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0. Introduction
0.1. Hochschild homology and its symmetries
In this paper, we undertake a systematic study of (non-stable) Hochschild homology
HH(C) € §
of an (oo, 1)-category C, i.e. (the geometric realization of) its cyclic nerve (see Def-
inition 3.1.2). Here we state those of our three main results that concern (possibly
noninvertible) symmetries of HH(C); we discuss our two other main results in §0.3 and

§0.5, respectively. Throughout, we write

W:=T x N~
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for the Witt monoid, the semidirect product monoid with respect to the isogenic action
N* ~ T (see Definition 2.1.5). We write Modwyes(8) for the co-category of (left) Wer-
modules (or equivalently right W-modules) in spaces.)

Theorem A (Theorem 4.3.1(1)). For any (oo, 1)-category C, the Hochschild homology of
C canonically admits the structure of a W°P-module:

(W°p ~ HH(G)) € Modwe(8) .
We construct a canonical map
Ende %% HH(@)

from the moduli space of endomorphisms in € (see Observation 3.1.4(1)).! In particular,
there results a composite map

Obj(@) —~= 1, Ende 4 HH(C) (0.1.1)

from the moduli space of objects in € (see Observation 3.1.4(2)).

Theorem B (Theorem 4.3.1(2)). The map (0.1.1) is canonically invariant with respect to
the WeP-qction of Theorem A: it canonically lifts to a map

Obj(@) — HH(C)"W™ . (0.1.2)
The map (0.1.2) in Theorem B may be referred to as a non-stable cyclotomic trace
map (as discussed further in §0.2). To make this connection precise, we give the following

description of Modwyes(8) in terms of equivariant homotopy theory.

Theorem C (Corollary A.0.8). The oco-category Modwes (S) of WOP-modules is equivalent
to the oco-category of N* -fized proper-genuine T -modules:

< hN* unst
Modwyer (8) =~ (Modﬁr (5)) = Cyc"™4(8) .

In particular, via Theorem A, the Hochschild homology of an oo-category C may be
canonically regarded as an N*-fized proper-genuine T -module:

HH(C) € (Mod%;)hNX .

1 This map can reasonably be regarded as a trace map: HH(C) is a universal receptacle of traces of
endomorphisms in C.
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Thus, the oco-category Modwye (8) of WP-modules is a non-stable version of the oo-
category

<

. hN
Cyc(8p) := (SPT )
of cyclotomic spectra (where the action N* ~ Sp%; is via geometric fixedpoints) [10].

0.2. Motivation: K-theory and traces

Let us briefly contextualize this study. For an associative algebra A over a commutative
ring k, a trace (on A) is a k-linear map

ALy

to a k-vector space V with the property that ¢(ab) = t(ba) for all a,b € A. The universal
(specifically, initial) trace is the canonical map

quotient A
. TAA

= HH()(A)

to the quotient by the commutator. This association A — HHy(A) fails to preserve
projective resolutions; consequently, it fails to enjoy a host of desirable properties. Such
failure can be corrected by entertaining, not the quotient A/[A, A], but a suitably derived
quotient: Hochschild homology is the universal derived trace:

(derived) quotient

A

HH(A) .

Again, for computational advantage among other reasons, it is desirable for the input A
to Hochschild homology to be extended to derived associative algebras. In fact, one can
take A to be an associative algebra in any symmetric monoidal co-category X (satisfying
some mild conditions).

For trace methods in algebraic K-theory (see [19], for instance), it is desirable to
extend the input of Hochschild homology yet further: one may wish to entertain the
Hochschild homology HH(C) of an (oo, 1)-category C that is enriched in a symmetric
monoidal oco-category X. Provided suitable conditions on X, one may then expect the
following features of such an extension.

(1) It is indeed an extension: in the case that € = BA is the one-object X-enriched
oo-category corresponding to an algebra object A, we have HH(BA) ~ HH(A).

(2) There is a cyclotomic structure on HH(C). In other words, there is a proper-genuine
T-module structure on HH(C) that is invariant with respect to the isogenetic N*-
action on such.
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(3) There is a map Obj(€) — HH(C) from the moduli space of objects in an enriched
oo-category to its Hochschild homology. This map is invariant with respect to the
cyclotomic structure of the previous point.

Indeed, in the situation of spectral enrichment, such features immediately produce the
cyclotomic trace map

K(G) cyclotomic trace HH(G)hCyC —. TC(G)

from the algebraic K-theory of € to its cyclotomic invariants (known as the topological
cyclic homology of C): point (1) is achieved in the subsequent work [3]; point (2) is
achieved in its follow-up [7]; and point (3) is achieved in its subsequent follow-up [6].

In the present work, we achieve points (1)-(3) for € a category-object in an oo-
category X. (Note that (oo, 1)-categories define category-objects in the oco-category 8
of spaces.) We use the decorated terms “non-stable Hochschild homology” and “non-
stable cyclotomic” to emphasize working with category-objects in an oo-category X,
leaving the undecorated terms for the general notions. As developed in [3,7,6], working
in X = Cat(q,1) affords the “macrocosm” framework whose “microcosm” application
amounts to working with enriched oco-categories; in that way, those works are founded
on the present work.

0.3. Parametrizing (0o, 1)-categories via quivers

As explained in §0.4, our approach to proving Theorems A and B rests on an addi-
tional main theorem, stated as Theorem D below: a characterization of (0o, 1)-categories
given by probing them with quivers. Specifically, consider the category diGraphsfin =
Fun(A2, Fin) of finite directed graphs. One can contemplate the free co-category on a
finite directed graph, and we define the oco-category of quivers to be the fully faithful
image of this functor:

diGraphs™™ Free Cat(oo,1)

RN /

N
Quiv

In fact, Quiv is an ordinary category (see Lemma 1.2.15), and relatedly each quiver
is an ordinary category that admits an explicit description in terms of the underlying
category generating it (see Corollary 1.2.11). Now, given an (oo, 1)-category C, each
quiver I' determines a moduli space Repe (I') := homcat,, ,, (I', €) of representations of I'
in €. (See Definition 1.3.4.) This assembles as a functor
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Il spectra \ (00, 1)-categories
coordinatized {E, € 8i}n>0 with B, ~ QFE,, 11 complete Segal spaces A%® — §
coordinate-free reduced excisive functors Si“ — 8 univalent closed sheaves Quiv®® — §

Fig. 1. Just as one can present spectra by probing them either by all finite pointed spaces or merely by
spheres, one can present (0o, 1)-categories by probing them either by all quivers or merely by nonempty
linear quivers.

Rep_
Cat(oo,1) PO, PShv(Quiv)
w w

C+—— (' —> Repe(T))

R
Moreover, for each (0o, 1)-category €, the functor Quiv°®? —P¢, 8 has the following local-
to-global property.

Closed sheaf. For each finite directed graph I', and for each pair of subgraphs I'_, T} C
I" for which I'_ UT'y =T, the canonical square among spaces of representations of
the quivers associated to these directed graphs,

Repe(I") ————— Repe(I'y)

l |

Repe(I'-) —— Repe(I'-NT4)
is a pullback.

Theorem D (Theorem 1.4.6). The functor

Rep(-) .
Cat(oo,1) — PShv(Quiv)

is fully faithful. Moreover, its image consists of those functors Quiv®® — 8 that satisfy
the closed sheaf condition as well as a univalence condition.

Theorem D may be seen as a version of Rezk’s presentation of (oo, 1)-categories as
complete Segal spaces [20]: the inclusion A < Quiv determines a restriction functor
PShv(Quiv) — PShv(A), under which the closed sheaf condition corresponds to the Segal
condition and the univalence conditions agree. More specifically, we view Theorem D as
giving a “coordinate-free” presentation of (oo, 1)-categories, analogously to how reduced
excisive functors give a “coordinate-free” presentation of spectra, as indicated in Fig. 1.

0.4. Universal Hochschild homology

Theorem D provides a convenient context for defining the Hochschild homology of an
(00, 1)-category C. Namely, there is a standard functor
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A 5 Quiv (0.4.1)

that carries each object [n] to the cyclically-directed quiver with n + 1 vertices (see
Notation 3.1.1).? The Hochschild homology of an (0o, 1)-category € is the colimit

HH(€) := colim (Aop X7 Quivep Repe, s)

(see Definition 3.1.2 and Observation 3.1.3).

Given this definition of Hochschild homology, we can now describe our approach to
proving Theorems A and B. For this, we generalize from the context of (0o, 1)-categories
to the slightly more general context of category-objects in an oco-category X (satisfy-
ing mild conditions); note that an (oo, 1)-category is an example of a category-object
in the oo-category 8 of spaces. We prove an analog of Theorem D in this context as
Theorem 1.5.5. In fact, it is not hard to see that one can restrict to connected quivers
(see Notation 3.2.1), so that a category-object C in X can be equivalently codified as a
functor

. Repe
Quive" —% X

satisfying a closed sheaf condition.
Now, to prove Theorems A and B, we construct a universal co-category equipped with
a category-object and its Hochschild homology: this is the pushout

Aop XOP (Quivcon)op
\[ J{ ( see Definition 3.3.1) .

(Aop)|> MCOH

We suggestively write S' € M®" for the image of the cone point. (This notation will be
elucidated in §0.5.) So, given a category-object € in X, we obtain a unique extension

Repe

(Quiveemyr e,

-1

X
j e (0.4.2)

- eve
Mcon

that preserves Hochschild homology objects (namely the left Kan extension), i.e. such
that the canonical morphism is an equivalence:

HH(C) - Repe(S') .

2 Specifically, this functor A = Quiv carries [n] € A to the cyclically-directed quiver given by adjoining
a morphism n — 0 to the quiver associated to the linearly-directed graph [n] = {0 — --- — n}.
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In general, pushouts among oco-categories can be highly nontrivial, and the pushout
defining M“" is no exception. Nevertheless, we give a complete description of M" (see
Corollary 3.3.11). In particular, in view of the canonical extension (0.4.2), Theorem A
follows from the computation

Endpgen (S1) o~ WOP (0.4.3)

of the monoid of endomorphisms of S!,? while Theorem B follows from the computation
that the hom-space homaygen (pt, St) is contractible.

Remark 0.4.1. The crux of the computation (0.4.3) amounts to factoring the functor
A % Quive®" through the parasimplex, cyclic, and epicyclic categories as in the com-
mutative diagram

A X Quive
\ A A X / (0.4.4)
[
pt BT BW

and showing that the functor A — A is initial, both squares are pullbacks, and the
functor A — BW is both a cartesian fibration and a localization (see Lemma 2.4.5 and
Corollary 2.5.2).

0.5. Connection with factorization homology

Although we defined the Witt monoid algebraically as the semidirect product W :=
T x N*, it also arises in differential topology, namely as the (topological) monoid of
framed self-covering maps of the circle. Hence, Theorem A can be seen as articulating a
contravariant functoriality of Hochschild homology for framed self-covers of the circle.

Of course, the connection between Hochschild homology and the circle is not new.
Classically, this connection is manifested e.g. by Connes’ cyclic operator on Hochschild
homology (see e.g. [14]), which records the action of the (maximal) subgroup T C W.
More recently, Hochschild homology has been recognized as factorization homology over
S1: for Eq-algebras in [15, Sect. 5.5.3] (under the name “topological chiral homology™),
and for (oo, 1)-categories in [4].

3 Nontrivial endomorphisms of S' arise from the fact that the functor A°® — (Quive®")° is not fully
faithful. (By contrast, adjoining the colimit of a fully faithful inclusion results in a formally adjoined object
with trivial endomorphism monoid.)
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In more detail, the work [4] constructs for any dimension n an oco-category chdeﬂ
of compact solidly n-framed stratified spaces, whose morphisms accommodate a wide va-
riety of notions in differential topology — in particular, framed self-covers of compact
framed n-manifolds. This co-category is specifically tailored towards the construction of
factorization homology, which gives a way of “integrating” an (oo, n)-category € over
compact framed n-manifolds (and more generally over compact solidly n-framed strati-

fied spaces)?:

MfdST —— 8

w w

M>—>/G
M

The paper [4] establishes this construction of factorization homology of (oo, n)-categories
for n < 2; for n > 2, this construction has yet to be established.

To state our last main theorem, we introduce the notation M for the oco-category
obtained from M" by freely adjoining finite products.®

Theorem E. There is a canonical equivalence
M =5 MfdS™ |

which carries S' to S* (the framed circle). Under this equivalence, for any (oo, 1)-category
C, the functor Repe is naturally equivalent to factorization homology: there is a canonical
commutative triangle

M

2 S
i

cMIfdS™
Remark 0.5.1. From the point of view of manifolds afforded by Theorem E, the diagram
(0.4.4) has a natural interpretation: the category A can be regarded as a moduli category
of (non-trivially) stratified framed circles, in which the non-invertible morphisms classify
isogenies. Namely, there is a fully faithful functor A" — chdsif; 1 whose image consists
of refinement morphisms to S!, and the (left lax) action by W°P arises through WP ~

4 Actually, in general one must require that C has adjoints: that is, for every 0 < k < n, every k-morphism
in € admits both adjoints. Of course, this condition is vacuous when n = 1.

5 In other words, the functor Quiv®® — M admits an analogous universal property in Cat* (the co-category
of co-categories with finite products) to that of the functor (Quiv°")®® — M" in Cat.
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Endnverast (S 1). In particular, there is a fully faithful functor A — cMfdS™ whose image
consists of those solidly 1-framed stratified spaces with more than one stratum and whose
underlying topological space is a circle.

Remark 0.5.2. Remark 0.5.1 gives a geometric explanation for why, among all diagrams
in (Quiv®®")°P_ it is natural to formally adjoin the colimit of

X AP (0.4.1)

(Quivm)°P .

In that spirit, it would be interesting to give a characterization of the parsimplex, cyclic,
or epicyclic category that is entirely intrinsic to the full subcategory Quiv C Cat(oo 1) (ie,
blind to the geometric context of Remark 0.5.1).

In view of Remark 0.5.2, Theorem E clarifies the manifold-theoretic origins of the
parasimplex, cyclic, and epicyclic categories (which were originally defined combinato-
rially). On the other hand, Theorem E is a completely algebraic characterization of the
oo-category cMf ifr despite its differential topology origins, in the spirit of the celebrated
cobordism hypothesis [18]. More broadly, we are inspired by the idea that some suitable
oo-category of “n-quivers” (ie, a suitable version of n-computads [21,8])°
extends to give cMfdS".

analogously

0.6. Conventions

We set the following conventions throughout this work.

o We work within the context of oco-categories, taking [17] and [15] as our standard
references. We work model-independently (for instance, we make no reference to the
simplices of a quasicategory), and we omit all technical uses of the word “essentially”
(for instance, we shorten the term “essentially surjective” to “surjective”).

¢ We write Cat for the oo-category of co-categories and 8 for the oo-category of spaces.
These are related by the adjoint functors

[—I
1L N
Cat +—"—>8

n
(=)=

e Let Y be an oo-category. For T' a continuous monoid, the oo-category of (left T'-
modules (in Y) is that of functors:

Modr(Y) := Fun(BT,Y) .

Note that quivers are precisely 1-computads.
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Restricting along the unique functor BT L> % defines a functor Y = Mod.(Y) —
Modr(Y). When they exist, the left- and right-adjoints to this functor are respectively
the T-coinvariants and the T-invariants, and are respectively denoted

(=)nr: Modr(Y) — Y and (=)' Modr(Y) — Y .
Acknowledgments
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1. Parametrizing higher categories by quivers

In this section, we characterize (0o, 1)-categories as copresheaves on a category of
quivers. Specifically, as Definition 1.2.4 we construct a category Quiv in which an object
is a finite directed graph; as Theorem 1.4.6, we construct a fully faithful functor between
oo-categories,

Cat(oo,1) — PShv(Quiv) ,

and characterize its image.

Informally, this is to say an (oo, 1)-category is characterized by quiver representa-
tions into it. The work of Rezk ([20]) implements such a characterization in terms of
linear quivers. So, in this sense, the characterization presented here is more versatile.
For instance, it accommodates representations of cyclically-directed quivers.

1.1. Recollections of Cat(s 1)

Definition 1.1.1. The simplex category is the category A in which an object is a fi-
nite nonempty linearly ordered set, and a morphism between two is a (weakly) order-
preserving map, with composition given by composing maps. Such a morphism is idle if
it is convex”; such a morphism is closed if it is a convex inclusion; such a morphism is

7 A morphism I i> J between linearly ordered sets is convex if, for each i_,iy € I and each j € J for
which f(i_) < j < f(i+), the preimage f~'(j) is nonempty.
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creation if it is a convex surjection; such a morphism is active if it preserves minima and
maxima. The subcategories

Acls7 Acr7 Aidl7 Aact c A

consist of all objects and those morphisms that are respectively closed, creation, idle,
and active.

Remark 1.1.2. An object in A can be regarded as a linear quiver.
Remark 1.1.3. The morphisms in A that we call “closed” are elsewhere called “inert”
(e.g. in [15]). We choose our terminology to remain consistent with that surrounding the

oo-category cMfd], discussed in §B.

