that the
mapping space Hom

D̂F(A)
(I ⊗LA Fil•−1

N F ∗
∆R/A,Fil

•
Hod d̂RR′/A) is contractible for R,R′ ∈ PolyA,

since Fil•Hod d̂RR′/A ≃ (Ω̂≥•

R′/A
, d) lies in the heart of the Beilinson t-structure on D̂F(A), while the

complex I ⊗LA Fil•−1
N F ∗

∆R/A belongs to D̂F(A)≤−1 (Remark 5.1.3).
Let us denote the cofiber of v by Fil•N F

∗
∆R/A/I Fil

•−1
N F ∗

∆R/A, so that Fil•γ descends to a mor-
phism of filtered complexes

Fil•(γR) : Fil
•
N F

∗
∆R/A/I Fil

•−1
N F ∗

∆R/A → Fil•Hod d̂RR/A,

depending functorially on R. We wish to show that, for every integer n, the induced map

Filn(γR) : Fil
n
N F

∗
∆R/A/I Fil

n−1
N F ∗

∆R/A → FilnHod d̂RR/A

is an isomorphism. For n ≤ 0, this is a restatement of Proposition 5.2.5. The general case follows
by induction on n, using the observation that the associated graded map

grn(γR) : gr
n
N F

∗
∆R/A/I gr

n−1
N F ∗

∆R/A → grnHod d̂RR/A

is obtained by compositing the relative Frobenius isomorphism

ϕ : grnN F
∗
∆R/A/I gr

n−1
N F ∗

∆R/A ≃ Filconjn ∆R/A{n}/Fil
conj
n−1 ∆R/A{n}

of Remark 5.1.2 with the Hodge-Tate comparsion isomorphism grconjn ∆R/A{n} ≃ LΩ̂n
R/A

[n] of Re-
mark 4.1.7. �

Corollary 5.2.9. Let R be an animated commutative A-algebra. Then the comparison map of
Proposition 5.2.3 induces an isomorphism

A⊗LA (lim
←−
m

FilmN F
∗
∆R/A)→ lim

←−
m

FilmHod d̂RR/A.

Corollary 5.2.10. Let R be an animated commutative A-algebra. Then the complex F ∗
∆R/A is

Nygaard-complete (that is, the limit lim
←−m

FilmN F
∗
∆R/A vanishes) if and only if the derived de Rham

complex d̂RR/A is Hodge-complete (that is, the limit lim←−m FilmHod d̂RR/A vanishes).
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Corollary 5.2.11. Let R be a p-completely flat A-algebra for which the quotient R/pR can be written
as a filtered colimit of smooth A/pA-algebras. Then the complex F ∗

∆R/A is Nygaard-complete.

Proof. Proposition E.12 guarantees that the comparison map

Fil•Hod d̂RR/A → (Ω̂≥•

R/A
, d)

is an isomorphism in the filtered derived ∞-category D̂F(A), so that the derived de Rham com-
plex d̂RR/A is Hodge-complete. Applying Corollary 5.2.10, we conclude that F ∗

∆R/A is Nygaard-
complete. �

Example 5.2.12. Let R be a regular Noetherian Fp-algebra. It follows from Corollary 5.2.11
that the prismatic complex ∆R ≃ F ∗

∆R/Zp
is complete with respect to its Nygaard filtration.

This can also be deduced from the forthcoming Proposition 5.3.8: the Nygaard filtration on the
prismatic complex F ∗

∆R/Zp
has a concrete cochain-level model given by the Nygaard filtration

on the de Rham-Witt complex WΩ∗
R, where we can witness completeness at the level of cochain

complexes: WΩ∗
R is the inverse limit of the system of quotient complexes {WΩ∗

R/N
mWΩ∗

R}m≥0

(see Remark 8.1.2 of [16]).

Corollary 5.2.13. Let R be a regular Noetherian Fp-algebra. Then relative Nygaard filtration

Fil•N F
∗
∆R/Zp

is complete: that is, the limit lim
←−m

FilmN F
∗
∆R/Zp

vanishes in the ∞-category D̂(Zp).

Corollary 5.2.14. Let R be a p-completely smooth A-algebra. Then the relative Frobenius map
Fil•(ϕ) : Fil•N F

∗
∆R/A → I•∆R/A exhibits Fil•N F

∗
∆R/A as the connective cover of I•∆R/A with respect

to the Beilinson t-structure on D̂F(A).

Proof. Corollary 5.2.11 guarantees that the complex F ∗
∆R/A is complete with respect to its Nygaard

filtration. Using the criterion of Remark D.11, we are reduced to showing that relative Frobenius
map grn(ϕ) : grnN F

∗
∆R/A → ∆R/A{n} exhibits grnN F

∗
∆R/A as the truncation of ∆R/A{n} in coho-

mological degrees ≤ n, for every integer n. This follows from Remark 5.1.2. �

Corollary 5.2.15. Let R be an A-algebra for which the p-completion R̂ is p-completely smooth of
relative dimension ≤ d over A. Then the map v : I ⊗LA FilnN F

∗
∆R/A → Filn+1

N F ∗
∆R/A of Remark

5.1.9 is an isomorphism for n ≥ d.

Proof. By virtue of Corollary 5.2.8, it suffices to observe that the complex

FilnHod d̂RR/A ≃ (Ω̂≥n

R/A
, d)

vanishes for n > d. �

Corollary 5.2.16. Let R be an animated commutative A-algebra. Then the relative Frobenius map
exhibits ∆R/A as the (p, I)-completed direct limit of the diagram

F ∗
∆R/A → I−1 Fil1N F

∗
∆R/A → I−2 Fil2N F

∗
∆R/A → · · ·

Proof. Let T (R) denote the colimit lim
−→m

I−m FilmN F
∗
∆R/A, formed in the (p, I)-complete derived

∞-category D̂(A). The relative Frobenius supplies a comparison map uR : T (R)→ ∆R/A, depending
functorially on R. We wish to show that uR is an isomorphism for every animated commutative
A-algebra R. Since the construction R 7→ uR commutes with filtered colimits, we may assume
without loss of generality that R = A[x1, · · · , xd] is a finitely generated polynomial algebra over
A. In this case, Corollary 5.2.8 guarantees that the diagram {I−m FilmN F

∗
∆R/A}m≥0 is constant for

m ≥ d. Tensoring both sides with Id, we are reduced to showing that the relative Frobenius map

Fild(ϕ) : FildN F
∗
∆R/A → Id∆R/A



124 BHARGAV BHATT AND JACOB LURIE

is an isomorphism. To check this, we can extend scalars along the map A ։ A. Using Corollary
5.2.15, we are reduced to showing that the map grd(ϕ) : grdN F

∗
∆R/A → ∆R/A{d} is an isomorphism.

By virtue of Remark 5.1.2, we can identify grd(ϕ) with the tautological map Filconjd ∆R/A{d} →

∆R/A{d}. Since the conjugate filtration on ∆R/A is exhaustive, we are reduced to showing that the
successive quotients grconjn ∆R/A vanish for n > d. This follows from the Hodge-Tate comparison
isomorphism grconjn ∆R/A ≃ LΩ̂n

R/A
{−n}[−n] of Remark 4.1.7, since LΩ̂1

R/A
is a free R̂-module of

rank d < n. �

5.3. The Crystalline Nygaard Filtration. Let R be an Fp-algebra and let ∆R/Zp
denote the

prismatic complex of R relative to the perfect prism (Zp, (p)). Note that the Frobenius is the identity
on the δ-ring Zp, so we can identify ∆R/Zp

with its Frobenius pullback F ∗
∆R/Zp

. We will write
Fil•N ∆R/Zp

for the image of the relative Nygaard filtration Fil•N F
∗
∆R/Zp

under this identification;
we shall write

γR : ∆R/Zp
→ dRR/Fp

for the map coming from Proposition 5.2.3. If the Fp-algebra R is p-quasisyntomic, then Theorem
4.6.1 supplies an isomorphism

γcrys
∆

: ∆R/Zp
≃ RΓcrys(R/Zp).

of commutative algebra objects of D̂(Zp). Our goal in this section is to describe the image of the
Nygaard filtration under this isomorphism in two special cases: when R is a quasiregular semiperfect
Fp-algebra (Proposition 5.3.6), and when R is a regular Noetherian Fp-algebra (Proposition 5.3.8).
We also show that the image of Fil1N ∆R/Zp

can always be characterized as the fiber of the crystalline
augmentation map ǫcrys : RΓcrys(R/Zp) → R. This is an immediate consequence of the following
compatibility:

Proposition 5.3.1. Let R be an Fp-algebra. Then the diagram

∆R/Zp

��

γcrys
∆ // RΓcrys(R/Zp)

ǫcrys

��
dRR/Fp

ǫdR // R

commutes (up to a homotopy which depends functorially on R). Here ǫcrys and ǫdR denote the
crystalline and de Rham augmentation maps (Notations F.3 and E.6), and the right vertical map is
the composition

∆R/Zp

∼
−→ F ∗

∆R/Zp
→ Fp⊗

LF ∗
∆R/Zp

≃ dRR/Fp
.

Proof. The functor

CAlganFp
→ D̂(Zp) R 7→ ∆R/Zp

commutes with sifted colimits, and is therefore a left Kan extension of its restriction to the category
of finitely generated polynomial algebras over Fp. It will therefore suffice to prove Proposition 5.3.1
in the case where R is p-quasisyntomic. Since the identity functor R 7→ R satisfies flat descent, we
can further reduce to the case where R is quasiregular semiperfect. In this case, we can identify
γcrys
∆

with the inverse of the ring homomorphism βR : Acrys(R) → ∆R appearing in the statement
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of Lemma 4.6.8. Consider the diagram of commutative rings

∆R/Zp

��

γcrys
∆ // Acrys(R)

ǫcrys

��

βR // ∆R/Zp

��

dRR/Fp

ǫdR // R � � // ∆R/Zp
.

Note that the right square commutes (by the construction of βR), and that the bottom right hori-
zontal map

R ≃ Filconj0 ∆R/Zp
→ ∆R/Zp

≃ ∆R

is a monomorphism. It will therefore suffice to prove the commutativity of the outer rectangle,
which is implicit in the construction of the left vertical map. �

Notation 5.3.2. Let X be an Fp-scheme. We write Fil1N RΓcrys(X/Zp) denote the fiber of the
crystalline augmentation morphism

ǫcrys : RΓcrys(X/Zp)→ RΓ(X,OX)

of Notation F.3. By virtue of Proposition 5.3.1, the comparison map

γcrys
∆

: RΓ∆(X/Zp)→ RΓcrys(X/Zp)

of Remark 4.6.6 restricts to a map

Fil1(γcrys
∆

) : Fil1NRΓ∆(X/Zp)→ Fil1NRΓcrys(X/Zp),

which is an isomorphism if X is p-quasisyntomic (Theorem 4.6.1).

Remark 5.3.3. Let R be a quasisyntomic Fp-algebra and let Fil•(ϕ) : Fil•N ∆R/Zp
→ p•∆R/Zp

be
the morphism of filtered complexes appearing in Proposition 5.1.1. Restricting to filtration degree
1 and invoking the identifications

RΓ∆(X/Zp) ≃ Fil1NRΓcrys(X/Zp) Fil1NRΓ∆(X/Zp) ≃ Fil1NRΓcrys(X/Zp),

we obtain a divided Frobenius morphism

ϕ/p : Fil1NRΓcrys(X/Zp)→ RΓcrys(X/Zp),

which fits into a commutative diagram

Fil1NRΓcrys(X/Zp)
ϕ/p //

��

RΓcrys(X/Zp)

p

��
RΓcrys(X/Zp)

ϕ // RΓcrys(X/Zp).

Stated more informally, the Frobenius endomorphism of the crystalline cochain complex RΓ∆(X/Zp)
is divisible by p when restricted to the fiber

Fil1NRΓcrys(X/Zp) = fib(RΓcrys(X/Zp)→ RΓ(X,OX)).

Notation 5.3.4. Let R be a quasiregular semiperfect Fp-algebra, and let Acrys(R) denote the
commutative ring of Construction F.5. The Frobenius endomorphism ϕ : R → R induces an
endomorphism of Acrys(R), which we will also denote by ϕ. For each integer n ≥ 0, we let
FilnNAcrys(R) ⊆ Acrys(R) consisting of those elements x ∈ Acrys(R) for which ϕ(x) is divisible
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by pn. It follows from the proof of Proposition 5.1.1 that we can identify FilnNAcrys(R) with the im-
age of FilnN ∆R/Zp

under the crystalline comparison isomorphism ∆R/Zp
≃ RΓcrys(R/Zp) ≃ Acrys(R)

of Theorem 4.6.1.

Remark 5.3.5. Let R be a quasiregular semiperfect Fp-algebra. For each integer n ≥ 0, the con-
struction x 7→ ϕ(x)/pn determines a map FilnNAcrys(R)→ Acrys(R), which induces a monomorphism
of abelian groups

FilnNAcrys(R)/Fil
n+1Acrys(R) →֒ Acrys(R)/pAcrys(R).

Combining Remark 5.1.2 with Lemma 4.6.13, we see that the image of this monomorphism is the
abelian group Filconjn (Acrys(R)/pAcrys(R)) introduced in Construction F.8. That is, we have a short
exact sequence of abelian groups

0→ Filn+1
N Acrys(R)→ FilnNAcrys(R)

ϕ/pn
−−−→ Filconjn (Acrys(R)/pAcrys(R))→ 0

Proposition 5.3.6. Let R be a quasiregular semiperfect Fp-algebra and let I denote the kernel of

the quotient map R♭ ։ R. For each n ≥ 0, FilnNAcrys(R) coincides with the ideal J(n) ⊆ Acrys(R)
generated by elements of the form

pm0γm1([x1])γm2([x2]) · · · γmk
([xk]),

where x1, x2, · · · , xk ∈ I and m0 + m1 + · · · + mk ≥ n; here we write [xi] for the image of the

Teichmüller representative of xi under the tautological map W (R♭)→ Acrys(R).

Proof. To show that J(n) is contained in FilnNAcrys(R), we observe that for every collection of
elements x1, · · · , xk ∈ I and every collection of integers m0,m1, · · · ,mk ≥ 0 satisfying m0 +m1 +
· · ·+mk ≥ n, the expression

ϕ(pm0γm1([x1]) · · · γmk
([xk])) = pm0γm1([x1]

p)) · · · γmk
([xk]

p)

is divisible by pn in Acrys(R). This follows from the observation that each γmi([xi]
p) is equal to

(pmi)!
mi!

γpmi([xi]) as an element of Acrys(R), and is therefore divisible by pmi .
We now wish to show that the inclusion J(n) ⊆ FilnNAcrys(R) is an equality. We proceed by

induction on n, the case n = 0 being trivial. To handle the inductive step, we observe that Remark
5.3.5 supplies a commutative diagram of short exact sequences

0 // J(n+ 1) //

��

J(n) //

��

J(n)/J(n + 1)

β

��

// 0

0 // Filn+1
N Acrys(R) // FilnNAcrys(R)

ϕ/pn
// Filconjn Acrys(R)/pAcrys(R) // 0.

Combining the snake lemma with our inductive hypothesis, we are reduced to proving that the map
β : J(n)/J(n + 1)→ Filconjn Acrys(R)/pAcrys(R) is an isomorphism.

For −1 ≤ s ≤ n, let J(n, s) ⊆ J(n) denote the ideal generated by J(n+1) together with elements
of the form

y = pm0γm1([x1])γm2([x2]) · · · γmk
([xk]), (28)

where x1, x2, · · · , xk ∈ I, and m0 + · · ·+mk = n and m1 + · · ·+mk ≤ s. By construction, we have
inclusion maps

J(n+ 1) = J(n,−1) →֒ J(n, 0) →֒ J(n, 1) →֒ · · · →֒ J(n, n) = J(n).

Note that, for y as in (28), we have

ϕ(y)/pn
k∏

i=1

(pmi)!

pmimi!
γpmi([xi]) ≡

k∏

i=1

(−1)miγpmi([xi]) (mod p),
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so that β restricts to a homomorphism βs : J(n, s)/J(n+1)→ Filconjs (Acrys(R)/pAcrys(R)) for each
−1 ≤ s ≤ n. We will complete the proof by showing that each βs is an isomorphism. The proof
proceeds by induction on s, the case s = −1 being trivial. To carry out the inductive step, we use
the commutative diagram of short exact sequences

0

��

0

��

J(n, s− 1)/J(n + 1)
βs−1 //

��

Filconjs−1(Acrys(R)/pAcrys(R))

��

J(n, s)/J(n + 1)

��

βs // Filconjs (Acrys(R)/pAcrys(R))

��

J(n, s)/J(n, s − 1)

��

βs // grconjs (Acrys(R)/pAcrys(R))

��
0 0.

By virtue of the snake lemma, it will suffice to show that the map βs is an isomorphism for 0 ≤ s ≤ n.
We now observe that the construction

γm1(x1) · · · γmk
(xk) 7→ pn−sγm1([x1])γm2([x2]) · · · γmk

([xk])

determines an R♭-linear surjection Γs
R♭(I) ։ J(n, s)/J(n, s− 1), which factors through an R-linear

surjection α : ΓsR(I/I
2) ։ J(n, s)/J(n, s − 1). Note that the composite map

ΓsR(I/I
2)

α
−→ J(n, s)/J(n, s − 1)

βs−→ grconjs (Acrys(R)/pAcrys(R))

is given (up to sign) by the surjection ξ of Proposition F.9, which is an isomorphism by virtue of
our assumption that R is quasiregular semiperfect (Remark 4.6.14). It follows that βs is also an
isomorphism, as desired. �

Remark 5.3.7. Let S be a perfect Fp-algebra and let R = S/(x1, x2, · · · , xk) be the quotient of
S by a regular sequence (x1, · · · , xk). For 1 ≤ i ≤ d, let us abuse notation by identifying xi with
its image in R♭ and the Teichmüller representative [xi] ∈ W (R♭) with its image in Acrys(R). For
each integer n ≥ 0, let J(n) ⊆ Acrys(R) be the ideal defined in Proposition 5.3.6. Then the quotient
J(n)/J(n + 1) is free as an R-module, with basis given by the collection of all products

pm0γm1([x1])γm2([x2]) · · · γmk
([xk]),

with m0 +m1 + · · ·+mk = n.

We now turn to the case where R is a regular Noetherian Fp-algebra. Let WΩ∗
R denote the de

Rham-Witt complex of R. Following the convention of [16], we regard WΩ∗
R as an object of the

ordinary category of cochain complexes over Zp, and we write WΩR for its image in the∞-category
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D̂(Zp), so that we have a canonical isomorphism RΓcrys(R/Zp) ≃ WΩR when R is regular and
Noetherian (see Theorem 10.1.1 of [16] and its proof). For each integer n ≥ 0, we let N nWΩ∗

R
denote the mth stage of the Nygaard filtration of the cochain complex WΩ∗

R (Construction 8.1.1
of [16]), and let N nWΩR denote its image in D̂(Zp). Concretely, N nWΩ∗

R is the subcomplex of
WΩ∗

R consisting of those elements x for which ϕ(x) is divisible by pn, where ϕ : WΩ∗
R → WΩ∗

R is
the endomorphism of WΩ∗

R induced by the Frobenius endomorphism of R. The following result is
essentially Theorem 8.17 of [19]:

Proposition 5.3.8. Let R be a regular Noetherian Fp-algebra. Then the crystalline comparison
isomorphism γcrys

∆
: ∆R ≃ RΓcrys(R/Zp) of Theorem 4.6.1 can be promoted to an isomorphism

Fil•N ∆R/Zp
≃ N •WΩR in the filtered derived ∞-category D̂F(Zp).

Proof. By virtue of Proposition A.5, there is an essentially unique functor

CAlganFp
→ D̂F(Zp) R 7→ N n LWΩR

which commutes with sifted colimits and agrees with the functor R 7→ N nWΩR in the case where R
is a finitely generated polynomial algebra over Fp. By virtue of Theorem 4.6.1, there is a functorial
identification of N 0 LWΩR with the prismatic complex ∆R/Zp

(see Remark 4.6.5), so we can regard
N •WΩR as a filtration on the complex ∆R/Zp

≃ F ∗
∆R/Zp

.
Note that, when R is a polynomial algebra, the Frobenius on WΩ∗

R defines a map of filtered
cochain complexes N •WΩ∗

R → p•WΩ∗
R. Passing to the filtered derived ∞-category D̂F(Zp), we

obtain a map

Fil•(ϕ) : N •WΩR → p•WΩR ≃ p
•
∆R/Zp

.

Since the functor R 7→ N • LWΩR is a left Kan extension of its restriction to polynomial algebras
over Fp, this construction admits an essentially unique extension to a natural transformation

Fil•(ϕ) : N • LWΩR → p•∆R/Zp

for all animated commutative Fp-algebras R. We claim that this map satisfies the requirements
of Proposition 5.1.1, and therefore identifies N • LWΩR with the relative Nygaard filtration on the
complex F ∗

∆R/Zp
. To prove this, it will suffice to show that if R is a finitely generated polyno-

mial ring over Fp and n ≥ 0 is an integer, then grn(ϕ) induces an isomorphism from the cofiber
N nWΩR/N

n+1WΩR to the cohomological truncation τ≤n(pnWΩR/p
n+1WΩR) in the derived ∞-

category D̂(Zp). In fact, an even stronger result is true: the divided Frobenius ϕ induces an
isomorphism

N nWΩ∗
R/N

n+1WΩ∗
R → τ≤n(pnWΩ∗

R/p
n+1WΩ∗

R)

in the abelian category of cochain complexes: see Proposition 8.2.1 of [16].
Note that, since the functor R 7→ N • LWΩR is a left Kan extension of its restriction to polynomial

algebras, there is an essentially unique comparison map

Fil•(αR) : N
• LWΩR → N

•WΩR

which depends functorially on R and agrees with the identity map when R is a finitely generated
polynomial algebra over Fp. To complete the proof of Proposition 5.3.8, it will suffice to show
that if R is a regular Noetherian Fp-algebra and n ≥ 0 is an integer, then the map Filn(αR) :

N n LWΩR → N
nWΩR is an isomorphism in the∞-category D̂(Zp). In the case n = 0, this follows

from Theorem 4.6.1. In particular, we can identify the quotient pnWΩR/p
n+1WΩR with the relative

Hodge-Tate complex ∆R/Zp
{n}. Using Proposition 8.2.1 of [16], we obtain a commutative diagram
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of fiber sequences

N n+1 LWΩR

Filn+1(αR)

��

// N n LWΩR

Filn(αR)

��

// Filconjn ∆R/Zp
{n}

grn(αR)

��
N n+1WΩR // N nWΩR // τ≤n∆R/Zp

{n}.

We are therefore reduced to showing that the map grn(αR) is an isomorphism in D̂(Zp): that is,
that the conjugate filtration on ∆R/Zp

coincides with the Postnikov filtration. This is a special case
of Remark 4.1.9: our hypothesis that R is regular guarantees that the cotangent complex LΩ1

R/Fp

is a flat R-module (concentrated in cohomological degree zero). �

5.4. The Absolute de Rham Comparison. Let X be a p-adic formal scheme which is smooth
over Spf(Zp), and let RΓdR(X) denote its de Rham complex. The theory of crystalline cohomology
originates from the observation that, up to quasi-isomorphism, the complex RΓdR(X) depends only
on the special fiber of X. More precisely, we have the following:

Theorem 5.4.1 (Berthelot, [7]). Let X be a formal scheme which is smooth over Spf(Zp) and let
X = Spec(Fp)×Spf(Zp) X denote its special fiber. Then there is a canonical isomorphism

RΓcrys(X/Zp) ≃ RΓdR(X)

of commutative algebra objects of D̂(Zp).

Theorem 5.4.1 was conjectured by Grothendieck [35], who was motivated by Monsky-Washnitzer’s
then-announced result [49] that RΓdR(X) only depended on X in the above situation if one addi-
tionally also assumes that X is proper. We refer to [14] for a relatively efficient recent proof of
Theorem 5.4.1.

Our goal in this section is to sketch a different proof of Theorem 5.4.1, which exploits the fact that
both de Rham and crystalline cohomology are closely related to prismatic cohomology. To simplify
the discussion, let us suppose that the formal scheme X = Spf(R) is affine. In this case, Theorem
4.6.1 identifies RΓcrys(X/Zp) with the absolute prismatic complex of the quotient ring R/pR, and
RΓdR(X) can be identified with the p-complete derived de Rham complex d̂RR (Proposition E.12).
Theorem 5.4.1 can therefore be regarded as a special case of the following:

Theorem 5.4.2. Let R be an animated commutative ring and let R denote the derived tensor

product Fp⊗
LR. Then there is a canonical isomorphism ∆R ≃ d̂RR of commutative algebra objects

of D̂(Zp), depending functorially on R.

Remark 5.4.3. Let R be a commutative ring which is p-torsion-free, and suppose that the quotient
ring R = R/pR is regular and Noetherian. Combining Theorems 4.6.1 and 5.4.2 with Proposition
E.12, we obtain isomorphisms

RΓcrys(R/Zp) ≃ ∆R ≃ d̂RR
∼
−→ (Ω̂∗

R, d).

These isomorphisms depend functorially on R, and therefore globalize to give an isomorphism

RΓcrys(X/Zp) ≃ RΓdR(X)

when X is a p-adic formal scheme which is flat over Spf(Zp) for which the special fiber X =
Spec(Fp)×Spf(Zp) X is regular and Noetherian. These hypotheses are satisfied, for example, if X is
smooth over Spf(W (k)) for some perfect field k.

Our proof of Theorem 5.4.2 will exploit the geometry of the Cartier-Witt stack WCart.
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Notation 5.4.4. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart. We let EdR

denote the complex RΓ(Spf(Zp), ρ
∗
dRE ), where ρdR : Spf(Zp) → WCart is the de Rham point of

Example 3.2.6. We regard E as an object of the derived ∞-category D̂(Zp), which we refer to as
the de Rham specialization of E .

Example 5.4.5. Let R be an animated commutative ring, let H∆(R) ∈ D(WCart) be the prismatic
cohomology sheaf of Construction 4.4.1, and set R = Fp⊗

LR. By construction, the de Rham
specialization H∆(R)dR can be identified with the prismatic complex ∆R/Zp

of R relative to the
crystalline prism (Zp, (p)). Since the prism (Zp, (p)) is perfect, Proposition 4.4.12 supplies an
isomorphism ∆R ≃H∆(R)dR.

Remark 5.4.6. Let E be a quasi-coherent complex on the Cartier-Witt stack WCart, and let F ∗E

denote the pullback of E along the Frobenius map F : WCart→WCart of Construction 3.6.1 Then
the commutative diagram

WCartHT //

��

WCart

F

��
Spf(Zp)

ρdR // WCart

of Proposition 3.6.6 supplies a canonical isomorphism

(F ∗
E )|WCartHT ≃ EdR ⊗OWCartHT

in the derived ∞-category D(WCartHT).

Construction 5.4.7. Let R be an animated commutative ring, let H∆(R) ∈ D(WCart) denote
the prismatic cohomology sheaf of Construction 4.4.1, and let F ∗H∆(R) ∈ D(WCart) denote the
pullback of H∆(R) along the Frobenius morphism F : WCart → WCart of Construction 3.6.1.
For every bounded prism (A, I), the pullback ρ∗AF

∗H∆(R) can be identified with the complex
F ∗

∆(A⊗LR)/A, where A denotes the quotient ring A/I and ρA : Spf(A) → WCart is the morphism
described in Remark 3.4.2. In particular, Proposition 5.2.5 supplies a canonical isomorphism

A⊗LA ρ
∗
A(F

∗
H∆(R)) ≃ d̂R(A⊗LR)/A ≃ d̂RR⊗̂

L
A.

These isomorphisms depends functorially on the prism (A, I), and therefore determine an isomor-
phism

F ∗
H∆(R)|WCartHT ≃ d̂RR ⊗OWCartHT

of quasi-coherent complexes on the Hodge-Tate divisor WCartHT. Combining this analysis with
Remark 5.4.6, we obtain an canonical isomorphism

H∆(R)dR ⊗OWCartHT ≃ d̂RR ⊗OWCartHT .

The terminology of Example 3.2.6 is justified by the following observation:

Proposition 5.4.8. Let R be an animated commutative ring. Then there is a canonical isomorphism

αR : H∆(R)dR ≃ d̂RR

in the ∞-category D̂(Zp), which is characterized by the requirement that it depends functorially on
R and that the induced map

H∆(R)dR ⊗OWCartHT
αR⊗id
−−−−→ d̂RR ⊗OWCartHT

agrees with the isomorphism of Construction 5.4.7 (up to a homotopy depending functorially on R).
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Proof. Construction 5.4.7 supplies a canonical map

α+
R : H∆(R)dR → RΓ(WCartHT, F ∗

H∆(R)|WCartHT) ≃ d̂RR⊗̂RΓ(WCartHT,OWCartHT)

We will show that this map admits an essentially unique factorization

H∆(R)dR
αR−−→ d̂RR → d̂RR⊗̂RΓ(WCartHT,OWCartHT)

which depends functorially on R. Note that in this case, the induced map

H∆(R)dR ⊗OWCartHT → d̂RR ⊗OWCartHT

of quasi-coherent complexes in WCartHT agrees with the isomorphism of Construction 5.4.7, so that
αR is automatically an isomorphism.

Using Example 3.5.12, we can identify the tensor product d̂RR⊗̂RΓ(WCartHT,OWCartHT) with
the direct sum d̂RR ⊕ d̂RR[−1]. Composing α+

R with the projection onto the second summand, we
obtain a map

H∆(R)dR → d̂RR[−1].

We wish to show that this map has an essentially unique nullhomotopy which depends functorially
on R. Let C denote the category of commutative rings by R which are p-quasisyntomic and p-
torsion-free, and let C0 ⊆ C be the full subcategory spanned by those rings which are quasiregular
semiperfectoid. Since the functor R 7→H∆(R)dR ∈ D̂(Zp) commutes with sifted colimits, it is a left
Kan extension of its restriction to C. The functor

C → D̂(Zp) R 7→ d̂RR

is insensitive to p-completion and satisfies p-quasisyntomic descent (Variant E.17), and is therefore
a right Kan extension of its restriction to C0. We will complete the proof by showing that for
R,R′ ∈ C0, the mapping space

HomD̂(Zp)
(H∆(R)|dR, d̂RR′ [−1])

is contractible. This is clear, since the complexes H∆(R)dR ≃ ∆R/pR and d̂RR′ are both concentrated
in cohomological degree zero (see Example 4.4.13 and Proposition E.18). �

Proof of Theorem 5.4.2. Combine Proposition 5.4.8 with Example 5.4.5. �

Construction 5.4.9 (The de Rham Comparison Map). Let R be an animated commutative ring.
We let γdR

∆
denote the composite map

∆R = RΓ(WCart,H∆(R))→H∆(R)dR
αR−−→ d̂RR,

where αR is the isomorphism of Proposition 5.4.8. We will refer to γdR
∆

: ∆R → d̂RR as the de Rham
comparison map for the absolute prismatic complex ∆R.

Writing R for the derived tensor product Fp⊗LR, we see that γdR
∆

is obtained by composing the
tautological map ∆R → ∆R (given by the functoriality of absolute prismatic cohomology) with the
isomorphism ∆R ≃ d̂RR of Theorem 5.4.2.

Construction 5.4.10 (The Prismatic Augmentation). Let R be an animated commutative ring
and let R̂ denote its p-completion, which we identify with gr0Hod d̂RR. We let ǫ∆ : ∆R → R̂ denote
the composite map

∆R
γdR
∆−−→ d̂RR → gr0Hod d̂RR ≃ R̂.
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We will refer to ǫ∆ as the prismatic augmentation. Unwinding the definitions, we see that ǫ∆ fits
into a commutative diagram

∆R
ϕ //

ǫ∆

��

∆R

��

R̂ // ∆R

(29)

which depends functorially on R; here ϕ denotes the Frobenius on the absolute prismatic complex
∆R, which we will study in §5.7.

Example 5.4.11. Let (A, I) be a perfect prism and let A denote the perfectoid ring A/I. It follows
from the commutativity of (29) that, under the tautological identification ∆A ≃ A, the prismatic
augmentation ǫ∆ : ∆A → A corresponds to the composite map

A
ϕ
−→ A։ A/I = A.

Remark 5.4.12. Let R be an Fp-algebra. Then the prismatic augmentation ǫR : ∆R → R can be
identified with the composition

∆R
γcrys
∆−−−→ RΓcrys(R/Zp)

ǫcrys
−−−→ R,

where γcrys
∆

is the comparison morphism of Remark 4.6.6. This is essentially a restatement of
Proposition 5.3.1.

Variant 5.4.13 (The de Rham Comparison Map: Twisted Version). Let R be an animated com-
mutative ring. For every integer n, we let γdR

∆
{n} denote the composite map

∆R{n} = RΓ(WCart,H∆(R){n})→H∆(R)dR
αR−−→ d̂RR,

where we implicitly invoke the trivialization of the Breuil-Kisin twist OWCart{n}dR supplied by
generator enZp

∈ Zp{n} of Remark 2.6.4. We will refer to γdR
∆
{n} as the de Rham comparison map

for the twisted absolute prismatic complex ∆R{n}.

For every quasi-coherent complex E on the Cartier-Witt stack, Theorem 3.6.7 guarantees that
the diagram of restriction maps

RΓ(WCart,E ) //

��

EdR

��

RΓ(WCart, F ∗E ) // RΓ(WCartHT, (F ∗E )|WCartHT)

is a pullback square in the ∞-category D̂(Zp). Applying this result in the case where the complex
E has the form H∆(R){n} (and invoking the identifications of Construction 5.4.7 and Proposition
5.4.8), we obtain the following:
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Corollary 5.4.14. Let R be an animated commutative ring. For every integer n, the de Rham

comparison map γdR
∆
{n} : ∆R → d̂RR fits into a pullback diagram

∆R{n}
γdR
∆

{n}
// //

��

d̂RR

��

RΓ(WCart, F ∗(H∆(R){n})) // d̂RR⊗̂
L
RΓ(WCartHT,OWCartHT).

(30)

Remark 5.4.15. In the situation of Corollary 5.4.14, we can identify

d̂RR⊗̂
L
RΓ(WCartHT,OWCartHT)

with the direct sum d̂RR ⊕ d̂RR[−1] (see Example 3.5.12). Under this identification, the right
vertical map appearing in the diagram (30) corresponds to the inclusion of the first summand. It
follows that Corollary 5.4.14 supplies a fiber sequence

∆R{n} → RΓ(WCart, F ∗(H∆(R){n}))→ d̂RR[−1]

in the ∞-category D̂(Zp).

5.5. The Absolute Nygaard Filtration. We now apply Corollary 5.4.14 to construct a Nygaard
filtration on the absolute prismatic complex of an animated commutative ring (Construction 5.5.3).

Notation 5.5.1. Let R be an animated commutative ring and let n be an integer. For every
bounded prism (A, I) with quotient ring A = A/I, we can regard the tensor product A⊗L R as an
animated commutative A-algebra, and we write FilmN F

∗
∆(A⊗LR)/A for the mth stage of the relative

Nygaard filtration of Proposition 5.1.1. By virtue of Remark 5.1.10, the construction

(A, I) 7→ FilmN F
∗
∆(A⊗LR)/A ∈ D̂(A)

is compatible with (completed) extension of scalars, and therefore determines a quasi-coherent com-
plex on the Cartier-Witt stack which we will denote by FilmN F

∗H∆(R) ∈ D(WCart) (see Proposition
3.3.5). This construction depends functorially on R and m. For fixed R, we obtain a diagram

· · ·Fil2N F
∗
H∆(R)→ Fil1N F

∗
H∆(R)→ Fil0N F

∗
H∆(R) ≃ F

∗
H∆(R)

in the ∞-category D(WCart), which we denote by Fil•N F
∗H∆(R) and refer to as the Nygaard

filtration on the complex H∆(R).

Remark 5.5.2. Let R be an animated commutative ring, and let ι : WCartHT →֒ WCart denote
the inclusion of the Hodge-Tate divisor. Globalizing Corollary 5.2.8, we obtain a fiber sequence

I Fil•−1
N F ∗

H∆(R)→ Fil•N F
∗
H∆(R)→ ι∗(Fil

•
Hod d̂RR ⊗OWCartHT)

of filtered complexes on WCart, which can be obtained in filtration degree zero from the isomorphism
(F ∗H∆(R))|WCartHT ≃ d̂RR ⊗OWCartHT of Construction 5.4.7.

Construction 5.5.3 (The Absolute Nygaard Filtration). Let n be an integer. For every animated
commutative ring R, we let Fil•N F

∗(H∆(R){n}) denote the filtered complex on WCart given by
the tensor product of Fil•N F

∗(H∆(R)) with the line bundle F ∗(OWCart{n}) ≃ I
−nOWCart{n}.

Since the line bundle F ∗(OWCart{n}) is canonically trivialized on the Hodge-Tate divisor WCartHT

(Example 3.5.2), Remark 5.5.2 yields a fiber sequence

I Fil•−1
N F ∗(H∆(R){n})→ Fil•N F

∗(H∆(R){n})→ ι∗(Fil
•
Hod d̂RR ⊗OWCartHT).
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Passing to global sections, we obtain a comparison map

RΓ(WCart,Fil•N F
∗(H∆(R){n})) → RΓ(WCartHT,Fil•Hod d̂RR ⊗OWCartHT)

≃ Fil•Hod d̂RR⊗̂RΓ(WCartHT,OWCartHT).

Form a pullback diagram

Fil•N ∆R{n}
Fil•(γdR

∆
{n})

//

��

Fil•Hod d̂RR

��

RΓ(WCart,Fil•N F
∗(H∆(R){n})) // Fil•Hod d̂RR⊗̂

L
RΓ(WCartHT,OWCartHT)

in the filtered derived ∞-category D̂F(Zp). Note that Corollary 5.4.14 supplies a canonical iso-
morphism Fil0N ∆R{n} ≃ ∆R{n}, which identifies Fil0(γdR

∆
{n}) with the de Rham comparison map

γdR
∆
{n} : ∆R{n} → d̂RR of Variant 5.4.13. We will henceforth identify Fil0N ∆R{n} with ∆R{n},

and refer to Fil•N ∆R{n} as the Nygaard filtration on the absolute prismatic complex ∆R{n}. In the
special case n = 0, we denote Fil•N ∆R{n} simply by Fil•N ∆R.

Notation 5.5.4 (Prismatic-to-Hodge Comparison Map). Let R be an animated commutative ring,
let n be an integer, and let

Fil•(γdR∆ {n}) : Fil
•
N ∆R{n} → Fil•Hod d̂RR

be the comparison map of Construction 5.5.3. Passing to the associated graded (and invoking
Remark E.5), we obtain maps

γHod
∆

: grmN ∆R{n} → LΩ̂mR [−m],

which we will refer to as the prismatic-to-Hodge comparison maps. Note that γHod
∆

can also be
computed as the composition

grmN ∆R{n}
ϕ{n}
−−−→ Filconjm Ω̂

/D
R → grconjm Ω̂

/D
R ≃ LΩ̂

m
R .

Remark 5.5.5. Let R be an animated commutative ring and let n be an integer. The complex
FilmN ∆R{n} is defined for all integers m. However, for m ≤ 0, the transition map Fil0N ∆R{n} →
FilmN ∆R{n} is an isomorphism. Consequently, we would lose no information by regarding the Ny-
gaard filtration as indexed only by the nonnegative integers.

Remark 5.5.6. Let R be an animated commutative ring and let n be an integer. Then the pullback
diagram of Construction 5.5.3 supplies a fiber sequence of filtered complexes

Fil•N ∆R{n} → RΓ(WCart,Fil•N F
∗(H∆(R){n}))→ Fil•Hod d̂RR[−1].

Remark 5.5.7 (Multiplicativity). Let R be an animated commutative ring. Then the direct sum
⊕

n∈Z

Fil•N ∆R{n}

can be regarded as a graded commutative algebra object of the ∞-category DF(Zp). In particular:
• The filtered complex Fil•N ∆R is a commutative algebra object of DF(Zp). In particular, the

multiplication on ∆R refines to a map

FilsN ∆R ⊗
L FiltN ∆R → Fils+tN ∆R

for every pair of integers (s, t).
• For each n ∈ Z, the filtered complex Fil•N ∆R{n} has the structure of a module over Fil•N ∆R.
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• The sum
⊕

m,n∈Z grmN ∆R{n} can be regarded as a bigraded commutative algebra object of
D(Zp).

Remark 5.5.8 (The Associated Graded of the Nygaard Filtration). Let R be an animated commu-
tative ring. For every pair of integers m and n, we let grmN ∆R{n} denote the cofiber of the transition
map Film+1

N ∆R{n} → FilmN ∆R{n}. Combining Construction 5.5.3 with 5.7.2, we obtain a pullback
diagram

grmN ∆R{n}
γHod
∆ //

��

LΩ̂mR [−m]

��

RΓ(WCartHT,Filconjm H
∆
{m}) // RΓ(WCartHT, grconjm H

∆
{m}),

where the right vertical map induces the isomorphism

grconjm H
∆
{m} ≃ LΩ̂mR [−m]⊗̂OWCartHT

of Remark 4.5.3. Writing Ω̂
/D
R for the p-complete diffracted Hodge complex of R of Construction

4.7.1, and Θ for its Sen operator, we obtain a fiber sequence

grmN ∆R{n} → Filconjm Ω̂
/D
R

Θ+m
−−−→ Filconjm−1 Ω̂

/D
R , (31)

where Θ+m denotes the p-completion of the map described in Remark 4.9.10.

Remark 5.5.9. A fiber sequence similar to (31) is also constructed in [5, Corollary 5.21], using the
ideas of [43]. As observed in loc. cit., it follows from (31) that grmN∆R{n} ∈ D

≤m for all m and n:
indeed, we have Filconji Ω̂

/D
R ∈ D

≤i for all i.

Remark 5.5.10. Let m and n be integers. It follows from Remark 5.5.8 that the functor

CAlgan → D̂(Zp) R 7→ grmN ∆R{n}

commutes with sifted colimits. Beware that the analogous statement is not true for the functor
R 7→ FilmN ∆R{n} (since it fails in the case m = 0).

Remark 5.5.11 (Absolute Prismatic Gauges). Let us define an absolute prismatic gauge to be a
triple (Fil• EdR,Fil

•
E , α), where Fil• EdR is an object of the filtered derived ∞-category D̂F(Zp),

Fil• E is a filtered quasi-coherent complex on the Cartier-Witt stack WCart equipped with an action
of the filtered complex I • determined by the Hodge-Tate ideal sheaf, and

α : Fil• EdR ⊗OWCartHT
∼
−→ Fil• E /I Fil•−1

E

is an isomorphism of filtered complexes on the Hodge-Tate divisor WCartHT. Every animated
commutative ring R determines an absolute prismatic gauge GR = (Fil•Hod d̂RR,Fil

•
N F

∗H∆(R), α),
where the isomorphism α is obtained by globalizing the construction of Corollary 5.2.8. From any
absolute prismatic gauge (Fil• EdR,Fil

•
E , α), one can extract a filtered complex by forming the

fiber product
RΓ(WCart,Fil• E )×RΓ(WCartHT,Fil• E /I Fil•−1

E ) Fil
•
EdR;

applied to the prismatic gauge GR, this reproduces the absolute Nygaard filtration Fil•N ∆R of Con-
struction 5.5.3.

The collection of absolute prismatic gauges can be organized into an ∞-category, which seems to
be closely related to the ∞-category of quasi-coherent complexes on a certain enlargement of the
Cartier-Witt stack introduced by Drinfeld (and denoted by Σ′) in [29].
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Proposition 5.5.12. Let R be an animated commutative ring, let n be an integer, and let

Fil•(γdR
∆
{n}) : Fil•N ∆R{n} → Fil•Hod d̂RR

denote the de Rham specialization map of Construction 5.5.3. Then:

• For every integer m ≥ 0, the induced map

∆R{n}/Fil
m
N ∆R{n} → d̂RR/Fil

m
Hod d̂RR

is an isogeny: that is, its fiber is annihilated by pk for k ≫ 0.
• For 0 ≤ m < p, the induced map

∆R{n}/Fil
m
N ∆R{n} → d̂RR/Fil

m
Hod d̂RR

is an isomorphism.

Proof. We proceed by induction on m. To prove the first assertion, it will suffice to show that the
map

grm(γdR
∆
{n}) : grmN ∆R{n} → grmHod d̂RR ≃ LΩ̂

m
R [−m]

is an isogeny. Using Remark 5.5.8, we see that the fiber of grm(γdR
∆
{n}) can be identified with

the complex (Filconjm−1 Ω̂
/D
R )

Θ=−m. We will prove more generally that for 0 ≤ i < m, the complex

(Filconji Ω̂
/D
R )

Θ=−m is annihilated by a power of p. Proceeding by induction on i, we are reduced to
showing that (grconji Ω̂

/D
R)

Θ=−m is annihilated by a power of p. This is clear, since Θ+m acts by the
nonzero scalar m− i on the complex grconji Ω̂

/D
R . The proof of the second assertion is similar, noting

that m− i is a unit in Zp when 0 ≤ i < m < p. �

Example 5.5.13. Let R be an animated commutative ring and let R̂ denote its p-completion.
Applying Proposition 5.5.12 in the case m = 1, we obtain a fiber sequence

Fil1N ∆R → ∆R
ǫ∆R−→ R̂,

where ǫ∆R denotes the prismatic augmentation of Construction 5.4.10.

Corollary 5.5.14. Let R be an animated commutative ring. For every integer n, there is a unique

element en ∈ H0(gr0N ∆R{n}) satisfying gr0(γdR
∆
{n})(en) = 1 ∈ H0(gr0Hod d̂RR).

Remark 5.5.15 (Periodicity). Let R be an animated commutative ring. For every pair of integers
m and n, multiplication by the element en of Corollary 5.5.14 induces an isomorphism

grmN ∆R
∼
−→ grmN ∆R{n},

whose inverse is given by multiplication by the element e−n. These isomorphisms are compatible
with the multiplicative structure described in Remark 5.5.7: that is, they supply an isomorphism

(
⊕

m∈Z

grmN ∆R)[e
±1] ≃

⊕

m,n∈Z

grmN ∆R{n}

of bigraded commutative algebra objects of D(Zp).

Example 5.5.16. Let (A, I) be the perfection of the q-de Rham prism (Zp[[q− 1]], [p]q) (so that A
is the completion of Z[q1/p

∞

] with respect to the ideal (p, q − 1) and I is generated by the element
[p]q), and let Zcyc

p denote the quotient ring A/I. Then the element e ∈ gr0N ∆Z
cyc
p
{1} appearing in

Remark 5.5.15 can be identified with the image of the element ẽ = log∆(q
p)

q−1 ∈ A{1}. Unwinding
definitions and using Example 2.6.2, we must check that the canonical map

I−1A{1} → I−1 ⊗A I/I
2 ≃ A/I
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carries the element

ϕA{1}(ẽ) =
log∆(q

p)

qp − 1
= [p]−1

q ẽ ∈ I−1A{1}

to 1 ∈ A/I. But observe that the canonical surjection A{1} → I/I2 carries log∆(q
p) ∈ A{1} to the

element qp − 1 ∈ I/I2 (Proposition 2.5.19), and hence carries ẽ ∈ A{1} to [p]q ∈ I/I
2 (as q − 1 is a

nonzerodivisor in A/I). Multiplying by [p]−1
q then yields the claim.

