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1. Introduction

Let Cp be the category of p-local finite spectra, where p is a fixed prime. A v,-self-map
of an object X of Cy is a self-map v : ¥*X — X such that

K(n)w: Kn).X - K(n),X

is an isomorphism. Here K (n) is the n-th Morava K-theory and it is well-known that
K(n), is the graded ring Fp[v,,v,1] with |v,| = 2p™ — 2. Since K(n). is a graded
field (i.e. every nonzero homogeneous element has a multiplicative inverse), K(n).X
is a graded vector space over K(n),. and the isomorphism K (n).v, up to a change of
basis, is multiplication by a nonzero element of K(n).. We say that a v,-self-map v

has periodicity k if k is the smallest integer such that K (n).v induces multiplication by
k

vk -self-map.
In 1998, Hopkins and Smith showed in [19] that for every n > 0, C,, the category
of K(n — 1)-acyclics, is a thick subcategory of Cy and the C,, form a sequence of thick

v¥ (in which case t = (2p" — 2)k). We will refer to a v,-self-map of periodicity k as a

subcategories
C()DClDCQD"'DCOO

where C, is the category of contractible spectra. A p-local finite spectrum X is said to
be of type n if X € C,, \ Cp,+-1. They also showed that

Theorem 1.1 (Hopkins-Smith). Every p-local finite spectrum X of type n admits a vy,-
self-map

v: @Dy X
Moreover, the cofiber Cv is a spectrum of type n + 1.

Not only does Theorem 1.1 show the existence of v,-self-maps, but it also provides a
recipe for constructing type n spectra. However, [19] does not shed any light on the min-
imal periodicity of such a v,-self-map, except to establish that the minimal periodicity
is always a power of p.

One of the key properties of a v,-self-map v : ¥*X — X is that the iterated compo-
sitions
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v =00 D oo Ytvon NEX 5 X

are homotopically nontrivial and potentially give us an infinite family of elements in
the stable homotopy groups of spheres. Typically, v°" composed with the inclusion of a
bottom cell

o
2°”

¥t x X

incl

T, STtC

is nontrivial. Therefore, the map 7, factors through some skeleton, say X (™), in such a
way that the composite with the pinch map to a top cell of X ("

pinch

X(m) Snr

Tr

oy STt

is a nontrivial element of 7., (SY). The collection of such {c,. : r > 0} forms an infinite
family. The smaller the periodicity of v, the smaller the gap in degree between successive
elements in the family. Hence the interest is in

e finding the minimal periodicity of the v,-self-map on a given type n finite spectrum,
and
 finding finite p-local spectra whose v,-self-maps have periodicity as low as possible.

Recall that K (0) = HQ and vy is just multiplication by p. The sphere spectrum S is
a type 0 spectrum which admits a vg-self-map. Since S° admits a vi-self-map, any type
0 spectrum admits a vj-self-map.

The search for v,-self-maps gets increasingly complicated as n increases. First, we
remind ourselves some of the standard notations used in the literature. The cofiber of
the vi0-self-map of S°, i.e. multiplication by p’, is called the o-th Moore spectrum at
the prime p and is denoted by M, (ig). By Theorem 1.1, M, (i9) must admit a v;-self-map
of some periodicity and the cofiber of

vit RPN Gg) — My,(dg)

is denoted by M), (io,%1). In general, the cofiber of

U:L” : Ei"(Qpn_z)Mp(Zb, - 7anfl) — ]\41)(@.07 R ,Z'nfl)
is denoted by M (o, . .., %n—1,in) and called a generalized Moore spectrum. Often in the
literature a generalized Moore spectrum M, (ig,...,in) with ¢z = 1 for 0 < k < n is

called a Smith-Toda complex and is denoted by V,(n). Alternatively, one can define the
spectrum My (o, . .., i,) as a topological realization of the BP,-comodule

BP*/<Ué°,vil,...,vi”>.

n
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Generalized Moore spectra may not exist for all sequences (ig,...,%,), and even if
such a spectrum exists, it may not be unique due to the potential non-uniqueness of the
self-maps. Toda [30] showed that V(1) = M,(1,1) exists for p > 3, V,,(2) = M,(1,1,1)
exists for p > 5 and V,(3) = M,(1,1,1,1) exists for p > 7. In 1966, J.F. Adams proved
in [2] that M>(1) does not admit a vi-self-map, in fact the minimal periodicity of a
vi-self-map on Mj(1) is 4. Thus, M,(1,4) does not exist for ¢ < 4. In 2003, Behrens and
Pemmaraju [5] showed that V3(1) = M3(1, 1) admits a ve-self-map of minimal periodicity
9. Therefore Ms5(1,1,7) does not exist for i < 9. In 2008, Behrens, Hill, Hopkins and
Mahowald [6] showed that the va-self-map of M3(1,4) has minimal periodicity 32. Little
is known about v,-self-maps for n > 3 aside from the work of Toda mentioned above,
and Nave’s proof in [26] of the nonexistence of V,(25L) for p > 7.

Instead of focusing on generalized Moore spectra one can also ask the following ques-
tion:

Question 1. For a fized prime p, what is the type n spectrum whose v, -self-map has the
smallest periodicity?

For instance, at the prime 2, we have seen that M, (1) does not admit a vi-self-map.
However, it is known that Y := My(1) A Cn admits eight vi-self-maps (see [13]). At the
prime 3, Behrens and Pemmaraju [5] showed that M3(1,1) does not admit a v3-self-map.
However, they also proved that M3(1,1) A Y (2), where

Y (2) = SY Uy, S* Uz, S8,

admits a v3-self-map. Toda proved that M,(1,1) admits a vs-self-map for p > 5 and that
M,(1,1,1) admits a vi-self-map for p > 7.

Though M (1,4) had a v32-self-map, the authors hoped that one of the cofibers of the
vi-self-maps on Y, collectively referred to as A;, might have a vy-self-map of periodicity
less than 32. In joint work with Mark Mahowald (see [9]), we showed that this does not
occur, as all of the spectra A; have v32-self-maps. This led to the question of whether
there exists any 2-local type 2 spectrum with a vs-self-map of periodicity less than 32.
We answer this question in the affirmative by producing a class of finite spectra that
admit vi-self-maps. The main purpose of this paper is to prove the following theorem.

Main Theorem 1. There is a collection of 2-local type 2 spectra Zv, such that every Z € Z
admits a ve-self-map of periodicity 1.

For the rest of the paper, we will work in the stable homotopy category of 2-local
spectra. Let A denote the mod 2 Steenrod algebra and A(n) be the subalgebra of A
generated by {qui : 1 < i< n} Let @, for n > 0 be the n-th Milnor element in A,
iteratively constructed using the formula

Qo =5¢",Qn =[5¢*",Qn-1] = S¢*" Qu-1 — Qn_15¢*".
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The Milnor element @Q,, generates an exterior algebra E(Q,,) as Q% = 0 and it commutes
with every a € A(n). The exterior algebra E(Q,) is a normal subalgebra of A(n) and
the pushout

An)JE(Qn) = A(n) ®p(q,) F2 = F2 ®p(q,) A(n)

is an A(n)-module, in fact, it is an A(n)-algebra. Let B(n) denote the A(n)-algebra
A(n)// E(Qy) and

Gn : A(n) = B(n)
denote the “quotient” map.

Definition 1.2. The class Z is the collection of all finite spectra Z such that there is an
isomorphism of A(2)-modules

H*(Z) = B(2).

Remark 1.3. It is worth pointing out that the finiteness criterion in Definition 1.2 is
essential. Note that for a finite 2-local spectra X, Bousfield localization with respect to
M>(1) is isomorphic to the localization with respect to HF; (see [11]),i.e. X = Xz, 1) ~
Xpr,. In all arguments involving the Adams spectral sequence, including the proof of
Main Theorem 1, we rely on the assumption that every Z € Z satisfies Z ~ Z HF,- 1If we
dropped the finiteness criterion from Definition 1.2, then one could find spectra X € z ,
for example X = Z V K(2) € Z, for which H*(X) = B(2), but X 2 Xpyr,. Such an X,
while an element of Z , would not be of type 2, nor would the proof of Main Theorem 1
be correct in its case.

