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ON THE ALGEBRAIC K-THEORY OF SIMPLY
CONNECTED SPACES

M. BOKSTEDT, G. CARLSSON, R. COHEN, T. GOODWILLIE,
W. C. HSIANG, anDp 1. MADSEN

1. Introduction. This paper combines the cyclotomic trace invariant of
[BHM] with the calculus of functors [G1] to evaluate Waldhausen’s (reduced)
functor A(X) in terms of more familiar objects in algebraic topology, in the case
of a simply connected X.

For each prime p, the cyclotomic trace gives a map of spectra

Trc: A(X) » TC(X; p).

Here A(X) denotes the version of Waldhausen’s functor with 7, 4(X) = Z rather
than 7y A(X) = Ky(Zn, X).

There is a stable map from TC(X; p) to the suspension spectrum of the free
loop space £X = Map(S?, X), with a disjoint base point added, and the compo-
sition with Trc is the topological Dennis trace of [B]. More generally, after p-adic
completion the spectrum TC(X; p) was described completely in [BHM, Sect. 5].
The argument there is only correct in the case when 7, X is finite. However, the
result is true in the general case by an argument due to Goodwillie. For a discus-
sion of this, see [M]. We recall the result.

The self-maps of the circle, in particular, the rotation group S* and the degree
p-map A,(z) = z”, act on X and therefore on the spectrum Z3(ZLX). After p-
completion there is a fiber square (=homotopy cartesian diagram):

TC(X; p)y ——— Z2(S* A (ES! x50 £X,))}
(1.1) B Trf

1-A

LX) —L» I(ZLX)).

The right-hand vertical map is the S!-transfer and Z%(Y) denotes the spectrum
whose ith space is equal to

lim_, Qn(S”+i A Y+), Y+ = YU{+}.
The composition of 8 and Trc is the p-completion of the topological Dennis trace.
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THEOREM 1.2. Suppose X is simply connected, of finite type, and p is a prime.
Then there is a fiber square

AX)) —=— TC(X; p)}

A(x)) —=— TC(x; p)).

We see that the reduced functors A(X) and :F\C’(X ; p) agree after p-completion.
Moreover, we shall argue that

TC(X; p); ~ Z3(X), x V(X),
with
V(X) = fiber(Z°(St A (ES! x5 Z£X,)) - (X))

the homotopy fiber of the S!-transfer map composed with the map e;: X
— X, which evaluates a free loop at 1€ S'. A theorem of Waldhausen gives a
decomposition

A(X) ~ £2(X) x Wh(X),
and we therefore have the following result.

QOROLLARY}.& For a simply connected space of finite type X, and every prime
p, Wh(X); ~ V(X),.

Remark 1.4. An integral functor T%(X) was introduced in [G3], and the
cyclotomic trace map extended to a map from A(X) to T%(X). The p-adic com-
pletions of T%(X) and TC(X) are equivalent, but T%(X) has the added advantage
that its rational type agrees with that of A(X), cf. [Bu]. Using this integral version
one gets integral versions of the above.

The results above have consequences for diffeomorphisms of manifolds. We
briefly recall the connection. Let P(M) be the space of smooth pseudoisotopies of
the manifold M:

P(M) = Diff(M x I, M x 0u oM x I).
It is the space of diffeomorphisms of M x I, which fix (some tubular neighbour-
hood of) M x 0 UJM x I. There is a suspension map from P(M) to P(M x I),
which essentially consists of crossing a pseudoisotopy with the unit interval (and

smoothing corners). The limit

P(M) = lim_, P(M x I*)
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is the stable pseudoisotopy space of M. It is an infinite loop space, and it depends
only on the underlying homotopy type of M. Two main results connect P(M) to
A(M). There is Waldhausen’s theorem

(1.5) P(M) ~ Q*Wh(M)
(cf. [W1], [W2]), and there is the stability result of Igusa [I] that the map
(1.6) P(M) > 2(M)

is k-connected whenever dim M > max(2k + 7, 3k + 4).

Let P(M) be the pseudoisotopies of M, which are the identity on a small codim-
zero disk in M. It is a consequence of the above for a simply connected manifold
M that P(M) and Q2V(M) have the same p-completed homotopy type roughly
through dimensions 1/3 dim M. Since P(M) has finite type, this implies that

7Iiﬁ(M) = Miv2 V(M)

throughout the stability range.

One knows from [BHM] that the cyclotomic trace from A(x) to TC(x; p)
defines a split surjection after completion at p, onto a summand of the form
T2(S* A BO(2)), provided p is a regular odd prime in the sense of number theory
(i.e., if p does not divide the numerators of the Bernoulli numbers B, ..., B,_3).
In fact the map might well be a homotopy equivalence at regular primes. In
any case, the cyclotomic trace does contain information about the unreduced
P(M).

The rational homotopy type of A(X) was calculated in [Bu]. The evaluation
of the integral homotopy type in terms of more accessible functors began in
[CCGH].