Warning 5.5.17. Let (A, I) be the perfection of the q-de Rham prism (Zp[[q− 1]], [p]q). By virtue
of Proposition 2.6.1, the Breuil-Kisin twist A{1} is a free A-module of rank 1, generated by the
element ẽ = log∆(q

p)/(q − 1). If R is any animated commutative algebra over the quotient ring
Zcyc
p = A/I, then multiplication by ẽn induces an isomorphism of filtered complexes

Fil•N ∆R ≃ Fil•N ∆R{n}.

Note that the induced isomorphism of associated graded complexes gr•N ∆R ≃ gr•N ∆R{n} agrees with
the isomorphism appearing in Remark 5.5.15: this follows from the observation that the tautological
map

A{1} ≃ ∆Z
cyc
p
{1} → ∆R{1} → gr0N ∆R{1}

carries ẽ to e (see Example 5.5.16). Beware that, while the element e is canonical (and can be
defined without using the Zcyc

p -algebra structure on R), the element ẽ is not; for example, ẽ is not
invariant under the action of the automorphism group Aut(Zcyc

p ) ≃ Z×
p .

Corollary 5.5.18. Let R be an animated commutative ring. For n < p, there is a canonical

isomorphism grnN ∆R ≃ LΩ̂
n
R[−n] in the ∞-category D̂(Zp).

Proposition 5.5.19. Let R be an animated commutative ring, and let n be an integer. Then, for
every integer m, the cohomology groups of the complex grmN ∆R{n} are concentrated in degrees ≤ m.
In other words, the filtered complex Fil•N ∆R{n} is connective with respect to the Beilinson t-structure

on D̂F(Zp).

Proof. Combine the fiber sequence

grmN ∆R{n} → Filconjm Ω̂
/D
R

Θ+m
−−−→ Filconjm−1 Ω̂

/D
R

of Remark 5.5.8 with Remark 4.7.3. �

Proposition 5.5.20. For every pair of integers m and n, the functor

CAlgan → D̂(Zp) R 7→ grmN ∆R{n}

satisfies descent for the p-completely faithfully flat topology.

Proof. Combine Remarks 4.7.9 and 5.5.8. �

Corollary 5.5.21. For every pair of integers m and n, the functor

CAlgQSyn → D̂(Zp) R 7→ FilmN ∆R{n}

satisfies descent for the p-quasisyntomic topology.

Proof. The case m ≤ 0 follows from Proposition 4.4.32. The general case follows by induction on
m, using Proposition 5.5.20 and Corollary 5.5.26. �

Corollary 5.5.22. For every pair of integers m and n, the functor

CAlgan → D̂(Zp) R 7→ FilmN ∆R{n}

satisfies descent for the étale topology.

Proof. The case m ≤ 0 follows from Proposition 4.4.14. The general case follows by induction on
m, using Proposition 5.5.20. �
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Notation 5.5.23. Let X be scheme, formal scheme, or algebraic stack. For every pair of integers
m and n, we let FilmN RΓ∆(X){n} denote the inverse limit lim←−Spec(R)→X

FilmN ∆R/A{n}, formed in the

∞-category D̂(Zp); here the limit is taken over the category of all commutative rings R equipped
with a map Spec(R) → X. Note that, for m ≤ 0, we can identify FilmN RΓ∆(X){n} with the
complex RΓ∆(X){n} of Construction 4.4.19. It follows from Corollary 5.5.22 that the construction
X 7→ FilmN RΓ∆(X){n} satisfies descent for the étale topology.

Proposition 5.5.24. Let F⊗•+1
p be the cosimplicial animated commutative ring introduced in Nota-

tion 4.2.7. Let R be an animated commutative ring, and regard R• = R⊗L F⊗•+1
p as a cosimplicial

object of CAlgan. For every pair of integers m and n, the tautological map

FilmN ∆R{n} → Tot(FilmN ∆R•{n})

is an isomorphism in the ∞-category D̂(Zp).

Proof. We proceed by induction on m. The case m ≤ 0 follows from Proposition 4.4.15. To carry
out the inductive step, it will suffice to show that the comparison map

grmN ∆R{n} → Tot(grmN ∆R•{n})

is an isomorphism. Using the fiber sequence of Remark 5.5.8, we are reduced to proving that for
every integer d, the comparison map

Filconjd Ω̂
/D
R → Tot(Filconjd Ω̂

/D
R•)

is an isomorphism. This is a special case of Variant 4.2.10 (see Example 4.7.8). �

Corollary 5.5.25. Let R be an animated commutative ring. For every pair of integers m and n,
the tautological map

FilmN ∆R{n} → lim←−
k

FilmN ∆(Z /pk Z)⊗LR{n}

is an isomorphism in the ∞-category D̂(Zp).

Corollary 5.5.26. Let R be an animated commutative ring and let R̂ denote the p-completion
of R. For every pair of integers m and n, the tautological map FilmN ∆R{n} → FilmN ∆

R̂
{n} is an

isomorphism in the ∞-category D̂(Zp).

Corollary 5.5.27. Let X be a scheme for which the structure sheaf OX has bounded p-power
torsion, and let X = Spf(Zp)×X be the associated p-adic formal scheme. For every pair of integers
m and n, the restriction map FilmN RΓ∆(X){n} → FilmN RΓ∆(X){n} is an isomorphism.

Proof. Without loss of generality, we may assume that X = Spec(R) is affine, in which case the
desired result is a special case of Corollary 5.5.25. �

5.6. The Case of a Perfect Prism. Let (A, I) be a bounded prism. For every animated commu-
tative algebra R over the quotient ring A := A/I, we have a comparison map

∆R = RΓ(WCart,H∆(R))→ RΓ(Spf(A), ρ∗AH∆(R)) = ∆(A⊗LR)/A → ∆R/A,

which is an isomorphism if the prism (A, I) is perfect (Proposition 4.4.12). Our goal in this section is
to show that, under the same assumption, this isomorphism carries the absolute Nygaard filtration
on ∆R to the relative Nygaard filtration on the Frobenius pullback F ∗

∆R/A. of Construction 5.5.3
(see Theorem 5.6.2).

Construction 5.6.1. Let (A, I) be a bounded prism and let R be an animated commutative algebra
over the quotient ring A = A/I. For every integer n, we let Fil•N F

∗(∆R/A{n}) denote the tensor
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product of the filtered complex Fil•N F
∗
∆R/A with the invertible A-module F ∗(A{n}) ≃ I−nA{n}.

We then have a comparison map of filtered complexes

Fil•N ∆R{n} → RΓ(WCart,Fil•N F
∗(H∆(R){n}))

→ RΓ(Spf(A), ρ∗A Fil•N F
∗(H∆(R){n}))

≃ Fil•N F
∗(∆(A⊗LR)/A{n})

→ Fil•N F
∗(∆R/A{n}).

where the source involves the Nygaard filtration on the absolute prismatic cohomology (Construction
5.5.3) and the target involves the Nygaard filtration on relative prismatic cohomology (Proposition
5.1.1).

Theorem 5.6.2. Let (A, I) be a perfect prism. For every animated commutative A-algebra R and
every integer n, the comparison map Fil•N ∆R{n} → Fil•N F

∗(∆R/A{n}) of Construction 5.6.1 is an

isomorphism (in the filtered derived ∞-category D̂F(Zp)).

Theorem 5.6.2 is essentially equivalent to the following consequence, which does not mention the
relative Nygaard filtration:

Corollary 5.6.3. Let R be a commutative ring which is quasiregular semiperfectoid, so that we

can regard (∆R,∆
[1]
R ) as a prism (see Example 4.4.13). For every pair of integers m and n, the

canonical map FilmN ∆R{n} → ∆R{n} identifies FilmN ∆R{n} with the subgroup of ∆R{n} consisting

of those elements x satisfying ϕ(x) ∈ ∆
[m−n]
R {n}. In particular, each of the complexes FilmN ∆R{n}

is concentrated in cohomological degree zero.

Proof. Choose a ring homomorphism A→ R, where A is a perfectoid ring, and write A = A/I for
a perfect prism (A, I). We then have a commutative diagram of filtered complexes

Fil•N ∆R{n} //

ϕ

��

F ∗(A{n})⊗LA Fil•N F
∗
∆R/A

ϕ

��
∆
[•−n]
R {n} // I•−n{n} ⊗LA F

∗(∆R/A){n}

where the horizontal maps are isomorphisms by virtue of Theorem 5.6.2 and Proposition 4.4.12. It
will therefore suffice to show that FilmN F

∗
∆R/A identifies with the A-submodule of F ∗

∆R/A consisting
of those elements y satisfying ϕ(y) ∈ Im∆R/A, which was established in the proof of Proposition
5.1.1. �

Corollary 5.6.4. Let R be a commutative ring which is quasiregular semiperfectoid. Then, for
every pair of integers m and n, the complex grmN ∆R{n} is concentrated in cohomological degree zero.

Remark 5.6.5. If R is a p-quasisyntomic commutative ring, then the Nygaard filtration on the
absolute prismatic complex ∆R{n} is completely determined by Corollaries 5.6.3 and 5.5.21. More
precisely, choose a p-quasisyntomic cover R → R0, where R0 is quasiregular semiperfectoid, and
let R• denote the cosimplicial R-algebra given by the p-complete tensor powers of R0. Then each
FilmN ∆R•{n} is a cosimplicial abelian group (with an explicit description given in Corollary 5.6.3),
whose image under the Dold-Kan correspondence is an explicit model for FilmN ∆R{n} at the level
of cochain complexes (by virtue of Corollary 5.6.3).

Remark 5.6.6. Let R be a quasiregular semiperfectoid ring. Then there exists a perfect prism
(A, I) and a ring homomorphism A/I → R. For every integer m, we have a canonical isomorphism
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∆R{m} ≃ ∆R/A{m} (Example 4.5.6). Tensoring the relative conjugate filtration of Remark 4.1.7
with A{m}, we obtain a filtration

Filconj0 ∆R/A{m} → Filconj1 ∆R/A{m} → Filconj2 ∆R/A{m} → · · ·

of the absolute Hodge-Tate complex ∆R{m}. Beware that this filtration depends not only on R,
but also on the choice of perfect prism (A, I). However, Remark 5.1.2 and Thorem 5.6.2 ensure that
the mth stage of this filtration depends only on R (since it can be identified with grmN ∆R).

Remark 5.6.7. Suppose that the conclusion of Theorem 5.6.2 holds for a particular perfect prism
(A, I). In that case, the conclusion of Corollary 5.6.3 holds for every quasiregular semiperfectoid
ring R which admits the structure of an A/I-algebra.

We will use Remark 5.6.7 to reduce the proof of Theorem 5.6.2 to the following special case:

Proposition 5.6.8. Let R be an animated commutative algebra over the perfectoid ring Zcyc
p , and

write Zcyc
p = A/I for a perfect prism (A, I). For every integer n, the comparison map

Fil•N ∆R{n} → Fil•N F
∗(∆R/A{n})

of Construction 5.6.1 is an isomorphism (in the ∞-category D̂F(Zp)).

Proof of Theorem 5.6.2 from Proposition 5.6.8. Let (A, I) be a perfect prism and let R be an ani-
mated commutative algebra over the quotient ring A = A/I. We wish to show that, for every pair
of integers m and n, the comparison map

Film(θR) : Fil
m
N ∆R{n} → FilmN F

∗(∆R/A{n})

of Construction 5.6.1 is an isomorphism. Without loss of generality we may assume m ≥ 0. The
proof proceeds by induction on m. In the case m = 0, we observe that Fil0(θR) can be ob-
tained by composing the isomorphism ∆R{n} ≃ ∆R/A{n} of Proposition 4.4.12 with the tautological
Frobenius-semilinear map ∆R/A{n} → F ∗

∆R/A{n}, which is also an isomorphism by virtue of our
assumption that (A, I) is perfect. To carry out the inductive step, it will suffice to show that the
associated graded map

grm(θR) : gr
m
N ∆R{n} → grmN F

∗(∆R/A{n}) ≃ Filconjm ∆R/A{m}

is an isomorphism for each m ≥ 0.
Let CAlgQSyn

A
denote the category of p-quasisyntomic A-algebras (Definition C.9). Note that

CAlgQSyn

A
contains the category PolyA of finitely generated polynomial rings over A. Since the

functors R 7→ grmN ∆R{n} and R 7→ Filconjm ∆R/A{m} commute with sifted colimits, they are left Kan
extensions of their restrictions to CAlgQSyn

A
. It will therefore suffice to show that grm(θR) is an

isomorphism for R ∈ CAlgQSyn

A
.

Let C ⊆ CAlgQSyn

A
be the category of p-quasisyntomic A-algebras R which are quasiregular

semiperfectoid and which admit a ring homomorphism Zcyc
p → R. Note that C forms a basis for the

p-quasisyntomic topology on CAlgQSyn

A
. Since the functors

CAlgQSyn

A
→ D̂(Zp) R 7→ grmN ∆R{n}, R 7→ Filconjm ∆R/A{m}

satisfy p-complete faithfully flat descent (Proposition 5.5.20 Variant 4.1.16), they are right Kan
extensions of their restrictions to C. It will therefore suffice to show that grm(θR) is an isomorphism
in the special case where R ∈ C is quasiregular semiperfectoid and admits the structure of an Zcyc

p -
algebra. In this case, we show that each Film(θR) is an isomorphism. We have a commutative
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diagram

FilmN ∆R{n}
Film(θR)

//

��

FilmN F
∗(∆R/A{n})

��
∆R{n}

∼ // F ∗(∆R/A{n}),

where the bottom horizontal map is an isomorphism of abelian groups (regarded as chain com-
plexes concentrated in cohomological degree zero). Moreover, the right vertical map identifies
FilmN F

∗(∆R/A{n}) with the subgroup of F ∗(∆R/A{n}) consisting of those elements x whose image
under the relative Frobenius map F ∗(∆R/A{n}) → I−n∆R/A{n} belongs to Im−n

∆R/A{n}. We
are therefore reduced to showing that the left vertical map identifies FilmN ∆R{n} with the sub-
group of ∆R{n} consisting of those elements y whose image under the absolute Frobenius map
ϕ : ∆R{n} → ∆

[−n]
R {n} belongs to ∆

[m−n]
R {n}. This follows from Proposition 5.6.8 and Remark

5.6.7, since R admits the structure of a Zcyc
p -algebra. �

The proof of Proposition 5.6.8 will require some preliminaries.

Notation 5.6.9. Let R be an animated commutative ring and let R[x] denote the free animated
R-algebra on one variable. For every object M ∈ D̂(R), we write M〈x〉 for the p-completion of the
complex M [x] = R[x] ⊗LR M , which we regard as an object of the p-complete derived ∞-category
D̂(R[x]).

Example 5.6.10. Let A be a commutative ring and let R be an animated commutative A-algebra.
For every integer m, we have a canonical isomorphism

LΩ̂m
R/A
〈x〉 ⊕ LΩ̂m−1

R/A
〈x〉 → LΩ̂m

R[x]/A
,

given on the first factor by functoriality and on the second factor by multiplication by the differential
form dx ∈ Ω̂1

R[x]/A
. Here we adopt the convention that LΩ̂m

R/A
vanishes for m < 0.

Variant 5.6.11. Let (A, I) be a bounded prism with quotient ring A = A/I. Let us identify
the differential form dx with its image under the Hodge-Tate comparison isomorphism Ω̂1

A[x]/A
≃

H1(Filconj1 ∆A[x]/A{1}). For every animated commutative A-algebra R, we also identify dx with

its image in the cohomology group H1(Filconj1 ∆R[x]/A{1}). Then, for every integer m, we have a
canonical isomorphism

Filconjm ∆R/A〈x〉 ⊕ (Filconjm−1 ∆R/A)[−1]{−1}〈x〉 → Filconjm ∆R[x]/A,

given on the first factor by functoriality and on the second factor by multiplication by dx. This
follows by induction on m, using Example 5.6.10 and the Hodge-Tate comparison isomorphism.

Variant 5.6.12. Let R be an animated commutative ring, and let us abuse notation by identifying
the differential form dx with its image under the isomorphism Ω̂1

R[x] ≃ H1(Filconj1 Ω̂
/D
R ). Then we

have a canonical isomorphism

Filconjm Ω̂
/D
R 〈x〉 ⊕ (Filconjm−1 Ω̂

/D
R)[−1]〈x〉 → Filconjm Ω̂

/D
R[x],

given on the first factor by functoriality and on the second factor by multiplication by dx. To
prove this, we may assume without loss of generality that R is a Zp-algebra (replacing R by its p-
completion if necessary), in which case the assertion is a special case of Variant 5.6.11 (see Example
4.7.8).
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Variant 5.6.13. Let R be an animated commutative ring, and let us abuse notation by identifying
the differential form dx with an element of H1(gr1N ∆R[x]) using the isomorphism of gr1N ∆R[x] ≃

LΩ̂1
R[x][−1] supplied by Proposition 5.5.24. For every integer n, we have a canonical isomorphism

(grmN ∆R{n})〈x〉 ⊕ (grm−1
N ∆R{n})[−1]〈x〉 → grmN ∆R[x]{n},

given on the first factor by functoriality and on the second factor by multiplication by dx. This
follows by combining Variant 5.6.12 with the fiber sequence of Remark 5.5.8.

Let (Zp[[p̃]], (p̃)) be the prism introduced in Notation 3.8.9. Suppose we are given a morphism of
prisms

f : (Zp[[p̃]], (p̃))→ (A, I),

where (A, I) is a bounded prism having quotient ring A = A/I. Then f induces a map

ξ : Ω̂
/D

A
≃ ∆A/Zp[[p̃]]

→ ∆A/A ≃ A.

The main ingredient in our proof of Proposition 5.6.8 is the following calculation:

Lemma 5.6.14. Let (A, I) be a perfect prism equipped with a morphism of prisms f : (Zp[[p̃]], (p̃))→
(A, I). For every nonnegative integer m, the map

Filconjm Ω̂
/D

A

(Θ+m,ξ)
−−−−−→ (Filconjm−1 Ω̂

/D

A
)⊕A

is an isomorphism between free A-modules of rank (m+ 1).

Proof. Let G
♯
m be the affine group scheme introduced in Notation 3.4.9, let O♯Gm

⊆ Q[t±1] be its

coordinate ring, and let P → Spf(A) be the G
♯
m-torsor described in Example 3.4.15. Since A is

a perfectoid ring, we can identify the diffracted Hodge complex Ω̂
/D

A
with the coordinate ring of

P (Example 4.7.6). The map ξ : Ω̂
/D

A
→ A is a ring homomorphism which we can regard as a

trivialization of the torsor P (see Proposition 3.8.12), and therefore determines an isomorphism of
commtutative rings

u : Ω̂
/D

A
≃ A⊗̂O♯Gm

,

carrying the Sen operator Θ to the differential operator t ∂∂t . It follows that, for every integer n ≥ 0,

there is a unique element γn ∈ Ω̂
/D

A
satisfying u(γn) = (1−t−1)n

n! , and that every element of Ω̂
/D

A

can be written uniquely as an infinite sum
∑

n≥0 cnγn for some sequence of elements {cn ∈ A}n≥0

which converges p-adically to zero. In terms of this representation, the Sen operator Θ and the
homomorphism ξ are described concretely by the formulae

Θ(
∑

n≥0

cnγn) =
∑

n≥0

(cn+1 − ncn)γn ξ(
∑

n≥0

cnγn) = c0.

We will prove the following assertion for n ≥ 0:

(∗n) The complex Filconjn Ω̂
/D

A
can be identified with the A-submodule of Ω̂

/D

A
generated by the

elements {γi}0≤i≤n.

Assuming (∗m) and (∗m−1), we can regard the sequences (γm, · · · , γ0) and (γm−1, γm−2, · · · , γ0)

as bases for the A-modules Filconjm Ω̂
/D

A
and Filconjm−1 Ω̂

/D

A
, respectively. Lemma 5.6.14 then follows by

observing that, with respect to these bases, the map

Filconjm Ω̂ /D (Θ+m,ξ)
−−−−−→ (Filconjm−1 Ω̂

/D
R )⊕A
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is represented by the lower-triangular matrix



1 0 0 0 · · · 0 0
1 1 0 0 · · · 0 0
0 2 1 0 · · · 0 0
0 0 3 1 · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · m 1




Our proof of (∗n) proceeds by induction on n. Assume that n ≥ 0 and that, if n > 0, then
condition (∗n−1) is satisfied. Our assumption that A is a perfectoid ring guarantees that, for
every integer d ≥ 0, the complex grconjd Ω̂

/D

A
≃ LΩ̂d

A
[−d] is a free A-module of rank 1. It follows

that the conjugate filtration on Ω̂
/D

A
admits a (noncanonical) splitting. In particular Filconjn Ω̂

/D

A

can be identified with a A-submodule of Ω̂ /D

A
, concentrated in cohomological degree zero, and the

quotient Ω̂
/D

A
/Filconjn Ω̂

/D

A
is the p-completion of a free A-module of infinite rank. Choose an element

x ∈ Filconjn Ω̂
/D

A
whose image is a generator of grconjn Ω̂

/D

A
, and write x =

∑
d≥0 cdγd. By virtue of

(∗n−1), we may assume (modifying x if necessary) that the coefficients cd vanish for d < n. Since
the Sen operator Θ acts by (−n) on grconjn Ω̂

/D

A
, we have

(Θ + n)(x) =
∑

d≥0

(cd+1 + (n− d)cd)γd ∈ Filconjn−1 Ω̂
/D

A
.

By virtue of (∗n−1), this is equivalent to the statement that the coefficients cd+1 + (n− d)cd vanish
for d ≥ n. It follows by induction on d that we have cd = 0 for d > n, so that x = cnγn. Since
multiplication by x induces a monomorphism A →֒ Ω̂

/D

A
, the element cn ∈ A is not a zero-divisor.

It follows that cn is also not a zero divisor on the topologically free A-module M = Ω̂
/D

A
/Filconjn Ω̂

/D

A
.

By construction, the image of γn in M is annihilated by cn: the element cnγn = x lies in Filconjn Ω̂
/D

A

by assumption. It follows that the image of γn must vanish in M : that is, we have γn ∈ Filconjn Ω̂
/D

A
.

This proves that cn is a unit in A, so that

Filconjn Ω̂
/D

A
= Ax+Filconjn−1 Ω̂

/D

A

is the A-submodule generated by the elements {γd}0≤d≤n, as desired. �

Proof of Proposition 5.6.8. Let (A, I) be a perfect prism with quotient ring A/I = Zcyc
p and let R

be an animated commutative Zcyc
p -algebra. We wish to show that, for every pair of integers m and

n, the comparison map

Film(θR) : Fil
m
N ∆R{n} → FilmN F

∗(∆R/A{n})

of Construction 5.6.1 is an isomorphism. Arguing as in the proof of Theorem 5.6.2, we are reduced
to showing that the induced map

grm(θR) : gr
m
N ∆R{n} → Filconjm ∆R/A{m}

is an isomorphism. Since the construction R 7→ grm(θR) commutes with sifted colimits (see Remark
5.5.10). It will therefore suffice to show that grm(θR) is an isomorphism in the case where R =
Zcyc
p [x1, . . . , xd] is a finitely generated polynomial ring over Zcyc

p . We now proceed by induction on
d. To carry out the inductive step, we observe that Variants 5.6.11 and 5.6.13 allow us to identify
grm(θR[x]) with a direct sum of maps

(grmN ∆R{n})〈x〉 → Filconjm ∆R/A{m}〈x〉
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(grm−1
N ∆R{n})[−1]〈x〉 → Filconjm−1 ∆R/A{m}[−1]〈x〉

induced by grm(θR) and grm−1(θR), respectively. Consequently, if grm(θR) and grm−1(θR) are
isomorphisms, then grm(θR[x]) is an isomorphism. We can therefore assume without loss of generality
that d = 0, so that R = Zcyc

p is a perfectoid ring. We may also assume that m ≥ 0 (otherwise
there is nothing to prove), so that Filconjm ∆R/A = ∆R/A can be identified with Zcyc

p . Note that there
exists a map of prisms (Zp[[p̃]], (p̃))→ (A, I). Using Example 4.7.8, we see that the map grm(θZcyc

p
)

factors as a composition

grmN ∆Z
cyc
p
{n}

∼
��

fib(Θ +m : Filconjm Ω̂
/D
Z
cyc
p
→ Filconjm−1 Ω̂

/D
Z
cyc
p

)

��

Filconjm Ω̂
/D
Z

cyc
p

ξ

��
Zcyc
p ,

where ξ is the map appearing in the statement of Lemma 5.6.14. It follows that grm(θcycZp
) is an

isomorphism if and only if the map

Filconjm Ω̂
/D
Z

cyc
p

(Θ+m,ξ)
−−−−−→ (Filconjm−1 Ω̂

/D
Z

cyc
p

)⊕ Zcyc
p

is an isomorphism, which is a special case of Lemma 5.6.14. �

5.7. The Frobenius on Absolute Prismatic Cohomology. For every animated commutative
ring R, the absolute prismatic complex ∆R is equipped with a canonical Frobenius endomorphism
ϕ : ∆R → ∆R. To analyze the properties of this morphism, it will be convenient to factor it as a
composition

∆R = RΓ(WCart,H∆(R))→ RΓ(WCart, F ∗
H∆(R))

RΓ(WCart,Φ)
−−−−−−−−→ RΓ(WCart,H∆(R)) = ∆R,

where the first map is given by pullback along the Frobenius endomorphism of the Cartier-Witt stack
itself (Construction 3.6.1), and the second is induced by a morphism of quasi-coherent complexes
Φ : F ∗(H∆(R))→H∆(R) which we will refer to as the relative Frobenius.

Construction 5.7.1 (The Relative Frobenius). Let R be an animated commutative ring. For every
bounded prism (A, I) with quotient ring A = A/I, we can view the derived tensor product A⊗L R
as an animated commutative A-algebra. Let

Fil•(ϕ) : Fil•N F
∗
∆R/A → I•∆R/A

be the morphism of filtered complexes appearing in the statement of Proposition 5.1.1. Note that
this morphism depends functorially on the prism (A, I), and therefore determines a morphism of
filtered complexes on the Cartier-Witt stack WCart. Passing to filtration degree zero, we obtain a
map Φ : F ∗H∆(R)→H∆(R), which we will refer to as the relative Frobenius morphism.

Remark 5.7.2. Let R be an animated commutative ring and let

Fil•(Φ) : Fil•N F
∗
H∆(R) ≃ I

•
H∆(R)

be as in Construction 5.7.1. For every integer m, we obtain an induced map

grm(Φ) : grmN F
∗
H∆(R)→ ι∗H∆

(R){m},
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where ι : WCartHT →֒WCart is the inclusion of the Hodge-Tate divisor. Globalizing Remark 5.1.2,
we see that this map factors through an isomorphism grmN F

∗H∆(R) ≃ ι∗ Fil
conj
m H

∆
(R){m} which

(by a slight abuse of notation) we will also denote by grm(Φ).

Remark 5.7.3. Let R be an animated commutative ring. Globalizing Corollary 5.2.16, we see that
the relative Frobenius map of Construction 5.7.1 exhibits H∆(R) as a colimit of the diagram

F ∗
H∆(R)→ I

−1 Fil1N F
∗
H∆(R)→ I

−2 Fil2N F
∗
H∆(R)→ · · ·

in the ∞-category D(WCart). Here each of the successive quotients

I
−n FilnN F

∗
H∆(R)/I

1−n Filn−1
N F ∗

H∆(R)

can be identified with ι∗(Fil
n
Hod d̂RR ⊗OWCartHT{−n}), where ι : WCartHT →֒WCart denotes the

inclusion of the Hodge-Tate divisor (see Remark 5.5.2).

Example 5.7.4. Let k be a perfect field of characteristic p and let R be a commutative ring which is
p-completely smooth of relative dimension ≤ d over W (k). Combining Remark 5.7.3 with Corollary
5.2.15, we deduce that the map

Filn(Φ) : FilnN F
∗
H∆(R) ≃ I

n
H∆(R)

is an isomorphism for n ≥ d. In particular, the relative Frobenius map Φ : F ∗H∆(R) → H∆(R)
factors as a finite composition

F ∗
H∆(R)→ I

−1 Fil1N F
∗
H∆(R)→ · · · → I

−d FildN F
∗
H∆(R)

∼
−→H∆

of morphisms whose cofibers are described in Remark 5.7.3.

Notation 5.7.5. Let R be an animated commutative ring and let n be an integer. Tensoring the
relative Frobenius Filn(Φ) : FilnN F

∗H∆(R)→ I n⊗H∆(R) with the isomorphism F ∗(OWCart{n}) ≃
I −n{n} of Remark 3.6.5, we obtain a morphism

Φ{n} : FilnN F
∗(H∆(R){n})→H∆(R){n}

of quasi-coherent sheaves on WCart. Passing to global sections over the Cartier-Witt stack, we
obtain a map

RΓ(WCart,Φ{n}) : RΓ(WCart,FilnN F
∗(H∆(R){n})→ ∆R{n}.

We let ϕ{n} : FilnN ∆R{n} → ∆R{n} denote the composition of RΓ(WCart,Φ|{n}) with the tau-
tological map FilnN ∆R{n} → RΓ(WCart, ,FilnN F

∗(H∆(R){n}). In the special case n = 0, we can
regard ϕ{n} as a morphism from the absolute prismatic complex ∆R to itself, which we will denote
by ϕ : ∆R → ∆R.

Example 5.7.6. Let k be a perfect field of characteristic p and let R be a commutative ring which
is p-completely smooth of relative dimension ≤ d over W (k). Fix an integer n. For n > d, it follows
from Example 5.7.4 and Remark 5.5.6 that the map ϕ{n} : FilnN ∆R{n} → ∆R{n} is an isomorphism.
For n ≤ d, it admits a finite factorization

FilnN ∆R{n}
ϕn
−−→ RΓ(WCart,FilnN F

∗(H∆(R){n}))
ϕn+1
−−−→ RΓ(WCart,I −1 Filn+1

N F ∗(H∆(R){n}))

→ · · ·
ϕd−→ RΓ(WCart,I n−d FildN F

∗(H∆(R){n}))

≃ RΓ(WCart,H∆(R){n})

= ∆R{n}.
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Here the cofiber of ϕn can be identified with FilnHod d̂RR[−1] (Remark 5.5.6), and for n < m ≤ d
we have isomorphisms

cofib(ϕm) ≃ RΓ(WCart,I n−m FilmN F
∗(H∆(R){n})/I

n+1−m Film−1
N F ∗(H∆(R){n})

≃ RΓ(WCartHT,FilmHod d̂RR ⊗OWCartHT{n−m})

≃ (FilmHod d̂RR)⊗
L (Z /(n −m)Z)[−1]

supplied by Remark 5.7.3 and Proposition 3.5.11.

Example 5.7.7. Let k be a perfect field of characteristic p. Then Example 5.7.6 supplies a fiber
sequence ∆W (k)

ϕ
−→ ∆W (k) → W (k)[−1] in the ∞-category D̂(Zp). Moreover, the map ϕ{n} :

FilnN ∆W (k){n} → ∆W (k){n} is an isomorphism for n > 0.

Remark 5.7.8. Let R be an animated commutative ring. For every integer n, the morphism
ϕ{n} : FilnN ∆R{n} → ∆R{n} can be refined to a morphism of filtered complexes

Fil•(ϕ{n}) : Fil•N ∆R{n} → ∆
[•+n]
R {n}.

For every integer m, the associated graded map grm(ϕ{n}) : grmN ∆R{n} → ∆R{m} identifies (using
Remark 5.5.8) with the map

fib(Θ +m : Filconjm Ω̂
/D
R → Filconjm−1 Ω̂

/D
R)→ (Ω̂

/D
R )

Θ=−m

The following result is an “absolute” counterpart of Corollary 5.2.14:

Proposition 5.7.9. Let R be a commutative ring which is p-torsion-free and suppose that R/pR is
a regular Noetherian Fp-algebra. Then, for every integer n, the morphism

Fil•(ϕ{n}) : Fil•N ∆R{n} → ∆
[•+n]
R {n}

of Remark 5.7.8 exhibits Fil•N ∆R{n} as the connective cover of ∆
[•+n]
R {n} with respect to the Beilinson

t-structure.

Proof. By virtue of Proposition 5.8.2, the absolute prismatic complex ∆R{n} is Nygaard-complete.
By virtue of Remark D.11, it will suffice to show that for every integer m, the associated graded
map

grm(ϕ{n}) : grmN ∆R{n} → ∆R{m}

exhibits grmN ∆R{n} as the truncation of ∆R{m} to cohomological degrees ≤ m. Since the cohomol-
ogy groups of grmN ∆R{n} are concentrated in degrees ≤ m (Proposition 5.5.19), this is equivalent
to the assertion that the cohomology groups of the cofiber cofib(grm(ϕ{n})) are concentrated in
degrees > m. By virtue of Remark 5.7.8, we have a fiber sequence

cofib(grm(ϕ{n}))→ Ω̂
/D
R/Fil

conj
m Ω̂

/D
R

Θ+m
−−−→ Ω̂

/D
R/Fil

conj
m−1 Ω̂

/D
R .

It will therefore suffice to show that the complexes Ω̂
/D
R/Fil

conj
m Ω̂

/D
R and Ω̂

/D
R/Fil

conj
m−1 Ω̂

/D
R are concen-

trated in cohomological degrees > m and ≥ m, respectively, which follows from Remark 4.7.4. �

Remark 5.7.10. Let R be an animated commutative ring. For every integer n, the filtered complex
∆
[•+n]
R {n} is filtration-complete. It follows that the map

Fil•(ϕ) : Fil•N ∆R{n} → ∆
[•+n]
R {n}

of Remark 5.7.8 admits an essentially unique factorization through a map Fil•(ϕ̃{n}) : Fil•N ∆̂R{n} →

∆
[•+n]
R {n}, where ∆̂R{n} denotes the Nygaard-completed prismatic complex of R (Definition 5.8.5).

By virtue of Proposition A.5, the Nygaard-completed absolute prismatic complex ∆̂R{n} and its
Nygaard filtration are determined (up to isomorphism) by the following properties:
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• The functor
CAlgan → D̂F

c
(Zp) R 7→ Fil•N ∆̂R{n}

commutes with sifted colimits (this is an immediate consequence of Remark 5.5.10; be-
ware that we must compute the colimit in the ∞-category of filtration-complete filtered
complexes).
• When R is a finitely generated polynomial algebra over Z, the filtered complex Fil•N ∆̂R{n}

identifies (via the Frobenius morphism Fil•(ϕ{n})) with the connective cover of ∆
[•+n]
R {n},

taken with respect to the Beilinson t-structure.

5.8. Nygaard Completion. Let R be an animated commutative ring and let n be an integer. We
will say that the absolute prismatic complex ∆R{n} is Nygaard-complete if the limit lim←−m FilmN ∆R

vanishes (as an object of the ∞-category D̂(Zp)).

Example 5.8.1. Let S be the perfect Fp-algebra k[x1/p
∞

] and let R be the quotient ring S/(x).
By virtue of Lemma 4.6.13, we can identify the absolute prismatic complex ∆R with the ring
Acrys(R) of Construction F.5, defined as the separated p-completion of the ring obtained from
W (S) by adjoining divided powers on x. Under this identification, FilmN ∆R corresponds to the ideal
of Acrys(R) generated by all expressions of the form pa x

b

b! for a + b ≥ m (Proposition 5.3.6). The
formal series exp(x) =

∑
n≥0

xn

n! does not converge in Acrys (with respect to the topology defined by
the systems of ideals {FilmN Acrys(R)}m≥0 ), and therefore represents an element of ∆̂R which does
not belong to the image of the map ∆R → ∆̂R. In particular, the absolute prismatic complex ∆R is
not Nygaard-complete.

Proposition 5.8.2. Let R be a commutative ring which is p-torsion-free, and suppose that the
quotient R/pR is a regular Noetherian ring. Then, for every integer n, the prismatic complex
∆R{n} is Nygaard-complete.

We begin by proving a “local” version of Proposition 5.8.2.

Lemma 5.8.3. Let R be a commutative ring which is p-torsion-free, and suppose that the quotient
R/pR is a regular Noetherian ring. Then the complex F ∗H∆(R) is complete with respect to its
Nygaard filtration: that is, the limit lim

←−n
FilnN F

∗H∆(R) vanishes in the ∞-category D(WCart).

Proof. Let (A•, I•) be the cosimplicial prism of Notation 3.3.9. It follows from Lemma 3.3.10 that
every quasi-coherent complex E on WCart can be recovered as the totalization of the cosimplicial
complex ρA•∗ρ

∗
A•E . It will therefore suffice to show that, for every integer k ≥ 0, the pullback

ρ∗
Ak(F

∗H∆(R)) ∈ D(Spf(A
m)) is Nygaard-complete. Writing Am for the quotient ring Am/Im, we

are reduced to showing that the complex F ∗
∆(A

m
⊗R)/Am is complete with respect to the relative

Nygaard filtration of Proposition 5.1.1, which follows from Corollary 5.2.11. �

Remark 5.8.4. Let k be a perfect field of characteristic p, and let R be a p-completely smooth
W (k)-algebra. In this case, we can give a simpler proof of Lemma 5.8.3. If R has relative dimension
≤ d over W (k), then the complex FilnHod d̂RR ≃ FilnHod d̂RR/W (k) vanishes for n > d. Applying
Remark 5.5.2, we see that the multiplication map I ⊗ FilnN F

∗H∆(R) → Filn+1
N F ∗H∆(R) is an

isomorphism for n ≥ d. It follows that, in degrees ≥ d, the Nygaard filtration on on F ∗H∆(R)

agrees with the I -adic filtration on FildN F
∗H∆(R): that is, we have isomorphisms FilnN F

∗H∆(R) ≃
I n−d Filn−dN F ∗H∆(R).

Proof of Proposition 5.8.2. Let R be a commutative ring which is p-torsion-free and for which R/pR
is a regular Noetherian Fp-algebra. Remark 5.5.6 supplies a fiber sequence of filtered complexes

Fil•N ∆R{n} → RΓ(WCart,Fil•N F
∗(H∆(R){n}))→ Fil•Hod d̂RR[−1].
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The middle term is filtration-complete by virtue of Lemma 5.8.3. It will therefore suffice to show
that the derived de Rham complex d̂RR is complete with respect to its Hodge filtration. This follows
from the isomorphism Fil•Hod d̂RR → (Ω̂≥•

R , d) of Proposition E.12. �

In cases where the absolute prismatic complex ∆R is not Nygaard-complete, it will be convenient
to consider the following variant of Construction 5.5.3:

Definition 5.8.5. Let R be an animated commutative ring. For every pair of integers m and n,
we let FilmN ∆̂R{n} denote the limit of the tower

· · · → FilmN ∆R{n}/Fil
m+2
N ∆R{n} → FilmN ∆R{n}/Fil

m+1
N ∆R{n} = grmN ∆R{n},

formed in the ∞-category D̂(Zp). We will denote Fil0N ∆̂R{n} by ∆̂R{n}, which we refer to as the
Nygaard-completed absolute prismatic complex of R. By construction, there is a comparison map
∆R{n} → ∆̂R{n}, which is an isomorphism if and only if the absolute prismatic complex ∆R{n} is
Nygaard-complete.

Allowing m to vary, we obtain an inverse system

· · · → Fil3N ∆̂R{n} → Fil2N ∆̂R{n} → Fil1N ∆̂R{n} → Fil0N ∆̂R{n} = ∆̂R{n},

which we will denote by Fil•N ∆̂R and refer to as the Nygaard filtration on ∆̂R. The comparison map
∆R{n} → ∆̂R{n} refines to a map of filtered complexes Fil•N ∆R{n} → Fil•N ∆̂R{n}, which induces
an isomorphism gr•N ∆R{n} ≃ gr•N ∆̂R{n}.

Remark 5.8.6. For every integer n, the construction R 7→ Fil•N ∆̂R{n} determines a functor from
the ∞-category CAlgan of animated commutative rings to the ∞-category D̂F

c
(Zp) of filtered

complexes which are p-complete and filtration-complete (see Notation D.12). This functor commutes
with sifted colimits and satisfies p-complete fpqc descent (in particular, it satisfies descent for the
étale topology). This reduces immediately to the analogous statements for the functors R 7→
grmN ∆̂R{n} ≃ grmN ∆R{n}; see Proposition 5.5.20 and Remark 5.5.10.

Remark 5.8.7. Let R be an animated commutative ring, let n be an integer, and let Fil•(γdR
∆
{n}) :

Fil•N ∆R{n} → Fil•Hod d̂RR be the de Rham comparison map (see Construction 5.5.3). Passing to
completions with respect to the Nygaard and Hodge filtrations, we obtain a map of filtration-

complete complexes Fil•(γ̂dR
∆
{n}) : Fil•N ∆̂R{n} → Fil•Hod d̂R

hc

R . Here d̂R
hc

R denotes the Hodge
completion of the p-complete derived de Rham complex d̂RR (see Construction E.14).

Remark 5.8.8. Let R be a quasiregular semiperfectoid ring. Then, for every pair of integers m
and n, the complex FilmN ∆̂R{n} can be viewed as an abelian group, concentrated in cohomological
degree zero. This follows formally from the analogous statement for the complexes grmN ∆R{n} (see
Corollary 5.6.4).
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6. Applications to Periodic Cyclic Homology

The Nygaard-completed prismatic complex arises naturally in the theory of topological cyclic
homology. Let R be a p-quasisyntomic ring, let TC−(R) = THH(R)hS

1
denote the topological

negative cyclic homology spectrum of R, and let TC−(R)∧p denote its p-completion. In [19], it is
shown that the spectrum TC−(R)∧p admits a complete and exhaustive filtration Fil•MTC−(R)∧p ,
whose successive quotients are described by the formula

grnMTC−(R)∧p ≃ FilnN ∆̂R{n}[2n].

In §6.2, we review the construction of this filtration and its extension to arbitrary animated commu-
tative rings. In §6.4, we describe an analogous filtration on the spectrum TC−(R) itself (Construc-
tion 6.4.2), whose associated graded invariants are closely related to the diffracted Hodge complex
studied in §4.9 (Proposition 6.4.8).

6.1. The Tate Filtration. We begin by recalling the construction of topological periodic cyclic
homology and establishing some terminology.

Notation 6.1.1 (Filtered Spectra). Let D(S) denote the ∞-category of spectra. We say that a
spectrum X is p-complete if the limit of the diagram

· · ·
p
−→ X

p
−→ X

p
−→ X

p
−→ X

vanishes in the ∞-category D(S). Equivalently, X is p-complete if each homotopy group πn(X) is
a p-complete abelian group. We let D̂(S) denote the full subcategory of D(S) spanned by the p-
complete spectra. The inclusion functor D̂(S) →֒ D(S) has a left adjoint which carries each spectrum
X to its p-completion, which we will denote by X∧

p .
A filtered spectrum is a diagram

· · · → Fil2X → Fil1X → Fil0X → Fil−1X → Fil−2X → · · ·

in the ∞-category D(S), which we will denote by Fil•X. In this case, we will refer to the colimit
X = lim

−→m
Fil−mX as the underlying spectrum of Fil•X, and refer to Fil•X as a filtration on X.

We also write grnX for the spectrum given by the cofiber of the map Filn+1X → FilnX.
Filtered spectra can be regarded as objects of the functor∞-category Fun((Z,≥)op,D(S)), which

we will denote by DF(S) and refer to as the ∞-category of filtered spectra. This ∞-category has
several subcategories which will be of interest to us:

• We say that a filtered spectrum Fil•X is p-complete if the spectrum FilnX is p-complete
for every integer n. We let D̂F(S) denote the full subcategory of DF(S) spanned by the
p-complete filtered spectra (that is, the functor ∞-category Fun((Z,≥)op, D̂(S)).
• We say that a filtered spectrum Fil•X is filtration-complete if the limit lim←−n Fil

nX vanishes
in the ∞-category D(S) of spectra. We let DFc(S) denote the full subcategory of DF(S)
spanned by the filtration-complete filtered spectra.
• We let D̂F

c
(S) = DFc(S) ∩ D̂F(S) denote the full subcategory of DF(S) spanned by those

filtered spectra which are both p-complete and filtration-complete.

Example 6.1.2. Let M be a complex of abelian groups. In what follows, we will abuse notation by
identifying M with the generalized Eilenberg-MacLane spectrum associated toM . This construction
determines a functor D(Z) → D(S), given restriction of scalars along a map of commutative ring
spectra S → π0(S) = Z. In particular, if R is an animated commutative ring, then we can view
Fil•N ∆̂R{n} as a filtered spectrum (which is p-complete and filtration-complete).

Example 6.1.3 (The Tate Construction). Let V = C be the complex numbers, viewed as a
representation of the circle S1 = {z ∈ C : |z| = 1}. We write S(V ) for the suspension spectrum of
the one-point compactification of V . The spectrum S(V ) is equipped with an action of S1 (in the
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Borel-equivariant sense: that is, it can be regarded as the fiber of a local system of spectra over
the classifying space BS1 ≃ CP∞), which is nonequivariantly isomorphic to the 2-sphere S[2]. In
particular, the spectrum S(V ) is invertible with respect to the smash product ⊗S. For every integer
n, we write S(V )n for the n-fold smash product of S(V ) with itself.

Let X be any spectrum equipped with an action of S1. For every integer n, we let FilnTX
tS1

denote the spectrum (S(V )−n ⊗S X)hS
1

denote the homotopy fixed points for the induced action
of S1 on the smash product of X with S(V )−n. Note that the inclusion map {0} → V induces an
S1-equivariant morphism e : S→ S(V ), which determines a diagram

· · · → Fil2TX
tS1
→ Fil1TX

tS1
→ Fil0TX

tS1
→ Fil−1

T XtS1
→ Fil−2

T XtS1
→ · · · (32)

We denote the colimit of this diagram by XtS1
, which we refer to as the Tate construction on X.

The diagram (32) itself can be viewed as a filtered spectrum whose underlying spectrum is XtS1
.

We denote this filtered spectrum by Fil•TX
tS1

and refer to it as the Tate filtration on XtS1
. Note

that Fil0TX
tS1

is the homotopy fixed point spectrum XhS1
.

Remark 6.1.4. The morphism e : S → S(V ) appearing in Example 6.1.3 is nullhomotopic as a
morphism of spectra (though not as a morphism of S1-equivariant spectra). For any spectrum X
equipped with an action of S1, it follows that the limit

lim
←−
n

FilnTX
tS1

= lim
←−
n

(S(V )−n ⊗S X)hS
1
≃ (lim
←−
n

(S(V )−n ⊗S X))hS
1

vanishes in the ∞-category of spectra. In other words, the Tate filtration Fil•TX
tS1

is complete.

Remark 6.1.5. Let X be a spectrum equipped with an S1-action. For every integer n, there is
a canonical isomorphism grnTX

tS1
≃ X[−2n]. It follows that, if X is a connective spectrum, then

the tautological map Fil−nT XtS1
→ XtS1

is (2n+1)-connective: that is, the map π∗(Fil−nT XtS1
)→

π∗(X
tS1

) is an isomorphism for ∗ ≤ 2n and a surjection for ∗ = 2n+ 1.

Remark 6.1.6. Let X be a spectrum equipped with an action of S1, and let X∧
p denote its p-

completion. Then there is a canonical isomorphism of filtered spectra

Fil•T(X
∧
p )

tS1
≃ (Fil•TX

tS1
)∧p .

