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ABSTRACT. We show a number of Toda brackets in the homotopy of the mo-
tivic bordism spectrum M GL and of the Real bordism spectrum MUg. These
brackets are “red-shifting” in the sense that while the terms in the bracket
will be of some chromatic height n, the bracket itself will be of chromatic
height (n + 1). Using these, we deduce a family of exotic multiplications in
the (4 4)MGL-module structure of the motivic Morava K-theories, includ-
ing non-trivial multiplications by 2. These in turn imply the analogous family
of exotic multiplications in the 7« M Ugr-module structure on the Real Morava
K-theories.

1. INTRODUCTION

Complex bordism has played a fundamental role in stable homotopy since the
1960s. Work of Quillen connected complex bordism to formal groups, and this gives
rise to the chromatic approach to stable homotopy theory. Building on Atiyah’s
Real K-theory [2], which can be viewed as Galois descent in families, Fujii and
Landweber defined Real bordism [7,[17]. This theory plays an analogous role in
Cs-equivariant homotopy theory that ordinary complex bordism does classically,
and a detailed exploration of it was carried out by Hu-Kriz [13].

The Real bordism spectrum has proven central to understanding classical chro-
matic phenomena. By the Goerss—Hopkins-Miller theorem, the Lubin—Tate spectra
FE,, are acted upon by the Morava stabilizer group, and in particular, they can be
viewed as genuine G-equivariant spectra for any finite subgroup G. Work of Hahn
and the third author proved that at the prime 2, there is a Real orientation of all of
the Lubin—Tate spectra, and for a finite subgroup G of the Morava stabilizer group
that contains Cs, this extends to a G-equivariant map

MU = N§ MU — E,,

where MU() is the norm of MUy [8], introduced by Hill-Hopkins-Ravenel in the
solution to the Kervaire invariant one problem [I0]. This has turned questions about
computations with the Lubin—-Tate theories into questions about computations with
the norms of MUy and its quotients (see, for example [3]).

In motivic homotopy over R, there is a beautifully parallel story. The role of
complex bordism is played by the spectrum M GL. Just as in classical and equivari-
ant homotopy theory, M GL is a fundamental object of study in motivic homotopy,

Received by the editors May 25, 2020, and, in revised form, September 11, 2021.

2020 Mathematics Subject Classification. Primary 55P42, 55P91, 14F42.

The first author was supported by NSF Grant DMS-1906227. The second author was sup-
ported by NSF Grant DMS-1811189.

(©2023 by the author(s) under Creative Commons Attribution 3.0 License (CC BY 3.0)

76


https://www.ams.org/bproc/
https://www.ams.org/bproc/
https://doi.org/10.1090/bproc/108

TRANSCHROMATIC EXTENSIONS IN MOTIVIC BORDISM T

providing not only a chromatic filtration but also a way to understand the motivic
homotopy sheaves of the sphere spectrum via Voevodsky’s slice filtration.

Voevodsky’s slice filtration is an analogue of the Postnikov tower, where instead
of killing all maps of spheres of a particular degree, we kill off all maps out of
sufficiently many smash powers of P*. Applied to the algebraic K-theory spectrum
KGL (an M GL-module spectrum), this yields the motivic cohomology to algebraic
K-theory spectral sequence considered by Friedlander—Suslin, Voevodsky, and oth-
ers (See [6,27]). Hopkins and Morel generalized this, showing that the slices of
MGL are suspensions of the spectrum representing motivic cohomology, and Hoy-
ois provided a careful treatment and generalization of this result [12]. Work of
Levine further connected the slice filtration to M GL, showing that the slice filtra-
tion for the sphere can be built out of the slice filtrations of the Adams—Novikov
resolution based on MGL [18], and for the latter, the Hopkins—Hoyois—Morel result
describes all of the starting pieces.

The spectrum M GL is a commutative ring spectrum, so in addition to a commu-
tative multiplication on the bigraded homotopy groups, we have higher operations
and products like Toda brackets. In this paper, we produce a family of Toda brack-
ets in the homotopy groups of M GL which describe unexpected trans-chromatic
phenomena. Recall that there is a canonical map

7T2*MU g W(Q*’*)MGL

classifying the canonical group law for the motivic orientation (see [4] or [24]), and
hence we have associated to the chromatic classes v, € myn+1_o MU the motivic
classes U, € m(gn+1_g9n_1)MGL. Recall also that we have a canonical element
pE 71'(,1’,1)50 corresponding to the unit —1 € R*, by Morel’s computation of the
motivic zero stem [22]. Finally, let I be the kernel of the map

Ty,x MGL — Ty o HFo.

Theorem. For alln > 0 and k = 0, in the motivic homotopy of MGL over R, we
have
p2n+l+k@n+1 = pk<17n,p2n+171,17n> mod 2.
If we also consider the shifts of 7,, to other weights, using some of the other
motivic lifts 7, (b) of the chromatic classes (the definitions of which we recall below),
then we have even longer transchromatic connections.

Theorem. For alln,j =0 and k = 0, in the motivic homotopy of MGL over R,

n+j+2__on+1l n+l_ 1 _
2 2 +k 2 17vn> mod 12'

Untjr1l = pk<5n(2j —1),p

These transchromatic shifts imply a surprising number of hidden extensions in
very naturally occurring quotients like the motivic Morava K-theories, the defini-
tions of which we recall below in Section Bl Put in a pithy way, killing #,, without
also killing v,,41 does not fully kill v,,:

Theorem. For alln > 1, for all0 < k < n and for all b = 0, in the homotopy of
motivic Morava K -theory Kgr(n), there are non-trivial multiplications by Uy (D).