Notation 1.4. Any A-module which restricts to A(2) as an A(2)-module will be denoted
As. Likewise, any A-module which restricts to B(2) as an A(2)-module will be denoted
Bs.

Definition 1.2 is motivated by the fact that the cohomology of the spectrum Y, which
admits a vi-self-map, is

To show that the class Z is nonempty, we first enrich the A(2)-module B(2) to an A-
module B;. We do this by enriching the A(2)-module A(2) to an A-module As and
taking Bs to be the image of ¢o. As we will point out in Remark 2.9 and expand upon in
the appendix, there are many different A-modules As, thus there are potentially many
different A-modules Bs. We will then topologically realize the Bs as cohomologies of
spectra (see Theorem 3.2).
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There is yet another way of obtaining spectra in the class Z. It is known [18,
Lemma 6.1] that there exists a nontrivial self-map

v :2°CnpACr — CnACy,
where 1 and v are the well-known Hopf maps in 7,.(S?). The map v has multiple lifts
’UJIZSAl/\CZ/—)Al/\CZ/

whose cofibers Cw belong to the class Z. This approach to producing Z € Z is described
in the second author’s doctoral thesis [15, Chapter 3]. The authors believe that any
spectrum in the class Z can be obtained as a cofiber of such a degree 5 self-map of
A1 A Cu.

Given such a By, we see that the spectra realizing it are not unique, even up to
homotopy. Depending on the specific By we choose, there are either 4 or 8 different
homotopy classes of spectra that realize By (see Theorem 5.5).

Let k(n) denote the connected cover of the n-th Morava K-theory. Lellmann [20]
proved that there exists an isomorphism of A-modules

H*(k(n)) = A/ E(Qn).
Hopkins and Mahowald [18] showed that as an A-module
H* (tmf) = A/ A(2).
Since every Z € Z is a realization of A(2)//E(Q5), we have
H (tmf A Z) 2 A/ A(2) © A(2) [/ E(Q2) = AJ/ B(Q2) = H" (k(2)).

As a result, any spectrum Z € Z satisfies the relation

tmf N Z ~ k(2). (1.5)
Thus Z can be thought of as the height 2 analogue of the spectrum Y because

koNY ~ k(1).

As discussed earlier, Y admits a v{-self-map. Main Theorem 1 produces a vi-self-map
of Z which further extends the analogy between Y and Z.

Understanding the ko-resolution of Y (see [21] and [22]) results in the proof of the
telescope conjecture at chromatic height 1 at the prime 2. By analogy, we hope that
the tmf-resolution of Z will enable us to attack the telescope conjecture at chromatic
height 2 at the prime 2. Indeed, the authors have computed a close approximation of
the “easier” side of the telescope conjecture, namely 7. (L g (2)Z), for any Z Z. Part of
this computation also appears in [15], with a more detailed report to appear in [8].
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Organization of the paper

In Section 2 we show that every A-module Bs is “half” of a corresponding As, in that
there is a short exact sequence of A-modules

0— X"By = Ay — By — 0.

In Section 3 we recall a criterion of Toda for realizing a given A-module as the co-
homology of a spectrum, and give a proof of a more refined criterion. In the process we
review the construction of Adams towers and dual Adams towers, which will be necessary
in Section 5.

In Section 4 we show that all A-modules By satisfy Toda’s criterion and can thus be
topologically realized. However, in Section 5, we show that all of these realizations are
non-unique; given an A-module Bs, there are, up to homotopy, either 4 or 8 different
spectra that realize it.

Finally, in Section 6 we complete the proof of Main Theorem 1.

We provide Appendix A to show how to obtain A-module structures on B(2) in prac-
tice. We obtain an explicit A-module and display it in the format required by Bruner’s
Ext program [12]. We also display various Ext charts obtained by running this program.

Acknowledgments

The authors would like to thank Mark Behrens, Paul Goerss and Mike Mandell for
their invaluable assistance and encouragement throughout this project. We would like to
thank Irina Bobkova and Nicolas Ricka discussions helpful toward formulating (2.8). We
are also indebted to Bob Bruner for his Ext calculator program. While none of the re-
sults in this paper rely on computer-assisted proofs, computer-assisted calculations have
provided many of the insights in the paper. Finally, we are grateful to Alex Kruckman
for making available online an Adem relations calculator, which was very handy for our
purposes.

2. A-module structures on B(2)

Let @, be the Milnor element of A, let M be a left A(m)-module for m > n and let

or .yl M
x = zQ,

be the multiplication by @, on the right. Adams and Margolis [4] used the property
Q2 = 0 to define the Adams-Margolis homology

ker fo

H(M;Qn)zw-
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When M = A(n), the right action of @Q,, is same as the left action of Q,, as @,, lies in
the center of A(n). Hence we can consider the map Q,, of multiplication by @,, on the
left or the right. Note that coker Q,, is isomorphic to B(n). It can be easily checked that
H(A(n); Q) = 0, therefore ker Q,, = img Q,,. Moreover, the induced map 0,

coker 9,

I
— i Qn
Qn Y

Y Timg Q, = X7 7A(n)

A(n)

is in fact an isomorphism of A(n)-modules. As a result (also see [25]) we have the short
exact sequence of A(n)-modules

0— 22" "1 B(n) = img Q, — A(n) B B(n) = coker Q, — 0.

Now we restrict our attention to n = 2 and consider the short exact sequence of
A(2)-modules

0— X"B(2) — A(2) B8 B(2) — 0.
Since this short exact sequence is not split, it corresponds to a nontrivial element
¥y € Exty(, (B(2), B(2)).

Let By denote an arbitrary left A-module whose underlying A(2)-module structure is
B(2). In Theorem 2.3 we argue that s lifts to an element

Ty € Ext'"(Ba, By).
Thus there exists a short exact sequence of left A-modules
0— "By 3 A4y B B, -0, (2.1)

where the underlying A(2)-module structure of the A-module A, is free over one gen-
erator in degree 0.

Before proving Theorem 2.3, we indulge ourselves in some preliminary computations
of certain Ext groups. Let G denote a basis for B(2) as a graded Fa-vector space. Observe
that, as an F(Q2)-module

B(2) = @ xIF,,

ceg

therefore
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DB(2)®B(2)= P xF,,
ceDGXG

where DG is the basis of DB(2) dual to G. Consequently,

Eztyio,,(B(2), B(2)) = Falvs] @ (@ 2”1&)

ceDGXG

where v5 is the image of the periodicity generator of Emtz?%) (Fy,Fy) in bidegree (s,t) =
(1,7) induced by the unit map

t:DB(2) ® B(2) — Fy.

One can use a change of rings isomorphism to see that

Ext’y, (B(2), B(2)) = Exty,, (Fa, B(2)) = Fs[vo] (GDBGEM]FQ)
ce

We summarize the above discussion with the following lemma.

Lemma 2.2. Let G be a basis for B(2) as a graded Fo-vector space, DG be the correspond-
ing basis for the dual DB(2) and 1y € G be the unique generator in degree 0. Then we
have isomorphisms

(i)

Eatyo, (B(2), B(2)) = Fs[vs] ( b E'C|IF2>

ceDGXG
(i)
Ext ) (B(2), B(2)) = Fa[vs] (@ ECR),

ceDG

and the inclusion of E(Q2) into A(2) induces the vy-linear map

L: Bty (B(2),B(2) —  Eaty, (B(2),B(2)

B
y = (gv L0>7

for every g € DG.