It should be pointed out, however, that there is a serious flaw in [CCGH] in
that the trace-type invariant used there is not well defined: the error occurs in the
definition of the map 7, on page 71, where the trace map defined on p-simplices
by the formula tr(ay, ..., a,; b) = trace(a, ... a,b) is not invariant under the face
operator d, as claimed.

The bulk of the present paper, given the cyclotomic trace and calculus of func-
tors, is the long and somewhat painful Section 4 below. It is a complete recast of
[CCHG]. We finally note that Corollary 1.3 was conjectured in [CCH], without
completion.

The above remarks explain the many authors of the present paper.

We offer our admiration to F. Waldhausen, who introduced A(X) and dis-
covered its close connection with differentiable pseudoisotopy theory. The paper
is dedicated to him.
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2. Proof of Theorem 1.2. For every functor with smash product we have
stable maps (i.e., maps of spectra), cf. [BHM]:

Trc

K(F) —— TC(F,p)
21 Ir b
THH(F).

If F is of the form F = Fy with Fy(4) = A A QX (say, the Moore loops of X, or
in a simplicial setting the Kan loop group), then there are homotopy equivalences

K(Fy) ~ A(X)
22) TC(Fy, p)) ~ TC(X, p);
THH(Fy) ~ Z2(£X).

Here the right-hand sides are Waldhausen’s A-functor, the functor given by the
pullback diagram (1.1) and the suspension spectrum of the free loop space, re-
spectively. The decoration ( ), indicates p-adic completion in the sense of [BK].

Mostly in algebraic topology it does not really matter if maps like the above
Trc or Tr are natural transformations or only natural transformations up to
homotopy, i.e., natural transformations when the functors are projected into the
homotopy category of spectra. However, this is not so for “calculus of functors,”
which is the theory we want to apply; the theorems from [G1], [G2] require
“strict” natural transformations. We must argue that the cyclotomic trace with
the right “models” of K(F) and TC(F, p) is a strict natural transformation on the
category of FSPs. In the end we are using only the FSPs of the form

Fy(Y)=Y A QX,,

so we ask for strict transformations from spaces to spectra.

Fortunately, the machinery from [BHM] can be adapted to give strict trans-
formations, but there are several steps, and we have to recall in part the defini-
tions from [BHM, Section 5]. Readers who are not interested in these details can
accept Proposition 2.6 below which summarizes the situation, and proceed from
there with the main argument. Given F there are grouplike topological monoids
G, = GL,(F). For monoids there are functors G — GV (free monoid) and G — G*
(group completion), and there are natural transformations G « G¥ — G*, which
induce the homotopy equivalences below when restricted to grouplike monoids:

IN.(G) & |N.(GY)] 3 |N.(G")]

|sdnNP(G)|Co" = |5d ,nN(G¥) [P 5 |sd ,n N (G) .
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Let B'(G) be the pullback in

B(G) 5 (holim . |sd »N&(G")|Ce)®
v l
ING¥)| = |N.(G")| 5> (holim .. [sd ,»N**(G")|%")"®

with I from [BHM], (2.13). By the above,

(2.3) B'(G) = IN.(GY)| = |N.(G)|

are homotopy equivalences. For G, = GL,(F) we have the transformations
Isd NP (G| = |d NP (G| > | d, THH(EF,) "

where F, = M, (F) is the k x k matrix FSP associated with F (cf. [BHM, (5.11)]),
SO we obtain a strict transformation

t,: B(Gy) - (holim_ |sd - THH.(F,)| "),

one for each k. We next apply the infinite loop space machine in the formulation
of [BHM, Section 4]. The transformations ¢, induce a natural transformation of
spectra

Trc': K'(F) - TC(F, p).

Indeed, in [BHM, (5.12)], TC(F, p) is defined to be the spectrum of the I'-space
associated to the target of t,, cf. [BHM, (4.19)]. Moreover, the maps in (2.3) give a
transformation

K'(F) - K(F)

into the spectrum associated to the I'-space build-up from the |N.(G,)|, cf. [BHM,
(5.6)]. This transformation is a homotopy equivalence of spectra. Restricting to
the FSPs F = Fy we can use K'(Fyx) as a model for A(X). Indeed there is a strict
natural transformation K'(Fy)— K(Fyx) which is a homotopy equivalence, and
K (Fy) is one of the standard models for A(X). In particular, K(Fy) is a 1-analytic
functor of X by [G2, (4.5)]. The same will then be the case for K'(Fy).

We next discuss analyticity of TC(Fy, p) and some related functors. Given a
group G and a G-space Y, let X3(Y,) be the equivariant suspension spectrum;
its nth space is

©(Y,), = lim_, Map(S¥, S"*®" A Y,)

with V running over RG-modules (or more precisely over all submodules of a
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complete universe in the language of [LMS]). For a normal subgroup I' there is a
transformation

o: (Z3(Y,)) - zﬁ(r)/r(Yf )
which takes a map f from S¥ to S"*®" A Y, to its induced map on I'-fixed sets.

