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TYPE 2 COMPLEXES CONSTRUCTED FROM
BROWN-GITLER SPECTRA

WILLIAM BALDERRAMA, JUSTIN BARHITE, NICHOLAS J. KUHN,
AND DONALD M. LARSON

ABSTRACT. In a previous paper, one of us interpreted mod 2 Dyer-
Lashof operations as explicit A-module extensions between Brown-Gitler
modules, and showed these A—modules can be topologically realized by
finite spectra occurring as fibers of maps between 2-local dual Brown—
Gitler spectra.

Starting from these constructions, in this paper, we show that infinite
families of these finite spectra are of chromatic type 2, with mod 2
cohomology that is free over A(1). Applications include classifying the
dual Brown—Gitler spectra after localization with respect to K—theory.

1. INTRODUCTION

Localized at a prime p, finite spectra are beautifully organized by chromatic
type: X is of type n if K(n)*(X) # 0 while K(n + 1)*(X) = 0, where K (n)
is the nth Morava K—theory at p. Closed manifolds are all of type 0 or 1,
but general theory [HS98] tells us that finite spectra of all types abound: any
finite type n spectrum X admits a v,-self map v : 34X — X with cofiber of
type (n+1).

In spite of this, it is a bit hard to find explicit examples of spectra of
higher height. In particular, explicit v,—self maps are notoriously difficult to
construct, with proofs involving deep dives into either the classical Adams
spectral sequence or the Adams-Novikov spectral sequence!. Some higher
height examples have also been constructed as retracts of manifolds by using
representation theory to construct splitting idempotents?, but such examples
are usually quite large.

In this paper we mine a new source of type 2 complexes. We find infinite
families of type 2 complexes at the prime 2 among the family of spectra
X (n,m) recently constructed by the third author [K23] as the fibers of maps
f(n,m) : T(n) — T(m), where T'(n) is the n-dual of the nth Brown-Gitler
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1See [BE20] for a recent example.
2Steve Mitchell [M85] used the representation theory of the finite general linear groups
to construct the first spectra of all heights, and a more flexible method using the symmetric
groups was introduced by Jeff Smith (see [Rav92, Appendix C] or [KL24a]).
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spectrum. Thus our type 2 complexes are built out of two finite spectra
which have been much studied for rather different purposes.

2. MAIN RESULTS

2.1. A little bit of background. To state our results, we need to recall a
bit of background material; see §3 and §4 for more detail and references.

We work at the prime 2, and A denotes the mod 2 Steenrod algebra. We
let VV denote the dual of a vector space over Z/2. Given n € N, as(n)
denotes the number of ones in the binary expansion of n, and v5(n) denotes
the greatest i such that 2¢ divides n.

We recall a few facts about computing K (1)*(X) = KU*(X;Z/p). The
Atiyah—Hirzebruch spectral sequence converging to K (1)*(X) has Fy = E3 =
H*(X;7/2[v*]) with |v| = —2. The formula for the next differential is given
by

d3(x) = Q1(2)v,
where Q1 = S¢%Sq' + Sq'S¢? is a primitive in A satisfying Q? = 0. If M is
an A-module, let

H(M;Ql):ker{Ql:M—>M}/im{Q1 ZM—)M}

denote the @Qi-Margolis homology of M. Letting H*(X) denote mod 2
cohomology, it follows that X will be K (1)*-acyclic if H(H*(X); Q1) =
0. Furthermore, J. Palmieri [P96, Cor.A.6] showed that if M is a finite
dimensional A-module, then H(M;Q1) = 0 if and only if M is free over
A(1), the 8 dimensional subalgebra of A generated by Sq' and Sq?.

We recall a few facts about (dual) Brown-Gitler spectra and their coho-
mology. Let J(n) = H*(T(n)). Then J(n) is an unstable A-module, where
we recall that an A-module M is unstable if Sq¢'z = 0 for i > n if x € M™.
We let U denote the category of such modules; this is a full subcategory of
the abelian category of all left A-modules. Note that H*(X) € U if X is any
spacelike spectrum, i.e. a retract of a suspension spectrum.

The modules J(n) are, in fact, U-injectives: J(n) has a unique nonzero
top degree class of degree n, and the natural map

(2.1) Homy (M, J(n)) ~ M™

sending f : M — J(n) to f*: M™ — J(n)" ~ Z/2 is an isomorphism for
M € U. Computation shows that J(n) has a unique nonzero bottom degree
class in degree as(n).
The algebraic properties of J(n) are reflected in two properties of T'(n):
o (Brown-Gitler property) [T'(n), X] — H,(X) is onto if X is spacelike.
e T'(n) is spacelike.
We note that T'(2n + 1) = XT'(2n), and the first few even examples are
T(0) =S, T(2) = X°RP?, and T(4) = S°RP*
Finally we recall a bit about the results in [K23|. There, a certain finite
spectrum X (n, m) is defined as the fiber of well-chosen map f(n,m) : T'(m) —
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T'(n), so that there is a fibration sequence of spectra

(2.2) ST (n) = X (n,m) — T(m) L2 7).

By construction, the map f(n,m) induces zero in mod 2 cohomology, and
thus (2.2) induces a short exact sequence of A-modules

(2.3) 0— J(m) = Q(n,m) = X" 1J(n) =0,
where Q(n,m) = H*(X(n,m)).

Note that Q(n, m) can be viewed as an element in Extz’l(J(n), J(m)). The
main result in [K23] is that these induce a known action of the Dyer-Lashof

algebra on the bigraded vector space Ext’*(M, J(x)) for all A-modules M,
by letting

Q" Ext%* (M, J(n)) — Ext’ T (M, J(n + 7))
be the linear map induced by Yoneda splice with Q(n,n + r). We will need

a consequence of this theorem: the short exact sequence (2.3) is split if
m < 2n — 1.

2.2. The main theorem and consequences. The goal of this paper is to
compute exactly when Q(n,m) is Q1—acyclic, and thus X (n,m) is a type 2
complex.

For starters, m > 2n will be seen to be necessary using [K23]. Our main
theorem then goes as follows.

Theorem 2.1. (a) Let m and n be even, m > 2n, and write m in the form
m =1+ 2F with 0 <1< 2%, Then Q(n,m) is Q1-acyclic if and only if

(1) va(n) = wn(l).

(2) az(n) = a2(l). ‘ '

(3) Ifl=2" 442" withi; < --- <iq, and n =271 4 --- 4 274 with

J1 <+ <Ja, then iy = j1 <iz < jo <iz3 < --- <ig < jg.

(b) If m and n are both even, then Q(n+ 1,m +1) = X¥Q(n,m), and so is
Q1-acyclic if and only if Q(n,m) is.
(c) If m and n are of different parities, then Q(n,m) is not Q1—acyclic.

Note that condition (3) of part (a) implies that { < n. The special case
when n = [ was first proved by Brian Thomas [T19] and reads as follows.