Theorem 2.3. Let By denote any A-module which restricts as an A(2)-module to B(2).
Then there exists an element Ty € Extzj(Bg, Bs) which maps to Ua under the map

k : Bxt%'(By, Bs) — Ext’)f

') (B(2). B(2).
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Proof. Consider a minimal free A-module resolution of DBy ® Bs,
EY R38R DB eB,. (2.4)
A minimal resolution has the property that all the differentials in the sequence
Hom(Fy,Fo) = Homa(F1,Fo) = Homa(Fs,Fo) — ...
are trivial. Thus,
Ext’*(By, By) = Hom’ (Fi, Fy) = Fy(A-module basis of F). (2.5)
The identity map 1p, : Bs — Bs generates a nontrivial element
200 € Ext%’(DBy @ By, Fy),

which corresponds to a basis element of Fj by (2.5).
Now consider a minimal A(2)-module resolution of DB(2) ® B(2),

oGS 56 B6, 8 Gy B DB(2) @ B(2). (2.6)
There is a basis element y o € Gy, which corresponds to
Lp) € Exty (B(2), B(2)),

such that k(z9,0) = ¥0,0. From the A(2)-module structure of B(2), it is clear that
go(a - yo,o) #0
for any a € A(2) with 0 < |a| < 6 and
90(Q2 - yo,0) = 0.
Therefore there is a generator y; v € G such that

91(y1,7) = Q2 - Yo,0,

which corresponds to @5. Since any a € A with 0 < |a| < 7 belongs to A(2), the same
assertion holds for the element z o, i.e. there is a basis element z; 7 € F} such that

g1(z1,7) = Q2 - xo 0.

The generator ;7 will correspond to an element
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Ty € Bty (DBy ® By, Fy)
with the desired property. O

This shows that any A-module structure on B(2) can be obtained as img QI (or
coker QF) for a given A-module Ay. In her thesis [28], Marilyn Roth showed that there
exist 1600 different A-module structures on A(2). Thus to obtain an A-module structure
on B(2) in practice, we should consider a left A-module structure As on A(2), and con-
sider the A-modules img QX or coker QF. But not every A-module structure on A(2)
will lead to an A-module structure on B(2) as the underlying A(2)-module structure of
img QF (or coker QIf) may not be isomorphic to B(2). We do not know of an explicit
A-module structure on A(2) for which the underlying A(2)-module structure on img Q¥
differs from B(2), however, one cannot easily exclude the existence thereof. In the fol-
lowing lemma we give a condition which guarantees that the underlying A(2)-module
structure on img QI and coker QI is precisely B(2).

Lemma 2.7. Let Ay denote an A-module whose underlying A(2)-module structure is sim-
ply A(2). Then the underlying A(2)-module structure of img QL is B(2) if and only if
Ay satisfies

Q25¢°Q2-1=0, (2.8)
where 1 is the generator in degree 0.

Proof. Let Qs denote the map of multiplication by Q2 (on the left or right) in the
category of A(2)-modules and let QF denote the map of multiplication by Q2 on the
right in the category of A-modules. The underlying A(2)-module structure on img Q%
and coker QI is precisely B(2) unless there exists n > 3 such that S¢?" Qs -1 does not
belong to img Qs. For dimensional reasons we only need to check the case when n = 3.
Note that Q25¢%Q2 -1 = 0 if and only if

S¢®Q2 1= Q2a-1=0aQs 1
for some a € A(2) as ker Qs = img Qs and the result follows. O

Because |Q25¢%Q2| = 22 while the highest degree of A(2) is 23, degree reasons alone
are insufficient to guarantee that (2.8) is satisfied.

Remark 2.9 (Number of A-module structures on Bs). Since any A-module structure on
B(2) can be produced as a quotient of an A-module structure of A(2) which satisfies
(2.8), one can in principle count the number of A-module structures on B(2) using the
results of [28]. This method of counting is extremely tedious as there are 1600 different
A-module structures on A(2). Moreover, the number of A-module structures does not
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reflect deeper concepts, nor is it directly related to the purpose of this paper. Nonetheless,
in the appendix we discuss in detail how to use [28] to produce A-module structures on
B(2) and demonstrate it via an example. The authors would be curious to know if there
is a more elegant method of counting A-module structures on B(2).

3. Toda’s realization theorems

The purpose of this section is to review Toda’s criteria for realizing an A-module as
the cohomology of a spectrum. In the process we will review how to build Adams towers
and dual Adams towers, which are essential in Section 5.

Let M be any graded bounded below A-module. Toda [30, Lemma 3.1] gave a criterion
for the existence of a spectrum X which realizes M, i.e.,

H*(X) = M.

Theorem 3.1 (Toda). Let M be a graded A-module which is bounded below. If for every
n such that M™ # 0, one has

Eat’""*7*(M,Fy) = 0 for every s > 3,
then there exists a bounded below spectrum X such that H*(X) = M.

There is yet another realization theorem of finite A-modules due to Toda. Because
we will only ever consider finite A-modules, this finiteness hypothesis can be made at no
cost to the rest of the paper.

Theorem 3.2 (Toda). Let M be a finite graded A-module. If
E:mff4’572(M7 M) =0 for every s > 3,
then there exists a bounded below spectrum X such that H*(X) = M.

A sketch proof of Theorem 3.2 can be found in notes of Haynes Miller [24]. While in
a version of Theorem 3.2 is proved in [7, Appendix A}, it is significantly more abstract
as the theorem is proved in the much more general context of triangulated categories
with additional properties. We take this as an opportunity to give a proof of Toda’s
Realization theorem in its original form, which may be easier for first time readers to
follow. We merely complete all the arguments of the sketch proof given in [24].

First note that Theorem 3.2 is stronger than Theorem 3.1, as the realization criterion
in Theorem 3.1 implies the realization criterion in Theorem 3.2 when M is finite. To see
this, consider the algebraic Atiyah-Hirzebruch spectral sequence

EPP = M™ @ Exty' (M, Fy) = Ext3' " (M, M). (3.3)



P. Bhattacharya, P. Egger / Advances in Mathematics 360 (2020) 106895 13

If for every s > 3 and every n such that M™ # 0, we have Emtfq’"'*"q_Q(M7 F3) = 0, then
it follows that for all s > 3 and all n € Z, we have

By TR = M @ Ext’" T (M, Fy) = 0.
Thus, the Atiyah-Hirzebruch spectral sequence forces
Ext5* (M, M) =0

for every s > 3.
The broad idea is to consider a free A-module resolution of M

NN RS N U
and build a corresponding tower of spectra

—X; = ...~ X1 = X
often called the dual Adams tower, such that

H*(lim X;) & M.
—

Recall that the Adams tower for a spectrum X consists of spectra {X, : r > 0} with

maps
- io - i1 ~ is - in
Xo=X X1 X X,
. 7 I < 7 - 7
~ S0 o~ I S2 R 8 7
ko 7k s k2 v/ k., P 4
Ve
~ s / s,
0 K, K, r )
such that

o K, is a generalized Eilenberg-Mac Lane spectrum (GEM),
e the sequence

is a cofibration,

e 5. : K, = X, is the connecting map of degree —1 of the above cofiber sequence,
and

e the composite d, = El;;,._H 0§ : K, — EX,._H — EKT.H induces the map

d":Fop = H (XYM K, ) —» F. .= H*(YK,).
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Let X, be the cofiber in the cofiber sequence
X, > X = X,.

The map i, : XT_H — X, induces a map i,

rd+l T X — Xr+1
\L |

X, X X,

| ir

ir
v y
|
%Tl L | by
A y
T * KT‘

such that
in ki
X1 = X, =2 K,

forms a cofiber sequence, where K, ~ Ef(r. The collection {X, : r > 0} is the dual
Adams tower. Adams showed that if X is a bounded below spectrum, then we have

—
Therefore, we also have

{Ele ~ Xp,

where X, is the p-completion of X. Just like the Adams tower, the dual Adams tower of
a spectrum X fits into the diagram

i i1 i .