Observation 1.1.4. The pair of subcategories (At A) is a factorization system on
A. In other words, each morphism in A uniquely factors as a composition of an active
morphism followed by a closed morphism.

Definition 1.1.5. A basic closed cover (in A) is a diagram in A of the form

{1} {1<---<p}
| l
{o<1} [p]

for some p > 1. A presheaf A°P 7, 8 is a closed sheaf (on A) if it carries (the opposites
of) each basic closed cover in A to a limit diagram in 8. A closed cover (in A) is a

diagram K> — A for which, for each closed sheaf, A°P R 8, the composite functor
(Kop)q — (j(b)op N (AClS)OP <y AOP i IS
is a limit diagram.

Recall the definition of the oo-category Cat(,1) of (0o, 1)-categories (see, for in-
stance, [20]). Recall from [1] the definition of the oo-category fCat(., ;) of flagged
(00, 1)-categories, an object in which is a functor ¢ — €; from an (oo, 0)-category
(ie, an co-groupoid) to an (oo, 1)-category with the property that the functor is surjec-
tive on objects (ie, the resulting map between sets of isomorphism classes of objects,
moObj(Cp) — moObj(Cy), is surjective). Consider the restricted Yoneda functor along the
standard fully faithful functor A — Cat( 1) C fCat(ao,1):

Cat(oo,1) C fCat(oo,1) — PShv(A) , € ([p]o = Homeatm,l)([p],(?)) . (1.1.1)
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The work of Rezk ([20]), followed by the work [1], implies each of the functors (1.1.1)
is fully faithful, and that the image of fCat(, 1) consists of those presheaves A°P RN
that are closed sheaves (on A), while the image of Cat(,1) consists of those presheaves

A% Ty 8 that further satisfy a univalent-completeness condition. Each of the fully
faithful restricted Yoneda functors (1.1.1) is a right adjoint in a Bousfield localization
between presentable co-categories:

PShV(A) = fCat(OoJ) = Cat(ooJ). (112)

Remark 1.1.6. One can take the definitions of the oco-categories Cat( 1) and fCat( 1)
as the images of these fully faithful functors (1.1.1).

1.2. Quivers

The main outcome of this subsection is Corollary 1.2.11, which gives an explicit iden-
tification of the free (0o, 1)-category on a quiver (also known as a finite directed graph).
In the next definition, the full subcategory A<; C A consists of those finite nonempty
linearly ordered sets with cardinality at most 2.
Definition 1.2.1. The category of finite directed graphs is
diGraphs™ := Fun(AZ,,Fin) .

Terminology 1.2.2. Let T' be a finite directed graph. Its set of vertices is T'®) := I'([0]);
its set of edges is ") := T'([1]) \ T'([0]); there is the evident span of sets

r® & @ _t, o

arising from the cospan {0} — [1] + {1 } in A; for v € T a vertex, its set of
exiting edges is the prelmage Outr(v) := t~'(v) NTW, its set of entering edges is
the preimage Inp(v) := s '(v) N TW), nd its directed-valence is the ordered pair

of cardinalities (Card (Outp(v))7 Card(lnp(v))). Say I' is connected if the quotient set

(') / ~ is a singleton, where the equivalence relation is generated by declaring v ~ w
if (s,t)71(v,w) # 0. A finite directed graph is cyclically-directed if it is connected and
each vertex has directed-valence (1,1) (i.e. each vertex has exactly one exiting edge and
exactly one entering edge). A finite directed graph is linearly-directed if it is connected
and each vertex has at most one entering edge and at most one exiting edge, and there
is some vertex with no exiting edges (or, equivalently, no entering edges).

A morphism T’ 7, = between finite directed graphs is non-degenerate if it carries
edges to edges, which is to say the diagram among sets
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I'([0]) —— Z([0])
r(l)l =()
(1)) —— =({1])

is a pullback.

An object in diGraphs™ can be regarded as a quiver, which can in turn be regarded
as a category. We make this precise in what follows.
Consider the composite adjunction:

LKE
PShV(ASl) = PShV(A) = Cat(oo’l). (121)

restriction (1.1.2)

This results in a functor

Free: diGraphs™ := Fun(A%,Fin) C Fun(A%,8)

— PShv(A<;) 20

Cat(oo’l) s (122)
whose value on a finite directed graph I is the free (0o, 1)-category on T', hence the
notation.

Remark 1.2.3. For I a finite directed graph, the free category generated by I' may be
familiar: an object is a vertex in I', a morphism is a finite sequence of directed edges,
each consecutive pair of which that match up head-to-tail. Unfortunately, the definition
of Free(T") just above is a priori an (oo, 1)-category, and as so, it may not admit such
a description. (Necessarily, though, such describes the homotopy category of Free(T").)
However, Corollary 1.2.11 below ensures Free(T') is, in fact, an ordinary category, and it
admits such a description. Corollary 1.2.13, further, supplies an explicit commensurable
description of morphisms between values of Free.

Definition 1.2.4. A quiver is an (oo, 1)-category that is the free (oo, 1)-category on a
finite directed graph. The oco-category Quiv is the full (oo, 1)-subcategory

Quiv C Cat(ooyl)

consisting of those (0o, 1)-categories that are quivers.®

8 Note that some authors define a morphism of quivers to be a morphism of finite directed graphs. The
notion that we study is strictly more general: in view of Corollary 1.2.13, Lemma 1.2.15, and Corollary 1.2.16,
the oco-category Quiv is actually an ordinary category and contains the former as a (1-full) subcategory
containing the same (groupoid of) objects.
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Observation 1.2.5. By Definition 1.2.4, there is a factorization, which is unique, in a
diagram among co-categories:

Quiv

Cat(oo’l)

diGraphs™™

Free
Furthermore, this factorizing functor,

Free: diGraphs™ — Quiv ,
is surjective on objects.

Observation 1.2.6. The diagram among oco-categories

8«1 PShv(AaL)
5 l(yzl)
Cat(wl)

involving geometric realizations / co-groupoid-completions canonically commutes, be-
cause the diagram among their right adjoints canonically commutes. In particular, for
each object Free(I') € Quiv, the co-groupoid-completion

]Free(F)| ~ |T|

is the geometric realization of its generating finite directed graph, which canonically
admits the structure of a 1-dimensional finite CW complex.

Observation 1.2.7. By definition of Quiv, both of the functors
Free: diGraphs™ — Quiv and Free: diGraphs™ — Cat(oo,1)

preserve cobase-change along monomorphisms. Indeed, the case of the former follows
from the latter. Next, the fully faithful functor Fun(A%, Fin) < Fun(A%,,8) preserves
cobase-change along monomorphisms. The assertion follows from the definition of Free
as a composition (1.2.2), using that both of the rightward functors in (1.2.1) are left
adjoints and therefore preserve pushouts. In particular, Quiv admits finite coproducts,
which are given by disjoint unions of finite directed graphs.

Lemma 1.2.8. The simplex category is the full co-subcategory

A C Cat(oo’l)
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consisting of those categories that are the values of Free on finite nonempty linearly-
directed graphs (in the sense of Terminology 1.2.2). In particular, there is a canonical
fully faithful functor (between oco-subcategories of Cat(s. 1)),

A — Quiv,
the image of which consists of the finite nonempty linearly-directed graphs.

Notation 1.2.9. The fully faithful functor

Lem 1.2.8

p: A Quiv ,

is defined so that the composite fully faithful functor A 2 Quiv < fCat(s,1) is the
standard fully faithful functor. The value of p on an object [p] € A is denoted p(p) € Quiv
or simply [p] € Quiv.

Proof of Lemma 1.2.8. Let p > 0. Consider the linearly ordered set [p] € A, re-
garded as a category in the standard manner. Consider the linearly directed graph
Ay = Ao, = (0 = 1 — .-+ — p). Consider the map between finite directed
graphs

.,p}

Ap — [p]

to the underlying directed graph of [p] — this is the unique map that is the identity map
on sets of vertices. From the definition of Free in terms of a left adjoint, map between
finite directed graphs determines a functor between (oo, 1)-categories

Free(4,) — [p] . (1.2.3)

We next prove this functor (1.2.3) is an equivalence, which implies the lemma.

We proceed by induction on p > 0. Suppose p < 1. Note that A, = [p] € A<,
in these cases. Using that the left Kan extension PShv(A<q) LKE, PShv(A) restricts to
representables as representables, then LKE([p]) € PShv(A) is the representable simplicial
space on [p]. Generally, representable simplicial spaces satisfy the Segal and univalence-
completeness conditions. We conclude that (1.2.3) is an equivalence for p < 1.

Next, assume that p > 1. Observe the pushout diagram among directed graphs

Ay —————Ap

| l

Aoy —————— 4.
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The first statement of Observation 1.2.7 implies the resulting diagram among (oo, 1)-
categories

Free(A(1}) Free(Af1,...p})

| l

Free(Ao,13) —— Free(4,),

is also a pushout. Meanwhile, the Segal condition is just so that the diagram among
(00, 1)-categories

B} ——{1<-<p}

| l

{0<1} [Pl

is a pushout. The result follows by induction. 0O

The next technical result gives an explicit description of the values of Free. It is
phrased in terms of the following notation. For [p] € A, and T' € diGraphs™, an object
in the under-over-category,

N [Pl i i
Aldl = APV x A x diGraphs™™ .. |
( /F> A diGraphsfin P &

fin,

is a pair of morphisms: [p] % [¢] in A and [q] Ll in diGraphs™"; the full subcategory

(A‘fn'm_degr)[pvm - (Ai/d})[p]/

consists of those objects (o,I") in which o is active (in the sense of Definition 1.1.1) and
f is non-degenerate (in the sense of Terminology 1.2.2).

Lemma 1.2.10. Let T’ € diGraphs™ be a finite directed graph. For each [p] € A, there is
a canonical equivalence between spaces,

) [p]/>
Homcat . ,, ([p], Free (T')) =~ Obj<(A;*n'mdegr) ) :

involving the maximal co-subcategory of the (active) undercategory (in A) of the (non-
degenerate) overcategory (in diGraphs'™ ). Furthermore, through this composite identifi-
cation, the unit morphism between directed graphs

unitp: I' — Free(T")
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evaluates on [p] € A<1 as the monomorphism between spaces

: e}/ . o1/
r(jp]) =~ om((A';i'on.degF) ) — om((A;’n'Mgp) )
~ Homcat, ,, ([p], Free (T')) .

Proof. We establish a sequence of equivalences between spaces:

Homcat, .. . ([p], Free (I')) +=colim (((Aid')[p]/)op for—get> (Aid')OP

.\ op Hom, in (=T
L2, (diGraphs™) P BoMagupnin (1), S) (1.2.4)
N [P/
N ’(A'/d}) (1.2.5)
- . [p]/**
<« ‘(Aﬁlon,degf) (126)
N ] [ ]/act
= Obj <(A';’Jon_degp) ’ > . (1.2.7)

We first establish the identifications (1.2.5), (1.2.6), and (1.2.7). So let [p] € A. First,

recall that, for B L, 8 a functor from an oo-category, there is a canonical identification
of its colimit as the co-groupoid-completion of its unstraightening:

‘Un(F)‘ ~ colim(F') .

Next, note that, for K EIN functor, the unstraightening of the composite F' o f is
identical with the base-change along f of the unstraightening of F:

Un(Fof) ~ Un(F)x .

Next, note that, for F' = Homg(—, b) representable, then the unstraightening of F is the
oo-overcategory:

B/b ~ Un(F) .

Putting these observations together reveals a canonical identification:
i °op r i 1.2.14 in\ OP Hom iGraphsfin =TI
colim (((A"”)W )7 e (A 2, (giGraphs™) " e, S)
~ ’((Aidl)[ﬂ/>

- ’ (A'/dlL) (p]/

/T

)




D. Ayala et al. / Advances in Mathematics 466 (2025) 110170 19

in which the second identification is direct from the definition of these over-under-
categories. This establishes the identification (1.2.5).
Next, the active-closed factorization system on A determines a left adjoint localization

(Ai/d})[p]/ - (Ai/d;)[”” o (12.8)

The surjective-injective factorization system on Sets determines a further right adjoint
localization

L P12 . [p]/**
(AI/dII‘) — (Al/dnlon,degr‘) . (1.2.9)
The identification (1.2.6) then follow because adjoint functors implement equivalences
between oo-groupoid-completions.

Next, by the injective-surjective factorization system on sets, the definition of non-
degenerate is such that the projection

id| idl
AI/non,degl" — AI

factors through the subcategory A c A of closed morphisms. Meanwhile, the defi-
nition of active is such that the projection

(Aid|)[p]/act N Aid|

factors through the subcategory A< C A of creation morphisms. Therefore the canonical
projection

(Ai/dnlon_degp>[p]/m L, Al

factors through Obj(A) = AN AY ¢ A Now, both of these projections are full
subcategories of the respective right and left fibrations, each with 0-type fibers:

A — A and (AP A

. [pl/*
Because Obj(A) is a 0-type, we conclude that the co-category (A'd' ) is, in fact,

/non.degF
a O-type. In particular, both of the functors

rca AP a g AP N Ve
ObJ A/non.degF — A/non,degr‘ — A/non.degl" (1~2~10)

are equivalences. This establishes the identification (1.2.7).
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Now, consider the simplicial space

BNDY,
‘(Aﬁ) ’ CA® 8 (1.2.11)

Through the identification (1.2.5), proved above, this simplicial space (1.2.11) witnesses
a left Kan extension:

HomdiGraphsﬁ" (7711)

8

(84) 0 (diGraphs™) "

| /
N

e

In particular, there is a canonical morphism between simplicial spaces

(A1) | Homea ., (o) Free(r)) (12.12)

which extends the unit morphisms between directed graphs. So the equivalence (1.2.4) isa
consequence of this morphism (1.2.12) being an equivalence. By definition of the functor
Free in terms of left adjoints, this morphism (1.2.12) is initial among all morphisms
from (1.2.11) to a simplicial space that satisfies the Segal and univalent-completeness
conditions. So, the result follows upon showing the simplicial space (1.2.11) satisfies the
Segal and univalent-completeness conditions.

We first show (1.2.11) satisfies the Segal condition. So let [p] € A. We must show that
the commutative square

(A%)[P]/ (Ai/(jIL){1<...<p}/

l l (1.2.13)
) 0=/ AN
(a) " —— (af)
among categories induces a pullback diagram among oo-groupoid-completions. Note that,

through the adjoint localizations (1.2.8) and (1.2.9), and the equivalence (1.2.10), we
obtain a commutative diagram among spaces (in fact, 0-types),
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o (") — (350" ")

| | ’

Obj ((A?‘Jon.degr){kl}/m) . Obj ((Ai;t'on.degp){l}/m)

that is identical with the diagram among oo-groupoid-completions of (1.2.13). Now,
by direct inspection, this commutative square among O-types induces an equivalence
between horizontal fibers. Therefore, this diagram among spaces is a pullback.

Finally, direct inspection reveals that the simplicial space (1.2.11) satisfies the com-
pleteness condition. O

Corollary 1.2.11. For each finite directed graph T, the (0o, 1)-category Free(T') has the
following properties.

ts space of objects is a finite O-type. In fact, the canonical map between spaces,
1) I f obj s a finite O In f h ical b
unitr ([0]): T(© := T([0]) — Obj (Free (I)) ,

is an equivalence. In particular, for each v € Obj (Free (")), the group Autfree(r)(v) =~
{idy } is trivial.

(2) It is an ordinary category: for each pair vs,ve € Obj(Free(T)), the unit map fol-
lowed by the composition map for the (0o, 1)-category Free (I') defines an equivalence
between spaces:

H{(el,...,eq) e (TWYX4 | 5(e1) = v, and t(eg) = vy and
q2>0

fO’F 0<i<yg, 8(62> = t(eiJrl)} i> HomFree(F)(Usavt) :

In particular, Homgee(ry (vs, v¢) is a O-type, a point in which is a sequence of directed
edges in T' from vg to vy.

(3) It is gaunt.

Proof. Statement (3) follows from Statements (1) and (2).

Statement (1) follows immediately from Lemma 1.2.10, as the case p = 0, using that
the only active morphism [0] — [¢] in A is an isomorphism.

Statement (2) follows from Lemma 1.2.10, through the case p = 1, as we now
explain. Observe, through direct inspection, that the fiber over [q] of the projection

) [/« )
Obj ((Afnlon.degr) > — Obj(A'd') is canonically identified as the 0-type
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{(el, . eq) € (PW)X9 | 5(e1) = v, and t(e,) = v; and
for 0 <i<gq, s(e;) = t(eHl)} c I(1)?. o
Remark 1.2.12. Let T" be a finite directed graph. Corollary 1.2.11(1) states that the space
of objects Obj(Free(I‘)) is the O-type of vertices T'(®). Corollary 1.2.11(2) states that, for
v, vy € 'O vertices, the space of morphism in Free(I") is the O-type of directed paths

in I" from vs to v¢, a point in which is an ¢ > 0 together with a sequence of ¢ directed
edges in I':

a1 as as ap—1 ayp
(vs oy Byug B Ty —>vt> .
Corollary 1.2.11 lends the following.