We specialize to G = Cpn, I' = C,, and Y = £X. In this case we can compose with
the inverse of the homeomorphism A,: X — (£ X)% to get the transformation

032 (LX) P> TE, (LX),

It is C,n—1 equivariant when the C,»—1-action on the source is via the identification
Cyn/C, = Cpu-1. In particular, ¢ induces

©: I (LX) T, (LX)
Let TC'(X, p) be the functor
(24) TC'(X, p) = (holim _ zgpn(yx +)Cn)h®,
From [BHM] one gets a (noncomposable) sequence of strict transformations, all
homotopy equivalences, which connect the functors TC(Fy, p) and TC'(X, p). See
in particular the proofs of Proposition 3.7, Proposition 3.9, and Corollary 4.24
of [BHM]. It follows from the above that TC(Fy, p) is analytic if and only if
TC'(X, p) is analytic, which we will now show. The cofibration
ECpy — 8° - EC,

induces a cofibration of functors
2.5) & NECpy A LX) > I8 (LX)~ EE (ECp A ZX,)P.
The mapping @ gives a strict transformation

22 (ECp A LX) S TE, (LX),

which is a homotopy equivalence; cf. [BHM, Section 5]. The transfer, in the
formulation of [LMS, Chapter II, Section 7], is a transformation

E(ECps Acy, LX1) 3 T8 (ECpy A LX )7,

which again is a homotopy equivalence, and such that the inclusions of fixed sets
in the target corresponds to the transfers in the source.
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Before we can proceed we must recall the definition from [G2, Section 4] of
analyticity. Functors X from the category of subsets of {1,..., m} to spaces are
called m-cubes. The homotopy limit over all spaces in the diagram except the
initial one, X(), is called h(X); there is a map a(¥X): X(¥) - h(X), and the dia-
gram is called k-cartesian if a(X) is k-connected. A functor U has property E,(c, k)
if for every strongly cocartesian (m + 1) cubical diagram X with X(Z¥) — X(s)
ks-connected and kg > k, the diagram U(X) is (Xk, — c)-cartesian. U is called p-
analytic if it satisfies E,,(pm — ¢, p + 1) for all m and some constant ¢. We are
interested in p = 1 where we just call the functor analytic. We will need to show
that the functor (Z‘.°° AEC,n x £(%)),) " is analytic. Our original argument used
the equivalence

0 BUEC X, L(X)2) 3 T2 (ECpr X L(X),)7"

induced by the equivariant transfer. It is a sticky question if 7, is a natural trans-
formation in X. It seems to be when one unravels the definitions of [LMS], but
the following argument, due to the referee, avoids the question.

The functor £*(X,) is analytic according to a version of the Blakers-Massey
theorem. The same is then the case for X°(QX,) and (£ X,); the constant c
decreases by 1. Precisely, if X is a strongly cocartesian S-cube with |S| = n, then
Q(X) and Z(¥) are (—n + Y k,)-cartesian. According to [G2, (2.6)] it follows
that Z(¥X)is (—1 + Y k,)-cocartesian. That is, the map

b: h(L(%)) - (Z(¥))

is (—1 + ) k,)-connected. Here h,(#(¥)) is the homotopy colimit of #(¥) with
the terminal vertex Z(¥(S)) removed. Taking (equivariant) suspension spectra
and smashing with a space commutes with homotopy colimits, so we have an
equivalence

h(ZE (ECpn x L(X)),) = ZE (ECpn X hy (LX) -

The map X ,.b is a (—1+ Y k,)-connected map of free C, spectra, so the
induced map of C,-fixed spectra is again (—1 + ) k,)-connected. Therefore,
(0254 n(ECp,, X i"(%)),r)"p" is (—1 + ) k,)-cocartesian, which for a spectrum is the
same as (—n + Y ky)-cartesian. It follows that (I n(ECp,. X L(X)), ) is
1-analytic with the constant ¢ = —1.

It further follows that Z¥(EC,n ¢ n £ X) is analytic. Using (2.5) and induction
over n, we see that Ecp (X +)Cp" is analytic for each n (with constant ¢ = 1,
independent of n). Given an inverse system

o Uy 2 U, —

of analytic functors with the same constant c, then the functor U = holim_ U, is
analytic. Indeed, let X be a strongly cocartesian (m + 1)-cube. For each n, U,(¥)
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is (Zk, — m + c)-cartesian, and we must prove that the homotopy inverse limit
of k-cartesian diagrams is k-cartesian. Since homotopy inverse limits commute
among themselves, this reduces to the true statement that the homotopy inverse
limit of k-connected spaces is k-connected.

Applied to U,(X) = g (£X +)Cr" we see that holim_ IE(£X +)Cr" is analytic.
Finally, for a transformation ®: U — U, the homotopy fixed set is the homotopy
inverse limit of

V-9 UxUu2_U.

It is analytic by the reasoning above. We have proved the following result.