If X is connective, then we can pass to the colimit over the Tate filtration (using the connectivity
estimates of Remark 6.1.5) to obtain an isomorphism (X∧

p )
tS1
≃ (XtS1

)∧p .
In particular, if X is p-complete, then the filtered spectrum Fil•TX

tS1
is also p-complete. If X is

p-complete and connective, then XtS1
is p-complete.

Remark 6.1.7. Let A be a commutative ring spectrum equipped with an action of S1. Suppose
that the homotopy groups πn(A) vanish when n is odd. Then the canonical map

ρ : π−2(S(V )−1 ⊗S A)
hS1
→ π−2(S(V )−1 ⊗S A) ≃ π0(A)

is surjective. We can therefore choose an element b ∈ π−2(S(V )−1⊗SA)
hS1

satisfying ρ(b) = 1. The
element b can then be viewed as an S1-equivariant A-module isomorphism S(V ) ⊗S A ≃ A[2]. It
follows that, for every integer n, multiplication by b−n induces an isomorphism

FilnTA
tS1

= (S(V )−n ⊗S A)
hS1
≃ AhS

1
[−2n].

Writing β for the image of b under the map π−2(Fil
1
TA

tS1
) → π−2(Fil

0
TA

tS1
) = π−2A

hS1
, obtain

an identification of Fil•TA
tS1

with the filtered spectrum

· · · → AhS
1
[−4]

β
−→ AhS

1
[−2]

β
−→ AhS

1 β
−→ AhS

1
[2]

β
−→ AhS

1
[4]→ · · · ,

so that the Tate construction AtS
1

is given by the localization AhS
1
[β−1].
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Warning 6.1.8. If A is an associative ring spectrum equipped with an action of S1, then the filtered
spectrum Fil•TA

tS1
has the structure of an associative algebra object of the ∞-category DF(S),

which endows AtS
1

with the structure of an associative ring spectrum. If A is a commutative ring
spectrum, then AtS

1
also inherits the structure of a commutative ring spectrum. Beware that the

commutativity is not visible at the level of the filtered spectrum Fil•TA
tS1

: that is, Fil•TA
tS1

need
not have the structure of a commutative algebra object of the ∞-category DF(S) (even in the
special case where A = S is the sphere spectrum, equipped with the trivial action of S1).

Example 6.1.9. Let R be an animated commutative ring, which we identify with its underlying
commutative ring spectrum. We write THH(R) for the topological Hochschild homology of R, which
we view as a commutative ring spectrum equipped with an action of S1. Let TP(R) denote the Tate
construction THH(R)tS

1
; we will refer to TP(R) as the topological periodic cyclic homology of R. For

every integer n, we write FilnTTP(R) for the spectrum FilnTTHH(R)tS
1
= (S(V )−n ⊗S THH(R))

hS1

introduced in Example 6.1.3. We regard the diagram

· · · → Fil2T TP(R)→ Fil1TTP(R)→ Fil0T TP(R)→ Fil−1
T TP(R)→ Fil−2(TP(R))→ · · ·

as a filtered spectrum, which we denote by Fil•T TP(R) and refer to as the Tate filtration on TP(R).
We denote the spectrum Fil0TTP(R) = THH(R)hS

1
by TC−(R), which we refer to as the topological

negative cyclic homology of R.

6.2. The Motivic Filtration: p-Complete Case. In this section, we review [19], giving a rela-
tionship between Nygaard-completed prismatic cohomology and topological Hochschild homology.
One of the central results of [19] is the following:

Theorem 6.2.1 ([19]). Let R be a quasiregular semiperfectoid ring. Then the homotopy groups of
the spectrum THH(R)∧p are concentrated in even degrees. Moreover, there is canonical isomorphism
of graded rings

π∗(TC
−(R)∧p ) ≃

{
FilnN ∆̂R{n} if ∗ = 2n

0 otherwise,

depending functorially on R.

Combining Theorem 6.2.1 with Remark 6.1.7, we obtain the following:

Corollary 6.2.2 ([19]). Let R be a quasiregular semiperfectoid ring. Then there is a canonical
isomorphism of graded rings

π∗(TP(R)
∧
p ) ≃

{
∆̂R{n} if ∗ = 2n

0 otherwise,

depending functorially on R.

We will need the following refinement of Corollary 6.2.2:

Corollary 6.2.3. Let R be a quasiregular semiperfectoid ring. For every pair of integers m and n,
the map of homotopy groups

π2n(Fil
m
T TP(R)∧p )→ π2n(TP(R)

∧
p )

is a monomorphism, whose image can be identified with the subgroup Filn+mN ∆̂R{n} ⊆ ∆̂R{n} ≃
π2n(TP(R)

∧
p ). Moreover, the homotopy groups of the spectrum FilmT TP(R)∧p vanish in odd degrees.

Proof. Using the fiber sequence

Fil1TTP(R)∧p → TC−(R)∧p → THH(R)∧p
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and the connectivity of THH(R), we deduce that the natural map

π−2(Fil
1
TTP(R)∧p )

∼
−→ π−2(TC

−(R)∧p )

is an isomorphism. Let us henceforth use this isomorphism (and Theorem 6.2.1) to identify
π−2(Fil

1
T TP(R)∧p ) with ∆̂R{−1}, regarded as an invertible module over the commutative ring

∆̂R ≃ π0TC
−(R)∧p . Note that this module is free (since R is defined over a perfectoid ring);

let b ∈ ∆̂R{−1} be a generator. Since the homotopy groups of THH(R)∧p are concentrated in even
degrees, the map

ρ : ∆̂R{−1} = π−2(Fil
1
TTP(R)∧p )→ π−2(gr

1
T TP(R)∧p ) ≃ R

is surjective. We may therefore assume without loss of generality that ρ(b) = 1. We then have a
commutative diagram of spectra

FilmT TP(R)∧p

b−m∼

��

// TP(R)∧p

b−m∼

��
TC−(R)∧p [−2m] // TP(R)∧p [−2m],

where the vertical maps are isomorphisms (see Remark 6.1.7). We are therefore reduced to proving
Corollary 6.2.3 in the case m = 0, which is clear. �

In [19], Theorem 6.2.1 and Corollary 6.2.2 were applied to construct motivic filtrations on the
spectra TP(R)∧p , TC−(R)∧p , and THH(R)∧p in the case where R is a p-quasisyntomic commutative
ring. These constructions extend formally to the case where R is an arbitrary animated commutative
ring, albeit with worse convergence properties (see Warning 6.2.7).

Theorem 6.2.4 (The motivic filtration following [19]). Let R be an animated commutative ring.
Then Fil•TTP(R)∧p can be realized as the colimit of a diagram

· · · → Fil1M Fil•T TP(R)∧p → Fil0M Fil•TTP(R)∧p → Fil−1
M Fil•TTP(R)∧p → · · ·

in the ∞-category D̂F
c
S. This realization is determined (up to isomorphism) by the requirement

that it depends functorially on R and satisfies the following additional conditions:

(1) For each integer n, the functor

CAlgan → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

commutes with sifted colimits.
(2) For each integer n, the functor

CAlgan → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

satisfies p-complete fpqc descent.
(3) When R is a quasiregular semiperfectoid ring, each of the maps

FilnM FilmT TP(R)∧p → FilmT TP(R)∧p

exhibits FilnM FilmT TP(R)∧p as the Postnikov truncation τ≤−2n FilmT TP(R)∧p . That is, the
homotopy groups of the spectrum FilnM FilmT TP(R)∧p are concentrated in degrees ≥ 2n, and

the induced map π∗(Fil
n
M FilmT TP(R)∧p )→ π∗(Fil

m
T TP(R)∧p ) is an isomorphism for ∗ ≥ 2n.

We will sketch the proof of Theorem 6.2.4 at the end of this section.
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Definition 6.2.5 (The Motivic Filtration). Let R be an animated commutative ring. We will
denote the diagram

· · · → Fil1M Fil•T TP(R)∧p → Fil0M Fil•TTP(R)∧p → Fil−1
M Fil•TTP(R)∧p → · · ·

of Theorem 6.2.4 by Fil•M Fil•TTP(R)∧p and refer to it as the motivic filtration on the filtered spectrum
Fil•TTP(R)∧p .

Remark 6.2.6 (Uniqueness of the Motivic Filtration). The uniqueness assertion of Theorem 6.2.4
is straightforward. Condition (1) of Theorem 6.2.4 is equivalent to the assertion that, for each
integer n, the functor

CAlgan → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

is a left Kan extension of its restriction to the category PolyZ of finitely generated polynomial
algebras over Z. In particular, it is a left Kan extension of its restriction to the category CAlgQSyn

of p-quasisyntomic commutative rings. It follows from condition (2) of Theorem 6.2.4 that the
functor

CAlgQSyn → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

is a right Kan extension of its restriction to the full subcategory CAlgqrsp ⊂ CAlgQSyn of quasiregular
semiperfectoid rings, which is then determined (up to isomorphism) by condition (3).

Warning 6.2.7. Let R be an animated commutative ring. Theorem 6.2.4 asserts only that
Fil•TTP(R)∧p can be recovered as the colimit of the diagram

· · · → Fil0M Fil•TTP(R)∧p → Fil−1
M Fil•TTP(R)∧p → Fil−2

M Fil•TTP(R)∧p → · · ·

in the ∞-category D̂F
c
(S) of filtration-complete (and p-complete) filtered spectra. More concretely,

this is equivalent to the assertion that for every integer m, the canonical map

lim−→
n

Fil−nM grmT TP(R)∧p → grmT TP(R)∧p

is an isomorphism (where the colimit is formed in the ∞-category D̂(S) of p-complete spectra).
Beware that that the analogous map

lim
−→
n

Fil−nM FilmT TP(R)∧p → FilmT TP(R)∧p

need not be an isomorphism in general. However, it is an isomorphism in the case where R is
p-quasisyntomic: see Proposition 7.13 of [19], and Corollary 6.4.16 for an integral counterpart.

For every animated commutative ring R and every integer n, we write grnM Fil•TTC(R)∧p for the
cofiber of the tautological map Filn+1

M Fil•TTC(R)∧p → FilnM Fil•TTC(R)∧p , which we regard as a
filtered spectrum.

Theorem 6.2.8 (Associated graded for the motivic filtration). Let n be an integer. For every
animated commutative ring, there is a canonical isomorphism of filtered spectra

grnM Fil•TTC(R)∧p ≃ Fil•+nN ∆̂R{n}[2n].

This isomorphism is determined by the requirement that it depends functorially on R and that, when
R is a quasiregular semiperfectoid ring, it reduces to the isomorphism of filtered abelian groups

π2n(Fil
•
T TC(R)∧p ) ≃ Fil•+n ∆̂R{n}

described in Corollary 6.2.3.
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Proof of Theorem 6.2.8 from Theorem 6.2.4. As in Remark 6.2.6, we observe that the functor

CAlgan → D̂F
c
(S) R 7→ grnM Fil•TTC(R)∧p

is a left Kan of its restriction to the category CAlgQSyn, which is a right Kan extension of its
restriction to the subcategory CAlgqrsp ⊆ CAlgQSyn of quasiregular semiperfectoid rings. It will
therefore suffice to show that the functor R 7→ Fil•N ∆̂R{n} has the same properties, which follows
from Remark 5.8.6. �

Example 6.2.9 (The Motivic Filtration on THH). Let R be an animated commutative ring. For
every integer n, let us write FilnMTHH(R)∧p for the spectrum FilnM gr0T TP(R)∧p . We then obtain a
diagram

· · · → Fil1MTHH(R)∧p → Fil0MTHH(R)∧p → Fil−1
M THH(R)∧p → · · · ,

which we will denote by Fil•MTHH(R)∧p and refer to it as the motivic filtration on the spectrum
THH(R)∧p . Note that Theorem 6.2.8 supplies isomorphisms

grnMTHH(R)∧p ≃ grnN ∆R{n}[2n].

In particular, grnMTHH(R)∧p vanishes for n < 0, so that we have

FilnMTHH(R)∧p ≃ THH(R)∧p

for all n ≤ 0. More generally, for every integer m, the natural map FilnM grmT TP(R) → grmT TP(R)
is an isomorphism for n ≤ −m.

Example 6.2.10 (The Motivic Filtration on TC−). Let R be an animated commutative ring. For
every integer n, let us write FilnMTC−(R)∧p for the spectrum FilnM Fil0TTP(R)∧p . We then obtain a
diagram

· · · → Fil1MTC−(R)∧p → Fil0MTC−(R)∧p → Fil−1
M TC−(R)∧p → · · · ,

which we will denote by Fil•MTC−(R)∧p and refer to it as the motivic filtration on the spectrum
TC−(R)∧p . Beware that this terminology is slightly misleading: there is a canonical map from the
p-completed colimit lim

−→n
Fil−nM TC−(R)∧p to TC−(R)∧p which is an isomorphism in the case where

R is p-quasisyntomic (Proposition 7.13 of [19]), but not in general (Warning 6.2.7). In other words,
the motivic filtration of TC−(R)∧p need not be exhaustive.

Example 6.2.11 (The Motivic Filtration on TP). Let R be an animated commutative ring. For ev-
ery integer n, For every integer n, let us write FilnMTP(R)∧p for the colimit lim−→m

FilnM Fil−mT TP(R)∧p .
We then obtain a diagram

· · · → Fil1MTP(R)∧p → Fil0MTP(R)∧p → Fil−1
M TP(R)∧p → · · · ,

which we will denote by Fil•MTP(R)∧p and refer to it as the motivic filtration on the spectrum
TP(R)∧p . As in Example 6.2.10, this terminology is slightly misleading in general: there is a canonical
map from p-completed colimit lim

−→n
Fil−nM TP(R)∧p to TP(R)∧p which is an isomorphism in the case

where R is p-quasisyntomic, but not in general.

Our proof of Theorem 6.2.4 will also show the following:

Proposition 6.2.12. Let R be an animated commutative ring and let n be an integer. Then the
filtered spectrum FilnM Fil•T TP(R)∧p is n-connective with respect to the Beilinson t-structure. In other
words, for every integer m, the homotopy groups of the spectrum FilnM grmT TP(R)∧p are concentrated
in degrees ≥ n−m.

Corollary 6.2.13. For every animated commutative ring R, the motivic filtration on Fil•TTP(R)∧p
is complete. That is, for every integer m, the limit lim

←−n
FilnM FilmT TP(R)∧p vanishes.
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Proof. Since each FilnM Fil•TTP(R)∧p is complete with respect to the Tate filtration, it suffices to
prove the vanishing of the limit lim←−n Fil

n
M grmT TP(R)∧p , which is immediate from the connectivity

estimate supplied by Proposition 6.2.12 �

Proof of Theorem 6.2.4 and Proposition 6.2.12. We follow the outline supplied by Remark 6.2.6.
Let CAlgqrsp denote the category of quasiregular semiperfectoid commutative rings. For R ∈
CAlgqrsp, we define Fil•M Fil•TTP(R)∧p by the formula

FilnM FilmT TP(R)∧p = τ≤−2n FilmT TP(R)∧p .

This construction tautologically satisfies condition (3) of Theorem 6.2.4, and guarantees the vanish-
ing of the limit the limit lim←−n Fil

n
M Fil•T TP(R)∧p when R is quasiregular semiperectoid. Moreover,

Corollary 6.2.3 supplies a canonical isomorphism of filtered spectra

grnM Fil•TTP(R)∧p ≃ Fil•+nN ∆̂R{n}[2n].

In particular, the functor

CAlgqrsp → DF(S) R 7→ grnM Fil•T TP(R)∧p

takes values in the subcategory D̂F
c
(S) and satisfies descent for the p-quasisyntomic topology. It

follows by induction that for every integer k ≥ 0, the functor

R 7→ FilnM Fil•TTP(R)∧p /Fil
n+k
M Fil•T TP(R)∧p

has the same properties. Passing to the limit over k, we conclude that the functor

CAlgqrsp → DF(S) R 7→ FilnM FilmT TP(R)∧p

takes values in the subcategory D̂F
c
(S) and satisfies descent for the p-quasisyntomic topology.

Let CAlgQSyn denote the category of p-quasisyntomic commutative rings. For each integer n, we
define

FilnM Fil•T TP(R)∧p : CAlgQSyn → D̂F
c
(S)

to be the right Kan extension of its restriction to CAlgqrsp. Since the formation of right Kan
extensions commutes with limits, it follows that the limit lim

←−n
FilnM Fil•TTP(R)∧p vanishes for R ∈

CAlgQSyn. For every integer m, the proof of Theorem 6.2.8 supplies isomorphisms

grnM grmT TP(R)∧p ≃ grm+n
N ∆̂R{n}[2n],

so that the homotopy groups of grnM grmT TP(R)∧p are concentrated in degrees ≥ n −m (see Propo-
sition 5.5.19). Combining this with the completeness of the motivic filtration, we deduce that the
homotopy groups of the spectrum FilnM grmT TP(R)∧p are also concentrated in degrees ≥ n−m: that
is, Proposition 6.2.12 holds in the case where R is p-quasisyntomic.

We now claim that, for each integer n, the functor

CAlgQSyn → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

is a left Kan extension of its restriction to the category PolyZ of finitely generated polynomial
algebras over Z. To prove this, it will suffice to show that for every sifted diagram {Rα} in CAlgQSyn

whose colimit R (in the ∞-category CAlgan) also belongs to CAlgQSyn, then FilnM Fil•TTP(R)∧p is

the colimit of the diagram {FilnM Fil•TTP(Rα)
∧
p } in the ∞-category D̂F

c
(S). Equivalently, we must

show that for every integer m, the map

γn : lim
−→
α

FilnM grmT TP(Rα)
∧
p → FilnM grmT TP(R)∧p

is an equivalence in the ∞-category D̂(S) of p-complete spectra. The preceding argument shows
that the source and target of γn are (n−m)-connective spectra, so the cofiber cofib(γn) is (n−m)-
connective. Since the functor R 7→ grm+n

N ∆̂R{n} commutes with sifted colimits (Remark 5.5.10), the
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spectrum cofib(γn) is independent of n. It follows that cofib(γn) ≃ cofib(γn′) is (n′−m)-connective
for any n′ ≥ n, and therefore vanishes.

For each integer n, Proposition A.5 shows that

CAlgQSyn → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

admits an essentially unique extension to the ∞-category CAlgan of animated commutative rings
which preserves sifted colimits (and therefore satisfies condition (1) of Theorem 6.2.4). Note that,
since the collection of connective spectra is closed under the formation of colimits, this extension
automatically satisfies the conclusion of Proposition 6.2.12. In particular, the motivic filtration is
complete (Corollary 6.2.13). As in the proof of Theorem 6.2.8, we obtain canonical isomorphisms

grnM grmT TP(R)∧p ≃ grn+mN ∆R{n}[2n],

so that the functor R 7→ grnM grmT TP(R)∧p satisfies descent for the p-complete faithfully flat topology
(Proposition 5.5.20). Combining this observation Corollary 6.2.13, we conclude that the functor
R 7→ Fil•M Fil•TTP(R)∧p also satisfies p-complete fpqc descent.

We now complete the proof of Theorem 6.2.8 by showing that, for every animated commutative
ring R, we can identify Fil•TTP(R)∧p with the colimit of the diagram {Fil−nM Fil•TTP(R)∧p } is an

isomorphism in the ∞-category D̂F
c
(S). Equivlaently, we show that for every integer m, the

natural map
ρR : lim
−→
n

Fil−nM grmT TP(R)∧p → grmT TP(R)∧p ≃ THH(R)∧p [−2m]

is an isomorphism, where the colimit is formed in the ∞-category of p-complete spectra. Note
that the formation R 7→ ρR commutes with sifted colimits; we may therefore assume without loss
of generality that R is p-quasisyntomic (or even a finitely generated polynomial algebra over Z).
Note that the spectra gr−nM grmT TP(R)∧p ≃ grm−n

N ∆̂R{−n}[−2n] vanish for n > m. We can therefore
identify the domain of ρR with the spectrum Fil−mM grmT TP(R)∧p . Using (i) and fpqc descent THH
([19, Corollary 3.4]), we see that the construction R 7→ ρR satisfies p-complete fpqc descent. We are
therefore reduced showing that ρR is an isomorphism in the special case where R is a quasiregular
semiperfectoid ring. In this case, we have a stronger result: the canonical map

lim−→
n

Fil−nM FilmT TP(R)∧p → FilmT TP(R)∧p

is an isomorphism for every integer m (since every spectrum X can be recovered as the colimit
lim
−→n

τ≤nX of its Postnikov approxmations). �

Remark 6.2.14. Let R be an animated commutative ring. For every pair of integers m and n, the
cofiber of the map

FilnM FilmT TP(R)∧p → lim
−→
m′≤m

FilnM Film
′

T TP(R)∧p

is (n − m)-connective. This follows from the observation that, for every integer m′ ≤ m, the
complex FilnM grm

′

T TP(R)∧p is (n−m′)-connective (Proposition 6.2.12), and is therefore also (n−m)-
connective.

Corollary 6.2.15. Let R be an animated commutative ring. Then the motivic filtrations on
THH(R)∧p , TC−(R)∧p , and TP(R)∧p are complete: that is, the limits

lim
←−
n

FilnMTHH(R)∧p lim
←−
n

FilnMTC−(R)∧p lim
←−
n

FilnMTP(R)∧p

vanish (in the ∞-category D(S)).
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Proof. For THH(R)∧p and TC−(R)∧p , this is an immediate consequence of Corollary 6.2.13. To
handle the case of TP(R)∧p , it will suffice to show that the limit

lim←−
n

cofib(FilnMTC−(R)∧p → FilnMTP(R)∧p )

vanishes, which is immediate from the connectivity estimate of Remark 6.2.14. �

6.3. The HKR Filtration. Let R be an animated commutative ring. We write HH(R) denote
the Hochschild complex of R, which we view as an animated commutative ring which represents
the functor A 7→ LHomCAlgan(R,A); here we write LX for the free loop space Hom(S1,X) of
a space X. We will generally abuse notation by identifying HH(R) its underlying commutative
ring spectrum, which carries an action of the circle group S1. We let HP(R) denote the Tate
construction HH(R)tS

1
and Fil•THP(R) for its Tate filtration (Example 6.1.3), which we view as

an object of the filtered derived ∞-category DFc(Z). We write HC−(R) for the negative cyclic
complex Fil0THP(R) = HH(R)hS

1
.

A classical result Hochschild-Kostant-Rosenberg asserts that, if R is a smooth Z-algebra, then the
homology of the Hochschild chain complex HH(R) can be identified with the algebra of differential
forms Ω∗

R = Ω∗
R/Z (see Theorem 5.2 of [39]). One can use this calculation to endow the periodic

cyclic complex HP(R) of an arbitrary animated commutative ring R with an analogue of the motivic
filtration of Theorem 6.2.4. This filtration was described in [19] in the p-complete setting. We review
the construction in an integral setting, following work of Antieau (see [4]).

Construction 6.3.1 (The Hochschild-Kostant-Rosenberg Filtration). Let R be an animated com-
mutative ring. For every integer n, we let τ≤−n

Dec Fil•THP(R) denote the n-connective cover of
Fil•THP(R) with respect to the Beilinson t-structure on the filtered derived ∞-category DF(Z)
(Proposition D.4). Allowing n to vary, we obtain a diagram

· · · → τ≤−1
Dec Fil•T HP(R)→ τ≤0

Dec Fil
•
THP(R)→ τ≤1

Dec Fil
•
THP(R)→ · · · ,

which we will refer to as the decalage filtration on Fil•THP(R) (see Remark D.6). Note that, since
Fil•THP(R) is filtration-complete, each truncation τ≤−n Fil•THP(R) is also filtration-complete (Re-
mark D.11).

Fix an integer n. By virtue of Proposition A.5, there is an essentially unique functor

CAlgan → DFc(Z) R 7→ FilnHKR Fil•T HP(R)

which commutes with sifted colimits and coincides with R 7→ τ≤−n
Dec Fil•THP(R) in the case where R

is a finitely generated polynomial algebra over Z. This construction depends functorially on n, and
determines a diagram

· · · → Fil1HKR Fil•THP(R)→ Fil0HKR Fil•T HP(R)→ Fil−1
HKR Fil•THP(R)→ · · ·

in the ∞-category DFc(Z). We denote this diagram by Fil•HKR Fil•T HP(R) and refer to it as the
Hochschild-Kostant-Rosenberg filtration on Fil•THP(R).

Remark 6.3.2. Let R be a commutative ring. Then the quotient

τ≤0
Dec Fil

•
THP(R)/τ<0

Dec Fil
•
THP(R)

is a commutative algebra object of DF(Z) which belongs to the heart of the Beilinson t-structure,
and can therefore be identified with a differential graded ring

· · · → A−2 ∂
−→ A−1 ∂

−→ A0 ∂
−→ A1 ∂

−→ A2 → · · ·

Concretely, each Am can be identified with the Hoschschild homology group

HHm(R) ≃ Hm(HH(R)[−2m]) = Hm(grmT HP(R)),
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and the differential ∂ is obtained from the circle action on the Hochschild complex. In particular, the
cochain complex (A∗, ∂) is concentrated in nonnegative cohomological degrees, and we have a canon-
ical isomorphism α : R ≃ HH0(R) = A0. A classical calculation of Hochschild-Kostant-Rosenberg
([39]) guarantees that, if R is a smooth Z-algebra, then α extends uniquely to an isomorphism of
differential graded algebras (Ω∗

R/Z, d)→ (A∗, ∂). More generally, for any integer n, we can identify

τ≤−n
Dec Fil•THP(R)/τ<−n

Dec Fil•THP(R)

with the shifted de Rham complex (Ω∗+n
R/Z, d).

Remark 6.3.3 (Successive Quotients). Let R be a finitely generated polynomial ring over Z. Then
Remark 6.3.2 supplies isomorphisms

grnHKR Fil•THP(R) ≃ (Ω≥•+n
R/Z , d)[n].

By construction, the functor

CAlgan → DFc(Z) R 7→ grnHKR Fil•THP(R)

commutes with sifted colimits. It follows that, in general, we have canonical isomorphisms

grnHKR Fil•THP(R) ≃ Fil•+nHod dR
hc
R [n],

where dRhc
R denotes the Hodge-complete derived de Rham complex of R (see Construction E.14).

Remark 6.3.4. Let R be an animated commutative ring. For every integer n, the filtered complex
FilnHKR Fil•THP(R) is n-connective with respect to the Beilinson t-structure on DFc(Z). In other
words, for every integer m, the complex FilnHKR grmT HP(R) is n−m-connective. This is tautological
in the case where R is a finitely generated polynomial ring, and follows in general since Beilinson-
connectivity is preserved by the formation of colimits in the ∞-category DFc(Z)).

Remark 6.3.5. Let R be an animated commutative ring. Then the Hochschild-Kostant-Rosenberg
on Fil•THP(R) is complete: that is, the limit lim

←−n
FilnHKR Fil•THP(R) vanishes in the ∞-category

DFc(Z). To prove this, it suffices to show that for every integer m, the limit lim
←−n

FilnHKR grmT HP(R)

vanishes in D(Z), which is immediate from the connectivity estimate of Remark 6.3.4

Remark 6.3.6. Let R be an animated commutative ring. Then the Hochschild-Kostant-Rosenberg
filtration is exhaustive in the following weak sense: the filtered complex Fil•THP(R) can be identified
with the colimit of the diagram

· · · → Fil0HKR Fil•THP(R)→ Fil−1
HKR Fil•T HP(R)→ Fil−2

HKR Fil•THP(R)→ · · ·

in the ∞-category DFc(Z) of filtered complexes which are filtration-complete. Equivalently, for
every integer m, we can identify grmT HP(R) with the colimit of the diagram

· · · → Fil0HKR grmT HP(R)→ Fil−1
HKR grmT HP(R)→ Fil−2

HKR grmT HP(R)→ · · ·

in D(Z). Beware that the analogous statement for FilmT HP(R) is false in general, but holds under
some mild additional assumptions on R: see Corollary 4.11 of [4], and Corollary 6.4.16 for a related
statement).

Remark 6.3.7. Let R be an animated commutative ring. Passing to the associated graded with
respect to the Tate filtration, Construction 6.3.1 filtration yields an exhaustive filtration

· · · → Fil1HKRHH(R)→ Fil0HKRHH(R)→ Fil−1
HKRHH(R)→ · · ·

of the Hochschild complex HH(R) ≃ gr0THP(R). Note that each FilnHKRHH(R) is concentrated in
cohomological degrees ≤ −n, and Remark 6.3.3 supplies isomorphisms

grnHKRHH(R) ≃ grnHod dR
hc
R [n] ≃ LΩnR[n].
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In particular, the complex grnHKRHH(R) vanishes for n < 0, so we have FilnHKRHH(R) ≃ HH(R)
for n ≤ 0. More generally, the natural map FilnHKR grmT HP(R)→ grmT HP(R) is an isomorphism for
n ≤ −m.

Proposition 6.3.8. Let R be a commutative ring, and suppose that the absolute cotangent complex
LΩ1

R is a flat R-module (regarded as a complex concentrated in cohomological degree zero). Then the
Hochschild-Kostant-Rosenberg filtration of HH(R) coincides with the Postnikov filtration: that is,
for every integer m, the map FilnHKRHH(R)→ HH(R) is an isomorphism on cohomology in degrees
≤ −n (and the cohomology groups of FilnHKRHH(R) vanish in degrees ≤ n).

Proof. It follows from Remark 6.3.7 that for every integer n, the complex grnHKRHH(R) ≃ LΩnR[n]
is concentrated in cohomological degree −n. �

For smooth Z-algebras, the Hochschild-Kostant-Rosenberg filtration coincides with the decalage
filtration:

Corollary 6.3.9. Let R be a commutative ring, and suppose that the absolute cotangent complex
LΩ1

R is a flat R-module (for instance, R could be smooth over Z). Then, for every integer n, the
canonical map

FilnHKR Fil•T TP(R)→ Fil•TTP(R)

exhibits FilnHKR Fil•T TP(R) as the n-connective cover of Fil•T TP(R) with respect to the Beilinson
t-structure on DF(Z).

Proof. Since FilnHKR Fil•T TP(R) and Fil•TTP(R) are filtration-complete, this can be checked at the
associated graded level: that is, it suffices to show that each of the maps

FilnHKR grmT TP(R)→ grmT TP(R)

exhibits FilnHKR grmT TP(R) as the (n −m)-connective cover of grmT TP(R). To prove this, we may
assume without loss of generality that m = 0, in which case it follows from Proposition 6.3.8. �

We will need a slight variant of Corollary 6.3.9. Let R be an animated commutative ring. For
every pair of integers m and n, we let FilnHKR FilmT HP(R)∧p denote the p-completion of the complex
FilnHKR FilmT HP(R).

Variant 6.3.10. Let R be a commutative ring having bounded p-power torsion, and suppose that
the absolute cotangent complex LΩ1

R is p-completely flat over R. Then, for every integer n, the
canonical map

FilnHKR Fil•T TP(R)∧p → Fil•TTP(R)∧p

exhibits FilnHKR Fil•TTP(R)∧p as the n-connective cover of Fil•TTP(R)∧p with respect to the Beilinson
t-structure on D̂F(Zp).

Proof. Arguing as in the proof of Corollary 6.3.9, we are reduced to showing that the Hochschild-
Kostant-Rosenberg filtration of HH(R)∧p coincides with its Postnikov filtration: that is, that the
associated graded complexes grnHKRHH(R)∧p ≃ LΩ̂nR[−n] are concentrated in cohomological degree
−n. Our hypothesis that LΩ1

R is p-completely flat over R guarantees that LΩ̂nR is also p-completely
flat over R, and is therefore concentrated in cohomological degree zero since R has bounded p-power
torsion. �

6.4. The Global Motivic Filtration. Throughout this section, we temporarily suspend our con-
vention that the prime number p is fixed. Our goal is to construct a decompleted analogue of the
motivic filtration of Theorem 6.2.4.
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Let R be an animated commutative ring. There is a comparison map THH(R)→ HH(R), given
by extension of scalars along the map of commutative ring spectra THH(Z) → Z. This map is
S1-equivariant, and therefore induces a map of Tate filtrations

Fil•TTP(R)→ Fil•THH(R).

Under this comparison, there is a close relationship between the motivic filtration of Theorem 6.2.4
and the Hochschild-Kostant-Rosenberg filtration of Construction 6.3.1.

Proposition 6.4.1. Let p be a prime number, let n be an integer, and let R be an animated
commutative ring. Then the map of filtered spectra

FilnM Fil•TTP(R)∧p → Fil•TTP(R)∧p → Fil•THP(R)∧p

factors canonically through the filtered spectrum FilnHKR Fil•THP(R)∧p . This factorization is deter-
mined (up to homotopy) by the requirement that it depends functorially on R.

Proof. By construction, the functor

CAlgan → D̂F
c
(S) R 7→ FilnM Fil•TTP(R)∧p

commutes with sifted colimits and is therefore a left Kan extension of its restriction to the category
of finitely generated polynomial algebras over Z (see Theorem 6.2.4). It will therefore suffice to
construct the desired factorization in the case where R is a finitely generated polynomial algebra
over Z. In this case, Variant 6.3.10 identifies FilnHKR Fil•T HP(R)∧p with the n-connective cover of

Fil•THP(R)∧p with respect to the Beilinson t-structure on D̂F
c
(Z). The existence (and uniqueness

up to contractible ambiguity) of the desired factorization now follow from the observation that, for
every animated commutative ring R′, the filtered spectrum FilnM Fil•T TP(R′)∧p is n-connective with
respect to the Beilinson t-structure (Proposition 6.2.12). �

We now use Proposition 6.4.1 to define an integral counterpart of the motivic filtration.

Construction 6.4.2 (The Motivic Filtration). Let R be an animated commutative ring and let n
be an integer. We let FilnM Fil•T TP(R) denote the pullback of the diagram of filtered spectra

FilnHKR Fil•THP(R)→
∏

p

FilnHKR Fil•THP(R)∧p ←
∏

p

FilnM Fil•TTP(R)∧p .

Here the product is taken over all prime numbers p, and the map on the right is given by Proposition
6.4.1. This construction depends functorially on n (and on R), and therefore determines a diagram
of filtered spectra

· · · → Fil1M Fil•TTP(R)→ Fil0M Fil•T TP(R)→ Fil−1
M Fil•TTP(R)→ · · ·

We will denote this diagram by Fil•M Fil•TTP(R) and refer to it as the motivic filtration on Fil•TTP(R)
(see Proposition 6.4.5 below).

Remark 6.4.3. Let R be an animated commutative ring. For every prime number p, the bifil-
tered spectrum Fil•M Fil•TTP(R)∧p of Theorem 6.2.4 can be recovered from the bifiltered spectrum
Fil•M Fil•TTP(R) of Construction 6.4.2 by termwise p-completion.

Remark 6.4.4. Let R be an animated commutative ring. Then the motivic filtration of Construc-
tion 6.4.2 is complete: that is, the filtered spectrum lim

←−n
FilnM Fil•TTP(R) vanishes. This follows by

combining Remark 6.3.5 with Corollary 6.2.13.

Proposition 6.4.5. Let R be an animated commutative ring. Then Fil•TTP(R) can be identified
with the colimit of the diagram

· · · → Fil0M Fil•T TP(R)→ Fil−1
M Fil•TTP(R)→ Fil−2

M Fil•TTP(R)→ · · ·

in the ∞-category DFc(S).
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Proof. The comparison map THH(R)→ HH(R) is a rational isomorphism, and therefore determines
a pullback diagram of S1-spectra

THH(R) //

��

∏
pTHH(R)

∧
p

��
HH(R) //

∏
pHH(R)∧p .

Applying the Tate construction, we obtain a pullback diagram of filtered spectra

Fil•T TP(R) //

��

∏
p Fil

•
T TP(R)∧p

��
Fil•THP(R) //

∏
p Fil

•
THP(R)∧p .

It will therefore suffice to show that the vertical maps in the diagram

lim−→n
Fil−nHKR Fil•THP(R) //

��

lim−→n

∏
p Fil

−n
HKR Fil•THP(R)∧p

��

lim−→n

∏
p Fil

−n
M Fil•T TP(R)∧p

��

oo

Fil•THP(R) //
∏
p Fil

•
THP(R)∧p

∏
p Fil

•
TTP(R)∧poo

are isomorphisms, where the colimits are computed in the ∞-category DFc(S). This is equivalent
to the assertion that for every integer m, the vertical maps in the diagram

lim−→n
Fil−nHKR grmT HP(R) //

��

lim−→n

∏
p Fil

−n
HKR grmT HP(R)∧p

��

lim−→n

∏
p Fil

−n
M grmT TP(R)∧p

��

oo

grmT HP(R) //
∏
p gr

m
T HP(R)∧p

∏
p gr

m
T TP(R)∧poo

This is immediate from Remark 6.3.7 and Example 6.2.9 (each of the colimits stabilizes at n =
−m). �

Construction 6.4.6 (Global Prismatic Complexes). Let R be an animated commutative ring.
For every integer n, we let ∆̂

gl
R{n} denote the spectrum grnM Fil−nT TP(R)[−2n]. We will refer to

∆̂
gl
R{n} as the global prismatic complex of R (with Breuil-Kisin twist n). More generally, for every

pair of integers m and n, we let FilmN ∆̂
gl
R{n} denote the spectrum grnM Film−n

T TP(R)[−2n]. This
construction determines a diagram

· · · → Fil2N ∆̂
gl
R{n} → Fil1N ∆̂

gl
R{n} → Fil0N ∆̂

gl
R{n} = ∆̂

gl
R{n},

which we will denote by Fil•N ∆̂
gl
R{n} and refer to as the Nygaard filtration on ∆̂

gl
R{n}.

Remark 6.4.7. Let R be an animated commutative ring. For every prime number p, let us denote
the Nygaard-completed prismatic complex ∆̂R{n} by ∆̂R,p{n} to emphasize its dependence on the
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prime number p. Combining Theorem 6.2.8 with Remark 6.3.3, we obtain a pullback diagram of
filtered spectra

Fil•N ∆̂
gl
R{n}

//

��

∏
p Fil

•
N ∆̂R,p{n}

∏
p Fil• γ̂dR

∆
{n}

��

Fil•Hod dR
hc
R

//
∏
p Fil

•
Hod(dR

hc
R )∧p ;

here the right vertical map is obtained concretely as the product over all prime numbers p of the
de Rham comparison maps appearing in Construction 5.5.3. From this description, we see that
Fil•N ∆̂

gl
R{n} admits a canonical Z-module structure: that is, it can be promoted to an object of the

filtered derived ∞-category DF(Z).

Proposition 6.4.8. Let m and n be integers. For every animated commutative ring R, there is a
canonical fiber sequence

grmN ∆̂
gl
R{n} → Filconjm Ω

/D
R

Θ+m
−−−→ Filconjm−1Ω

/D
R ,

where Ω
/D
R denotes the diffracted Hodge complex of R (Definition 4.9.1) and Θ+m is the morphism

described in Remark 4.9.10.

Proof. Let M denote the fiber of the map Θ +m : Filconjm Ω
/D
R → Filconjm−1 Ω

/D
R . Writing Ω

/D
R,p for the

p-complete diffracted Hodge complex, we see that the p-completion of M can be identified with the
fiber

fib(Θ +m : Filconjm Ω
/D
R,p → Filconjm−1 Ω

/D
R,p) ≃ grmN ∆̂R,p{n}

(see Remark 5.5.8). We therefore obtain a commutative diagram of fiber sequences

(Filconjm−1 Ω
/D
R )

Θ=−m //

��

∏
p(Fil

conj
m−1 Ω

/D
R,p)

Θ=−m

��

M //

��

∏
p gr

m
N ∆̂R,p{n}

α

��
LΩmR [−m] //

∏
p LΩ

m
R [−m]∧p .

Since Filconjm−1 Ω
/D
R admits a finite filtration by complexes on which the Sen operator acts by integers

different from −m, the upper horizontal map in this diagram is an isomorphism. Unwinding the
definitions, we see that α can be identified with the product over all primes p of the map

grmN ∆̂R,p{n} → grmHod(dRR)
∧
p

given by the associated graded of the de Rham comparison. It follows that we can identify M with
the pullback of the diagram

grmHod dRR →
∏

p

(grmHod dRR)
∧
p ←

∏

p

grmN ∆̂R,p{n},

which agrees with the complex grmN ∆̂
gl
R{n} by virtue of Remark 6.4.7. �
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Example 6.4.9. For every animated commutative ring R, there is a canonical isomorphism

gr0N ∆̂
gl
R ≃ R.

Corollary 6.4.10. For every pair of integers m and n, the functor R 7→ grmN ∆̂
gl
R{n} commutes with

sifted colimits and satisfies descent for the fpqc topology.

Proof. Combine Proposition 6.4.8 with Proposition 4.9.6. �

Corollary 6.4.11. For every pair of integers m and n, the functor FilmN ∆̂
gl
R{n} satisfies descent for

the fpqc topology.

Proof. By construction, the global prismatic complex ∆̂
gl
R{n} is complete with respect to its Nygaard

filtration, so the desired result follows from Corollary 6.4.10. �

Corollary 6.4.12. For every pair of integers m and n, the functor

R 7→ FilnM FilmT TP(R)

satisfies descent with respect to the fpqc topology.

Proof. By virtue of Remark 6.4.4, it suffices to prove the analogous result for the functor R 7→
grnM FilmT TP(R), which is a restatement of Corollary 6.4.11. �

Corollary 6.4.13. Let R be an animated commutative ring and let n be an integer. Then the

complexes grmN ∆̂
gl
R{n} vanish for m < 0. Consequently, the natural map

∆̂
gl
R{n} = Fil0N ∆̂

gl
R{n} → FilmN ∆̂

gl
R{n}

is an isomorphism for m ≤ 0.

Corollary 6.4.14. Let R be a commutative ring for which the cotangent complex LΩ1
R has Tor-

amplitude contained in [0, 1]. Let m and n be integers. Then:

(a) The cohomology groups of the complex grmN ∆̂
gl
R{n} are concentrated in degrees ≥ 0.

(b) The cohomology groups of the complex FilmN ∆̂
gl
R{n} are concentrated in degrees ≥ 0.

Proof. Assertion (a) follows by combining Proposition 6.4.8 with Variant 4.9.5. Assertion (b) follows
from (a), using the completeness of the Nygaard filtration on ∆̂

gl
R{n}. �

Corollary 6.4.15. Let R be a commutative ring for which the cotangent complex LΩ1
R has Tor-

amplitude contained in [0, 1]. Let m and n be integers. Then:

(a) The homotopy groups of the spectrum grnM grmT TP(R) are concentrated in degrees ≤ 2n.

(b) The homotopy groups of the spectrum grmT TP(R)/Filn+1
M grmT TP(R) are concentrated in

degrees ≤ 2n.
(c) The homotopy groups of the spectrum FilmT TP(R)/Filn+1

M FilmT TP(R) are concentrated in
degrees ≤ 2n.

Proof. Assertion (a) is a restatement of the corresponding assertion of Corollary 6.4.14. It then
follows by induction that, for every integer k ≥ 0, the cofiber

Filn−k grmT TP(R)/Filn+1
M grmT TP(R)

has homotopy groups concentrated in degrees ≤ 2n. Assertion (b) follows by passing to the colimit
over k (and using Proposition 6.4.5). Assertion (c) follows from (b) using a similar argument, since
both Fil•T TP(R) and Filn+1

M Fil•T TP(R) are filtration-complete. �
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Corollary 6.4.16 (Exhaustivity). Let R be a commutative ring for which the cotangent complex
LΩ1

R has Tor-amplitude contained in [0, 1]. Then, for every integer m, the spectrum FilmT TP(R) is
the colimit of the diagram

· · · → Fil0M Fil•T TP(R)→ Fil−1
M Fil•TTP(R)→ Fil−2

M Fil•TTP(R)→ · · ·

in the ∞-category DF(S).

Proof. It follows from Corollary 6.4.15 that, for every integer n, the map

Fil−nM FilmT TP(R)→ FilmT TP(R)

induces an isomorphism on homotopy groups in degrees ≥ −2n− 1. �

Example 6.4.17 (The Motivic Filtration on THH). Let R be an animated commutative ring. For
every integer n, let us write FilnMTHH(R) for the spectrum FilnM gr0TTP(R). We then obtain a
diagram

· · · →→ Fil1MTHH(R)→ Fil0MTHH(R)→ Fil−1
M THH(R)→ · · · ,

which we denote by Fil•MTHH(R) and refer to it as the motivic filtration on the spectrum THH(R).
The associated graded of this filtration is given by

grnMTHH(R) ≃ grnN ∆̂
gl
R{n}[2n] ≃ fib(Θ + n : Filconjn Ω

/D
R → Filconjn−1 Ω

/D
R)[2n].

Remark 6.4.18. One can use Example 6.4.17 in conjunction with the tools developed in this paper
to calculate π∗THH(R) in some cases. For instance, if R = Z, then the unit map

Z = Fil0conj Ω
/D
Z

∼
−→ Ω

/D
Z

is an isomorphism, so the Sen operator on Ω
/D
Z vanishes (see Remark 4.7.4). For n > 0, the fiber

sequence of Proposition 6.4.8 supplies isomorphisms

grnN ∆
glo
Z {n} ≃ fib(Z

x 7→nx
−−−−→ Z) ≃ (Z/nZ)[−1].

Combining this with the isomorphism gr0N ∆Z ≃ Z, the filtration of Example 6.4.17 recovers Bökst-
edt’s calculation [23]

πmTHH(R) =





Zp if m = 0

Z /nZ if m = 2n− 1 > 0

0 otherwise.

Example 6.4.19 (The Motivic Filtration on TC−). Let R be an animated commutative ring. For
every integer n, let us write FilnMTC−(R) for the spectrum FilnM Fil0TTP(R). We then obtain a
diagram

· · · →→ Fil1MTC−(R)→ Fil0MTC−(R)→ Fil−1
M TC−(R)→ · · · ,

which we will denote by Fil•MTC−(R) and refer to it as the motivic filtration on the spectrum
TC−(R). The associated graded of this filtration is given by

grnMTC−(R) ≃ FilnN ∆̂
gl
R{n}[2n].

If R is a commutative ring for which the cotangent complex LΩ1
R has Tor-amplitude concentrated

in degrees [0, 1], then Corollary 6.4.16 supplies an isomorphism lim−→n
Fil−nM TC−1(R)→ TC−1(R).

Example 6.4.20 (The Motivic Filtration on TP). Let R be an animated commutative ring. For
every integer n, let us write FilnMTP(R) for the colimit lim−→m

FilnM Fil−mT TP(R). We then obtain a
diagram

· · · →→ Fil1MTP(R)→ Fil0MTP(R)→ Fil−1
M TP(R)→ · · · ,
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which we will denote by Fil•MTP(R) and refer to it as the motivic filtration on the spectrum TP(R).
The associated graded of this filtration is given by

grnMTP(R) ≃ ∆̂
gl
R{n}[2n].

If R is a commutative ring for which the cotangent complex LΩ1
R has Tor-amplitude concentrated

in degrees [0, 1], then Corollary 6.4.16 supplies an isomorphism lim
−→n

Fil−nM TP(R)→ TP(R).
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7. The First Chern Class

Let X be an Fp-scheme. To every line bundle L on X, one can associate a class

ccrys1 (L ) ∈ H2
crys(X/Zp)

in the crystalline cohomology of X, which we will refer to as the crystalline first Chern class of L.
This construction has the following features:

• The crystalline first Chern class ccrys1 (L ) is annihilated by the crystalline augmentation map

ǫcrys : H
2
crys(X/Zp)→ H2(X,OX).