Note that even though the brackets had ambiguity caused by higher Adams
filtration, these statements do not.

There is a natural functor from motivic spectra over R to Cs-equivariant spectra,
extending the functor “take complex points of a variety defined over R”, and this
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takes MGL to the Real bordism spectrum MUgr [14]. Moreover, as studied by
Hu—Kriz, Hill, and Heard, this connects the motivic slice filtration to Dugger’s
Cs-equivariant slice filtration [I4], [111, [9], [5].

This functor takes p to the Euler class a, € 7% M Ug and the copy of the Lazard
ring in the homotopy of M GL to the copy of the Lazard ring described by Araki in
the homotopy of MUy [1]. In particular, the motivic classes 7,, are sent to the equi-

variant classes v,, € W(CQ",’,_DM MUy, where py; = 1 + o is the regular representation

of Cy. The classes o, (b) are sent to the classes 7,u3,?, using the notation of [I0].
We therefore deduce the equivariant versions of these transchromatic phenomena.
We spell these out for those more familiar with the equivariant literature.

Corollary. For all n > 0, in the RO(Cs)-graded homotopy of MUg, we have an
inclusions modulo I%, for I the kernel of m,MU — 7, HF,:

ag"b+]+2_2n+1’an+j+1 c <’l7n(2j B 1)7 a§7L+1_17 ’T}n>7 a§7L+117n+1 c <’l7n, a(27n+1_1, ’f}n>.

In general, the indeterminacy of these brackets may be larger in the Cy-equivariant
context. We do not address this here. Using the Mackey functor structure on homo-
topy, we can actually identify the interesting element in the bracket as the unique
non-zero element in the kernel of the restriction map.

There are also similar extensions in Hu-Kriz’s Real Morava K-theories [13].

Theorem. For alln > 1 and for all 0 < k < n and b = 0, in the RO(Cs)-
graded homotopy of the Real Morava K -theory spectrum Kg(n), there are non-trivial
multiplications by vy (b).

For n = 1, this recovers the classical observation that multiplication by 2 is not
identically zero in KO/2. For larger n and k, these seem unknown.

2. NON-TRIVIAL BRACKETS IN 7y MGL

2.1. The homotopy of MGL. Throughout, we work with motivic spectra over
R. We implicitly complete all spectra 2. Just as classically, we have a splitting of
MGL into various suspensions of a motivic ring spectrum BPGL, and since this
is smaller, we will mainly work with it. Then bigraded homotopy ring of BPGL
has been completely determined [I1], [16]. We very quickly recall the answer here,
using the description from [I1].

As an algebra, it is generated by the classes

Tp(b) = [1_}"7'2n+1b] € 7T(2'rt+17272n71727L+1b)BPGL,
for all n = 0 and b > 0, together with the class
pPE W(,l’,l)BPGL.

Here, the brackets indicate how the classes arise in the p-Bockstein spectral se-
quence. We will also normally use v, for v,(0).
There are relations which reflect the underlying products with 7: if n = m, then

U (D) - Tn(c) = T (b4 2" ™¢) - Ty
We also have relations involving p: for all n and b,

p2n+1_1’17n(b> -
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The homotopy is actually largely concentrated in a particular bidegree sector.
With the exception of the subalgebra generated by p, the first (i.e. “topological”)
dimension is positive.

Proposition 2.1. OQutside of the subalgebra spanned by p, all elements have non-
negative first coordinate. Moreover, the only generators with first coordinate zero
are "
p2 _2171’7/([))7
with b arbitrary. The products of any of these is zero.
Proof. Of the listed algebra generators, only p has a negative first coordinate, and
the bidegree of p/v,(b) is
[P0, (0)] = (2" =2) =5, (2" — 1) —j —2""1D).

Since the only non-zero values correspond to 0 < j < 2! — 2, we see that the first
coordinate is always non-negative. This gives the first part.

For the second part, note that it is the last p power that gives a zero first

coordinate. Since p times this is zero, we deduce that the product of any of these
elements with first coordinate zero is zero. |

Just as classically, the classes v,,(b) depended on a choice of coordinate for the
underlying formal group. However, we have a surprising invariance after multipli-
cation by certain powers of p.

Lemma 2.2. For any n and b, if p is an element in w4 w BPGL such that
p=Tp(b) mod I?,
n
then for all k > (212141 — 1),
prp = pron(b).

Proof. While there are many monomials in the ;(a) in topological degree (2"+! —
2), the only monomials of degree greater than one which survive even a single p-
multiplication are the monomials in the ¥;(a) with ¢ < n. The order of the p-torsion
on a monomial is governed by the smallest subscript present, so if we multiply by

some p-power larger than any smallest subscript in a monomial in this degree, we
annihilate any element of I2 in this degree. Our choice of k accomplishes this. [

2.2. Toda brackets in the homotopy of MGL. The relations
2 1, (k) =0
show that we can form many Toda brackets in the homotopy of MGL and BPGL.

