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ON THE STEENROD MODULE STRUCTURE OF R-MOTIVIC
SPANIER-WHITEHEAD DUALS

PRASIT BHATTACHARYA, BERTRAND J. GUILLOU, AND ANG LI

ABSTRACT. The R-motivic cohomology of an R-motivic spectrum is a module
over the R-motivic Steenrod algebra AR. In this paper, we describe how to
recover the R-motivic cohomology of the Spanier-Whitehead dual DX of an R-
motivic finite complex X, as an .AR-module, given the AR-module structure on
the cohomology of X. As an application, we show that 16 out of 128 different
AR-module structures on AR(1) := (Sq!,Sq?) are self-dual.

1. INTRODUCTION

Given a finite cell complex X, it is useful to determine its Spanier-Whitehead dual
DX, which is the dual of the suspension spectrum X°°X in the stable homotopy
category of spectra. For instance, the mod 2 cohomology of DX, as a (left) module
over the mod 2 Steenrod algebra A, is an input of Adams spectral sequences com-
puting homotopy class of maps out of X. An interesting case is when X is self-dual,
as it leads to additional symmetries [MR] often useful for computational purposes.

In the classical case, the A-module structure on H*(DX;Fy) & H, (X, Fy) is deter-
mined easily by the standard formula (1.1) which involves the Kronecker pairing
and the antiautomorphism x: A — A of the Steenrod algebra. However, one
should not expect an R-motivic generalization of the standard formula because,
first, the cohomology of the Spanier Whitehead dual of an R-motivic finite complex
X is not always the linear dual of the cohomlogy of X, as the coefficient ring My
is not a field (see (2.1)). Second, the R-motivic Steenrod algebra is not known to
support an anti-automorphism (but see Appendix A).

The ring of stable operations E*E of

cohomology a cohomology theory E is not typ-

dL dr ically equipped with an antiautomor-

¥ " phism [B, p. 204]. The natural conju-

£ b 8 05; gation on E.E is not E,-linear and so
01 o T does not pass to the dual E*E. Even
in the presence of an antiautomorphism,

YL, bR the usual formula (1.1) does not yield an
homology E*E-action on duals, (see Remark A.1).

This article is concerned with the case
E = Hg[F2, R-motivic cohomology with
coeflicients in F5. We rely on Boardman’s
mandala [B] (see Figure 1.1) to demonstrate a method that computes the action of

FIGURE 1.1. Boardman’s mandala
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the R-motivic Steenrod algebra A® on the Spanier-Whitehead duals of those finite
R-motivic spectra whose cohomology is free over M.

Let us pause to briefly discuss Boardman’s mandala. Given a finite cell complex X
there are eight ways in which its mod 2 homology and cohomology interact with
the Steenrod algebra and its dual. They represent the vertices of the mandala.
Boardman identified the relationships between them, which represent the edges.
Each edge of the mandala corresponds to a formula. For example, the edge D” in
Figure 1.1 corresponds to the formula (see [B, p.190])

(1.1) (D"dr,) (e @), x) = {f, br, (x (@) @ x))

that relates the left .A-module structure on the cohomology H*(X) with that of
the left A-module structure on the homology of X. However, not all edges of the
Mandala exist for a general cohomology theory E ([B, Section 6]).

When H*(X) := [X,HgFo]* is free and finitely generated over My, H,(X) is the
Mo-linear dual of H*(X), as the relevant universal coefficient spectral sequence
collapses. Consequently, the work in [B] relates the left action of A® on H*(X) as
well as the left action of A% on H,(X), to the A¥-comodule structure on H*(X)
(see Proposition 3.1, Proposition 3.3 and Proposition 3.4). These relations are the
green dashed edges in Figure 1.1. As a result, one deduces the left A®-module
structure on H, (X) from that of H*(X) without resorting to an anti-automorphism
(unlike (1.1)).

Our main application is concerned with identifying the R-motivic spectra in the
class A% introduced in [BGL2]. Each spectrum in A} is a realization of some A%-
module structure on the subalgebra A% (1) := M5 (Sq',Sq?) C AR (see Figure 4.1).
In the classical case, Davis and Mahowald [DM] showed that the subalgebra A(1) of
the Steenrod algebra admits four different left .A-module structures, of which two
are self-dual. In [BGL2], we showed that A®(1) admits 128 different .A%-module
structures. In this paper, we show:

Theorem 1.1. Among the 128 different A®-module structures on A®(1), only 16
are self-dual.