Corollary 2.2. If n is even and 28 > n, then Q(n,n + 2¥) is Q1 -acyclic.

Examples 2.3. Pairs satisfying the conditions of Theorem 2.1(a) include
e (n,m) = (2,6) with [ = 2 and k¥ = 2. In this case, Q(2,6) is
isomorphic to A(1) as an A(1)-module.
o (n,m)=(10,22) with [ = 6 and k = 4.
From Theorem 2.1, one immediately deduces the following consequences.

Theorem 2.4. If (n,m) satisfies the conditions in Theorem 2.1(a), then
(a) Q(n,m) is a free A(1)—module.
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(b) If M is any A-module of the form M = A ®4qy N, with N an
A(1)-module, then Yoneda splice with Q(n, m),

Q(n,m)o : Ext% (M, J(n)) — Ext5 " (M, J(m)),

will be an isomorphism for s > 1 and an epimorphism for s = 0.
(¢c) X(n,m) is a type 2 complez.
(d) f(n,m):T(m)— T(n) becomes an equivalence after Li—localization.

Here L; is localization with respect to complex K—-theory, localized at 2.
For statement (c), we need to know that X (n,m) is not K(2)*~acyclic, or,
equivalently, f(n,m) does not induce an isomorphism on K (2)*, proved as
Corollary 4.10.

Examples 2.5. Important A-modules M as in Theorem 2.4(b) include
H*(ku) = A®401) (A(1) ®g(1) Z/2) and H* (ko) = A ® 4(1) Z/2. Here E(1)
is the subalgebra of A generated by S¢' and Q;.

Theorem 2.4(d) will let us classify the spectra T'(n) after L;—localization.

Theorem 2.6. (a) If n is even and i = va(n) then there is an Ly —equivalence
f:T(n) = T(2') of Adams filtration at least a(n) — 1.
(b) There are maps o : T(271) — T(2%) and B : T(2) — X2T(2) such that

LTy 2% pirody 225 9207 (2)

is a cofibration sequence of Ly-local spectra.
(¢c) KOT(2")) ~ Z/2', KNT(2")2) ~ 0, and, on K°, the cofibration
sequence of part (b) induces the short exact sequence

0—7Z/2—7/2" = 7/2" 1 — 0.

2.3. First steps in the proof of Theorem 2.1. We need to say a bit
more about the construction of f(n,m) : T'(m) — T(n) from [K23]. Let
P, = ¥*°RP>, so that H*(Py) = (t) C Z/2[t] = H*(RP*>). Then let P,
denote the fiber of the Kahn-Priddy map ¢ : P, — S, so there is a fibration
sequence of spectra

(2.4) ST P,pP b

Smashing this sequence with T'(n) yields a fibration sequence of spectra
(2.5) ST (n) = T(n) A P_y = T(n) A Py 225 T(n)

inducing a short exact sequence of A—modules

(2.6) 0— J(n)® (t) = J(n) @ H*(P_;) — X1 J(n) — 0.

A well chosen A-module map g(n,m)* : J(n) ® (t) — J(m) is realized by
amap g(n,m) : T(m) — T(n) A Py, and f(n,m) is defined as the composite
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T(m) atm), T(n) APy EAN T(n). It follows that there is a map of fibration
sequences

n) —— T(n) A P_y —— T(n) A Py 2 T(n)

T Joen

) X (1) ——— T(m) 2" ()
inducing a map of A—module extensions
27) 0——J(n)® () — J(n) @ H*(P_1) — X~ 1J(n) —— 0

o |

0 —— J(m) —— Q(n,m) ——— X"LJ(n) —— 0.

It is easy to check — see Example 4.1 — that H*(P_;) is Q1-acyclic and then
that diagram chasing yields the next lemma.

Lemma 2.7. The A-module Q(n,m) is Q1—acyclic if and only if g(n, m)*
s a Q1 —tsomorphism.

Thus the proof of Theorem 2.1 amounts to analyzing exactly when
q(n,m)* : H(J(n) ® (t); Q1) — H(J(m); Q1)

is an isomorphism.

The good news here is that the domain and range are always 2-dimensional,
with classes represented by explicit elements in J(n) ® (t) and J(m).

Less good, and the cause of most of the work in this paper, is that the
A-module map g(n,m)* : J(n)® (t) — J(m) is defined implicitly using (2.1),
and thus is only explicitly described in degree m.

2.4. Organization of the rest of the paper. In §3 we recall basic proper-
ties of the dual Brown-Gitler modules; in particular, the elegant description
of @, J(n), viewed as an algebra in . This allows us to precisely define
our key A-module maps

q(n,m)*: J(n) @ (t) = J(m),
as well as another family of A-module maps
p(n,1)* : J(n) — J(1).

Like q(n,m)*, the map p(n,1)* can also be geometrically realized by a map
p(n,l) : T(l) — T(n), and we let Y (n,l) denote the fiber.

Then in §4 we use the description of @, ,J(n) to recover implicitly
known calculations of K (m)*(T'(n)) for all n and m, calculating the Margolis
homology groups H(J(n); Qy,) enroute. Also proved here will be Lemma 2.7.

We prove Theorem 2.1 in the three sections that follow this.

In §5, we first recall results from [K23] allowing us to conclude that
if g(n,m)* is a Qi—isomorphism, then necessarily m > 2n. When this
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condition holds, we show that g(n,m)* is a Qi—isomorphism if and only
if p(n,1)* is a Q1-isomorphism, where m = [ 4+ 2¥ with 0 < 1 < 2F. As
p(n,n)* : J(n) — J(n) is the identity, this is already sufficient to deduce
Corollary 2.2.

In §6, we focus on pairs (n,l) when n and [ are even, and first show
that H(J(n); Q1) ~ H(J(l);Q1) as graded vector spaces if and only if
az(n) = as(l) and va(n) = v2(l). Under these conditions, we then study the
much more delicate question of when p(n,[)* is a Q1—isomorphism, ultimately
leading to condition (3) listed in Theorem 2.1(a).

In §7, we use similar methods to prove Theorem 2.1(c): p(n,l)* is never a
(Q1—isomorphism when n and [ are of different parities.

In the final section §8 we first prove Theorem 2.6 and then discuss how
our work fits with the thesis of Brian Thomas [T19].

2.5. Acknowledgments. This has been a collaborative research project
that began at the summer 2022 research workshop funded by N.S.F. Focused
Research Grant 1839968. Our main results were presented in the Collab-
orative Team Conference held at the University of Virginia in December,
2023.

Our work builds on the 2019 University of Virginia Ph.D. thesis work of
Brian Thomas [T'19], working under the supervision of the third author. In
particular, knowing Corollary 2.2 was true was useful, even though our proof
of this is ultimately different.

3. THE MOD 2 COHOMOLOGY OF T'(n)

3.1. The A—module H*(RP*°) and related modules. Recall that, as an
unstable A-algebra H*(RP>) ~ 7Z/2[t], with Sq't/ = (g)tj‘”.