Proposition 2.3. Let n, m, b, and ¢ be non-negative and let r, s, and t be non-
negative integers such that

s+r=2"""—1ands+t=2mH — 1.
Then we have
(P 0m (), p°, p On(c)) = £(p 0 (c), p°, p U (b))

Proof. Kraines showed that we have a kind of symmetry invariance for higher brack-
ets [I5, Theorem 8], up to a sign, for Massey products. The proof goes through
without change for Toda brackets. ([l
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Remark 2.4. Whenever r + s,s +t > (2""! — 1), we can also form the brackets
{p", p*Up, pt). For degree reasons, these are zero with zero indeterminacy.

One of the most useful parts of these brackets is that the indeterminacy is easily
controlled. Because of Proposition 23] we may without loss of generality pick an
ordering on the heights of chromatic classes.

Theorem 2.5. Fix non-negative numbers m > n, b, and c¢. If r, s, and t are
non-negative integers such that

r+s= (2™ —1) and s+t = (2" — 1),
then the indeterminacy of
{p"0m (b), p°, p'n(c))
is non-zero in one case: whent =0, r+s = 2" — 1, and m > 0. In this case,

the indeterminacy is
Zs - 0o ((1 +20)2™ 1)y, (c).

Proof. The indeterminacy of the bracket {p"v,,(b), p*, p'¥,(c)) is the subgroup
0 U (b) T (2,.4) BPGL + p'0y, ()7 (.., BPGL,
where
(e, y¢) = P ' 0n(c)| + (1,0) = (2" =1 —s—t,2" =1 —s—t —2"'¢)

is the degree of the choices of null-homotopy of p**t4,(c), and similarly for (z,, ;).
By our assumptions on r, s, and t, the first coordinate is always non-positive.
By Proposition 211 if

r+s> (2" —1)and s+t > (2" — 1),
then we have
W(xr,yT)BPGL = W(xt,yt)BPGL = 07

and hence, we have no indeterminacy. We need only consider the cases that (r+s) =
(2mtl —1)or (s+t) = (2" - 1).

There is an obvious symmetry here in m and n, so it suffices to understand the
case r + s = (2™*1 —1). In this case,

(zr,yr) = (0,—2" —2"F1p).
Proposition 2.1l shows that the only classes with zero first coordinate are the classes

p?""" =24, (a), which is in bidegree

102 204 (a)| = (0,1 — 25(1 + 2a)).
We are therefore looking for all pairs (k, a) such that
1—2%(1 + 2a) = —2™(1 + 2b).

If m > 0, then we must have k = 0 and @ = 2™~ !(1 + 2b), and this corresponds
to the class
o ((1+26)2™71).
This generates a Zo, and hence the contribution to the indeterminacy is the sub-
group generated by
o ((1+2b)2™ 1) - p'oy, ().
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If t > 0, then this is automatically zero (since ptg(a) = 0), so if r + s = (2™t — 1)
and ¢t > 0, then we have no contribution to the indeterminacy. On the other hand,
if t = 0, then we have a contribution:

Zs - 0o ((1+2b)2™ 1)1, () = Zo - 5o (2™ + 2™b + 27¢) vy

Note that if ¢ = 0, then the condition that s + ¢ > (2"*! — 1) implies that s >
(27*+1 —1). This with the condition that r +s = (2™*! —1) in particular shows the
condition m = n.

Now let m = 0. We find k = (v2(1 + b) + 1), for v, the 2-adic valuation, and

2R+ b) -1
= 5 .
Note also that k > 1, so the contribution to the indeterminacy is

k+1_o _
7)2-p* " *p(a)p'v,(c).

Again, if ¢ > 0, then this is automatically zero, since pzkﬂ_lf)k(a) =0.Ift =0,
then the conditions r + s = 27! —1 =1 and s+t = (2"*! — 1) imply that in fact,
n =0 as well. Since k > 1, (27! — 2) > 1, and hence

a

k+1_o _
0> 2ok (a)o(c) = 0.
Thus in all cases, the contribution to indeterminacy here is zero. (Il

This vanishing on indeterminacy actually lets us tightly connect the various
brackets for a fixed m, n, b, and ¢ via juggling formulae for Toda brackets.

Proposition 2.6. Fir non-negative numbers m = n, b, and ¢, and non-negative
integers r, s, and t such that

(r+s)= 2™ —1) and (s +t) = (2" - 1).
Then multiplication by p links the brackets:
p - {p"0m(b), p°, p'On(€)) = (" 0 (), 0%, p' 0 (€))-
We can also internally juggle:

" 0 (0), 0%, p' 0 (€)) = ("0 (), p° 11, "0 (€)) = ("B (D), p°, p"F 1 €)).
Proof. Both of these are analogues of so-called “juggling” formulae for Massey
products. These go through without change for Toda brackets. For the first,
Kraines showed that we have an inclusion

alb, e, dy < (—1)¥ab, ¢, dy,

where ¢ is the degree of a [15, Theorem 6]. Theorem shows that the “larger”
bracket never has any indeterminacy, giving the result, since p is simple 2-torsion
in MGL.