Remark 1.2. In [BGL2] we showed that every AX-module structure on A% (1) can
be realized as a finite R-motivic spectrum, but we do not know if they are unique.
Hence, the spectra realizing a self-dual A®-module structure on A% (1) may not be
Spanier-Whitehead self-dual.

Davis and Mahowald also showed [DM] that each realization of A(1) is the cofiber
of a self-map of the spectrum Y := S/2 A'S/n, where 7 is the first Hopf element
in the stable stems. In the R-motivic stable stems, both 2,h € 7 o(Sg) are lifts of
2 € m(S) in the classical stable stems, and 71 1 € 71,1(S) is the unique lift of n in
bidegree (1,1). This results in two different R-motivic lifts of ), namely

y?%ﬁl) = SR/Q AN SR/nl,l and y?iyl) = SR/h AN SR/nl,l-

We showed in [BGL2, Theorem 1.8] that each A®-module structure on A%(1) can
be realized as the cofiber of a map between these R-motivic lifts of ). Here we
show:

Theorem 1.3. Of the self-dual A®-module structures on A®(1), 8 can be realized
as the cofiber of a self-map on ygl) and 8 as the cofiber of a self-map on yal).
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Notation 1.1. In all diagrams depicting modules over the Steenrod algebra, (i.e.
in Figure 3.1, Figure 4.1, and Figure 4.2), a dot e represents a rank one free module
over the coefficient ring, black vertical lines indicate the action of Sq', blue curved
lines indicate the action of Sq?, and red bracket-like lines represent the action of
Sq*. A label on an edge represents that the operation hits that multiple of the
generator. For example, in Figure 3.1, Sq? (x2) is T - x4 and Sq4(><2) is p? - x4.

Acknowledgements. We thank Agnes Beaudry, Mike Hill, Clover May, Sarah
Petersen, Liz Tatum, and Doug Ravenel for a stimulating conversation at the con-
ference, Homotopy Theory in honor of Paul Goerss, held at Northwestern University
in March 2023.

2. A REVIEW OF THE R-MOTIVIC STEENROD ALGEBRA AND ITS DUAL

In [V], Voevodsky defined the motivic Steenrod operations Sq", for n > 0, and gave
a complete description of the R-motivic Steenrod algebra AR. It is free as a left
module over the R-motivic homology of a point,
(2.1) ME := 7R HRF, = Fo[r, p],
where the element 7 is in bidegree x = (0,—1), and p is in bidegree x = (—1,—1).
The subalgebra M5 < A is not central, and therefore A% has two M5-module
structures, one given by left multiplication and the other by right multiplication.

The R-motivic dual Steenrod algebra A% is defined to be the (left) M-linear
dual of AR; it inherits an M5-module structure, which we call the left action. The
right M5-action on A® also induces an action of M on A%, which we call the right
action of M5 on AR (see [V, p. 48])!. These correspond to the left and the right
unit

NL,Me: My ————— A7
of the Hopf algebroid (M5, A%). Explicitly,
M5 [0, T1, T2, -+ - &1, &2, - -

2 = 7&n41 + pT0&ns1 + PTntt
with n,(p) =nr(p) = p, NL(7) = 7 and Nr(7) = 7 + p1o. The comultiplication

(2.3) A AR —— AR @ AR
M3

(2.2) AR

IR

is given by

o AEn) = XiLo £ri ® &, and

¢« A(T,) =T, @1+ Y7 &2, ®1,
for all n € N, where & is the unit 1. The conjugation map c: AY —— AR of
the Hopf algebroid structure sends

* c(p) =p,

o (1) =7+ pTo,

n—1 )
° C(E,n) = Z Ef:_ic(ai), and
=0

Since M]]; is commutative, there is no meaningful distinction between “left” and “right” ac-
tions. The adjectives are merely a bookkeeping device.
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n—1 )
e c(ty) =T, + Z g2 c(ti).
=0

Remark 2.1. The coproduct A in (2.3) is an M5-bimodule map.