For d € Z, we let P; be the Thom spectrum of d copies of the canonical
line bundle over RP*°. Then Py = X*°RP with cohomology Z/2[t] as
just described and P = °RP> with cohomology equal to the ideal ().
For general d, H*(P;) has basis given by ¢/ for j > d with the formula
Sq'tl = (g)tﬂi still applying®. In particular S¢'t~! =t~ for all i.

For d < 0, let P; be the fiber of the composite P; — Py = S, where 7 is
the standard retraction. Then Py ~ P, and the cofibration sequence

S_l—>P1—>P0t—T>S,
with ¢tr the Co—transfer, induces the cofibration sequence
S_l—>P71—>Pli>S

of the introduction. The first terms of this induce a short exact sequence of
A—modules

(3.1) 0— (t) > H*(P_)) = 271Z/2 > 0.

3For j possibly negative, (Z) is defined by the identity (z 4+ 1) = > (J):JﬁZ
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3.2. Projectives and injectives in . A good general reference for much
of the algebra here is [S94, Chapter 2].

Let F(m) € U be the free unstable module on a class of degree m. There
is a natural isomorphism

(3.2) Homyu (F(m),N) ~ N™
for all unstable modules N. Particularly important for us is the explicit

structure of F'(1): it is the sub-A-module of Z/2[t] = H*(RP>) spanned

by the elements 2" with k > 0. One has Sq2kt2k = 2" with all other
nonidentity Steenrod operations acting as 0.

Dually, the dual Brown-Gitler module J(n) is the unstable module such
that there is a natural isomorphisms

(3.3) Homa (M, J(n)) ~ M™

for all unstable modules M.

Combining (3.2) and (3.3) shows that J(n)™ ~ F(m)™". From this, one
sees that J(n)" ~ Z/2 and J(n)™ = 0 for m > n. One also sees that
J(n)! ~7/2 if n is a power of 2 and is 0 otherwise.

Notation 3.1. For k > 0, let x; be the nonzero element of J(2¥)! and
let pp : F(1) — J(2%) be the unique nonzero A-module map. Note that

pr(t) = .

Using (3.3), the natural transformations Sq' : M™ — M"™** induce corre-
sponding maps of left A—modules -S¢* : J(n +1i) — J(n).
Lemma 3.2. -S¢%" : J(2¥1) — J(2F) maps x4 to 4.

Proof. Unwinding the definitions, one sees that the formula -S q2k (Tpy1) = xp
is dual to S¢2" (t2") = 2", O

3.3. The bigraded algebra J(x)*. We recall the computation of the bi-
graded object J(x)* = @, J(n). This is a graded commutative algebra in
the category Y with multiplication p : J(m)®J(n) — J(m+n) corresponding
to the unique A—module map that is nonzero in degree m + n.

Theorem 3.3. [S94, Thm.2.4.7] There is an isomorphism
J(*)* >~ Z/Q[xo, Tlye-- ]

The A—-module structure is determined by the instability condition, the Cartan
formula, and the formulae Sq'(xjy1) = wi and Sq'zg = 0.

In particular, each J(n) has a basis given by some of the monomials in
the x’s. The top degree nonzero class is z € J(n)" and there is a unique
bottom degree nonzero class in degree as(n) as follows.

Notation 3.4. Let z(n) € J(n)**(™ be the class x(n) = z;, - - - x;, where
n =214 ... 424 with iy < --- < ig (so d = az(n)).
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The following calculation of the map py, : F(1) — J(2F) will be used by
us, and is easily proved by induction on 1.

Lemma 3.5. For 0 <i <k, pk(t2i) = xiil
3.4. The Mahowald sequences. There are isomorphisms of A-modules
xJ(2n) = J(2n +1)

and also short exact sequences [S94, Prop.2.2.3]

(3.4) 0 SJ(2n—1) = J2n) 25 J(n) = 0.

These are easy to describe on basis elements. Firstly, ¥J(n) — J(n + 1)
sends ox to xox. Secondly, it is not hard to check that

Sq* 2 J(2%) = J(%)
is a ring homomorphism, and identifies with the ring homomorphism
Z.)2[x3, 21, %, ...] = Z)2[x0, T1, o, . . .]
sending x% to zero and xj41 to x.
3.5. Two families of A—module maps and a family of A—modules.

As J(n) has a standard basis, so does J(n) ® (t) in the obvious way. We
define two families of A-module maps using (3.3).

Definitions 3.6. (a) Let p(n,l)* : J(n) — J(I) be the unique A-module
map which is nonzero on each standard basis element of J(n)!. (In particular,
p(n,n)* is the identity.)

(b) Let g¢(n,m)* : J(n) ® (t) — J(m) be the unique A-module map which is
nonzero on each standard basis element of (J(n) ® (t))™.

Tensoring (3.1) with J(n) gives a short exact sequence of A-modules
0— J(n)® (t) = J(n) @ H(P_1) — X7 J(n) — 0.

Definition 3.7. Define the A—module Q(n,m) to be the pushout of the
q(n,m)”

diagram J(m) <——— J(n) @ (t) = J(n) @ H*(P_y).

Thus there is a commutative diagram of short exact sequences

lom |

0 —— J(m) ———— Q(n,m) ———X"LJ(n

(3.5) 0——J(n)®(t) — J(n) @ H*(P_;) —— Y 'J(n) ——0
) —— 0.
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3.6. Geometric realization. Brown and Gitler [BG73] showed that there
are remarkable finite spectra T'(n)* (the n-duals of what were later termed
Brown-Gitler spectra) satisfying the following properties:

(1) H*(T(n)) ~ J(n).
(2) The natural map [T'(n), X] — H,(X), sending f to fi(tn), is onto
whenever X is spacelike (i.e. a retract of a suspension spectrum).

Later Goerss [G85] and Lannes [L88] proved a third property:
(3) T'(n) is spacelike.

A nice proof of all of this is given in [GLM93], and the equivalence of the
second and third properties, assuming the first, is shown in [HK00].

It follows that there exist maps T'(: + j) — T'(i) A T(j) inducing wu :
J(i)® J(j) — J(i + j) in mod 2 cohomology.

Similarly, there exist maps p(n,l) : T(I) — T(n) and ¢(n,m) : T(m) —
T(n) A P; inducing p(n,0)* and g(n,m)*. We then define Y (n,l) to be
the fiber of p(n,l) and X (n,m) to be the fiber of f(n,m), where f(n,m) :
T(m) — T'(n) is the composite (1 At) o g(n,m).

From these constructions it follows that Q(n,m) ~ H*(X(n,m)). Indeed,
applying cohomology to the left part of the diagram of fibration sequences

n) —— T(n) A P_y —— T(n) A Py 22 T(n)

1T (n)
T Joom
S1T(n) —— X (n, 1) —— T(m) 22" (n)
yields diagram (3.5).