• Writing ϕ for the endomorphism of H2
crys(X/Zp) given by pullback along the absolute Frobe-

nius morphism ϕX : X → X, we have

ϕ(ccrys1 (L )) = ccrys1 (ϕ∗
XL ) = ccrys1 (L ⊗p) = p · ccrys1 (L ).

One can combine these observation to produce a refinement of the crystalline first Chern class. Let
Fil1NRΓcrys(X/Zp) denote the fiber of the crystalline augmentation map ǫcrys : RΓcrys(X/Zp) →
RΓ(X,OX) of Notation F.3. Assume that the Fp-scheme X is p-quasisyntomic, and let ϕ/p :

Fil1NRΓcrys(X/Zp)→ RΓcrys(X/Zp) denote the divided Frobenius morphism of Remark 5.3.3. We
let RΓsyn(X,Zp(1)) denote the fiber of the map

ϕ

p
− 1 : Fil1NRΓcrys(X/Zp)→ RΓcrys(X/Zp).

We denote the cohomology groups of RΓsyn(X,Zp(1)) by H∗
syn(X,Zp(1)) and refer to them as

syntomic cohomology groups of X; this definition essentially goes back to Fontaine and Messing (see
[31] and [41]). The construction L 7→ ccrys1 (L ) then factors as a composition

Pic(X)
csyn1−−→ H2

syn(X,Zp(1))→ H2
crys(X,Zp(1)),

where csyn1 is a homomorphism of abelian groups which we refer to as the syntomic first Chern class.
In [19], the first author, Morrow, and Scholze studied a mixed-characteristic generalization of the

preceding construction. Let X be a p-quasisyntomic p-adic formal scheme. To every integer n, [19]
associates a chain complex RΓsyn(X,Zp(n)), which arises naturally as an associated graded piece
for the motivic filtration on the topological cyclic homology spectrum TC(X). Moreover, using the
cyclotomic trace, [19] constructs a map of chain complexes

csyn1 : RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1))

and shows that it becomes an isomorphism after p-completion (Proposition 7.17); passing to coho-
mology in degree 2, we obtain a group homomorphism Pic(X)→ H2

syn(X,Zp(1)).
Our goal in this section is to give a purely algebraic exposition of the first Chern class in syntomic

cohomology. Let X be a bounded p-adic formal scheme. For every integer n ≥ 0, let RΓ∆(X){n}
denote the absolute prismatic complex of X (Construction 4.4.19) and let FilnNRΓ∆(X){n} denote
the nth stage of its Nygaard filtration (Notation 5.5.23). Writing ι for the tautological map

FilnNRΓ∆(X){n} → Fil0NRΓ∆(X){n} = ∆R{n},

we define RΓsyn(X,Zp(n)) to be the fiber of the map

(ϕ{n} − ι) : FilnNRΓ∆(X){n} → RΓ∆(X){n}

where ϕ{n} denotes the Frobenius morphism studied in §5.7. In §7.4, we study the properties of
the complexes {RΓsyn(X,Zp(n))}n≥0, which we refer to as syntomic complexes. In §7.5, we use the
prismatic logarithm of §2 to construct a map

csyn1 : RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1)), (33)
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and show that it induces an isomorphism after p-completion (Theorem 7.5.6). When X is a qua-
sisyntomic Fp-scheme, this construction refines the usual crystalline first Chern class (Proposition
7.5.5), whose construction we review in §7.3. In this case, we give a direct argument that csyn1 be-
comes an isomorphism after p-completion (Theorem 7.5.6); our proof ultimately relies on a concrete
calculation with crystalline period rings (Theorem 7.1.1) which we explain in §7.1. Our proof of
Theorem 7.5.6 in general will use formal arguments to reduce to the case where X is an Fp-scheme
exploiting a certain p-adic continuity property of the construction R 7→ RΓét(Spf(R),Gm) which
we explain in §7.2 (see Proposition 7.2.15).

7.1. The Logarithm Sequence. Let R be a semiperfect Fp-algebra, let R♭ denote the perfect
Fp-algebra given by the inverse limit of the tower

· · ·
ϕR−−→ R

ϕR−−→ R
ϕR−−→ R,

and let Acrys(R) be as in Construction F.5. For every element x ∈ R♭, we abuse notation by writing
[x] for the image of the Teichmüller representative of x under the tautological map W (R♭) →
Acrys(R). Note that, if x♯ = 1 in R, then [x] − 1 belongs to the divided power ideal Icrys(R) =
ker(Acrys(R) ։ R), so the logarithm log[x] is well-defined as an element of Acrys(R). Moreover, the
Frobenius on R induces a ring homomorphism ϕ from Acrys(R) to itself which satisfies the identities

ϕ([x]) = [x]p ϕ(log[x]) = p log[x].

It follows that log[x] belongs to the ideal

Fil1NAcrys(R) = {y ∈ Acrys(R) : ϕ(y) ∈ pAcrys(R)}.

The goal of this section is to prove the following:

Theorem 7.1.1. Let R be a quasiregular semiperfect Fp-algebra, and let J denote the kernel of the

homomorphism R♭ ։ R. Then the sequence of abelian groups

0 // (1 + J)×
log[•]

// Fil1NAcrys(R)
ϕ/p−1

// Acrys(R) // 0 (34)

is exact.

Proof. To simplify the notation, we write A for the commutative ring Acrys(R) and A for the
quotient ring A/pA. For n ≥ 0, let Filconjn A denote the nth stage of the conjugate filtration
of A (Construction F.8), and let grconjn A denote the quotient Filconjn A/Filconjn−1A. Note that the

composite map Fil1NA
ϕ/p
−−→ A ։ A factors through the subgroup Filconj1 A ⊆ A, and therefore

induces a homomorphism
F : Fil1NA/pFil

1
NA→ Filconj1 A.

Similarly, the homomorphism x 7→ log[x] reduces modulo p to a homomorphism

log : (1 + J)/(1 + ϕ(J))→ (Fil1NA)/p(Fil
1
NA).

Since the abelian groups (1 + J)×, Fil1NA, and A are p-complete and p-torsion-free, the exactness
of (34) is equivalent to the exactness of the sequence

0 // (1 + J)/(1 + ϕ(J))
log // (Fil1NA)/p(Fil

1
NA)

M−1 // A // 0. (35)

Since the ring R has characteristic p, the tautological quotient map A ։ R factors through a
surjection ǫ : A ։ R. Moreover, the kernel ker(ǫ) can be identified with the quotient (Fil1NA)/pA,
so we have a short exact sequence of abelian groups

0→ A/Fil1NA
p
−→ (Fil1NA)/p(Fil

1
NA)→ ker(ǫ : A→ R)→ 0.
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By virtue of Remark 5.3.5, the composition

A/Fil1NA
p
−→ (Fil1NA)/p(Fil

1
NA)

M
−→ Filconj1 A

is a monomorphism, whose image is equal to the subgroup Filconj0 A. In particular, M induces a
homomorphism M : ker(ǫ)→ grconj1 A. Moreover, the exactness of (35) is equivalent to the exactness
of the sequence

0 // (1 + J)/(1 + ϕ(J))
log // ker(ǫ : A→ R)

M−1 // A/Filconj0 A // 0. (36)

Here we abuse notation by identifying log with the composite homomorphism

(1 + J)/(1 + ϕ(J))
log
−−→ (Fil1NA)/p(Fil

1
NA) ։ ker(ǫ : A→ R).

Let x be an element of the ideal J ⊆ R♭. It follows from an elementary calculation that the
logarithm log[1− x] ∈ A is given by the p-adically convergent sum

∑

α>0

−[xα]

α
,

where α ranges over all positive elements of the ring Z[1/p]. Note that, when α is not an integer,
the expression [xα]/α belongs to the ideal pA. Moreover, if α is an integer > p, then the expression
[xα]/α belongs to the ideal pA by virtue of the fact that [x] has divided powers in A. We therefore
have a congruence

log[1− x] ≡

p∑

d=1

−[xd]

d
(mod p) (37)

It follows that the homomorphism log : (1 + J)/(1 + ϕ(J)) → ker(ǫ : A → R) takes values in the
intersection

ker(ǫ : A→ R) ∩ Filconj1 A = ker(ǫ : Filconj1 A→ R).

Moreover, we have a monomorphism of short exact sequences

0 // ker(ǫ : Filconj1 A→ R) //

M−1

��

ker(ǫ : A→ R)

M−1

��

// A/Filconj1 A //

−1

��

0

0 // grconj1 A // A/Filconj0 A // A/Filconj1 A, // 0

where the right vertical map is given by multiplication by −1 and is therefore an isomorphism.
Consequently, the exactness of (36) is equivalent to the exactness of the sequence

0 // (1 + J)/(1 + ϕ(J))
log // ker(ǫ : Filconj1 A→ R)

M−1 // gr1conj(A)
// 0. (38)

We next claim that the homomorphism log carries (1+J2)/(1+ϕ(J)) into the subgroup Filconj0 A.
Using the congruence (37), we are reduced to proving that for every element x ∈ J2, the map
W (R♭)→ A։ A carries [x]p/p to an element of the group Filconj0 A = im(W (R♭)→ A). In fact, we
prove a slightly more precise claim (which will be useful below): for any ideal I ⊆ J , if x belongs
to I2, then there exists an element y ∈ I2p such that [x]p/[ and [y] have the same image in A. Note
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that if x decomposes as a sum x′ + x′′ for x′, x′′ ∈ I2, then the congruence [x] ≡ [x′] + [x′′] (mod p)
implies

[x]p

p
≡

[x′]p

p
+

[x′′]p

p
+ [

p−1∑

i=1

(p− 1)!

i!(p − i)!
x′ix′′p−i]. (mod p)

We may therefore reduce to the case where x = uv for u, v ∈ I ⊆ J . In this case, we have
[x]p

p = p [u]
p

p
[v]p

p ≡ 0 (mod p), since the Teichmüller representatives [u] and [v] both admit divided
powers in A.

The preceding argument supplies a commutative diagram of short exact sequences

0 // (1 + J2)/(1 + ϕ(J))

log

��

// (1 + J)/(1 + ϕ(J))

log

��

// (1 + J)/(1 + J2)

ρ

��

// 0

0 // ker(ǫ : Filconj0 A→ R) // ker(ǫ : Filconj1 A→ R) // grconj1 A // 0.

Moreover, the congruence (37) shows that, for each element x ∈ J , the homomorphism ρ carries the
residue class of 1 − x to the residue class of −[x]p/p. Using Lemma 4.6.13, we deduce that ρ is an
isomorphism. Consequently, the exactness of (38) is equivalent to the exactness of the sequence

0 // (1 + J2)/(1 + ϕ(J))
log // ker(ǫ : grconj0 A→ R)

M // gr1conj A
// 0. (39)

By construction, grconj0 A is equal to the image of the tautological map R♭ → A. It follows from
Remark 5.3.5 that the kernel of this map is the ideal ϕ(J) ⊆ R♭, so that ker(ǫ : grconj0 A → R) can
be identified with the quotient J/ϕ(J) (regarded as an abelian group under addition). Applying
Lemma 4.6.13, we see that the map M : J/ϕ(J) → gr1conj A is a surjection whose kernel is the
submodule J2/ϕ(J). Consequently, to complete the proof, it will suffice to show that log determines
an isomorphism of abelian groups

(1 + J2)/(1 + ϕ(J))→ J2/ϕ(J)

(where the group structure on the left is given by multiplication and the group structure on the
right is given by addition). We first prove injectivity. Suppose that x is an element of J2 such
that log[1− x] belongs to pA; we wish to show that x belongs to ϕ(J). Choose a finitely generated
ideal I ⊆ J such that x ∈ I2. By the argument given above, we can choose an element y ∈ I2p

such that [x]p

p and [y] have the same image in A. Using the congruence (37), we conclude that the

sum
∑p−1

d=1
xd

d belongs to I2p + ϕ(J), so that x ∈ I4 + ϕ(J). Subtracting an element of ϕ(J) from
x, we may assume that x ∈ I4. Repeating the above argument, we can assume that x ∈ In for n
arbitrarily large. We conclude by observing that, if the ideal I is generated by m elements, then we
have Ipm ⊆ ϕ(I) ⊆ ϕ(J).

We now prove that the map log : (1 + J2)/(1 + ϕ(J)) → J2/ϕ(J) is surjective. Since log is
a group homomorphism, it will suffice to show that its image contains the residue class of every
product uv for u, v ∈ J . Let J ′ denote the principal ideal (uv) ⊆ R♭ and let J denote its image
in the quotient ring R♭/ϕ(J). Since every element x ∈ J ′ satisfies [x]p

p ∈ pA, the congruence (37)
implies that the composite map

J
x 7→1−x
−−−−−→ (1 + J2)/(1 + ϕ(J))

−log
−−−→ J2/ϕ(J)

is given by the power series f(x) =
∑p−1

d=1
xd

d . Since f(x) ≡ x (mod x2), the power series f is
invertible with respect to composition. Let g(y) denote the inverse power series. Since J is a
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nilpotent ideal of R♭/ϕ(J), it follows that the function x 7→ f(x) determines a bijection from J to
itself (with inverse given by y 7→ g(y)). In particular, the image of f contains the residue class of
the product uv. �

7.2. Cohomology with Gm-Coefficients. Let X be a scheme or formal scheme. We write
RΓét(X,Gm) for the derived global sections of the functor U 7→ OX(U)×, which we view as a
sheaf of abelian groups on the étale site of X. For each integer n, let Hnét(X,Gm) denote the nth
cohomology group of the complex RΓét(X,Gm). In particular, we have

Hnét(X,Gm) =





0 if n < 0

Γ(X,OX)
× if n = 0

Pic(X) if n = 1.

Remark 7.2.1. Let X be an Fp-scheme, and let ϕX : X → X denote the absolute Frobenius
morphism. Then the pullback map ϕ∗

X : RΓét(X,Gm) → RΓét(X,Gm) is given by multiplication
by p.

Remark 7.2.2. Let X be a scheme. A classical result of Grothendieck (Theorem 11.7 of [36])
asserts that the étale cohomology of X with coefficients in Gm coincides with the fppf cohomology
of X with coefficients in Gm. Consequently, for each integer n, the short exact sequence of fppf
sheaves

0→ µpn → Gm
pn
−→ Gm → 0

induces a fiber sequence

RΓfppf(X,µpn)→ RΓét(X,Gm)
pn
−→ RΓét(X,Gm).

Passing to the homotopy limit over n, we obtain an isomoprhism

RΓét(X,Gm)
∧ ≃ lim←−

n

RΓfppf(X,µpn)[1], (40)

where RΓét(X,Gm)
∧ denotes the p-completion of the complex RΓét(X,Gm). In particular:

• The cohomology groups of the complex RΓét(X,Gm)[−1]
∧ are concentrated in degrees ≥ 0.

• The 0th cohomology group of the complex RΓét(X,Gm)[−1]
∧ is the Tate module Tp(A×),

where A = Γ(X,OX) is the ring of global functions on X.
• The 1st cohomology group of the complex RΓét(X,Gm)

∧ can be identified with the set
of isomorphism classes of torsors for the group scheme lim←−µp

n (with respect to the fpqc
topology on X).

Remark 7.2.3 (RΓét(−,Gm) for p-adic formal schemes). Let X be a bounded p-adic formal scheme,
which we can write as a colimit of closed subschemes Xn = Spec(Z /pn Z)×X. Then the restriction
map

RΓét(X,Gm)→ lim
←−
n

RΓét(Xn,Gm)

is an isomorphism in the ∞-category D(Z).

Remark 7.2.4 (Pro-fppf descent for RΓét(−,Gm)). A theorem of Grothendieck (see Remark 7.2.2)
guarantees that the D≥0(Z)-valued functor RΓét(−,Gm) is a sheaf for the fppf topology on the
category of schemes. Moreover, given a scheme X = lim←−iXi presented as a cofiltered limit of qcqs
schemes Xi along affine transition maps, the natural map

colim
i

RΓét(Xi,Gm)→ RΓ(X,Gm)

is an equivalence in D≥0(Z). As filtered colimits commute with totalizations for diagrams in D≥0(Z),
it follows that the D≥0(Z)-valued functor RΓét(−,Gm) is even a sheaf for the pro-fppf topology
(that is, the Grothendieck topology on schemes generated by the fppf topology together with maps
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Spec(B) → Spec(A), where B can be realized as a filtered colimit of faithfully flat A-algebras of
finite presentation).

Proposition 7.2.5. Let R be a quasiregular semiperfect Fp-algebra. Then RΓét(X,Gm)[−1]
∧ is

concentrated in cohomological degree 0, and can therefore be identified with the Tate module Tp(R
×).

Proof. We wish to show that the tautological map

θ : Tp(R
×)→ RΓét(X,Gm)[−1]

∧

is an isomorphism in D̂(Zp). It suffices to prove this after reduction modulo p. Using the exactness
of the sequence

0 // Tp(R
×)

p // Tp(R
×)r // µp(R) // 0 (41)

and Remark 7.2.2, we are reduced to showing that the tautological map

µp(R)→ RΓfppf(Spec(R), µp)

is an isomorphism: that is, that the cohomology groups Hnfppf(Spec(R), µp) vanish for n > 0. Since
every étale R algebra is semiperfect, the sequence of abelian sheaves

0→ µp → Gm
p
−→ Gm → 0

is exact on the étale site of Spec(R); we can therefore identify Hnfppf(Spec(R), µp) with the étale
cohomology group Hnét(Spec(R), µp). To prove that these groups vanish, it will suffice to show that
the functor R 7→ µp(R) satisfies étale descent when regarded as a functor from CAlgqrspFp

to the
derived∞-category D(Fp). Using the sequence (41) again, we are reduced to proving the analogous
property for the functor R 7→ Tp(R). This follows from the exact sequence

0→ Tp(R
×)

log[•]
−−−→ Fil1NAcrys(R)

ϕ/p−id
−−−−→ Acrys(R)→ 0.

of Theorem 7.1.1, since the functor R 7→ Acrys(R) ≃ RΓcrys(Spec(R)/Zp) satisfies p-quasisyntomic
descent (Corollary 4.6.7). �

Variant 7.2.6. Let X be a semiperfect Fp-scheme; fix an integer n. Then the sequence of abelian
sheaves

0→ µpn → Gm
pn
−→ Gm → 0

is exact on the étale site of X: for any étale map Spec(R)→ X the ring R is semiperfect as X is so,

whence the map Gm(R)
pn
−→ Gm(R) is surjective. Consequently, for every integer n, the canonical

map
(Z /pn Z)⊗L RΓét(X,Gm)[−1]→ RΓét(X,µpn)

is an isomorphism.

It will be convenient to enlarge the domain of the functor R 7→ RΓét(Spec(R),Gm).

Notation 7.2.7. Let R be an animated commutative ring. We let Gm(R) denote the multiplicative
group of R, which we regard as an object of the∞-category D(Z)≤0 (that is, as an animated abelian
group). It is characterized (up to canonical isomorphism) by the requirement that for every free
abelian group Λ of finite rank, we have a homotopy equivalence

HomD(Z)(M,Gm(R)) ≃ HomCAlgan(Z[M ], R),

where Z[M ] denotes the group algebra of M over Z.

Remark 7.2.8. Let k be a commutative ring and let CAlgank denote the ∞-category of animated
k-algebras. Then the functor Gm : CAlgank → D(Z) is a left Kan extension of its restriction to full
subcategory of CAlgank spanned by Laurent polynomial algebras k[x±1

1 , · · · , x±1
n ]. Beware that it is

not a left Kan extension of its restriction to the category of polynomial rings over k.
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Remark 7.2.9. Let R be an animated commutative ring. Then the cohomology groups of the
complex Gm(R) are related to the homotopy groups of R by the formula

Hn(Gm(R)) =





π0(R)
× if n = 0

π−n(R) if n < 0

0 if n > 0.

In particular, if R is an ordinary commutative ring, then Gm(R) can be identified with the abelian
group R× of units in R (which we identify with an object of the derived ∞-category D(Z)).

Notation 7.2.10. If we regard the construction R 7→ Gm(R) as a functor from CAlgan to the ∞-
category D(Z)≤0, then it satisfies descent with respect to the étale topology. However, if we regard
Gm as a functor taking values in the larger ∞-category D(Z), then it does not satisfy descent for
the étale topology. We will denote its étale sheafification by R 7→ RΓét(Spec(R),Gm). We let
RΓét(Spec(R),Gm)

∧ denote the p-completion of the complex RΓét(Spec(R),Gm).

Proposition 7.2.11. For every animated commutative ring R, there is a canonical map

cHod
1 : RΓét(Spec(R),Gm)→ LΩ1

R,

characterized by the fact that it depends functorially on R and that it is given on cohomology in
degree zero by the construction

(u ∈ GL1(R)) 7→ (dlog(u) =
du

u
∈ Ω1

R)

when R is an ordinary commutative ring.

Proof. Since the functor R 7→ LΩ1
R satisfies descent for the étale topology, it will suffice to show

that the construction u 7→ dlog(u) extends uniquely to a natural transformation Gm(R) → LΩ1
R.

By virtue of Remark 7.2.8, we may assume that R is a smooth Z-algebra, in which case Gm(R) and
LΩ1

R are concentrated in cohomological degree zero and there is nothing to prove. �

Notation 7.2.12. Let X be a scheme, formal scheme, or algebraic stack. Globalizing Proposition
7.2.11, we obtain a map

cHod
1 : RΓét(X,Gm)→ RΓ(X,LΩ1

X),

which we will refer to as the Hodge first Chern class. Passing to cohomology in degree 1, we obtain
a homomorphism of abelian groups Pic(X)→ H1(X,LΩ1

X), which we also denote by cHod
1 .

Proposition 7.2.13 (p-adic continuity, Česnavičius-Scholze [24, Theorem 5.3.4]). Let R be an
animated commutative ring, and write Rh for the p-henselization of R. For each integer n ≥ 0, let
Rn denote the derived tensor product (Z /pn Z) ⊗L R. Let G be a finite locally free commutative
R-group scheme G obtained via base change from a discrete ring mapping to R. The restriction map

RΓfppf(Spec(R
h), G)→ lim

←−
n

RΓfppf(Spec(Rn), G)

is an isomorphism in the ∞-category D(Z).

We give a slightly different proof of this result than the one in [24]: our proof involves only étale
localization (in contrast with the the fppf localization strategy used in [24]), but requires a stronger
local input.

Proof of Proposition 7.2.13. Using animated deformation theory as in the first paragraph of the
proof of [24, Theorem 5.3.5], we may assume R is discrete (whence Rh is also discrete).
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We begin by reducing the theorem to special R’s where most of the higher cohomology vanishes.
For this, note that the functor R 7→ RΓfppf(Spec(R), G) is an ind-fppf (and hence a pro-étale) sheaf.
In particular, pro-Nisnevich descent gives a pullback square

RΓfppf(Spec(R), G) //

��

RΓfppf(Spec(R
h), G)

��
RΓfppf(Spec(R[1/p]), G))

∼

��

// RΓfppf(Spec(R
h[1/p]), G)

∼

��
RΓét(Spec(π0(R[1/p])), G) // RΓét(Spec(π0(R

h)[1/p]), G)

where the lower vertical isomorphisms are obtained by observing that G becomes a finite étale
group scheme after inverting p and using the identification of fppf and étale cohomology with étale
coefficients, together with the identification of the étale site of an animated ring with that of its π0.
Regarding this as a diagram of D(Z)-valued functors of the ring R, the terms on left are pro-étale
sheaves by the first sentence of this paragraph. Moreover, by arcp-descent, the same holds for the
bottom right term (see [17, Theorem 6.11, Corollary 6.17]). Consequently, by the above pullback
square, the functor R 7→ RΓfppf(Spec(R

h), G) is a pro-étale sheaf. As the same is also true for the
functors R 7→ RΓfppf(Spec(Rn), G) for all n as well as their limit, we may pass to a pro-étale cover
of R to assume R is étale-local, i.e., every faithfully flat étale map R → S admits a section. In
this case, we claim that each Rn as well as Rh are also étale local. The étale-locality of Rn follows
by observing that any faithfully flat étale map Rn → T has a lift to an étale map R → S [54,
Tag 04D1] and hence to a faithfully flat étale map R → S × R[1/p]. This also implies that each
π0(Rn) is étale-local as the étale site is insensitive to replacing an animated ring with its π0. The
étale-locality of Rh then follows as Rh is henselian along the kernel of R→ π0(R1).

Thanks to the previous paragraph, we have reduced to checking the theorem when R, Rh and each
Rn are étale-local. Using the Begueri resolution, one then learns that τ≤1 RΓfppf(Spec(R

h), G) →
RΓfppf(Spec(R

h), G) is an equivalence, and similarly for each Rn. Interpreting low degree coho-
mology via torsors, it is enough to show the following concrete statement: writing BG(−) for the
functor carrying an animated R-algebra to its ∞-groupoid of fppf G-torsors, the natural maps

BG(Rh)
α
−→ BG(R̂)

β
−→ lim←−BG(Rn)

are equivalences (where R̂ = lim←−nRn is the p-completion of R or equivalently of Rh). The claim
for β follows by interpreting G-torsors in terms of their (locally free) R-algebra of functions and
using the symmetric-monoidal equivalence Vect(R̂) ≃ lim←−nVect(Rn) coming from base change. For
α, one argues similarly using Beauville-Laszlo gluing (see [48, Theorem 7.4.0.1] and [12, Theorem
1.4]) as well as the equivalence

BG(Rh[1/p]) ≃ BG(R̂[1/p])

coming from the Fujiwara-Gabber theorem (see [17, Theorem 6.11]). �

Corollary 7.2.14. Let R be a p-complete commutative ring with bounded p-power torsion. Then
the restriction map

RΓét(Spec(R),Gm)
∧ → RΓét(Spf(R),Gm)

∧

is an isomorphism.
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Proof. Using Remark 7.2.3, it is enough to show that

RΓét(Spec(R),Gm)
∧ → lim←−

n

RΓét(Spec(R/p
n),Gm)

∧

is an equivalence in D(Z). As both sides are p-complete, it suffices to check this modulo p. Using
the formula Gm/p ≃ µp[1] as fppf sheaves coming from the Kummer sequence (see Remark 7.2.2),
we are then reduced to checking that

RΓét(Spec(R), µp)→ lim←−
n

RΓét(Spec(R/p
n), µp)

is an equivalence. As R has bounded p-power torsion, we may replace R/pn with Rn := R⊗LZ Z/pn

without affecting the limit on the right. In this case, the claim follows by Proposition 7.2.13 applied
to G = µp. �

For our applications, we will need a slightly stronger version of Proposition 7.2.13.

Proposition 7.2.15 (Derived Descent for Reduction Modulo p). Let R be a p-complete animated
commutative ring, let F⊗•+1

p be the cosimplicial animated commutative ring introduced in Notation

4.2.7, and let R• denote the cosimplicial R-algebra given by R• = R⊗LZF
⊗•+1
p . Then the tautological

map

RΓét(Spec(R),Gm)
∧ → Tot(RΓét(Spec(R

•),Gm)
∧)

is an isomorphism in the ∞-category D̂(Zp).

The proof of Proposition 7.2.15 will require some preliminaries. For the remainder of this section,
we fix an animated commutative ring R and we let R• denote the cosimplicial animated R-algebra
appearing in the statement of Proposition 7.2.15.

Lemma 7.2.16. For every integer n ≥ 0, the partial totalization Totn(Gm(R
•)) ∈ D(Z) is connec-

tive: that is, its cohomology groups vanish in positive degrees.

Proof. We proceed by induction on n. In the case n = 0, the totalization Totn(Gm(R
•)) is given

by Gm(R
0), which is connective by construction (see Remark 7.2.9). Suppose that n > 0, and form

a fiber sequence
M → Totn(Gm(R

•))→ Totn−1(Gm(R
•)).

By virtue of our inductive hypothesis, it will suffice to show that the cohomology groups of the
complex M are concentrated in degrees ≤ 0.

Note that the identification Rn ≃ R0 ⊗LFp
(F⊗n+1

p ) determines an isomorphism of the homotopy
ring π∗(R

n) with exterior algebra over π∗(R0) generated by elements e1, e2, . . . , en ∈ π1(F
⊗n+1
p ).

For every integer m ≥ 0, let [m] denote the linearly ordered set {0 < 1 < · · · < m}. Then the
complex M [n] can be identified with the fiber of the tautological map

Gm(R
n)→ lim

←−
[n]։[m]

Gm(R
m),

where the limit is taken over all monotone surjections [n] ։ [m] which are not bijective. An
elementary calculation shows that the map M [n] → Gm(R

n) induces an injection on cohomology,
whose image is the summand of H<0(Gm(R

n)) ≃ π>0(R
n) consisting of elements which are divisible

by the product e1e2 · · · en. In particular, the cohomology groups of M [n] are concentrated in degrees
≤ −n, so the cohomology groups of M are concentrated in degrees ≤ 0. �

Lemma 7.2.17. For every integer n ≥ 0, the tautological map

θ : Gm(Tot
n(R•))→ Totn(Gm(R

•))

is an isomorphism in the ∞-category D(Z).
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Proof. Note that, when regarded as a functor from the∞-category CAlgan of animated commutative
rings to the∞-category D(Z)≤0 of connective chain complexes, the functor Gm preserves all inverse
limits (since it is right adjoint to the group algebra functor M 7→ Z[M ]). Consequently, the
invertibility of the map θ is equivalent to the connectivity of the partial totalization Totn(Gm(R

•)),
which follows from Lemma 7.2.16. �

Lemma 7.2.18. For every integer n ≥ 0, the tautological map

θ′ : RΓét(Spec(Tot
n(R•)),Gm)→ Totn(RΓét(Spec(R

•),Gm)

is an isomorphism in the ∞-category D(Z).

Proof. For every étale S-algebra R, let S• denote the cosimplicial animated S-algebra given by
R• ⊗LR S. Since sheafification for the étale topology commutes with finite limits and with the
formation of direct images along the closed immersions

Spec(Rm) →֒ Spec(R) ←֓ Spec(Totn(R)),

the morphism θ′ is induced by a map of D(Z)-valued sheaves on the étale site of Spec(R), given by
étale sheafification of the construction

S 7→ (Gm(Tot
n(S•))→ Totn(Gm(S

•))).

By virtue of Lemma 7.2.17, this map is already an isomorphism at the level of D(Z)-valued
presheaves. �

Proof of Proposition 7.2.15. Let R be an animated commutative ring and let R• be the cosimplicial
R-algebra appearing in the statement of Proposition 7.2.15. Note that, for every integer n ≥ 0,
we can identify the partial totalization Totn(R•) with the derived tensor product Rn = R ⊗LZ
(Z /pn+1 Z). We wish to show that, if R is p-complete, then the composite map

RΓét(Spec(R),Gm)
∧ ρ
−→ lim

←−
n

RΓét(Spec(Rn),Gm)
∧

= lim
←−
n

RΓét(Spec(Tot
n(R•)),Gm)

∧

ρ′
−→ lim←−

n

TotnRΓét(Spec(R
•),Gm)

∧

= TotRΓét(Spec(R
•),Gm)

∧.

is an isomorphism. Note that ρ′ is given by an inverse limit of the p-completions of comparison
maps

RΓét(Spec(Tot
n(R•)),Gm)→ Totn(RΓét(Spec(R

•),Gm),

each of which is an isomorphism by virtue of Lemma 7.2.18. It will therefore suffice to show that ρ
is an isomorphism, which follows from Proposition 7.2.13. �

7.3. The Crystalline First Chern Class. In this section, we review the definition of Chern
classes of line bundles in the setting of crystalline cohomology.

Construction 7.3.1. Let X be an Fp-scheme, and let Crys(X/Zp) denote the category of triples
(A, I, v), where (A, I) is a p-complete and separated divided power algebra over (Zp, (p)), and
v : Spec(A/I) → X is a morphism of Fp-schemes (Notation F.1). Let OCrys(X/Zp) denote the
sheaf of commutative rings on Crys(X/Zp)

op given by OCrys(X/Zp)(A, I, v) = A, and let I ⊆
OCrys(X/Zp) denote the ideal sheaf given by I (A, I, v) = I. Recall that the crystalline cochain
complex RΓcrys(X/Zp) can be defined as the limit of the diagram

OCrys(X/Zp) : Crys(X/Zp)→ D̂(Zp) (A, I, v) 7→ A.
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Similarly, the complex Fil1NRΓcrys(X/Zp) of Notation 5.3.2 can be identified with the limit of the
diagram

I : Crys(X/Zp)→ D̂(Zp) (A, I, v) 7→ I.

For each object (A, I, v) of the category Crys(X/Zp), the system of divided powers on the ideal
I determines a logarithm map (1 + I)× → I which depends functorially (A, I, v), and therefore
determines a map of abelian sheaves log : (1 + I )× → I . Form a pushout diagram

(1 + I )× //

log

��

O×
Crys(X/Zp)

��
I // F

in the category of abelian presheaves on Crys(X/Zp), so that we have a short exact sequence of
abelian presheaves

0→ I → F → (OCrys(X/Zp)/I )× → 0,

which determines a boundary map δ : (OCrys(X/Zp)/I )×[−1] → I of D(Z)-valued presheaves on
Crys(X/Zp)

op. Passing to the limit over the subcategory of Crys(X/Zp) spanned by the étale maps
v : Spec(A/I)→ X, we obtain a map

ccrys1 : RΓét(X,Gm)[−1]→ Fil1NRΓcrys(X/Zp),

which we will refer to as the crystalline first Chern class.

Notation 7.3.2. Let X be an Fp-scheme. We will abuse notation by identifying the crystalline
first Chern class ccrys1 of Construction 7.3.1 with the composition

RΓét(X,Gm)[−1]
ccrys1−−−→ Fil1NRΓcrys(X/Zp)RΓcrys(X/Zp).

Passing to cohomology in degree 2, we obtain a homomorphism of abelian groups

ccrys1 : Pic(X) = H1
ét(X,Gm)→ H2

crys(X/Zp).

Variant 7.3.3. Let X be an Fp-scheme. Since the complex Fil1NRΓcrys(X/Zp) is p-complete, the
morphism ccrys1 of Construction 7.3.1 admits an essentially unique factorization as a composition

RΓét(X,Gm)[−1]→ RΓét(X,Gm)
∧[−1]

ĉcrys1−−−→ Fil1NRΓcrys(X/Zp).

Example 7.3.4 (The Semiperfect Case). Let R be a semiperfect Fp-algebra, and let us identify
Fil1NRΓcrys(R/Zp) with the kernel of the augmentation map ǫcrysR : Acrys(R) → R. Passing to
cohomology in degree zero, the map

ĉcrys1 : RΓét(Spec(R),Gm)
∧[−1]→ Fil1NAcrys(R)

of Variant 7.3.3 induces a group homomorphism θ : Tp(R
×) → ker(ǫcrysR ). Writing J for the kernel

of the tautological map R♭ ։ R, we see that θ is given concretely by the composition

Tp(R
×) ≃ (1 + J)×

u 7→log[u]
−−−−−→ Fil1NAcrys(R)

here we write [x] for the image of the Teichmüller representative [u] under the tautological map
W (R♭)→ Acrys(R) (so that [u]− 1 belongs to the divided power ideal Fil1NAcrys(R) = ker(ǫcrys)).
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Let X be an Fp-scheme. By functoriality, the absolute Frobenius map ϕX : X → X determines
a commutative diagram

RΓét(X,Gm)[−1]
ccrys1 //

ϕ∗
X

��

Fil1NRΓcrys(X/Zp)

ϕ∗
X

��
RΓét(X,Gm)[−1]

ccrys1 // Fil1NRΓcrys(X/Zp),

where the left vertical map is given by multiplication by p (Remark 7.2.1). If X is p-quasisyntomic,
this observation admits a converse:

Theorem 7.3.5. Let X be a quasisyntomic Fp-scheme. Then the morphism ĉcrys1 of Variant 7.3.3
fits into a fiber sequence

RΓét(X,Gm)
∧[−1]

ĉcrys1−−−→ Fil1NRΓcrys(X/Zp)
ϕ/p−1
−−−−→ RΓcrys(X/Zp),

where ϕ/p : Fil1N RΓcrys(X/Zp)→ RΓcrys(X/Zp) is the morphism described in Remark 5.3.3. This
fiber sequence is characterized (up to homotopy) by the requirement that it depends functorially on
X.

Proof. For every Fp-scheme X, let M(X) denote the fiber of the morphism

ϕ/p− 1 : Fil1N RΓcrys(X/Zp)→ RΓcrys(X/Zp).

It follows from Corollary 4.6.7 that, when restricted to quasisyntomic Fp-schemes, the construc-
tion X 7→ M(X) satisfies descent for the p-quasisyntomic topology. By virtue of Remark 7.2.4,
the functor X 7→ RΓét(X,Gm)

∧[−1] is a sheaf for the pro-fppf topology. Consequently, to prove
Theorem 7.3.5, we are free to replace X by a suitable pro-syntomic cover (which is automatically
both a p-quasisyntomic cover and a pro-fppf cover) to reduce to the case where X = Spec(R) is
the spectrum of a quasiregular semiperfect Fp-algebra R. In this case, we can use Proposition 7.2.5
to identify RΓét(X,Gm)

∧[−1] with the Tate module Tp(R×), so that the desired fiber sequence is
supplied by Theorem 7.1.1. �

7.4. Syntomic Cohomology of Formal Schemes. In this section, we review the syntomic com-
plexes introduced in [19] and [21]. Fix an integer n. For every animated commutative ring
R, we write ι for the canonical map FilnN ∆R{n} → ∆R{n}, and ϕ{n} for the Frobenius map
FilnN ∆R{n} → ∆R{n} given by Notation 5.7.5

Construction 7.4.1 (Syntomic Complexes). Let R be an animated commutative ring. For every
integer n, we let RΓsyn(Spf(R),Zp(n)) denote the fiber of the morphism (ϕ{n}− ι) : FilnN ∆R{n} →

∆R{n}, formed in the derived ∞-category D̂(Zp). We will refer to RΓsyn(Spf(R),Zp(n)) as the
nth syntomic complex of Spf(R). We will denote the cohomology groups of these complexes by
H∗

syn(Spf(R),Zp(n)) and refer to them as the syntomic cohomology groups of Spf(R). In the special
case n = 0, we denote the complex RΓsyn(Spf(R),Zp(n)) by RΓsyn(Spf(R),Zp) and its cohomology
groups by H∗

syn(Spf(R),Zp).

Warning 7.4.2. In the situation of Construction 7.4.1, we do not assume that the animated
commutative ring R is p-complete. However, it would be harmless to add this assumption: the
tautological map from R to its p-completion R̂ induces an isomorphism RΓsyn(Spf(R),Zp(n)) →

RΓsyn(Spf(R̂),Zp(n)). In §8.4, we will consider a variant of Construction 7.4.1 which does not share
this property (see Construction 8.4.1).
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Example 7.4.3. Let R be a quasiregular semiperfectoid ring. For every integer n, the complexes
FilnN ∆R{n} and ∆R{n} are concentrated in cohomological degree zero (Corollary 5.6.3). It follows
that the cohomology groups Hdsyn(Spf(R),Zp(n)) vanish for d /∈ {0, 1}, and we have an exact
sequence of abelian groups

0→ H0
syn(Spf(R),Zp(n))→ FilnN ∆R{n}

ϕ{n}−id
−−−−−→ ∆R{n} → H1

syn(Spf(R),Zp(n))→ 0.

In particular, we can identify H0
syn(Spf(R),Zp(n)) with the abelian group {x ∈ ∆R{n} : ϕ{n}(x) =

x}.

Example 7.4.4. Let R be a quasiregular semiperfect Fp-algebra and let n be an integer. Us-
ing Remark 2.6.4 and Lemma 4.6.13, we can identify absolute prismatic complex ∆R{n} with the
commutative ring Acrys(R) of Construction F.5. Under this identification, the Frobenius morphism
ϕ{n} : FilnN ∆R{n} → ∆R{n} corresponds to the map

FilnNAcrys(R)→ Acrys(R) x 7→
ϕ(x)

pn
,

where FilnNAcrys(R) = {x ∈ Acrys(R) : ϕ(x) ∈ pnAcrys(R)} denotes the ideal described in Propo-
sition 5.3.6. It follows that RΓsyn(Spf(R),Zp(n)) is represented concretely by the two-term chain
complex of abelian groups

FilnNAcrys(R)→ Acrys(R) x 7→
ϕ(x)

pn
− x.

Example 7.4.5. Let R be a quasiregular semiperfect Fp-algebra. Then the exact sequence

0→ Tp(R
×)→ Fil1NAcrys(R)

ϕ/p−1
−−−−→ Acrys(R)→ 0

of Theorem 7.1.1 supplies an isomorphism of the syntomic complex RΓsyn(Spf(R),Zp(1)) with the
Tate module Tp(R×), regarded as a chain complex concentrated in cohomological degree zero.

Let R be an animated commutative ring and let n be an integer. By virtue of Remark 5.7.10,
the Frobenius map ϕ{n} admits a canonical factorization

FilnN ∆R{n} → FilnN ∆̂R{n}
ϕ̃{n}
−−−→ ∆R{n},

where ∆̂R{n} denotes the Nygaard-completed absolute prismatic complex of Definition 5.8.5. Let
us write ϕ̂{n} : FilnN ∆̂R{n} → ∆̂R{n} for the composition of ϕ̃{n} with the tautological map
∆R{n} → ∆̂R{n}, and let us write ι̃ : FilnN ∆̂R{n} → ∆̂R{n} for the map supplied by the Nygaard
filtraton on ∆̂R.

Proposition 7.4.6. Let R be an animated commutative ring. For every integer n, the tautological
map

RΓsyn(Spf(R),Zp(n)) = fib(ϕ{n} − ι : FilnN ∆R{n} → ∆R{n})

≃ fib(ϕ̂{n} − ι̂ : FilnN ∆̂R{n} → ∆̂R{n})

is an isomorphism in the ∞-category D̂(Zp).
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Proof. We have a commutative diagram

FilnN ∆R{n}
(ϕ,ι) //

��

∆R{n} × ∆R{n}

��

∆R{n}oo

FilnN ∆̂R{n}
(ϕ̃{n},ι̂)

// ∆R{n} × ∆̂R{n}

��

∆R{n}

��

oo

FilnN ∆̂R{n}
(ϕ̂{n},ι̂)

// ∆̂R{n} × ∆̂R{n} ∆̂R{n}.oo

To prove Proposition 7.4.6, it will suffice to show that the vertical maps in this diagram induce
isomorphisms between the limits of the rows. For the upper rectangle, this follows since the upper
left square is a pullback and the vertical map on the upper right is an isomorphism. For the lower
rectangle, it follows since the lower right square is a pullback and the vertical map on the lower left
is an isomorphism. �

Proposition 7.4.7. For each integer n, the functor

CAlgan → D̂(Zp) R 7→ RΓsyn(Spf(R),Zp(n))

satisfies descent for the p-complete fpqc topology.

Proof. By virtue of Proposition 7.4.6, it will suffice to show that the functors R 7→ FilnN ∆̂
R̂
{n} and

R 7→ ∆̂R̂{n} satisfy descent for the p-complete fpqc topology, which follows from Remark 5.8.6. �

Proposition 7.4.8. For each integer n, the functor

CAlgan → D̂(Zp) R 7→ RΓsyn(Spf(R),Zp(n))

commutes with sifted colimits (and is therefore a left Kan extension of its restriction to the category
PolyZ of finitely generated polynomial rings).

Proof. Set n′ = max{0, n}. Since n′ ≥ 0, we have a tautological map ∆R{n} → ∆
[−n′]
R {n}, which

we will denote by id. Since n′ ≥ n, the construction of Notation 5.7.5 determines a Frobenius map
ϕ{n} : ∆R{n} → ∆

[−n′]
R {n}. Let F (R) denote the fiber of the difference

(ϕ{n} − 1) : ∆R{n} → ∆
[−n′]
R {n}.

We have a commutative diagram of fiber sequences

FilnN ∆R{n} //

ϕ{n}−ι

��

∆R{n}

ϕ{n}−1

��

// ∆R{n}/Fil
n
N ∆R{n}

��

∆R{n} // ∆
[−n′]
R {n} // ∆

[−n′]
R {n}/∆R{n}

depending functorially on R. Moreover, the functors

R 7→ ∆R{n}/Fil
n
N ∆R{n} R 7→ ∆

[−n′]
R {n}/∆R{n}
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commute with sifted colimits (Remark 5.5.10 and Proposition 4.5.10). It will therefore suffice to
show that the functor R 7→ F (R) commutes with sifted colimits. Since the extension of scalars
functor

D̂(Zp)→ D(Fp) M 7→ Fp⊗
LM

is conservative and preserves colimits, this is equivalent to the assertion that the functor R 7→
Fp⊗

LF (R) commutes with sifted colimits. For each integer m > n, the restriction of the Frobenius
map

ϕ{n} : Fp⊗
L
∆R{n} → Fp⊗

L
∆
[−n′]
R {n},

to the complex Fp⊗
L
∆
[m]
R {n} factors naturally through Fp⊗

L
∆
[pm−n]
R {n}, and therefore also through

Fp⊗
L
∆
[m+1]
R {n}. We therefore obtain a map of filtered objects

(ϕ{n} − 1) : Fp⊗
L
∆
[•]
R {n} → Fp⊗

L
∆
[•]
R {n}

for • > n′ which is multiplication by −1 at the associated graded level, and is therefore an
isomorphism (since the filtration on both sides is complete: see Proposition 4.5.10). Choosing
m > max{n,−n′}, the commutative diagram of fiber sequences

Fp⊗L∆
[m]
R {n}

ϕ{n}−1∼

��

// Fp⊗L∆R{n}

ϕ{n}−1

��

// Fp⊗L∆R{n}/∆
[m]
R {n}

ρR

��

Fp⊗L∆
[m]
R {n}

// Fp⊗L∆
[−n′]
R {n} // Fp⊗L(∆

[−n′]
R {n}/∆

[m]
R {n})

determines a functorial identification Fp⊗
LF (R) ≃ fib(ρR). We conclude by observing that the

source and target of ρR commute with sifted colimits by virtue of Proposition 4.5.10. �

Corollary 7.4.9. Let R be an animated commutative ring. For every positive integer n, the complex
RΓsyn(Spf(R),Zp(−n)) vanishes.

Proof. By virtue of Proposition 7.4.8, it will suffice to prove this when R is p-quasisyntomic. Using
Proposition 7.4.7, we can further reduce to the case where R is a quasiregular semiperfectoid ring, so
that we can identify (∆R,∆

[1]
R ) with a transversal prism (A, I). Since R is defined over a perfectoid

ring, A{−n} is a free A-module of rank 1; let e ∈ A{−n} be a generator. We can then write
ϕ{−n}(e) = λe for some unique element λ ∈ In. Multiplication by e−1 identifies A{−n} with A,
and therefore identifies RΓsyn(Spf(R),Zp(−n)) with the two-term complex

A→ A x 7→ x− λϕ(x).