Remark 2.2. The conjugation is not a map of left M5-modules. In fact, it inter-
changes the left and right M5-module structures on A%,
2.1. Kronecker product.

The R-motivic Kronecker product is a natural pairing between R-motivic homology
and cohomology which is constructed as follows: If ¢ : X — SWHRF, represents
the class [¢] € H*(X) and x : ¥™"Sgp — HgF2 A X represents [x] € Hpy n(X), then
the composition

YIS —— HgFyo A X —— YWHRFy A HgFy —— SHHRF,y

is the element (x, ) € 7, (HgF2) = M5.

The Kronecker pairing leads to a homomorphism

(2.4) n: H*(X) —— Homyg (H, (X), MJ),

where n(p)(x) = (x, ).

Remark 2.3. When H,(X) is free and finitely generated as an M5-module, the
map nin (2.4) is an isomorphism. Consequently, elements in H*(X) can be identified
with linear maps from H, (X), and the Kronecker product is simply the evaluation
of functionals.

Notation 2.1. Since both A® and A% have a left and a right action of M5, let
AR ®11§H§§ AR (likewise A® ®&%§ht AR) denote the tensor product of left (likewise right)
ME-modules.

Remark 2.4. When X is Hg[Fy, the Kronecker product is a map from A% ®II§H§§ AR
to M.

2.2. The Milnor basis.

The dual Steenrod algebra H, (HgFs) =2 A is free and degree-wise finitely gener-

ated as an M5-module. Consequently, the natural map of (2.4) gives an isomor-
phism

(2.5) A" = Homys (A, My)
of left M5-modules. Taking advantage of the above isomorphism, Voevodsky [V,

§13] defines the Milnor basis of the R-motivic Steenrod algebra using the monomial
basis of the dual Steenrod algebra (2.2).

For finite sequences E = (ep,e1,...,ey) and R = (r1,...,r,) of non-negative inte-
gers, let p(E,R) denote the element in A® dual to the monomial

TE)ER) =[] ]] &
i>0  j>1

in A®. Tt is standard practice to set PR := p(0,R) and QF := p(E,0). Moreover,
Q; is shorthand for the dual to ;.
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ot

| degree | x € AY || c(x) | x* € A® | x* in terms of G
(0, O) 1 1 1 1
(1,0) | 7o To Qo Sq’
2,1 [& 3 P! Sq”
(3,1) | mo& To&1 QyP? Sq' Sq?
B | T+ To&y % Sq' Sq” +Sq” Sq’
(4,1) | o1 ToTy + 7&2 Qo 91 Sq' Sq®Sq’
+pT0&d + pT1éy
42) [& & P Sq”
(5,2) |12 || té2 QP?  [Sq'Sq’
(5,2) | & T1&1 + To&? QP! Sq' Sq” +Sq”* Sq’
(6,2) | Tomié&r || ToTi&r + TES Q0Q1P! | Sq' Sq* Sq'
+pT0E3 + pTi &2
(6,3) | & & P3 Sq”Sq* +75q" Sq” St
(6,3) | & L2 + & PO 1Sq”Sq" +Sq" Sq”
(7,3) |t Ty + T1E] Q> Sq' Sq”Sq” +Sq' Sq” Sq”
+To2 + To&} +Sq°Sq* Sq' + Sq* 8¢” Sq'
(7,3) | 10&3 To&3 QyP? Sa' Sq*Sq” +pSq’ Sq” Sq'
(7,3) | té2 || Toé2 +10E} Q0P 1 Sq' Sq”Sq" +Sq” Sq” Sq°
(7,3) |m& || m& + 1k} Q1P? [ Sq"Sq%Sq" +pSq' Sq* Sq'
+S¢% Sq* S
8,4) | & &l P! Sq®
(8,4) |&i&r &1k +E] POD 18q°Sq" Sq” +7Sq" Sq” Sq” Sq*

TABLE 2.1. The Milnor basis in low degrees

In Table 2.1, we record, for each monomial T(E)&(R) € AR in low degree, its image
under the conjugation c and its dual element in A®, both in terms of the Milnor basis
as well as in terms of the generators G := {SqQk : k > 1}. The latter description
will be used in Section 3.3 and Section 4.