We have a similar juggle for moving internal products through brackets, using
the matric Massey juggling due to May [20, Corollary 3.4]:

{ab,c,dy < +{a, bc, d).
By the first part of the proposition, the bracket
(O 5 (B), %, ' (0))
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is in the image of multiplication by p and hence the signs do not matter. The
conditions on r, s, and t also guarantee that neither bracket in

" 0 (B), p°, p'0n(€)) S (o Om (b), p°F 1, p'Un(c))

has any indeterminacy. The last equality follows by symmetry. ]

2.3. Identifying brackets via the Adams spectral sequence. We can describe
what elements arise in these Toda brackets using the Adams spectral sequence.
Just as classically, the homology of BPGL is cotensored up along a quotient Hopf
algebroid. Voevodsky computed the dual Steenrod algebra over R, showing that as
a Hopf algebroid over

M2 = FQ[p7 T]7

the motivic homology of a point [2§], we have

Ay = Ma[&, ... ][70, .. ]/(7'12 +pTiy1 + (T + pTQ)fi_H).

The element p is primitive, the left unit on 7 is the obvious inclusion, and the right
unit is 7 + p7p. The coproducts on the & and the 7; are the classical ones [29].
Let
5(00) = MQ[To,Tl, .. :I/(’TZ2 — pTi+1)

be the quotient of the motivic dual Steenrod algebra by the ideal generated by the
&;s. This is a Hopf algebroid under the motivic dual Steenrod algebra, and the
generators 7; are now primitive. In particular, all of the interesting behavior in Ext
is determined by the left and right units on 7 (since p, being in the Hurewicz image,
is necessarily primitive).

Just as classically, this Hopf algebroid is related to the homology of BPGL, via
the cotensor product. Recall that if I" is a Hopf algebroid, M is a right I'-comodule
with coproduct ¥s, and N a left I'-comodule with coproduct ¥, then the cotensor
product of M and N is defined by an equalizer diagram

1®¢Y N,
MON —— M QN MQIQN.

Theorem 2.7 ([4], [25]). We have an isomorphism of A.-comodule algebras
H.(BPGL;Fy) =~ A, O] M.
E(o0)

Note that there are no p-torsion elements in either My or £(0), so we can divide
uniquely by p various p-divisible elements.

Theorem 2.8 ([II, Cor 5.2 and Thm 5.3]). The Es-term of the Adams spectral
sequence computing the homotopy of BPGL 1is

E;’* = EXt?I;\/*be(oo)) (Mg, Mg)

The elements v, (b) are detected by

d(r(1+20)27) _ r(I+2002" 4 (7 4 pr) (1+20)2 € Ext b —127—1-27%1p)

p2n+1,1 p2n+1,1 I

where d is the cobar differential, and the class p by itself in Ext®h=D The
spectral sequence collapses with no exotic extensions.
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The Hopf algebroid (Mg, & (oo)) is computationally very simple: we have a prim-
itive polynomial generator p and a second, non-primitive element 7. The ring £(0)
is not polynomial on

n.(t) —nr(7)

p
Instead, we have a kind of “p-divided power algebra”. The real power of Theo-
rem 2.8is that all of the generators of Ext! can be realized as p-fractional multiples
of the usual cobar differential on powers of 7. That will allow us to easily compute
Massey products in Ext.

It is helpful in what follows to blur the chromatic heights of the elements, focusing
instead on the powers of 7 and their differentials.

T0 —

Notation 2.9. For each k > 1, let my = 2"2())+1 — 1 for 15 (k) the 2-adic valuation

of k and let
nL(7)" = nr(1)*

pmE

Note that o, (b) is detected by the element o((1 + 2b)2").

(k) =

It is not hard to show that p™* is the largest power of p which divides the cobar

differential on 7*.

Theorem 2.10. Let k and £ be non-negative, and let r, s, and t be natural numbers
such that

s+r=my and s+t = my.

Then in Ext, we have an inclusion

p’mk+g mp— m[+r+s+t k;—i—f <p v t (Z)>

Proof. There are preferred null-homotopies of o(k)p" ¢ and v(£)ps*t:

pr-‘rs—mk,rk s pr-‘rs,l—)(k) and ps+t mng ._)ps+t (€>
The bracket in question then contains
ps+t+r mye — (k)nR( )+pr+s+t7mk7_k:1—)(€)'

Unpacking the p-fractions giving o(k) and 9(¢) and recalling that the cobar differ-
ential is a bimodule derivation, we see that this particular element is

pmk+l mE—mg+r+s+it - (kJré) O

Remark 2.11. These same relations will hold for any similar Hopf algebroid with a
primitive element playing the role of p and the differential on a class analogous to
7 involving only p divisibility. For example, we see the same brackets involving the
a-family in the Miller-Ravenel-Wilson Chromatic Spectral Sequence approach to
understanding the classical Adams—Novikov Es-term [21].

Remark 2.12. When n = 0, Theorem 2.13] gives the formula

pn € <2,p,2),

since pv; is the ordinary, topological 7. Since 2p = 0 in the homotopy of M GL
over R, this is recovering a universal classical formula in an Ay-ring spectrum that
forming the balanced bracket with 2 gives n multiplication [26].
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2.4. Convergence. Moss’s Convergence Theorem allows us to lift these Massey
products in the Adams spectral sequence to Toda brackets in homotopy [23]. Nor-
mally in applying Moss’s Convergence Theorem, we have to worry about so-called
“crossing differentials”. In our case, the Adams spectral sequence collapsed at Fs
with no differentials. We deduce the following.