The differential on this complex has an inverse which is given explicitly by the construction

x 7→ x+ λϕ(x) + λϕ(λ)ϕ2(x) + λϕ(λ)ϕ2(λ)ϕ3(x) + · · · ;

note that this infinite sum is convergent because each product λϕ(λ) · · ·ϕr(λ) belongs to the ideal
Ir of Notation 2.2.2 (see Remark 2.2.6). �

Proposition 7.4.10 (Derived Descent for Reduction Modulo p). Let R be an animated com-
mutative ring and let R• denote the derived tensor product of R with the cosimplicial animated
commutative ring F⊗•+1

p of Notation 4.2.7. Then, for every integer n ≥ 0, the tautological map

RΓsyn(Spf(R),Zp(n))→ TotRΓsyn(Spf(R
•),Zp(n)) is an isomorphism in the ∞-category D̂(Zp).

Proof. This is an immediate consequence of the corresponding statement for the functors R 7→
FilmN ∆R{n} (see Proposition 5.5.24). �
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Corollary 7.4.11. Let R be an animated commutative ring. Then the tautological map

RΓsyn(Spf(R),Zp(n))→ lim
←−
m

RΓsyn(Spf(R ⊗
L Z /pm Z),Zp(n))

is an isomorphism.

Variant 7.4.12 (Globalization to Formal Schemes). Let X be a bounded p-adic formal scheme. For
every integer n, we let RΓsyn(X,Zp(n)) denote the limit

lim
←−

η:Spec(A)→X

RΓsyn(Spf(A),Zp(n)),

formed in the ∞-categoryD̂(Zp). This construction is characterized by the following properties:

• In the case where X = Spf(R) is affine (so that R is a p-complete commutative ring with
bounded p-power torsion), we can identify RΓsyn(X,Zp(n)) with the syntomic complex
RΓsyn(Spf(R),Zp(n)) introduced in Construction 7.4.1 (this follows from Corollary 7.4.11).
• The construction X 7→ RΓsyn(X,Zp(n)) satisfies descent for the étale topology on the cate-

gory of bounded p-adic formal schemes (see Proposition 7.4.7 for a stronger statement).

We will denote the cohomology groups of the complex RΓsyn(X,Zp(n)) by H∗
syn(X,Zp(n)) and

refer to them as the syntomic cohomology groups of the formal scheme X. Note that we have a fiber
sequence

RΓsyn(X,Zp(n))→ FilnNRΓ∆(X){n}
ϕ{n}−ι
−−−−−→ RΓ∆(X){n}.

7.5. The Syntomic First Chern Class. Let X be a quasisyntomic Fp-scheme. Combining The-
orem 7.3.5 with Theorem 4.6.1, we see that the crystalline first Chern class of Construction 7.3.1
can be promoted to an isomorphism

RΓét(X,Gm)
∧[−1] ≃ RΓsyn(X,Zp(1))

in the ∞-category D̂(Zp). In this section, we use the prismatic logarithm of §2 to extend this
construction to all bounded p-adic formal schemes.

Notation 7.5.1. Let R be a quasiregular semiperfectoid ring. Using Example 7.4.3, we can identify
the syntomic cohomology group cohomology group H0

syn(Spec(R),Zp(1)) can be identified with the

abelian group {x ∈ Fil1N ∆R{1} : ϕ(x) = x}. Regarding (∆R,∆
[1]
R ) as a prism, it follows from Propo-

sition 2.5.18 that the prismatic logarithm of Construction 2.7.4 determines a group homomorphism

log∆ : Tp(∆
×
R)→ H0

syn(Spec(R),Zp(1)).

Proposition 7.5.2. Let R be an animated commutative ring. There is a canonical map

csyn1 : RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spf(R),Zp(1))

in the ∞-category D̂(Zp), characterized (up to homotopy) by the requirement that it depends func-
torially on R and satisfies the following condition:

(∗) If R is a quasiregular semiperfectoid ring, then the induced map

RΓét(Spec(R),Gm)
∧[−1]→ RΓsyn(Spf(R),Zp(1))

is given on cohomology in degree zero by homomorphism

Tp(R
×)→ Tp(∆

×
R)

log∆−−→ H0
syn(Spf(R),Zp(1)). (42)

Proof. Let C ⊆ CAlgqrsp denote the category of quasiregular semiperfectoid rings R for which every
element x ∈ R admits a pth root. Note that, if this condition is satisfied, then we can the Tate
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module Tp(R
×) with the p-completion of the complex Gm(R)[−1] (as an object of the derived

∞-category D(Z)). Let αR denote the composite map

Gm(R)[−1]→ Tp(R)→ Tp(∆R)
log∆−−→ H0

syn(Spec(R),Zp(1))→ RΓsyn(Spf(R),Zp(1)).

The construction R 7→ αR determines a morphism from Gm[−1] to RΓsyn(Spf(•),Zp(1)) in the
∞-category Fun(C, D̂(Zp)). Since the category C forms a basis for the p-quasisyntomic topology on
CAlgQSyn, the functor

CAlgQSyn → D̂(Zp) R 7→ RΓsyn(Spf(R),Zp(1))

is a right Kan extension of its restriction to C (see Proposition 7.4.7). It follows that the construction
R 7→ αR admits an essentially unique extension to the category CAlgQSyn of p-quasisyntomic com-
mutative rings. Since CAlgQSyn contains the Laurent polynomial rings Z[x±1

1 , · · · , x±1
n ], the functor

Gm[−1] is a left Kan extension of its restriction to CAlgQSyn (Remark 7.2.8). Consequently, the
extension R 7→ αR admits an essentially unique extension to the ∞-category of all animated com-
mutative rings. Because the functor R 7→ RΓsyn(Spf(R),Zp(1)) satisfies étale descent (Proposition
7.4.7) the natural transformation α admits an essentially unique factorization as a composition

Gm(R)[−1]→ RΓét(Spf(R),Gm)[−1]
csyn1−−→ RΓsyn(Spf(R),Zp(1)).

To complete the proof, it will suffice to show that this construction satisfies condition (∗) for every
quasiregular semiperfectoid ring R. Note that we can choose a p-quasisyntomic cover R → R′,
where every element of R′ admits a pth root. Since the induced map H0

syn(Spf(R),Zp(1)) →

H0
syn(Spf(R

′),Zp(1)) is injective, we can replace R by R′ and thereby reduce to verifying (∗) for
quasiregular semiperfectoid rings which belong to C, in which case the desired result is immediate
from the construction. �

Notation 7.5.3 (The Syntomic First Chern Class). Let R be an animated commutative ring. We
will refer to the morphism

csyn1 : RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spf(R),Zp(1))

as the syntomic first Chern class. We will refer to csyn1 as the syntomic first Chern class. We write
c∆1 for the composition

RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spf(R),Zp(1))→ Fil1N ∆R{1},

which we refer to as the prismatic first Chern class. We will abuse notation by identifying c∆1 with
the composite map

RΓét(Spec(R),Gm)[−1]
c∆1−→ Fil1N ∆R{1} → ∆R{1},

which we also refer to as the prismatic first Chern class.

Variant 7.5.4 (Globalization to Formal Schemes). Let X be a bounded p-adic formal scheme. Then
there is a canonical map

csyn1 : RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1)),

which is characterized by the requirement that it depends functorially on X and, when X = Spf(R)
is affine, the composite map

RΓét(Spec(R),Gm)[−1]→ RΓét(Spf(R),Gm)[−1]
csyn1−−→ RΓsyn(Spf(R),Zp(1))

agrees with the map of Notation 7.5.3. This follows by combining Corollary 7.2.14 with the obser-
vation that the functor X 7→ RΓsyn(X,Zp(1)) satisfies étale descent.

Passing to cohomology in degree 2, we obtain a group homomorphism

Pic(X)→ H2
syn(X,Zp(1)),
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which we will also refer to as the syntomic first Chern class.

The prismatic first Chern class can be considered as a refinement of the crystalline first Chern
class of Construction 7.3.1. For every Fp-scheme X, let view the comparison map γcrys

∆
of Remark

4.6.6 as a morphism from RΓ∆(X){1} to RΓcrys(X/Zp); here we implicitly invoke the identification

RΓ∆(X){1} ≃ RΓ∆(X/Zp){1} ≃ RΓ∆(X/Zp) ≃ RΓ∆(X)

given by the trivialization of the Breuil-Kisin twist of the crystalline prism (Zp, (p)). By virtue of
Proposition 5.3.1, γcrys

∆
induces a morphism from Fil1NRΓ∆(X){} to Fil1N RΓcrys(X/Zp), which we

will also denote by γcrys
∆

.

Proposition 7.5.5. Let X be an Fp-scheme. Then the crystalline first Chern class

ccrys1 : RΓét(X,Gm)[−1]→ Fil1NRΓcrys(X/Zp)

agrees with the composition

RΓét(X,Gm)[−1]
c∆1−→ Fil1NRΓ∆(X){1}

γcrys
∆−−−→ Fil1NRΓcrys(X/Zp),

up to a homotopy which depends functorially on X.

Proof. Without loss of generality we may assume that X = Spec(R) is affine. Let ucrys denote the
composition

Gm(R)[−1]→ RΓét(Spec(R),Gm)[−1]
ccrys1−−−→ Fil1N RΓcrys(R/Zp),

and define u∆ : Gm(R)[−1]→ Fil1N ∆R similarly. Since the functor R 7→ FilN1 RΓcrys(R/Zp) satisfies
descent for the étale topology, it will suffice to show that ucrys agrees with the composition γcrys

∆
◦u∆

(up to a homotopy which depends functorially on R). By virtue of Remark 7.2.8, the functor

CAlganFp
→ D(Z) R 7→ Gm(R)

is a left Kan extension of its restriction to the category CAlgQSyn
Fp

of quasisyntomic Fp-algebras; we
may therefore restrict our attention to the case where R is p-quasisyntomic. Since the functor

CAlgQSyn
Fp

→ D(Z) R 7→ Fil1NRΓcrys(R/Zp)

satisfies descent for the p-quasisyntomic topology (Corollary 4.6.7), we may further reduce to the
case where R is quasiregular semiperfect. In this case, the p-completion of the complex Gm(R)[−1]
can be identified with the Tate module Tp(R×). Since Fil1N RΓcrys(R/Zp) is p-complete complete,
the map ucrys determines a homomorphism of abelian groups ûcrys : Tp(R×)→ Fil1N RΓcrys(R/Zp) ≃
Fil1NAcrys(R), and u∆ a homomorphism û∆ : Tp(R

×) → Fil1N ∆R. We will complete the proof by
showing that ûcrys coincides with γcrys

∆
◦ û∆ (as a homomorphism of abelian groups).

Since R is quasiregular semiperfect, the comparison map γ∆
crys is an isomorphism, whose inverse

is the map βR : Acrys(R)→ ∆R which appears in the statement of Lemma 4.6.8 (after restriction to
the first stage of the Nygaard filtration). By construction, we have a commutative diagram

Acrys(R)

ǫcrys

��

βR
∼

// ∆R
ϕ // ∆R

��
R ∆R.

(43)
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Let J denote the kernel of the quotient map R♭ ։ R, let x be an element of the abelian group
Tp(R

×) ≃ (1+ J)×, and let [x] denote the image of the Teichmüller representative of x in Acrys(R).
We then compute

û∆(x) = log∆(ϕ(βR([x])))

= βR(log[x])

= βR(û
crys(x))

where the first equality follows from the defining property of c∆1 together with the commutativity
of (43), the second equality from Corollary 2.6.12, and the third equality from Example 7.3.4. The
desired result now follows by applying the isomorphism γ∆

crys to both sides �

Let R be an animated commutative ring. Since the syntomic complex RΓsyn(Spf(R),Zp(1)) is
p-complete, the morphism csyn1 of Proposition 7.5.2 admits an essentially unique factorization as a
composition

RΓét(Spec(R),Gm)[−1]→ RΓét(Spec(R),Gm)
∧[−1]

ĉsyn1−−→ RΓsyn(Spf(R),Zp(1)).

We can now formulate our main result:

Theorem 7.5.6. Let R be a p-complete animated commutative ring. Then the morphism

ĉsyn1 : RΓét(Spec(R),Gm)
∧[−1]→ RΓsyn(Spf(R),Zp(1))

is an isomorphism (in the derived ∞-category D̂(Zp)).

Theorem 7.5.6 is essentially proven in [19], at least for p-quasisyntomic commutative rings (see
Proposition 7.17 of [19]). We present here a different proof, which avoids the use of algebraic K-
theory and instead proceeds by reduction to the analogous statement for crystalline cohomology
(Theorem 7.3.5), which was proved using the exact sequence of Theorem 7.1.1. We proceed in
several steps.

Lemma 7.5.7. Let R be a quasisyntomic Fp-algebra. Then the morphism

ĉsyn1 : RΓét(Spec(R),Gm)
∧[−1]→ RΓsyn(Spf(R),Zp(1))

is an isomorphism.

Proof. By virtue of Proposition 7.5.5, this is equivalent to the assertion that the map

ĉcrys1 : RΓét(Spec(R),Gm)
∧[−1]→ RΓcrys(R/Zp)

is an isomorphism, which follows from Theorem 7.3.5. �

Lemma 7.5.8. Let R be an animated Fp-algebra. Then there is a canonical map

ρR : RΓsyn(Spf(R),Zp(1))→ RΓét(Spec(R),Gm)
∧[−1],

which is characterized by the requirement that it depends functorially on R (as an object of the
∞-category CAlganFp

) and the composition

RΓsyn(Spf(R),Zp(1))
ρR−→ RΓét(Spec(R),Gm)

∧[−1]
ĉsyn1−−→ RΓsyn(Spf(R),Zp(1))

is the identity (up to a homotopy which depends functorially on R). Here ĉsyn1 denotes the p-
completion of the morphism csyn1

Proof. By virtue of Proposition 7.4.8, the functor

CAlganFp
→ D̂(Zp) R 7→ RΓsyn(Spf(R),Zp(1))

commutes with sifted colimits, and is therefore a left Kan extension of its restriction to the category
PolyFp

of finitely generated polynomial algebras over Fp. It will therefore suffice to construction
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the morphism ρR (and the homotopy ĉsyn1 ◦ ρR ≃ id) in the case where R is a polynomial algebra
over Fp. In this case, the morphism ĉsyn1 is an isomorphism (Lemma 7.5.7). �

Lemma 7.5.9. Let R be an animated Fp-algebra. Then the morphism

ĉsyn1 : RΓét(Spec(R),Gm)
∧[−1]→ RΓsyn(Spf(R),Zp(1))

is an isomorphism.

Proof. Let ρR : RΓsyn(Spf(R),Zp(1))→ RΓét(Spec(R),Gm)
∧[−1] be the morphism of Lemma 7.5.8.

By construction, ρR is a right homotopy inverse to ĉsyn1 . We claim that it is also left homotopy
inverse: that is, that the composition

RΓét(Spec(R),Gm)
∧[−1]

ĉsyn1−−→ RΓsyn(Spf(R),Zp(1))
ρR−→ RΓét(Spec(R),Gm)

∧[−1]

is homotopic to the identity. Moreover, we will show that the homotopy can be chosen functorially
in R ∈ CAlganFp

.
For every animated Fp-algebra R, let uR : Gm(R)[−1]→ RΓét(Spec(R),Gm)

∧[−1] be the tauto-
logical map. Since the functor R 7→ RΓét(Spec(R),Gm)

∧[−1] takes p-complete values and satisfies
étale descent, it will suffice to show uR agrees with uR ◦ ρR ◦ ĉ

syn
1 (up to a homotopy which can be

chosen functorially in R). By virtue of Remark 7.2.8, the functor R 7→ Gm(R)[−1] is a left Kan
extension of its restriction to smooth Fp-algebras. It will therefore suffice to show that ρR is a left
homotopy inverse to ĉsyn1 when restricted to smooth Fp-algebras, which follows from Lemma 7.5.7.

�

Proof of Theorem 7.5.6. Let R be a p-complete animated commutative ring, let F⊗•+1
p be the cosim-

plicial animated commutative ring introduced in Notation 4.2.7, and let R• denote the cosimplicial
R-algebra given by R• = R⊗LZ F⊗•+1

p . We then have a commutative diagram

RΓét(Spec(R),Gm)
∧[−1]

ĉsyn1 //

��

RΓsyn(Spf(R),Zp(1))

��
Tot(RΓét(Spec(R

•),Gm)
∧[−1]) // Tot(RΓsyn(Spf(R),Zp(1))),

where the vertical maps are isomorphisms by virtue of Propositions 7.4.10 and 7.2.15. Consequently,
to show that the map ĉsyn1 : RΓét(Spec(R),Gm)

∧[−1] → RΓsyn(Spf(R),Zp(1)) is an isomorphism,
it suffices to prove the analogous statement for the animated commutative rings Rn for each n ≥ 0.
This follows from Lemma 7.5.9, since Rn admits the structure of an animated Fp-algebra. �

7.6. The de Rham Specialization. Our goal in this section is to compare the syntomic first
Chern class of Proposition 7.5.2 with the classical construction of Chern classes in (derived) de
Rham cohomology. We begin by reviewing how the latter are defined.

Proposition 7.6.1. For every animated commutative ring R, there is a canonical map

cdR1 : RΓ(Spec(R)ét,Gm)[−1]→ Fil1Hod d̂RR

in the∞-category D̂(Z), which is determined (up to essentially unique homotopy) by the requirement
that it depends functorially on R and that, when R is an ordinary commutative ring, the composite
map

Gm(R)[−1]→ RΓét(Spec(R),Gm)[−1]
cdR1−−→ Fil1Hod d̂RR → (Ω̂≥1

R , d)→ Ω̂1
R[−1]
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coincides with the homomorphism of abelian groups

R× → Ω̂1
R u 7→ dlog(u) =

du

u
.

Proof. Since the functor R 7→ Fil1Hod d̂RR satisfies étale descent and the functor R 7→ Gm(R) is a left
Kan extension of its restriction to smooth Z-algebras (Remark 7.2.8), we may restrict our attention
to the case where R is a smooth Z-algebra. In this case, the comparison map Fil1Hod d̂RR → (Ω̂≥1

R , d)
is an isomorphism in D(Z) (see Proposition E.12). We are therefore reduced to showing that the
map dlog : Gm(R)[−1]→ Ω̂1

R[−1] admits an essentially unique factorization through the truncated
de Rham complex (Ω̂≥1

R , d). This follows from the assertion that for every invertible element u ∈ R,
the differential form dlog(u) = du/u is closed. �

We will refer to the morphism cdR1 : RΓét(Spec(R),Gm)[−1] → Fil1Hod d̂RR as the de Rham first
Chern class. Our main result can now be stated as follows:

Theorem 7.6.2. Let R be an animated commutative ring. Then the de Rham first Chern class

cdR1 : RΓ(Spec(R)ét,Gm)[−1]→ Fil1Hod d̂RR of Proposition 7.6.1 agrees with the composition

RΓét(Spec(R),Gm)[−1]
c∆1−→ Fil1N ∆R{1}

γdR
∆

{1}
−−−−→ Fil1Hod d̂RR

(up to a homotopy which depends functorially on R); here γdR
∆
{1} is the de Rham comparison

morphism (see Construction 5.5.3).

Proof. For every animated commutative ring R with underlying commutative ring π0(R), let uR
denote the composite map

Gm(R)[−1] → RΓét(Spec(R),Gm)[−1]

c∆1−→ Fil1N ∆R{1}

γdR
∆

{1}
−−−−→ Fil1Hod d̂RR

→ gr1Hod d̂RR

≃ LΩ̂1
R[−1];

here LΩ̂1
R denotes the p-complete absolute cotangent complex of R. Specializing to the case where R

is an ordinary commutative ring and passing to cohomology in degree 1, we obtain a homomorphism
of abelian groups ρR : R× → Ω̂1

R. We will complete the proof by showing that the homomorphism
ρR is given by u 7→ dlog(u).

Let R0 denote the Laurent polynomial ring Z[t±1] and let R̂0 denote its p-completion, so that
Ω̂1
R0

is freely generated as a R̂0-module by the element dlog(t) = dt
t . We can therefore write

ρR0(t) = f(t) dlog(t) for some unique element f(t) ∈ R̂0. It then follows by functoriality that,
for every invertible element u of any commutative ring R, we have ρR(u) = f(u) dlog(u) in Ω̂1

R.
Specializing to the case R = Z[u±1, v±1], we obtain an identity

f(u) dlog(u) + f(v) dlog(v) = ρR(u) + ρR(v)

= ρR(uv)

= f(uv) dlog(uv)

= f(uv) dlog(u) + f(uv) dlog(v).

Since Ω̂1
R is freely generated by dlog(u) and dlog(v) as a module over R̂, it follows that we have an

equality f(u) = f(uv) = f(v) in R̂, so that f(t) = c for some scalar c ∈ Zp. We will complete the
proof by showing that c = 1.
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Let (A, I) be the perfection of the q-de Rham prism (so that A is the completion of Z[q1/p
∞

]

with respect to the ideal (p, q−1) and I is the principal ideal generated by the element [p]q =
qp−1
q−1 )

let Zcyc
p denote the quotient ring A/I. To avoid confusion, let us write R for same commutative

ring Zcyc
p , regarded as an A-algebra via the prismatic augmentation ǫ∆ : A → Zcyc

p (that is, for
the quotient ring A/J , where J = ϕ−1(I) is the ideal generated by the element [p]q1/p). Note that

the p-complete complex LΩ̂R[−1] can be identified with the quotient J/J2, so that ρR induces a
morphism of Tate modules ρ̂R : Tp(R

×) → J/J2. Let ǫ ∈ Tp(R×) denote the element given by the
compatible system of p-power roots of unity (q, q1/p, q1/p

2
, · · · ). Using the commutativity of the

diagram
0 // Zp //

��

Qp

γ 7→dlog(qγ )

��

// Qp /Zp

��

// 0

J/J2 d // R⊗A Ω1
A

// Ω1
R

// 0

and the congruence dlog(q) ≡ d(q − 1) (mod q − 1), we obtain ρ̂R(ǫ) = c(q − 1) as an element of
J/J2. On the other hand, the prismatic logarithm log∆ carries ǫ to the element log∆(q

p) ∈ A{1}.
Using the definition of the comparison map γdR

∆
{1} and Corollary 2.6.12, we see that ρ̂R(ǫ) is the

image of log(q) under the quotient map Acrys(R/pR) ։ A/J2. It follows that the scalar c can be
identified with the coefficient of q − 1 in the power series expansion

log(q) = log(1 + (q − 1)) =
∑

m>0

(−1)m+1 (q − 1)m

m
,

which is equal to 1. �
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8. Comparison with Étale Cohomology

Let X be a scheme, and assume for simplicity that the structure sheaf OX has bounded p-power
torsion. We can then consider two different p-adic cohomological invariants of X:

(1) The p-adic étale cohomology groups H∗
ét(U,Zp(n)), where U = Spec(Z[1/p])×X is the open

subscheme of X where p is invertible.
(2) The syntomic cohomology groups H∗

syn(X,Zp(n)), where X = Spf(Zp) × X is the formal
completion of X along the vanishing locus of p.

Our goal in this section is to study the relationship between these invariants. Let us begin by
considering the case n = 1. In this case, both H∗

syn(X,Zp(1)) and H∗
ét(U,Zp(1)) are closely related

to the cohomology groups H∗
ét(X,Gm). More precisely, there are canonical maps

H∗
ét(X,Gm)

xxqqq
qq
qq
qq
qq
qq
qq
qq
qq
qq

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼

H∗
ét(X,Gm)

csyn1

��

H∗
ét(U,Gm)

cét1

��

H∗+1
syn (X,Zp(1)) H∗+1

ét (U,Zp(1))

where the left vertical map is (induced by) the syntomic first Chern class of Variant 7.5.4, and the
right vertical map is its counterpart in p-adic étale cohomology (whose definition we recall in §8.2).
These can be obtained from maps of cochain complexes

RΓét(X,Gm)[−1]

csyn1

ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

cét1

''❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖❖
❖

RΓsyn(X,Zp(1)) RΓét(U,Zp(1)).

(44)

Suppose now that the scheme X = Spec(R) is affine, and that the commutative ring R is p-
complete. In this case, Theorem 7.5.6 guarantees that the map csyn1 exhibits RΓsyn(X,Zp(1)) as
the p-completion of RΓét(X,Gm)[−1] (as an object of the derived ∞-category D(Z)). Since the
complex RΓét(U,Zp(1)) is p-complete, we can expand (44) to a commutative diagram

RΓét(Spec(R),Gm)[−1]

csyn1

vv❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧

cét1

))❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

RΓsyn(Spf(R),Zp(1))
γétsyn{1} // RΓét(Spec(R[1/p]),Zp(1)).

In §8.3, we show that γ étsyn{1} admits an essentially unique extension to a multiplicative map
⊕

n∈Z

RΓsyn(Spf(R),Zp(n))→
⊕

n∈Z

RΓét(Spec(R[1/p]),Zp(n))
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which depends functorially on R (Theorem 8.3). Restricting to graded degree n, we obtain a map
γ étsyn{n} : RΓsyn(Spf(R),Zp(n)) → RΓét(Spec(R[1/p]),Zp(n)) which we will refer to as the étale
comparison morphism for syntomic cohomology.

In §8.4, we use the étale comparison morphism of §8.3 to amalgamate p-adic étale cohomology
(regarded as an invariant of Z[1/p]-schemes) and syntomic cohomology (regarded as an invariant of
p-adic formal schemes) into a single invariant. Let R be an animated commutative ring and let R̂
denote its p-completion. We let RΓsyn(Spec(R),Zp(n)) denote the pullback of the diagram

RΓsyn(Spf(R̂),Zp(n))
γétsyn{n}
−−−−−→ RΓét(Spec(R̂[1/p]),Zp(n))← RΓét(Spec(R[1/p]),Zp(n)).

We denote the cohomology groups of RΓsyn(Spec(R),Zp(n)) by H∗
syn(Spec(R),Zp(n)), which we

will refer to as the syntomic cohomology groups of Spec(R). This construction has the following
features:

• The construction R 7→ RΓsyn(Spec(R),Zp(n)) satisfies descent for the fpqc topology (Propo-
sition 8.4.6). In particular, it admits a canonical extension X 7→ RΓsyn(X,Zp(n)) to the
category of schemes (Variant 8.4.7).
• If X is a scheme with the property that p is invertible in OX , then RΓsyn(X,Zp(n)) can be

identified with the usual étale cochain complex RΓét(X,Zp(n)) (Remark 8.4.2).
• Let X be a scheme which is proper over a commutative ring R, and assume that the structure

sheaf OX has bounded p-power torsion. If R is p-complete, then RΓsyn(X,Zp(n)) can be
identified with the syntomic complex of the formal scheme X = Spf(Zp)×X.
• For every scheme X, there is a canonical isomorphism RΓsyn(X,Zp(0)) ≃ RΓét(X,Zp)

(Proposition 8.4.13). Our proof will use an analysis of the untwisted syntomic complex
RΓsyn(Spf(R),Zp), which we carry out in §8.1 (see Theorem 8.1.9).
• The syntomic first Chern class of Variant 7.5.4 has a schematic counterpart. To every scheme
X, we can associate a canonical map

csyn1 : RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1)),

which exhibits RΓsyn(X,Zp(1)) as a p-completion of RΓét(X,Gm)[−1] (Proposition 8.4.14).
Passing to cohomology in degree 2, we obtain a homomorphism of abelian groups

Pic(X)→ H2
syn(X,Zp(1)) L 7→ csyn1 (L ).

• Let Z[ζp∞ ] denote the cyclotomic number ring
⋃
n≥1Z[ζpn ], so that we can regard the se-

quence ǫ = (1, ζp, ζ
2
p , · · · ) as an element of the Tate module

Tp(Z[ζp∞ ]×) ≃ H0
syn(Spec(Z[ζp∞]),Zp(1)).

Let X be a Z[ζp∞]-scheme which is quasi-compact and quasi-separated, and let

U = Spec(Q[ζp∞ ])×Spec(Z[ζp∞ ]) X

denote its generic fiber. In §8.5, we show that the étale cochain complex RΓét(U,Zp) can
be identified with the p-completed direct limit of the diagram

RΓsyn(X,Zp)
ǫ
−→ RΓsyn(X,Zp(1))

ǫ
−→ RΓsyn(X,Zp(2))

ǫ
−→ · · ·

(Theorem 8.5.1). Stated more informally, passage from syntomic cohomology to p-adic étale
cohomology can be implemented by inverting the element ǫ.

8.1. Étale Cohomology with Constant Coefficients. Let R be an animated commutative ring.
For every integer k ≥ 0, we let RΓét(Spec(R),Z /p

k Z) denote the derived global sections of the
constant sheaf Z /pk Z on the étale site of Spec(R). We let RΓét(Spec(R),Zp) denote the inverse
limit

lim
←−
k

RΓét(Spec(R),Z /p
k Z),
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formed in the derived ∞-category D(Z).

Remark 8.1.1. For every animated commutative ring R, the étale site of Spec(R) agrees with
the étale site of the underlying commutative ring π0(R). It follows that the cochain complexes
RΓét(Spec(R),Z /p

n Z) and RΓét(Spec(R),Zp) depend only on π0(R). Nevertheless, it will be
convenient in what follows to regard both constructions as defined on the ∞-category CAlgan of
animated commutative rings.

Example 8.1.2. For every strictly Henselian local ring R, the unit map Zp → RΓét(Spec(R),Zp)

is an isomorphism (in the ∞-category D̂(Zp)).

Example 8.1.3. Let R be an animated Fp-algebra. Then the constant sheaf Z /pZ on Spec(R)ét
can be identified with the fiber of the Artin-Schreier map

ϕ− 1 : OSpec(R) → OSpec(R) .

Passing to global sections, we obtain a fiber sequence

RΓét(Spec(R),Z /pZ)→ R
ϕ−1
−−→ R

in the derived ∞-category D(Fp).

Remark 8.1.4. The functor

CAlganFp
→ D̂(Zp) R 7→ RΓét(Spec(R),Zp)

commutes with sifted colimits. To prove this, it suffices to show that the functor

CAlganFp
→ D(Fp) R 7→ RΓét(Spec(R),Z /pZ)

commutes with sifted colimits, which follows immediately from Example 8.1.3.

Remark 8.1.5. The functor

CAlgan → D̂(Zp) R 7→ RΓét(Spec(R),Zp)

commutes with filtered colimits.

Remark 8.1.6. Let R be a commutative ring and let I ⊆ R be an ideal such that the pair (R, I) is
Henselian. Then the quotient map R → R/IR induces an isomorphism RΓét(Spec(R),Z /p

n Z) →
RΓét(Spec(R/I),Z /p

n Z) for all n. This is a special case of Gabber’s affine proper base change
theorem (see [32] or [17]).

Remark 8.1.7 (Derived Descent). Let R be an animated commutative ring, and let R• denote the
derived tensor product of R with the cosimplicial animated commutative ring F⊗•+1

p of Notation
4.2.7. If R is p-complete, then Remarks 8.1.1 and Remark 8.1.6 guarantee that the tautological map
RΓét(Spec(R),Zp) → RΓét(Spec(R

n),Zp) is an isomorphism (in the ∞-category D̂(Zp)) for every
nonnegative integer n. In particular, we can recover RΓét(Spec(R),Zp) as the totalization of the
(constant) cosimplicial object RΓét(Spec(R

•),Zp).

The construction R 7→ RΓét(Spec(R),Zp) determines a functor of ∞-categories CAlgan →

CAlg(D̂(Zp)) which is characterized by the following universal property: for every functor F :

CAlgan → CAlg(D̂(Zp)) which satisfies descent for the étale topology, there is an essentially unique
natural transformation of functors RΓét(Spec(•),Zp)→ F (•). Applying this universal property to
the functor F (R) = RΓsyn(Spec(R̂),Zp) of Construction 7.4.1 (and invoking Proposition 7.4.7), we
obtain the following:
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Proposition 8.1.8. For every animated commutative ring R, there is a canonical map

αR : RΓét(Spec(R),Zp)→ RΓsyn(Spf(R),Zp),

of commutative algebra objects of the ∞-category D̂(Zp), which is characterized (up to homotopy)
by the requirement that it depends functorially on R.

Theorem 8.1.9. Let R be a p-complete animated commutative ring. Then the comparison map

αR : RΓét(Spec(R),Zp)→ RΓsyn(Spf(R),Zp)

of Proposition 8.1.8 is an isomorphism (in the ∞-category D̂(Zp)).

Theorem 7.5.6 is essentially proven in [19], at least for p-quasisyntomic commutative rings (see
Proposition 7.16 of [19]). We will give a different proof here, which avoids the use of algebraic
K-theory.

Proof of Theorem 8.1.9. By virtue of Proposition 7.4.10 and Remark 8.1.7, we can assume without
loss of generality that R has the structure of an animated Fp-algebra. Since the functors

CAlganFp
→ D̂(Zp) R 7→ RΓét(Spec(R),Zp),RΓsyn(Spf(R),Zp)

both commute with sifted colimits (Proposition 7.4.8 and Remark 8.1.4), we can further reduce to
the case where R is a smooth Fp-algebra (or even a polynomial algebra over Fp). Using Propositions
4.4.12 and 5.2.5, we obtain isomorphisms

Fp⊗
L
∆R ≃ Fp⊗

L
∆R/Zp

≃ dRR/Fp
.

We are therefore reduced to showing that αR induces an isomorphism

αR : RΓét(Spec(R),Z /pZ)→ fib(ϕ− 1 : dRR/Fp
→ dRR/Fp

)

in the ∞-category D(Fp). We now observe that the composition

RΓét(Spec(R),Z /pZ)
αR−−→ fib(ϕ− 1 : dRR/Fp

→ dRR/Fp
)
ǫdR−−→ fib(ϕ− 1 : R→ R)

is the isomorphism supplied by the Artin-Schreier sequence of Example 8.1.3. It will therefore suffice
to show that the second map is an isomorphism in D(Fp): that is, that the map ϕ − 1 acts by an
automorphism on the complex Fil1Hod dRR/Fp

. This is clear: since R is smooth over Fp, we can
identify Fil1Hod dRR/Fp

with the truncated de Rham complex (Ω≥1
R/Fp

, d), on which the Frobenius
map vanishes. �

Corollary 8.1.10. Let R be a p-complete commutative ring, and suppose that the Artin-Schreier
map

R/pR
x 7→xp−x
−−−−−→ R/pR

is a surjection. Then the syntomic complex RΓsyn(Spf(R),Zp) is concentrated in cohomological
degree zero (and is therefore isomorphic to the abelian group H0

ét(Spec(R),Zp) of continuous Zp-
valued functions on Spec(R)).

Proof. By virtue of Theorem 8.1.9, it will suffice to show that the complex RΓét(Spec(R),Zp) is
concentrated in cohomological degree zero. Since this can be tested after reduction modulo p, we
are reduced to checking that the cohomology groups Hiét(Spec(R),Fp) vanish for i > 0. By virtue
of Remark 8.1.6, and Example 8.1.3, this is equivalent to the surjectivity of the Artin-Schreier map
R/pR

x 7→xp−x
−−−−−→ R/pR. �
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8.2. The Étale First Chern Class. Let R be an animated commutative ring in which p is
invertible. For every integer k ≥ 0, the finite flat group scheme

µpk = ker(Gm
pk
−→ Gm)

determines an invertible sheaf of (Z /pk Z)-modules on the étale site of Spec(R). For every integer
n, we denote the nth tensor power of this invertible sheaf by (Z /pk Z)(n), and we denote its derived
global sections by RΓét(Spec(R), (Z /p

k Z)(n)). Let RΓét(Spec(R),Zp(n)) denote the inverse limit

lim←−
k

RΓét(Spec(R), (Z /p
k Z)(n)),

formed in the derived ∞-category D(Z). We denote the cohomology groups of this complex by
H∗

ét(Spec(R),Zp(n)).

Remark 8.2.1. Let R be an animated commutative ring in which p is invertible, and let π0(R)
denote the underlying commutative ring of R. For every integer n, the tautological map

RΓét(Spec(R),Zp(n))→ RΓét(Spec(π0(R)),Zp(n))

is an isomorphism. In other words, the complex RΓét(Spec(R),Zp(n)) depends only on the com-
mutative ring π0(R). Nevertheless, it will be convenient for us to view R 7→ RΓét(Spec(R),Zp(n))
as a functor defined on animated commutative rings.

Example 8.2.2. Let R be an animated commutative ring. If p is invertible in π0(R), then
RΓét(Spec(R),Zp(1)) agrees with the complex RΓét(Spec(R),Gm)[−1]

∧ introduced in Notation
7.2.10. In particular, if R is a commutative ring, then the 0th cohomology group H0(Spec(R),Zp(1))
is isomorphic to the Tate module Tp(R×) (see Remark 7.2.2).

Remark 8.2.3. Let R be an animated commutative ring in which p is invertible. Then we can
regard the direct sum ⊕

n∈Z

RΓét(Spec(R),Zp(n))

as a graded commutative ring object of the∞-category D̂(Zp). In particular, each of the complexes
RΓét(Spec(R),Zp(n)) can be regarded as a module over RΓét(Spec(R),Zp).

Example 8.2.4. For each n ≥ 1, let Q(ζpn) denote the cyclotomic field obtained from Q by
adjoining a primitive pnth root of unity ζpn , and let Q(ζp∞) denote the direct limit lim−→n

Q(ζpn).
Then the system {ζpn}n≥0 determines an element ǫ of the Tate module

Tp(Q(ζp∞)×) ≃ H0
ét(Spec(Q(ζp∞)),Zp(1)).

If R is any animated commutative algebra over Q(ζp∞), then multiplication by ǫn induces an
isomorphism RΓét(Spec(R),Zp) ≃ RΓét(Spec(R),Zp(n)) in the ∞-category D(Z). Stated more
informally, we have an isomorphism

⊕

n∈Z

RΓét(Spec(R),Zp(n)) ≃ RΓét(Spec(R),Zp)[ǫ
±1]

of graded commutative algebras objects in the ∞-category D̂(Zp).

Construction 8.2.5 (The Étale First Chern Class). Let R be an animated commutative ring.
Then Example 8.2.2 determines a canonical map

RΓét(Spec(R),Gm)[−1]→ RΓét(Spec(R[1/p]),Gm)[−1]∧ ≃ RΓét(Spec(R[1/p]),Zp(1)),

which we will denote by cét1 and refer to as the étale first Chern class.
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8.3. The Étale Comparison Morphism. Let R be an animated commutative ring which is p-
complete. Using Theorem 7.5.6, we can identify the étale first Chern class of Construction 8.2.5
with a morphism of complexes

γ étsyn{1} : RΓsyn(Spf(R),Zp(1))→ RΓét(Spec(R[1/p]),Zp(1)).

Our goal in this section is to show that this construction admits an essentially unique multiplicative
extension to general twists.

Theorem 8.3.1. Let R be a p-complete animated commutative ring. Then there is a canonical map

(
⊕

n∈Z

γ étsyn{n}) :
⊕

n∈Z

RΓsyn(Spf(R),Zp(n))→
⊕

n∈Z

RΓét(Spec(R[1/p]),Zp(n))

of graded commutative ring objects of D(Z). This map is characterized (up to homotopy) by the
requirement that it depends functorially on R and that the composition

RΓét(Spec(R),Gm)[−1]
csyn1−−→ RΓ(Spf(R),Zp(1))

γétsyn{1}
−−−−→ RΓét(Spec(R[1/p]),Zp(1))

coincides with the étale first Chern class cét1 of Construction 8.2.5 (up to a homotopy which depends
functorially on R).

To prove Theorem 8.3.1, we will exploit the fact that there is a large class of commutative rings R
for which the syntomic complexes RΓsyn(Spf(R),Zp(n)) can be described explicitly. In what follows,
we write Zcyc

p for the perfectoid ring given by the p-completion of Z[q1/p
∞

]/([p]q), and ǫ ∈ Tp(Zcyc×
p )

for the compatible system of pnth power roots of unity given by the sequence (qp, q, q1/p, · · · ). Note
that Zcyc

p is a local ring, whose residue field can be identified (uniquely) with the finite field Fp.

Lemma 8.3.2. Let R be a perfectoid Zcyc
p -algebra. Then:

(a) For each n ≥ 2, multiplication by the element log∆(ǫ) induces an isomorphism

RΓsyn(Spf(R),Zp(n − 1))→ RΓsyn(Spf(R),Zp(n))

in the ∞-category D̂(Zp).
(b) Suppose that the groups Exti

Z
cyc
p

(Fp, R) vanish for every integer i. Then multiplication by

log∆(ǫ) induces an isomorphism

RΓsyn(Spf(R),Zp)→ RΓsyn(Spf(R),Zp(1)).

Proof. To simplify the notation, we will assume that R is p-torsion-free (this is not actually essential
to the argument, but will be satisfied in the cases we apply Lemma 8.3.2). Write R as a quotient
A/I, where (A, I) is a perfect prism. The Zcyc

p -algebra structure on R then determines a map of
prisms (A0, ([p]q))→ (A, I), where A0 denotes the (p, q − 1)-completion of the ring Z[q1/p

∞

]. Since
R is p-torsion-free, the ring A is (q − 1)-torsion-free.

For each n ≥ 0, the Frobenius on A induces an isomorphism ϕ{n} : FilnNA{n} ≃ A{n}. We will
denote its inverse ϕ{n}−1, which we regard as an endomorphism of A{n}, so that the syntomic
complex RΓsyn(Spf(R),Zp(n)) is given by the fiber of the map (1 − ϕ{n}−1) : A{n} → A{n}.
By virtue of Proposition 2.6.1, multiplication by log∆(ǫ)

n determines a Frobenius-equivariant iso-
morphism 1

(q−1)nA ≃ A{n}. For n ≥ 1, we conclude that the cofiber of the map log∆(ǫ) :

RΓsyn(Spf(R),Zp(n− 1))→ RΓsyn(Spf(R),Zp(n)) can be identified with the two-term complex

(1− ϕ−1) : (
1

(q − 1)n
A)/(

1

(q − 1)n−1
A)→ (

1

(q − 1)n
A)/(

1

(q − 1)n−1
A).

To prove (a), we must show that the differential of this complex is an isomorphism for n ≥ 2. For
this, it suffices to observe that the endomorphism

ϕ−1 :
1

(q − 1)n
A/

1

(q − 1)n−1
A→

1

(q − 1)n
A/

1

(q − 1)n−1
A
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is divisible by pn−1 (by virtue of the congruence [p]n
q1/p
≡ pn−1[p]q1/p (mod q − 1)).

We now prove (b). Assume that the groups Exti
Z

cyc
p

(Fp, R) vanish for every integer i. Writing m for
the maximal ideal of Zcyc

p , we conclude that the unit map R→ RHomZ
cyc
p

(m, R) is invertible: that is,
R can be identified with the homotopy limit of the the diagram of fractional ideals { 1

ζpm+1−1R}m≥0 in

the∞-category D(R). It follows that A can be identified with the homotopy limit of the diagram of
fractional ideals { 1

q1/p
m
−1
A}m≥0 in the∞-category D(A). Consequently, to show that 1−ϕ−1 is an

automorphism of the abelian group ( 1
q−1A)/A, it will suffice to show that it induces an automorphism

of the quotient ( 1
q−1A)/(

1
q1/p

m
−1
A) for every integer m ≥ 0. This follows by induction on m, since

ϕ−1 acts by zero on each of the successive quotients ( 1

q1/pm−1−1
A)/( 1

q1/pm−1
A). �

Proposition 8.3.3. Let R be a perfectoid Zcyc
p -algebra satisfying the following conditions:

(a) The abelian groups Exti
Z

cyc
p

(Fp, R) vanish for all integers i.

(b) The Artin-Schreier map

R/pR
x 7→xp−x
−−−−−→ R/pR

is surjective.

Then the tautological map

H0
ét(Spf(R),Zp)[log∆(ǫ)]→

⊕

n∈Z

RΓsyn(Spf(R),Zp(n))

is an isomorphism of graded commutative ring objects of D(Z). In particular, each of the syntomic
complexes RΓsyn(Spf(R),Zp(n)) has cohomology concentrated in degree zero.

Proof. Combine Lemma 8.3.2, Corollary 8.1.10, and Corollary 7.4.9. �

Example 8.3.4. Let C be a field of characteristic zero which is complete with respect to a non-
archimedean absolute value, and whose residue field has characteristic p. Assume that C is alge-
braically closed and spherically complete. Any choice of a compatible system of primitive pnth roots
of unity determines a morphism from Zcyc

p to the valuation ring OC which satisfies hypotheses (a)
and (b) of Proposition 8.3.3.

Remark 8.3.5. The collection of perfectoid Zcyc
p -algebras which satisfy conditions (a) and (b) is

closed under the formation of products.

Remark 8.3.6. For any p-complete commutative ring R, Theorem 7.5.6 and Remark 7.2.2 supply
an isomorphism

Tp(R
×)

ĉsyn1−−→ H0
syn(Spf(R),Zp(1)).

If R satisfies the hypotheses of Proposition 8.3.3, then RΓsyn(Spf(R),Zp(1)) is concentrated in
cohomological degree zero, and can therefore be identified with the Tate module Tp(R×).

Proposition 8.3.7. Let R be p-complete animated commutative ring. Then the comparison map

γ étsyn{0} : RΓsyn(Spf(R),Zp)→ RΓét(Spec(R[1/p]),Zp)

of Theorem 8.3.1 is obtained by composing the isomorphism

αR : RΓsyn(Spf(R),Zp) ≃ RΓét(Spec(R),Zp)

of Theorem 8.1.9 with the tautological map RΓét(Spec(R),Zp) → RΓét(Spec(R[1/p]),Zp) (up to a
homotopy depending functorially on R).
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Proof. Let C be the category of perfectoid commutative rings R for which there exists a ring homo-
morphism Zcyc

p → R satisfying conditions (a) and (b) of Proposition 8.3.3. By virtue of Example
8.3.4 and Remark 8.3.5, the category C contains every commutative ring of the form

∏
i∈I OCi ,

where {Ci}i∈I is a collection of algebraically closed fields of characteristic zero which are complete
and spherically complete with respect to non-archimedean absolute values of residue characteristic
p. In particular, C forms a basis for the arcp topology on the category of commutative rings (see
Definition 6.14 of [17]). Using Corollary 6.17 of [17], we see that the functor RΓét(Spec(R[1/p]),Zp)
is a right Kan extension of its restriction to C. It will therefore suffice to prove Proposition 8.3.7 in
the special case where R belongs to C. In this case, the complex RΓsyn(Spf(R),Zp) is concentrated
in cohomological degree zero (Corollary 8.1.10); it will therefore suffice to prove the commutativity
of the diagram of rings

H0
syn(Spf(R),Zp)

αR //

γétsyn{0}

((PP
PP

PP
PP

PP
PP

PP
PP

PP
PP

PP
PP

H0
ét(Spec(R),Zp)

vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥

H0
ét(Spec(R[1/p]),Zp).