A number of these descriptions in terms of G can be found in [V]. For example, see
[V, Lemma 13.1 and Lemma 13.6]. The Adem relations (see [BGL2, Appendix A])
are another useful tool. For example, the Adem relation Sq° Sq* = Sq°® +7Sq° Sq*
leads to the description for P3 = Sq°. The formula for PV follows from [K, (6)].
Finally, the formula for P("'1) can be deduced from expressing Sq° Sq” in terms of
the Milnor basis. This can be done by evaluating the formula [V, (12.9)]

o) = > (Koonr((K0)), A=) X ex’
at ¢ = Sq°, ¥ = Sq?, and x monomials in low degree. This shows that Sq° Sq? is
the sum PV + 700, P2.
3. DUALIZING AR—MODULES

For any R-motivic spectrum X, its Spanier-Whitehead dual is the function spectrum
DX := F(X,Sg). The goal of this section is to identify the A®-module structure
H*(DX) given the A®-module structure on H*(X) under the following assumption.
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Assumption 3.1. Let X be a finite R-motivic spectrum such that its homology
H, (X) is free over Mj.
Notation 3.1. For an M5-module N let
V. R
N := Homyz (N, M;)
be the set of M5-linear functionals.

3.1. From 1y, to ¢} . Recall that H*(X) is naturally a left A®-module. We will
also use an AX-comodule structure on H*(X)

(3.1) Y B (X) ———— AY @y H(X)

which can be constructed as follows.

First, note that A% is free as a right Ms-module with basis B given by the conjugate
of any left Ms-module basis. Then we have a splitting

HgFy A HeFy ~ \/ HgF,
B

as right HgFs-modules. Define a map of motivic spectra 1\ as the composite
V: HglFy = HgFy A Sp — 92— HpFy A HgFy ~ \/z HgFo,

where t is the unit map of HgF5. For any finite motivic spectrum, the map ¥
induces the map Py, (see [B, Theorem 2.9(b)]) giving H*(X) the structure of an
AE-comodule as explained in [B, Section 6]. Further, Boardman showed that:

Proposition 3.1. [B, Lemma 3.4] Let N be a left AR-comodule. Then NV inherits
a left A®-module structure

b A @y NV —— NV
via the formula
(3.2) (- A)(n) = (¢ @ ML (n)
for p € AR, A e NV, and n € N.

Remark 3.2. If Y,(n) = >, a; ® n;, for a; € AR and n; € N, then (3.2) can be
rewritten as

(3.3) (- Nn)=>" w(amR(A(”i)))-

7

Combining Proposition 3.1 with the following result, one can deduce the left AX-
module structure on H*(DX) (¢, in Figure 1.1) from the left A%-comodule struc-
ture on H*(X) (Y, in Figure 1.1).

Proposition 3.2. Suppose X satisfies Assumption 3.1. There are isomorphisms
of left AR-modules H*(DX) = (H,(DX))" = (H*(X))V.
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Proof. Under Assumption 3.1 the map n : H*(DX) — (H,(DX))V defined in (2.4),
is not just an isomorphism of M5-modules (see Remark 2.3), but also an isomor-
phism of left A®-modules according to [B, Lemma 6.2].

For the second isomorphism, first note that Assumption 3.1 implies that there exists
an isomorphism

(3.4) H, (DX) & H*(X)

of M5-modules. By Proposition 3.1, it is enough to lift (3.4) to an isomorphism of
AE-comodules. To this end, we first observe that the comodule structure on H*(X)
is induced by the map

F(X,idAv)

F(X, HgF,) = F(X, HgFy A Sg) F(X, HgFy A HgFy).

(see (3.1) or [B, Theorem 5.4])). The result then follows from the commutativity
of the diagram

HpFy AF(X,Sp) —— F(X, HgFy)

HgF>; A Sg A F(X, SR) _— F(X, HgF>; A SR)

lid/\t/\id l(id/\ L)«

HgF> A HrIFo A F(X, SR> E— F(X, HglF> A H]R]FQ),
where the horizontal maps are evaluation at X. |

3.2. From ¢, to Pr. For any p € AR = HomMg(A§,M§), let pc denote the
composition
o AF — AT "o M3,

which is a right Ms-module map as the conjugation c is an isomorphism from the
right M5-module structure to the left M5-module structure of A%.