Corollary 1.2.13. Let T' and Z be finite directed graphs. The space of morphisms
Homquiv (E,F) is the 0-type consisting of the following data.

e A map fO: 20 - TO) petween sets of vertices.

e For each non-degenerate directed edge (s(e) = t(e)) € 21, a directed path in T,

1) = (FOUs(0)) 2 ya(e) 2D pa(e) 2

be,—1(e be, (e
2 (e) 22D FOa(e)))

from f©(s(e)) to fO(t(e)).
Lemma 1.2.14. There is a canonical pullback diagram among oo-categories

fin

A — diGraphs

l l”ee . (1.2.14)

A — Quiv

Proof. Let A, and A, be the finite linearly-directed graphs for which Free(A,) = [p] and
Free(A,) = [q]. Let [p] = [q] be a morphism in A. The morphism f is idle if and only if,
for each generating morphism (i — 1) i iin [p] (ie, for each edge in A,), the morphism
o(i—1) ACN o(i) in [q] is either a generating morphism or an identity morphism (ie,

an edge in A;). The result then follows from Corollary 1.2.13. O

Lemma 1.2.15. The oco-category Quiv has the following features.

(1) Quiv is an ordinary category.
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(2) Both of the functors

Free: diGraphs™ — Quiv and Free: diGraphs™ —s Cat(oo,1)

are monomorphisms.

Proof. Corollary 1.2.11(3) implies the defining fully faithful inclusion Quiv < Cat( 1)
factors through Cat(; ;) C Cat(oo,1). Corollary 1.2.11 also implies that, for each I',E €
Quiv, the 1-groupoid Homcar,, ,, (Free(Z), Free(I')) is in fact a O-type. It follows that Quiv
is an ordinary category, which is statement (1).

We now prove statement (2). Because Quiv C Cat(o,1) is a full co-subcategory, it
is sufficient to prove that Free: diGraphs'™™ — Cat(oo,1) is @ monomorphism. For this,
it’s enough to show that the unit of the adjunction (1.2.1) evaluates on each object

I e diGraphs™™ c PShv(A<;) as a monomorphism in PShv(A<):
I' — Free(T") is a monomorphism .
This is implied by Corollary 1.2.11(1)&(2). O
After Observation 1.2.5, Lemma 1.2.15 implies the following.

Corollary 1.2.16. The functor diGraphsfin Free, Quiv restricts as an equivalence between
moduli spaces of objects:

Obj(Free) : Obj(diGraphs™) —— Obj(Quiv) .

Notation 1.2.17. In light of Corollary 1.2.16, we do not distinguish in notation or termi-
nology between an object in Quiv and its corresponding finite directed graph.

Observation 1.2.18. Regarding each finite set as a finite directed graph with no (non-
degenerate) edges defines a functor

fin

Fin — diGraphs

which is fully faithful. Inspecting the values of Free(I") of Corollary 1.2.11 reveals that
the composite functor

Fin — diGraphsfin _Free , Quiv

is fully faithful.
Definition 1.2.19. The subcategories of idle, closed, and creation morphisms,

. L idl . .
Quiv O Quiv'® O Quiv®® , Quiv®",
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are the respective image under the monomorphism diGraphsfin Free, Quiv and the images

of the monomorphisms, and of the epimorphisms.” A morphism T’ £, = is active if for
every edge g € =, there exists an edge f € I" such that g is a factor of F'(f). A morphism
r i =2isa generating refinement morphism if F' is fully faithful, the complement
of whose image consists of a single object in Z that has directed-valence (1,1).'% A
morphism I’ L, = is a refinement morphism if it is a composite of generating refinement
morphisms. We denote by

. . t . f
Quiv O Quiv*" O Quiv™® ,
the subcategories of active and refinement morphisms.

Observation 1.2.20. Using Lemma 1.2.14, the fully faithful functor A 2 Quiv respects
the subcategories:

A = A N Quive® and A = AN Quiv® and A = AN Quive .
Furthermore,
A = AN Quivd .
1.8. Closed covers and closed sheaves

Definition 1.3.1. A basic closed cover (in Quiv) is a diagram in (diGraphs'")™°"° ~ Quiv®'s
of the form

p— =T

| |

| r

that witnesses a pushout in diGraphs™.!' A presheaf Quiv®P 7, 8 is a closed sheaf (on
Quiv) if F(0) = * and it carries (the opposites of) each basic closed cover in Quiv to a
limit diagram in 8. A closed cover (in Quiv) is a diagram X* — Quive"® for which, for

each closed sheaf, Quiv°? R 8, the composite functor
(KP)< = (K*)°P — (Quive®)*®P — Quiv®® L 8

9 In other words, the functors diGraphs™ Free, Quiv® and diGraphs'"more Free, Quive® and diGraphs/™e? Free,

Quiv® are equivalences between categories.

10 Tn other words, = is obtained from I' by replacing a directed edge by two composable directed edges, as
it is canonically equipped with a morphism from I'.

11 Warning: it need not be a pushout in (diGraphs‘")™"°
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is a limit diagram. The oco-category of closed sheaves (on Quiv) is the full co-subcategory

Shv*(Quiv) < PShv(Quiv)
consisting of the closed sheaves (on Quiv).

Remark 1.3.2. The data of a basic closed cover in Quiv is equivalently that of a pullback
diagram in diGraphsﬁn in which each morphism is a monomorphism. In particular, a
basic closed cover in Quiv is the data of a finite directed graph I' together with a pair
I'_,T'y CT of subgraphs whose union I'_ UI' . =T is entire.

Observation 1.3.3. The fully faithful functor A LN Quiv carries basic closed covers in A
to basic closed covers in Quiv.

Definition 1.3.4. Let T" be a finite directed graph (Fig. 2).

(1) The exit-path category (of T') is the full subcategory

ET) C (A<)f = (A<))™  x  diGraphs™
diGraphsfin

consisting of those objects, which are morphisms between directed graphs [p] % T,

in which ¢ is a monomorphism.'?'?

(2) For C: A°® — X a simplicial object in an oo-category X that admits finite limits,
the C-valued representations of I is the limit

Repe(T) = Iim(E(F)°P foreet, (Ads)P 5 AP & x) €x.
Observation 1.3.5. For each finite directed graph T', its exit-path category E(T") is a finite
category. Specifically, E(T") is a gaunt category with
Obj(E(T")) =@ mr®

and, for z,y € Obj(E(T")),

12 This terminology aligns with more common use of “exit-path category” (see, for example [22]). Specifi-
cally, one can regard the geometric realization |I'| of I as a stratified space: each vertex and the interior of
each edge is a stratum. As so, E(I") defined here agrees with the exit-path category of this stratified space.
13 The exit-path category E(T') is sometimes referred to as the subdivision sd(T').



26 D. Ayala et al. / Advances in Mathematics 466 (2025) 110170

— C

A) T
]

(a)
0
G

e
R PR 1]
b

N

1

(8) ET) — A%

Fig. 2. A graph I' and its exit path category.

(8‘1(33) N {y}) L[(t—l(ar) I {y}),

rw
i (0 ¢Y)
Home(r (z,y) = feel'andyel
ifx=y

*7
0, if x #y and either z € TM or y € T®

In particular, the non-identity morphisms in E(T") are precisely those from a vertex
z € TO to an edge y € TM for x is either the source or the target of y. Furthermore,
there are no non-trivial composites in E(T"). Moreover, E(T') is a poset if and only if T
has no self-loops (ie, for each edge in T', its source is distinct from its target).

Observation 1.3.6. For I' a finite directed graph, the functor

([p] = F) — p(p)

(E(F))l> — Quive® ,
400 — I

(1.3.1)

is a closed cover in Quiv.
1.4. Parametrizing (0o, 1)-categories by finite directed graphs

The main outcome of this subsection is Theorem 1.4.6, which characterizes an (oo, 1)-
category in terms of quiver representations into it.

Lemma 1.4.1. The diagram among oo-categories, which involves right Kan extension
along p and restriction to Quiv,
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fCat(oo,1) —2— PShv(fCat(w 1)
(1-1-1)l lrestriction ’ (141)
PShv(A) —— PShv(Quiv)

canonically commutes.

Proof. By definition of the functor (1.1.1), it factors as a composite,

restriction

(1.1.1): fCat(mo 1) —2 PShv(fCat (s 1)) —=U, PShy(A) |

where the restriction functor above is along the standard fully faithful inclusion
A — fCat(y,1).- Now, Lemma 1.2.8 grants that this fully faithful inclusion factors:

A 2 Quiv — fCat(,1)- So we have a commutative diagram among oo-categories:

fCat(oo,1) —2 PShv(fCat(oo 1))

(1.1.1 )i lrestriction '

*

PShv(A) «2— PShv(Quiv)

Evoking the adjunction (p*,p.) supplies a canonical morphism in
Fun (fCat(Oo,l) , PShv (Quiv)) ,

restriction o Yo — p, o (1.1.1) .

The value of this morphism on a flagged (oo, 1)-category € € fCat(o 1) is the canonical
morphism in PShv(Quiv), whose value on I' € Quiv is the map between spaces:

restriction o Yo(€)(I') = Homyca,, ,, (Free(I'), C)

orge Homyca ([e],€)
— lim <(A/FreE(F))0p forget, gop —en S)

~ lim <(Aop)r‘/ forget AoP Homfc""(oo,m([’]’e) S)
~ peo(LLI)T),

in which the arrow is obtained by the functor Homeat(oo,l) (—, €) to the canonical mor-
phism in fCat o 1)

coIim(A/ Free(T") foreet, A oy fCat(oo’l)) — Free(T) .

This canonical morphism in fCat( ;) is an equivalence because the functor A —
fCat(,1) strongly generates. 0O
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Notation 1.4.2. The functor
p«: fCat(,1) — PShv(Quiv)

is the unambiguous diagonal functor of (1.4.1).

Observation 1.4.3. The functor p.: fCat( 1) L, PShv(A) 2% PShv(Quiv) of Nota-
tion 1.4.2 is fully faithful. Indeed, the functor (1.1.1) is fully faithful, and fully faithfulness
of p implies fully faithfulness of p..

The values of the fully faithful functor fCat( 1) Loy PShv(Quiv) are rather simple, as
in the following.

Observation 1.4.4. By definition of the functor Free in terms of a left adjoint, for each
finite directed graph I', the space of functors is canonically identified as the space of
maps between graphs:

p+C(T) ~ Homgcat, . ., (Free(F), G)

Lem 1.4.1

~ HomPShv(Agl)(F7e|A§1)

1

lim l(s,w

obj(e)"? el @) T obje)N? X5 opje)™™ x obj(e)""

= obje)r” x Mor (€)™ .
obj(e)r™ xopj(e)r

In particular, the space p,C(T') is a finite limit in which each term is Obj(€) or Mor(C).
Remark 1.4.5. Observation 1.4.4 articulates that p.C(I") is the moduli space of C-labels
of T', a point in which is an object in € for each vertex in I', a morphism in € for each
(non-degenerate) edge in T', together with source-target compatibilities.
For the next result, recall the Definition 1.3.1 of a closed sheaf on Quiv.
Theorem 1.4.6. The functor
fCat(o,1) —— PShv(Quiv)

is fully faithful; the image consists of the closed sheaves on Quiv:

px: fCat(o 1) =~ Shvds(Quiv): P
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Proof. Restriction and right Kan extension define an adjunction
p*: PShv(Quiv) & PShv(A): p. .

We first show that this adjunction restricts as an adjunction between the full co-
subcategories:

p*: Shv®(Quiv) = fCat(so,1): P - (1.4.2)

So let F € Shv™*(Quiv). We must show the restriction P*F|(adeyor s (ATS)P — AP LN
carries (the opposites of) basic closed covers in A to limit diagrams in 8. Note that this
restriction is identical with the composite functor:

p‘(AdS)Op . 3"(QU;VCIS)cp
P T ey (AT2)2P DAL, (Quiyelsyop QD2 g

By Observation 1.3.3, the first functor carries basic closed covers in A to basic closed
covers in Quiv. By assumption the second functor preserves limits.

Next, let € € fCat(,1) be a flagged (oo, 1)-category. Clearly, the value p.C(f)) ~ * is
final. We must show the restriction

P+ C)(Quivesyor : (Quiv©*)°P — Quiv®P 2L

carries basic closed covers to pullbacks. By Lemma 1.4.1, it is sufficient to show that the
composite inclusion

Quive"® < Quiv — fCat(so 1)

carries basic closed covers to pushout diagrams. By Definition 1.2.19, this is implied by
Observation 1.2.7.

Now, the proposition is implied by the adjunction (1.4.2) being an equivalence, which
is implied by both its unit and counit being by equivalences. So let € € fCat(,1). The
counit evaluates as the morphism in fCat( 1):

counit

P psC ——— C.

This morphism evaluates on [p] € A as the canonical equivalence between spaces:

P pC([p]) =~ pC(p(p)) =~  Homcar , (p(p), €) — Homcar.. ,, (1), €) =~ C([p]) ,

Lem 1.4.1

obtained by applying Homecat . ,, (, €) to the canonical identification [p] = p([p]) that
defines the cellular realization (see Notation 1.2.9). Therefore, the counit of the adjunc-
tion 1.4.2 is by equivalences.
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Next, let F € Shv®*(Quiv). We seek to show the unit of the adjunction (1.2.5),

g 5 0T (1.4.3)
is by equivalences. Let I' € Quiv. The unit morphism (1.4.3), together with its naturality,
evaluates on I' € Quiv as the top horizontal map in a diagram among spaces,

unit

F(I) pxp” F(I)

i l . (1.4.4)

Iim((E(I‘)"p)q 83D, (Quivsyr L, .s) _— |im((E(r)°P)< L3D, Quivetsyr L2277, s)

lim unit

in which the downward maps are given by applying F to (1.3.1). Using the hypothesis that

F is a closed sheaf on Quiv, the first part of this proof ensures the functor Quiv°P ﬁ S
is a closed sheaf on Quiv. So by Observation 1.3.6, which ensures (1.3.1) is a closed cover,
the vertical maps in (1.4.4) are both equivalences. Therefore, the top horizontal map is
an equivalence if and only if the bottom horizontal map is an equivalence. The bottom
horizontal map is an equivalence provided, for each [p] € A<y, the unit morphism (1.4.3)
evaluated on p(p) € Quiv,

unit

prunit: p*F([p]) =~ F(p(p)) —— pp F((0(p)) = p*pup*F([p]) .

is an equivalence. This unit morphism fits into a commutative diagram among spaces:

p*F([p]) d p*F([p])

0* %
kjg g o

P pxp”F([p])

The upward map was already shown to be an equivalence. It follows that the downward
map is an equivalence, as desired. O

Remark 1.4.7. Theorem 1.4.6 allows us to regard an (oo, 1)-category C as a functor
C: Quiv®® — 8§ satisfying certain descent conditions. In particular, an (co, 1)-category C
is characterized by its spaces of “I'-points” C(I") := p.C(T"), as I" ranges through finite
directed graphs.

The following result presents the limit expression of Observation 1.4.4 in more con-
ceptual terms.

Proposition 1.4.8. Let C € fCat(oo1y C ) PShv(A) be a flagged (o0, 1)-category. For
1

(1.1.1
each finite directed graph T, there is a canonical equivalence between spaces:

ps(€)(I') —— Repe(T) .
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Proof. We explain the following sequence of equivalences among spaces:
p.(€)(T) = Iim(E(F)°p Observation 130, (P 229, s) (1.4.5)
& Iim(E(F)°p ot (AL)® 5 AP S s) =: Repe(T) . (1.4.6)

Using the second statement of Theorem 1.4.6, the equivalence (1.4.5) follows from Ob-
servation 1.3.6. By inspection, the functor E(I') — Quiv®" of Observation 1.3.6 factors
through the fully faithful functor (A% )P 2 Quiv®®. Using this, the equivalence (1.4.6)
is the fact that the counit of the (p*,;)*)—adjunction is an equivalence. 0O

1.5. Category-objects in X

In this subsection, we extend the main result Theorem 1.4.6 of the earlier subsections
from (o0, 1)-categories to category-objects in an ambient co-category.
Recall from §1.1 the full co-subcategories

Cat(eo,1) C fCat(so,1) C PShv(A) = Fun(A°P.8) .

An object in the smaller full co-subcategory is an (oo, 1)-category also known as a
complete Segal space, while an object in the intermediate fully co-subcategory is a
flagged (0o, 1)-category also known as a Segal space. In this section, we recall a simple
generalization of these notions, as the following.

Definition 1.5.1. Let X be an oo-category. The oco-category of category-objects in X is
the full co-subcategory

fCaty[X] C Fun(A°®P,X)
consisting of those functors
C: A%® — X

for which the composite functor (A)°P — A°P £, X carries (the opposites of) basic
closed covers to pullbacks.

Remark 1.5.2. We explain the notation of Definition 1.5.1. A category-object in § is a
Segal space:

fCat(no,1y = PShV**®(A) = fCaty[8] .