X() = * X1 X2 XT (34)
7z 7 4 7
so - st S22 Sy 7
ko l p - k1 \L . ko \L Y k., \L p v
s e Ve s
Ko K, K> K,

where s; : K; — X X;41 are the connecting maps of the fiber sequences
X1 — X - K;
and the composite
kit108;: K — Ki

induces the map d" : Fy.41 — Fi.
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Proof of Theorem 3.2. Consider a free A-module resolution of M
I RS AR RN V)

Let K, be the GEM such that H*(K,) & X17"F, (note K, exists as M is finite). We
intend to build a dual Adams tower as in (3.4) corresponding to this free resolution.
Using the condition

Ext%* (M, M) =0

for s > 3, we will show that M splits off H*(X,) via the maps p, and ¢, as displayed in
the diagram

Let X = lim X,.. The above splitting will ensure
“—

IR
IR

colim H*(X,.) = M.
—
Case 1: 7 = 0,1 and 2. The first few cases are straightforward. We choose Xy = *. Since

X1—>X0—>K0

is a fiber sequence, it is immediate that X; = X1 K. Choose ki = dy and let X be the
fiber in the sequence

X2—>X1 gKl

Now because di o X7ty : ¥72Ky — K> is trivial, we can construct the map ks in the
diagram

27k
Eile —_— EilKl — Xy —— X

e
s
d1 e
27 k2
Ks.

Let X3 be the fiber of ko:

)(3—))(2]64I(27
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and let t; be the projection map
H*(X,) = H* (X 'Ky) = Fy — M.

Producing the map k3 : X3 — K3 and the splitting ¢5 : H*(X3) — M is the first
nontrivial step of an inductive argument.

Case 2: r = 3. The fiber sequence Xy — X7 — K; produces a long exact sequence

e ST R SR - HE (X)) e Fo ¢ R

Since the cokernel of the map d° : F; — Fy is M, we have the exact sequence of the top
row in the diagram

b2

0 M H*(Xy) — S lkerd® — 0 (3.6)

~
A N ~ -
‘ c2 ~ k);
| by O Qo
~N ~

2_1F4 —_— 2_1F3 — Z_lFQ e Z_lFl
d? d? d'

Since d! o d> = 0 and the right vertical arrow of the above diagram is a monomorphism,
the map k3 o d? factors through a map co : Y71 F3 — M. Notice that

procsod® =k*>od*>o0d® =0
and po is injective, hence
cy0d®=0.
Therefore the map ¢ represents a class
Gy € Bty (M, M).
Since E:cti’;l(M , M) = 0 by hypothesis, ¢y is a coboundary, i.e. co factors through d?
co = by o d?
and
k3 od?® = pyobyod®

So if we replace k3 with k3 — ps o by, which is exactly of the type of alteration we are
allowed to make, we see that
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k3 od*=0.

Since the target of the map ky is a GEM, the algebraic alteration of k5 can be realized
topologically. Therefore, we have a map k3 in the diagram

k
YIXy e YK, e Xy Xy

d2 e
7 ks

K.

Define X, to be the fiber of the map k3. Since, k3 o d> = 0, k} factors through d' by a
map which we denoted by a3 in (3.6). Consequently, the exact sequence of the top row
in the diagram of (3.6) splits and we have

to : H*(X2> — M.

Case 3: r > 3. Now inductively assume that we have constructed
o k1 :Xp 1 — Krfla

e X, as the fiber of the map k,_1, and
e A diagram of maps

0—> M — H*(X,_1) — N " 2kerd"3 — 0 (3.7)

tp71
k. _
r—1 ary

ZfrJrQFr_l ? 27T+2Fr_2

whose top row is split exact.

The fiber sequence

X, > X1 > K4

produces the horizontal exact sequence in the diagram
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0 0
M XM
o ( \L " ( l
ki o [ ki
2R — H*(X,_1) —— H*(X,) ——> >R, —— H**l(erl)
\L - \L \L ~ \L
-2 g2
NrH2E., <—— S 2 ker dn 3 SrHlp o, <—— Sl ker dr—3
0 0.

(3.8)
The vertical split exact sequences are the part of the assumptions for the inductive step.
By a diagram chase in the above diagram we find that

e the image of the map
YR HY (X, )
is 7" t2ker d" 3, hence

keriy_, = coker k_; = M,

and,
e the kernel of the map

N E L HTY(X, )

r—1
is isomorphic to ker d"~2, hence

img 6, =2 % " kerd 2.

Consequently, the top row in the diagram

Pr

0 M H*(X,) — = S 3kerd™™2 — =0 (3.9)

AT o

‘\
~
| cr < kT ~ <
‘ b, > ar <
~ ~

—r+1 —r+1 —r+1 —r+1
yort FrJrQﬁ'E rt F”Jrl?z rt F. yrt F._

dr— 1

is an exact sequence. The diagram in (3.9) is just the generalization of the diagram in
(3.6). Therefore, one can make exactly the same arguments as in the case of r = 3, to
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conclude that k, factors through a map c¢,.. The map ¢, is a cocycle and it represents a
class

¢ € BExt’;TV N (M, M).

Since Ext’;"""'(M,M) = 0 by hypothesis, ¢, is also a coboundary, hence factors
through d" via a map b,. Replacing k; with k% — p, o b, we see that

d.ok,=0
in the diagram

k-
>, —= Yl — > X1 — X,

dr -
PR

Kyi1.

Hence we have a lift k41 : X;41 — K,41. Define X412 to be the fiber of k,11. Since
kX od" = 0, k! factors through d"~! via the map a,. Therefore, the top row of the
diagram in Equation (3.9) splits and we have a map

t: H*(X,) = M.

Convergence. Let X = lim X,. We still need to show that
-
H*(lim X,.) = 11_r>nH*()~(,)

in order to conclude H*(X) = M. This is true when M is bounded below. The argument
is standard and is known as Adams’ Convergence Theorem in the literature (see [1,
Theorem 2.1] and [3, Part III, Theorem 15.1] for details). O

Now we briefly discuss some basic properties of the Adams tower and the dual Adams
tower of a spectrum. Let X be a k-connected spectrum, i.e. m;(X) = 0 for ¢ < k. The
Adams tower {X, : r > 0} and the dual Adams tower {X, : 7 > 0} of X is said to
be minimal if it corresponds to a minimal free A-module resolution of H*(X). Because
minimal free resolutions of H*(X) are nonunique, it follows that minimal Adams towers
and dual Adams towers of X are also nonunique. It follows from the construction that
for a minimal Adams tower of X, we will have

Ext’ N H*(X), H*(Y)) for s >k+1

.1
0 for s <k (3.10)

et (H*(X,), H'(V)) = {
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for any spectrum Y. The above isomorphism is realized by the map
X, = X.
Similarly, a minimal dual Adams tower satisfies

Ext (H*(X),H*(Y)) fors<r—1+k

3.11
0 otherwise ( )

Eaty' (H*(X,), H*(Y)) = {

for an arbitrary spectrum Y.
Suppose we have a map of spectra f : X — Y, where X and Y are both bounded
below. Then f induces a map between their Adams towers

* X3 XQ Xl X
lfg \sz lf} if

and their dual Adams towers

X X3 X2 X1 *
fl l]% lfz lfl
Y Ys Yo Y *.

However, the collection of maps {f; : i > 0} and {f; : i > 0} may not be unique, even
when the Adams tower and its dual are minimal.

4. Realization of Bs

Let Bs denote a fixed A-module structure on the A(2)-module B(2). The main purpose
of this section is to use Toda’s realization theorem, Theorem 3.1, to conclude:

Theorem 4.1. There exists a finite spectrum Z € Z such that
H*(Z) = By
as an A-module.

For this we need to compute Ext’y" (B, F). For any A-module M there is a Bousfield-
Kan spectral sequence

s,t,n s=n,t A T Ao SN s
By = @ Bty 35" (AJAR)" " © M,Fy) = Eaty' (M, F2)
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where A// A(2) is the augmentation ideal, i.e. the kernel of the map
AJJA(2) — Fa.

This spectral sequence is also otherwise known as the algebraic-tmf spectral sequence
(see [6,9]). We will abbreviate the name to ‘alg-tmf SS’ for the rest of the paper.