Proposition 3.3. Let N be a left A®-comodule with coproduct \py,. Then, for
n € N and ¢ € A%, the formula

¢ -n=(pc®id)Ppr(n)
defines a left A®-module structure on N.

Proof. Using the coassociativity of the coaction, the statement reduces to checking
that

(3:5) () (cl@) = - w(culvict@)al) ),

for ¢, € A® and a € AR. The formula (3.5) follows from combining
[B, Lemma 3.3(a)] with comnr, =ngr and

Alc(a) = Z c(ay) ® c(a;)

whenever A(a) =), a; ®@af. n
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Remark 3.3. The right Mi-module structure on A% is defined [V, Section 12]
such that

a-nr(m)(¢) = a(p-m)

for m € M§, a € AR and ¢ € AR. This shows that evaluation pairing defines a
map

R oright R R
AR QU AR s M

of M5-bimodules, where the left M5-module structure on A® ®§Hﬁht AR is obtained
2

via the left action on A%, and the right M5-module structure via the left action on
AR, Consequently, the left action constructed in Proposition 3.3 can be described
as the composition ¢r, in the diagram

ideowr

A¥ @y N ———— AR @y (AF @z N) = (A" @y AT) @ N
id®c®idl
(AR @UE" AR) @y N
Ny 2 2

S~ eval® idl

Note that while c is not a right M5-module map, the composition

R R id®c R oright sR eval R
AR g AR Ty R rieht g _enl,

is a map of M5-bimodules.

If we set N = H*(X), i.e. the cohomology of a finite spectrum X with the A,-
comodule structure of (3.1), Proposition 3.3 recovers the usual A®-module structure
on H*(X) (see [B, Lemma 6.3]). Our next result reverse-engineers Proposition 3.3
to obtain a formula that calculates the A%-comodule on H*(X) (¥, in Figure 1.1)
from the A®-module on H*(X) (¢, in Figure 1.1).

Let 9B be the monomial basis of the left M5-module structure on A% (as in
Section 2.2). For simplicity, let b; denote the elements of %, and let Bf € AR
be the dual basis in the following result.

Proposition 3.4. Let N be a left AX-comodule with coaction map Py,. Then Py,
is related to ¢y, using the formula

Yr(n) = Z c(b;) ® (B' - n),

where - is the action of A® on N constructed using Proposition 3.3.

Proof. Since {c(b;)} is a basis for A® as a free right M5-module, it follows that
there is a unique expression Pr,(n) = >, ¢(b;) ® n; for appropriate elements n;.
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On the other hand,
B*.n = (Bfc®id)yy(n)
= Z Bfc(c(b;)) @ n;

= ) Bf(b)en
= ’n,;

by Proposition 3.3. |

3.3. Preliminary examples. We now demonstrate the usefulness of Proposition 3.1,
Proposition 3.3, and Proposition 3.4 by identifying the A®-module structure on
H*(DX), for a few well-known finite R-motivic finite complexes X.

Notation 3.2. In the following examples, the R-motivic spectrum X will satisfy
Assumption 3.1. In particular, H*(X) will be a free M5-module. By x;;, we will
denote an element of its M5-basis which lives in cohomological bidegree (i,j). By
Xij, we will denote an element of (H*(X))" dual to xj. Note that the bidegree of
Xij is (—i, —j) under the isomorphism (H*(X))¥ = H*(DX).