Remark 3.8. Note that p(n,l) and g(n,m) are only well defined up to maps
of positive Adams filtration, and thus f(n,m) can be varied by certain maps
of Adams filtration greater than 1. We do not know how this affects the
homotopy types of the spectra Y (n,l) and X (n,m).

Finally, we note that the Mahowald short exact sequence can be realized
geometrically by a cofibration sequence: there exists a cofibration sequence

T(n) — T(2n) — XT(2n — 1)

inducing (3.4) in cohomology. The Brown-Gitler property makes it clear
that two maps exist that realize the algebraic ones, but it is not formal that
they can be chosen so that the composite is null, showing that one has a
cofibration sequence. The proof that this can be done was given in [CMMT78].

4The notation T'(n) was used by them, and in subsequent papers by Lannes, Goerss,
the third author, and others, and should not be confused with telescopic T'(n), used by
many, including some of us.



10 BALDERRAMA, BARHITE, KUHN, AND LARSON

4. THE MORAVA K—THEORY OF T'(n)

4.1. The Morava K—theory A.H.S.S.. Let m > 1. Recall that the
mth Morava K—theory (at the prime 2) is a complex oriented ring theory
having coefficient ring K (m)* = Z/2[vtl], with |v,| = 2 — 2™+, (This is
cohomological grading.) This is a graded field, and it follows that K (n)*(X)
is a graded K (m)*—vector space and, for finite X and all Y, the natural map
K(m)*(X) @k (my- K*(Y) = K(m)*(X AY) is an isomorphism.

The Atiyah—Hirzeburch spectral sequence {E}(X)} = K(m)*(X) has
E3(X) = H*(X;Z/2[vE!]). By sparseness, the first possible nonzero differ-
ential is dgm+1_1, and, indeed, it is not hard to deduce® the precise formula:

dym+1_5(x) = vmQmz.

Here, Q, € A" =1 form > 0 are primitives recursively defined by Qo = Sq'
and Q= [Qm_1,5¢*"]. These satisfy Q2, = 0.

It follows that there is a natural isomorphism Ej,..,(X) ~ K(m)* ®
H(H*(X); Q) where the @Q,,~homology of an A-module M is defined to be

HOM: Q) = o O

Note that a short exact sequence of A—-modules, 0 = L - M — N — 0
will induce a long exact sequence

o= H(L; Q) = HOM; Q) = H(N; Q) 5 H(L; Q) = -

where d raises degree by |Q,| = 2"+ — 1.

Example 4.1. It is easy to compute that, in H*(P_1), we have Qt/ = t/13
for all odd j, and thus H*(P_;) is Qi-acyclic®. Since Q is a derivation,
@Q1-homology satisfies a Kiinneth theorem, and so any module of the form
MeH *(15,1) will also be Q1—acyclic. This, together with the 5-lemma
applied to the Q1—homology long exact sequences coming from the diagram

0—— J(n)® (t) — J(n) @ H*(P_1) — X "1J(n) —— 0

o |

0 J(m) Q(n,m) ——— 271J(n) — 0,

proves Lemma 2.7: Q(n,m) is @Qi—acyclic if and only if ¢(n,m)* is a Q1—
isomorphism.

5The proof of the odd prime version of this formula in [Y80] works without change
at the prime 2, and we sketch the idea. As the differential is natural, it must have the
form dym+1_o(z) = vmax for some a € A2 =1 Furthermore a must be primitive, as the
differential must be a derivation when X is a space, and must be nonzero to be consistent
with K (m)*(RP>®) ~ K(m)*[y]/(y*"), calculated using a Gysin sequence. Q. is the only
nonzero primitive in degree 2™"! — 1.

6This illustrates that the hypothesis of finite dimensionality is needed in [P96, Cor.A.6],

as H*(P-1) is not free over A(1).
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Remark 4.2. When m = 0, one can replace the Atiyah—Hirzebruch spectral
sequence in most of the above with the Bockstein spectral sequence, and
these can be identified with localized Adams spectral sequences for connective
Morava K-theories k(n)*, where K(0) = HQ and k(0) = HZ. (See [KL24b,
§3.1] for more detail.)

4.2. The Q,,—homology groups of J(n). In this subsection, we calculate
H(T()% Q).

Recall that J(%)* = Z/2[xg,z1,...], with zx € J(2¥)! and with A-
module structure determined by the Cartan formula, the instability condition,
Sql(zo) = 0, and Sq*(z) = x3_, for k > 1. The action of the derivation
Qm on J(x)* is determined by the following lemma, which easily proved by
induction on m.

0 k<
Lemma 4.3. QpnZr = ,m+1 fork < m,
Ty fork>m.

Proposition 4.4.
H(J (%) Qm) = Z/2[x0, - . ., T, 22, 72 /2" | k> 0)
sy Wdm 05 dmydmy1s Lm42s--- k = .

Proof. 1t is convenient to let R = Z/2[xy,. .. ,xm,xfnﬂ,xilw, ...]. Then
(J(*)*; @Qm) is a chain complex of R modules that decomposes as an infinite
tensor product of chain complexes of R—modules

J(*) ~C00)®rC(1)@rC(2)® -

where C(k) = R ® Ry, 14 with differential d(zp,4x541) = xzmH

. m—+1 m—+1 m—+41 . .
Using that x% ,x% ,x% ,... is a regular sequence in R, we see first

that H(C(k)) = R/(wimﬂ) and then that a Kiinneth isomorphism holds:
H(J(*)*; Qm) = H(C(O)a Qm) R H(C(l)a Qm) ®R H(C(Q), Qm) Q-

Thus H(J(*)*; Qm) = R/(at:zm+1 | kK > 0) as an R module, and the proposition
follows. 0

4.3. Calculation of K(m)*(T(*)). We now calculate K(m)*(T'(n)) using
the Atiyah-Hirzebruch spectral sequence by assembling these for all n at once.
The existence of maps T'(i + j) — T'(i) A T(j) inducing our multiplication
J(i) ® J(j) — J(i+ j) implies that the Atiyah-Hirzebruch spectral sequence
{EX(T (%))} = K(m)*(T(x)) will be a spectral sequence of differential graded
algebras.

By Proposition 4.4 we have the calculation

* m+1
Sis (T() = Z/2W0EL 20, ., By 221,020, )/ | K> 0).

Proposition 4.5. The spectral sequence collapses after this: E;mH(T(*)) =
ES (T (%))
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Proof. We show that all the algebra generators of E7,, (T(x)) are permanent
cycles.

The generator zj, € EJ,..,(T(2%)) will be a permanent cycle for k < m for
degree reasons.