PROPOSITION 2.6. The functors THH(Fy) and TC(Fy, p) are analytic, and there
is a model for A(X) with a strict natural transformation Trc from A(X) into

TC(Fy, p). a

We next recall the part of “calculus of functors” needed for our main conclu-
sion, Theorem 1.2. Recall from [G1] that the derivative at (X, x) of a functor @
from based spaces to spectra is the spectrum 0, ®(X) whose nth term is

@2.7) (0,D)(X), = fiber(®(X v S") > B(X)).

A natural transformation ¢: ® — ¥ between such functors induces a map of deriv-
ative spectra

0,t(X): 0, 0(X) » 0,V (X).
It is, of course, a (weak) homotopy equivalence when ¢ is, but for analytic functors
there is a partial converse. This is Theorem 5.9 of [G2], which states that for a
natural transformation between p-analytic functors, and for any (p + 1)-connected
map f: X - B,
O(X) —— P(X)
lom J‘P(f)
®(B) —— ¥(B)
is a fiber square, provided the induced map
0.t: 0, ®(X) — 0, ¥(X)
is an equivalence for any based space (X, x).

We need one more fact about analytic functors, namely, the principle of “ana-
lytic continuation” from [G2]; cf. the proof of Proposition 5.1. It states in the
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special case of a natural transformation between l-analytic functors t: ®(X) —
Y(X) that t induces an equivalence of the reduced theories for 1-connected spaces
if and only if it induces an equivalence on suspensions. Differently expressed, to
check that 0,¢(X) is an equivalence for general 1-connected spaces it is enough to
do the case 0, #(ZX). Moreover,

2.8) 0@ 0 T)(X) = £0,0(ZX).

We want to apply this theory to the functors at hand, and we must calculate
derivatives. We know from [G1] that

0, A(X) ~ ZQX)

0 ZZLX) ~ L(Z2QX),
where QX denotes the loops at x € X, and where £ (Z3(QX)) is the functional
spectrum Map(S!, Z2(QX)).

We prove in Section 3 below that for the functor defined by (1.1),

29 0, TC(X, p), ~ Z3(QX), .
More precisely, we show that the composition
(2.10) 0, TC(X; p); P, 0, THH(X), BRI %(9).¢ )p
is an equivalence. Here THH(X), = Z3(ZX),, and

e;: II(QX) - EQX)

is the evaluation at 1.

Let us assume that two homotopy functors F, G have the property that for all
spaces X the two spaces F(X), G(X) are homotopy equivalent. It is obvious from
the definition of a derivative that even if the two functors are not necessarily
homotopy equivalent by a sequence of strict transformations, they do have
homotopy equivalent derivatives. We have

0, K(Fy) ~ 0. K'(Fyx) ~ Z3(QX)
(2.11)
since by [BHM, Section 5] and [M, Section 4.4]
TC(Fy, p); = TC(X, p);

and since taking derivatives commutes with completion.
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To complete the proof of Theorem 1.2 we must argue that
(2.12) 0,Trc: 0,K'(Fy), — 0,TC(Fy, p),

is an equivalence. The source and target are abstractly homotopy equivalent.
However, the calculation of 0,K'(Fy) ~ 0,K(Fy) from [G1] uses the manifold
model for A(X) and fits poorly with the above strictly homotopy-theoretic
approach. We proceed therefore in a very roundabout way. First we notice from
the analytic continuation (cf. (2.8)) that it suffices to show that

0, Tre

0. K (Frx), & 0,K'(Fgx), —— 0, TC(Fsy, p),

is an equivalence for connected X. Second, by (2.11), we are reduced to checking
that

0, Tre

0.K'(Fex)y == 0, THH(Fy)p 3 0,(Z2(LEX))y — ZIQEX),

is a homotopy equivalence. This is done in Section 4 below. Indeed, Corollary
4.15 implies that the composition induces a split surjection on spectrum homology
with IF, coefficients, and hence an isomorphism because the homology is finitely
generated in each degree, provided that X has finite type.

Remark 2.13. One would like to generalize Theorem 2.1 to include the
statement that for a 2-connected map f: X — B there is a homotopy cartesian
diagram

AX)) —= TC(X, p)}

AB), —= TC(B, p); .

When =, B is finite, [G2, Theorem 5.2] tells us that it suffices to check that J, Trc
is an equivalence for all (X, x). The above reasoning only gives this statement for
X simply connected, but it is, of course, very likely true in general.

3. Derivative calculation. This section contains the derivative calculations used
in the proofs in Section 2.

PROPOSITION 3.1.  The derivative 0, TC(X, p), is naturally equivalent to (£3QX),.

Proof. The description of TC(X, p), as a fiber product may be expressed as
follows. The self-maps of the circle, in particular, the rotation group S* and the
degree-p map A,(z) = z?, act on £ X and therefore on the spectrum X372 X. After
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p-completion, we have a fiber square

TC(X, p) —— S! A (ES} Ag Z22X)
(32 et

soox 44, T2 PX.
Here Trf is the S!-transfer, a map of spectra
(3.3) S A(ES} A Z)>Z
defined whenever S acts on a spectrum Z. If Z = {Z;|i > 0}, then the left-hand

side of (3.3) denotes the spectrum associated to the prespectrum {S* A (ES} Agi Z))},
and the map Trf is defined using the usual transfer maps

(3.4) TSt A (ESY Asi Z)) — B2Z,,

which in turn are defined whenever S! acts on a based space Z;. Note that to
define (3.3) all that is required is a spectrum Z with an S*-action in the naive
sense: S* acts on the spaces Z;, and the structure maps S! A Z; — Z;,, are S'-maps.