Example 3.1 (The R-motivic mod 2 Moore spectrum). As an Mi-module,
H*(Sg/2) has generators xg0 and x;9. The A®-module structure is then deter-
mined by the relations

Sql (x0,0) = x1,0, SQQ(XO,O) = PX1,0-
By Proposition 3.4, we get

Yr(x1,1) = 1®@x11, Yr(xo) =1 ®x0,0 + To @ x1,0 + p&1,0 @ %11,

which determines the A%-comodule structure on H*(Sg/2). Then we apply
Proposition 3.1, in particular (3.3), to obtain

Sq' (%1,0) = %0,0, Sq°(%1,0) = p%0,0,

v

which shows (H*(SR/2)) >~ ¥ ~'H*(Sg/2) as A®-modules. This aligns with the
fact that D(Sg/2) is equivalent to £ 7!Sg/2.
Example 3.2 (R-motivic mod h Moore spectrum). As a graded Mi-module,

H*(S/h) is isomorphic to H*(S/2). However, they differ in their A®-module struc-
tures in that

Sq' (x0,0) = x1,0, Sq°(x0,0) =0
determines the A®-module structure on H*(S/h). By Proposition 3.4

Pr(x1,1) = 1®@x1,1, Pr(x0,0) =1 ® x0,0 + To ® X1,0,

\%
and using (3.3) we see that (H*(SR/h)) = Y -'H*(Sg/h). This aligns with the
fact that D(Sg/h) is equivalent to ¥ ~!'Sg/h.
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X0,0
X1,0
[)2 T )A(g,l

0,0 X4,1
H*(Jr) H*(DJr)

FIGURE 3.1. The AR-module structures on the R-motivic Joker
and its dual.

Example 3.3. (The R-motivic Joker) The A%(1)-module of the R-motivic Joker
Jr (discussed in [GL]) is the quotient A®(1)/Sq®. In Figure 3.1, we have displayed
a particular A®-module extension of A®(1)/Sq® obtained using Theorem 4.1. In
fact, this A-module can be realized as an R-motivic 5-cell complex using the fact
that the Toda bracket (h, n, h) contains the product n-tn (this follows from a Massey
product in Extg using the Moss Convergence Theorem [BI, Theorem 8.2]). Using
Proposition 3.4, in conjunction with Table 2.1, we notice that

Pr(xa2) = 1®@xa2

Pr(x31) = 1®@x31+To®Xa2

PL(xe1) = 1®xo1+ (T& + pToés + p11 + p?E3) @ x40
Pr(x10) = 1®x10+ & @x3,1+T1 ®xap2

PYr(x00) = 1®x00+To®X1,0+ & %21 + (Toé1 +T1) @ %31

+(ToT1 + p*Es + PQEE’) & X4,2

determines the AX-comodule structure of H*(Jg). Then (3.3) produces the AX-
module structure on the dual displayed in Figure 3.1.

4. SELF-DUAL A®-MODULE STRUCTURES ON A®(1)

Let x;; and y;; denote the elements of the M5-basis of A®(1) introduced in [BGL2,
Notation 1.5] in bidegree (i, ).

Theorem 4.1. [BGL2, Theorem 1.6] For every vector

¥ = (03, Bo3; B14, Bos, B25, P26, 736) € Fa,
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there exists a unique isomorphism class of A®-module structures on A®(1), which
we denote by AR(1), determined by the formulas

= Pos(p-ys1) + (L + Boz + Bra)(7 - ya1) + os(p-x31)
ys5.2 + B1a(p - ya1)

= Bos(TYe.2) + Bas(p - y5,2) + d2a(p” - yan)
(B25 + B26)(p - Y6,2)

= 736(p " ¥6,2)

= [306(P2 “¥6,2)s

where ja4 = Boz¥ze + o3(Bas + Bas). Further, any A®-module whose underlying
AR (1)-module is free on one generator is isomorphic to one listed above.

FIGURE 4.1. A singly-generated free A% (1)-module (on the left),
and its dual (on the right).

Using Proposition 3.4, we calculate the A%-comodule structure ¥y, on AZ(1):

1 ®ye,2

1 ®ys5,2 +To @ Y62

1®ya1+ &1 ®ys,2

1®y31 +To®@ya1 + (T1 + To&1 + V360E]) @ Ye,2

1®x31 + &1 ®@ys.2+ (T1 + (Bas + B26)pEd) @ Y.