Theorem 2.13. Let b and ¢ be non-negative numbers. Let r, s, and t be such that
r+s,s+t=m, = (2" —1).
Let j and d be such that we have
L+b+c=(1+2d)27.
Then, modulo elements of higher Adams filtration, we have an inclusion
pETTER sttt N (d) € (p" 0 (D), 9, 910 ()

As stated, the theorem has markedly limited appeal, since there are in gen-
eral a great many classes in higher Adams filtration. Using Proposition and
Lemma 2.2] we can remove some ambiguity, since the Adams filtration here coin-
cides with the monomial filtration in induced by I.

Corollary 2.14. Let b and c be non-negative numbers, and let j and d be such that
L+b+c=(1+2d)2.
Then for any k > (2L%J+1 — 1), we have

+h+2_on+2 _ _ +i_ -
an 2 +k+1vn+j+1(d) = <U7L(b)ap2n 1+ka ’Un(C)>.

3. APPLICATION TO MORAVA K-THEORIES

The transchromatic brackets give us some surprising consequences for the action
of (4 %) MGL on various quotients. Since MGL is a commutative monoid, we have
a good category of MG L-modules. For a single element x;, we define the quotient
by x; via the cofiber sequence

s MGL 25 MGL — MGL/x;,
and for a family of elements z1,zs ..., we form

MGL/(x1,x2,...) = MGL/x, M/éLMGL/xg /R

Definition 3.1. For each n > 0, let
kGL(n) = BPGL/(T)Oa ey Un—1, 1_)n+1, . )

be the nth connective motivic Morava K-theory.
Let Kgr(n) = 9, 'kgr(n) be motivic Morava K-theory.

Using the Hopkins—Hoyois—Morel determination of the slices of MGL [12],
Levine—Tripathi determined the slices for kgr(n) (and related quotients).

Theorem 3.2 ([I9, Cor. 4.6]). The slice associated graded for kgr(n) is
GT(kGL(n>) = \/ 2(2"+1—2)m7(2"—1)mHF2'

m=0
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Moreover, the associated slice spectral sequence is a spectral sequence of modules
over the slice spectral sequence for BPGL, which is spelled out in [I6]. For degree
reasons, the spectral sequence for kgr(n) is even simpler; we have thrown away
many of the classes which supported or could have supported differentials.

Theorem 3.3 ([16, Theorem 9.6], [30]). The slice spectral sequence for kgr(n) has
FEs-term

IFQ [pa T, @H]{L}a
where |p| = (—1,—1), where |7%| = (0, —2), and where |v,| = (2"t — 2,27 —1).
As an Fa[p, Uy, T2n+1]-m0dule, the only non-trivial differentials are generated by

a+2" ontl_1_ 4
L)=p UnT L,

d2n+1,1(7'
where 0 < a < 2™ — 1.

Away from the subalgebra Fa[p], the localization map
kGL(TL) - KGL(TL)

is injective. The latter is an M GL[v,,!]-module. In MGL[%,!], the class 2" isa
permanent cycle and multiplication by this is well-defined in K¢ (n). By injectivity
of the localization, we may therefore view everything as being a module over

].

2n+1]

2n+1

Z2[p7 /DTH T

Corollary 3.4. As a module over Zs[p, Up, T , the homotopy of kg (n) is gen-

erated by the classes % for 0 < a < (2" —1).

Although the spectral sequence collapses here, we have a surprising number
of non-trivial multiplications by the 7j-generators that we killed to form kgr(n),
including non-trivial multiplications by 2. These are all detected by our brackets,
using the sparseness of the spectral sequence (and hence sparseness of the bigraded
homotopy groups).

We have a simple consequence of the module structure and the presence of 72
we need only check a small number of hidden extensions.

Corollary 3.5. We need only determine hidden extensions of the form vy (b)T®

for0<b< (2n7F —1).

L

Proof. Since there is a class 72", we have U (b+2nF) = ﬂk(b)TQnH. O

Remark 3.6. While going through our analysis of extensions, the reader is encour-
aged to consult Figure [I] which shows the slice associated graded for the bigraded
homotopy groups of kg1, (3). The grading is the usual motivic bigrading. The cir-
cled classes are the generators as a module over Zs[p, Uy, 7'21%1]7 and the notation
is as follows:

e The dotted lines indicate multiplication by p.

e The dashed blue lines indicate exotic multiplication by ¥, and the solid
red lines indicate exotic multiplication by v;.

e The bullets e and solid black squares B both indicate copies of Fy; bullets
complexify to zero while black squares complexify to the corresponding
generator.

e The open circles ) are copies of Z/4 which complexify to Z/2.
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To avoid clutter, we do not draw the exotic multiplications by v (b) for b > 0 and
k< 3.
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FIGURE 1. Theslice Ey term for kg (3), together with extensions.
See Remark for the notation.

Lemma 3.7. Let a and b be non-negative integers and 0 < k < n. Then there is
at most one non-zero class that could be vy, (b)T%.
If
a+28(1+20) < 2" or 2"t — 1 < a4 28(1 + 20),

then we have vy (b)7% = 0. Moreover, the ideal I2? acts trivially.

Proof. The E.-page of the slice spectral sequence looks like a quilt. Applying the
degree sheer (z',y’) = (z,y — ), the homotopy groups are built out of rectangles of
size (2! — 1) by (2"), with a single non-zero class in each degree. The generator
of each rectangle is at the top right corner, given by 7’2"+1m17£L form > 0and ¢ > 0.