(45)

Here H0
ét(Spec(R[1/p]),Zp) can be identified with the ring of continuous Zp-valued functions on the

topological space Spec(R[1/p]). To show that two such functions coincide, it suffices to check this
at each point of the topological space Spec(R[1/p]). By functoriality, we are reduced to checking
the commutativity of the diagram (45) in the case where R = OC is the valuation ring of an
algebraically closed field C of characteristic zero which is complete and spherically complete having
residue characteristic p. In this case, H0

syn(Spf(R),Zp) ≃ Zp is the initial object of the category of
p-complete commutative rings, so the commutativity of the diagram is automatic. �

Proof of Theorem 8.3.1. Let C be as in the proof of Proposition 8.3.7. It follows from Corollary 6.17
of [17] (and Remark 8.2.1) that, for every integer n, the functor

R 7→ RΓét(Spec(R[1/p]),Zp(n))

on the ∞-category of p-complete animated commutative rings is a right Kan extension of its re-
striction to C. Consequently, to construct the comparison map

(
⊕

n∈Z

γ étsyn{n}) :
⊕

n∈Z

RΓsyn(Spf(R),Zp(n))→
⊕

n∈Z

RΓét(Spec(R[1/p]),Zp(n))

and the homotopy γ étsyn{1} ◦ c
∆

1 ≃ cét1 , we may assume without loss of generality that R belongs to
C. In this case, Proposition 8.3.3 guarantees that

⊕
n∈ZRΓsyn(Spf(R),Zp(n)) is isomorphic to a

polynomial ring in one variable over the ring H0
ét(Spec(R);Zp) of continuous Zp-valued functions

on Spec(R); in particular, it is concentrated in cohomological degree zero. Since the cohomology
groups of the complex

⊕
n∈ZRΓét(Spec(R[1/p]),Zp(n)) are concentrated in degrees ≥ 0, it can be

replaced by its cohomological truncation

τ≤0(
⊕

n∈Z

RΓét(Spec(R[1/p]),Zp(n))) ≃
⊕

n∈Z

H0
ét(Spec(R[1/p]),Zp(n)).

Moreover, the proof of Proposition 8.3.7 shows that, for the morphism γ étsyn{0} to depend functorially
on R, it must coincide with the restriction map H0

ét(Spec(R),Zp) → H0
ét(Spec(R[1/p]),Zp). Let

ρ : Tp(R[1/p]
×) → H0

ét(Spec(R[1/p]),Zp(1)) be the isomorphism of Example 8.2.2. Theorem 8.3.1
then reduces to the following more concrete assertion:
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(∗) For R ∈ C, the restriction map H0
ét(Spec(R),Zp) → H0

ét(Spec(R[1/p]),Zp) admits a unique
extension to a homomorphism of graded rings

(
⊕

n∈Z

γ étsyn{n}) :
⊕

n∈Z

H0
syn(Spf(R),Zp(n))→

⊕

n∈Z

H0
ét(Spec(R[1/p]),Zp(n))

for which the diagram of abelian groups

Tp(R
×)

log∆
∼

��

// Tp(R[1/p]
×)

ρ∼

��
H0

syn(Spf(R),Zp(1))
γétsyn{1} // H0

ét(Spec(R[1/p]),Zp(1))

commutes. Moreover, each of the maps γ étsyn{n} is natural in R.

To prove (∗), choose a homomorphism Zcyc
p → R satisfying the hypotheses of Proposition

8.3.3, which we identify with an element ǫ ∈ Tp(R
×). Proposition 8.3.3 then guarantees that⊕

n≥0RΓsyn(Spf(R),Zp(n)) is isomorphic to a polynomial algebra over the ring H0
syn(Spf(R),Zp) ≃

H0
ét(Spec(R),Zp) on the generator log∆(ǫ). It follows that there is a unique homomorphism of

graded rings

β :
⊕

n∈Z

RΓsyn(Spf(R),Zp(n))→
⊕

n∈Z

H0
ét(Spec(R[1/p]),Zp(n))

which agrees with the restriction map in degree zero and satisfies β(log∆(ǫ)) = ρ(ǫ) We will complete
the proof by showing that β(log∆(u)) = ρ(u) for every element u ∈ Tp(R

×) (in particular, this
shows that the homomorphism β does not depend on the choice of homomorphism Zcyc

p → R, and
therefore depends functorially on R). To prove this, we note that H0(Spec(R[1/p]),Zp(1)) is a
free H0

ét(Spec(R[1/p]),Zp)-module of rank 1, generated by the element ρ(ǫ) (Example 8.2.4). We
therefore have

β(log∆(u)) = aρ(ǫ) ρ(u) = bρ(ǫ)

for unique elements a, b ∈ H0
ét(Spec(R[1/p]),Zp), which we can identify with continuous Zp-valued

functions on the topological space Spec(R[1/p]). To show complete the proof, it will suffice to show
that the functions a and b coincide at each point of Spec(R[1/p]). As in the proof of Proposition
8.3.7, we can reduce to the case where R = OC is the valuation ring of an algebraically closed field C
of characteristic zero which is complete and spherically complete with respect to a non-archimedean
absolute value (of residue characteristic p). In this case, Tp(R×) is the free Zp-module generated by
ǫ. We may therefore replace u by ǫ, so that the desired result follows by construction. �

8.4. Syntomic Cohomology of Schemes. We now use the étale comparison morphism of Theo-
rem 8.3.1 to produce a refinement of Construction 7.4.1.

Construction 8.4.1. Let R be an animated commutative ring having p-completion R̂. For every
integer n, we let RΓsyn(Spec(R),Zp(n)) denote the pullback of the diagram

RΓsyn(Spf(R̂),Zp(n))
γétsyn{n}
−−−−−→ RΓét(Spec(R̂[1/p]),Zp(n))← RΓét(Spec(R[1/p]),Zp(n)),

formed in the ∞-category D̂(Zp). We will refer to the complexes {RΓsyn(Spec(R),Zp(n))}n∈Z as
the syntomic complexes of R.
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Remark 8.4.2. Let R be an animated commutative ring and let n be an integer. By construction,
there is a pullback diagram

RΓsyn(Spec(R),Zp(n)) //

��

RΓét(Spec(R[1/p]),Zp(n))

��

RΓsyn(Spf(R̂),Zp(n))
γétsyn{n} //// RΓét(Spec(R̂[1/p]),Zp(n)),

(46)

where the upper left corner is the syntomic complex of Construction 8.4.1 and the lower left corner
is the syntomic complex of Construction 7.4.1. By a slight abuse of terminology, we will denote the
upper horizontal map by

γ étsyn{n} : RΓsyn(Spec(R),Zp(n))→ RΓét(Spec(R[1/p]),Zp(n))

and refer to it as the étale comparison morphism. Note that:

• If the animated commutative ring R is p-complete, then the right vertical map in the diagram
(46) is invertible. It follows that the left vertical map is also invertible: in other words, the
syntomic complex RΓsyn(Spec(R),Zp(n)) of Construction 8.4.1 agrees with the syntomic
complex RΓsyn(Spf(R),Zp(n)) of Construction 7.4.1.
• If p is invertible in R, then the lower horizontal map in the diagram (46) is invertible (since

the source and target are both zero). It follows that the upper horizontal map is also
invertible: in other words, the étale comparison morphism

γ étsyn{n} : RΓsyn(Spec(R),Zp(n))→ RΓét(Spec(R),Zp(n))

is an isomorphism.

Consequently, we can identify (46) with the diagram

RΓsyn(Spec(R),Zp(n)) //

��

RΓsyn(Spec(R[1/p]),Zp(n))

��

RΓsyn(Spec(R̂),Zp(n)) // RΓsyn(Spec(R̂[1/p]),Zp(n)).

Remark 8.4.3. For every animated commutative ring R, we write KSel(R,Zp) for the p-completed
Selmer K-theory spectrum of R (or equivalently of the ∞-category PerfR of perfect R-modules) in-
troduced in [25]. The spectrum KSel(R,Zp) is equipped with a decreasing filtration Fil•MKSel(R,Zp)
(which is convergent under some mild assumptions), and for every integer n there is a canonical
isomorphism grnKSel(R,Zp) ≃ RΓsyn(Spec(R),Zp(n))[2n] (where we abuse notation by identify-
ing the complex RΓsyn(Spec(R),Zp(n)) ∈ D(Z) with the associated generalized Eilenberg-MacLane
spectrum).

Remark 8.4.4. Let R be an animated commutative ring and let j : Spec(R[1/p]) →֒ Spec(R) be
the associated open immersion. For every integer n and every k ≥ 0, we let j!(Z /pk Z)(n) denote
the extension by zero of the locally constant sheaf (Z /pk Z)(n) on the étale site of Spec(R[1/p]),
and we write RΓét(Spec(R), j! Zp(n)) for the inverse limit lim

←−k
RΓét(Spec(R), (j! Z /p

k Z)(n)). It
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follows from Theorem 6.4 of [17] that the diagram

RΓét(Spec(R), j! Zp(n)) //

��

RΓét(Spec(R[1/p]),Zp(n))

��

RΓét(Spec(R̂), j! Zp(n)) // RΓét(Spec(R̂[1/p]),Zp(n))

is a pullback square, and from Gabber’s affine proper base change theorem ([32], [17, Corollary 1.18])
that the lower left corner vanishes. Consequently, RΓét(Spec(R), j! Zp(n)) can be identified with
the fiber of the restriction map RΓét(Spec(R[1/p]),Zp(n))→ RΓét(Spec(R̂[1/p]),Zp(n)). Applying
this observation to the pullback square (46), we obtain a fiber sequence

RΓét(Spec(R), j! Zp(n))→ RΓsyn(Spec(R),Zp(n))→ RΓsyn(Spf(R),Zp(n))

in the ∞-category D̂(Zp).

Example 8.4.5. Let R be an animated commutative ring and let n be a negative integer. Then the
syntomic complex RΓsyn(Spf(R),Zp(n)) vanishes (Corollary 7.4.9). Applying Remark 8.4.4, we ob-
tain an isomorphism RΓét(Spec(R), j! Zp(n))

∼
−→ RΓsyn(Spec(R),Zp(n)), where j : Spec(R[1/p]) →֒

Spec(R) denotes the inclusion map.

Proposition 8.4.6. For every integer n, the construction R 7→ RΓsyn(Spec(R),Zp(n)) satisfies
descent for the fpqc topology.

Proof. Remark 8.4.4 supplies a fiber sequence

RΓét(Spec(R), j! Zp(n))→ RΓsyn(Spec(R),Zp(n))→ RΓsyn(Spf(R),Zp(n)).

Here the first term satisfies arc descent (Theorem 5.4 of [17]), and the third term satisfies p-complete
fpqc descent (Proposition 7.4.7). In particular, both the first and third term satisfy fpqc descent,
so the middle term also satisfies fpqc descent. �

Variant 8.4.7 (Globalization). Let X be a scheme, formal scheme, or algebraic stack. For every
integer n, we let RΓsyn(X,Zp(n)) denote the limit

lim←−
η:Spec(R)→X

RΓsyn(Spec(R),Zp(n)),

where the limit is indexed by category of pairs (R, η) where R is a commutative ring and η :
Spec(R) → X is a morphism. It follows from Remark 8.4.2 that this definition is consistent with
the construction of Variant 7.4.12 in the case where X is a bounded p-adic formal scheme. We
denote the cohomology groups of the complex RΓsyn(X,Zp(n)) by H∗

syn(X,Zp(n)), which we refer
to as syntomic cohomology groups of X.

When restricted to the category of schemes, the construction X 7→ RΓsyn(X,Zp(n)) is character-
ized the following properties:

• The functor X 7→ RΓsyn(X,Zp(n)) satisfies descent for the fpqc topology (see Proposition
8.4.6); in particular, it satisfies Zariski descent and is therefore determined by its values on
affine schemes.
• When X = Spec(R) is an affine scheme, RΓsyn(X,Zp(n)) agrees with the syntomic complex
RΓsyn(Spec(R),Zp(n)) introduced in Construction 8.4.1.

Remark 8.4.8. Let X be a scheme and let j : U →֒ X be the inclusion of the open subscheme
U = Spec(Z[1/p])×X. For every integer n, we have a canonical fiber sequence

RΓét(X, j! Zp(n))→ RΓsyn(X,Zp(n))→ fib(ϕ{n} − id : FilnNRΓ∆(X){n} → RΓ∆(X){n}),
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which specializes to the fiber sequence of Remark 8.4.4 in the case where X = Spec(R) is affine. If
the structure sheaf OX has bounded p-power torsion, then we can identify the third term in this
fiber sequence with the syntomic complex RΓsyn(X,Zp(n)) of Variant 7.4.12, where X = Spf(Zp)×X
is the formal completion of X along the vanishing locus of p.

Example 8.4.9. Let R be a commutative ring and let X be a proper R-scheme. Assume that the
structure sheaf OX has bounded p-power torsion, and let X = Spf(Zp)×X be the formal completion
of X along the vanishing locus of p. If R is Henselian along the ideal (p) ⊆ R, the proper base
change theorem for étale cohomology (and Gabber’s affine analogue thereof) guarantee that the
complex RΓét(X, j! Zp(n)) vanishes for every integer n (where j : U →֒ X is the open immersion of
Remark 8.4.8). It follows that the inclusion X →֒ X induces an isomorphism RΓsyn(X,Zp(n)) →

RΓsyn(X,Zp(n)) in the ∞-category D̂(Zp). In particular, we have a canonical fiber sequence

RΓsyn(X,Zp(n))→ FilnNRΓ∆(X){n}
ϕ{n}−1
−−−−−→ RΓ∆(X){n}.

Proposition 8.4.10. For every integer n, the functor

CAlgan → D̂(Zp) R 7→ RΓsyn(Spec(R),Zp(n))

is a left Kan extension of its restriction to the category CAlgsmZ of smooth Z-algebras.

Proof. For every animated commutative ring R, let j : Spec(R[1/p]) →֒ Spec(R) be the inclusion
map and let F (R) denote the complex RΓét(Spec(R), j! Zp(n)). Remark 8.4.4 supplies a fiber
sequence F (R)→ RΓsyn(Spec(R),Zp(n))→ RΓsyn(Spf(R),Zp(n)) depending functorially on R. By
virtue of Proposition 7.4.8, the functor R 7→ RΓsyn(Spf(R),Zp(n)) commutes with sifted colimits
and is therefore a left Kan extension of its restriction to the category PolyZ of finitely generated
polynomial algebras over Z; in particular, it is a left Kan extension of its restriction to CAlgsmZ . We
will complete the proof by showing that the functor F is also a left Kan extension of its restriction
to CAlgsmZ .

Let C denote the category of commutative rings which can be obtained as a filtered colimit of
smooth Z-algebras. Since the functor F commutes with filtered colimits, the restriction F |C is a
left Kan extension of its restriction to CAlgsmZ . It will therefore suffice to show that the functor
F is a left Kan extension of F |C . Fix an animated commutative ring R, and let C/R denote the
full subcategory of CAlgan/R spanned by those maps A → R, where A is an ordinary commutative
ring which can be written as a filtered colimit of smooth Z-algebras. We wish to show that the
tautological map lim−→A∈C/R

F (A)→ F (R) is an isomorphism in the ∞-category D̂(Zp).

Let E ⊆ C/R denote the full subcategory spanned by those maps A→ R which are surjective on
connected components. Fixing one such map A → R, the construction B 7→ A ⊗Z B determines
a functor G : C/R → E which is equipped with a natural transformation idC/R

→ G. It follows
that the inclusion E →֒ C/R is cofinal. We are therefore reduced to showing that the natural map
lim
−→A∈E

F (A)→ F (R) is an isomorphism in D̂(Zp).
Let E ′ ⊆ E denote the full subcategory spanned by those commutative rings A ∈ C equipped

with a morphism f : A → R with the property that A is Henselian along the kernel ideal I =
ker(A → π0(R)). Note that the inclusion E ′ →֒ E admits a left adjoint (given by the formation of
Henselization along I), and is therefore cofinal. It will therefore suffice to show that the natural
map lim−→A∈E

F (A) → F (R) is an isomorphism in D̂(Zp). For each object A ∈ E ′, Gabber’s affine
proper base change theorem ([32]) guarantees that the map F (A)→ F (R) is an isomorphism. We
conclude by observing that the ∞-category E ′ is weakly contractible (since it is nonempty and
admits pairwise coproducts). �

Corollary 8.4.11. For every integer n, the functor

CAlgan → D̂(Zp) R 7→ RΓsyn(Spec(R),Zp(n))
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commutes with filtered colimits.

Warning 8.4.12. Let n be an integer. The functor

CAlgan → D̂(Zp) R 7→ RΓsyn(Spec(R),Zp(n))

does not commute with sifted colimits (and is therefore not a left Kan extension of its restriction
to finitely generated polynomial algebras over Z). For example, suppose that k is an algebraically
closed field of characteristic zero and let R be a k-algebra. Then R can be realized as a sifted
colimit of polynomial algebras of the form P = k[x1, · · · , xd]. However, the syntomic complex
RΓsyn(Spec(R),Zp(n)) generally cannot be realized as a sifted colimit of complexes of the form
RΓsyn(Spec(P ),Zp(n)), since the étale cohomology groups Hmét(Spec(P ),Zp(n)) vanish for m > 0
while the cohomology groups Hmét(Spec(R),Zp(n)) are generally nonzero.

Proposition 8.4.13. For every animated commutative ring R, there is a canonical isomorphism

RΓét(Spec(R),Zp) ≃ RΓsyn(Spec(R),Zp),

of commutative algebra objects of the ∞-category D̂(Zp), which is determined (up to homotopy) by
the requirement that it depends functorially on R.

Proof. Since the functor R 7→ RΓsyn(Spec(R),Zp) satisfies étale descent (Proposition 8.4.6), there is
an essentially unique comparison map βR : RΓét(Spec(R),Zp)→ RΓsyn(Spec(R),Zp) which depends
functorially on R. We wish to show that βR is an isomorphism in the∞-category D̂(Zp). By virtue
of Remark 8.4.2, it will suffice to prove the following:

(a) The diagram

RΓét(Spec(R),Zp) //

��

RΓét(Spec(R[1/p]),Zp)

��

RΓét(Spec(R̂),Zp) // RΓét(Spec(R̂[1/p]),Zp)

is a pullback square in D̂(Zp).
(b) The map βR is an isomorphism when p is invertible in R.
(c) The map βR is an isomorphism when R is p-complete.

Assertion (a) follows from Theorem 5.13 of [17], assertion (b) is immediate from the definitions, and
assertion (c) follows from Theorem 8.1.9. �

Let R be an animated commutative ring. It follows from the defining property of the étale
comparison map

γ étsyn{1} : RΓsyn(Spf(R̂),Zp(1))→ RΓét(Spec(R̂[1/p]),Zp(1))

that the diagram

RΓét(Spec(R),Gm)[−1]

csyn1

��

cét1 // RΓét(Spec(R[1/p]),Zp(1))

��

RΓsyn(Spf(R̂),Zp(1))
γétsyn{1} // RΓét(Spec(R̂[1/p]),Zp(1))

commutes (up to a homotopy depending functorially on R). We therefore obtain a map csyn1 :
RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spec(R),Zp(1)) depending functorially on R, which recovers the
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syntomic first Chern class of Proposition 7.5.2 in the case where R is p-complete, and recovers the
étale first Chern class of Construction 8.2.5 in the case where p is invertible in R. We will abuse
terminology by referring to csyn1 as the syntomic first Chern class.

Proposition 8.4.14. Let R be an animated commutative ring. Then the syntomic first Chern class

csyn1 : RΓét(Spec(R),Gm)[−1]→ RΓsyn(Spec(R),Zp(1))

exhibits RΓsyn(Spec(R),Zp(1)) as the p-completion of the complex RΓét(Spec(R),Gm)[−1].

Proof. Since RΓsyn(Spec(R),Zp(1)) is p-complete, the morphism csyn1 admits an essentially unique
factorization

RΓét(Spec(R),Gm)[−1]→ RΓét(Spec(R),Gm)
∧[−1]

ĉsyn1−−→ RΓsyn(Spec(R),Zp(1)).

By virtue of Theorem 7.5.6, the morphism ĉsyn1 is an isomorphism when R is p-complete. It is also
an isomorphism when p is invertible in R (Example 8.2.2). To complete the proof, it will suffice to
show that the diagram of complexes

RΓét(Spec(R),Gm)
∧[−1] //

��

RΓét(Spec(R[1/p]),Gm)∧[−1]

��

RΓét(Spec(R̂),Gm)
∧[−1] // RΓét(Spec(R̂[1/p]),Gm)∧[−1]

is a pullback square. This can be checked after reduction modulo p, in which case it is a special case
of Lemma 5.4.2 of [24]; alternately, one can use Proposition 7.2.13 as well as the Fujiwara-Gabber
theorem [17, Corollary 6.10] to replace R̂ in the bottom row of the square with the p-henselization
Rh of R; after this replacement, the desired property is a direct consequence of pro-Nisnevich descent
of étale cohomology. �

Variant 8.4.15 (Globalization to Schemes). Let X be a scheme, formal scheme, or algebraic stack.
Then Proposition 8.4.14 supplies a tautological map

csyn1 : RΓét(X,Gm)[−1]→ RΓsyn(X,Zp(1)),

which exhibits RΓsyn(X,Zp(1)) as the p-completion of RΓét(X,Gm)[−1] in the derived ∞-category
D(Z). Passing to cohomology in degree 2, we obtain a homomorphism of abelian groups Pic(X)→
H2

syn(X,Zp(1)) which we will also denote by csyn1 and refer to as the syntomic first Chern class.

Remark 8.4.16 (Comparison with Derived Hodge Cohomology). Let R be an animated commu-
tative ring. We let γHod

syn denote the composite map

RΓsyn(Spec(R),Zp(n))→ RΓsyn(Spf(R),Zp(n))→ FilnN ∆R{n}
γHod
∆−−−→ Ω̂nR{n},

where γHod
∆

is the prismatic-to-Hodge comparison morphism of Notation 5.5.4. This construction
depends functorially on R, and therefore globalizes to give a comparison map

γHod
syn : RΓsyn(X,Zp(n))→ RΓ(X,LΩ̂nX)[−n]
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whenever X is a scheme, formal, scheme, or algebraic stack. It follows from Theorem 7.6.2 that the
diagram

RΓét(X,Gm)[−1]
csyn1 //

cHod
1

��

RΓsyn(X,Zp(1))

γHod
syn

��

RΓ(X,LΩ1
X)[−1]

// RΓ(X,LΩ̂1
X)

commutes (up to a canonical homotopy depending functorially on X), where cHod
1 denotes the first

Chern class in Hodge cohomology (Notation 7.2.12).

Variant 8.4.17 (The Relative First Chern Class). Let f : U → X be a morphism between schemes,
formal schemes, or algebraic stacks. For each integer n, we let H∗

syn(X,U,Zp(n)) denote the coho-
mology of the fiber of the restriction map f∗ : RΓsyn(X,Zp(n))→ RΓsyn(U,Zp(n)); we will refer to
H∗

syn(X,U,Zp(n)) as the syntomic cohomology of X relative to U . Let L be a line bundle on X, and
let α be a trivialization of the restriction L |U . Then the pair (L , α) determines a 1-cocycle in the
fiber of the restriction map RΓét(X,Gm) → RΓét(U,Gm). Applying the map csyn1 of Proposition
8.4.14, we obtain a relative cohomology class

csyn1 (L, α) ∈ H2
syn(X,U,Zp(1))

which we will refer to as the relative syntomic first Chern class of the pair (L, α).

8.5. Localization to the Generic Fiber. Throughout this section, we let Z[ζp∞] denote the
quotient ring Z[q1/p

∞

]/([p]q), and we let ǫ ∈ Tp(Z[ζp∞]×) denote the compatible system of pth
power roots of unity given by (1, ζp, ζ

2
p , · · · ) = (qp, q, q1/p, · · · ). By virtue of Proposition 8.4.14 (and

Remark 7.2.2), we can identify ǫ with an element of the abelian group H0
syn(Spec(Zp[ζp∞),Zp(1)).

For every animated commutative Z[ζp∞]-algebra R, we will abuse notation by identifying ǫ with its
image in H0

syn(Spec(R),Zp(1)). Note that, in this case, the image of ǫ in H0
syn(Spec(R[1/p]),Zp(1))

is an invertible element of the graded ring
⊕

n∈Z

H0
syn(Spec(R[1/p]),Zp(n)) ≃

⊕

n∈Z

H0
ét(Spec(R[1/p]),Zp(n)).

We therefore obtain a comparison map

(
⊕

n∈Z

RΓsyn(Spec(R),Zp(n)))[1/ǫ]→
⊕

n∈Z

RΓ(Spec(R[1/p]),Zp(n)).

Our goal is to prove the following:

Theorem 8.5.1. Let R be an animated Z[ζp∞ ]-algebra. Then comparison map

(
⊕

n∈Z

RΓsyn(Spec(R),Zp(n)))[1/ǫ]→
⊕

n∈Z

RΓ(Spec(R[1/p]),Zp(n)).

becomes an isomorphism after p-completion (in the ∞-category D̂(Zp)).

Remark 8.5.2. Let R be an animated Z[ζp∞ ]-algebra. The choice of compatible pth power roots of
unity in R determines a “Bott element” β ∈ π2(Fil1KSel(R,Zp)), whose image in gr1KSel(R,Zp)) ≃
RΓSyn(Spec(R),Zp(1))[2] can be identified with ǫ (see Remark 8.4.3). It follows from the main result
of [13] that the p-completed localization KSel(R,Zp)[β

−1]∧ can be identified with the p-completed
Selmer K-theory spectrum KSel(R[1/p],Zp) (see Corollary 2.22 of [13]). Theorem 8.5.1 asserts the
existence of a similar isomorphism at the associated graded level for the motivic filtration of Remark
8.4.3.
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As we will see below, Theorem 8.5.1 is essentially a reformulation of the étale comparison theorem
for relative prismatic cohomology (Theorem 9.1 of [21]), specialized to the perfectoid base ring Zcyc

p .
To carry out the reduction, we will use the following observation:

Proposition 8.5.3. Let (A, I) be the perfected q-de Rham prism (so that A is the (p, q − 1)-

completion of Z[q1/p
∞

]), and let R be an animated commutative algebra over the quotient ring
Zcyc
p = A/I. Then the tautological map

θ : lim−→
n

FilnN ∆R{n} → lim−→
n

∆R{n}

is an isomorphism in the p-complete derived ∞-category D̂(Zp); here the transition maps in both

direct systems are given by multiplication by the element log∆(q
p) ∈ Fil1NA{1}.

Proof. Note that θ can be realized as a filtered colimit of maps

θm : lim
−→
n

FilnN ∆R{n} → lim
−→
n

Filn−mN ∆R{n}.

(where we have FilkN ∆R{n} = ∆R{n} for k ≤ 0). It will therefore suffice to show that each θm is
an isomorphism in the p-complete derived ∞-category D̂(Zp). Proceeding by induction on m, we
are reduced to showing that the p-completed colimit lim

−→n
grn−mN ∆R{n} vanishes for every integer

m (where the transition maps are given by multiplication by log∆(q
p)). Note that we can regard

{grn−mN ∆R{n}} as a direct system in the derived ∞-category of the commutative ring gr0N(A) ≃

A/([p]q1/p). This is a valuation ring whose p-adic topology coincides with the (q1/p−1)-adic topology.
It will therefore suffice to show that each of the transition maps in the direct system {grn−mN ∆R{n}}

is divisible by the element (q1/p − 1) ∈ A. This follows from the observation that the ratio log∆(q
p)

q1/p−1

belongs to Fil1NA{1}. �

Remark 8.5.4. Let R be a p-complete animated Zcyc
p -algebra. Then the Frobenius maps ϕ{n} :

FilnN ∆R{n} → ∆R{n} of Notation 5.7.5

ϕ∞ : lim
−→
n

FilnN ∆R{n} → lim
−→
n

∆R{n},

where the transition maps on both sides are given by multiplication by the element log∆(ǫ) ∈

Fil1N ∆Z
cyc
p
{1} (and colimits computed in the p-complete derived ∞-category D̂(Zp)). The map ϕ∞

admits an essentially unique factorization as a composition

lim−→
n

FilnN ∆R{n}
θ
−→ lim−→

n

∆R{n}
ϕ̃∞

−−→ ∆R{n},

where θ is the isomorphism of Proposition 8.5.3. We therefore obtain a fiber sequence

lim
−→
n

RΓsyn(Spf(R),Zp(n))→ lim
−→
n

∆R{n}
ϕ̃∞−1
−−−−→ lim

−→
n

∆R{n}

in the p-complete derived ∞-category D̂(Zp).

Proof of Theorem 8.5.1. Without loss of generality, we may assume that R is p-complete, and there-
fore has the structure of an animated Zcyc

p -algebra. Write Zcyc
p = A/I, where (A, I) is the perfected

q-de Rham prism. Theorem 8.3.1 supplies a comparison map

(
⊕

γ étsyn{n}) :
⊕

n

RΓsyn(Spec(R),Zp(n))→
⊕

n

RΓét(Spec(R[1/p]),Zp(n)).

of graded algebra objects of D(Z). Inverting ǫ and passing to degree zero, we obtain a comparison
map

ρ : lim−→
n

RΓsyn(Spf(R),Zp(n))→ RΓét(Spec(R[1/p]),Zp),
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where the transitition maps on the left hand side are given by multiplication by log∆(q
p) and the

colimit is formed in the p-complete ∞-category D̂(Zp). We wish to show that ρ is an isomorphism.
Using Remark 8.5.4 and Proposition 2.6.1, we can identify lim−→n

RΓsyn(Spf(R),Zp(n)) with the fiber
of the map

(ϕ− 1) : A[
1

q − 1
]⊗̂

L
A∆R → A[

1

q − 1
]⊗̂

L
A∆R,

where the derived tensor products on each side are completed with respect to p (but not with respect
to [p]q). Since the ideals (q − 1) and ([p]q) generate the same topology on the quotient ring A/pA,
we can rewrite this map as

(ϕ− 1) : lim−→
m

I−m ⊗LA ∆R → lim−→
m

I−m ⊗LA ∆R.

The proof of Theorem 9.1 of [21] now shows that there is a unique isomorphism

γ : RΓét(Spec(R[1/p]),Zp)
∼
−→ lim
−→
n

RΓsyn(Spf(R),Zp(n))

of commutative algebra objects of D̂(Zp) which depends functorially on R. Note that the compo-
sition ρ ◦ γ must be the identity on RΓét(Spec(R[1/p]),Zp) (since this can be checked locally with
respect to the arcp-topology of [17]), so that ρ is also an isomorphism. �

Variant 8.5.5. Let X be an algebraic stack over Z[ζp∞ ] which is quasi-compact, quasi-separated,
and p-quasisyntomic. For each integer n, let RΓsyn(X,Zp(n)) denote the fiber of the canonical map

(ϕ{n} − id) : FilnNRΓ∆(X){n} → RΓ∆(X){n}.

Then there is a canonical pullback square

RΓsyn(X,Zp(n)) //

��

RΓsyn(X,Zp(n))

��
RΓét(Spec(Z[1/p])×X,Zp(n)) // lim−→m

RΓsyn(X,Zp(n+m));

here the colimit in the lower right hand square is p-completed and the transition maps are given by
multiplication by ǫ ∈ H0

syn(X,Zp(1)).

Remark 8.5.6. In the statement of Variant 8.5.5, one can think of RΓsyn(X,Zp(n)) as the syntomic
cohomology of the formal completion X = Spf(Zp)×X, and the colimit lim−→m

RΓsyn(X,Zp(n+m))
as the étale cohomology of its generic fiber.

Proof of Variant 8.5.5. Since X is quasi-compact and quasi-separated, it admits a smooth hyper-
covering U• = Spec(A•), where A• is a cosimplicial Z[ζp∞]-algebra. For each integer k ≥ 0, Theo-
rem 8.5.1 supplies an identification of RΓét(Spec(Â

k[1/p]),Zp(n)) with the p-completed direct limit
lim
−→m

RΓsyn(Spf(Â
k),Zp(n+m)), so that we have a pullback diagram σk:

RΓsyn(Spec(A
k),Zp(n)) //

��

RΓsyn(Spf(Â
k),Zp(n))

��

RΓét(Spec(A
k[1/p]),Zp(n)) // lim

−→m
RΓsyn(Spf(Â

k),Zp(n +m)),
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depending functorially on k. Our assumption on X guarantees that each of the commutative rings
Ak is p-quasisyntomic, so that each of the complexes appearing in the diagram σk is coconnective.
The desired result now follows by passing to the totalization of the cosimplicial diagram σ•. �

Corollary 8.5.7 (Purity). Let X be qcqs p-p-quasisyntomic scheme. Let Z ⊂ X be a constructible
closed subset contained in Xp=0 = X ×Spec(Z) Spec(Z /p). Assume there exists an integer d ≥ 0

such that for every affine open Spec(R) ⊂ X, we have RΓZ(R) ∈ D
≥d. Then RΓZ(X,µpn) ∈ D

≥d

for all n ≥ 1.

As Akhil Mathew observed, the corollary and its proof apply to all the syntomic complexes
RΓZ,syn(X,Zp(m))/pn, with the version above corresponding m = 1.

Proof. It is enough to prove the statement for n = 1. The hypotheses and the conclusion are stable
under replacing the pair (X,Z) with its base change to Z[ζp∞], so we may assume X is equipped
with the structure of a Z[ζp∞ ]-scheme. In particular, the p-completion X is a p-adic formal scheme
over the perfectoid ring Zcyc

p , so we can identify the absolute prismatic cohomology of X with the
relative prismatic cohomology of X over the perfect prism (A, I) attached to Zcyc

p . We now use the
pullback square of Variant 8.5.5 to study RΓZ(X,µp) ≃ RΓZ,syn(X,Zp(1))/p. As Z ⊂ Xp=0, we
have RΓZ,ét(Spec(Z[1/p]) ×X,−) = 0, so the pullback square collapses to a fibre sequence

RΓZ(X,µp) ≃ RΓZ,syn(X,Zp(1))/p → RΓZ,syn(X,Zp(1))/p → lim
−→
m

RΓZ,syn(X,Zp(1 +m))/p.

Unwrapping the definition of the second map appearing above, we learn that RΓZ(X,µp) is com-
puted by applying RΓZ(X,−) to the total fibre of the diagram

Fil1N ∆X{1}/p
ϕ−1 //

��

∆X{1}/p

��
lim
−→m

∆X{m}/p
ϕ̃∞−1 // lim

−→m
∆X{m}

in D(X, A/p); here the vertical maps come from multiplication by log∆(q
p) as in Proposition 8.5.3,

and the bottom horizontal map is the one from Remark 8.5.4. Trivializing the Breuil-Kisin twist
via the generator log∆(q

p)
q−1 ∈ A{1} (Proposition 2.6.1) and tracing through the identifications, the

previous diagram can be identified with the diagram

Fil1N ∆X/p

ϕ
[p]q

−1
//

can

��

∆X{1}/p

can

��(
Fil1N ∆X/p

)
[ 1
q−1 ]

ϕ
[p]q

−1
// ∆X{1}/p[

1
q−1 ].

Thus, we learn that

RΓZ(X,µp) ≃ fib

(
RΓZ(X,RΓq−1(Fil

1
N ∆X/p))

ϕ
[p]q

−1

−−−−→ RΓZ(X,RΓq−1(∆X/p))

)
.

Using the identification gr0N ∆X ≃ OX, it suffices to check the following:

RΓZ(X,RΓq−1(∆X/p)) ∈ D
≥d and RΓZ(X,OX[−1])/p ∈ D

≥d.
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These assertions are local on X, so we can assume X = Spec(R) is affine. The hypothesis on X
implies that RΓZ(M) ≃ M ⊗LR RΓZ(R) lies in D≥d for any p-completely flat R-module M , which
immediately gives the second vanishing above. For the first, observe that [p]q = (q − 1)p−1 ∈ A/p.
As [p]q annihilates the Hodge-Tate complex ∆X/p, we obtain a fibre sequence

∆X/p[−1]→ RΓq−1(∆X/p)
[p]q=(q−1)p−1

−−−−−−−−−→ RΓq−1(∆X/p)

in D(X, A/p). Applying the reasoning used above for the containment RΓZ(X,OX[−1])/p ∈ D
≥d

to the conjugate filtration then shows that RΓZ(X,∆X/p[−1]) ∈ D≥d. By the previous fibre se-
quence, this implies that (q − 1)p−1 acts injectively on H<d(RΓZ(X,RΓq−1(∆X/p))). But these
A/p-modules are also (q − 1)-nilpotent as RΓq−1(∆X/p)) is itself (q − 1)-nilpotent. It follows that
H<d(RΓZ(X,RΓq−1(∆X/p))) = 0, which gives the desired vanishing. �

Corollary 8.5.7 specializes to yield the following result:

Theorem 8.5.8 (Gabber’s conjectures on Picard and Brauer groups, [24]). Let (R,m) be a noe-
therian local ring of residue characteristic p > 0 that is lci. In particular, if UR = Spec(R)− {m},
denotes the punctured spectrum, we have:

(1) If dim(R) ≥ 3, then Pic(UR) is p-torsionfree.

(2) If dim(R) ≥ 4, then Br(R) ≃ Br(UR).

Proof. (1): Via the Kummer sequence, it suffices to show that the map H1(UR.µp) → Pic(UR)
coming from the inclusion µp ⊂ Gm is the 0 map. Consider the commutative square

H1(Spec(R), µp) //

��

Pic(Spec(R))

��
H1(UR, µp) // Pic(UR)

Now Pic(Spec(R)) = 0 as R is local, so it suffices to show that the left vertical map is bijective. Let
Z = {m} ⊂ Spec(R) be the closed point, so we have a triangle

RΓZ(Spec(R), µp)→ RΓ(Spec(R), µp)→ RΓ(UR, µp).

By the long exact sequence, it is enough to show that H<3
Z (Spec(R), µp) = 0. But this follows from

Corollary 8.5.7 as R is lci (and hence Cohen-Macaulay) of dimension ≥ 3.
(2): The claim is classical for prime-to-p torsion classes, so we focus on the p-primary torsion.

Fix an integer n ≥ 1. Consider the commutative diagram

H2(Spec(R), µpn) //

��

H2(UR, µpn)

��
H2(Spec(R),Gm)[p

n] = Br(R)[pn] // H2(UR,Gm)[p
n] = Br(UR)[p

n]

where the horizontal maps come from functoriality while the vertical maps come from the in-
clusion µpn ⊂ Gm. By the Kummer sequence, both vertical maps are sujrective. Moreover, as
H1(Spec(R),Gm) = 0, the left vertical map is bijective; similarly, it is classically known that
H1(UR,Gm) = 0 under the hypotheses in (2) (see [37, Theorem XI.3.1.13 (ii)], so the right vertical
map is also bijective. Finally, applying the same analysis used in part (1) one degree higher (possible
as dim(R) ≥ 4) shows that the top horizontal map is bijective. Consequently, the bottom horizontal
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map is also bijective. As this is true for all n, we conclude that Br(R)→ Br(UR) is an isomorphism
on p-primary components. �

Theorem 8.5.8 is one of the main results of [24], powering the proof of Gabber’s conjectures
on Picard and Brauer groups. The proof given above, at its core, is not significantly different
from the one in [24]: both rely ultimately on the ability to access µp-cohomology via coherent
cohomology through perfectoid/prismatic techniques. The main difference is that our work on
syntomic cohomology of schemes allows us to streamline the presentation by avoiding the need to
translate Theorem 8.5.8 to a statement about perfectoid rings.
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9. Calculations in Syntomic Cohomology

Let X be a scheme. To every line bundle L on X, Variant 8.4.15 associates a syntomic cohomol-
ogy class csyn1 (L ) ∈ H2

syn(X,Zp(1)). Our goal in this section is to extend the theory of syntomic
Chern classes to vector bundles of higher rank. Our main result can be summarized as follows:

Theorem 9.0.1 (Syntomic Chern Classes). To every scheme X and every vector bundle E on X,
one can assign a system of syntomic cohomology classes

csynn (E ) ∈ H2n
syn(X,Zp(n)).

This assignment is uniquely determined by the following requirements:

(1) Functoriality: Let f : Y → X be a morphism of schemes and let E be a vector bundle on
X. Then, for every integer n ≥ 0, we have an equality

csynn (f∗E ) = f∗(csynn (E )) ∈ H2n
syn(Y,Zp(n)).

(2) Normalization: Let E be a vector bundle on a scheme X. Then csyn0 (E ) = 1, and csynn (E )
vanishes for n > rank(E ). Moreover, if E is a line bundle, then csyn1 (E ) ∈ H2

syn(X,Zp(1))
is the syntomic cohomology class defined Variant 8.4.15.

(3) Additivity: Let 0→ E ′ → E → E ′′ → 0 be a short exact sequence of vector bundles on X.
Then, for every integer n ≥ 0, we have

csynn (E ) =
∑

n=n′+n′′

csynn′ (E ′) · csynn′′ (E
′′).

The proof of Theorem 9.0.1 follows a standard pattern. We begin in §9.1 by showing that
syntomic cohomology satisfies a projective bundle formula. More precisely, we show that if E is a
vector bundle of rank r over a scheme X, then the syntomic cohomology of the projective bundle
P(E ) is described by the formula

H∗
syn(P(E ),Zp(n)) ≃

⊕

0≤i<r

H∗−2i
syn (X,Zp(n− i))c

syn
1 (O(1))i

(see Theorem 9.1.1).
From the projective bundle formula, we can immediately deduce the uniqueness assertion of

Theorem 9.0.1. Let E be a vector bundle of rank r on a scheme X, and let π : Flag(E )→ X be the
scheme parametrizing complete flags in E , so that the pullback π∗(E ) admits a filtration

F1 →֒ F2 →֒ F3 →֒ · · · →֒ Fr = π∗(E )

where each quotient Li = Fi/Fi−1 is a line bundle on Flag(E ). Using the projective bundle formula
repeatedly, we deduce that the pullback map

π∗ : H∗
syn(X,Zp(n))→ H∗

syn(Flag(E ),Zp(n))

is a monomorphism. Consequently, the axioms of Theorem 9.0.1 allow us to characterize the syn-
tomic Chern class csynn (E ) as the unique element whose image in H2n

syn(Flag(E ),Zp(n)) is equal to
the nth elementary symmetric function of the Chern classes {csyn1 (Li)}0≤i≤r.

To prove the existence assertion of Theorem 9.0.1, we need to work a bit harder. Let E be a
vector bundle of rank r on a scheme X, and let t = csyn1 (O(1)) ∈ H2

syn(P(E ),Zp(1)). It follows from
the projective bundle formula that t satisfies a unique monic polynomial of degree r

tr + c1 · t
r−1 + c2 · t

r−2 + · · ·+ cr−1 · t+ cr = 0,

where each coefficient cn belongs to H2n
syn(X,Zp(n)). We will define csynn (E ) to be the coefficient

cn which appears in this identity (Construction 9.2.1). It follows immediately that this definition
satisfies the first two axioms of Theorem 9.0.1 follow immediately. However, the additivity formula
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for syntomic Chern classes requires some additional arguments, which we carry out in §9.2 (Theorem
9.2.7).

The syntomic Chern classes {csynn (E )}n≥0 are essentially the only invariants in syntomic cohomol-
ogy which can be associated to an algebraic vector bundle E . To make this precise, it is convenient
to consider the universal case where X = BGLr is the classifying stack of the general linear group
GLr, and E = Euniv is the tautological rank r vector bundle on X. In §9.3, we show that the the
syntomic cohomology classes {csyni (E )}1≤i≤r form polynomial generators for bigraded cohomology
ring ⊕

n∈Z

H∗
syn(BGLr,Zp(n))

as an algebra over
⊕

n∈ZH∗
syn(Spec(Z),Zp(n)) (for a more general statement, see Theorem 9.3.1).

We close this section by discussing a companion to the projective bundle formula of §9.1. Let
X be a scheme, let X̃ be the blowup of X along a closed subscheme Y ⊆ X, and let D ⊆ X̃ be
the exceptional divisor. Assume that Y can be described locally as the vanishing locus of a regular
sequence. In §9.4, we show that the commutative diagram of schemes

D //

��

X̃

��
Y // X

determines a pullback diagram after passing to syntomic complexes (Theorem 9.4.1). Under some
mild additional assumptions, we can combine this with the projective bundle formula (applied to
the map D → Y ) to obtain a simple description of the syntomic cohomology groups of X̃ (in terms
of those of X and Y ); see Corollary 9.4.2.

9.1. The Projective Bundle Formula. Let X be a scheme, formal scheme, or algebraic stack,
and let E be a vector bundle on X. We write P(E ) for the projectivization of E , so that P(E )
is equipped with a proper smooth morphism π : P(E ) → X. We adopt the convention that P(E)
parametrizes subbundles of E of rank 1, so that the pullback π∗(E) is equipped with a tautological
line subbundle O(−1) ⊆ π∗(E ), whose inverse we denote by O(1). This line bundle O(1) has a
syntomic first Chern class (see Variant 8.4.15), which we denote by csyn1 (O(1)) ∈ H2

syn(P(E ),Zp(1)).
The goal of this section is to prove the following:

Theorem 9.1.1 (Projective Bundle Formula). Let X be a scheme, formal scheme, or algebraic
stack. Let E be a vector bundle of rank r on X. Then, for every integer n, the syntomic cohomology
classes {csyn1 (O(1))i}0≤i<r induce an isomorphism

⊕

0≤i<r

RΓsyn(X,Zp(n− i))[−2i]→ RΓsyn(P(E ),Zp(n))

in the derived ∞-category D̂(Zp).

We will deduce Theorem 9.1.1 from the following classical calculation:

Lemma 9.1.2. Let R be a commutative ring and let Pk denote projective space of dimension k
over Spec(R). For 0 ≤ d ≤ k, the cohomology group Hd(Pk

R,Ω
d
Pk/R

) is a free R-module of rank 1,

generated by the image of cHod
1 (O(1))d. Moreover, the cohomology groups H∗(Pk

R,Ω
d
Pk/R

) vanish for

∗ 6= d.

Proof. See [54, Tag 0FMI] �

https://stacks.math.columbia.edu/tag/0FMI


210 BHARGAV BHATT AND JACOB LURIE

We now prove a variant of Lemma 9.1.2 for derived Hodge cohomology.

Lemma 9.1.3. Let f : X → Y be a morphism of schemes, let Pr−1
X be an (r − 1)-dimensional

projective space over X, and let t denote the first Chern class of the line bundle O(1) in the derived
Hodge cohomology group H1(Pr−1

X , LΩm
P

r−1
X /Y

). Then, for every integer d, the map

⊕

0≤i<r

RΓ(X,LΩd−iX/Y )[−i]
(1,t,··· ,tr−1)
−−−−−−−→ RΓ(Pk

X , LΩ
d
Pk

X/Y
)

is an isomorphism in D(Z).

Proof. Without loss of generality, we may assume that Y = Spec(R) is affine and that X is quasi-
compact and quasi-separated. In this case, we can use the Künneth formula of Remark B.8 to
reduce to the case X = Y , in which case the desired result reduces to Lemma 9.1.2. �

Lemma 9.1.4. Let X be a bounded p-adic formal scheme, let Pr−1
X be projective space of dimension

r − 1 over X, and let t denote the syntomic first Chern class csyn1 (O(1)). Then:

(1) For every integer d, the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

Filconjd−i RΓ(X, Ω̂
/D
X)[−2i] −→ Filconjd RΓ(Pk

X , Ω̂
/D

P
r−1
X

).

(2) The elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

RΓ(X, Ω̂
/D
X)[−2i]→ RΓ(Pk

X , Ω̂
/D

P
r−1
X

).

(3) For every integer n, the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

RΓ
∆
(X){n − i}[−2i]→ RΓ

∆
(Pr−1

X ){n}.

(4) For every integer n, the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

RΓ∆(X){n − i}[−2i]→ RΓ∆(P
r−1
X ){n}.

(5) For every pair of integers m and n, the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

Film−i
N RΓ∆(X){n − i}[−2i]→ FilmN RΓ∆(P

r−1
X ){n}.

(6) For every integer n, the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

RΓsyn(X,Zp(n− i))[−2i]→ RΓsyn(P
r−1
X ,Zp(n)).