Differentiation of (analytic spectrum-valued) functors commute (up to natural
equivalence) with p-completion, fiber product, S!-transfer, and subtraction of
stable maps. It follows that after p-completion there is a fiber square

0, TC(X, p) —— S' A (ES! Ag 0.Z2.2X)
(3.5) Tt
33X —h, 05X,
where S and A, act on 0,23 £ X by functoriality of ,.
According to [G1, Corollary 2.5] and [G2, Appendix], 0,22 X is equiva-
lent to ZTIQX, that is, the spectrum {LQ(S' A QX,)|i > 0}, with S* and A,

acting as follows: A, acts on £T7QX both through the “#” and the “Q” in the
sense that

St 4 0(S' A QX,)

goes to

st g1t Lot A x,) ZE2 0st A QX),

where in the last arrow, A(w) =wo A,; §* acts on LETQX through the “¥”
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only. Rewrite (3.5) and combine it with another square:

0, TC(X, p) ——> S* A (ESL Agi LZ2QX)

(3.6) Z320x 44, LE20X
| - |
T0X  — 20X .

Here e, is evaluation at 1 € S*, and A, acts on ZYQX by IA,.
LEmMMA 3.7. The composed map e, o Trf is an equivalence.
LEmMMA 3.8. The lower square in (3.6) is a fiber square after p-completion.
Proof of Lemma 3.7. More generally, for any spectrum W, the composed map

Trf

St A (ESL Agi W) /5 W —H W
is an equivalence. This follows from the fact that for any spectrum Y, the com-
posed map

Trf

S'A(ES} Agi(SEAY)—SLAY—S'AY
is an equivalence. (Put Y = QW and use the map S} A QW —» #W, which is an
S'-map and a nonequivariant equivalence.) o

Proof of Lemma 3.8. A, acts on QE3QX = fiber(e,) through both the inside
and outside “Q”, as described above. In particular A, acts like zero on the mod-p
spectrum homotopy, and id-A, induces an equivalence after p-completion. O

This completes the proof of Proposition 3.1. a

ProposITION 3.9. If X is 1-connected, then the square

sooXx 4, seox

Jzz‘j(el) sz(el)

ey —2, ¥eXx

is a fiber square after p-completion, so that by (3.2), we have

TC(X, p), ~ (ZXX x fiber(Z%(e,) o Trf))y .
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Proof. This is certainly true when X is a point. Since the functors are 1-
analytic, it will be enough (by [G2]) if the square of derivatives is a fiber square.
This is the outer square in

2320x 4%, gzeax

0
TP ——— X%

The top half is a fiber square (after p-completion) by Lemma 3.8. The bottom half
is, too. That is, the map

(3.10) TeQX 4%, yo0x

is an equivalence after p-completion. To check this, consider the mapping tele-
scope of

Qx 2, x 2, Qx

Because A, acts like multiplication by p on homotopy groups of QX, the tele-
scope is a simple space with homotopy groups n, (QX)[1/p]. This implies that its
mod-p homology is zero, and that means that (3.10) induces an isomorphism on
mod-p spectrum homology. o

4. The suspension case. This section studies the topological Dennis trace
Tr: A(ZX) - THH(ZX)

for a simply connected space X, homotopy equivalent to a CW-complex. Since
both functors are homotopy invariants and commute with filtered direct limits, it
suffices to consider the case where X is a finite CW complex.

The simplifications which occur in the suspension case are twofold. On the
one hand the spectrum THH(ZX) simplifies to a wedge of much simpler functors,
and on the other hand there are good embeddings

(4.1) 0: T2(S1 A X%) - A(ZX),

one for each natural number q, cf. [CCGH]. We shall examine the compositions
Tr o 0, but first we need to recall some general theory about topological Hochs-
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child homology. Let F be a functor with smash products. There are spectra Z°F
and THH(F) and a suspension S} A £*F — THH(F). In our applications, F will
be associated to a grouplike monoid G, ie., F(X) = G(X) = X A G,, and Z*F
and THH(F) are then equivalent to the spectra £¥(G) and X3(Z BG).

The spectrum homology H,(THH(F)) can be calculated via a spectral sequence
whose E>-term is a Hochschild homology of H,(Z*F), provided we use field
coeflicients

4.2) HH,(H,(£°F)) = H,(THH(F)).

For (4.2) to work, we need to assume that F(S") is (n — c)-connected, and that the
stabilization map F(S") - QF(S"*!) is (2n — c)-connected, for some constant c.