Since @, has sheered bidegree ((2"*! —2), —(2" — 1)), we see that the rectangle
for a overlaps with the one for v, in exactly one corner: the bottom right for a
and the top left for v,,a. Multiplication by 72" adds in a rectangle with generator
in degree |a| + (0,—2"*1). This does not intersect either the original rectangle or
any of its U,-multiples. In particular, this proves the first claim, since almost all
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degrees have a single non-zero class in them, and the degrees with overlap have a
single class in higher filtration, where any hidden extensions must land.
For the second and third claims, recall that the degree of oy (b)7%¢ is

ok (b)T%| = (21 — 2,28 —1—2F+1p —q).
Since the classes 7% are at the rightmost edge of their rectangle, these extensions
must show up in the rectangle from v,t. The top edge of the rectangle for v,
is given by the classes p™0,t. The only class on that edge with first coordinate
(2k+1 = 2) is p2" " =215, 1, which is in bidegree

on+l_ok+1 _

p Une| = (2" —2,1— 2" 4 2K+ —2),

2" —1

Similarly, the bottom edge of the rectangle on o,,¢ is given by the classes p"v,, 7 L.

Rearranging the second coordinates gives the desired vanishing region.
Finally, note that (27+! —2k+1) > (2+1 1) for any j < k < n, so the target of
Uy (b)-multiplication annihilates ;(c). This is the third claim. O

Theorem 3.8. In the homotopy of kgr(n), we have the following hidden
T (s,) BPG L-multiplications for 0 < k < (n —1):
o for0<b< (2" 1 —1)and 0 <a < (2°(1+2b) — 1),

_ n_ok n+l_ok+1 _
’Uk(b)TQ 2 (1+2b)+aL _ p2 2 UnTaL,

o and for 2" " <b< (2"F —1), and 0 < a < (2" — 1 —2%(1 + 2b)),

_ n+l__ok+1 _ k _on
o1 (D)7 = 2 g par2t(e2n) -2

Proof. These follow surprisingly quickly from Theorem 2131 We note that since

multiplication by p is injective on both the source and target of any extension

involving ¥ (b) for k > 0, there is no ambiguity caused by the indeterminacy.

There was no indeterminacy anyway for brackets involving o (b). Since the ideal 12

acts trivially, we also have no ambiguity due to higher Adams filtration elements.
For 0 < b < (2" %=1 — 1), Theorem shows that we have a bracket

n = (o), 2 - 1)),
(where again, we ignore indeterminacy since it does not contribute). This gives us
QHH_QHITJ”T% = <17k(b), 0> T2l -1 — b)>T“/,.
Lemma [3.7 shows that for a < 2%(1 + 2b), we have
op(2" R — 1 = b)r% = 0,
so we can shuffle the bracket, giving:
2n+172k+117n7'ab = @n(b)<p2k+lfl, o2 -1 — b),7%).
A degree check shows that the only possible value for the bracket is
<p2k+1—1’1—)k(2n—k—1 —1-1b), TaL> — 72025 (142b)+a,
For 2"~ k=1 < b < 2"7% — 1, we instead will use brackets with v,,(1) = 9,72,
arguing somewhat indirectly. If we let
c=2""F gl _p 1

nt+l__ok+1 _
2 2 T

k+1_q
?

)

then we have

n+l_ok+l k+1_
2 2 o 2 1

n(1) = (Tr(c), p , Tk (b))
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If 0(b)7% = 0, then we can multiply 7% by both sides and shuffle the bracket,
getting
on+l_ok+1 _

o (D)7 = ﬁk(c)<p2k+l_1,ﬂ7k(b), ).
The degree of the bracket is (O, —a—2F(1+ 2b)). The bounds
0<a<2"™ —1-2%1+20)
and b > 2"*~! show that we have bounds
ok _on > g —2M(14+20) =1 2"

We are therefore at the leftmost edge of the “quilt rectangle” generated by v,,¢. All
of the elements with first coordinate zero here are annihilated by p, so we reach a
contradiction:

ok+1l_1

0 # p2n+l*2k+l+16n(1)7% = v(c)plp LU (b), 7%y = 0.
As always, there is a unique possibility for the value of 7 (b)7%, and checking
degrees, we see it must be the listed one. ([l

Specializing to the chromatic classes Uy, we have a series of non-trivial extensions.

Corollary 3.9. In the homotopy of kgr(n), we have the following hidden Uy-

multiplications for 0 < k < (n—1) and 0 < a < (28 —1):

6kT2n_2k+ab _ p2"+1_2k+1’f)n7'aL.
Since 7y detects multiplication by 2 in M G L-modules, we have non-trivial addi-

tive extensions. This resolves the question described in [16, Remark 9.8].

Remark 3.10. These extensions show just how far the quotient is from being a
ring. One way to parse Theorem [3.8 is that although we cone-off 7, for 0 < k <
n — 1, and hence we seem to kill all of the classes vy (), we actually see non-trivial
multiplications by all of the generators of my x BPGL/(Tp41,- .. ).

Even though the indeterminacy for brackets may grow in the passage from mo-
tivic homotopy over R to Cs-equivariant homotopy, the extensions we found are
visible just in the homotopy. They will in particular go through without change.
We indicate the result using the usual equivariant names.