Proof. Without loss of generality we may assume that X is a scheme (with p nilpotent in the
structure sheaf OX). To prove (1), we proceed by induction on d. The case d < 0 is vacuous. It
will therefore suffice to show that the elements {ti}0≤i<r induce an isomorphism

⊕

0≤i<r

grconjd−i RΓ(X, Ω̂
/D
X)[−2i]→ grconjd RΓ(Pr−1

X , Ω̂
/D

P
r−1
X

)

which is a special case of Lemma 9.1.3 (applied to the ground scheme Y = Spec(Z)).
Assertion (2) follows from (1) by passing to the colimit over d, and assertion (3) follows by

combining (2) with Remark 4.7.5. We now prove (4). For each integer k ≥ 0, let RΓ
[k]
∆
(X){n}

denote the limit
lim←−

Spec(R)→X

∆
[k]
R {n},
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and define RΓ
[k]
∆
(Pr−1

X ){n} similarly. It will then suffice to show that, for each k ≥ 0, the elements
{ti}0≤i<r induce an isomorphism

⊕

0≤i<r

(RΓ∆(X){n − i}/RΓ
[k]
∆
(X){n − i})[−2i]→ RΓ∆(P

r−1
X ){n}/RΓ

[k]
∆
(Pr−1

X ){n}.

This follows by induction on k, using assertion (3).
To prove (5), we proceed by induction on m. For m ≤ 0, the desired result follows from (4). To

handle the inductive step, it will suffice to show that the elements {ti}0≤i<r induce an isomorphism
⊕

0≤i<r

grmN RΓ∆(X){n − i}[−2i]→ grmN RΓ∆(P
r−1
X ){n}.

This follows by combining (1) with the fiber sequence of Remark 5.5.8.
Assertion (6) is an immediate consequence of (5). �

We will also need the analogue of Lemma 9.1.4 for étale cohomology:

Lemma 9.1.5. Let C be a separably closed field of characteristic 6= p and let Pr−1
C denote projective

space of dimension (r−1) over C. Choose a primitive pth root of unity in C, so that the étale Chern
class cét1 (O(1)) determines an element t ∈ H2

ét(P
r−1
C ,Fp). Then the elements {ti}0≤i<r form a basis

for the étale cohomology ring H∗
ét(P

r−1
C ,Fp) as a vector space over Fp.

Proof. This is a standard calculation in étale cohomology. However, it is amusing to note that it can
also be deduced from Lemma 9.1.4. Since the projection map π : Pr−1

Z → Spec(Z) is smooth and
proper, the (derived) direct image π∗Fp is locally constant when restricted to Spec(Z[1/p]) (see [6],
Exposé XIV, Corollaire 2.2). Consequently, the conclusion of Lemma 9.1.5 does not depend on the
choice of C. We may therefore assume without loss of generality that C is an algebraically closed
field of characteristic zero which is complete with respect to nonarchimedean absolute value having
residue characteristic p. Let OC be valuation ring of C, set X = Spf(OC), and let ǫ be a generator
of H0

syn(X,Zp(1)) ≃ Tp(O
×
C) (corresponding to a compatible system of pnth roots of unity in C).

Applying Lemma 9.1.4, we deduce that the powers of csyn1 (O(1)) induce an isomorphism
⊕

n∈Z

⊕

0≤i<r

RΓsyn(X,Zp(n− i))[−2i]→
⊕

n∈Z

RΓsyn(P
r−1
X ,Zp(n)).

The conclusion of Lemma 9.1.5 follows by reducing modulo p, inverting the element ǫ, and applying
Theorem 8.5.1. �

Proof of Theorem 9.1.1. Without loss of generality, we may assume that X = Spec(R) is an affine
scheme and that E = OrX is a trivial vector bundle of rank on X, so that P(E ) can be identified
with the projective space Pr−1

X . Set

t = csyn1 (O(1)) ∈ H2
syn(P

r−1
X ,Zp(1)).

We wish to show that, for every integer n, the syntomic cohomology classes {ti}0≤i<r induce an
isomorphism ⊕

0≤i<r

RΓsyn(X,Zp(n− i))[−2i]→ RΓsyn(P
r−1
X ,Zp(n)).

Writing R as a filtered colimit of finitely generated subrings (and using Corollary 8.4.11), we may
further assume that the ring R is finitely generated and therefore has bounded p-power torsion. Let
X = Spf(R̂) be the formal completion of X along the vanishing locus of p, and let U = Spec(R[1/p])



212 BHARGAV BHATT AND JACOB LURIE

be the open subscheme of X where p is invertible, so that we have a pullback diagram of schemes

Pr−1
U

j //

��

Pr−1
X

π

��
U

j // X

where the horizontal maps are open immersions.
Using Remark 8.4.8, we obtain a commutative diagram of fiber sequences

⊕
0≤i<r RΓét(X, j! Zp(n− i))[−2i]

θ′ //

��

RΓ(Pr−1
X , j! Zp(n))

��⊕
0≤i<r RΓsyn(X,Zp(n− i))[−2i]

θ //

��

RΓsyn(P
r−1
X ,Zp(n))

��⊕
0≤i<r RΓsyn(X,Zp(n − i))[−2i]

θ′′ // RΓsyn(P
r−1
X ,Zp(n)),

where θ′′ is an isomorphism by virtue of Lemma 9.1.4. It will therefore suffice to show that θ′ is an
isomorphism. Unwinding the definitions, we see that the reduction of θ′ modulo p can be obtained
by applying the functor F 7→ RΓét(X,F ) to a morphism

ρ : j!(
⊕

0≤i<r

Fp(n− i)[−2i])→ Rπ∗j!(Fp(n))

of complexes of étale sheaves on X. To complete the proof, it will suffice to show that ρ induces an
isomorphism after taking stalks at each geometric point Spec(k)→ X. Using the proper base change
theorem for étale cohomology, we can replace X by Spec(k) and thereby reduce to the case where
X is the spectrum of a separably closed field k. We may further assume that k has characteristic
6= p (otherwise, the open set U is empty and there is nothing to prove). In this case, the desired
result follows from Lemma 9.1.5. �

Theorem 9.1.1 has analogues for other cohomology theories studied in this paper, which can be
proved using the same arguments. For example:

Variant 9.1.6. Let (A, I) be a bounded prism, let X be a bounded p-adic formal scheme over the
quotient ring A/I, and let E be a vector bundle of rank r on X. Then the prismatic cohomology
classes {c∆1 (O(1))

i}0≤i<r induce an isomorphism
⊕

0≤i<r

H∗−2i
∆

(X/A){−i} → H∗
∆
(P(E )/A).

In particular, the invertible A-module A{−1} can be identified with the relative prismatic cohomol-
ogy group H2

∆
(P1

A
/A).
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9.2. Higher Chern Classes. We now use projective bundle formula of Theorem 9.1.1 to introduce
higher Chern classes in the setting of syntomic cohomology, using a formal procedure outlined by
Grothendieck in [34].

Construction 9.2.1 (Chern Classes). Let X be a scheme, formal scheme, or algebraic stack. Let E

be a vector bundle of rank r on X, and let π : P(E )→ X denote the associated projective bundle.
By virtue of Theorem 9.1.1, the syntomic cohomology classes

{csyn1 (O(1))i ∈ H2i
syn(P(E ),Zp(i))}0≤i<r

determine an isomorphism of abelian groups
⊕

0≤i<r

H2r−2i
syn (X,Zp(r − i))→ H2r

syn(P(E ),Zp(r)).

It follows that there exist unique elements {csynj (E ) ∈ H2j(X,Zp(j))}0≤j≤r satisfying the identities

csyn0 (E ) = 1
∑

0≤j≤r

π∗(csynj (E ))csyn1 (O(1))r−j = 0.

We will refer to csynj (E ) as the syntomic jth Chern class of E . By convention, we set csynj (E ) = 0 if
j is an integer which does not belong to the set {0, 1, · · · , r}.

Example 9.2.2. Let X be a scheme, formal scheme, or algebraic stack. Let L be a line bundle
on X. Then the projection map π : P(L )→ X is an isomorphism, and the line bundle O(1) is (by
our convention) the pullback π∗(L )−1. It follows that the syntomic first Chern class csyn1 (L ) of
Construction 9.2.1 agrees with the syntomic first Chern class csyn1 (L ) introduced in Variant 8.4.15.

Variant 9.2.3. In the situation of Construction 9.2.1, suppose that the vector bundle E is not
assumed to have fixed rank. In that case, we can write X as a disjoint union of closed and open
subsets {X(r)}r≥0, where each restriction E |X(r) is a vector bundle of rank r. For every integer i,
we let

csyni (E ) ∈ H2i
syn(X,Zp(i)) ≃

∏

r≥0

H2i
syn(X(r),Zp(i))

denote the unique element whose restriction to each subset X(r) is the syntomic Chern class
csyni (E |X(r)) of Construction 9.2.1.

Remark 9.2.4 (Functoriality). Let f : X → Y be a morphism of schemes, formal schemes, or
algebraic stacks, and let E be a vector bundle on Y . For every integer i, we have an equality

csyni (f∗(E )) = f∗csyni (E )

in the abelian group H2i
syn(X,Zp(i)).

Remark 9.2.5 (Comparison with Étale Cohomology). Let X be a scheme, let E be a vector bundle
on X, and let let U = Spec(Z[1/p]) × X be the open subscheme where p is invertible. For every
integer i, the étale comparison morphism

γ étsyn{i} : H
2i
syn(X,Zp(i))→ H2i

syn(U,Zp(i)) ≃ H2i
ét(U,Zp(i))

carries the syntomic Chern class csyni (E ) to the usual étale Chern class céti (E |U ). This follows from
the compatibility of the étale comparison morphism with first Chern classes, which is immediate
from the construction.

Remark 9.2.6 (Comparison with Crystalline Cohomology). Let k be a perfect field of characteristic
p, letX be a smooth k-scheme, and let E be a vector bundle onX. For every integer i, the crystalline
comparison morphism

γcryssyn : H2i
syn(X,Zp(i))→ H2i

∆ (X){i} → H2i
crys(X/Zp)
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carries the syntomic first Chern class csyni (E ) to the usual ith Chern class ccrysi (E ) in crystalline
cohomology. As in Remark 9.2.5, this follows immediately from the analogous statement for line
bundles, which is a special case of Proposition 7.5.5.

Theorem 9.2.7 (Additivity Formula). Let X be a scheme, formal scheme, or algebraic stack.
Suppose we are given a short exact sequence

0→ E
′ → E → E

′′ → 0

of vector bundles on X. Then, for every integer n, we have an equality

csynn (E ) =
∑

i+j=n

csyni (E ′) · csynj (E ′′)

in the abelian group H2n
syn(X,Zp(n)).

We begin by proving Theorem 9.2.7 in the special case of a split extension.

Lemma 9.2.8. Let X be a scheme, formal scheme, or algebraic stack, and let E ′ and E ′′ be vector
bundles on X. Then, for every integer n, we have an equality

csynn (E ′ ⊕ E
′′) =

∑

i+j=n

csyni (E ′) · csynj (E ′′)

in the abelian group H2n
syn(X,Zp(n)).

Proof. Without loss of generality, we may assume that the vector bundles E ′ and E ′′ have fixed
ranks r′ and r′′. Set E = E ′ ⊕ E ′′, let π : P(E )→ X denote the projection map, and let O(−1) be
the tautological subbundle of π∗E . Let U ⊆ P(E ) be the open subset for which composite map

O(−1) →֒ E ′⊕E ′′ ։ E ′

is the inclusion of a subbundle. It follows that sum

η′ =
∑

0≤i≤r′

π∗(csyni (E ′))csyn1 (O(1))i

vanishes when restricted to U , and can therefore be promoted to a class in the relative syntomic
cohomology group H2r′

syn(P(E ), U,Zp(r
′)). Let V ⊆ P(E ) be the open subset on which the composite

map
O(−1) →֒ E ′⊕E ′′ ։ E ′′

is the inclusion of a subbundle; the same argument shows that the sum

η′′ =
∑

0≤j≤r′′

π∗(csynj (E ′′))csyn1 (O(1))j

can be promoted to an element of H2r′′
syn(P(E ), V,Zp(r

′)). It follows that the product class η′ ·η′′ can
be promoted to an element of the relative syntomic cohomology group

H2r′+2r′′
syn (P(E ), U ∪ V,Zp(r

′ + r′′)),

which is trivial (since U and V are an open covering of P(E )). We therefore obtain the identity

0 = η′ · η′′

=
∑

n

∑

i+j=n

π∗(csyni (E ′) · csynj (E ′′))csyn1 (O(1))n,

in the cohomology group H2r′+2r′′
syn (P(E ),Zp(r

′ + r′′)), which is a restatement of Lemma 9.2.8. �

To reduce Theorem 9.2.7 to Lemma 9.2.8, we will use the following general principle:
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Proposition 9.2.9. Let f : X → Y be a morphism of algebraic stacks satisfying the following
assumptions:

(1) The algebraic stacks X and Y are quasi-compact, quasi-separated, and p-quasisyntomic.
(2) For every morphism Spec(R) → Y , where R is a strictly Henselian ring of residue charar-

acteristic 6= p, the unit map

Fp → RΓét(Spec(R)×Y X,Fp)

is an isomorphism in D̂(Zp).
(3) For every integer d, the restriction map

f∗ : RΓ(Y,LΩ̂dY )→ RΓ(X,LΩ̂dX)

is an isomorphism in D̂(Zp).

Then, for every integer n, the restriction map f∗ : RΓsyn(Y,Zp(n)) → RΓsyn(X,Zp(n)) is an

isomorphism in D̂(Zp).

Proof. We will prove more generally that for every p-quasisyntomic commutative ring A and every
integer n, the restriction map

RΓsyn(Spec(A)× Y,Zp(n))→ RΓsyn(Spec(A)×X,Zp(n))

is an isomorphism in D̂(Zp). By virtue of Proposition 8.4.6, we may assume without loss of generality
that A is an algebra over the cyclotomic number ring Z[ζp∞ ] of §8.5. Replacing f by the map
(id×f) : Spec(A)×X → Spec(A)× Y , we are reduced to verifying Proposition 9.2.9 in the special
case where Y is defined over the ring Z[ζp∞]. Let ǫ denote the element (1, ζp, ζp2 , · · · ) ∈ Tp(Z[ζp∞ ]×),
which we identify with its image in H0

syn(Y,Zp(1)).
For every integer n, let RΓsyn(Y,Zp(n)) denote the fiber of the map

(ϕ{n} − 1) : FilnNRΓ∆(Y ){n} → RΓ∆(Y ){n},

and define RΓsyn(X,Zp(n)) similarly. Using assumption (1) and Variant 8.5.5, we see that the
restriction map RΓsyn(Y,Zp(n))→ RΓsyn(X,Zp(n)) can be obtained from a commutative diagram

RΓsyn(Y,Zp(n)) //

��

lim
−→d

RΓsyn(Y,Zp(n+ d))

��

RΓét(Spec(Z[1/p]) × Y,Zp(n))oo

��
RΓsyn(X,Zp(n)) // lim

−→d
RΓsyn(X,Zp(n+ d)) RΓét(Spec(Z[1/p]) ×X,Zp(n))oo

by passing to inverse limits along the rows (where the colimits are p-completed). It will therefore
suffice to prove the following pair of assertions:

(2′) For every integer n, the restriction map

RΓét(Spec(Z[1/p]) × Y,Zp(n))→ RΓét(Spec(Z[1/p])×X,Zp(n))

is an isomorphism in D̂(Zp).
(3′) For every integer n, the restriction map RΓsyn(Y,Zp(n)) → RΓsyn(X,Zp(n)) is an isomor-

phism in D̂(Zp).
We first prove (2′). In fact, we prove a stronger assertion: for every morphism of algebraic stacks

Y ′ → Y where Y ′ is defined over Z[1/p], the induced map RΓét(Y
′,Zp(n))→ RΓét(Y

′×Y X,Zp(n))
is an isomorphism. To prove this, we may assume without loss of generality that Y ′ = Spec(R) is
affine. Set X ′ = Y ′ ×Y X and let f ′ : X ′ → Y ′ be the projection map. It will then suffice to show
that the unit map Fp

Y ′
→ Rf ′∗FpX′

is an isomorphism in the derived category of étale sheaves on
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Spec(Y ′). This can be checked stalkwise, and assumption (1) guarantees that the formation of the
sheaf Rf ′∗FpX′

is compatible with filtered colimits in R. We can therefore assume without loss of
generality that R is strictly Henselian, in which case the desired result reduces to assumption (2).

To deduce (3′), we proceed in several steps:
(a) For every integer d, the restriction map

RΓ(Y,Filconjd Ω̂
/D
Y )→ RΓ(Y,Filconjd Ω̂

/D
X)

is an isomorphism. This follows from assumption (3) using induction on d.
(b) For every pair of integers m and n, the restriction map

grmN RΓ∆(Y ){n} → grmN RΓ∆(X){n}

is an isomorphism. This follows by combining (a) with the fiber sequence of Remark 5.5.8.
(c) For every triple of integers m, m′, and n with m ≤ m′, the restriction map

FilmN RΓ∆(Y ){n}/Film
′

N RΓ∆(Y ){n} → FilmN RΓ∆(X){n}/Film
′

N RΓ∆(X){n}

is an isomorphism. This follows from (b), using induction on the difference m′ −m.
(d) For every pair of integers m and n, the restriction map

FilmN RΓ
∆̂
(Y ){n} → FilmN RΓ

∆̂
(X){n}

is an isomorphism. This follows from (c) by passing to the limit over m′.
To prove (3′), we observe that Proposition 7.4.6 supplies a commutative diagram of fiber sequences

RΓsyn(Y,Zp(n)) //

��

FilnNRΓ
∆̂
(Y ){n}

ϕ{n}−id
//

��

RΓ
∆̂
(Y ){n}

��
RΓsyn(X,Zp(n)) // FilnN RΓ

∆̂
(X){n}

ϕ{n}−id // RΓ
∆̂
(X){n}.

Assertion (d) guarantees that the middle and right vertical maps are isomorphisms, so that the left
vertical map is also an isomorphism. �

Corollary 9.2.10. Let R be a p-quasisyntomic commutative ring, let G be a reductive algebraic
group over R, let P ⊆ G be a parabolic subgroup and let L ⊆ P be a Levi splitting. Then the induced
map of classifying stacks BL→ BP induces an isomorphism

θ : RΓsyn(BP,Zp(n))→ RΓsyn(BL,Zp(n))

for every integer n.

Proof. The assertion is local with respect to the étale topology on Spec(R). We may therefore
assume without loss of generality that there is a short exact sequence

0→ Gm
λ
−→ L։ L′ → 0,

where the cocharacter λ is positive on the roots of P which do not belong to L.
For each integer k ≥ 0, let Zk denote the (k+1)-fold fiber power of BL over BP. Then Z• forms

a simplicial algebraic stack, and we can identify θ with the restriction map

Tot(RΓsyn(Z•,Zp(n)))→ RΓsyn(Z0,Zp(n)) = RΓsyn(BL,Zp(n)).

To show that this map is an isomorphism, it will suffice to show that each of the projection maps
π : Zk → BL induces an isomorphism on syntomic cohomology.
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Let us henceforth regard k as fixed. We will prove more generally that if Y is a p-quasisyntomic
algebraic stack equipped with a map Y → BL′, then the projection map

Y ×BL′ Zk → Y ×BL′ BL

induces an isomorphism on syntomic cohomology. The assertion is local on Y . We may assume
without loss of generality that Y = Spec(R′) and that the map Y → BL′ classifies the trivial
L′-torsor on Y . Replacing R by R′, we are reduced to proving that the projection map πλ :
BGm×BLZk → BGm induces an isomorphism on syntomic cohomology.

Let U ⊆ P be the unipotent radical of P and let OU denote its coordinate ring, which we re-
gard as a smooth R-algebra. The group Gm acts on U via the cocharacter λ, which determines
a grading OU =

⊕
d∈ZOU,d. Since λ is positive on the roots of P which do not belong to L, the

R-module OU,d vanishes for d < 0, and the unit map R → OU,0 is an isomorphism. Unwind-
ing the definitions, we see that BGm×BLZk can be identified with the stack-theoretic quotient
[Spec(O⊗k

U )/Gm]. Applying Proposition B.9, we see that the projection map πλ induces an isomor-
phism on Hodge cohomology. Moreover, if we are given any map Spec(A)→ BL, then the projection
map Spec(A) ×BL Zk → Spec(A) is an affine space bundle over Spec(A), and therefore induces an
isomorphism RΓét(Spec(A),Fp) → RΓét(Spec(A) ×BL Zk,Fp) if p is invertible in A. Applying the
criterion of Proposition 9.2.9, we conclude that πλ is an isomorphism on syntomic cohomology, as
desired. �

Proof of Theorem 9.2.7. Suppose we are given a short exact sequence

0→ E
′ → E → E

′′ → 0 (47)

of vector bundles on X. We wish to prove that, for every integer n, we have an equality

csynn (E ) =
∑

i+j=n

csyni (E ′) · csynj (E ′′)

in the syntomic cohomology group H2n
syn(X,Zp(n)). Without loss of generality, we may assume that

E ′ and E ′′ are vector bundles of fixed ranks r′ and r′′, respectively. Set r = r′+r′′, and let P ⊆ GLr
be the standard parabolic subgroup with Levi factor GLr′ ×GLr′′ ⊆ P , which we regard as an affine
group scheme over Z. The short exact sequence (47) is classified by a map u : X → BP. It will
therefore suffice to treat the universal case where X = BP and u is the identity map. Corollary
9.2.10 guarantees that the restriction map

H∗
syn(BP,Zp(n))→ H∗

syn(BGLr′ ×BGLr′′ ,Zp(n))

is an isomorphism, it suffices to prove the relevant identity in the syntomic cohomology group
H2n

syn(BGLr′ ×BGLr′′ ,Zp(n)). We are therefore reduced to proving Theorem 9.2.7 in the special
case where the sequence (47) splits, which follows from Lemma 9.2.8. �

9.3. The Syntomic Cohomology of BGLm. Fix an integer m ≥ 0, and let BGLm denote the
classifying stack of the group scheme GLm; we regard BGLm as an algebraic stack which is smooth
over Spec(Z). Let Euniv denote the vector bundle on BGLm corresponding to the tautological
representation of GLm. Applying Construction 9.2.1, we obtain syntomic Chern classes

{csyni (Euniv) ∈ H2i
syn(BGLm,Zp(i))}1≤i≤m.

Our goal in this section is to prove the following:

Theorem 9.3.1. Let X be a p-quasisyntomic algebraic stack which is quasi-compact and quasi-
separated. Then the syntomic cohomology ring

⊕

n∈Z

H∗
syn(BGLm×X,Zp(n))

is a polynomial algebra on generators {csyni (Euniv)}1≤i≤m over the ring
⊕

n∈ZH∗
syn(X,Zp(n)).
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We begin by treating the special case m = 1.

Lemma 9.3.2. Let X be an algebraic stack which is p-quasisyntomic, and let L denote the tauto-
logical line bundle on the product BGm×X. Then the syntomic cohomology ring

⊕

n∈Z

H∗
syn(BGm×X,Zp(n))

is a polynomial algebra over
⊕

n∈ZH∗
syn(X,Zp(n)) on the generator csyn1 (L ).

Proof. Let E denote the direct sum L ⊕ O, which we regard as a vector bundle of rank 2 over
the product BGm×X. Let π : P(E ) → BGm×X denote the associated projective bundle and let
O(−1) ⊆ π∗E be the tautological subbundle. Let U ⊆ P(E ) be the open subset over which the
composite map

O(−1) →֒ π∗E ։ π∗L

is an isomorphism, and let V ⊆ P(E ) be the open subset over which the composite map

O(−1) →֒ π∗E ։ OP(E )

is an isomorphism. More concretely, E can be described as the product of X with the stack-theoretic
quotient [P1/Gm], and U and V with the products ofX with the stack-theoretic quotients [A1

+/Gm]
and [A1

−/Gm], where A1
+ and A1

− comprise the usual open covering of the projective line P1 by
affine spaces. In particular, the composite map

U ∩ V →֒ P(E )
π
−→ BGm×X → X

is an isomorphism.
By construction, the line bundle O(−1) is equipped with isomorphisms

α : O(−1)|U ≃ (π∗L )|U β : O(−1)|V ≃ OV .

Composing α with the inverse of β, we obtain a trivialization γ of the line bundle (π∗L )|U∩V . The
pair (L , γ) determines a relative Chern class

csyn1 (L , γ) ∈ H2
syn(BGm×X,U ∩ V,Zp(1))

(see Variant 8.4.17). We will prove the following:
(∗) For every integer n, multiplication by the element csyn1 (L , γ) induces an isomorphism

RΓsyn(BGm×X,Zp(n− 1))[−2]→ RΓsyn(BGm×X,U ∩ V,Zp(n)).

Assume (∗) for the moment. Using the identification U ∩ V ≃ X, we can reformulate (∗) as the
assertion that for every pair of integers m and n, the tautological map

Hmsyn(X,Zp(n))⊕Hm−2
syn (BGm×X,Zp(n − 1))→ Hmsyn(BGm×X,Zp(n))

is an isomorphism (where the map on the second factor is given by multiplication with csyn1 (L ).
Lemma 9.3.2 now follows by induction on m, using the fact that the groups Hmsyn(X,Zp(n)) and
Hmsyn(BGm×X,Zp(n)) vanish for m < 0 (by virtue of our assumption that X is p-quasisyntomic).

It remains to prove (∗). The assertion is local on X, so we may assume without loss of generality
that X = Spec(R) for some p-quasisyntomic ring R. In this case, we can identify U with the stack-
theoretic quotient [Spec(R[t])/Gm] (where R[t] is equipped with the usual grading). Applying
Propositions B.9 and 9.2.9, we see that the composite map U →֒ P(E )

π
−→ BGm×X induces an

isomorphism on syntomic cohomology. We can therefore reformulate (∗) as follows:
(∗′) For every integer n, multiplication by the relative Chern class c1(O(−1), β) induces an

isomorphism

RΓsyn(BGm×X,Zp(n− 1))[−2]→ RΓsyn(U,U ∩ V,Zp(n)).

Since U and V are an open covering of the projective bundle P(E ), this is equivalent to the following:
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(∗′′) For every integer n, multiplication by the relative Chern class c1(O(−1), β) induces an
isomorphism

RΓsyn(BGm×X,Zp(n− 1))[−2]→ RΓsyn(P
1(E ), V,Zp(n)).

Arguing as above, we see that the composite map V →֒ P1(E )
π
−→ BGm×X is an isomorphism on

syntomic cohomology. It follows that the natural map

RΓsyn(P
1(E ), V,Zp(n))⊕ RΓsyn(BGm×X,Zp(n))→ RΓsyn(P

1(E ),Zp(n))

is an isomorphism, so that (∗′′) can be reformulated as follows:

(∗′′′) For every integer n, the map

RΓsyn(BGm×X,Zp(n))⊕RΓsyn(BGm×X,Zp(n−1))[−2]
(1,csyn1 (O(−)))
−−−−−−−−−→ RΓsyn(P(E ),Zp(n−1))[−2]

is an isomorphism.

This is a special case of the projective bundle formula (Theorem 9.1.1). �

Proof of Theorem 9.3.1. Let X be an algebraic stack which is quasi-compact, quasi-separated, and
p-quasisyntomic, let A denote the syntomic cohomology ring

⊕
n∈ZH∗

syn(X,Zp(n)), and let B denote
the syntomic cohomology ring

⊕
n∈ZH∗

syn(BGLm×X,Zp(n)). We have a canonical map of bigraded
rings ρ : A[c1, · · · , cm] → B, carrying each of the formal variable ci to the syntomic Chern class
csyni (Euniv) ∈ H2i

syn(BGLm×X,Zp(i)). We wish to show that ρ is an isomorphism.
The proof proceeds by induction on m, the case m = 0 being trivial. Assume that m > 0, and let

P(Euniv) denote the projectivization of the vector bundle Euniv, so that we have a projection map
π : P(Euniv)→ BGLm×X and a short exact sequence of vector bundles

0→ O(−1)→ π∗Euniv → E
′ → 0.

Let C denote the syntomic cohomology ring
⊕

n∈ZH∗
syn(P(Euniv),Zp(n)). It follows from the defi-

nition of the syntomic Chern classes csyni (Euniv) that ρ extends to a ring homomorphism

ρ+ : A[c1, · · · , cm, t]/(t
m + c1t

m−1 + · · · + cm)→ C,

carrying the formal variable t to the syntomic Chern class csyn1 (O(1)) ∈ H2
syn(P(Euniv),Zp(1)).

Note that the domain of ρ+ can be identified with the polynomial ring A[c′1, c
′
2, · · · , c

′
m−1, t], where

c′i = ci + tci−1 + · · ·+ ti. Moreover, it follows from Theorem 9.2.7 that the map ρ+ carries each c′i
to the syntomic Chern class csyni (E ′) ∈ H2i

syn(P(Euniv,Zp(i)).
Note that the projective bundle P(Euniv) can be identified with the product BP×X, where

P ⊆ GLm is the standard parabolic subgroup with Levi factor GLm−1×GL1 ⊆ GLm. Combining
our inductive hypothesis with Lemma 9.3.2, we deduce that the composite map

A[c′1, · · · , c
′
m−1, t]

ρ+
−−→ C →

⊕

n

H∗
syn(BGL1×BGLm−1×X,Zp(n))

is an isomorphism of bigraded rings. Together with Corollary 9.2.10, this guarantees that ρ+ is an
isomorphism of commutative rings.

Note that the quotient ring A[c1, · · · , cm, t]/(t
m + c1t

m−1 + · · · + cm) is a free module over
A[c1, · · · , cm], with basis given by {ti}0≤i<m. Consequently, to show that ρ is an isomorphism,
it will suffice to show that the images of the elements {ti}0≤i<m form a basis for C as a B-module.
This follows from the projective bundle formula (Theorem 9.1.1). �
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9.4. The Blowup Formula for Syntomic Cohomology. Throughout this section, we fix a
scheme X together with a closed subscheme Y ⊆ X for which the inclusion Y →֒ X is a regular
immersion: that is, locally on X, the closed subscheme Y can be realized as the vanishing locus of
a regular sequence of sections of the structure sheaf OX . We write X̃ for the blowup of X along Y
and D ⊆ X̃ for the exceptional divisor, so that we have a commutative diagram of schemes

D //

��

X̃

��
Y // X

(48)

Our goal is to prove the following:

Theorem 9.4.1 (Blowup Formula). For every integer n, the diagram (48) determines a pullback
square of syntomic complexes

RΓsyn(D,Zp(n)) RΓsyn(X̃,Zp(n))oo

RΓsyn(Y,Zp(n))

OO

RΓsyn(X,Zp(n))oo

OO

(49)

in the ∞-category D̂(Zp).

Corollary 9.4.2. Let f : X → Y be a smooth morphism of schemes of relative dimension r, let

s : Y → X be a section of f , and let X̃ be the blowup of X along the image of s, and let D ⊆ X̃ be the
exceptional divisor. Then, for every integer n, the syntomic cohomology classes {csyn1 (O(D))i}0<i<r
induce an isomorphism

RΓsyn(X,Zp(n))⊕
⊕

0<i<r

RΓsyn(Y,Zp(n − i))[−2i]→ RΓsyn(X̃,Zp(n))

in the derived ∞-category D̂(Zp).

Proof. Combine Theorem 9.4.1 with Theorem 9.1.1. �

The proof of Theorem 9.4.1 will proceed in several steps. We begin by proving the analogue of
Theorem 9.4.1 for (derived) Hodge cohomology (see [51] for a closely related statement):

Lemma 9.4.3. The diagram (48) determines a pullback square of derived Hodge complexes

⊕
d∈Z RΓ(D,LΩdD)[−d]

⊕
d∈ZRΓ(X̃, LΩd

X̃
)[−d]oo

⊕
d∈ZRΓ(Y,LΩdY )[−d]

OO

⊕
d∈Z RΓ(X,LΩdX)[−d].

oo

OO

(50)

Proof. The assertion is local on X. We may therefore assume without loss of generality that X =
Spec(R) is affine and that Y is the vanishing locus of a regular sequence f1, f2, · · · , fn ∈ R, which
determines a morphism u from X to the affine space An = Spec(Z[x1, · · · , xn]). Let Ãn denote the



ABSOLUTE PRISMATIC COHOMOLOGY 221

blowup of An at the origin, and let D′ ⊆ Ãn be the exceptional divisor. Note that pullback along
u induces a map of derived Hodge complexes

u∗ :
⊕

d∈Z

ΩdZ[x1,··· ,xn][−d]→
⊕

d∈Z

LΩdR[−d].

Applying Remark B.8, we see that the diagram (50) can be obtained from the simpler diagram

RΓ(D′,Ω∗
D′) RΓ(Ãn,Ω∗

Ãn
)oo

RΓ(Spec(Z),Ω∗(Spec(Z)))

OO

RΓ(An,Ω∗
An).oo

OO

(51)

via derived extension of scalars along u. It will therefore suffice to show that (51) is a pullback
square.

Let us regard An as an open subscheme of the projective space Pn (over Z), and let P̃n denote
the blowup of Pn at the origin. We can then expand (51) to a commutative diagram

RΓ(D′,Ω∗
D′) RΓ(Ãn,Ω∗

Ãn
)oo RΓ(P̃n,Ωd

P̃n
)oo

RΓ(Spec(Z),Ω∗
Spec(Z))

OO

RΓ(An,Ω∗
An)oo

OO

RΓ(Pn,Ω∗
Pn),

OO

oo

(52)

where the square on the right is a pullback (by Zariski descent). It will therefore suffice to show
that the outer rectangle is also a pullback diagram.

We will assume that n ≥ 1 (otherwise, there is nothing to prove). Let π : P̃n → Pn denote
the projection map and set t = cHod

1 (π∗O(1)) ∈ H1(P̃n,Ω1
P̃n

). Note that there is a canonical

map π′ : P̃n → Pn−1, which exhibits P̃n as the projectivization of the rank 2 vector bundle
O(−1) ⊕ O. Set t′ = cHod

1 (π′∗O(1)) ∈ H1(P̃n,Ω1
P̃n

). Note that we have a subbundle inclusion

π∗(O(−1)) →֒ π′∗(O(−1)⊕O). In particular, P̃n can be covered by open subschemes U = Ãn and
V for which the line bundle π∗O(−1) is trivial when restricted to U and isomorphic to π′∗(O(−1))
when restricted to V . It follows that t|U = 0 and t|V = t′|V , so that the product t · (t− t′) vanishes:
that is, we have an equality t2 = tt′ in the cohomology group H2(P̃n,Ω2

P̃n
).

Applying Lemma 9.1.3, we deduce that the map

RΓ(Pn−1,Ω∗
Pn−1)⊕ RΓ(Pn−1,Ω∗−1

Pn−1)[−1]
(1,t)
−−→ RΓ(P̃n,Ω∗

P̃n)

is an isomorphism. Since π′|D′ is an isomorphism, it follows that the restriction map

u : H∗(P̃n,Ω∗
P̃n)→ H∗(D′,Ω∗

D′)

is a surjection, whose kernel can be identified (via multiplication by t) with the bigraded abelian
group H∗−1(Pn−1,Ω∗−1

Pn−1). Applying Lemma 9.1.2 (to the projective space Pn−1), we conclude that
the kernel ker(u) is a free abelian group generated by the cohomology classes t · t′d−1 = td for
0 < d ≤ r. Applying Lemma 9.1.2 to the projective space Pn, we conclude that the restriction map

v : H∗(Pn,Ω∗
Pn)→ H∗(Spec(Z),Ω∗

Spec(Z))
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is also a surjection, whose kernel is the free abelian group generated by c1(O(1))d if 0 < d ≤ r. It
follows that pullback along π induces an isomorphism of abelian groups ker(v) → ker(u), so that
the outer rectangle (52) is a pullback diagram, as desired. �

Lemma 9.4.4. For every integer d, the diagram (48) determines a pullback square

RΓ(D,Filconjd Ω
/D
D) RΓ(X̃,Filconjd Ω

/D

X̃
)oo

RΓ(Y,Filconjd Ω
/D
Y )

OO

RΓ(X,Filconjd Ω
/D
X).

oo

OO

Proof. For d < 0, the assertion is vacuous. The general case follows by induction on d, using Lemma
9.4.3. �

Lemma 9.4.5. For every integer n, the diagram (48) determines a pullback square of absolute
Hodge-Tate complexes

RΓ
∆
(D){n} RΓ

∆
(X̃){n}oo

RΓ
∆
(Y ){n}

OO

RΓ
∆
(X){n}.oo

OO

Proof. The assertion is local on X, so we may assume without loss of generality that X is quasi-
compact and quasi-separated. Applying Lemma 9.4.4 and passing to the colimit over d, we deduce
that the diagram of diffracted Hodge complexes

RΓ(D,Ω
/D
D) RΓ(X̃,Ω

/D

X̃
)oo

RΓ(Y,Ω
/D
Y )

OO

RΓ(X,Ω
/D
X).

oo

OO

is a pullback square. Lemma 9.4.5 now follows by p-completing and passing to eigenspaces of the
Sen operator (see Remark 4.7.5). �

Lemma 9.4.6. For every pair of integers m and n, the diagram (48) determines a pullback square

FilmN RΓ∆(D){n} FilmN RΓ∆(X̃){n}oo

FilmN RΓ
∆
(Y ){n}

OO

FilmN RΓ
∆
(X){n}.oo

OO
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Proof. For m ≤ 0, this follows formally from Lemma 9.4.5 (see Remark 4.5.7). Proceeding by
induction on m, we are reduced to showing that the diagram

grmN RΓ∆(D){n} grmN RΓ∆(X̃){n}oo

grmN RΓ
∆
(Y ){n}

OO

grmN RΓ
∆
(X){n}.oo

OO

is a pullback square. This follows by combining Lemma 9.4.4 with the fiber sequence of Remark
5.5.8. �

Proof of Theorem 9.4.1. Fix an integer n. For every scheme Z, let jZ : Spec(Z[1/p]) × Z →֒ Z be
the inclusion map, so that Remark 8.4.8 supplies a fiber sequence

RΓét(Z, jZ! Zp(n))→ RΓsyn(Z,Zp(n))→ fib(ϕ{n} − id : FilnNRΓ∆(Z){n} → RΓ∆(Z){n}).

By virtue of Lemma 9.4.6, to show that the diagram (49) is a pullback square, it will suffice to show
that the analogous diagram

RΓét(D, jD!Fp(n)) RΓét(X̃, jX̃ ! Zp(n))
oo

RΓét(Y, jY ! Zp(n))

OO

RΓét(X, jX! Zp(n))oo

OO

(53)

Let π : X̃ → X denote the projection map, and let i : Y →֒ X denote the inclusion. Unwinding
the definitions, we see that after reducing modulo p, the diagram (53) is obtained by applying the
functor F 7→ RΓét(X,F ) to a diagram

(π|D)∗jD!Fp(n) π∗jX̃!
Fp(n)oo

i∗jY !Fp(n)

OO

jX!Fp(n)

OO

oo

(54)

of complexes of étale sheaves on X. It will therefore suffice to show that the diagram (54) is a
pullback square. This is clear: the horizontal maps in the diagram (54) induce isomorphisms on
stalks at each geometric point of Y (by definition for the bottom row, and by proper base change
for the top row), and the vertical maps induce isomorphisms of stalks at each geometric point of
the complement X \ Y (as π is an isomorphism over U). �
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Appendix

A. Animated Commutative Rings. In this appendix, we briefly review the formalism of ani-
mated commutative rings, which is used freely throughout this paper.

Definition A.1. Let k be a commutative ring. We let Polyk denote the category whose objects
are the polynomial rings k[x1, · · · , xn] and whose morphisms are k-algebra homomorphisms. Let S
denote the ∞-category of spaces. An animated commutative k-algebra is a functor

Polyopk → S

which preserves finite products (that is, it carries tensor products of polynomial algebras to products
of spaces). We let CAlgank denote the full subcategory of Fun(Polyopk ,S) spanned by the animated
commutative k-algebras. We will be primarily interested in the special case where k = Z is the ring
of integers. In this case, we denote the ∞-category CAlgank by CAlgan, and refer to its objects as
animated commutative rings.

Example A.2 (k-Algebras as Animated k-Algebras). Let R be a commutative k-algebra. Then
the functor

(P ∈ Polyopk ) 7→ {k-algebra homomorphisms P → R}

is an animated commutative k-algebra. This construction determines a fully faithful embedding
from the ordinary category of commutative k-algebras to the ∞-category CAlgank of animated com-
mutative k-algebras. The essential image of this embedding consists of those animated commutative
k-algebras X : Polyopk → S which are discrete, in the sense that the higher homotopy groups of the
space X(P ) vanish for every polynomial algebra P ∈ Polyk. We will systematically abuse notation
by identifying a commutative k-algebra R with its image in the ∞-category CAlgank .

Notation A.3 (The Underlying k-Algebra). Let R be an animated commutative k-algebra. Then
the functor

Polyopk
R
−→ S

π0−→ Set

is also an animated commutative k-algebra, which we will denote by π0(R). By construction, π0(R)
is discrete, and can therefore be viewed as a commutative k-algebra in the usual sense.

Remark A.4. Let A denote the ordinary category of simplicial commutative k-algebras. Then
A has the structure of a simplicial model category, whose underlying ∞-category is canonically
equivalent to the ∞-category CAlgank of animated commutative k-algebras. In other words, the
∞-category CAlgank can be obtained from the ordinary category A by formally adjoining inverses
to weak homotopy equivalences, or more explicitly as the homotopy coherent nerve of the category
of fibrant-cofibrant objects of A. See Corollary 5.5.9.3 of [46].

The∞-category CAlgank can be characterized by a universal mapping property: it can be obtained
from the ordinary category of finitely generated polynomial algebras over k by freely adjoining sifted
colimits. More precisely, we have the following:

Proposition A.5. Let k be a commutative ring and let C be an ∞-category which admits small
sifted colimits. Then every functor F : Polyk → C admits a canonical extension LF : CAlgank → C,
which is uniquely determined (up to isomorphism) by the requirement that it commutes with sifted
colimits.

Proof. See Proposition 5.5.8.15 of [46]. �

Remark A.6 (Derived Functors as Kan Extensions). In the situation of Proposition A.5, we will
refer to LF as the nonabelian left derived functor of F . It is characterized (up to isomorphism) by
the property that it is a left Kan extension of F . In particular, if D ⊆ CAlgank is a full subcategory
containing Polyk and G : D → C is any functor, then every natural transformation α0 : F → G|Polyk
admits an essentially unique extension to a natural transformation α : (LF )|D → G.
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Remark A.7. In the situation of Proposition A.5, suppose that the ∞-category C admits small
colimits. Then the functor LF : CAlgank → C preserves small colimits if and only if the original
functor F : Polyk → C preserves finite coproducts: that is, it carries tensor products of polynomial
algebras to coproducts in the ∞-category C. See Corollary 5.5.8.17 of [46].

B. Derived Hodge Cohomology. We begin by reviewing a standard application of Proposition
A.5.

Construction B.1 (Exterior Powers of the Cotangent Complex). Let A be a commutative ring.
For every commutative A-algebra B, we let Ω1

B/A denote the module of Kähler differentials of B
over A, and we let ΩdB/A denote its dth exterior power in the abelian category of B-modules; by

convention, we have ΩdB/A ≃ 0 for d < 0. Applying Proposition A.5, we see that there is an
essentially unique functor

CAlganA → D(A) B 7→ LΩdB/A

with the following properties:

• The functor B 7→ LΩdB/A commutes with sifted colimits.
• When B is a finitely generated polynomial algebra over A, there is canonical isomorphism
LΩnB/A ≃ ΩnB/A.

We will refer to LΩ1
B/A as the cotangent complex of B over A and to LΩdB/A as the (derived) dth

exterior power of LΩ1
B/A. We let LΩ̂dB/A denote the p-completion of LΩdB/A.

Remark B.2. Let A be a commutative ring. For every commutative A-algebra B, we can regard
the direct sum ⊕

d∈Z

ΩdB/A[−d]

as a commutative differential graded algebra over A, where the differential is identically zero. Ap-
plying Proposition A.5 to the functor B 7→

⊕
d∈ZΩdB/A[−d], we deduce that for every animated

commutative A-algebra B, the direct sum
⊕

d∈Z

LΩdB/A[−d]

can be regarded as a graded commutative algebra object of the ∞-category D(A). In particular,
each LΩdB/A has the structure of a module over B ≃ LΩ0

B/A, and can therefore be regarded as an
object of the ∞-category D(B).

Remark B.3. Let A be a commutative ring. Then the functor

CAlganA → CAlg(D(A)) B 7→
⊕

d∈Z

LΩdB/A[−d]

commutes with all small colimits (not just sifted colimits). This follows formally from the observa-
tion that the functor

PolyA → CAlg(D(A)) P 7→
⊕

d∈Z

ΩdP/A[−d]

commutes with finite coproducts.

Remark B.4. Let f : A → B be a morphism of commutative rings. For every integer d, there is
a canonical map LΩdB/A → ΩdB/A, which identifies ΩdB/A with the 0th cohomology of the complex
LΩdB/A. Moreover, the cohomology groups of the complex LΩdB/A vanish in degrees > 0.
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Remark B.5. Let f : A → B be a morphism of commutative rings. Suppose that the cotangent
complex LΩ1

B/A is a flat B-module concentrated in cohomological degree zero (this condition is
satisfied, for example, if B is smooth over A). Then, for every integer d, the canonical map LΩdB/A →

ΩdB/A is an isomorphism (in the derived ∞-category D(B)).

Remark B.6. Let A be a commutative ring. For every nonnegative integer n, the functor

CAlganA → D(A) B 7→ LΩnB/A

satisfies descent for the flat topology. See [10, Remark 2.8] or [19, Theorem 3.1].

Construction B.7 (The Derived Hodge Complex). Let A be a commutative ring and let X be
a scheme, formal scheme, or algebraic stack defined over Spec(A). For every integer d, we let
RΓ(X,LΩdX/A) denote the limit

lim
←−

Spec(B)→X

LΩdB/A,

formed in the ∞-category D(A), and we denote its p-completion by RΓ(X,LΩ̂dX/A). We will refer
to the direct sum ⊕

d∈Z

RΓ(X,LΩdX/A)[−d]

as the derived Hodge complex of X relative to A, and to its cohomology as the derived Hodge complex
of X relative to A.

We will be primarily interested in the case where A = Z; in this case, we denote RΓ(X,LΩdX/A)

by RΓ(X,LΩdX) and its p-completion by RΓ(X, Ω̂dX).

Remark B.8 (Künneth Formula). Let f : A→ B be a morphism of commutative rings, let X and
Y be B-schemes which are quasi-compact and quasi-separated, and let Z = X ×Spec(B) Y denote
their product. Suppose that X and Y are Tor-independent over B (this assumption holds, for
example, if either X or Y is flat over B). Then the diagram of derived Hodge complexes

⊕
d∈Z LΩ

d
B/A[−d]

//

��

⊕
d∈Z RΓ(X,LΩdX/A)[−d]

��⊕
d∈Z RΓ(Y,LΩdY/A)[−d]

//
⊕

d∈ZRΓ(Z,LΩdZ/A)[−d]

is a pushout square in CAlg(D(A)). To prove this, we can work locally to reduce to the case where
X and Y are affine, in which case the desired result follows from Remark B.3.