The spectral sequence has been used before, e.g., in connection with the calcula-
tion of THH(Z), but it has not been fully documented in the available literature.
We take the opportunity to do so here.

Let I be the category whose objects are the ordered sets n=(1,...,n) and
whose morphisms are the injective maps. Each morphism f € I(n, m) can be de-
composed as f = g o i with i the standard inclusion and ¢ a permutation of m
letters. We let

fu: QF(S" A X) > Q"F(S™ A X)

be equal to oy o iy, with iy, the obvious suspension map and o the (conjugation)
operation on Q"F(S™); cf. [BHM, Section 3]. Consider the simplicial spaces,
which have p-simplices:

holim__, Map(S¥ A -+ A S%, F(S§) A -+ A F(S'))
(4.3) Uk
holim_mMap(S"—l”" Ao A S, F(S™-1 A 8% A S) A -+ A F(S)),
I
respectively, equipped with the usual “Hochschild-type” face operators. The first
space is THH,(F) with topological realization THH(F); the second space is
denoted T*(F) with topological realization T*(F). The spaces THH(F) and T*(F),
k =0 all have I'-structures. This fact is based on Morita invariance, and is
explained in [BHM], Section 4 for THH(F). The argument is the same for each of
the functors T*(F).
There is an obvious map of I'-spaces

T(F) » THH(F)

which is a homotopy equivalence by the approximation lemma from [B], which
states that the homotopy limits in (4.3) are well behaved in the sense that the term
corresponding to (i, ..., i,) approximates the limit as iy, ..., i, = 00. See [M,
Lemma 2.3.7].
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The space of p-simplices T¥(F) form a spectrum, but more importantly, we
have the next result.

~ LeMMA 4.4. The spaces T*(F) form a spectrum T(F).

Proof. In each simplicial degree p, one can define
St A THE) > TE(P)
by using the composition
SY A F(S:-1 A S¥ A Si0) > F(S') A F(S™-t A SF A S')
- F(S* A (St A §* A S'))
— F(S™-1 A (ST A §¥) A SP),

where the last map is induced by the obvious permutation of coordinates. One
checks that the face operators commute with this suspension map, so it induces

St A TH(F) - T*1(F).

Its adjoint is a homotopy equivalence, because QT**!(F) can be calculated by
realizing the simplicial space whose p-simplices is the space QT **(F). O

LEMMA 4.5. The spectrum {T*(F)} is homotopy equivalent to the spectrum
{B*THH(F)} associated with the T-structure on THH(F).

Proof. Let B(—) denote the classifying space in the I'-structure; then
T*(F) ~ QBT*(F) ~ BQT*(F) ~ BT*"(F),

where the second equivalence involves the fact, also used above, that the loop
space can be calculated degreewise. a

The spectral sequence in (4.2) is associated to the skeleton filtration of the
spectrum T(F) = {T*(F)}. Indeed, if H,(—) denotes homology with field coeffi-
cients, then

H, . (holim_, Map(S--1*ie A --- A S, F(S:-t A S A S%) A F(S%) A -+ A F(S)))
~lim_ H,, (F(S- A S¥ A §%) A F(S') A --- A F(S%))
~ H(Z°F)® - ® H,(Z*F),

where the limits run over the category I?*2. This uses the approximation lemma,
the Kiinneth formula, and the fact that F(S") is roughly n-connected. It follows
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that the E'-term of the spectral sequence is the standard cyclic construction
applied to the algebra H,(X*F), and hence that the E-term is the claimed
Hochschild homology groups.

We will apply (4.2) for the functor with smash product G with G(4) =
A A QXX associated to the monoid G = QX X, X connected. It will be conve-
nient to use the stable splitting of G = QXX, and we briefly recall it.

Consider the inclusion i: X - QXX. It maps the base point of X to the con-
stant loop at the base point and induces

1 I2X) - Z2QEX); i) = Z®i(u) — e,
where e: X3 X — XP(x) - ZP(QXX). Using the product, we get
IAXY) - TRQEX), u-I5iw,),

where u, is the vth projection. This map factors over *(X) and induces the
James-Milnor decomposition

V Zo(X@) 5 23Q2X);  X©=5°.
a=0
It follows that the homology of Z*@G (with field coefficients) is the tensor algebra
of H,(X),
H,(Z*G) = T(H,X).

The Hochschild homology of a (graded) tensor algebra is concentrated in degrees
0 and 1. In fact,

“o HH,(H,(G)) = Z®[H,(X)®*]/1 — 1)
' HH, (H,(G)) = Z°[A,(X)®T,

where 7 acts by cyclic permuting the factors with the usual sign convention, i.e.,

7(51 R ® éa) — (__ 1)I§1I(I§zl+~~~+l-’:al)§2 ®® éa ® 51

(cf. [LQ, Section 4]).