Let y € H*(CP>;Z/2) be the nonzero algebra generator. Then z7 €
E2,.(T(2"1)) will be a permanent cycle as it will be in the image of
y € E2,..,(CP>) under any map T'(2"™) — £°°CP> inducing a map that
is nonzero on mod 2 cohomology in degree 2m+1. ([l

Remark 4.6. We confess that what we have done here appears (in dual form)
in the literature. Yamaguchi [Y88] computes K (m).(£225%"*1) which, up to
a shift of degrees of generators, is equivalent to calculating K (m)*(J(x)).
The link here is that X*°0Q25%" ! decomposes as an infinite wedge of finite
spectra dual to the T'(n) after appropriate suspension. (It is a significant
theorem that these wedge summands really are dual to Brown and Gitler’s
T(n)’s [BG78, HK00].) Yamaguchi’s argument is similar to ours; indeed our
Proposition 4.4 and Proposition 4.5 are p = 2 versions of his Lemma (2.1) and
Lemma (2.2), though our argument showing that wi is an A.H.S.S. permanent
cycle is quite different than his: he uses that his spectral sequence is a
spectral sequence of Hopf algebra, and we use the Brown-Gitler property of
the T'(2¥)’s. Ravenel revisits Yamaguchi’s argument in [Rav93], and both
of them conclude that (formulated our way) K (m)*(T(x)) is isomorphic as
a K (m)*—algebra to K(m)*[Zo, ..., Tm:Cm+2, Cm+3, - - - ]/(izmﬂ,cl?m), with
Tr € K(m)Y(T(2%)) and ¢; € K(m)?(T(2")) respectively represented by xy,
and 5’312—1 in the A.H.S.S.

4.4. Specialization to m < 2. We remind the reader that 7(0) = S° and
T(1) = S, and also that 2(n) € J(n)*2(™) denotes the class z;, - - - z;, where
n =214 ... 20 with iy < - <ig (sod=as(n)).
It is convenient to let k, ,, denote the dimension of H(J(n); Qy,), which
also equals the rank of K (m)*(T(n)) as a K(m)*—module. So, for example,
o0

Km0 = km1 =1 for all m. Then let k,,(t) = Z Emnt™.
n=0

We specialize Proposition 4.4 to the case m = 0.

Corollary 4.7. J(n) is Sq'—acyclic for alln > 2, and thus T(n) is rationally
acyclic for all n > 2.

Proof. H*(J(%); Qo) = Z/2[xo]/(x3) and ko(t) = 1 +t. O

We specialize Proposition 4.4 to the case m = 1.

Corollary 4.8. k1, =2 for alln > 2. Forn > 1 and e equal to 0 or 1, cycle
representatives for H(J(2n+¢€); Q1) are given by z§z(n)? and x§z1z(n —1)2.
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Proof. From the computation

H(J(x); Q1) = Q) Z/2[xr]/(x}) © Q) Z/2[27]/ (}),
k=0 k=2

we compute that

1-tH(1 %) 72"
iy = U008 =)
a-p a-n La=mm
a-ta-) 1
(1=t (1—12) (1-18)
1+t -
—(<1_t)) HE2) > =14t 4y 2"
n=0
Thus k1(n) = 2 for all n > 2. The given elements are Q1—cycles in J(n) of
different degrees. O

We specialize Proposition 4.4 to the case m = 2.
Corollary 4.9. k22,4 = 2n for alln > 1 and e equal to 0 or 1.

(1+th)

Proof. We first show that ko(t) = m

in a manner similar to our

last proof. We have shown that

2 00
H(J(%); Q2) = Q) Z/2[xr] /(«}) @ Q) Z/2[x7) / (),
k=0 k=3
and so

ﬁ 1 - t2k+3) [oe) (1 o t2k+3)

k=0 t2k k=3 (1)

(11— ts) (1 —t16) (1 —32) 1 1
(-t A-8) 1-th) (1t (1 -2
o (1+th
)

(1+t4)

Now we show that m

hand side has coefficients as in the statement of the corollary

(I+¢t) |1+ Z 2m‘2”> as the right

1 1 A
Recall that — = u', and then that ———— = (i + D)u'.
R - %
2u >
Multiplying by 2u and letting n = 7 + 1, we see that m = Z 2nu”.
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t2 =
Letting u = ¢, we learn that m = % 2nt®™. Thus
(1+1) 1+§ 2nt?" | = (1 +t) 1+i
(1 —1t2)2
1+t 14t
=(1+1¢) = ( )

(1—t2)2  (1—1t)(1—1t2)

Corollary 4.9 has an obvious consequence.

Corollary 4.10. If m and n are even and m > n, then f(n,m):T(m) —
T(n) is not a K(2)*—isomorphism and thus X (n,m) is not K(2)*-acyclic.

5. PROOF OF THEOREM 2.1: PART 1

In this and the next two sections, we determine for which pairs (n,m),
the map
q(n,m)* : J(n) @ (t) = J(m)
induces an isomorphism

q(n,m)" : H(J(n) @ (t); Q1) = H(J(m); Q1)
Equivalently, we determine when the A-module Q(n, m) is Q1—acyclic.
First of all, ¢(n,m)* is not a Qi-isomorphism if 0 < n < 1, since then
H(J(n) ® (t); Q1) is one-dimensional and concentrated in degree 2 or 3, and
this is not isomorphic to H(J(m); Q1) for any m. Thus we assume hereafter
that n > 2.
From [K23|, we learn that the short exact sequence

0— J(m) = Q(n,m) = X 1J(n) =0

splits when m < 2n — 1, so that Q(n,m) ~ J(m) @ £~!J(n) and is not
(Q1—acyclic. Furthermore, when m = 2n — 1, the sequence identifies with
one desuspension of a Mahowald sequence, and we learn that Q(n,2n — 1) ~
¥ ~1J(2n) and so also not Q;-acyclic. Summarizing:

Proposition 5.1. If g(n,m)* is a Q1—isomorphism, then m > 2n.

Now comes our first use of a key trick.

Since H(F(1); Q1) = (t2,¢%,#16 ...} while H((t); Q1) = (t?), the inclusion
F(1) < (t) clearly induces a surjection on 1—-homology. The next lemma
follows.

Lemma 5.2. Let g(n,m) : J(n) ® F(1) — J(m) be the composite

q(n,m)”

J(n)®@ F(1) = J(n) ® (t) L, J(m).

Then q(n,m)* will be a Q1—isomorphism if and only if g(n,m) induces a
surjection on (Q1—homology.



TYPE 2 COMPLEXES CONSTRUCTED FROM BROWN-GITLER SPECTRA 15

Under the condition that m > 2n, the map ¢(n, m) turns out to be much
easier to describe than g(n, m)*.

Lemma 5.3. Let m > 2n. If we write m as m = | + 2% with | < 2%, then
d(n,m) agrees with the composite

(5.1) J(n) @ F(1) 2S5y @ 7 (29) B T(m).