The work [1] proves that a Segal space is precisely the same data as a flagged (00, 1)-
category, which is a functor § — € from an oco-groupoid to an (oo, 1)-category that is
surjective on isomorphism-classes of objects.
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Notation 1.5.3. Let X be an oco-category. Consider the full co-subcategory
Shv§®(Quiv) € Fun(Quiv®®, X)

consisting of those functors Quiv®® -2 X for which the restricted functor (QuivE®)oP —

Quiv® L x maps (the opposites of) basic closed covers to pullbacks.

Observation 1.5.4. Let X s Y be a functor that preserves finite limits. Postcomposition
with f defines the upper horizontal functors in commutative squares

fCaty[X] ~----- fCulill L fcat, Y]
f‘f.\[ jf.f.
FUn(AOp, DC) W FUn(AOp 13)

and

Shv® (Quiv
Shv$®(Quiv) ——————f—(————)——» Shvas(Quiv)

| [re

. op ivOP
Fun(Quiv®®, X) Fon @) Fun(Quiv®®,Y)

Furthermore, if f is fully faithful, then so are each of the horizontal functors in these
diagrams.

Recall from Notation 1.2.9 the functor A 2 Quiv.

Theorem 1.5.5. Let X be an oco-category with finite limits. Restriction along p is an
equivalence between co-categories:

p*: ShvsE(Quiv) —— fCat; [X] .
The value of its inverse on C € fCat1[X] evaluates as the finite limit in X:
p«(C): T'— Repe(T) .
Proof. Observation 1.3.3 implies the restriction functor p*: Fun(Quiv®®, X) — Fun(A°P,
X) indeed restricts as a functor p*: Shv§®(Quiv) — fCat;[X]. It remains to show this func-

tor is an equivalence. Applying Observation 1.5.4 to the Yoneda functor X — PShv(X),
which preserves finite limits, affords the commutative diagram among oo-categories:
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Shchlg(Quiv)

Shv (Quiv) ————————> Shvig,(x) (Quiv) = Fun (X, fCat (o 1))
o* Shv‘;)ls* (Quiv) Fun(x"P,p*) ,
fCaty [X] T fCat, [PShv(2X)] = Fun(X°P, Shv®(Quiv))

in which the right two horizontal functors are equivalences via the standard adjunction
Fun(B,Fun(A,€)) ~ Fun(B x A, C) ~ Fun(A x B,C) ~ Fun(A, Fun(B, €)). Because the
Yoneda functor is fully faithful, all of the horizontal functors in this diagram are fully
faithful. By Theorem 1.4.6, the right vertical functor is an equivalence. We conclude that
the left vertical functor p* is fully faithful.

Now, the universal property of limits is such that the Yoneda functor preserve limits.
By definition of fCat; [—] and Shv®*(Quiv), it follows that the left two horizontal functors
preserve limits, and thereafter all of the horizontal functors preserve limits. Theorem 1.4.6
also gives that the inverse of the right vertical functor evaluates as finite limits, as asserted
in the present proposition. Consequently, the left vertical functor p*, which we already
established is fully faithful, is an equivalence, with inverse as asserted in the present
proposition. O

2. Cyclically-directed graphs

Here, we recall the epicyclic category, cyclic category, and paracyclic category, and
collect some facts about them.

2.1. Symmetries of a circle

Here, we record the symmetries of a circle, and introduce the Witt monoid.

Notation 2.1.1.

e The monoid Z* is that of integers with multiplication.
The monoid N* is the submonoid of natural numbers with multiplication.

e The circle group is T C C* is the unit complex numbers with multiplication, regarded
as a group-object in topological spaces, thusly presenting a group-object in 8.

Observation 2.1.2. The circle group T presents the group-object in spaces BZ, which is
the deloop of the commutative group Z of integers:

T ~ BZ ( inAIg(S)).
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Consider the natural action of the monoids N* and Z* on the circle group'*:
N* < Z* —» Endgps(T), 7+ (u . u) : (2.1.1)

With respect to the action Z* ( ~ ) T, consider the semi-direct product monoid-object
2.1.1
in 8:
T xZ*.

It is presented by the topological monoid whose underlying topological space is T x Z*,
and whose multiplication rule is the continuous map

(T X Z) X (T X Z) o (T X Z) , (w,7), (2,8)) — (wz",7s) .
Proposition 2.1.3. The map
T % Z* =5 Ends(SY),  (z,7) — (u - zu) : (2.1.2)
canonically defines an equivalence between monoid-objects in 8.

Proof. Evidently, the indicated map canonically lifts along the forgetful morphism
Endrop(S?) forget, Ends(S!), where Top is a convenient category of topological spaces. It
follows that the indicated map is a morphism between monoid-objects in 8.

Next, using the topological group structure of T = S!, the map

Ends(S') =»s'x s, (s'Lshy s (f1), fF()7If),

is an equivalence between spaces. Direct inspection reveals that the composite map
2.1.2 ~
T % zx 12 Ends(S!) — S* x QS! is a product of equivalences, and is therefore an

equivalence. O

Observation 2.1.4. The diagram

T 2% — 12 Endg(sY)
P'l ldeg
ZX m} EndAb(Z)

among monoid-objects in 8 commutes, where the right downward morphism is given by
applying Hy, 15¢ integral homology.

T (1)

14 Through Observation 2.1.2, this action agrees with the functor B applied to the action N*
End(Z).
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Definition 2.1.5. The Witt monoid'® is the semi-direct product monoid-object in 8,
W = T xN*,

with respect to the action N* ( N : T. Specifically, W is presented by the topological
2.1.1

monoid whose underlying topological space is T x N, and whose multiplication rule is
the continuous map

(T X N) X (T X N) — ('JT X N) , (w,r), (2, 8)) — (wz",1s) .

Observation 2.1.6. Using that both of the monoids T and N* are commutative, there is
a canonical identification between monoids:

WP ~ N*xT.
Observation 2.1.7. The canonical projection

BW Ly BN

<N % o~
is a left fibration. It straightens as the composite functor BN * _ e, Groups B s.

Observation 2.1.8. In light of Observation 2.1.4, there is a canonical pullback square
among monoid-objects in 8:

W —— & Endg(S?)

o| Jo

N~ m EndAb(Z)

Furthermore, because the bottom horizontal morphism is a monomorphism, so is the top
horizontal morphism.

Remark 2.1.9. In fact, the Witt monoid can be recognized as the monoid of framed
self-coverings of the circle:

Imm™(SY) ~ W .

15 The notation W stems from the fact that this will keep track of Frobenius and Verschiebung operators,
along the lines of [13].
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2.2. The epicyclic category

Here, we recall the epicyclic category K, and construct a natural functor from it to
BW.

Recall from Terminology 1.2.2 the definition of a cyclically-directed graph.
Definition 2.2.1. The epicyclic category is the co-subcategory

1~\ C Cat(oo,l)

consisting of those (0o, 1)-categories that are the values of Free on finite directed graphs
that are cyclically-directed, and non-constant functors between such. 6

Observation 2.2.2. There is a canonical monomorphism (between co-subcategories of
Cat(oo’l)):

A = Quiv .

Observation 2.2.3. The finite directed graph consisting of a single vertex and no (non-

degenerate) edges is the final object * € Quiv. Consequently, the monomorphism
~ QObservation 2.2.2 . . .
A — Quiv admits a final extension

A” < Quiv,
which is a monomorphism, whose value on the cone point is * € Quiv.
Through a series of observations, we make the category A more explicit.

Observation 2.2.4. Let I" be a finite cyclically-directed graph. Both of the maps from the
set of non-degenerate edges to the set of vertices,

£ & @ L, pO
are bijections between finite sets.

Recall from Remark 1.2.12 the notion and notation of directed paths in a directed
graph.

16 Tn the small handful of places that it has appeared in the literature, Ais actually defined as the opposite
of what we have indicated here. (See e.g. [9] for a foundational survey, which attributes the definition to an
unpublished letter from Goodwillie to Waldhausen dating back to 1987.) We have chosen our convention in
the interest of uniformity.
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Observation 2.2.5. Let T be a finite cyclically-directed graph. Let u,v € T'(©) be vertices.
A directed path from w to v determines, and is determined by, the number of times it
passes through u. More precisely, the map from the set of directed paths in I" from u to
v to the set of non-negative integers,

H{u—>x1—>-~-—>a:k—>v}—>Z20,
k>0

(u—>m1—>~--—>xk—>v)|—>Card{i|xi:u} ,
is a bijection.

Notation 2.2.6. Let T be a cyclically-directed graph. Let v € I'(©) be a vertex. Denote by
e, € M the unique non-degenerate edge in I' whose source is v.

Observation 2.2.7. Let I and = be finite cyclically-directed graphs. By Corollary 1.2.13,
and using Observation 2.2.4 and Observation 2.2.5, the set Homcat (Free(T'), Free(Z)) is
the 0-type in which a point is the following data:

o amap f(O: T — =0 hetween sets of vertices;
e amapd: I'© %Zzo .

Indeed, given Free(T") EN Free(Z), for v € I'®), the value d, € Z >y is that corresponding
through the bijection of Observation 2.2.5 to the directed path f()(e,) in Z, where e,
is as in Notation 2.2.6.

Definition 2.2.8. Let I' and = be finite cyclically-directed graphs. The degree map is
defined through Observation 2.2.7 as

deg: Homcy (Free(T), Free(Z)) — N, (fO d)r— 1+ Y d,.
ver(0)

Observation 2.2.9. The degree map is multiplicative. Specifically, for I", =, and x finite

cyclically-directed graphs, and for Free(T") ER Free(Z) & Free(x), there is an equality
between numbers

deg(g o f) = deg(g)deg(f) .
Observation 2.2.9 enables the following.
Definition 2.2.10. The degree functor

deg: A —s BN
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is given by, for each pair of objects I', = € 1~X, the degree map on spaces of morphisms:

Hom  (T',Z) <& N.

Observation 2.2.11.

(1) By Definition 2.2.1, the space Obj(zNX) is that of finite cyclically-directed graphs.
Consequently, by Observation 1.2.6, for each object I' € A C Cat, its co-groupoid-
completion |I'| ~ St is non-canonically equivalent with a circle.

(2) The previous point implies there is a unique filler in the diagram among co-categories,
A — Cat
- l'*' , (2.2.1)
BEnds(S!) — 8

in which the downward functor is given by taking oco-groupoid-completion.

(3) The diagram among oo-categories

A 71, ®BEnds(sY)

dng/ J{deg

BN* 83 B7Z*
commutes.

(4) After Observation 2.1.8, the previous point gives that the factorization (2.2.1)
uniquely factors further:

A — BW . (2.2.2)

Construction 2.2.12. Let T be a finite cyclically-directed graph. Let C' 2 IT'| be a mor-
phism in BW C BEndg(S!) to the geometric realization of |T'|. By definition, this
geometric realization fits into a coequalizer diagram among spaces:

r =r® —r|.
t
Base change along C EN IT| results in a coequalizer diagram among spaces:

(D = (' T)© — C .
t

Both of the spaces (¢*T)(® and (¢*T)") are finite O-types, and therefore (¢*T)() =
t

(¢*T)©) is a finite directed graph g*T. By its construction, g*T'is cyclically-directed, and
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it is equipped with a morphism ¢g*= — = between directed graphs for whose geometric
=]

realization is identical with C' % |=

Lemma 2.2.13. The functor A tl% SBW is a Cartesian fibration. A Cartesian morphism
with target T, over a morphism C' 2 |U| in BW, is g*T — T of Construction 2.2.12.

Proof. Let T' be a finite cyclically-directed graph. Let D LNFORER IT'| be a pair of
composable morphisms in BW. Because base change composes, there is a canonical
identification (g o h)*T" ~ h*(¢g*T") between directed graphs. We are therefore reduced to

showing A= il BW is a locally Cartesian fibration, with locally Cartesian morphisms
as stated.

Lt =L Thea morphism in A. Consider the resulting morphism ¢y M) BW.

We seek to show there is a unique morphism = i> [/I*T in ]\‘Cl. Well, the morphism

f determines a map =) ~ Obj (Free(E)) ——= R2EIN Obj (Free(T)) ~ I'®) that fits into the
diagram among spaces:

By the universal property of pullbacks, this commutative diagram supplies a unique
map Obj (Free(Z)) ~ 2(0) =% Obi(/) ' ~ Obj (Free(T)). By Observation 2.2.7, the space of

morphisms = ER [fI*T in A is therefore the space of maps Z(©) 4, Z>¢. Now, because deg
is multiplicative (Observation 2.2.9), deg(f) = 1. Consequently, the space of morphisms

=1 |fI*T in K|c1 is contractible, since there is a unique map =Z(© LN Z g for which
1+ > d.=1. O

2.8. The cyclic category

Here, we define the cyclic category, originally defined by Connes, in terms of the
epicyclic category.
Observation 2.2.9 enables the following.

Definition 2.3.1 (/11]). The cyclic category is the subcategory

A CA

consisting of all of the objects, which are finite cyclically-directed graphs, and those
morphisms f for which deg(f) = 1.
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Observation 2.3.2. Observation 2.2.7 implies each morphism I' — Z in A is determined
by its values on vertices. In other words, the functor

Obj: A — Sets
induces monomorphisms between spaces of morphisms.

Observation 2.3.3. There is a canonical diagram among oo-categories in which each
square is a pullback:

A—1=1 BT «
Lo |
A (2.2.2) BW pr BN

In other words, for T' and = finite cyclically-directed graphs, a morphism Free(T") EN
Free(Z) belongs to A if and only if the induced map between co-groupoid-completions

IT| LR |Z| is an equivalence.
2.4. The paracyclic category

We recall the definition of the paracyclic category and some of its properties and
symmetries.

For B and P linearly ordered sets, the P-fold join of B is the linearly ordered set B*"
whose underlying set is the product P x B of underlying sets of P and of B, and whose
linear order is the dictionary order: (p,b) < (p’,b") means either p < p’ or p = p’ and
b<b.

Definition 2.4.1 (/12]). An object in the paracyclic category A is a nonempty linearly
ordered set I for which, for each ¢ < j in I the interval [i,j] C I is finite, equipped
with an action by the additive group Z for which, for each ¢ € I, there is a relation
i <1-¢forallie€ I. A morphism in Ay is a Z-equivariant (weakly) order-preserving
map. Composition is composition of maps. Identities are identity maps.

Example 2.4.2. For each ¢ € N, consider the subset %Z C Q. This subset inherits a linear
order from the standard linear order on Q. This subset is evidently invariant under the
translation action Z ~ Q, which is order-preserving. In this way, %Z is an object in A.

Lemma 2.4.3. FEvery object in A is non-canonically isomorphic with %Z for some ¢ € N.

Proof. Let (Z ~ I) € A. Using that I is assumed nonempty, choose iy € I. Take £ € N
such that [do, 1-io | = {io =jo < j1 <+ <je=1-ip}. Consider the map
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%Z—>I, a— (la)) - jeata) (2.4.1)
where |a] is the floor of the rational number a. The proof is complete upon showing this
map (2.4.1) is an isomorphism in A .

This map (2.4.1) is evidently Z-equivariant. Let a,b € $Z such that (|a]) jea—|a)) =
(LbJ) '.jl(b— [b])- Then (LCLJ — Lbj) 'jé(a— la]) = j((a— la])- This is an element in both of the
half-open intervals

[(la) = (b)) -0, (la) = [b] -+1)-i0)  and  [i0,1-io) .

Note that, for each 0 < ¢ € Z, there are relations in I:
(—C)'io < "'(—1)'i0 <tg<l-tg<---<c-1g.

Consequently, because the intersection of the above half-open intervals is not empty,
then |a] — [b] = 0. It then follows that ¢(a — [a]) = €(b— |b]), which implies a = b. We
conclude that the map (2.4.1) is injective.

We next prove that the map (2.4.1) is surjective. Let ¢ € I. Assume iy < 7. Using that
intervals in I are assumed finite, enumerate the interval [ig,i] = {ig = ko < k1 < -+ <
k, = 1]. The division algorithm in Z implies there exists integers a, u € Z with 0 < p < ¢
such that r = al+ u. Then ¢ = a - j,. Establishing the case in which i¢ > ¢ is similar. O

Observation 2.4.4.

(1) Let A= (Z ~ I) € A be an object. Consider the poset Fun®"(1,[1]) of surjective
functors from the poset I to the poset [1]. This poset is in fact linearly ordered. Via
pre-composition, the action Z ~ I determines an action Z = Z°% ~ Fun®"(I, 1.
In fact, \Y := (Z ~ Fun®9(I, [1])) is an object in A.

(2) The assignment A — AV defines a functor
Ay — AP, A AV
This functor is an equivalence between categories, with inverse given by p°® — (u")°.
Observe the functor

A— Ay, [p] — [p|*Z (2.4.2)

*

in which [p]*Z is the Z-fold join, regarded as a linearly ordered set with Z-action given

by shifting the joinands. We record the following well-known technical assertion.

Lemma 2.4.5 (Proposition 4.2.8 of [16]). The functor (2.4.2) is initial.
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Using that the category AP is sifted, Lemma 2.4.5 and Observation 2.4.4(2) imply
the following.

Corollary 2.4.6. The category A is both sifted and cosifted. In particular, the oo-
groupoid-completion |As| ~ * is final.