The spectral sequence (4.2) is forced to collapse, being concentrated in filtration
degrees p =0 and p = 1, but let us spell it out by examining the abutment di-
rectly. The analogue of the James-Milnor splitting for the free loop space is the
decomposition

IULEX) > v E(SE Ac, X@)
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(cf. [CC], [BM]). Its homology can be calculated from the chain complex
0 - k[C,le, ®c, H,(X)®* > k[C,Jeo ®c, H,(X)®* -0,
where
(e ®Xx P ®x,)=€®@x;, X ®Xx, —(— 1) ®x, ® " ®x, D X
and o = |[xq|(|x5] + - + [x,])- ~Indeed, this can be seen by choosing a chain
homotopy equivalence H,(X)— C,(X), and using the Eilenberg-Zilber theorem.
We get
47) H,(E3ZLZX) = I3 o{eo ® [H,(X)®*]/(1 — ) ® e; ® [H,_,(X)®]}
in agreement with (4.3). The suspension mapping
6: S} A X°(F) > THH(F)
is in the case at hand, F = @G, the map

0:81 A ZRQEX - I7LEX

induced from the S!-action on #XX, and the inclusion of QXX. On homology it
is given by

04 (14 ®x1®"'®xa)=e1N®Ca(x1®~--®xa),
withN=1+T+-++ T

We next review the embedding 6 from [CCGH]. Given any FSP F, we have
the associated matrix FSP

M,(F)(S’) = Map*(a, a A F(§%)),
where a = {0, ..., a} with zero as base point. There are maps
E, ,: F(8') > M,(F)(S")

which to u e F(S) associate E, ,(u), the map which sends v e a to (4, u) e a A F(S’)
and any other element of a to the base point. It defines a morphism of spectra

E, ,;Z°F - Z°M,(F).

When F = G as above, we can compose with the map i:T2X - X*G. Let us
consider

P: T2(X?) — = M,(G)
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given by

P(x) = 21 Ev—l,v({(xv))’

where E,,, ,=E, , and x —>i(x,) was defined above in connection with the
James-Milnor splitting. We adjoin to get

4.8) P: X° - lim_, Q"M,(G)(S").
It reduces to zero in M,(Z) under linearization, so
0(xys...,x,) =1— P(xq,...,x,) € GL,(G),

Using the suspension S* A GL,(G) - BGL,(G) and the inclusion of GL,(G) into
A(ZX), we obtain a map

0: (S A X9) - A(EX).

The restriction of the topological Dennis trace to BGL,(G) is by definition in-
duced by the composition

4.9) BGL,(G) > THH(M,(G)) % THH(G)

Here 1 is the realization of the simplicial map, which takes a k-simplex [A4,]---
|4,] into the k-simplex

Ao A+ A A, € holim_, Map(S% A -+ A S, M,(G)(S) A - A M(G)(S5%)),

where A, is the inverse of the product 4, - 4, in GL,(G). (Some consistency in
choosing inverses is needed (cf. Section 2 above); here however we are only inter-
ested in what the map induces on homotopy groups and, more generally, on the
functor [S* A X% —1)

The Morita equivalence u is cumbersome to define and hard to calculate
directly, because it involves the use of a double simplicial space; cf. [BHM, Sec-
tion 3]. However, we shall only evaluate it in homology, where we can make use
of the spectral sequences (4.2) for F = G and F = M,(G).

More precisely, u defines a map of spectral sequences, and on the E2-level,

ty: HH,(M,(H,(G))) » HH,(H,(G))

is equal to the “usual trace operator,” u, = tr,. In the cyclic bar construction,
whose homology is HH,(—), tr,, is given by the formula

(4.10) (Ao @ ® A,) =Y 4B @ @ Air',
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with AY denoting the ijth entry, and where the sum extends over all sets of
indices.

We can now begin to examine Tr o 6 (in homology). In fact, we settle for less
and just attempt to describe the map into filtration degree p = 1, or what is the
same thing (see below), the quotient map

Tro 0: Z°(S* A X°) - THH(G)/THH,(G),
where THH(G) ~ X°@ is the subspectrum of the zero-simplices in |THH.(G)|
4.11) THH(G)/THH((G) ~ Z°(LZX/QZX) ~ vZ, Z°(SY/C, A XP).
Its homology can be calculated from (4.7). We notice that

e, ® [H,(X)®"] < H,(THH(G))

injects into H,(THH(G)/THH,(G)), and that the other summand e, ® ﬁ*(X )®8/
(1 — 1) is sent to zero. By definition,

[100]=[I—P)! A(—P)Je[Z°(S* A X*), THH(M,(G))].

The advantage of dividing out the spectrum of zero-simplices THH (M, (G)) is
that we can make use of the decomposition

[I-P ' ]=[U+P+P*+-]
as follows. Each term P* A P (or P* A I) gives a map
X* - THH,(M,(G))
into the spectrum of 1-simplices, and hence a map
Al x X%/0A! x X — A' x THH,(M,(G))/0A* x THH(M,(G))
— THH(M,(G))/THH(M,(G)).
This determines a well-defined homotopy class
[P* A P]e[Z*(S* A X*), THH(M,(G))/THH(M,(G))].