Proof. q(n,m) is the unique A-module map that is nonzero on every basis
element of (J(n) ® F(1))™, so we need to show that our composite has this
same property. Elements of the form z ® tQk, with z a standard basis element
of J(n)!, certainly map nonzero:

gln,m)(z @ %) = p(p(n, 1)*(2) @ pp(t")) = plah @ 23" ) = .
We now observe that our condition that m > 2n implies that every basis
element of [J(n) ® F(1)]™ has this form: if 2 ® t* € [J(n) ® F(1)]™ then
i=k. Ifi >k, then |z| =1 + (2¥ — 2%) <1 — 2% < 0, which can’t happen. If
i <k, then 2n > 2|z| = 2(1 +2F —2)) > 2(1 + 2k 1) =21 4 2F > [ 4 2F = m,
which also can’t happen. O

Proposition 5.4. Let m > 2n. If we write m as m = | + 2F with | <
28 then q(n,m)* will be a Q1-isomorphism if and only if p(n,1)* is a Q1
1somorphism.

Proof. We need to check that the composite (5.1) is a QQ1—surjection if and
only if p(n,l)* is a Q1—-isomorphism.

The first observation is that the image of p(n,l)* ® px in Q1-homology
will be precisely (imp(n,1)*) ® (z2_,). If 0 < < 1, then neither p(n,[)*
nor (5.1) is a Qi-surjection since dim(H(J(1); Q1)) = 1. If I > 2, then
p: J(1)®J(2%) — J(m) induces an isomorphism s : H(J(1); Q1) ® (22_,) ~
H(J(m);Q1), and the proposition follows. O

6. PROOF OF THEOREM 2.1: PART 2

Now we focus on the case when our pair are both even, so we are deter-
mining for which pairs (n,l) the map

p(2n,20)" - H(J(2n); Q1) — H(J(20); Q1)

is an isomorphism of graded vector spaces of total dimension 2.
For starters, one clearly needs that these two graded vector spaces are
isomorphic. Call (n,l) a good pair if this is the case.

Proposition 6.1. (n,l) is a good pair if and only if as(n) = as(l) and
va(n) = va(l).
Proof. H(J(2n); Q1) is represented by the classes x(n)? and z1z(n — 1)?
in degrees 2a2(n) and 2as(n — 1) + 1, and similarly H(J(2]) ® (t); Q1)
is represented by the classes z(1)? and z12(l — 1)? in degrees 2as(l) and
2a9(1 — 1) + 1.
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Matching degrees and simplifying, we find that (n,l) will be good if and
only if
az(n) =az(l) and as(n—1)=a(l—1),
or, equivalently, if
az(n) =ag(l) and as(n —1) —az(n) = ae(l — 1) — aa(l).
The next observation finishes the proof. O

Lemma 6.2. For alln > 1, as(n —1) — aa(n) = va(n) — 1.

Now suppose that ag(n) = as(l) and va(n) = vo(l). If we let d = aa(n) —1
and i = v5(n), then these two conditions say that n and [ have the form
=20 42" 4. 4 Vi withi < j1 < -~ < jg
and A
n=2 42" 4 ... 4ok withi<ky <---<ky.

Theorem 6.3. In this situation, p(2n,20)* : H(J(2n); Q1) — H(J(20); Q1)
s an isomorphism if

(%) J1 <k <ja<ky<---<jg<kqg
and is zero otherwise.
Note that this theorem combines with Proposition 5.4 to prove Theo-
rem 2.1(a).
The theorem follows immediately from the next two propositions. To state
these, we need some definitions and notation.
Let J ={j1,...,7q} and K = {kq,...kq}. Let Sy denote the dth symmet-
ric group, and then let S(J, K) C Sy be the set
S(J,K) ={0 € Sa | ke = jy(c) for all c},
with cardinality |S(J, K)].
Proposition 6.4. p(2n,20)* : H(J(2n); Q1) — H(J(21); Q1) is ‘multiplica-
tion by |S(J, K)|’. More precisely,
p(2n,20)*(x(n)?) = |S(J, K)|z(1)* and
p(2n, 20)* (x12(n — 1)?) = |S(J, K)|z12(l — 1)2.

Proposition 6.5. S(J, K) has the single element ‘identity’ if (&) holds, and
has an even number of elements otherwise.

Proof of Proposition 6.4. For notational simplicity, in this proof we let p =
p(2n,20)* : J(2n) — J(2l). Our proof makes heavy use of Lemma 3.5 which
said that py(t%') = :Ezij for j < k, where py, : F(1) — J(2F) is the nonzero
A-module map.

Let g : J(2771) @ F(1)®¢ — J(2n) be the composite

JETY e F)® = J@ ) @ J@2H ) @ @ J25) 5 J(2n),



TYPE 2 COMPLEXES CONSTRUCTED FROM BROWN-GITLER SPECTRA 17

where the first map is id ® pg, 41 ® - - - ® pg,+1 and the second is multipli-
cation.
The map ¢ induces an epimorphism in ¢);-homology; more precisely,

2

; and

2,22 2 2 9 2
g(@itity - - - t3) = wiwy, - - xj, = x(n)

2 2 42,2 42 2 2 2 2 2
g(rrzg - wi_ ity - tg) = mag - Ty wp, TR, = v12(n — 1)7

Here t. is the one-dimensional class in the cth copy of F(1) in the d—fold
tensor product.
Thus it suffices to show that

(6.1) p(g(aftits - - 13)) = [S(J, K)|a(1)?
and
(6.2) p(g(arag - af (115 - 13)) = |S(J, K)|ziz(l — 1)%.

To do this, we identify po g : J(2) ® F(1)®? — J(2I) in a way that
makes this easy to see. A
Recall that po g is determined by its values on (J(27!) ® F(1)®9)2!. Note

i Itis 145,
that this has basis B = {b, | o € Sa} where by = " #} T 2 Jo(d)
For all c,
1+5
j 9 Jo(e) . .
Itio(c x . if k. >
pkc+1(t2 ( )) = kc—jo(o) c = :70'(())
0 otherwise,

and it follows that g(b,) is a standard basis element in J(2n)? for o € S(J, K)
and 0 otherwise. Thus

(6.3) p(9(bs)) =

23 ifo e S(J,K)
0 otherwise.

Now we identify the basis of Hom (J(2!*1) @ F(1)®?, J(2)) dual to B.
Similar to our definition of g, we let h : J(2i¥1) @ F(1)®? — J(2I) be the
composite

J2HY @ F(1)®! = J2) @ 2 T @ - @ J(29 ) B g(2).
Similar to, but simpler than, our computation of g(b,), one computes that
h(bs) = {m%l o =id

0 otherwise.
It follows that if we let h, be the composite
T2 @ F(1)® M9 g9ty @ (1)@ Ly g(21),

for 7 € 54, then

2l if g =
(6.4) he(be) =470 77
0 otherwise.
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Comparing (6.3) with (6.4), we conclude that po g = Z he.

0eS(J,K)
Now one checks that for all o € Sy, one has
(6.5) ho (785 - 13) = a(1)?
and
(6.6) ho(zid - a? (1343 t2) = xya(l — 1)
Comparing these to (6.1) and (6.2), the proof of Proposition 6.4 is complete.