Observation 2.4.7. Let A = (Z ~ I) € A be an object.
(65N

e Using commutativity of the group Z, the order-preserving automorphism «) of I is
canonically Z-equivariant, which is to say it defines an automorphism

ax € Auta, () .

o For each r € N* the consider the linearly ordered set {1 < --- < r}*! with order-
preserving Z-action given by

_ ik+1) ,  ifl<k<r
Q.0 (1K) = ( _ ) )
(OL)\(Z)7 k) ) iftk=r

which we regard as an object ¢,.(\) € A.

Lemma 2.4.8. The associations of Observation 2.4.7 assemble as an action

N* x T ~ WP A Ay

Observation 2.1.6

of the opposite of the Witt monoid on the paracyclic category As.

Proof. The automorphism «), as well as, for each r € N*| the object ¢,.()), are each
functorial in A € A, which is to say they define lifts:

Fun(BZ, Aws) Fun(N*, Ax)
/9/’/7 lfgt and /L/(J/’/7 J{evl
Ay ——— Ag Ay % Ag

The lefthand lift canonically assembles as an action T ~ A. The righthand lift,
together with the canonical identifications ¢, o s = @, supplied by the unique iden-
tification between linearly ordered sets {1 < --- < rp{l<=<sb = 1 < ... < s},
canonically assemble as an action N* ~ A . Furthermore, for each » € N* | the identi-
fication between functors (a,, )" = ¢, (), canonically extend the actions T ~ A and

N* ~ A as an action WOP ~ N*xT Ay O
Observation 2.1.6
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2.5. Comparing the paracyclic, cyclic, and epicyclic categories

Here, we observe an action of the Witt monoid on the paracyclic category, and identify
the right-lax coinvariants of this action as the epicyclic category.
Observe the canonical functor

As— A, (Z~I)— Ly, (2.5.1)

where Iz is the finite cyclically-directed graph that is the Z-quotient of the infinite
linearly-directed graph whose set of vertices is the underlying set of I and whose set of
non-degenerate directed edges is that of consecutive relations in I.

Lemma 2.5.1. The square

A (2.5.1) A

{ D_‘ (2.5.2)

* — BW

among co-categories canonically commutes. Furthermore, this square is a pullback.

Proof. We first establish commutativity of the square (2.5.2). Let (Z ~ I) € Ag.
Consider the canonical maps among spaces:

|
BZ ~ sz «—— [Ilhz — |zl ,

in which I is regarded as the free category on the directed graph in which a vertex is
an element in I and a directed edge is a consecutive pair of elements in I. As so, ob-
serve that its Z-coinvariants is the free category on the cyclically-directed graph Iz.
Because oo-groupoid-completion | — | is a left adjoint, it preserves Z-coinvariants. There-
fore, the rightward map is an equivalence. Because I is nonempty and linearly ordered,
the oco-groupoid-completion |I| ~ * is contractible. Therefore, the leftward map is an
equivalence. In summary, there is a canonical equivalence

BZ =~ |Inz| . (2.5.3)

This equivalence between spaces is evidently functorial in (Z ~ I) € A, thereby
assembling as the sought commutativity of the square (2.5.2).

Using Observation 2.3.3, the commutative square (2.5.2) supplies the commutative
square among co-categories:

Ay — A

{ l'fl : (2.5.4)

* — BT



44 D. Ayala et al. / Advances in Mathematics 466 (2025) 110170

Furthermore, because the base-change is associative, Observation 2.3.3 implies (2.5.2) is
a pullback provided (2.5.4) is a pullback. We now show that (2.5.4) is a pullback.
Tautologically, the functor (2.5.1) canonically carries, for each A € Ay, the automor-

phism A =2 X in A to the identity automorphism X —> Nin A C A. Consequently,
the functor (2.5.1) is T = BZ-invariant, thereby extending as a functor from the T-
coinvariants:

(As)r — A (2.5.5)

5.

(2.5.3
Moreover, the identification BZ =~ |)\| is invariant with respect to the automorphism
|ax]. Consequently, the commutative square of (2.5.4) descends as a commutative square

(2.5.5)
(As)ez — A

'd J\—\ : (2.5.6)

As the bottom horizontal functor is an equivalence between connected oco-groupoids,
(2.5.4) is a pullback if and only if the functor (2.5.5) is an equivalence.

By inspection, the functor (2.5.1) is surjective on spaces of objects. It follows that the
functor (2.5.5) is surjective on spaces of objects. So it remains to show the functor (2.5.5)
is fully faithful.

By inspection, the functor Ay — A is surjective on spaces of morphisms. There-
fore, the functor (2.5.5) is surjective on spaces of morphisms. So the functor (2.5.5) is
fully faithful provided it induces a monomorphism on spaces of morphisms. Observe the

canonically commutative diagram among categories:

Ao (2.5.4) A

fgtl J{O bj -

MOdZ(Set) f Set
—)hZ

Now let A = (Z ~ I) and p = (Z ~ J) be objects in A. Choose convex fundamental
domains C C I and D C J. By definition of objects in A, there are canonical identifi-
cations between underlying Z-sets: Z x C = I and Z x D = J. Therefore, the forgetful
functor A — Modgz (Sets) induces monomorphisms between spaces of morphisms:

Homa, (A, i) = Hompmody, (sets) (1, J) =~ Homses(C, D) X Z .
It follows that the canonical map between spaces of morphisms,

Hom(a o )yez (Al [1]) ~ Homa, (A, phz — Homses(C, D) ,
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is a monomorphism. It follows from Observation 2.3.2 that Hom(a ,),4, ([A], [1]) £36),

Homy (), 7) is a monomorphism, as desired. 0O

Corollary 2.5.2. There is a diagram among co-categories,

A A A
J{loc lloc lloc ’ (257)
* BT BW

with the following properties.

(1) Each square is a pullback.

(2) The downward functors are Cartesian fibrations.
(8) The downward functors are localizations.

(4) The horizontal functors are surjective.

(5) The right horizontal functors are monomorphisms.

Proof. Lemma 2.5.1 implies the outer square is a pullback; Observation 2.3.3 implies
the right square is a pullback. By the universal property of pullbacks, it follows that the
left square is a pullback as well, thereby establishing property (1). Consequently, because
Cartesian fibrations are closed under the formation of base-change, Lemma 2.2.13 implies
all of the downward functors are Cartesian fibrations, thereby establishing property (2).

Lemma 2.4.5 gives that the oo-groupoid-completion of the paracyclic category
|A®| < |A%| ~ % is contractible. This is to say that the left vertical functor is a
localization. Properties (1)-(2) thereafter imply all of the vertical functors are localiza-
tions, thereby establishing property (3).

Because the lower horizontal functors are surjective, with the right functor a monomor-
phism, properties (1)-(2) imply the upper horizontal functors are surjective, and the
upper right horizontal functor is a monomorphism, thereby establishing properties (4)-

(5). O

Observation 2.5.3. The actions T ~ Ay and W ~ A« codified by Corollary 2.5.2
agree with the actions of Lemma 2.4.8:

(AO)hT i) A and (A0>r.laxW i} K .

Furthermore, the latter equivalence is implemented by, for each r € N*  the natural
transformation
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that evaluates on each A = (Z ~ I) € A, the functor between categories
ax

- !*I .
mr(A): or(A) = ({1 < e < r}*I)hZ ﬂ) (* I)hZ =1z = ).
2.6. Directed cycles in directed graphs

In this technical subsection, we identify, for each finite directed graph I', the oco-
groupoid-completion of the overcategroy A s in terms of the Witt monoid and a set
of directed cycles in T'.

Recall from Terminology 1.2.2 the notion of a finite cyclically-directed graph.

Terminology 2.6.1. Let I' € diGraphs™ be a finite directed graph.

fin

(1) An directed cycle (in T) is a morphism x —» I in diGraphs
properties.

with the following

e x is either cyclically-directed or x = * is final.

o For any factorization

in diGraphs'cin in which x’ is either cyclically-directed or x’ = *, the morphism ¢

is an isomorphism.

(2) The set of directed cycles (inT') is

Z29(r) = { directed cycles in I' } ,

/~

where ~ is the equivalence relation of isomorphism between cyclically-directed graphs
over I.

Observation 2.6.2. For I" a finite directed graph, there is a monomorphism between sets
F(O) N Zdir(F)

selecting the elements represented by those y — I' in which x = % has a single vertex
and no (non-degenerate) edges.

Notation 2.6.3. Let I' be a finite directed graph.
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Denote by
K/ncl" C K/l"

the full subcategory consisting of those y — I' that are not constant.

Denote by

(Ag)pmr = Aoj{j&/ncr C (Ao)r

the full subcategory consisting of those (X, A ER I') in which f is not constant.

Observation 2.6.4. Let I' be a finite directed graph.

(1)

By definition of a directed cycle, the full subcategory of diGraphsfin /v consisting of
the directed cycles is, in fact, a groupoid. Furthermore, the group of automorphisms
of each object in this category is trivial. As the isomorphism-classes this full subcat-
egory are evidently indexed by the set Z4"(T"), there results a fully faithful functor

Z9"(I') < diGraphs™ /1.

whose image consists of the directed cycles.

The resulting composite monomorphism

Free

Z9(T) — diGraphsﬁ"/F Quiv,p

—
Observation 1.2.5

~ Observation 2.2.3
factors through A‘;F ™ abtCO Quiv,r and, in fact, does so fully faithfully,

fully faithful

z9"(T) Ap (2.6.1)

with image consisting of those xy — I' that are directed cycles.

With respect to Observation 2.6.2, the fully faithful functor (2.6.1) restricts as a
fully faithful functor

fully faithful ~+
_—

Z9r()\ r©® Ajucr (2.6.2)

whose image consists of those directed cycles x — I' that are not constant.

Lemma 2.6.5. Let T be a finite directed graph. The functor (2.6.2) is a right adjoint.
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Proof. Denote the set Z := (Z4"(I') \ T¥). Let (¢ ERN I e K/ncl“. We must show that
the undercategory Z// has an initial object.

By Observation 2.6.4, an object in this undercategory Z// is a non-constant directed
cycle x Ir together with a morphism ( 4, X in A over T:

¢ % T
X / . (2.6.3)
X

By Corollary 1.2.13, the functor f is the datum of a map f(©: ¢(® — T and,
for each pair of cyclically adjacent vertices z,suc(z) € ¢ a linearly-directed graph
{z = y1(2) = -+ = yo._1(2) — suc(z)} together with a non-degenerate extension in
diGraphsi™:

f(O)
{z,suc(z)} 5 T

)
| e
@

{z—=y1 = = ye._1 —suc(z)} I

Consider the cyclically-directed graph Y obtained by cyclically gluing the linearly-
directed graphs {z = y; — -+ = yp._1 —> suc(z) }:

X =<2 J] (H {Z—>y1—>'-'—>yzr1—>suc(z)})~

COICO® ze¢O

’
By construction of Y, there is a canonical morphism ¢ - ¥ in Cat, and a canonical mor-

phism x L Tin diGraphsﬁ", fitting into a commutative diagram among gaunt categories:
fi¢t x>0

in which ¥ is non-degenerate. By construction, the morphism ¢ has degree 1. With
respect to the canonical homomorphism G := Aut,p(X) — Aut(X), there is a canonical

factorization in diGraphs™:

~ quotient 0%

YiX ——— Xjg=x — 1.

Because the group of automorphisms of a cyclically-directed graph is a finite cyclic
group, then G is a finite cyclic group. Because 7 is non-degenerate, the map - is also
non-degenerate; because f is not constant, then ~ is not constant. Furthermore, by
:=quotientoq’

construction, the map + is a directed cycle. We have a factorization f: ¢ %
x 5 T as in diagram (2.6.3). In particular, the undercategory 2/ /" is nonempty. Lastly,



D. Ayala et al. / Advances in Mathematics 466 (2025) 110170 49

the construction of this object is such that it is initial in the undercategory Zf/, as
desired. O

Corollary 2.6.6. Let I' be a finite directed graph. There is a W°P-equivariant functor
(Z9(C)\TO) x W — (As) jner
that is a right adjoint.

Proof. Consider the general set-up. Let &g L e bea fully faithful right adjoint between
oo-categories. Denote its left adjoint as &g & & and its unit as ide & pX\. Let € 5 B
be a Cartesian fibration between oo-categories. Let b € B. Consider the span among
oo-categories:

8|b ev

€0 x BY T €o X Ar(€)*1 = Ar(€) ) = €

B e
Because 7 is a Cartesian fibration, the leftward functor is a left adjoint localization, with
right adjoint given by selecting the m-Cartesian morphisms. Because &g L eisa right
adjoint, the rightward functor is a right adjoint, with left adjoint given by 7. Using that
the composition of right adjoints is a right adjoint, we have a right adjoint functor among
oo-categories:

Eox BY — & . (2.6.4)
B

Furthermore, this functor is evidently Endg (b)°P-equivariant.
Now, specialize these parameters as follows.

o Take (80 Le) = (z9(r) \ 1@ 52, K/nc]_" . Observation 2.6.4(3) ensures the
named functor is indeed fully faithful; Lemma 2.6.5 ensures the named functor is

indeed a right adjoint.

~ — Of S
o Take (8 N TB) = (A/ncF M ’BW). Using that, by definition, each morphism
in A is a non-constant functor, the forgetful functor A Jrer foroet, Risa right fibration.

Lemma 2.2.13 states that the functor A tlﬁ BW is a Cartesian fibration. Because
the composition of Cartesian fibrations is a Cartesian fibration, the named functor is
indeed a Cartesian fibration.

e Take (be B) = (x € BW).

Using that Z9"(I'") \ T'®) is a O-type, there is a non-canonical identification between WP
spaces:

(T ONT®) x W~ (Z97(0)\TO) x Endyw (x) = (Z7()\TO) x BW
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Using Lemma 2.5.1, there is a canonical identification (A) nep = (:&/ncr‘)‘*. So the
equivariant right adjoint (2.6.4) can be identified as a W°P-equivariant right adjoint

(Z@NTD) x W — (Ap) rer
as desired. 0O

Corollary 2.6.7. Let I be a finite directed graph. The oo-groupoid-completion of the over-
category AO/F = Ay x (Quiv)/r, as it is equipped with the resulting WP-module
Quiv

structure, is canonically identified as the W°P-space

)

r(f’)]_[((zd"(r)\rw)) x W) ~ A

where T'©) is the set of vertices of I, Z9"(T") is the set of directed cycles in T', and W is
the underlying space of the Witt monoid.

Proof. The proof is complete upon explaining the following sequence of equivalences
among W°P-spaces:

’AO/F‘ = ’AO/CFHAO/"CF
I |Ag jrep

12

’AO/CF
0O % AT A jnep

1R

12

PO S [AG|TTAG juer

R

F(O) I |A0/ncr

r(© ]_[((zd"(r)\r<°>) x W) .

R

Consider the full subcategories
Ao s Aopmp C Ag)p

consisting of those pairs ()\, PER I‘) in which f is respectively constant and not constant.
Note, also, that every object in A s belongs to one of these two full subcategories. Note
that there are no morphisms in A T from an object in one of these full subcategories
to an object in the other. Therefore, the canonical functor

AQ/CF I AO/ncl" — AO/F (2.6.5)

is an equivalence. This implies the first equivalence. The second equivalence follows from
the fact that oo-groupoid-completion preserves coproducts.
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Observe that the canonical functor
Ao xTO =5 Ag e, (o) — (LA 25T,

is an equivalence between categories. This implies the third equivalence. The fourth
equivalence follows from the fact that co-groupoid-completion preserves products, and
that T(©) is a set. Corollary 2.4.6 implies the fifth equivalence. Corollary 2.6.6 implies the
last equivalence, since adjunctions induce equivalences on co-groupoid-completions. 0O

3. Universal Hochschild homology

One might reasonably regard the functor A% £ Quiv®® as a category-object in Quiv®P.
Regarded as so, we contemplate its Hochschild homology HH(p). The category Quiv°®P
admits very few colimits, and this Hochschild homology does not exist in Quiv®®. In this
section, we formally adjoin HH(p) to Quiv®®, keeping that finite products exits, resulting
in an oo-category M. By construction, for X an co-category that admits finite limits and
geometric realizations such that products distribute over geometric realizations, then for
C a category-object in an oo-category X there is a unique extension

. o Repe
(Quiv)°P — X

j /,f”éve

M

such that ﬁ:a?)e preserves finite products and ﬁ?af)e: HH(p) — HH(C). Remarkably, we
give an explicit “object & morphism” description of this universal M. As so, the en-
domorphisms of HH(p) in M codify universal (possibly non-invertible) symmetries of
Hochschild homology of any (oo, 1)-category.

3.1. Definition of Hochschild homology

For this subsection, we fix an oo-category X that admits finite limits and geometric
realizations. We are now positioned to define Hochschild homology of an (oo, 1)-category,
and more generally of a category-object in X.