It follows that there is a well-defined weak homotopy class:

[100] = i [Pk A I] _ i [Pk A P] El:zoo(sl A X/\a)’ ﬁ zoo(sl/cb A X(b))].
k=0 k=0 b=1
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Since X is connected and X® is (b — 1)-connected, the inclusion
\/ =2(S*/C, A XP) = [] Z*(S/C, A X®P)
b=1 b=1

is a weak homotopy equivalence, so that the infinite sums also make sense in
THH(M,(G))/THH(M,(G)).

The Morita equivalence map can be chosen so as to map THH,(M,(G)) into
THH,(G), inducing

#: THH(M,(G))/THH(M,(G)) » THH(G)/THH,(G).

This reduces us to calculating u,[P* A P] in homology. Before we do this, let us
retreat to the algebraic situation and consider the linear Dennis trace

Tr,: K4(R) -» HH,(R),
when R is a (completed) tensor algebra
R=TIV@®, VO=7V® V.

Given elements &; € V, we want to determine the image of I — P(¢,,..., &,) in
HH, (R). An easy calculation (in R ® R) gives

Trd — P)= St (P ® I) — tr,(P' ® P)
tr, PP®I) =0

0 ifis0(moda)
tr*(Pi~1 ® P) = a—1

ZO 5j+1"'éafk_lf1'”éj—1 ® fj ifi = ka.
=
Here £ is the product of the £;. Hence we get in HH, (R) the formula

a—

(4.12) Tr,(I = Py, ..., &) = ;2 T ® - ® &)

1
i=0

Here T is the cyclic permutation of ka letters, and each term T(¢; ® -+ ® &,)®*
in V*9 is considered an element of R ® R by rewriting V& = y®~D g V, Let

proj,: THH(G)/THH,G — Z*(S!/C, A X®)

be the projection onto the bth factor in (4.11).
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THEOREM 4.13.  For classes ¢; € FI*(X ),

0 ifb<a

(Projy o Tro 0),(1; ® (6, ®  ® &) = < at |
Y e®T(® ®E) ifb=a.

i=0
Proof. There are maps
pl:X* -G xG
e;: Z*(G:+ A G,) - THH, (M,(®©)),
with

pik(xl, v X)) = (Xjgq e f.13_6"_13_‘1 o Xiogs X;)
e(g, h) = E; ;11(9) A Eyq,i(h).

The notation is X = IIx, and X, = i(x,); cf. the James-Milnor splitting above.
Then

TiZ5[eio Z2pf] = [P*™' A P].
We are primarily interested in k = 1, where we see from (4.2) and (4.12) that

(HoeoZ%0) (1, ® (1@ ®L)N=e,®T(; QR L)

For k > 1, (u o e; o £°p}), maps trivially under (proj,),., but does in general have
a nontrivial image under (proj,,),. The result, however, is cumbersome to de-
scribe because it involves the reduced diagonal in H*(X). Fortunately we will
have no use for it. For i # 0 (mod a), (1 o (P"™! A P)), =0and (u o (P' A 1)), =0,
since the resulting matrices have no tr,-invariant (P’ has no diagonal entries).

a

The projection X* — X@ of the cartesian product into the smash product has a
stable splitting, and 6 then induces

0: =2(S! A X@) > A(ZX).
Suppose X = Y v Z. Then

St A, (Y Vv 2)P =83 Ac, YO v SE A YO VDAZ vV -,
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We have the injection and the projection
JEST A YDA Z) 5 TS A X9)
n:EZ2(SE A, XP) > Z2(SL A YTV A 2).
COROLLARY 4.14.  The composition 7 o proj, o Tr o o j from TX(S* A YOV A Z)

into T°(S* A Y®™V A Z) induces zero in homology for b < a and isomorphism for
b=a.

Since for any functor 0,(F o X)(Y) = Z3,F(XY), (2.8) implies

0,(THH o Z)(Y) ~ SZLEYQZY) =~ v, TS A YD),

This follows alternatively from the homotopy equivalence
ERLEIX) > vZ o Z*(St Ac, X@),

Since

St Ag, (Y v E"Z)‘“’ZI.":_'ISi Ac, Y@ v Si Ag, YOU A ZRZ,
so that

lim_, Q*Z*(S1 Ac, (Y v zkZ)@)/sk Ac, Y@~ E2(81 A YOV A Z).
Similarly,
(ST A Y@y = viZX(S! A YOU),

Consider now the diagram

Ve, TSt A x@) %, A(EX)

THH(ZX)

~

VI ZP(SY/Cy A X9) —— v ZP(SE Ag, X@).

COROLLARY 4.15.  The map 0,(e; o Tr o 0) is a split surjection of spectra.
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Proof. 1t is directly from (4.14) and the definition of derivative that
VI ZR(SE A YOTD) S vE, vEER(SE A YD)
dy(ejoTro )

v, ZP(St A YETD)

induces an isomorphism on homology (with field coefficients). Hence it induces
isomorphism on homology with integral coefficients, and is an equivalence of

spectra. O
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