Notation 4.2. To save space, we will suppress copies of Fy in Ext groups, abbreviating
Ext}y 5, (N, F2) to Extyo)(N) and Exty, (K, F2) to Exty, (K), where N is an
A(2)-module and K is an E(Q2)-module.

Warning 4.3. The name ‘algebraic-tmf spectral sequence’ is due to the fact that
H*(tmf) = AJ/A(2). However, there are similar spectral sequences involving A//A(n) for
n > 3, despite the fact that these A-modules are not realizable topologically. We point
this out so that readers are aware of the fact that the results in this paper do not rely
on the theory of tmf per se, unlike some other results on vo-self-maps of finite complexes
(such as the results of [9,6,5]).

In [14] (also see [6, §5]), it has been proved that as an A(2)-module

A A@2) = DBV N ()

Jj=0

where Nq(j) is the j-th Brown-Gitler module [16,17]. N1(0) = [Fy is precisely the image
of the unit map. As a result we have

AJAQ2) = PV MG)

i>1
and the Fp-page of the alg-tmf SS can be expressed as

EStm = EB Emtzf(;),S(ler.--Jrjn)(N1<j1) ® -+ ® N1(jn) @ M).

j1217---,jn21

We will refer to s as the Adams filtration, ¢ as the internal degree and n as the tmf-
filtration. Thus, the d,. differentials have tridegree (1,0, 7).

In Fig. 1, we provide a visual aid to assist the understanding of the E;-page of the
alg-tmf SS. We encode the tmf-filtration using colors and express the spectral sequence
in (z,y) = (t — s,$) coordinates. We use black for n = 0, blue for n = 1, red for n = 2
and green for n = 3. We draw the symbol 17 with a sequence of numbers j ...
at (t —s,s) = (8(j1 + -+ + jr) — k, k) to indicate that we must place a shifted copy
of Ewti{?2>(N1 (j1) ® -+ ® N1(jr) ® M) at that bidegree. By doing so, we assemble all
the potential contributors to Ext% (M) in the (t — s,s) coordinate system. With this
arrangement, where we denote different alg-tmf filtrations using different colors, any
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[
P 1119
: A g Bl

0 2 4 6 8 10 12 14 16 18 20 22 24

Fig. 1. A convenient pictorial description of the E;j-page of the alg-tmf SS. (For interpretation of the colors
in the figures, the reader is referred to the web version of this article.)

differential in the alg-tmf SS looks like an Adams d; differential, pointing one unit up
and one unit to the left.

Now we estimate Ext%'(Bs) using the alg-tmf SS. Since By as an A(2)-module is
isomorphic to A(2)/ E(Q2), we can apply a change of rings formula to see

Bty (Ni(j1) @ - © Ni(jx) ® Bo) = Batyylo (M) ® - @ MiGe)).  (4.4)
As an F(Q2)-module
Ni(1) 2 E(Q2) @ X'TF, @ X°F,

and

Ni(2)ZE@Q) e D S¥E@) e P S¥F.

2<i<4 5<i<T

Computation of the Ext groups on the RHS of (4.4) is very tractable. Firstly, E(Q2)
and Fo are the only indecomposable E(Qs2)-modules, which means that any F(Q-2)-
module M can be expressed as direct sums of shifted copies of E(Q2) and Fy. Moreover,
the fact that

o Fo @Fy =y,
o F2 ® E(Q2) = E(Q2) @ F2 = E(Q2), and,
o E(Q2) ® E(Q2) = E(Q2) © X7E(Qa),

allows us to express the tensor product M ® N of two F(Q2)-modules as a direct sum of
indecomposable E(Q2)-modules. Once we know the indecomposable components of an
E(Q2)-module M, we can compute Emtz”(k%)(M, [F3) using the facts

. EItE?QZ)(E(QQ)) &= ]FQ and

o Eaty,, (F2) = Fo[vs], where vy has bidegree (s, t) = (1,7).
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4 3 e
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hZ. B
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PO h. e 0 o o o °
0l e 2,2

Fig. 2. The Ej-page of the alg-tmf SS for Bs.

In Fig. 2 we plot the first 25 stems of the E1-page of the alg-tmf SS, annotating certain
elements with their May names. Note that the F1-page is a module over ExtEEsz )(Fg) =
Fy[vg], hence admits a vp-action. We use a o to denote an element on which v, acts
trivially, otherwise we use a o. We use dotted lines to indicate the ve-action. We will
indicate the tmf filtration using the same color code as Fig. 1.

Proof of Theorem 4.1. B is nonzero in dimensions 0 through 16. By Theorem 3.1, it is
enough to prove

Ext5* " (M) =0
for s > 3 for 0 < n < 16, equivalently,
Ext5' (M) =0

for s > 3 and —2 <t — s < 14. From, Fig. 2 it is clear that in the E;-page of alg-tmf SS
Ef7t’" =0for s >3 and -2 <t—s < 14 for all n € N, and hence the result follows. O

While we have proved what we set out to prove in this section, we would like to justify
the May names and the differential in stem 22 of Fig. 2, as it will be crucial for the proof
of our main theorem in Section 6. To do this, we must delve deeper into the alg-tmf
SS, identifying the elements by the names they would inherit from the May spectral
sequence. We first recall the May filtration of the Steenrod algebra.

The May filtration, introduced by J.P. May [23], can be easily described as a decreasing
filtration of the dual Steenrod algebra A, [27], [10]. The May weight w of ffj is 24 — 1.
In general

w( ) Z (2ix — Da(jx)
k=1

where «(ji) is the number of 1’s in the 2-adic expansion of ji. The associated graded
of A, is a Hopf algebra, which is primitively generated by &; ;, the image of ffj in the
associated graded. Consequently we have a filtration of the cobar complex C(Fs, A, F2),
resulting in a spectral sequence
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EJYY =Tolhyj i > 1,5 > 0] = Exty' (F2,Fz) & Exty! (Fy, Fy)

where h; ; = [& ;]. This spectral sequence is called the May spectral sequence in the
literature.

Notation 4.5. For any A-module M we will denote the E,-page of the alg-tmf SS by

Note that we have already established that (see Theorem 2.3) there is a map
Uy : U108y = 207D,

in the derived category of A-modules, whose cofiber is A5, an A-module whose underlying
A(2)-structure is a free copy of A(2). Note that

By [Az] = Baty " (A(2) @ AJAR)"") = Bty ™ (AT A@)")

which is isomorphic to
——®n
(A7 A(2))+

when s = n and 0 otherwise. Consequently, the E;-page of the alg-tmf SS for Ay (re-

stricted to the part s = n) is isomorphic to a sub-complex of C**(FFy, A.,[Fa) (see
Remark 4.7) which we denote by

C**(Fa, (A)) A(2))+, F2).

Moreover, for degree reasons, the alg-tmf SS collapses at the Fs-page, i.e. Eg’t’s[Ag] =
Exti"t(Az). Recall that (A /) A(2)). = Fo[C},¢5,¢3,(4,Cs, -], where (; are the anti-
automorphic images of &. (A // A(2)). inherits the May filtration from A,, likewise
C**(Fq, (A A(2))«, Fa) inherits the May filtration from C**(Fy, A, Fs). Thus we have
a May spectral sequence calculating the d;-differential of the alg-tmf SS for A

Byttt =TFolhiy it > 4,02 1,5 2 0] = Ey™"[As] = Bat}y"(As).

Therefore we can assign May names to elements of Ext’y"(As). From (4.4) it is clear
that every element x in the Fj-page of the alg-tmf SS for B, satisfies either v} - 2 # 0
for all i > 0 or v - # = 0. Therefore the map

Ty 0 B}V [By] — EPPM Ay,

induced by g2 : A2 — Bas, is injective when restricted to the subcomplex Ej*[Bs].
Therefore we can assign May names to the those elements in E;"""[B,] for which s = n.
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The A.-comodule

SENL(1). C (A A@2)s = Fo[CF, G2, G5, Car G- ]
consists of the elements {¢%, (3, (2,4} (see [14,6] for details). The red bullet

o € EX2T22p]

is the contribution of a generator in Emt%?é2)(§]8N1(l) ® YX8N;(1)) which corresponds

to the cobar element [(3|¢3]. Therefore its May name is h%yz. Similarly, the green circle

3,34+21,3
€E17+ >

is the contribution of a generator in Emt?é_(g’g’f;l(ESNl(l) ® ¥8N;1(1) ® 28N1(1)) which
corresponds to [¢¥[¢F|¢F], hence has the May name h3. By work of Tangora [29], which

is also exposed in [10], one has
da(h3 5) = I3 (4.6)
in the May spectral sequence, which explains the differential in Fig. 2.