Corollary 3.11. In the homotopy groups of Kgr(n), we have exotic m. MUg multi-
plications for 0 < k < (n—1):

o for0<b< (2" F1—1), and 0 < a < (28(1 +2b) — 1),

_ n_ok ntl_ok+1 _
vk(b)ug 2(1+20)+a, ai 2 Tpugt,

e and for 2" P <b< (2R — 1), and 0 < a < (27T — 1 —2F(1 + 2b)),

B ntl_ok+1 _ k _on
Tp(b)ule = a2~ puust? (42027



TRANSCHROMATIC EXTENSIONS IN MOTIVIC BORDISM 89

ACKNOWLEDGMENTS

We thank Dan Isaksen for some very helpful conversations related to Massey
products and to steering us towards a much more direct proof of our results. We
thank Nitu Kitchloo and Steve Wilson for interesting discussions of Real K-theory
and Paul Arne @stveer for his help with the motivic slice spectral sequence for MG L
and kgr(n). We thank Irina Bobkova, Hans-Werner Henn and Viet Cuong Pham
who made an observation which inspired our study of these brackets. We thank
Mike Hopkins for several helpful conversations. We also thank the anonymous
referee for their comments and suggestions.

(1]
2]
(3]

(1]
(12]

(13]

[14]
(15]
[16]
(17)
(18]

(19]

REFERENCES

Shord Araki, Orientations in T-cohomology theories, Japan. J. Math. (N.S.) 5 (1979), no. 2,
403-430, DOI 10.4099/math1924.5.403. MR614829

M. F. Atiyah, K-theory and reality, Quart. J. Math. Oxford Ser. (2) 17 (1966), 367-386, DOI
10.1093/gmath/17.1.367. MR206940

Agnes Beaudry, Michael A. Hill, XiaoLin Danny Shi, and Mingcong Zeng, Models of Lubin-
Tate spectra via real bordism theory, Adv. Math. 392 (2021), Paper No. 108020, 58, DOI
10.1016/j.2im.2021.108020. MR4313964

Simone Borghesi, Algebraic Morava K -theories, Invent. Math. 151 (2003), no. 2, 381-413,
DOI 10.1007/s00222-002-0257-4. MR1953263

Daniel Dugger, An Atiyah-Hirzebruch spectral sequence for K R-theory, K-Theory 35 (2005),
no. 3-4, 213-256 (2006), DOI 10.1007/s10977-005-1552-9. MR2240234

Eric M. Friedlander and Andrei Suslin, The spectral sequence relating algebraic K-theory to
motivic cohomology (English, with English and French summaries), Ann. Sci. Ecole Norm.
Sup. (4) 35 (2002), no. 6, 773-875, DOI 10.1016/S0012-9593(02)01109-6. MR1949356
Michikazu Fujii, Cobordism theory with reality, Math. J. Okayama Univ. 18 (1975/76), no. 2,
171-188. MR420597

Jeremy Hahn and XiaoLin Danny Shi, Real orientations of Lubin-Tate spectra, Invent. Math.
221 (2020), no. 3, 731-776, DOI 10.1007/s00222-020-00960-z. MR4132956

Drew Heard, On equivariant and motivic slices, Algebr. Geom. Topol. 19 (2019), no. 7,
3641-3681, DOI 10.2140/agt.2019.19.3641. MR4045363

M. A. Hill, M. J. Hopkins, and D. C. Ravenel, On the nonexistence of elements of Kervaire
invariant one, Ann. of Math. (2) 184 (2016), no. 1, 1-262, DOI 10.4007/annals.2016.184.1.1.
MR3505179

Michael A. Hill, Ext and the motivic Steenrod algebra over R, J. Pure Appl. Algebra 215
(2011), no. 5, 715-727, DOI 10.1016/j.jpaa.2010.06.017. MR2747214

Marc Hoyois, From algebraic cobordism to motivic cohomology, J. Reine Angew. Math. 702
(2015), 173-226, DOI 10.1515/crelle-2013-0038. MR3341470

Po Hu and Igor Kriz, Real-oriented homotopy theory and an analogue of the Adams-Novikov
spectral sequence, Topology 40 (2001), no. 2, 317-399, DOI 10.1016/S0040-9383(99)00065-8.
MR1808224

Po Hu and Igor Kriz, Some remarks on Real and algebraic cobordism, K-Theory 22 (2001),
no. 4, 335-366, DOI 10.1023/A:1011196901303. MR1847399

David Kraines, Massey higher products, Trans. Amer. Math. Soc. 124 (1966), 431-449, DOI
10.2307/1994385. MR202136

Jonas Irgens Kylling, Algebraic cobordism of number fields,larXiv:1901.04031, 2019.

Peter S. Landweber, Conjugations on complex manifolds and equivariant homotopy of
MU, Bull. Amer. Math. Soc. 74 (1968), 271-274, DOI 10.1090/S0002-9904-1968-11917-2.
MR222890

Marc Levine, The Adams-Novikov spectral sequence and Voevodsky’s slice tower, Geom.
Topol. 19 (2015), no. 5, 2691-2740, DOI 10.2140/gt.2015.19.2691. MR3416112