Notation 3.1.1. Consider the composite functor

Ao (2.5.1) 1’{ Observation 2.2.2

Quiv , (Z~I)— Lz , (3.1.1)

whose image consists of the cyclically-directed quivers. We write

A (2.4.2) (3.1.1) Quiv ,

Ag
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l— - —p-1

[p] — / \

0 D

for the resulting composite functor.
Definition 3.1.2. (Non-stable) Hochschild homology is the functor

3.1.1)

HH: fCat;[X] — X, € +— colim (A%P LGIEON Quiver Rere DC) .

Observation 3.1.3. The functor HH of Definition 3.1.2 exists. Indeed, Lemma 2.4.5 states
that the functor A M) A5 is initial. Therefore, for each category-object C in X, its

(non-stable) Hochschild homology can be computed as a geometric realization. Specifi-
cally, the canonical morphism is an equivalence:

. o X . op Repe ~
colim (A P = QuivP —= f)C) — HH(C) .

Observation 3.1.4. Let C be a category-object in X.

(1) The value of the functor A % Quiv on [0] is the cyclically-directed quiver x([0])
with a single object. This quiver x([0]) corepresents endomorphisms in C:

Repe (x ([0])) =~ Ende .

Consequently, there is a canonical morphism in X:
Ende — HH(C) . (3.1.2)

(2) The quiver % with a single object and no non-identity morphisms is a final object in
Quiv. This quiver * corepresents objects in C:

Repe(x) ~ Obj(C) .

As so, the unique morphism x ([0]) 4 in Quiv corepresents the morphism

“e s ide”

Obj(C) —< 1", Ende

that selects identity endomorphisms. Consequently, there is a canonical composite
morphism in X:

Obj(C) “c s id,” Ende (3.1.2)

HH(C) .
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3.2. Connected quivers

Notation 3.2.1. The full co-subcategory
Quiv®" C Quiv

consists of those quivers that are connected (ie, those finite directed graphs I" whose
geometric realization |I'| is connected).

Proposition 3.2.2. The full co-subcategory Quive®" C Quiv freely generates Quiv via finite
categorical coproducts. More precisely, the following assertions are true.

(1) The oo-category Quiv admits finite coproducts.

(2) Let T be a quiver. There is a finite set A and an A-indexed sequence of connected
quivers (I'y)aca together with an equivalence in Quiv:

[[r. —T.
acA

(8) Let T and TV be quivers. Let = be connected quivers. The canonical map between
spaces

Homquiy (Z,T) ] [ Homquiv(Z.T") — Homqu (E, T I T")
s an equivalence.

Proof. Observation 1.2.7 immediately implies Quiv admits finite coproducts.
We now show that Quive®" C Quiv generates Quiv via finite coproducts. Let I" € Quiv
be an object. Through Observations 1.2.5, I" is the datum of a finite directed graph. As

a finite directed graph, there is a unique identification as a coproduct in diGraphsﬁ"7

]_[ Iy —T,
T emo(|T))

in which each I',, is a connected finite directed graph. Observation 1.2.7 implies the
canonical morphism in Quiv is an equivalence:

]_[ r, —T.
FQEWO(‘FD

This shows that Quive®" C Quiv generates Quiv via finite categorical coproducts.
We now show that Quiv™®" C Quiv freely generates Quiv via finite categorical coprod-
ucts. For this, it remains to show that the restricted Yoneda functor
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Quiv — PShv(Quiv™") , T (5 > HomQuiv(E,I‘)) ,

preserves finite coproducts. So let I', IV € Quiv and let Z € Quiv®®". We must show the
canonical map Homquy (E,T) [[ Homquiw (B, T") — Homqui(E, T IITY) is an equivalence
between spaces. Well, this canonical map canonically factors as a composition of maps:

Homquy (B, T IITY) — Homcat . ,, (Free(Z), Free(I' IIT"))

—

— Homcat,.. ,, (Free(E), Free(T") II Free(I'))

= Homcat . ., (Free(Z), Free(I)) H Homcat . ,  (Free(Z), Free(I'))
= Homquiv(Z2,T HHomQu,v .

The first and last maps are equivalences because Quiv C Cat( 1) is a full co-subcategory.
The second map is an equivalence because, as Observation 1.2.7 implies, the functor the
inclusion Quiv < Cat( 1) preserves finite coproducts. It is a feature of Cat( 1) that
the third map is an equivalence, using that any two objects in Free(Z) are related by a
zig-zag of morphisms in Free(Z). O

Corollary 3.2.3. The category Quiv has the following features.

(1) Each object in Quiv is canonically identified as a finite coproduct of connected quivers.
More precisely, there is a canonical equivalence between commutative monoids:

Obj(Quiv) =~ Freecom(Obj(QuivC"”))

~ Freec ( H BAut .. i con (T ) '
Corollary 1.2.16 om » diGraphfin con( )
[[] €7 Obj(diGraphfin-con)

(2) Let T',Z € Quiv be objects. Through the previous point, there are canonical finite
sets A and B together with an A- and a B-indexed sequence (I'y)aca and (Eg)sen

of connected quivers together with identifications [[Tq ~ T and [][ Eg ~ E in
a€cA peB
Quiv. Through these identifications, there is a canonical identification of the space

of morphisms in Quiv from T’ to =:

HomQuiv(F,E) ~ H H Homquiveor (T, Z5) -

BEA a€B

3.8. The category M"

con

Recall from Notation 3.2.1 the full co-subcategory Quiv="" C Quiv consisting of those
quivers that are connected. Note that the functor A Observation 2.2.2, Quiv factors through
the full co-subcategory Quive®" C Quiv. The functor (2.5.1) and Observation 2.2.2 supply

a composite functor:
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monomorphism %~ monomorphism . <
Ay — A P A P Quiv" , A— A (3.3.1)
Observation 2.2.2

Definition 3.3.1. The co-category M ", as it is equipped with a functor

. 4
(QUIVcon)op —% 5 eon ,

3.3.1
is initial among all such for which the colimit of the composite functor AP (3:3.1)
(Quiveem)er %, M®°" exists. The oriented circle is the colimit
1 . . op (3.3.1) ;. conyop g con . — con
St = colim( A%Y ——= (Quiv=")? = M o~ colim 7w € M™" .

Notation ne eA%’

Remark 3.3.2. After Lemma 2.4.5, Definition 3.3.1 grants the existence of a colimit of
the composite functor

(2.4.2) (3.3.1)

A (Quivem)°P v

Definition 3.3.1 immediately yields the following.

Observation 3.3.3. Let (Quiv=")°P 5 X be a functor to an oo-category with geometric
realizations.

(1) There is a canonical extension among co-categories, initial among all such:

(Quiveenyer — Y E r X

5l e
///,,’.0,\‘-\3\ I
Mcon - 2N

2) This functor F has the property that it preserves the colimit of A% —>(3‘3‘])
( property p X

(Quive®™)°P_ which is to say the canonical morphism in X,

Colim(A%p (3.3.1) (Quivcon)op i x)
= F(colim(A% L2 (Quivemye L M) )

is an equivalence.

Definition 3.3.1 lends the following.



56 D. Ayala et al. / Advances in Mathematics 466 (2025) 110170

Observation 3.3.4.

(1) The restricted Yoneda functor

M Homygeon (6(—),M)

Meen PShv((Quiv=")P) (3.3.2)

is the functor of Observation 3.3.3 applied to (Quiv=")°P Yo, PShv((Quiv")°P).

(2) In particular, this restricted Yoneda functor (3.3.2) preserves the colimit of the func-

tor A?)p ﬁ) (QuiVCOn)op ﬁ) PShV((QUivcon)OP),

(3) Furthermore, this functor (3.3.2) is fully faithful; its image is the smallest full co-
subcategory that contains (Quiv®®")°P G PShv((Quiv®")°?) and that contains the
o

colimit of A% 25y (Quiveen)op X2, PShy((Quive")ep).

(4) In particular, the canonical functor (Quive®")°P 25 M is fully faithful.

Each cyclicly directed graph is, in particular, connected. Therefore, the functor
A Observation 2.2.2, Quiv factors through the full co-subcategory Quivc®" C Quiv. Re-
call the Definition 2.1.5 of the continuous monoid W, and the functor A — BW from

Observation 2.2.11(4).

Observation 3.3.5. After Corollary 2.5.2, Definition 3.3.1 immediately grants the exis-
tence of a left Kan extension:

Kol;pbservation 2A‘§A2(Quivcon )op 5 een
5
lo{ v (3.3.3)

BWOP -~

Definition 3.3.6. For A < X — B a span among co-categories, their parametrized join
is the oo-category:

A§3 ::AHDCquB.

Xx{s} Xx{t}

Observation 3.3.7. Let A < X — B be a span among oco-categories. Let Z be an co-
category. Unwinding the universal property of pushouts defining the parametrized join
A¥ B, the data of a functor

x

AxB — Z
x

is the data of a lax-commutative diagram:
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W K

MW —

—_—
1
—_—

Observation 3.3.8. Through Observation 3.3.7, the lax-commutative diagram (3.3.3) is

precisely the data of a functor between co-categories'”:

(Quiv®")°P e BWP —s M . (3.3.4)
Aop

Proposition 3.3.9. The functor between oco-categories (3.3.4) is an equivalence.

Lemma 3.3.10. Let A < X — B be a span among oo-categories. The co-category AdB
x

1s characterized by the following properties:

(1) There are fully faithful functors,

A = AkB <« B,
X

which are jointly surjective on objects.

(2) Let a € A and b € B, regarded as objects in A%B. The space of morphisms
X

HomA*g (b, a) - (Z)
X
while the space of morphisms
_ a/ a/
HomA*B(a,b) = |X = AY x X x B/b
x A

is the oo-groupoid-completion of the over-under oo-category, with the evident (A, B)-
bimodule structure.

(3) If, for each b € B, the functor X, — A is a Cartesian fibration, then
Hom g (a, ) = Xy = {a} X X x B,
If, for each a € A, the functor X* — B is a coCartesian fibration, then

17 Equivalently, this is a functor

BW A Quiv” — (M™")* .
A
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H b = |x = X x {b}| .
omuuxn(a,b) = |X/ = {a} x X x {3}

If A < X — B is a bifibration, then
— |yle .—
Hom g (a,b) = ‘:x“) = {a} x X x {b}‘ ,

Proof. Statement (3) follows from (2), using that the respective fully faithful functors
DC‘/{Z s I)C% and xfb/ s DC% are adjoints if the functors X — A and X — B respectively
satisfy the named conditions.

Consider the Cartesian fibration

ClrA+X) == A J] xx{o<1} 25 {0<1}
Xx{0}
that is the unstraightening of the functor {0 < 1}°P AN, Cat. Consider the coCarte-
sian fibration

(X = B) == Xx{1<2} [[ B ={1<2}
Xx{2}

X—B
that is the unstraightening of the functor {1 < 2} X2PB) Cat. Consider the functor
between pushouts:

€= CQirA+«X) J] ovx—8) —{o<1}J[{1<2} = [2.
Ax{1} {1}

By definition of exponentiable fibrations (see [4, Sect. 5.3]), this functor & — [2] is an
exponentiable fibration. By construction, there is a canonical functor filling a diagram
among oo-categories,

{sHII{t} &~ 2

in which both squares are pullbacks. Statement (1) follows from the left square being
pullback. Statement (2) follows from Lemma 5.16 of [4]. O

Proof of Proposition 3.3.9. We use the description of parametrized joins given in
Lemma 3.3.10. Namely, we show that the canonical functors (Quive®")°P — M" and
BWP — M™" are fully faithful, then identify the spaces of morphisms in M®" be-

con)

tween objects in (Quive®")°P and BWP. Observation 3.3.4 implies the canonical functor
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(Quive™)oP — M" is fully faithful. We next show the functor BWP — M " of Ob-
servation 3.3.5 is fully faithful. Through Observations 3.3.5 and 3.3.4, this functor is the
left Kan extension along the localization of Corollary 2.5.2:

Xopbscrva‘cion Z'g'Z(Quchon)OP Yo PShV((QUchon)Op)

oy
Iocl z /_,,——”’

By the universal property of left Kan extensions, the above lax-commutative diagram
factors as the lax-commutative diagram

Kop Yo PShV(KOp) PShv(Observation 2.2.2) PShv((Quivcon)OP)
loc 4 restriction (335)
op op
BW T) PShV(%W )

Now, the Yoneda lemma gives that the two functors labeled as so are fully faithful.
The upward functor is fully faithful because it is restriction along the localization of
Corollary 2.5.2 The top right horizontal functor is fully faithful because it is induced by
the functor A% — (Quiv®")° that Observation 2.2.2 states is fully faithful. We conclude
that the composite functor BW — PShv((Quiv="")°P) from the bottom left term to the
top right term in (3.3.5) is fully faithful, as desired.

Now, let I' € Quiv®®" be a connected quiver. Recall from Definition 3.3.1 the object
St € BWP c M", which represents the unique equivalence class of an object in
BWP. We now show Hompgen (S, T) = @ for all I' € Quive®". By Definition 3.3.1,
St := colim(A% — AP — A% C (Quive")oP C M"). So Homyger (S, T) is the space
of extensions as in the diagram among oco-categories:

AP IT{T} —— A% IT (Quiv®")°P —— A% IT (Quiv®")°P —— (Quive™")*”

It is therefore sufficient to show there are no extensions as in the diagram among oo-
categories:

l . (3.3.6)
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Consider the oo-category J := (— =% +) cousisting of two objects and two parallel non-

top
identity morphisms. Consider the functor J — A selecting [1]*2 = [1]*Z in which
bottom

top(i, k) := (i,1) and bottom(i, k) := (4,0). By explicit computation, observe that the
equalizer of top and bottom is empty:

lim(7— Ao = A = & = Quv™" > Catioer)) = 0.

Recall that, for € € Cat(,1), the space Homcar, (€, 0) # @ is nonempty if and only if
€ = () is initial. Using this, the existence of the canonical functor

Iim(Ao < A= A= Quive" — Cat(oql))
— Iim(J - A —A— A — Quive" — Cat(oql))
therefore implies
Iim(AO — A= A= Quiv" — Cat(ooﬁl)) =0.

Using this recollection again, in turn, implies there are no extensions as in dia-
gram (3.3.6).
We now show that the canonical map between spaces,

Hom quiveeryor % sswer (I, S') — Homageen (I, S1) (3.3.7)

Aop

is an equivalence. We now explain that this map canonically factors as a composite
equivalence:

Hom (quiveen)or % wer (I, )

A°P

@’(KOP)%J (3.3.8)
| (A% (3.3.9)
—[(a)| (3.3.10)
é((A%P ~ (Quiv°°“)°P)Ar_ﬁb) . (3.3.11)
= HOomRFib gy ((QUIVE)) 1, (A (Quv)), ) (3.3.12)
L HOMpsh((Quiveny») (r, St((A% — (QuivC°")°P)]ﬁb)) (3.3.13)
L HOMpsh((Quiven») (F, Sl) (3.3.14)

= Homygen (TS . (3.3.15)
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The equivalence (3.3.8) is the characterization of hom-spaces in parametrized joins
(Lemma 3.3.10(2)). The equivalence (3.3.9) is the reduction of hom-spaces of
parametrized joins (Lemma 3.3.10(3)) facilitated by Corollary 2.5.2 which implies the
functor A% — BW® is a coCartesian fibration. The equivalence (3.3.10) follows from the
outer square of Corollary 2.5.2 being a pullback. The co-category (A — (Quive")%P), o
is the domain of the right-fibrationing of the functor A% — (Quiv®")°P. It is a local-
ization of the Cartesian-fibrationing of the functor A — (Quive")°P, which is the

con)

composite functor'®

Ar ((Quive™)®)  x AP P Ar((Quivee")%P) —2s (Quiv)*P .
(Quivcon)cp

The fiber of this Cartesion-fibrationing over I' € (Quiv™")°" therefore the oo-
undercategory (AP)L/. Proposition 3.25 of [2] states that the fiber over I' € (Quiv<")°P of
this right-fibrationing is the oo-groupoid-completion of this co-undercategory (A%p)F /.
The right-fibrationing of x* D, (Quive")P is ((Quive")°P) p (Quive°™)°P. The
equivalence (3.3.11) then follows from the universal property of right-fibrationing. The

forget

equivalence (3.3.12) is a consequence of the fact that the Straightening construction is
fully faithful. The equivalence (3.3.13) is an instance of the fact that the straightening
of a right-fibrationing is identical with the colimit:

St(ﬂqﬁb = e) ~ colim(X — € X PShv(€)) .

The equivalence (3.3.14) is the definition of the object S' € M®" C
Observation 3.3.4(3)

PShv(Quiv®®")°P) from Definition 3.3.1. The equivalence (3.3.15) follows from Obser-
vation 3.3.4(3). Finally, the sequence of maps indeed factors the map (3.3.7) because,
from the definition of S! as a colimit in M" C PShv ((Quiv™")?®) =~ RFib(quiyeonyer, the
diagram among spaces

(3.3.11) (3.3.12)

A | ——> (A% = @) ) T Homgane (((QUVT)P) 1 (A% = (@Quiv)"), )

(3.3.8)-(3.3.10) lu«&)<w>
(3.3.7)

Hom (quiveenyor % sswer (T, S') Homager (T, S1)
=

commutes. This completes the proof of the proposition. O

Corollary 3.3.11. The co-category M" has the following explicit description.