Remark 4.7. Note that A(2) is not a normal subalgebra of the Steenrod algebra A,
so (A// A(2))« is not a Hopf algebra. Therefore, one cannot make sense of a cobar
construction C**(Fy, (A// A(2))«,F2) in the conventional sense. However, using the fact
that tmf A Ay ~ HIF5, we see that there is a map from the tmf-resolution of As

As tmf A As L tmf A Ay
tmf A Ay tmf ATmf A As tmf ATmf " A Ag
to the Adams resolution for the sphere spectrum S°
50 HT, LHF
HTF, HF, A HF, HFy A HF, ™.

Consequently we have an injective map from the Ei-page of the tmf-based Adams spec-
tral sequence of A, to the reduced cobar complex for S°

B[] = ma(tmf Atmf" A Ay) = (AJAQR))5" — A" = O (Fy, A, Fy)
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which commutes with the differentials. Thus E7"*[As] is isomorphic to a subcomplex
of C**(Fq, A, Fa), which we denote by C**(Fa, (A// A(2))+,F2). The same can be con-
cluded for Ej-page of the alg-tmf SS for As because it is isomorphic to the Fj-page of
the tmf-based Adams spectral sequence for As.

5. Nonuniqueness of Z

In this section we prove that the spectra Z € Z realizing a given A-module By are
never unique, even up to homotopy. In fact, a given A-module By can be realized by
either 4 or 8 homotopically different spectra in Z. To motivate the proof, we first give
a sufficient condition for a spectrum X under which the A-module structure of H*(X)
determines X uniquely up to homotopy.

Proposition 5.1. Let X be any finite spectrum, and let M denote the A-module H*(X).
If

Ext’" (M, M) =0

for every s > 2, then every HFs-nilpotently complete spectrum Y such that H*(Y) = M
as an A-module, is weakly equivalent to X.

Proof. Consider the Adams spectral sequence
Ey' = Ext5' (H*(Y), H (X)) = [X,Y]i—s.
Since H*(X) = H*(Y) = M, the By page is isomorphic to Ext%°~ (M, M). Let g denote

a generator in bidegree (0,0) which corresponds to the isomorphism H*(X) = H*(Y) of
A-modules. Since Ext;" ™ (M, M) = 0 for r > 2, it follows that

d-(g) =0.
Thus g realizes a topological map
g: X—>Y

which induces an isomorphism in cohomology. Therefore, by Whitehead’s theorem X is
weakly equivalent to Y. O

Therefore, to address the uniqueness question we must compute Emt;i"'_l(Bg, By) for
r > 2. We will use the alg-tmf SS to do so. As an A(2)-module By = A(2)/ E(Q2),
therefore a change of rings formula implies

Ext:é)(Nl(jl) ® - ®N1(jr) ® DBy ® Bg) & ExthQQ)(Nl (j1) ® -+ ® N1(ji) ® DBy).
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Since

DB(2) = P s,
ceDG

as an F(Q2)-module, we have

E""[DBy @ By

o

EmtsE—n,S(ler---Jrjn)(Nl (j1) ®--- ® N1(jn) ® DBy)
) ) (Q2)
J120,...,jn >0

IR

@ E:L.tSE_(gf)(Jl++Jn)(Nl(]1) R ® Nl(jn) R @ E|C|F2)
§120,...,5n >0 ceDG

IR

s—n,8(j1++7Jn c . .
O @ Bty ogh™ I NG @ @ M)
ceDG  j120,...,j, >0

IR

GggEie,tJrlcl,n[Bz].
ce

K,k %

In other words, E;""*[DBy @ By is a direct sum of shifted copies of E;"**[Bz], one for

* %,k

each generator of DBy. We computed E]"""[Bs] in Section 4 and displayed it in Fig. 2.

Notation 5.2. We know that H,(Z) = F[¢1, &3]/ (€5, £5) as an A(2).-comodule. Let Geingiz
be the element in H*(Z) dual to £'¢22. We conveniently choose
We denote the element of DG, which is Spanier-Whitehead dual to Geingins by ggi%?.

In Fig. 3 we draw the alg-tmf SS for DBy ® Bs for 0 < s < 3 and -2 <t—s5 < 2. We
place a * in bidegree (s,t) if E""*[DBy ® By] # 0 but irrelevant to this discussion. In
bidegree (s,t) = (2,2 — 1), the two bullets (o) are v2 *Jerez and v3 “Jeaeg, and the circle
(O) is h% 'gﬁ"ﬁg'

Lemma 5.3. Let By denote any A-module structure on B(2). Then
dimp, (Eil}'ti’l(Bg, Bs)) =2 or3

depending on the A-module structure on Bs.
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Fig. 3. The Ej-page of the alg-tmf SS for DB2 ® Ba.

Proof. The elements {U%?&Ié%’ v3 Jeteds h%@g ¢3 } cannot support a nontrivial differential
in the alg-tm f SS as

E*2* DBy ® By] = 0

for all s = 3. Moreover, v3 - Ggrez and v3 - Geseg cannot be a target of a differential in the
alg-tmf SS, as they are in algebraic-tmf filtration zero. Therefore, v3 "Gerez and v3 "Jetes

are present in E:z:ti’l(Bg, By). However, h3 “Jeogg can be a target of a differential in the
alg-tmf SS for By. O

Remark 5.4. In fact, for the specific A-module structure on B(2) which is worked out in
Appendix A (see Fig. 6), we see that

dimp, (Ext%" (Ba, Ba)) = 2,

which means that h3 “Jesey s trivial in Ewti’l (B2, B3). Though the authors are not aware
of an A-module structure on B(2) for which h3 “Jeseg 1s nontrivial in Exti’l(Bg, Bs), one
cannot rule out such a scenario as we have not been able to get a handle on all possible
A-module structures on B(2).

Theorem 5.5. For an A-module By whose underlying A(2)-module is isomorphic to B(2),
let

n = dimg, (Exty' (B, B)).
Then there are 2™ different homotopy types of spectra Z € Z such that
H*(Z) = By

as an A-module.
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Proof. By Theorem 3.2, we know that there exists at least one spectrum Z that realizes
Bs. Fix a minimal dual Adams tower {Z; : i > 0} for Z. The dual Adams tower for Z
fits into the diagram

io i] iQ ir
Zoy = * A Zo .. Z
7 7 7
so s1 s2 s Sr
k sk k-
s Ve Ve Ve
K, K, K, ... K,

where K, is a GEM. The spectrum Z is then the limit

—

To create another spectrum Y realizing Bs, we alter ks using a nonzero element
Je Emti’l(Bz, Bs) in such a way that the composite

dy: K, 35 57,00 " S,

remains fixed for all » > 0. Then we argue that Y and Z are not weakly equivalent.
For an element 6 € Exti’l(Bg, Bs), choose a cocycle representative

0" : ¥F5 — Bo.
Since §* is a cocycle, the composite
« d2 x 0%
YF;y = YXF = M

is trivial. Note that Z; = Y 'Ky and k; = dy, therefore unwinding the long exact
sequence associated to the fiber sequence

Z, 5 7 By i

gives us the diagram

sF Y- Fr = HY(Z) (5.6)
it
0 M H*(Z3) — S ' kerd® — 0

P2
k1 l

H*+1(K1),
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where the horizontal row is exact (compare with (3.6)). Let A* denote a lift of ¢*, which
exists as X FY is a free A-module.
Now we build a dual Adams tower {Y; : ¢ > 0} which fits into the diagram

Jo J1 J2 Jr
YO = % Y1 }/2 . Y,« o
7 4 4
to - 1, 7 ta tr
lo e I1 p l2 Y I Y
Ve e /s 7
K, K, K, . K,

as follows. Define Y; := Z; for 0 < i< 2and let [; = k; for 0 <7 < 1. Let
lo: Yy = Ky
be the map that classifies
ks +paod* Xy — H*(Zy).