We will need the following result, whose proof is left to the reader:

Proposition B.9. Let A =
⊕

n≥0An be nonnegatively graded ring, so that the inclusion A0 →֒ A
induces a map of quotient stacks

f : [Spec(A)/Gm]→ [Spec(A0)/Gm] ≃ Spec(A0)× BGm .

Then, for every integer d, the induced map

RΓ([Spec(A0)/Gm], LΩ
d
[Spec(A0)/Gm])→ RΓ([Spec(A)/Gm], LΩd[Spec(A)/Gm])

is an isomorphism in the derived ∞-category D(Z).
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C. Quasisyntomic Morphisms.

Definition C.1. Let R be a commutative ring and let I ⊆ R be a finitely generated ideal. We say
that an object M ∈ D(R) is I-completely flat if the derived tensor product (R/I) ⊗LR M is a flat
(R/I)-module (regarded as a chain complex concentrated in cohomological degree zero). We say
that M is p-completely flat if it is I-completely flat for the principal ideal I = (p).

Warning C.2. In the situation of Definition C.1, we do not require that M is I-complete. However,
if M̂ is the I-completion of M , then M is I-completely flat if and only if M̂ is I-completely flat.

Example C.3. Let R be a commutative ring and letM be a flat R-module. Then M is I-completely
flat for every finitely generated ideal I ⊆ R.

Remark C.4. Let R be a Noetherian ring, let I ⊆ R be an ideal, and let M be an object of D(R).
Then M is I-completely flat if and only if the I-completion M̂ is a flat R-module, concentrated in
cohomological degree zero.

Definition C.5. Let f : R → S be a homomorphism of commutative rings and let I ⊆ R be a
finitely generated ideal. We will say that f is I-completely flat if the commutative ring S is I-
completely flat when viewed as an R-module (via restriction of scalars along f). Note that, in this
case, the induced map of quotient rings R/I → S/IS is flat. We say that f is I-completely faithfully
flat if it is I-completely flat and the map R/I → S/IS is faithfully flat.

Definition C.6. Let R be a commutative ring. We will say that R is p-quasisyntomic if it satisfies
the following conditions:

(1) The commutative ring R has bounded p-power torsion (in particular, the p-completion R̂
coincides with the separated p-completion lim←−mR/p

mR; see Remark 1.9.10).
(2) The derived tensor product (R/pR) ⊗LR LΩ

1
R ∈ D(R/pR) has Tor-amplitude contained in

[−1, 0].

We let CAlgQSyn denote the category whose objects are p-quasisyntomic commutative rings (and
whose morphisms are ring homomorphisms).

Warning C.7. Definition C.6 is a slight variant of Definition 1.7 of [19]. A commutative ring R
is quasisyntomic in the sense of [19] if and only if if it is both p-quasisyntomic (in the sense of
Definition C.6) and p-complete. Conversely, a commutative ring R is p-quasisyntomic if and only
if its p-completion R̂ is a quasisyntomic commutative ring (concentrated in cohomological degree
zero).

Example C.8. Every regular Noetherian ring is p-quasisyntomic. In particular, every polynomial
ring Z[x1, x2, · · · , xn] is p-quasisyntomic.

We will need a relative version of Definition C.6.

Definition C.9 (The p-Quasisyntomic Topology). Let R be a commutative ring. We will say that
a ring homomorphism f : R→ S is p-quasisyntomic if it is p-completely flat and the complex

(S/pS)⊗LS LΩ
1
S/R ∈ D(S)

has Tor-amplitude contained in [0,−1]. In this case, we say that S is a p-quasisyntomic R-algebra.
We let CAlgQSyn

R denote the category of p-quasisyntomic R-algebras.
We say that a ring homomorphism f : R→ S is a p-quasisyntomic cover if f is p-quasisyntomic

and p-completely faithfully flat. The p-quasisyntomic coverings determine a Grothendieck topology
on (the opposite of) the category of p-quasisyntomic commutative rings, where a collection of
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morphisms {R → Si}i∈I generate a covering sieve if and only if there exists a finite subset I0 ⊆ I
and a ring homomorphism

∏
i∈I0

Si → S for which the composite map

R→
∏

i∈I0

Si → S

is a p-quasisyntomic covering (see Lemma 4.17 of [19]). We will refer to this Grothendieck topology
as the p-quasisyntomic topology on (CAlgQSyn)op.

Warning C.10. Let f : R → S be a ring homomorphism. If R is p-quasisyntomic and f is
p-quasisyntomic, then S is also p-quasisyntomic. Conversely, if S is p-quasisyntomic and f is a
p-quasisyntomic covering, then R is p-quasisyntomic (see Lemma 4.15 of [19]).

In particular, if S is a commutative ring for which the unit map u : Z→ S is p-quasisyntomic (in
the sense of Definition C.9), then S is p-quasisyntomic (in the sense of Definition C.6). Beware that
the converse is false: the finite field Fp is a p-quasisyntomic commutative ring, but the quotient
map Z ։ Fp is not a p-quasisyntomic ring homomorphism (since it is not p-completely flat). It
follows that the inclusion CAlgQSyn

Z ⊂ CAlgQSyn is strict.

Example C.11. Let R be a commutative Fp-algebra. The following conditions are equivalent:
• The commutative ring R is p-quasisyntomic, in the sense of Definition C.6.
• The unit map u : Fp → R is p-quasisyntomic, in the sense of Definition C.9.
• The relative cotangent complex LΩ1

R/Fp
has Tor-amplitude contained in [−1, 0].

If these conditions are satisfied, we will say that R is a quasisyntomic Fp-algebra. We say that an
Fp-scheme X is quasisyntomic if, for every affine open subset U ⊆ X, the coordinate ring RΓ(U,OU )
is a quasisyntomic Fp-algebra.

Example C.12. Let R be a commutative ring having bounded p-power torsion, and let R̂ denote
its p-completion. Then the canonical map R→ R̂ is a p-quasisyntomic covering.

Example C.13. Every smooth ring homomorphism is p-quasisyntomic. In particular, every étale
ring homomorphism is quasisyntomic.

Remark C.14. Let C be an ∞-category which admits small limits, and let F : CAlgQSyn → C be
a functor. Then F satisfies descent with respect to the p-quasisyntomic topology of Definition C.9
if and only if it satisfies the following conditions:

(1) For every p-quasisyntomic commutative ring R, the canonical map F (R) → F (R̂) is an
isomorphism.

(2) The functor F commutes with finite products.
(3) Let f : R → R0 be a p-quasisyntomic covering between commutative rings which are p-

quasisyntomic and p-complete, and let R• be the cosimplicial R-algebra obtained by p-
completing the tensor powers of R0 over R. Then the tautological map

F (R)→ Tot(F (R•))

is an isomorphism in C.

Definition C.15 ([19], Definition 4.20). Let S be a commutative ring. We say that S is quasiregular
semiperfectoid if it satisfies the following conditions:

• The commutative ring S is p-quasisyntomic and p-complete.
• There exists a ring homomorphism R→ S, where R is perfectoid.
• The quotient ring S/pS is semiperfect. That is, every element x ∈ S can be written as
yp + pz for some elements y, z ∈ S.

We let CAlgqrsp denote the category whose objects are quasiregular semiperfectoid rings and whose
morphisms are ring homomorphisms.
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Remark C.16. Let R be a commutative ring. Then R is p-quasisyntomic if and only if there exists
a p-quasisyntomic covering f : R → S, where S is quasiregular semiperfectoid (see Lemma 4.28 of
[19]). In particular, the full subcategory CAlgqrsp ⊆ CAlgQSyn forms a basis for the quasisyntomic
topology of Definition C.9.

Example C.17. Let R be an Fp-algebra. The following conditions are equivalent:
• The commutative ring R is quasiregular semiperfectoid (Definition C.15).
• The Fp-algebra R is quasiregular semiperfect: that is, the Frobenius map

ϕR : R→ R x 7→ xp

is surjective and the shifted cotangent complex LΩ1
R/Fp

[−1] is a flat R-module (concentrated
in cohomological degree zero).

We let CAlgqrspFp
denote the category of Fp-algebras which satisfy these conditions.

D. Filtered Complexes. In this appendix, we review the homological algebra of filtered com-
plexes, expressed in a language which is convenient for our applications in this paper.

Definition D.1. Let R be a commutative ring. We let DF(R) denote the ∞-category Fun((Z,≥
)op,D(R)) of functors; here D(R) denotes the derived∞-category of R-modules, and (Z,≥) denotes
the linearly ordered set of integers. We refer to DF(R) as the filtered derived ∞-category of R. We
denote objects of DF(R) by Fil•(M), which we view as diagrams

· · · → Fil2(M)→ Fil1(M)→ Fil0(M)→ Fil−1(M)→ Fil−2(M)→ · · ·

in the∞-category D(R). For each integer n, we let grn(M) denote the cofiber of the transition map
Filn+1(M)→ Filn(M), formed in the ∞-category D(R).

Warning D.2. Definition D.1 is not standard. There is a fully faithful embedding ι : D(R) →֒
DF(R), which carries each complex M ∈ D(R) to the constant diagram

· · · →M
id
−→M

id
−→M

id
−→M

id
−→M → · · · ;

the essential image of this embedding consists of those filtered complexes Fil•(M) for which the
associated graded complex gr•(N) vanishes. Most authors define the filtered derived ∞-category
of R to be (the homotopy category of) the Verdier quotient DF(R)/D(R), which can be identified
with the full subcategory DFc(R) ⊆ DF(R) introduced in Definition D.5 below.

Definition D.3 (The Beilinson t-Structure). Let R be a commutative ring. We define a pair of
full subcategories DF(R)≥0,DF(R)≤0 ⊆ DF(R) as follows:

• An object Fil•(M) ∈ DF(R) belongs to DF(R)≥0 if and only if, for every integer n, the
cohomology groups of the complex Filn(M) are concentrated in degrees ≥ n.
• An object Fil•(M) ∈ DF(R) belongs to DF(R)≤0 if and only if, for every integer n, the co-

homology groups of the complex grn(M) = Filn(M)/Filn+1(M) are concentrated in degrees
≤ n.

Proposition D.4. Let R be a commutative ring. Then the subcategories (DF(R)≥0,DF(R)≤0)
determine a t-structure on the stable ∞-category DF(R).

Proof. See Theorem 5.4 of [19] (or the appendix to [8] in the case of bounded filtrations). �

Definition D.5. Let R be a commutative ring and let Fil•(M) be an object of DF(R). We say
that Fil•(M) is filtration-complete if the limit lim←−n Fil

n(M) vanishes in the ∞-category D(R). We
let DFc(R) denote the full subcategory of DF(R) spanned by the filtration-complete objects.

We refer to the t-structure of Proposition D.4 as the Beilinson t-structure on DF(R). If Fil•(M)

is an object of DF(R), we denote its truncations for the Beilinson t-structure by τ≤nBeil(Fil
•(M)) and

τ≥nBeil(Fil
•(M)).
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Remark D.6 (The Decalage). Let Fil•(M) be an object of DF(R). For every integer n, let us
write τ≤nBeil(M) for the underlying complex of filtered complex τ≤nBeil(Fil

•(M)). The diagram

· · · → τ≤−1
Beil (M)→ τ≤0

Beil(M)→ τ≤1
Beil(M)→ · · ·

determines a new object of DF(R). At the level of filtered cochain complexes, the passage from
Fil•(M) to τ≤−•

Beil (M) is implemented by the decalage construction introduced by Deligne in [26].

Remark D.7. Let R be a commutative ring and let Fil•(M) be an object of DF(R). Then Fil•(M)
belongs to DF(R)≥0 if and only if it satisfies both of the following conditions:

• For every integer n, the cohomology groups of the complex grn(M) are concentrated in
degrees ≥ n.
• The filtration Fil•(M) is complete: that is, the limit lim←−n Fil

n(M) vanishes in the∞-category
D(R).

Example D.8. Let (M∗, ∂) be a cochain complex of R-modules. For each integer n, let (M≥n, ∂)
denote the subcomplex of (M∗, ∂) which coincides with M∗ in cohomological degrees ≥ n and
vanishes in degrees < n. The construction n 7→ (M≥n, ∂) determines an object of DF(R) which
lies in the heart DF(R)♥ = DF(R)≥0(R) ∩ DF(R)≤0(R) of the Beilinson t-structure. Moreover,
the construction M∗ 7→M≥• induces an equivalence of abelian categories

{Chain complexes of R-modules} → DF(R)♥.

Example D.9. Let R be a commutative ring, let I ⊆ R be an invertible ideal, and let M be
an object of D(R). Let I•M denote the filtered complex corresponding to the diagram For each
element f ∈ R, let I•M denote the filtered complex corresponding to the diagram

· · · → I2 ⊗LRM → I1 ⊗LRM → I0 ⊗LRM → I−1 ⊗LRM → I−2 ⊗LRM → · · ·

Then M is I-complete (in the sense of Definition 1.9.1) if and only if I•M is filtration-complete.

Remark D.10. Let R be a commutative ring and let Fil•(M) be an object of DF(R). For every
integer n, we have a fiber sequence

τ≤nBeil(Fil
•(M))→ Fil•(M)→ τ≥n+1

Beil (Fil•(M)),

where the third term is automatically filtration-complete (Remark D.7). Consequently, Fil•(M) is
filtration-complete if and only if τ≤nBeil(Fil

•(M)) is filtration-complete. In particular, the subcate-
gories

DFc(R)≤0 = DF(R)≤0 ∩ DFc(R) DFc(R)≥0 = DF(R)≥0 ∩ DFc(R)

determine a t-structure on the complete filtered derived ∞-category DFc(R), which we will also
refer to as the Beilinson t-structure.

Remark D.11. Let R be a commutative ring and let u : Fil•(M ′) → Fil•(M) be a morphism in
DF(R). Assume that Fil•(M) is filtration-complete. The following conditions are equivalent:

• The morphism u exhibits Fil•(M ′) as a connective cover of Fil•(M) with respect to the
Beilinson t-structure: that is, it induces an isomorphism Fil•(M ′) ≃ τ≤0

Beil(Fil
•(M)).

• The filtered complex Fil•(M ′) is filtration-complete and the morphism u induces isomor-
phisms of abelian groups

Hm(grn(M ′))
∼
−→

{
Hm(grn(M)) if m ≤ n
0 otherwise.

We will often need to contemplate a different completeness condition on filtered complexes.
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Notation D.12. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let
Fil•(M) be an object of the filtered derived ∞-category DF(R). We will say that Fil•(M) is I-
complete if each of the complexes Filn(M) is I-complete. We let D̂F(R) denote the full subcategory
of DF(R) spanned by the I-complete filtered complexes: that is, the ∞-category of functors from
the linearly ordered set (Z,≥)op to the complete derived ∞-category D̂(R) of Notation 1.9.8. We
let D̂F

c
(R) = D̂F(R) ∩ DFc(R) denote the full subcategory of DF(R) spanned by those filtered

complexes which are both I-complete and filtration-complete.

Warning D.13. Notation D.12 is potentially ambiguous: the∞-category D̂F(R) depends not only
on R, but also on the finitely generated ideal I ⊆ R. However, we will use this notation only in
three situations:

• If (A, I) is a prism, we write D̂F(A) for the filtered derived ∞-category of (p, I)-complete
filtered complexes over A.
• If (A, I) is a prism, we write D̂F(A) for the filtered derived∞-category of p-complete filtered

complexes over the quotient ring A = A/I.
• We write D̂F(Zp) for the filtered derived ∞-category of p-complete complexes over the ring
Zp of p-adic integers (or equivalently over Z).

Proposition D.14. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and
let Fil•(M) ∈ DF(R) be an I-complete filtered complex. Then, for every integer n, the Beilinson

truncations τ≤nDec Fil
•(M) and τ≥nDec Fil

•(M) are also I-complete.

Proof. We will prove that the truncations τ≥nDec Fil
•(M) are I-complete; the analogous assertions for

τ≤nDec Fil
•(M) follows from the fiber sequence

τ≤nDec Fil
•(M)→ Fil•(M)→ τ≥n+1

Dec Fil•(M).

Without loss of generality, we may assume that n = 0. Let us denote the truncation τ≥0
Dec Fil

•(M)
by Fil•(N). We wish to show that, for every integer m, the complex Film(N) ∈ D(R) is I-complete.

For each integer m, let Film(N)∧I denote the I-completion of Film(N), and let K(m) denote the
fiber of the natural map Film(N)→ Film(N)∧I . We wish to show that each of the complexes K(m)
vanishes (as an object of D(R)). It follows from the definition of the Beilinson t-structure that each
Film(N) is concentrated in cohomological degrees ≥ m. Choose an integer d ≥ 0 such that the
ideal I is generated by d elements, so that each Film(N)∧I has cohomology concentrated in degrees
≥ m−d (see [54, Tag 091V]), and therefore K(m) has cohomology concentrated in degrees ≥ m−d.
We will complete the proof by showing that each of the transition maps K(m + 1) → K(m) is an
isomorphism in D(R). Note that we have a canonical isomorphism

cofib(K(m+ 1)→ K(m)) ≃ fib(grm(N)→ grm(N)∧I ).

We are therefore reduced to proving that the complex grm(N) is I-complete. This is clear, since since
grm(N) can be obtained by applying the cohomological truncation functor τ≥n to the I-complete
complex grm(M) = Film(M)/Film+1(M). �

Corollary D.15. Let R be a commutative ring and let I ⊆ R be a finitely generated ideal. Then
the subcategories

D̂F(R)≤0 = DF(R)≤0 ∩ D̂F(R) D̂F(R)≥0 = DF(R)≥0 ∩ D̂F(R)

determine a t-structure on D̂F(R), and the subcategories

D̂F
c
(R)≤0 = DF(R)≤0 ∩ D̂F

c
(R) D̂F

c
(R)≥0 = DF(R)≥0 ∩ D̂F

c
(R)

determine a t-structure on D̂F
c
(R).
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We will abuse terminology by referring to the t-structures of Corollary D.15 as the Beilinson

t-structures on D̂F(R) and D̂F
c
(R).

Remark D.16. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let
Fil•(M) be an object of DF(R). Then the filtered complex Fil•(M) is I-complete if and only if
each of truncations Fil•(M≤n) = τ≤nDec Fil

•(M) is I-complete. The “only if” direction follows from
Proposition D.14. To prove the converse, it suffices to observe that for every triple of integers k,
m, and n, the map of filtered complexes Fil•(M≤n)→ Fil•(M) induces R-module homomorphisms
Hk(Film(M≤n)→ Hk(Film(M)) which are isomorphisms for k ≤ m+ n.

Warning D.17. Let R be a commutative ring, let I ⊆ R be a finitely generated ideal, and let
Fil•(M) be an object of DF(R). If Fil•(M) is filtration-complete and each truncation τ≥nDec Fil

•(M) is
I-complete, then Fil•(M) is also I-complete. Beware that the assumption that Fil•(M) is filtration-
complete cannot be omitted.

E. De Rham Complexes. Throughout this section, we fix a commutative ring A.

Notation E.1 (The Classical de Rham Complex). Let R be an A-algebra. For every integer n ≥ 0,
we let ΩnR/A denote the nth exterior power of the module of Kähler differentials Ω1

R/A. Allowing n
to vary, we obtain a chain complex

R = Ω0
R/A

d
−→ Ω1

R/A
d
−→ Ω2

R/A → · · ·

We will denote this A-linear complex by (Ω∗
R/A, d) and refer to it as the algebraic de Rham complex

of R relative to A.
For every integer n ≥ 0, we let Ω̂nR/A denote the p-completion of ΩnR/A in the abelian category of

R-modules. Beware that Ω̂nR/A is not necessarily p-adically separated (see Warning 1.9.9). Allowing
n to vary, we obtain a chain complex

Ω̂0
R/A

d
−→ Ω̂1

R/A
d
−→ Ω̂2

R/A → · · ·

We will denote this A-linear complex by (Ω̂∗
R/A, d) and refer to it as the p-complete de Rham complex

of R relative to A.
More generally, if R is an animated commutative A-algebra, we define (Ω∗

R/A, d) and (Ω̂∗
R/A, d)

to be the de Rham complexes (Ω∗
π0(R)/A

, d) and (Ω̂∗
π0(R)/A

, d), respectively, where π0(R) denotes the
underlying commutative A-algebra of R.

We now review the definition of derived de Rham cohomology, following [11].

Construction E.2 (The derived de Rham complex and its Hodge filtration). The construction
carrying a polynomial algebra R over A to the filtered complex

Fil•Hod ΩR/A :=
(
· · · → (Ω≥3

R/A, d)→ (Ω≥2
R/A, d)→ (Ω≥1

R/A, d)→ (Ω∗
R/A, d)

)

determines a functor Fil•HodΩ−/A from the category PolyA to the filtered derived∞-category DF(A);
here we set FiliHodΩ−/A = Ω−/A for i ≤ 0. Applying Proposition A.5, we see that this construc-
tion admits an essentially unique extension to a functor of ∞-categories CAlganA → DF(A) which
commutes with sifted colimits. We denote this extension by R 7→ Fil•Hod dRR/A. We also denote
Fil0Hod dRR/A by dRR/A and refer to it as the derived de Rham complex of R relative to A. The fil-
tered complex Fil•Hod dRR/A can be viewed as a decreasing N-indexed filtration on dRR/A ∈ D(A);
we refer to this filtration as the Hodge filtration on dRR/A. By construction, we have a natural
isomorphism

grnHod dRR/A ≃ LΩ
n
R/A[−n]

for each n ≥ 0.
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Beware that derived de Rham complex dRR/A of Construction E.2 has somewhat pathological
behavior rational behavior: for example, if A is a Q-algebra, then the unit map A → dRR/A is an
isomorphism for every (animated) commutative A-algebra R (see [11, Corollary 2.5]).

Construction E.3 (The p-completed derived de Rham complex). Let R be an animated commu-
tative A-algebra. For every integer n, we let FilnHod dRR/A denote the p-completion of the complex
FilnHod dRR/A. We will refer to d̂RR/A := Fil0Hod d̂RR/A as the p-completed derived de Rham com-

plex, and to Fil•Hod d̂RR/A as the Hodge filtration on d̂RR/A. By construction, we have a natural
isomorphism

grnHod d̂RR/A ≃ LΩ
n
R/A[−n]

∧
p

for each n ≥ 0.

Remark E.4. Let R be an animated A-algebra with p-completion R̂. The natural map

Fil•Hod d̂RR/A → Fil•Hod d̂RR̂/A

is an isomorphism. In other words, the p-completed derived de Rham complex (and its Hodge
filtration) are insensitive to replacing the animated A-algebra with its p-completion.

Remark E.5. LLet R be an animated commutative A-algebra, and let d̂RR/A denote the p-adic
derived de Rham complex of Construction E.2. Then, for every integer d, we have a canonical
isomorphism

grdHod d̂RB/A ≃ LΩ̂
d
B/A[−d]

in the p-complete derived ∞-category D̂(B).

Notation E.6 (The de Rham Augmentation). Let R be an animated commutative A-algebra. We
let ǫdR : d̂RR/A → R̂ denote the composition

d̂RR/A = Fil0Hod d̂RR/A → gr0Hod d̂RR/A ≃ LΩ̂
0
R/A ≃ R̂.

We will refer to ǫdR as the de Rham augmentation.

Construction E.7 (The Conjugate Filtration). Let A be an Fp-algebra. For every integer n ≥ 0,
Proposition A.5 implies that there is an essentially unique functor

Filconjn dR−/A : CAlganA → D(A)

which commutes with sifted colimits and satisfies Filconjn dRR/A = τ≤ndRR/A for R ∈ PolyA. If
R is an animated commutative A-algebra, then the construction n 7→ Filconjn dRR/A determines a
diagram

Filconj0 dRR/A → Filconj1 dRR/A → Filconj2 dRR/A → · · ·

whose colimit is the derived de Rham complex dRR/A. We will refer to this diagram as the conjugate
filtration on dRR/A.

Remark E.8 (The Cartier Isomorphism). Let A be an Fp-algebra, let R be a flat A-algebra,
and let R(1) denote its Frobenius twist R(1) := A ⊗ϕ,A R denote the animated commutative A-
algebra obtained from R by extending scalars along the Frobenius map. Note that the differential
on the de Rham complex (Ω•

R/A, d) is R(1)-linear, where R(1) acts via the relative Frobenius map

ϕR/A : R(1) → R. Moreover, there is a natural map

Cart−1 : Ω∗
R(1)/A

→ H∗(ΩR/A)

of graded R(1)-algebras, which is uniquely determined by the formula Cart−1(d(1⊗ y)) = yp−1dy ∈
H1(ΩR/A) for y ∈ R. If R is a smooth A-algebra, then Cart−1 is an isomorphism (see [28, Theorem
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1.2]); we will refer to Cart−1 as the Cartier isomorphism. In particular, Cart−1 is an isomorphism
if R is a polynomial algebra over A.

Now suppose that R is an animated commutative A-algebra, and let R(1) denote the derived
tensor product A⊗Lϕ,A R. For each n ≥ 0, Remark A.6 supplies an isomorphism

Cart−1 : LΩn
R(1)/A

[−n]→ grconjn dRR/A,

which is uniquely determined by the requirement that it depends functorially on R and agrees with
the Cartier isomorphism when R is a polynomial algebra over A. By slight abuse of terminology, we
will refer to this extension also as the Cartier isomorphism. Note that if R is a smooth A-algebra,
then the existence of this isomorphism guarantees that grconjn dRR/A is concentrated in cohomological
degree n. It follows that the conjugate filtration on dRR/A coincides with the Postnikov filtration:
that is, we have Filconjd dRR/A ≃ τ

≤ddRR/A for every integer d.

Remark E.9. For every commutative ring A, the functor

CAlganA → D̂(A) R 7→ dRR/A

commutes with finite products. To prove this, we can assume without loss of generality that A
is an Fp-algebra. It will then suffice to show that the functor R 7→ grconjn dRR/A commutes with
finite products for each integer n ≥ 0. This follows by induction on n, using the isomorphisms
grconjn dRR/A ≃ LΩ

n
R(1)/A

[−n] of Remark E.8.

For every animated commutative A-algebra R, there is a filtered comparison map Fil•(ρR) :

Fil•Hod d̂RR/A → (Ω̂≥•
R/A, d) in the∞-category D̂F(A) which is characterized (up to essentially unique

homotopy) by the requirement that it depends functorially on R and restricts to the identity when
R is a finitely generated polynomial algebra over A. The map Fil•(ρR) is also an isomorphism when
the commutative ring R is p-completely smooth over A (Corollary 3.10 of [11]). We now formulate
a generalization of this result.

Definition E.10. Let f : A → R be a homomorphism of Fp-algebras. We say that f is Cartier
smooth if it satisfies the following conditions:

(1) The morphism f is flat.
(2) The relative cotangent complex LΩ1

R/A is a flat R-module.
(3) The Cartier operator Cart−1 : Ω∗

R(1)/A
→ H∗(ΩR/A, d) is an isomorphism in every degree.

Remark E.11. Every smooth (or ind-smooth) morphism of Fp-algebras is Cartier smooth. In par-
ticular, every regular noetherian Fp-algebra is Cartier smooth over Fp (this follows from Popescu’s
theorem; see [16, §9.5] for a more direct proof). Gabber has also shown (unpublished) that any
valuation ring of characteristic p is Cartier smooth over Fp. We refer to [42, §2] for further discussion.

Proposition E.12. Let A be a commutative ring with bounded p-power torsion, and let R be a
p-completely flat A-algebra. If the underlying morphism of Fp-algebras A/pA → R/pR is Cartier
smooth, then the map

Fil•(ρR) : Fil
•
Hod d̂RR/A → (Ω̂≥•

R/A, d)

is an isomorphism (in the filtered derived ∞-category D̂F(A)).

Proof. As R is p-completely flat over A, we have R ⊗LA A/pA ≃ R/pR. The Cartier smoothness
hypothesis and base change for the cotangent complex then show that LΩ1

R/A is p-completely flat
over R. It follows that the natural map LΩ1

R/A → Ω1
R/A becomes an isomorphism after p-completion.

Since A has bounded p-torsion and R is p-completely flat over A, it follows that Ω̂1
R/A is a p-

completely flat R-module and that (LΩnR/A)
∧
p → Ω̂nR/A is an isomorphism of p-completely flat
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R-modules for all n ≥ 0. In other words, for each n, the map

grn(ρR) : LΩ
n
R/A[−n]

∧
p → Ω̂nR/A[−n]

is an isomorphism. It is therefore enough to check that the map ρR : d̂RR/A → (Ω∗
R/A, d)

∧
p is an

isomorphism in D̂(A). Since the source and target of ρR are p-complete, it will suffice to check this
after extending scalars along the map A ։ A/pA. Since Our assumptions on A and R (and the
description of the target in terms of the cotangent complex) guarantee that the formation of ρR is
compatible with base change in A. We may therefore assume without loss of generality that A is
an Fp-algebra.

Let C ⊆ CAlganA denote the category of Cartier smooth A-algebras. To complete the proof, it will
suffice to show that the functor

C → D(A) R 7→ (Ω∗
R/A, d)

is a left Kan extension of its restriction to the full subcategory PolyA ⊆ C. Writing the de Rham
complex (Ω∗

R/A, d) as a colimit of its truncations, we are reduced to showing that for every integer
n, the functor

C → D(A) R 7→ Hn(Ω∗
R/A, d)

is a left Kan extension of its restriction to PolyA. Invoking the definition of Cartier smoothness,
we can rewrite this functor as R 7→ Ωn

R(1)/A
, in which case the desired result follows from Remark

B.5. �

Warning E.13. In the formulation of Proposition E.12, condition (3) of Definition E.10 cannot be
omitted. Gabber has given examples of non-reduced Fp-algebras R with LR/Fp

= 0 (see [9]). For
such algebras, the map ρR : dRR/Fp

→ ΩR/Fp
identifies with the Frobenius endomorphism of R,

which is not an isomorphism.

Beware that the derived de Rham complex d̂RR/A is not necessarily complete with respect to

its Hodge filtration: that is, the limit lim←−n Fil
n
Hod d̂RR/A is generally nonzero. For instance, this

happens if A = Fp and R = A[x]/(x2). For this reason, it is sometimes useful to contemplate a
different completion of derived de Rham cohomology.

Construction E.14 (The Hodge-completed derived de Rham complex). Let R be an animated
commutative A-algebra. We let dRhc

R/A denote the completion of the derived de Rham complex
dRR/A with respect to its Hodge filtration: that is, the homotopy limit of the tower

· · · → dRR/A/Fil
2
Hod dRR/A → dRR/A/Fil

1
Hod dRR/A → dRR/A/Fil

0
Hod dRR/A = 0.

We will refer to dRhc
R/A as the Hodge-completed derived de Rham complex of R. It is equipped with

a Hodge filtration Fil•Hod dR
hc
R/A (see Construction E.2), with associated graded given by

grnHod dR
hc
R/A

∼
←− grnHod dRR/A ≃ LΩ

n
R/A[−n].

Remark E.15. If A = C is the field of complex numbers and R/A is a finitely generated algebra
corresponding to the affine variety X = Spec(R), then [10] constructs a canonical isomorphism
dRhc

R/A ≃ RΓ(X(C),C): that is, the Hodge-completed derived de Rham complex dRhcR/A com-
putes the Betti cohomology of the underlying complex analytic space X(C). Beware that this
isomorphism does not carry the Hodge filtration on dRhc

R/A to the Hodge filtration on RΓ(X(C),C)

introduced by Deligne in [26] and [27].

Proposition E.16 (Descent for derived de Rham complexes). Let A be a commutative ring. Then

the DFc(A)-valued functor R 7→ dRhc
R/A satisfies descent for the flat topology on CAlganA .
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Proof. Since isomorphisms in DFc(A) can be detected at the associated graded level, it suffices to
observe that for every integer n, the functor R 7→ grnHod dR

hc
R/A ≃ LΩnR/A[−n] satisfies descent for

the flat topology (see Remark B.6). �

Variant E.17. The functor

CAlgQSyn → D(Z) R 7→ d̂RR/Z

satisfies descent for the quasisyntomic topology.

Proof. By virtue of Remark E.9 and Remark E.4, it will suffice to show that for every p-quasisyntomic
cover R→ R0 between p-complete objects of CAlgQSyn having p-completed Čech nerve R•, the tau-
tological map d̂RR/Z → Tot(d̂RR•/Z) is an isomorphism in D̂(Zp). Note that this assertion can be
checked after extending scalars to Fp. Setting R = Fp⊗

LR and R•
= Fp⊗

LR•, we are reduced to
showing that the comparison map θ : dRR/Fp

→ Tot(dRR•
/Fp

) is an isomorphism. Note that we
can regard θ as a morphism of filtered complexes (using the conjugate filtration of Construction E.7)
and that it is an isomorphism at the associated graded level (by combining the Cartier isomorphism
of Remark E.8 with Remark B.6). To complete the proof, it will suffice to show that the conjugate
filtration on Tot(dRR•

/Fp
) is exhaustive: that is, that the tautological map

lim−→
n

Filconjn dRR•
/Fp
≃ Tot lim−→

n

Filconjn dRR•
/Fp

is an isomorphism. This follows from the observation the formation of totalizations in D≥−1(Fp)

commutes with filtered colimits, since each of the complexes Filconjn dRR•
/Fp

is concentrated in
cohomological degrees ≥ −1 (by virtue of our assumptions on R and R0). �

Proposition E.18. Let R be a quasiregular semiperfectoid Zp-algebra which is p-torsion-free. Then

d̂RR/Zp
is concentrated in degree 0 and p-torsion-free.

Proof. It will suffice to show that the derived tensor product d̂RR/Zp
⊗LZp

Fp is concentrated in
cohomological degree 0. Setting R = R/pR (and invoking the compatibility of derived de Rham
cohomology with base change), we are reduced to checking that dRR/Fp

is concentrated in degree

zero. Our assumption that R is quasiregular semiperfectoid (and p-torsion-free) guarantees that R
is quasiregular semiperfect. In particular, the cotangent complex LΩ1

R/Fp
[−1] is a flat R-module.

It follows that each of the complexes LΩn
R/Fp

[−n] ≃ grconjn dRR/Fp
is concentrated in cohomological

degree zero (Remark E.8). Proceeding by induction on n, we see that each Filconjn dRR/Fp
is also

concentrated in cohomological degree zero, so that dRR/Fp
= lim−→n

Filconjn dRR/Fp
has the same

property. �

F. Crystalline Cohomology. In this section, we briefly review the construction of crystalline
cohomology in a form that is convenient for our applications in this paper.

Notation F.1. Let X be an Fp-scheme. We define a category Crys(X/Zp) as follows:

• The objects of Crys(X/Zp) are triples (A, I, v), where (A, I) is a divided power algebra over
(Zp, (p)), the commutative ring A is p-adically separated and complete, and v : Spec(A/I)→
X is a morphism of Fp-schemes.
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• A morphism from (A, I, v) to (A′, I ′, v′) in Crys(X/Zp) is a homomorphism of divided power
rings (A, I)→ (A′, I ′) for which the diagram

Spec(A′/I ′) //

v′

##●
●●

●●
●●

●●
●●

●●
●●

●●
●

Spec(A/I)

v

{{✇✇
✇✇
✇✇
✇✇
✇✇
✇✇
✇✇
✇✇
✇

X

commutes.

We say that a morphism (A, I, v)→ (A′, I ′, v′) is a flat cover if the underlying ring homomorphism
A→ A′ is p-completely faithfully flat and I ′ = IA′ (in which case the system of divided powers on
I ′ is uniquely determined by the system of divided powers on I). The collection of flat coverings
determines an extensive Grothendieck topology on the category Crys(X/Zp)

op, which we will refer
to as the flat topology. We refer to the category Crys(X/Zp) (with the flat topology) as the big
crystalline site of X. We will be primarily interested in the case where X = Spec(R) is affine; in
this case, we abuse notation by writing Crys(R/Zp) for the category Crys(X/Zp).

Construction F.2 (Crystalline Cohomology). Let X be an Fp-scheme. The assignment (A, I, v) 7→
A determines a presheaf of commutative rings on the category Crys(X/Zp)

op, which is a sheaf with
respect to the flat topology of Notation F.1. We denote the derived global sections of this sheaf by
RΓcrys(X/Zp), which we regard as a commutative algebra object of the∞-category D̂(Zp). Phrased
differently, we let RΓcrys(X/Zp) denote the homotopy inverse limit lim←−(A,I,v)∈Crys(X/Zp)

A, formed

in the ∞-category D̂(Zp). We will refer to RΓcrys(X/Zp) as the crystalline cochain complex of
X. We denote the cohomology groups of RΓcrys(X/Zp) by H∗

crys(X/Zp), and refer to them as the
crystalline cohomology groups of X. In the special case where X = Spec(R) is an affine Fp-scheme,
we denote the crystalline cochain complex RΓcrys(X/Zp) by RΓcrys(R/Zp), and its cohomology
groups by H∗

crys(R/Zp).

Notation F.3. Let X be an Fp-scheme. For every open immersion j : Spec(R) →֒ X, the triple
(R, (0), j) can be regarded as an object of the big crystalline site Crys(X/Zp), so that we have an
evaluation map

RΓcrys(X/Zp) = lim←−
(A,I,v)∈Crys(X/Zp)

A→ R.

Passing the the inverse limit over affine open subsets of X, we obtain a map ǫcrys : RΓcrys(X/Zp)→
RΓ(X,OX), which we will refer to as the crystalline augmentation morphism. In the special case
where X = Spec(R) is an affine Fp-scheme, we will denote ǫcrys by ǫcrys : RΓcrys(R/Zp)→ R.

The crystalline cochain functor RΓcrys(•/Zp) enjoys the following descent property:

Proposition F.4. Let P = Fp[{xs}] be a polynomial algebra over Fp (possibly on infinitely many

generators), let P 0 = Fp[{x
1/p∞
s }] be the perfection of P , and let P • be the cosimplicial P -algebra

given by the tensor powers of P 0 relative to P . For every P -algebra R, the tautological map

RΓcrys(R/Zp)→ Tot(RΓcrys(R⊗P P
•/Zp))

is an isomorphism in the ∞-category D̂(Zp).

Proof. Let Crys(R/Zp) be the big crystalline site ofR. Unwinding the definitions, we see that the to-
talization Tot(RΓcrys(R⊗P P

•/Zp)) can be identified with the homotopy inverse limit lim←−(A,I,v)∈C
A

(formed in the∞-category D̂(Zp)), where C ⊆ Crys(R/Zp) is the full subcategory spanned by those
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objects (A, I, v) for which the composite map P → R
v
−→ A/I factors through P 0. Since the func-

tor (A, I, v) 7→ A is a D̂(Zp)-valued sheaf with respect to the flat topology on Crys(R/Zp)
op, it

will suffice to show that the subcategory Cop ⊆ Crys(R/Zp)
op is a covering sieve with respect to

the flat topology. Fix an object (A, I, v) ∈ Crys(R/Zp), and let f denote the composite map
Fp[{xs}] = P → R

v
−→ A/I. Then f can be lifted to a ring homomorphism f : Zp[{xs}]→ A. Let A′

denote the p-completed tensor product Zp[{x
1/p∞
s }]⊗̂Zp[{xs}]A. Then A′ is p-completely faithfully

flat over A, so there is a unique system of divided powers on the ideal I ′ = IA′ which are compatible
with those on I. Let v′ denote the composite map R

v
−→ A/I → A′/I ′. Then the tautological map

(A, I, v)→ (A′, I ′, v′) is a flat covering, and (A′, I ′, v′) belongs to the subcategory Crys(R/Zp). �

Note that, for any commutative Fp-algebra R, we can choose a polynomial ring P = Fp[{xs}]
and a surjection P ։ R. In this case, each term of the cosimplicial commutative ring R ⊗P P

•

appearing in Proposition F.4 is a semiperfect Fp-algebra. In the semiperfect case, the crystalline
cochain complex admits a very concrete description.

Construction F.5. Let R be an Fp-algebra which is semiperfect: that is, every element of R is a
pth power. Let R♭ denote the inverse limit perfection

lim←−(· · · → R
x 7→xp
−−−→ R

x 7→xp
−−−→ R

x 7→xp
−−−→ R),

and let I+ denote the kernel of the map W (R♭) ։ R♭ ։ R. We let (Acrys(R), Icrys(R)) denote the
p-adically separated and complete divided power envelope of (W (R♭), I+) relative to (Zp, (p)).

Remark F.6. Let R be a semiperfect Fp-algebra and let I+ ⊆W (R♭) be as in Construction F.5. If
(B, J) is any p-adically separated and complete divided power algebra over (Zp, (p)), then we have
canonical bijections

{Divided power morphisms (Acrys(R), Icrys(R))→ (B, J)}

∼

��

{Morphisms of pairs (W (R♭), I+)→ (B, J)}

∼

��
{Ring homomorphisms R→ B/J}.

Consequently, if we let v denote the composite isomorphism

R ≃W (R♭)/I+ ≃ Acrys(R)/Icrys(R),

then the triple (Acrys(R), Icrys(R), v) is an initial object of the big crystalline site Crys(R/Zp).
It follows that the crystalline cochain complex RΓcrys(R/Zp) can be identified with Acrys(R), re-
garded as an abelian group concentrated in cohomological degree zero. Under this identification,
the crystalline augmentation ǫcrys of Notation F.3 corresponds to the composition Acrys(R) ։

Acrys(R)/Icrys(R)
v−1

−−→ R.

Remark F.7. Let R be a semiperfect Fp-algebra and let I denote the kernel of the quotient map
R♭ ։ R. Then the quotient ring Acrys(R)/pAcrys(R) can be identified with the divided power
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envelope of (R♭, I) relative to Fp. In particular, for each element x ∈ I, the image of xp vanishes in
Acrys(R)/pAcrys(R). It follows that the composite map

R♭
ϕ
R♭
−−→ R♭ → Acrys(R)/pAcrys(R)

annihilates the ideal I, and therefore factors through a homomorphism ξ0 : R→ Acrys(R)/pAcrys(R).
By construction, the composite map

R
ξ0
−→ Acrys(R)/pAcrys(R) ։ R

is equal to the Frobenius map ϕR : R։ R.

Construction F.8. Let R be a semiperfect Fp-algebra, let I denote the kernel of the surjection
R♭ ։ R, and regard the quotient ring Acrys(R)/pAcrys(R) as an R-algebra via the homomorphism
ξ0 of Remark F.7.

For every integer m > 0, we let γm : I → Acrys(R)/pAcrys(R) denote the map determined by the
system of divided powers on the ideal Icrys/pAcrys(R) ⊆ Acrys(R)/pAcrys(R). For each n ≥ 0, we let

Filconjn (Acrys(R)/pAcrys(R)) ⊆ Acrys(R)/pAcrys(R)

denote the R-submodule of Acrys(R)/pAcrys(R) generated by elements of the form

γpm1(x1) · · · γpmk
(xk),

where x1, x2, · · · , xk are elements of I and m1,m2, · · · ,mk are nonnegative integers satisfying m1+
· · ·+mk ≤ n. This construction determines an increasing filtration

Filconj0 (Acrys(R)/pAcrys(R)) ⊆ Filconj1 (Acrys(R)/pAcrys(R)) ⊆ Filconj2 (Acrys(R)/pAcrys(R)) ⊆ · · ·

which we will refer to as the conjugate filtration.
Note that for every pair of elements

y ∈ Filconjm (Acrys(R)/pAcrys(R)) z ∈ Filconjn (Acrys(R)/pAcrys(R)),

the product y · z belongs to Filconjm+n(Acrys(R)/pAcrys(R)). It follows that the associated graded
module

grconj∗ (Acrys(R)/pAcrys(R)) = Filconj∗ (Acrys(R)/pAcrys(R))/Fil
conj
∗−1(Acrys(R)/pAcrys(R))

inherits the structure of a graded R-algebra.

Proposition F.9. Let R be a semiperfect Fp-algebra, let I denote the kernel of the map R♭ ։ R,
and let Γ∗

R(I/I
2) denote the divided power algebra on the R-module I/I2. Then there is a unique

homomorphism of graded rings

ξ : Γ∗
R(I/I

2)→ grconj∗ (Acrys(R)/pAcrys(R))

with the following properties:

(1) In degree zero, ξ coincides with the ring homomorphism

ξ0 : R։ Filconj0 (Acrys(R)/pAcrys(R)) ⊆ Acrys(R)/pAcrys(R)

of Remark F.7.
(2) For each element x ∈ I having image x ∈ I/I2, the image

ξ(γn(x)) ∈ grconjn (Acrys(R)/pAcrys(R))

is represented by the element γpn(x) ∈ Filconjn (Acrys(R)/pAcrys(R)).

Moreover, the homomorphism ξ is surjective.

Proof. We will show that there exists a unique homomorphism of graded rings ξ̃ : Γ∗
R♭(I) →

grconj∗ (Acrys(R)/pAcrys(R)) satisfying the following analogues of (1) and (2):
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(1′) In degree zero, ξ̃ agrees with the map

R♭
ϕ
R♭
−−→ R♭ → Acrys(R)/pAcrys(R)

(whose image is the 0th step of the conjugate filtration).
(2′) For each element x ∈ I, the image ξ̃(γn(x)) ∈ grconjn (Acrys(R)/pAcrys(R)) is represented by

the element γpn(x) ∈ Filconjn (Acrys(R)/pAcrys(R)).

The homomorphism ξ of Proposition F.9 can then be obtained from ξ̃ by extending scalars along the
quotient map R♭ ։ R (using Remark F.7). It follows immediately from the definitions that if the
homomorphism ξ̃ exists, then it is uniquely determined by requirements (1′) and (2′) and is surjective
(from which it follows that ξ is also surjective). To prove existence, we recall that the divided power
algebra Γ∗

R♭(I) can be described as the R♭-algebra generated by symbols {γn(x)}x∈I,n≥0, which are
subject to the relations

γn(x+ y) =
n∑

i=0

γi(x)γn−i(y) γn(λx) = λnγn(x)

γ0(x) = 1 γm(x)γn(x) =
(m+ n)!

m! · n!
γm+n(x).

We are therefore reduced to proving the following:
• For every pair of elements x, y ∈ I and every integer n ≥ 0, we have

γpn(x+ y) ≡
n∑

i=0

γpi(x)γpn−pi(y) (mod Filconjn−1(Acrys/pAcrys)).

Writing γpn(x+ y) as a sum
∑

j+k=pn γj(x)γk(y), we are reduced to showing that if j and k
are nonnegative integers which are not divisible by p satisfying j + k = pn, then γj(x)γk(y)
belongs to Filconjn−1(Acrys/pAcrys). Writing j = pj0 + r and k = pk0 + (p− r) with 0 < r < p,
we observe that γj(x)γk(y) is a unit multiple of xryp−rγpj0(x)γpk0(y), and therefore belongs
to Filconjn−1(Acrys/pAcrys) by virtue of the identity j0 + k0 = n− 1.
• For every element x ∈ I and every element λ ∈ R♭, we have

γpn(λx) = λpnγpn(x) = ϕR♭(λ)nγpn(x)

in Acrys(R)/pAcrys(R)
• For every element x ∈ I, we have γ0(x) = 1 in Acrys(R)/pAcrys(R).
• For every element x ∈ I and every pair of nonnegative integers m and n, we have

γpm(x)γpn(x) =
(pm+ pn)!

(pm)! · (pn)!
γp(m+n)(x) =

(m+ n)!

m! · n!
γp(m+n)(x)

in Acrys(R)/pAcrys(R) by virtue of the congruence (pm+pn)!
(pm)!·(pn)! ≡

(m+n)!
m!·n! (mod p).

�
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