0

Proof of Proposition 6.5. Recall that j; < --- < jgq, k1 < --- < kg, and we
wish to show that the set

S(JaK) = {U € 54 | jcr(c) < kc}
will consist of only the identity element if
() J1 < k1 <j2<kg<-- <jag<ka,

and will have an even number of elements otherwise.

For 1 < ¢ < d, define a function s by s(c¢) = |{b | j» < kc}|. Then
0<s(l) <--- <s(d) <d, and if s(c) > 0 then s(c) is the maximal b such
that j, < k..

From this it follows that S(J, K) = S(s) where

S(s) ={c € Sq|a(c) <s(c) for all c}.

If s(c) < ¢ for any ¢, e.g. if s(¢) = 0, S(s) will be empty. The condition
s(c) > ¢ for all ¢ corresponds to the condition j. < k. for all c.

Here is an interpretation of S(s): it is set of the ways of fitting blocks of
size 1,2,...,d under the graph of s.

If any two of the s(c)’s equal each other, then one clearly gets an even
number of ways of fitting the blocks in. (More generally our set is acted on
freely by an easily defined symmetry group which will have even order if any
two values of the s(c)’s are equal.)

If all the s(c)’s are positive and distinct then s(c) = ¢ for all ¢, and this
holds if and only if (&) holds. In this case, one easily sees that the identity
element is the only element in S(s). (]

7. PROOF OF THEOREM 2.1: PART 3

Theorem 2.1(c) asserted that Q(n,m) can only be a Qq-acyclic if m and
n are of the same parity. Thanks to Proposition 5.4, to prove this it suffices
to prove the next two propositions.

Proposition 7.1. p(2n,2] + 1)* oes not induce an

isomorphism in Q1 -homology, since

J(2n) = J(20+1) d
p(2n, 20+ 1)*(x(n)?) =
Proposition 7.2. p(2n+ 1,20)* : J(2n + 1) — J(2I) do
p

oes nat induce an
isomorphism in Q1-homology, since p(2n + 1, 20)*(zoz(n)?) =
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Proof of Proposition 7.1. For notational simplicity, in this proof we let p =
p(2n,20+1)* : J(2n) — J(20 + 1). As we are assuming 2n > 2, if [ = 0 then
p is certainly not a (J1-isomorphism because the dimensions of the source
and target differ. Thus we may assume [ > 1 for the remainder of the proof.
As in Section 6, we begin by identifying the good pairs, i.e. the pairs (n,1)
for which the graded vector spaces H(J(2n); Q1) and H(J (20 + 1); Q1) are
isomorphic. The former is represented by the classes z(n)? and zyz(n — 1)?
in degrees 2az(n) and 2as(n — 1) + 1, and the latter by the classes xoz(1)?
and zor12(l — 1)? in degrees 2as(l) + 1 and 2a3(l — 1) + 2.
Matching degrees and simplifying, we find that (n,1) is a good pair if and
only if
az(n) =a2(l—1)+1 and aa(n—1)=ax(l),
or, making use of Lemma 6.2, if and only if
as(n) =ag(l—1)4+1 and wa(n)+wa(l) =1.

Thus there are two cases to consider.

Case #1: 15(n) =0 and 1»(l) = 1.

These conditions, together with the condition aa(n) = ag(l — 1)+ 1, imply
that n and [ have the form

=242 4 ... 424 with1 < j; <--- < jg
and
n=14+28 4. 4ok with0<ky <--- < kg

where d := as(l) — 1 = as(n) — 2.

Let g : J(2) ® F(1)®4*+! — J(2n) be the composite

J(2) @ J2Mh @ .. g2kt B g(2n),
where the first map is id®pg, 11®- - ®pg,, , +1 and the second is multiplication.
Since
g(w% ® t% ® t% Q& t(21+1) = x%xil e x%dH = x(n)2,

(where t. denotes the one-dimensional class in the cth copy of F(1) in the
(d + 1)-fold tensor product), it suffices to show that

plgaf @i @ ®t3,,)) = 0.

To do this, we will produce a basis for Homy4 (J(2) ® F(1)®4+1 J (20 + 1))
and show that each element of this basis maps 23 ® t7 ® - - - ® t3 41 to zero.
A map of this form is determined by its values on (J(2) ® F(1)®4+1)2+1,
which has basis B = {b, |0 € S{q.... 4}, Where

olo(0)H 2 tzjom“ oI ()t

be =21 ®t ®---®t

and jo := 1. Now we identify the basis of Hom4(J(2) ® F(1)®4+1 J(20 + 1))
dual to B. Let h: J(2) ® F(1)®¥! — J(21 + 1) be the composite

J2)® F()®H S J1) o J4) @ JRM ) @ - @ J(2%) B g1 + 1),
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where the first map is p(2,1)* ® p2 @ pj,42 ® - - @ pj,+2, and then let h, be
the composite

J(2) @ F(1)®41 99770 79) @ P(1)®41 1 g(21 1 1)
for 7 € Sg+1. One checks that

hoby) =470 o=
T 0 otherwise,

verifying that {h; |7 € Sg41} is the basis dual to B. But then
he(@g @@ @ti) = M@ @@ @tg) =0

for all 7 € Syy41, for the simple reason that p(2,1)*(z3) = 0. From this it
follows that any map J(2) ® F(1)®%+1 — J(21 + 1), in particular the map
p o g, annihilates 373 & t% Q& t§+1'

Case #2: v5(n) =1 and 15(l) = 0.
In this case, n and [ must have the form
=142+ 4+ 24 with0< j; < -+ < jg
and
n=2+2" 4. .. 42k with1 <k <. <ky
where d := ag(l) — 1 = ay(n) — 1. Let g be the composite
JA) @ F(1)% = J4) o J2M ) @ @ J(2R ) & J2n),
where the first map is id ® pg,4+1 ® - -+ @ pr,+1. Since
gt @i @ @ty =aixf, - af, = 2(n)?,
it suffices to show that p(g(zi @t} @ - ®12)) = 0.
A basis for (J(4) ® F(1)®4)2+1 is given by {b, }ses,, where

k +1 k +1
o(1 o(d
t2 ) t2 (d)

by = 2211 ® @ ®

and the corresponding basis of Hom(J(4) ® F(1)®?, J(21 4+ 1)) is {h;}res,,
where h; is the map

9

J(4) © F(1)® 22775 J4) e F(1)®4 2 g2+ 1)
and h = po (p(4,3)" @ pj+1 ® - @Ppj,+1). But then
h(23 @B @ Q) =h(@? 2 ®---®t3) =0
because
p(4,3)"(x}) = p(4,3)"(Sq' (22)) = Sq' (p(4,3)*(x2)) = S¢* (0) = 0.