The condition that §* is a cocycle guarantees that ds o Iy ~ 0. By construction of l5, we
have

Ji=u1

}/2 - Z2 —— Yl = Zl (57)

o]

K.
Note that A £ 0 as 0 # 0. However, (I — ko) ot; = Ao j; ot; = 0 which means
lQOtl :k‘2051 :dl-

Build the rest of the tower {Y;} in the usual way described in the proof of Theorem 3.2,
and let Y denote the limit

Y :=limY;.
—
The choices for [; for ¢ > 3 will not make any difference as
E.T,‘tfq’s_l(BQ, Bg) =0

for s > 3.
Note that

Homa(H*(Y), H*(Z)) 2 ExtY(H*(Y), H*(Z)) = Ext;°(By, Ba) = Fo.
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Therefore there is exactly one A-module map ¢, : H*(Y) — H*(Z) which is an isomor-
phism. Let 7 denote the corresponding element in Ezt’(H*(Y), H*(Z)). To show that
Y and Z are not weakly equivalent it suffices to show that 7 is not a permanent cycle in
the Adams spectral sequence

Eyt = Ext" (H*(Y), H*(Z)) = [Z,Y];—s. (5.8)
Indeed, assume 7 is a permanent cycle. Then there will be a map of spectra
L Z =Y

which induces ¢, on cohomology and we will have a map of dual Adams towers

Z Z3 Zo A
I I I

L\L | L3 | L2 | t1
A A A

Y Y3 Y, Y

Note that ¢1 and o exist trivially as Z; = Y7 and Zs = Y5. However, the diagram
Z3 —= Zy N Ko
|
L3 |

Y

YEBHYQHKQ
2

shows that the map 3 : Z3 — Y3 exists if and only if the right square commutes because
the horizontal rows are cofiber sequences. But (5.7) implies that the right square does
not commute. Therefore ¢35 does not exist and we have a dy differential

do(7) =6

in the Adams spectral sequence (5.8), hence a contradiction.
Thus we get exactly one homotopy type realizing Bs for each element in E:cti"1 (B3, Bs)
and the result follows. O

Remark 5.9. Let Z; and Z5 denote two spectra such that
H*(Z,) 2 H*(Z3) = Bs.

From the arguments in the proof of Theorem 5.5, we see that in the Adams spectral
sequence

By = Baty! (H(Z2), H* (%)) = [Z1, Zal-
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4
0.
o e V - '
2 % EFRT S * * * *
. *
*
* * * * * * * *
...... )
.............. O]
0 * * o
—2 0 2 4 6

Fig. 4. The Ej-page of the alg-tmf SS for DBy ® Bs.

the generator 7 in bidegree (0,0) supports a nontrivial dy differential unless Z; ~ Z,.
Therefore the do differential in some sense ‘measures the difference’ in homotopy types
between the spectra Z; and Zs.

6. Existence of a v%-self-map of Z

As usual, let By denote an A-module whose underlying A(2)-module structure is B(2).
By Theorem 5.5 and Lemma 5.3, we know that there are either four or eight different
homotopy types of spectra which realize By. Let Z denote a spectrum of a specific
homotopy type which realizes Bs. In Fig. 4 we lay out the Fy-page of the alg-tmf SS for
DZANZ.

As in Fig. 1 we use colors to distinguish ¢mf-filtration, with * in bidegrees which are
nonzero but irrelevant to the discussion. In Theorem 2.3, we have established that vy -7
is a nonzero permanent cycle in the alg-tmf SS denoted by v, € Extif(H*(Z), H*(2)).

Proof of Main Theorem 1. From Fig. 4 it is clear that
Ext" ™ (H*(Z), H*(Z)) =0

for all s > 4. The task of proving the Main Theorem 1 then boils down to eliminating the
possibility of U5 supporting a nontrivial do differential in the Adams spectral sequence

Eyt = Ext"(H*(Z), H*(Z)) = |Z, Z]—s. (6.1)
Fig. 4 makes it clear that in the F; page of alg-tmf SS for DZ A Z
ES’S’*:{3~_ 3 = h3~_ }
1 V2 " 9elez V2 - Yetedr V3 - eled s

The element hj - Jerea which has tmf-filtration 3, is the target of a differential in the
alg-tmf SS due to (4.6), hence trivial in the Fs-page of (6.1). However, the elements
v “Gerez and v - Geagz are nonzero permanent cycles in the alg-tmf SS as they are in
tmf-filtration 0, hence represent nonzero elements in the Fs-page of (6.1).
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Since H*(k(2)) = A//E(Q2), the Es-page of the Adams spectral sequence computing
k(2).(DZ A Z) is
Eatiglo, (H'(2), H(2)) 2 Eatyly, (B(2), B2)

which we have already computed (see Lemma 2.2). Now consider the map of spectral
sequences

Ext'(H*(Z),H*(Z)) === m;_s(DZ A\ Z) (6.2)

Ext%!, (H*(Z),H*(Z)) == tmf,_,(DZ A Z)

z*l !
*

(H*(2), H* (%)) == k(2)i-s(DZ N\ Z)

s,t
Extyq,)

induced by the maps S° 5 tmf 5 k(2). The elements vh - 7, vh - Gerez and v - Gea g5 for
i > 0 have nonzero image under the map k, as they are in ¢mf-filtration zero. Moreover,
they have nonzero image under the composite (I o k), by Lemma 2.2. From Remark 5.9,
it is clear that

d2 (Z) == 0
in the upper-most spectral sequence in (6.2). Therefore,
do (ki (1+(7)) = 0.

Since k(2) admits a ve-self-map, the differentials in the bottom-most spectral sequence
of (6.2) are vo-linear, which means

da(ve - ki (1:(2)) = 0.
Now, suppose that
da(2) = €103 - Jegeg + €203 - Tepey
with (¢1,¢2) # (0,0). This would imply
da(ve - ki (1.(T)) #0

as v3 “ Jetez and v3 * Jeseg have nontrivial images under the map k. o l,, which is a
contradiction. Thus we can conclude
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dy(T2) =0
and Z admits a vi-self-map. O
Remark 6.3 (vo-maps). Now let Z; and Zs be spectra realizing Bs. Then
do(7) = c1v2 “Getez + cov3 “Geaes + c3h? “Jeses (6.4)

where ¢; € Fy. Essentially using the argument in the proof of Main Theorem 1, we see
that there are three possibilities:

(i) if ¢; = ca = ¢3 = 0, then Z; and Z5 have the same homotopy type, which we call Z
and there exists a vi-self-map

v:X%7 = Z,

(ii) if ¢4 = co = 0 but ¢3 # 0, then Z; and Z5 have different homotopy types, but we
nonetheless have a map

v:2%7, = 7,

which induces multiplication by v on Morava K-theory, and
(iii) if one of ¢1 or ¢y is nonzero, then there is no map

v: 307 = Zy
which induces multiplication by v on Morava K-theory.
Appendix A. An explicit A-module structure on Z

The A(2)-module B(2) is 32-dimensional as an Fa-vector space spread across from
degree 0 to degree 16. Endowing B(2) with an A-module structure is therefore not easy
in practice and requires a systematic approach. In Section 2, we established that any A-
module structure on B(2) extends to an A-module structure on A(2) (see Theorem 2.3).
Hence, we can obtain all possible A-module structures on B(2) from A-module struc-
tures on A(2). Marilyn Roth [28] showed that there are 1600 A-module structures on
A(2). However, she did not list explicit A-module structures or A,-comodule structures.
Rather, she encoded these structures in Fs-linear maps

s A(2). = (A)JA(2))«

which satisfy certain criteria. Each s-map leads to a unique A-module structure on A(2),
and Roth showed that there are 1600 such maps. The purpose of this Appendix is to
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review Roth’s work and demonstrate, via an example, how to obtain different A-module
structures on B(2) in practice. We will express the A-module in the format required by
Bruner’s Ext software [12] and display the output of the program.