Marc Levine and Girja Shanker Tripathi, Quotients of MGL, their slices and their geometric
parts, Doc. Math. Extra vol.: Alexander S. Merkurjev’s sixtieth birthday (2015),
407-442. MR3404387


https://www.ams.org/mathscinet-getitem?mr=614829
https://www.ams.org/mathscinet-getitem?mr=206940
https://www.ams.org/mathscinet-getitem?mr=4313964
https://www.ams.org/mathscinet-getitem?mr=1953263
https://www.ams.org/mathscinet-getitem?mr=2240234
https://www.ams.org/mathscinet-getitem?mr=1949356
https://www.ams.org/mathscinet-getitem?mr=420597
https://www.ams.org/mathscinet-getitem?mr=4132956
https://www.ams.org/mathscinet-getitem?mr=4045363
https://www.ams.org/mathscinet-getitem?mr=3505179
https://www.ams.org/mathscinet-getitem?mr=2747214
https://www.ams.org/mathscinet-getitem?mr=3341470
https://www.ams.org/mathscinet-getitem?mr=1808224
https://www.ams.org/mathscinet-getitem?mr=1847399
https://www.ams.org/mathscinet-getitem?mr=202136
https://arxiv.org/abs/1901.04031
https://www.ams.org/mathscinet-getitem?mr=222890
https://www.ams.org/mathscinet-getitem?mr=3416112
https://www.ams.org/mathscinet-getitem?mr=3404387

90

20]
(21]

(22]

(23]
24]
[25]

[26]

A. BEAUDRY, M. A. HILL, X. D. SHI, AND M. ZENG

J. Peter May, Matric Massey products, J. Algebra 12 (1969), 533-568, DOI 10.1016,/0021-
8693(69)90027-1. MR 238929

Haynes R. Miller and Douglas C. Ravenel, Morava stabilizer algebras and the localization of
Novikov’s Ea-term, Duke Math. J. 44 (1977), no. 2, 433-447. MR458410

Fabien Morel, On the motivic wo of the sphere spectrum, Axiomatic, enriched and motivic
homotopy theory, NATO Sci. Ser. II Math. Phys. Chem., vol. 131, Kluwer Acad. Publ.,
Dordrecht, 2004, pp. 219-260, DOI 10.1007/978-94-007-0948-5_7. MR2061856

R. Michael F. Moss, Secondary compositions and the Adams spectral sequence, Math. Z. 115
(1970), 283-310, DOI 10.1007/BF01129978. MR266216

Niko Naumann, Markus Spitzweck, and Paul Arne @Ostveer, Motivic Landweber ezactness,
Doc. Math. 14 (2009), 551-593. MR 2565902

Kyle M. Ormsby, Motivic invariants of p-adic fields, J. K-Theory 7 (2011), no. 3, 597-618,
DOI 10.1017/is011004017jkt153. MR2811717.

Steffen Sagave, Universal Toda brackets of ring spectra, Trans. Amer. Math. Soc. 360 (2008),
no. 5, 2767-2808, DOI 10.1090/S0002-9947-07-04487-X. MR 2373333

[27] Vladimir Voevodsky, A possible new approach to the motivic spectral sequence for al-

gebraic K-theory, Recent progress in homotopy theory (Baltimore, MD, 2000), Con-
temp. Math., vol. 293, Amer. Math. Soc., Providence, RI, 2002, pp. 371-379, DOI
10.1090/conm/293/04956. MR 1890744

[28] Vladimir Voevodsky, Motivic cohomology with Z/2-coefficients, Publ. Math. Inst. Hautes

Etudes Sci. 98 (2003), 59-104, DOI 10.1007/s10240-003-0010-6. MR2031199

[29] Vladimir Voevodsky, Reduced power operations in motivic cohomology, Publ. Math. Inst.

Hautes Etudes Sci. 98 (2003), 1-57, DOI 10.1007/s10240-003-0009-z. MR2031198

[30] Nobuaki Yagita, Applications of Atiyah-Hirzebruch spectral sequences for motivic cobordism,

Proc. London Math. Soc. (3) 90 (2005), no. 3, 783-816, DOI 10.1112/S0024611504015084.
MR2137831

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COLORADO BOULDER, BOULDER, COLORADO

80309

Email address: agnes.beaudry@colorado.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA LOS ANGELES, LOS ANGELES,

CALIFORNIA 90095

Email address: mikehill@math.ucla.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, SEATTLE, WASHINGTON, 980195
Email address: dannyshixl@gmail.com

MAX PLANCK INSTITUTE FOR MATHEMATICS, 53111, BONN, GERMANY
Email address: mingcongzeng@gmail.com


https://www.ams.org/mathscinet-getitem?mr=238929
https://www.ams.org/mathscinet-getitem?mr=458410
https://www.ams.org/mathscinet-getitem?mr=2061856
https://www.ams.org/mathscinet-getitem?mr=266216
https://www.ams.org/mathscinet-getitem?mr=2565902
https://www.ams.org/mathscinet-getitem?mr=2811717
https://www.ams.org/mathscinet-getitem?mr=2373333
https://www.ams.org/mathscinet-getitem?mr=1890744
https://www.ams.org/mathscinet-getitem?mr=2031199
https://www.ams.org/mathscinet-getitem?mr=2031198
https://www.ams.org/mathscinet-getitem?mr=2137831

	1. Introduction
	2. Non-trivial brackets in 𝜋_{∗,∗}𝑀𝐺𝐿
	2.1. The homotopy of 𝑀𝐺𝐿
	2.2. Toda brackets in the homotopy of 𝑀𝐺𝐿
	2.3. Identifying brackets via the Adams spectral sequence
	2.4. Convergence

	3. Application to Morava 𝐾-theories
	Acknowledgments
	References