(1) M is a (2,1)-category.

evy

18 The implicit functor in this pullback is Ar ((Quive®")*®) =5 (Quive")*, target evaluation.
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(2) Each object in M" is either a connected finite directed graph or equivalent with S*.

(8) For M, N € M®", the space of morphisms in M™" is canonically identified as

MO [z M)\ M) x W | if M € Quv™ & N ~ S’
Homquiv (N, M) , if M, N € Quiv®"

w , if M,N ~ S?t

0 L if M~ S & N € Quive™

Homyygecon (M, N) =~

where, if M is a finite directed graph, M©) is the set of vertices of M and Z97 (M)
is the set of directed cycles in M.

(4) Through these identifications, the evident W = Endygen(S1)-module structure
agrees with that on Homaygen (—, SY) given by post-composition.

Proof. To prove statement (1) is to prove that, for each pair M, N € M™" of objects,
the space Homyqen (M, N) is a 1-type. Through statements (2) &(3), this is to show that
each of named spaces of morphisms is a 1-type. Because the circle T is a 1-type, the

continuous monoid W°P o~ N> x T is a continuous monoid-object in 1-types.
Observation 2.1.6

For each pair I, Z of finite directed graphs the spaces I'© and Z4"(I") are 0-types, and
Lemma 1.2.15(1) implies Homqy (I, E) is a 0-type. In summary, statement (1) follows
from statements (2)&(3). It remains to establish statements (2)-(4).

Proposition 3.3.9 implies the functor (Quive®")°P e BWP — M" is surjective on
Ao»
spaces of objects. This implies statement (2).

Proposition 3.3.9 implies the functors (Quiv®®")°P — M" and BW?P — M" are
fully faithful. This establishes the middle two identifications of hom spaces in state-
ment (3). Proposition 3.3.9 also implies the last identification of the hom space in state-
ment (3). It remains to establish the first identification of the hom space in statement (3).
So let I' be a connected quiver. Statement (3) is therefore proved upon establishing the
following sequence of equivalences among spaces:

r© H(Zdir(l") \ I‘(O)) x W Corou;_?y . |AO/F|
Corolla:ry 2.5.2 | (A/F) [S? |
~ |~S1/
Corollary 2.5.2 & Lemma 3.3.10(3) /T
~ Hom%WtQuivcon (Sl, F)
A

Hom(Quivcon)op * BWor (F7 Sl>

~
(‘)DP AoP

>~ HomMop (F781)

Proposit_ion 3.3.9
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The first equivalence is Corollary 2.6.7. The second equivalence follows from the
base-change statement of Corollary 2.5.2. The third equivalence is a consequence of
Lemma 3.3.10, using the Cartesian fibration statement of Corollary 2.5.2. The unla-
beled equivalence follows from the characterizing definition of spaces of morphisms in a
parametrized join. The penultimate equivalence follows from the definitional fact that,
for X an oo-category, and for z,y € X objects, then Homg (z,y) ~ Homsgcer (3, 2). The
last equivalence follows from the fully faithfulness of Proposition 3.3.9.

Statement (4) follows from the fact that the identification of Corollary 2.6.7 is as a
WeP-module. O

3.4. The category M

Just as the category Quiv can be constructed from the category Quive" by freely
adjoining finite coproducts (Proposition 3.2.2), here we freely adjoint finite products to
the oo-category M" of Definition 3.3.1.

Definition 3.4.1. The oco-category M, as it is equipped with a functor Quiv°® LN M, is
initial among all such for which

3.3.1
(1) the colimit of the composite functor AZY 3D Quivee s M exists;
(2) M admits finite products, and the functor ¢ preserves finite products.

The smooth oriented circle is the colimit

) 3.3.1 . s L
St .= cohm(A%p g) Quiv®? —>M> ~ colim w € M.
Notation MOEAZ;

The 0-disk and the 1-disk are, respectively, the objects
D% := §(p(0)) € M and D' := §(p(1)) € M.
Definition 3.3.1 immediately yields the following.

Observation 3.4.2. Let Quiv®P I X be a finite-product-preserving functor to an oo-
category with finite products and geometric realizations.

(1) There is a finite-product-preserving extension among co-categories, initial among all
such:

. V F (Xx-preserving)
Quiv®

6J, JEptay ;;(\,'m@

== %‘pfe

X

-1
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~ 3.3.1
(2) This functor F has the property that it preserves the colimit of A M Quiv°P,
which is to say the canonical morphism in X,

colim(A%p B3, QuiveP £ DC) =5 ﬁ(colim(A%p B3, Quiv®® % M))

is an equivalence.
Definition 3.3.1 can be rephrased as follows.

Observation 3.4.3.

(1) The restricted Yoneda functor

M HomM(é(—),M)

M

PShv(Quiv°?) (3.4.1)

is the functor of Observation 3.4.2.

(2) In particular, this functor (3.4.1) preserves finite products and the colimit of the
diagram A% & QuiveP.

(3) Furthermore, this functor (3.4.1) fully faithful; with image the smallest full co-
subcategory that contains Quiv®? g PShv(Quiv°®P), that is closed under finite prod-
(o]

ucts, and that contains the colimit of AP G2, Quive® % PShv(QuivP).

(4) In particular, the canonical functor Quiv® O M is fully faithful.

Notation 3.4.4. In light of Observation 3.4.3(4), we often do not distinguish in notation
an object I' € Quiv and its image §(I") € M.

Observation 3.4.5. By Definition 3.3.1, there is a canonical functor
M — M, (3.4.2)

which has the following properties.

(1) This functor (3.4.2) is initial among such functors under (Quiv=")°P.

(2) This functor (3.4.2) preserves the colimit of the diagram A EDN (Quiveem)er:

Meen > st — st € M .

Definition 3.3.1 Definition 3.4.1

(3) This functor (3.4.2) is fully faithful since the functor PShv((Quivc°")°P) —
PShv(Quiv®P), given by left Kan extension along the fully faithful inclusion

(Quive™)oP — Quiv® Yo, PShv(Quiv®P), is fully faithful.
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Notation 3.4.6. For M, N € M, we denote their categorical product in M as M U N €
M.]Q

Remark 3.4.7. We use Notation 3.4.6 because we believe it averts needless confusion.
Indeed, with that notation, the defining condition that Quiv®? % M preserves finite
products implies, for each I', 2 € Quiv, there is an identification in M:

S(TIE) ~ §(I)USE) .

Observation 3.4.8. Let T" be a quiver. Let C' be a finite set. Since products in PShv(Quiv®P)
distribute over colimits in each variable, we have that the canonical morphism in
PShv(Quiv®?),

colim <(Hﬁc) X F) = (sH*xr,

OPyx C
(H)eec €(AR)*C \ 2t

21

is an equivalence.?’ In particular, the lefthand term belongs to M,?! and as so witnesses

a colimit in M.

For the next result, let =, " € Quiv. Consider the functor

(Ax)*¢ — Quiv, (te)cec — (HHC) ar. (3.4.3)
ceC
With respect to this functor, consider the oo-overcategory: ((A) Xc)/E = (AO)XCQX_

QUiV/E.

Corollary 3.4.9. Let =, T € Quiv. The canonical functor

((AQ)XC)/E — Homa¢ (0(2), (SHC Ls(I)) , (3.4.4)
((gf) 5 E) — (5(5) 2, (Cel_cld(ﬁc)) LI §(r) “ememiealy (s1)HC Ly 6(F)) :

witnesses an co-groupoid-completion: |((AO)XC)/E‘ =5 Homx (6(2), (SHC ua(T)).
Proof. The functor (3.4.4) canonically factors as the following sequence functors,

((A6)*€) .2

19 Warning: M U N is not the coproduct of M and N in M.

20 This product [] &, x I in PShv(Quiv®®) is the value of the C-indexed coproduct (II m.) T in Quiv by
ceC ceC

the Yoneda functor Quiv®? Yo, PShv(Quiv®?).
21 Through Notation 3.4.6, this object is denoted (S*)“C LT € M.
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localization C0|im((A?)p)XC (3.4.3) QUiVOp Homquiy (—,E) 8)
Hompshy (Quiver) (E,colim((A°p)XC (843) 2, Quiver Yo PShv(Quiv® )))

HorﬂPShv(QuwOp ( XC H F)

Homae (6(2), (SHMC La(T)) ,

!

which we explain. The oo-category ((As)*¢) - over (Ay)*C is the unstraightening

of the functor (AY)*¢ G2, Quiver

functor ((AQ)XC)/E — coIim((Ag’)XC Quiv®®

oo-groupoid-completion. The second map between spaces is an equivalence because the

evaluation functor PShv(Quiv®®) =55 8 preserves colimits. The first statement of Ob-

/=
H uiv (=2 1 i
""“Q—()> 8. Therefore, there is a canonical

(3.4.3) Homqui (—,Z)
2, —

8) witnessing an

servation 3.4.8 gives that the third map between spaces is an equivalence. The second
statement of Observation 3.4.8 gives that the last map between spaces is an equiva-
lence. O

Lemma 3.4.10. Let C be a finite set. Let T' be a quiver. The functor

(AEJD;)>XC — QUiV;F()S1)HCHF = Quiv®® ;[M/(Sl)ucur ) (MC)CEC — ('_lﬂc) ur,
ceC
(3.4.5)

is final. In particular, Corollary 2.4.6 implies the co-category Quiv‘;F(’Sl)ucuF is sifted.
Proof. Let = € Quiv. Let = % (SHYC UT be a morphism in M, regarded as an ob-
ject in QUiV?'Esl)uch- With respect to the functor (3.4.5), consider the oo-undercategory

((AOP)XC)f/ (AP)*C X (Quiv(/)‘zsl)ucur)f/. Observe the commutative dia-

QT e

gram among oo-categories:

><C)f/ N ((A?)P)XC)E/

)
J l(:m.ax) : (3.4.6)

) 3
J | . (3.4.7)
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Notice that the diagram (3.4.6) is a pullback. Using that the bottom right term in
the diagram (3.4.6) is an oo-groupoid, it follows that the diagram (3.4.7) is also a
pullback. Therefore, the top left co-groupoid in (3.4.7) is contractible for each f €
Homx (E, (SHUCu I‘) if and only if the right vertical map is an equivalence. By Quil-
len’s Theorem A, this is to say that the functor (3.4.5) is final if and only if the right
vertical map in (3.4.7) is an equivalence, which Corollary 3.4.9 ensures. O

3.5. An explicit description of M

The next results give an explicit description of the oo-category M.
The next result characterizes the spaces of morphisms in M.

Lemma 3.5.1. Let A, B, C, and D be finite sets. Let (I'y)aca, and let (E3)secn, be
an A-indexed, and a B-indezed, sequence of connected quivers. Consider the objects

M = (SHYC“ U | T, € M and N = (SH™P U || E5 € M. There is a canonical
acA BEB
identification of the space of morphisms in M:

D
Homag (M, N) ~ (HomMm(Sl,Sl)HC 11 ] ] Homager (ra,sl))X
acA

X H (H HOmMcon(Fa7EB)) .

BeEB acA

Proof. Denote I' := [[ Ty € Quiv and E := [] Eg € Quiv. We explain the following
acA BeB
sequence of equivalences among spaces:

Homae (M, N) =~ Hompe((SH)-C LT, (SY)P UE) (3.5.1)
+—Homy (IE_CI (Afggg% XC) uT, (SH*Pu E) (3.5.2)
——+Homay ((,\U)(é?lAir‘g’)XC (cel_lcxc u F), (sHHPu E) (3.5.3)
i>(AC)C€CIiEn(wAO)XCHomm (IE_ICX ur,(sh)-Pu E) (3.5.4)
~ (Ac)ceclien?Ao)xc (HomM (CECXC ur, Sl) x D

x Homag (|E_C|X ur, E) (3.5.5)

- <<Ac)cec“e”<]Ao)XcHomM (|e—c|X . Sl» h
Xy im  Homay (CGCXC ur, E) (3.5.6)



68 D. Ayala et al. / Advances in Mathematics 466 (2025) 110170

~ _ xD
<;< lim HomM<|_|)\c|_IF7 colim ﬁ))
(Ae)ecec€(Ap)*C ceC neEA®

x lim Hom ( X,ur,z) 3.5.7
(AC)CECE(AO)XC M cel_lc' ¢ ( )

~ _ xD
<;( lim colim Homaquiy (ﬁ,F I H/\))
(A)eec€(A0)XC PeA =

X lim HomM( N UT,E 3.5.8
(A)ecc€(A5)*C % ) (3.5.8)

~

<_<(/\) lim colim HomQuiv(ﬁaFH HXC>>XD

. A xC oc AP
cc€(Ap) HOEAF ceC

x lim Hom uiv(a,ru XC) 3.5.9
(Aoecce(As)xe 3 ]e—lj (3.5.9)

~

_ xD
<;( lim colim Homgquiy (H,F 11 H/\C)>
(A)eec €(AG)XC e eA® brs

X lim HomQuiV(E , T 11 Xc) 3510

Blge“c)cecﬂAo)xc ’ c]g!? ( )

— X ][5 (3.5.11)
BEB

The equivalence (3.5.1) is the definitions of M, N € M. The equivalence (3.5.2) is
a direct consequence of Observation 3.4.5(1). The equivalence (3.5.3) is a direct conse-
quence of Observation 3.4.8. The equivalence (3.5.4) is the universal property of colimits,
which corepresent limits of spaces of morphisms. The equivalence (3.5.5) is the universal
property of products, which represent products of spaces of morphisms. The equiva-
lence (3.5.6) is the fact that limits commute with products. The equivalence (3.5.7) is
the Definition 3.4.1 of S € M. The equivalence (3.5.8) follows from Observation 3.4.3,
using that, for x € X an object in an co-category, the evaluation functor PShv(X) ey 8
preserves colimits. The equivalence (3.5.9) is a direct consequence of the defining functor
Quiv® % M being fully faithful (see Observation 3.4.3(4)). The equivalence (3.5.10)
is the definition of = € Quiv as a coproduct, and the fact that limits commute with
products. The equivalence (3.5.11) is just notation, which will be explained below.

Next, we explain the following sequences of equivalences among spaces:

X = lim colim HomQui\,(ﬁ,FH XC> 3.5.12
(A)ecc€(A)<C eA? ]EI: (3.5.12)
— (AC)CecliGnZAO)XC #goeliE‘Zg (C]E—ICHomQ”ivcm (ﬁ’ )“:) HQIEIAHomQ”i"m" (7, F“)) (3.5.13)

( H ( colimop Homqyiycon (ﬁ, XC)) I H ( colim o Homqyiycon (ﬁ, Fa)))

~ lim
— xC ocA ocA°
(Ae)eec€(Ap) ceCc HPEAS acA HPEAN

(3.5.14)
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<iC]€_[C( Iérgo ﬂcc;lg](g HOmQu,Vcon( ,XC)) 1 QIE[A(“goeIX]S Homgqyiycon (,u T )) (3515)
~ 1
_>]e_[ (, lim Homay (Re.81)) a]gLHomM(Fa, s!) (3.5.16)
= [T Homaeen (colim X, ") 1T ] Homgen (T, S) (3.5.17)
ceC A"CAG a€A
+—Hompgeon (S, S T [ Homae (T, S1) (3.5.18)

acA

The equivalence (3.5.12) is the definition of the space X. The equivalence (3.5.13) is a
direct consequence of Corollary 3.2.3, using that the quiver & is connected. The equiv-
alence (3.5.14) is an instance of the fact that colimits commute with coproducts. The
equivalence (3.5.15) follows from the fact that the paracyclic category A is cosifted (see
Corollary 2.4.6)). The equivalence (3.5.16) follows from Observation 3.4.3(2), using that,
for € X an object in an co-category, the evaluation functor PShv(X) oy 8 preserves
colimits. The equivalence (3.5.17) is the universal property of colimits, which corepre-
sent limits of spaces of morphisms. The equivalence (3.5.18) follows from the definition
of St € M" (see Definition 3.3.1).