We begin by describing the recipe for converting an s-map into an A-module structure
on A(2) as prescribed in [28]. It is useful to dualize things, considering not A-modules,
but A.-comodules. Recall that the dual Steenrod algebra A, is the polynomial algebra

where the generator &; is in degree 2¢ — 1. As A(2) C A is a sub-Hopf algebra generated
by Sq', S¢? and Sq*, the dual A(2), is the quotient algebra

A(2). = Fa[61, 62, 65]/ (6,63, €3)
of A,, and
(A//A(2))* = FZ[E?&%?&%?S%&& .. ]

Notice that as a graded Fao-vector space, A(2). has generators in degrees 0 < ¢ < 23.
Between degrees 0 and 23, the graded Fa-vector space (A//A(2)). has exactly one nonzero
generator in degrees 8, 12, 14, 15, 20, 22 and 23. In those same degrees, A(2). has 3, 4,
4, 3,2, 1 and 1 generators respectively. As a result there are 2'8 different s-maps. An
s-map can be uniquely extended to an s-map

5: A= (A AQ2))«
as A, = A(2), ® (A// A(2)).. Corresponding to each s-map, there is a j-map
J A1) — Al
which is defined as follows. Let m : A, — A(2). be the canonical projection and i :

(A/J A(2)). — A, be the canonical inclusion. Define the j-map inductively using the
formula

j(a) = a+s(a) + Zj(ﬂ(aé)) +5(i(ai)) (A1)
where a} and af are part of the formula for the coproduct on a
P(a) :a®1+1®a+2a;®a;/.
Roth proved that [28, Chapter IIT]

AQ2), LA, B A, @A, 5T A, 0 AQ),
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defines an A,-comodule structure on A(2), if and only if the composite

A2) 5 A B A 0 A (A)AQ). © (A)A2)). (A.2)

sends £]€3€3 — 0. Roth listed all the s-maps which satisfy the criteria (A.2), and found
that there are 1600 such s-maps.

One can obtain the A-module structure on A(2) simply by dualizing the A,-comodule
structure on A(2)., however, in practice, this is quite tedious. Instead, one can obtain
the A-module structure on A(2) directly from the j-map using the right action of the
total squaring operation

Sq = ZSqi A — A,
i>0

Note that for a left A-module M, its dual M = Homp, (M, F3) admits a right action of
A. In particular, the right action of A on its dual A, is determined by the right action
of the total squaring operation Sq on A,. It is well-known that the right action of Sq is
a ring homomorphism determined by the formula

(&i)Sq =& +&-1.
Given a j-map we obtain the A-module structure on A(2) as follows. We declare
S¢'(z) =a1 + -+

where z,x1,...,2, € A(2), if (j(7:.))S¢* contains j(z,) as a summand. After obtaining
the A-module structure on A(2) one must check if it satisfies (2.8). If so, one can easily
get an A-module structure on B(2) by considering the inclusion map iy or the quotient
map g2 of (2.1).

A.1. A-module definition file for Bruner’s program

We now consider the sample j-map that Roth computed [28, Pg 30, Chapter III] and
check that the resulting A-module structure on A(2) satisfies (2.8). We will now express
the resulting A-module structure on B(2) as a definition file for Bruner’s program [12].
The A-module structure is encoded in a text file named Z in a way that we will now
describe. The first line of the text file Z consists of a positive integer n, the dimension of
B(2) as an Fa-vector space, whose basis elements we will call go, ..., gn—1. The second
line consists of an ordered list of integers dy, ..., d,_1, which are the respective degrees
of the g;. Every subsequent line in the text file describes a nontrivial action of some Sg¢*
on some generator g;. For instance, if we have

qu(gi) =g1+ -+ 9gji,

we would encode this fact by writing the line



P. Bhattacharya, P. Egger / Advances in Mathematics 360 (2020) 106895 37

ik13j1...51

followed by a new line. Every action not encoded by such a line is assumed to be trivial.
The text file Z is as follows.

32

0123344556667 77889991010 10 11 11 12 12 13 13 14
15 16

N O O WN
O
© N WwWN -

10 1 20
12 1 25
13 1 27
14 1 29

[el el el NeNe e e e}

N o w
oo >

12 13
15
17
20
12 1 27
14 1 30

e
© 00 ~NO O WwN
R R, R NRNDRN

=

o

e
(%))
[y
w
g

9 10 11
12 14
15 16
18

21

23

10 1 25

11 1 27

12 1 29

NDNNDNDNDNDNDNDNDDNDN
W 00 N O Ol N =
R R NN W e

10

12 14
18 19
20 22
23 24
26

10 2 27 28
111 29
121 30

13 1 31

© 00N WN
NN WN ==
=
~

W WwwWwwwwwowwowow



38 P. Bhattacharya, P. Egger / Advances in Mathematics 360 (2020) 106895
4116 10 10 1 31 18 4 1 27
4218 18 6 1 30
43110 11 11 14 18 7 1 31
4 41 13 11 2 1 16
45115 11 3 1 18 1911 22
46117 11 41 21 19 21 24
47120 11 51 23 19 31 26
4 12 1 30 11 6 1 25 19 4 1 28
4 13 1 31 117 1 27 19 51 29
11 10 1 31 19 6 1 30
5117 19 71 31
5229 10 12 2 1 17
53112 12 31 20 20 4 1 29
541 16 12 4 1 23 20 6 1 31
551 18 12 6 2 27 28
56 2 20 22 12 71 29 211123
512 1 31 12 8 1 30 21 2 2 25 26
12 91 31 21 3127
6 21 10 21 6 1 31
6 41 15 131115
6 6 120 13 21 17 22 21 26
6 12 1 31 13 31 20 224129
1341 24 22 6 1 31
72212 13 13 51 26
73115 23 2 2 27 28
7 4 2 17 18 14 2 2 18 19 23 3129
75120 14 3 1 22 23 41 30
76124 14 4 2 23 24 23 51 31
77126 14 5 1 26
14 6 2 27 28 24 11 26
81110 14 7 1 29 24 4 1 30
84 2 17 19 14 8 1 30 24 51 31
8 52 20 22 14 9 1 31
86 124 2561127
87 126 15 2 1 20 2562129
881 28 15 4 1 26 25641 31
89129
8 10 1 30 16 1 1 18 26 4 1 31
8 11 1 31 16 2 1 22
16 4 2 25 26 27 2 1 30
911 12 16 5 1 27 27 31 31
92115 16 6 1 29
94220 21 28 1129
95123 17 1 1 20 28 2 1 30
96 2 25 26 17 4 1 28 28 31 31
97127 17 51 29
98129 17 6 1 30 29 21 31
17 71 31
10 4 2 20 22 301131
10 6 1 26 18 21 24
10 8 1 29 18 3 1 26

A.2. Ext charts produced by Bruner’s program

Using Bruner’s program, we compute Ext’y" (B2, F2) (see Fig. 5) where By is the A-
module structure on B(2) that we computed above. Bruner’s program is able to compute
the A-module structure for Spanier-Whitehead duals and tensor products of A-modules.
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Fig. 5. The file Z_1.pdf displaying Ext%*(Bs,F2) for 0 <t — s < 22.

Fig. 6. The file ZDZ_1.pdf displaying E'zti"t(Bg, Bsy) for —7 <t —s < 15.

Using these features we produce an A-module definition file for By ® DBy which we
named ZDZ. This allows us to compute Ext’" (B2, B2) (see Fig. ) easily using Bruner’s
program. We use the chart in Fig. 6 to make our conclusions in Remark 5.4.
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