1®x21 +To®@x31 + (TE&1 + pT1 + pTo&1 + J24p*E3) @ ya
+(T1 4+ To&1 + BaspE?) @ ys.2 + (ToTi + (1 + B26)TED) @ 6.2
F((1 + Bas)pTo&? + pTi&s + J24p%E2) @ Y62

1®@x1,0+ & ®@y31 + (T1 + P14pé]) ®ya1 + & D ys 2
+(T181 + Y36pES + (Bra + V36)pE2) ® Ye6.2
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YL(x0,0) = 1®x00+To®x1,0+ &1 ®xz,1 + (T1 + 3p€l) ® x31
+(T1 + To&1 + BospEl) @ yaa
+(toT1 + (Bos + Bra)TE] + (Bos)pTo&d + j24p € + J24p°ED) @ yan
+(T1&1 + To&T + BaspEl + (o3 + Bos)pE2) ® ys5.2
+(B26TES + (B26 + Y36)pT0E} + (Bas + Bas + v36)pT1ET) © Y62
+((1+ Boz + Bra + Pa6)T&2 + (1 4 Boz + Bas + 736)pT0&2) @ Y62
+((1 + aos + Bos + Bas + Bas + 736)pT2 + J24p°E1€2) @ Y62
+(ToT1&1 + (J24 + Bos)p°ET) @ Ye,2-
Using (3.3), we get the following result, where %Xij and yi; are the elements in
(AZ(1))Y dual to x;j and y; j, respectively.

Theorem 4.2. The A®(1)-module structure on the dual (A2(1))Y is as displayed
in the right of Figure 4.1. Moreover, its A®-module structure is determined by

Sa*(Y6,2) = (Bos + B26)(p-%31) + (1 + B26) (T %2,1) + v36(p - Y3,1)
Sq*(95,2) = %10+ Bas(p-%2,1)

Sq*(§a1) = (Bosz + Bra)(T-%0.0) + Bial(p - %1,0) + J24(p? - %2.1)
Sa*(931) = Bos(p-%0,0)

Sq4(§<3,1) = aos(p- X0,0)

Sa®(¥6,2) = (424 + Bos) (P %0,0)-

Corollary 4.1. For the AR-module AR(1), its dual is isomorphic to
SO2(AF(1))Y = Ay (1),

where 8(¥) = (Y36, Bas + P26, P25, d24 + Boss P14, Bos + Bia, o3 ). Thus, AZ(1) is self
dual if and only if

(1) Qo3 = 736,
(2) Bos = Pas + Pas, and
(3) Bia = Pos.

Remark 4.3. The constant j24 has a geometric significance noted in [BGL2, Re-
mark 1.21]. It follows from Corollary 4.1 that jo4 = 0 whenever A(1) is self-dual.

Remark 4.4. The underlying classical A-module structure on A(1) is self-dual if
and only if 826 = So3 + S14. In the presence of (3), this is equivalent to (2). Thus
the conditions of Corollary 4.1 can be thought of as the classical condition, plus
conditions (1) and (3).

In [BGL2], we showed that the A®-modules AZ (1) can be realized as the cohomology
of an R-motivic spectrum for all values of ¥.

Corollary 4.2. Suppose AY[¥] is an R-motivic spectrum realizing AX(1), and sup-
pose that AX(1) is a self-dual A®-module . Then AY[¥] is the cofiber of a vy -self-map
on either y§1 or yﬂﬁl.

Proof. By [BGL2, Theorem 1.8], the R-motivic spectrum A}[¥] is the cofiber of a
v1-self map on y& if Ba5+ Bag+7v36 = 1 and a3 + Bp3 = 1, whereas it is the cofiber
of a vy-self-map on yﬂﬁl if Bos + B2 + v36 = 0 and a3 + Bz = 0. But conditions
(1) and (2) of Corollary 4.1 imply that Ba5 + B26 + 736 is equal to ags + Soz. W
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Our main results Theorem 1.1 and Theorem 1.3 follows from Corollary 4.1 and
Corollary 4.2 respectively.

/806

FIGURE 4.2. The A-module structure of a self-dual
H* (B(AT?[7])).

Remark 4.5. Using the Betti realization functor, [BGL2] produced Cy-equivariant
realizations of analogous A“2-modules AS? (1). Using the comparison result [BGL2,
Theorem 1.19], the A-module structures on ®(AY2[7]), the geometric fixed points
of AT2[¥], was identified in [BGL2, Figure 4.12]. In Figure 4.2, we record the
A-module structure on the geometric fixed points of a self-dual AS?[¥].