It follows that any map J(4) ® F(1)? — J(20 + 1), in particular p o g,
annihilates 27 @ 7 @ - - - ® 12. g
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Proof of Proposition 7.2. As with Proposition 7.1, we can assume [ > 1. By
reversing the roles of n and [ in the proof of Proposition 7.1, we find that
(n,l) is a good pair, i.e. H(J(2n +1); Q1) and H(J(20); Q1) are isomorphic,
if and only if

az(n) =az(l—1) and wa(n)+we(l) =1.
So we consider two cases.
Case #1: 15(n) =0 and 1»(l) = 1.
In this case, n and [ have the form
=242 4. 424 with1 < jy < -+ < jg
and
n=142" 4. ... 49k with 0 < ky < -+ < kg,
where d = a(n) — 1 = «(l) — 1. Let g be the composite
JB)Y@F1)® 5 J3) e J2M ) @ - @ J2FTY) B J2n + 1),

where the first map is id ® pg,4+1 ® -+ - @ pr,+1. Since

gy @ - @ t]) = ajaq, -}, = zox(n)?,

it suffices to show that p(2n + 1,20)*(g(z3 @ 2 @ - -- ® 13)) = 0.

Now p(2n 4 1,20)* o g is a map J(3) ® F(1)®¢ — J(2l), but the only such
map is the zero map since (J(3) ® F(1)®9)% = 0; to see this, observe that
a(2l—i) = d+1 for 2 < i < 3 (the range of degrees in which J(3) is nontrivial).

Case #2: 15(n) =1 and 1»(l) = 0.
In this case, n and [ have the form
=142 4 ... 420441 with 0 < j; < -+ < jap1
and
n=2+2" 4. 42" with 1 < ky <+ < kg,
where d = a(n) — 1 = «(l) — 2. Let g be the composite
JG)o F(1)® = J(B) e J2M ) .. o J2M) & J2n+1),
where the first map is id ® pg, 41 ® - - - ® pr, 41. Since
g(wox% ® t% R ® t?i) = xox%zzl e xid = xox(n)Q,

it suffices to show that p(2n + 1,20)*(g(zez? @ t3 ® --- @ 12)) = 0.

Now p(2n + 1,20)* o g is a map J(5) @ F(1)®? — J(2l), but the only
such map is the zero map since (J(5) ® F(1)29)2 = 0; to see this, observe
that «(2l —i) > d+ 1 for 2 <4 <5 (the range of degrees in which J(5) is
nontrivial). O
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8. APPLICATIONS

8.1. Proof of Theorem 2.6. We prove the various statements in Theo-
rem 2.6.

Proof of Theorem 2.6(a). Let n be even, vo(n) = i and suppose n = 2% +
2kt 4 ... + 2ka with i < ky < -+ < kg, s0 d = az(n) — 1. It is convenient to
let nC:2Z+Z§:12kﬂ' forgzO,l,...d, s02'=ng < <ng=n.

If we let f:T(n) — T(2") be the composite of the maps

T(n) f(na—1,nq) T(ng_1) f(na—2,mq-1) o f(nine2) T(n1) f(no,n1) T(no),

then f is the composite of Li—equivalences, so is an Li—equivalence. As the
composition of d maps, each inducing 0 in mod 2 cohomology, f has Adams
filtration at least d. O

Proof of Theorem 2.6(b). As discussed at the end of §3, there is a Mahowald
cofibration sequence

T2 & 1 L w2 - 1),

Now ¥T(2i — 1) ~ ¥?T(2" — 2), and by part (a), there is an L;—equivalence
f:T(2"—2) — T(2). Thus if we let 3 be the composite ¥2f o 8’, the
sequence

(8.1) 721 & 72 & 221(2)
will be a cofibration sequence after Li—localization. O

Proof of Theorem 2.6(c). For i > 1, we prove that K°(T(2"))9) ~ Z/2", and
K'(T(2"))(2) ~ 0 by induction on i. Recalling that T'(2) = L°°RP?, one sees
that this is true for ¢ = 1.

For the inductive step, assume the calculation for ¢ — 1. Because the
2-local K-theory of both T'(2=1) and T(2) is concentrated in degree 0, the
sequence (8.1) will induce a short exact sequence

(8.2) 0= K°(T(2)2) = K*(T(2)2) = KXT(2"")) @) — 0,

and we also learn that K'(T(2"))(9) ~ 0.

In particular, we learn that K°(T'(2"))(9) is a finite abelian group of order
2¢. This group must be cyclic, since K (1)*(T(2%)) can be calculated from
this group by the universal coefficient theorem, and we know independently
that K (1)*(T(2%)) is 2-dimensional.

Thus K°(T'(2"))(9) ~ Z/2" and (8.2) must be equivalent to

0—7Z/2—7/2" = 7/2"1 — 0. O
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8.2. Connections to the thesis of Brian Thomas. Mod 2 homology
applied to the Goodwillie tower of the functor X ~» 30> X yields a spectral
sequence converging to H,(2°°X) for all 0—connected spectra X. The Hopf
algebra H,(2°°X) is a module over the Dyer—Lashof algebra R, and, as
studied in [KMcC13], this is reflected in the spectral sequence: EZS(X) is
always a primitively generated Hopf algebra equipped with Dyer—Lashof
operations compatible with those acting on H,(Q*°X)..

Let E(X) = @) Ext}y*(H*(X), J(x)). [KMcC13, Cor. 1.14] implies that,
s=0

if a certain ‘geometric condition’ holds and E(X) is concentrated in even
degrees and is generated by Homa(H*(X), J(x)) as an R-module, then

EZ(X) = S"(E(X))/(Qoz — 2?),

where we let Qoz = Ql*lz.
In Thomas’ thesis [T19], his goal is to verify that this applies when
X = Y?ku, so that Q°X = BU. One knows that H*(ku) = A ®p) Z/2,

oo
and Thomas carefully computes F(X%ku) = EB Extz’gl)(EQZ/Q, J(x)) with

s=0
some of its R-module structure.

The punchline is that F(%%ku) has a basis of elements
en(k) € Ext I Hhe2 = (e 52k, (27 1n))

with n 2 1 and k£ > 0, and one has the following formula: if n = 20 4 201
<4274 with i < j; < --- < jq, then

en(k) = QEQY - Q¥ &y (0).

(The behavior of Qo here is a bit more than is proved in [T19].)
One concludes that EZS,(X%ku) = Z/2[¢1(0), ¢2(0), . ..]. This recovers the
known calculation of H,(BU), usually computed using very different means!
A key to the calculations is to use Theorem 2.4(b) to prove algebraic
analogues of statements (a) and (b) of Theorem 2.6.

Proposition 8.1. Ifn =242+ ... 4274 with1 <i < j; < --- < jq, then

ngd “‘Qle : EXt2?1)(E2Z/2v J(Qi)) N ]_EX,EL;(i)Jra(n),sflJra(n)(222/27 J(n)).

18 an isomorphism.
Proposition 8.2. The Mahowald sequences induce short exact sequences

0 = Exty)(2/2,7(2)) = ExtsEJﬁ’)s*i(z?Z/Q’ J(2+1))

— Ext;jf”(z?Z/z, J(2Y) = 0.

More details about these calculations will appear elsewhere.
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