APPENDIX A. ON THE ANTIAUTOMORPHISM OF AR

Although Boardman [B, §6] pointed out that the set of E-cohomology operations
[E, E]* may not necessarily have an antiautomorphism for a cohomology theory E,
we find the case of E = HgrF5 a rather curious one.

The case of E = HF is exceptional; the Steenrod algebra A := [HFo, HF5], is well-
known to be a Hopf algebra and, therefore, equipped with an antiautomorphism
x: A —— A. The composition of extension of scalars and Betti realization,

Sp]R C®r— S pc B

Sp,
induces maps of Steenrod algebras
AR Ty AT = AR (p) s A AR/ (7,p).

The algebra map 7y is a quotient map with kernel (p). The map 79 is also a
quotient map with kernel (7).

The antiautomorphism x of the classical Steenrod algebra is known to lift along 7,

AC X, g
| |
A—— A
as the C-motivic Steenrod algebra is a connected bialgebra. However, lifting x©

along 71 is less straightforward. The dual R-motivic Steenrod algebra A is a Hopf
algebroid, rather than a Hopf algebra, so that its dual is not a Hopf algebra.
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One feature that distinguishes A® from A® is the fact that 7 is not central in AR.
In the following result, we use the commutators [r,Sq> | in A% (computed using
the Cartan formula [V, Proposition 9.7]) to compute the values of a hypothetical
antiautomorphism in low degrees.

Proposition A.1. Suppose that x*: A® — AR is a ring antihomomorphism and
an involution. Then

XHr) =7
Xp) =
xX“(Sq') = Sq
X*(Sq®) = Sq*+pSq’
X*(Sq") = Sq*+pSq®Sq' +75q' Sq”Sq" .

Proof. If x® is a ring antihomomorphism then
(A1) Xl s] = X x s

in characteristic 2. Since 7 and Sq* are unique Fy-generators in their bidegree and

X% is an automorphism, it follows that

=7 and  x*(Sq') =Sq'.

For degree reasons, x%(Sq?) must be Sq* +¢pSq', where ¢ is either 0 or 1. But the
commutator [, Sq%] is equal to pr Sq'. Applying (A.1), we see that

XHprSa) = (), x(Sa®)]
= Sa'tp = [r.8q” +epSq']
= pTSqt +p* = p7rSq’ +ep?,

and therefore, € must be 1.

Similarly, degree considerations imply that XR(Sq4) must be of the form
Sqt +pSq' Sa® +epSq® Sqt +A7 Sq' Sq? Sqt. The commutator [, Sq"] is pr Sq* Sq?,
so we conclude that
rx®Sa’] = [r,Sq" +pSq' Sa® +epSa® Sq' +A7Sq" Sq” Sq']
= (1+Np7Sq*Sq® +Ap7Sq? Sq +(6 + €)p? Sq? +6p° St

must agree with

X*(prSa' Sa*) = (Sa® +pSq')Sq' 7p
= prSq°Sq" +p*Sq?,
and therefore, § = 0, e = 1, and A = 1 as desired. |

Proposition A.1 suggests there might be an R-motivic antiautomorphism on the
subalgebra A®(2) := M5(Sq",Sq?, Sq*) ¢ AR. It seems likely that the method
above can be extended to produce an antiautomorphism on all of A®. However, we
leave open the question of whether or not this is possible.

On the other hand, the following remark shows that an antihomomorphism on AR
may not be directly of use in dualizing A®-modules.
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Remark A.1. Even if AR were to be equipped with an antiautomorphism ¥, this
may not be so useful for the purpose of dualization. The reason is that the classical
formula (1.1) does not work in this setting. More precisely, let N be an A®-module,
let A€ NV, p € A® and n € N. Then defining a new action ¢ ® \ by

(p @A) (n) = A(x"¢n)
does not produce an Mj-linear function. For instance, consider the case
N = H*(Sg/h) from Example 3.2. Then (Sq* ®%10)(x0,0) vanishes, whereas
(Sq® ®%1,0)(x0.0) is equal to p. It follows that the formula for Sq* ®%; ¢ is not
M5-linear and is therefore not a valid element of NV.
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