Next, let 5 € B. We now explain the following sequences of equivalences among spaces:

Yy = lim Hom (E T X) 3.5.19
P oeccelagyxe AT IG—L ‘ (38.5.19)
= lim (Hom u,V(E 8 Xc> IT Hom uiv(E ,F)) 3.5.20
(e)ecce(Bo)™ ¢ ]e—[c AT (3520
= ( lim HomQu,V<E HX)) uHomQuiv(Eﬁ,F) (3.5.21)
(Ae)ecc€(An)xE =
= ( lim Hom ( HC)) IT Homgqy; (T I‘) (3.5.22)
NEA Quiv | =8> Quiv | =8> +J.
. (AggoHomQu,v (_B,A)) IT Homquiv (Eg,r) (3.5.23)
= HomMcon<coI|m A,Hﬁ) IT Homaquiy (Hﬁyr) (3.5.24)
AoEAT
~  Homygeen (Sl,zﬁ) HHomQuiv(EB,F) (3.5.25)
i@HHomQuiv(E&F) - HomQuiV(Eg,F) (3.5.26)
<= ] Homquaes (Eﬁ,ra> (3.5.27)
acA
= J] Homager (Fa,Eg) . (3.5.28)

acA
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The equivalence (3.5.19) is the definition of the space Y. The equivalence (3.5.20)
is a direct consequence of Corollary 3.2.3, using that the quiver Zg is connected.
The equivalence (3.5.21) follows from A being cosifted (Corollary 2.4.6); the equiv-
alence (3.5.22) also follows from A being cosifted. The map (3.5.23) is implemented
by restriction along the codiagonal morphism XHC — X in Quiv, functorially in A €
Ay. We postpone explaining why this map (3.5.23) is an equivalence. The equiva-
lence (3.5.24) is the universal property of colimits, which corepresent limits of spaces
of morphisms. The equivalence (3.5.25) is the definition of ST € M®" (see Defini-
tion 3.3.1). The equivalence (3.5.26) follows from Proposition 3.3.9. Note that each of
the maps (3.5.23), (3.5.24), (3.5.25), (3.5.26) respects the evident coproduct description.
Because the left cofactor of the codomain of (3.5.26) is empty, it then follows that the
left cofactor of the domain and codomain of (3.5.23) are both empty as well. In partic-
ular, the map (3.5.23) is an equivalence, as desired. Moving on, the equivalence (3.5.27)
uses the definition of T, together with Corollary 3.2.3(2). The equivalence (3.5.28) is an
instance of the fully faithfulness of (Quiv=°")°P — M“" (see Observation 3.3.4(4)). O

After Proposition 3.3.9, Lemma 3.5.1 gives the following.

Corollary 3.5.2. Let C and D be finite sets. Let I' and = be quivers. There is a canonical
identification of the space of morphisms in M:

Homae ((SH)C LT, (SHPUE) ~ (WHC HTOTIT x N* x (2497(T) \F(O))) 8
x Homquiv(Z,T) ,

where T'(©) is the set of vertices of T' and Z9"(T') \T'®) is the set of non-constant directed
cycles in T.

Lemma 3.5.3. Let M € M C PShv(Quiv?). Let C be a finite set. The canonical morphism
in PShv(Quiv®P),

colim ( Huc ><M) (SH*C x M ,

e A°" xC
(He)eec€( ccC

is an equivalence. In particular, the lefthand term belongs to M,?> and as so witnesses
a colimit in M.

Proof. Through Corollary 3.5.2, choose a finite set D and a quiver I" and an equivalence
M ~ (SHYP T in M. Consider the canonical diagram in PShv(Quiv®?):

22 Through Notation 3.4.6, this object is denoted (S')“C LT € M.
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(a)
colim 11 EC> X colim (Il mg) xT| —> colim << I1 ﬁc> X M)
(ke)ecec €(AT)XC ((cec (ne)gep (AP XD "deD (ke)ecec €A XC \\eceC
o]
coli

n (L 7<)
(;4,€)€EcuDe(A%’)X(CHD) e€CILID

(C)l

(S1)x(CUD) y p

@ (SH*C x M

We seek to show the unlabeled right vertical morphism is an equivalence. Observa-
tion 3.4.8, applied to the inner colimit, gives that the morphism (a) is an equivalence. The
morphism (b) is an equivalence because the co-category A% is sifted (Corollary 2.4.6).
Observation 3.4.8 gives that the morphism (c) is an equivalence. The bottom horizontal
equivalence is (S')"¢ L — applied to the identification (S!)“P LT LU M. The right ver-
tical morphism is therefore an equivalence by the 2-of-3 property of equivalences in an
oo-category. O

The following three results are direct consequences of Lemma 3.5.1.

Corollary 3.5.4. The full oo-subcategory " C » M freely generates M
Observation 3.4.5(3

via finite categorical products. More precisely, the following assertions are true.
(1) The oo-category M admits finite products.

(2) Let M € M be an object. There is a finite set A and an A-indexed sequence (My)acA
of objects in M" together with an equivalence in M:

M= | | M, .
acA

(3) Let M, M’ € M be objects. Let N € M". The canonical map
Homay (M, N) [ ] Homac (M’, N) — Homa (M U M’, N)
s an equivalence between spaces.

Corollary 3.5.5. Fach object in M is a finite disjoint union of oriented circles and con-
nected quivers.>> More precisely, the moduli space of its objects is the free commutative
monoid

Obj(M) =~ Freecom (Obj(Mc°"))

~ FFGECom (B']I‘ H H BAUtdiGraphﬁ"'con (F)) .
[[)€moObj(diGraphfin-con)

23 In other words, each object in M is a finite product of colimits coIimp & and connected quivers.
neeA
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After Corollary 3.3.11(1), Lemma 3.5.1 implies the following.
Corollary 3.5.6. The a priori (oo, 1)-category M is in fact a (2,1)-category.
3.6. Refinement morphisms in M

Here, we define and study the subcategory of refinement morphisms in M.

Definition 3.6.1. A morphism f : M — N in M®" is a refinement morphism if one of
the following conditions is satisfied.

(1) M, N € (Quiv®°")°P and f° is a refinement morphism in the sense of Definition 1.2.19.
(2) M ~ N ~ S! and f is an isomorphism

(3) M € (Quiv°")°P, N ~ S! and f is given by (in the identification of Corollary 3.3.11)
WA (M) x T < (297(M) \ M) x W,
where
war (M) € z4 () \ MO

is the subset of directed cycles in which every edge appears exactly once.

A morphism in M is a refinement morphism if it is the product of refinement morphisms
in M". We denote by

M M
the subcategory consisting of refinement morphisms.
Definition 3.6.2. Let M € M. The full co-subcategory
Quiv(M) C Quiv%/[ = Quiv°P ?>V<[ M
consists of those I' — M that are refinement morphisms.

Observation 3.6.3. Let M, N € M.

(1) Taking products defines a functor

My x M)y — M pun (M- M,N" - N)— (M"UN"— MUN) .
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(2) This functor restricts as an equivalence:
M/refM X M/refN i} M/refMuN s

where M erpy C My is the full subcategory consisting of refinement maps to M.

(3) The above functor further restricts as an equivalence:
Quiv(M) x Quiv(N) — Quiv(M LIN) .

Observation 3.6.4. Let C be a finite set. Let T' € Quiv.

(1) Reviewing the definition of refinement morphisms in M reveals that the func-
tor (3.4.5) factors:

(AP)*C 5 Quiv((SHYCUT) ,  (te)eco — ([_C]p) The (3.6.1)

(2) If T = 0, then this morphism (3.6.1) is an equivalence.
(3) If C = 0, then this morphism (3.6.1) is the inclusion of a final object.

(4) Through Observation 3.6.3(4), the functor (3.6.1) is a fully faithful right adjoint.
Lemma 3.6.5. Let M € M. The canonical functor
Quiv(M) — Quiv%’w

is final. In particular, using Observation 3.6.4(4) and Corollary 2.4.6, both of these co-
categories Quiv(M) and Quiviy, are sifted.

Proof. Corollary 3.5.5 implies there is an equivalence M ~ (S1)“¢ UT in M for some
finite set C' and some I" € Quiv. Observation 3.6.4(1) grants a filler among co-categories:

op C 0P

(AO)X (3.4.5) QL“V/(Sl)uCuF
Lemma 3.4.10 states that the bottom horizontal functor is final. Observation 3.6.4(4)
implies the diagonal upward arrow is final. By the 2-out-of-3 property of final functors,
the diagonal downward functor is final, as desired. 0O
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3.7. Excision sites

The object S' € M is defined as a colimit of a functor A — M. Lemma 2.4.5
implies S' can be computed as a geometric realization:

Sel = colim(Sir A 220, A% B30 Quiv°Pi>M) ~ sl e M

where, for each [p] € A, the object S, € Quiv is the pushout in diGraphs™™:

-1

S0 S0 D!
| |
[p] Sy

Here, S = {+£1} is the two-element set, regarded as a quiver with no non-degenerate
edges; the horizontal map S° — D! is given by —1 — 0 and +1 > 1; the left vertical
map is given by —1 — 0 and +1 — p. As Lemma 3.7.3 below, we show that M ad-
mits geometric realizations of slightly more general simplicial objects in M. The general
statement is technical, so we introduce the following.

Construction 3.7.1. Let I' be a finite directed graph. Let S be a finite set. Let
(SO)HS i) f(O)

be an injection into the set of vertices with the property that, for each s € S, the vertex
©vs(—1) has exactly one incident edge and it is in-coming, and the vertex ps(+1) has
exactly one incident edge and it is out-going. For each [p] € A regarded as a linearly-

fin,

directed graph, consider the pushout in diGraphs™:

|

Bt —— T

(SO)HS i

hS]

in which the left vertical map is the S-fold coproduct of the map S° — [p] given by
—1+ 0 and +1 — p. Using that the values [e] € Quiv assemble as a functor A — Quiv,
the above values assemble as a functor

AF—'>Quiv, p] — T, .

For M’ € M, taking disjoint union with M’ determines a simplicial object in M:

UM’

My: A% s Quive® oM 2 M, [pl— M, =T, uM' . (3.7.1)



D. Ayala et al. / Advances in Mathematics 466 (2025) 110170 75

(B) An excision site (f, S, @, M") for M, where T is the directed graph that is the union of the middle and
right components, the set S is a 2-element set, the map ¢ is the inclusion of the univalent vertices (in red),
and M’ is the left oriented circle.

O C

(¢) The value M2 € M of the simplicial object M,.

Fig. 3. An object M with an excision site and a picture of Ma.

Terminology 3.7.2. Let M € M be an object (Fig. 3). An excision site (for M) is the
data (T, S, p, M) of Construction 3.7.1, together with an identification M ~ |M,| in M
of the colimit of the resulting simplicial object (3.7.1).

Lemma 3.7.3. Consider the context (f, S, @, M") of Construction 3.7.1. The colimit
M = coIim(A"P M, M) eM
exists, and each of the canonical morphisms M, — M is a refinement.

Proof. We first establish the case in which M’ = (), so that M, = I',. Observe the
factorization
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diagonal I's .
T.: A g AXS 24 Quiv

where, for ([ps]) o € A*S, the value I'(,_}).., € Quiv is the pushout in diGraphs™:

ses

(SO)HS ® f

! |

H [ps] E— F(I’s)ses
ses

Using that A°P is sifted, the lemma is therefore implied by the case in which S is a

singleton. So assume S is a singleton.

Consider the largest subgraph IV C I that does not contain vertices in the image
©(S?) C T of . There are two cases for the map S° % T.

Case 1: the unique incoming edge to the vertex ¢(—1) is equal to the unique outgoing
edge to the vertex ¢(+41). In this case, the unique such edge is necessarily a cofactor
D' of I', which is to say, there is an isomorphism

I 2 Dpor

under S° (via the inclusion S° < D1). Therefore, the functor A Loy Quiv is isomor-
phic with the composite functor

A (2.4.2) (3.3.1) Quiv —1r’ Quiv .

Ao
Because AP M A is final (Lemma 2.4.5), Observation 3.4.8 implies the colimit
of the composite functor

(2.4.2) (3.3.1)

A°P AP Quiv®® -, Quiv®? NGV}
exists. Notice that, for each [p] € A, the morphism S}, — S! is a refinement, and
therefore the morphism I', = S; U — S'UIY =2 M is a refinement. This proves

statement (1) in this case.

Case 2. the unique incoming edge e_ to the vertex ¢(—1) is not equal to the unique

outgoing edge ey to the vertex p(+1). Consider the maps between directed graphs

D Q r <<e—+> ID)}_ selecting these edges. In this case, T fits into a pushout diagram

fin

in diGraphs™,

o_D'I19, Dt —— T

| L

DLIID}, —— T
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where 92D = {£1} C (D1)® are the respective target/source vertices of the di-
rected edge D} . Therefore, for each [p] € A, the value I, fits into a pushout in
diGraphs™™:

o_D'I19,D! — T’

| L

P ——— T,

where the vertical map selects, respectively, the initial and final cone points. Using
Observation 1.2.7, which states that diGraphsﬁn Free, Quiv preserves cobase-change

along monomorphisms, the functor A LN Quiv fit into a pushout among functors:

6_]])1 II 8+D1 — I

| |

o] ——— T,

Now, consider the pushout in diGraphsﬁ":

o_D'I19,D! — > T’

l J . (3.7.2)

(Z)<“> s F@

By construction, for each [p] € A, the unique morphism () — [p] in Quiv determines

a refinement morphism @< — [p]® in Quiv. Applying Quiv®® 9 M to this refinement
morphism determines a refinement morphism [p|® — ¢ in M. It remains to show
I'p witnesses the sought colimit.

The unique morphism () EN [¢] induced an extension to the left-cone on A:

(AT —>@<“>-—>[.]qD Quiv .

Observe that this extension witnesses a limit. In other symbols, there is an identifi-
cation in Quiv®® of the geometric realization:

[[o]"] = coIim(A°ID LI, QuivoP) = 0* .

By definition of I'y € diGraphsﬁ", this identification supplies an identification in Quiv°®®
of the geometric realization

ITe| = coIim(A°p L, Quivop) = Ty .
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Now, this geometric realization is a split geometric realization. Indeed, the functor

A L Quiv factors through the functor

[o]*

A — A <= Quiv.

It follows that the functor A 1% Quiv also factors through A L A. Therefore,

the geometric realization |T| is also split. Consequently, for any functor Quiv®® 52
to an oco-category, the canonical morphism in Z,

coIim(AOp Loy Quivee 2 z) =L R(Ty)
is an equivalence. In particular, there is an identification of the colimit in M,
coIim(A"p Loy Quiv® 2 M) —6(Ty) = M.

We now prove the general case, in which M’ € M is arbitrary. Denote M" :=
colim <A°P L, M) — above, we argued that M" exists, and each canonical morphism
') — M" is a refinement. Using Corollary 3.5.2, choose a finite set C, a quiver Z, and

an equivalence M’ ~ (S*)““ U= in M. Then the functor A°P Moy N s equivalent with
the composite functor

U(S1)uo

AP L2255 Quivee & M M. (3.7.3)

As the oco-category AP is sifted, colimits indexed by it distribute over products in oco-
categories of presheaves. Therefore, we have an identification of the colimit in M:

colim (A°p LU= — = Quiv®® 3, M) ~ colim <A°p ELN Quiv®? LN M) U= ~ M"uz=.
(3.7.4)

By definition of S € M, each S! factor of the values of this functor is a paracyclic
colimit. So consider the composite functor

AP (Aop)XC (TeUE,((3.3.1)0(2.4.2)) cec) QUiVOp « (Quivop)xC L QLIiVOp L} M .
(3.7.5)
Lemma 2.4.5 implies the left Kan extension of (3.7.5) along the projection A°P x

(A°P)*C P AP g the simplicial object (3.7.3), whose colimit we seek to prove ex-
ists and is M” LI M’. We can compute this colimit, alternatively, as the colimit of the
left Kan extension along the other projection A% x (A°P)*C¢ &y (A%)XC The left Kan
extension of (3.7.5) along this other projection evaluates on an object as a colimit whose
existence was argued above; the identification (3.7.4) supplies an identification of the
resulting functor as
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UM"u=
— M.

(Aop)xc ((3.3.1)0(2.4.2))cec (Quivop)xc 1] Quiv°pi>M

Lemma 3.5.3 ensures the colimit of this functor exists, and is M"” U (SY)¢ UZ ~
M" U M' =: M. Finally, because each of the canonical morphisms I'), — M” is a
refinement, then each of the canonical morphisms M, =T, UM’ — M" UM’ =M is a
refinement. O

Let (f, S, ¢, M") be an excision site for an object M € M. Denote the base-changes
among co-categories:

Ar(V) Qv Ar(M)

evsl levs

Quiv®® — % v

Denote the base-changes among oco-categories:

Quive? Quiv®® uiveP
AF(M)}ALLP — Ar(M)I(Zop)D —— AF(M)‘Q

l ievt J : (3.7.6)

R VN e —— ¥

The right vertical functor is a coCartesian fibration, and therefore all of the vertical
functors are coCartesian fibrations. The fiber of the right vertical functor over N € M is
Quivh N Therefore, the fiber of the middle vertical functor over the cone-point is Quiv, Jive
Because the cone-point in (A°P)> is final, coCartesian monodromy functors assemble as

a functor
Ar(VO)| Q™ Y Quiv, (3.7.7)

The fiber over each object [p] € A of the left vertical functor in (3.7.6) is Quiv(/)‘;wp. We
explain the composite functor:
(I'p) xid
Quiv(T',) x Quiv(M') ~ Quiv(M) < QUIV/M )
(3.7.8)

Quiv(M') = x x Quiv(M') ——

(M/;M/) s (DpuM/ idUr D UM re finement M) '

Using that '), € Quiv, the category Quiv(T',) has the identity morphism (I, u, r,) as
a final object (see Observation 3.6.4(3)). The first functor is the product of the functor
that selects this final object and an identity functor. Being a product of final functors,
the first functor is final. Using the identification M ~ T',, Ul M’, the middle equivalence
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follows from Observation 3.6.3(3). The last functor is the defining fully faithful inclusion,
which Lemma 3.6.5 states is final. We have established the composite functor (3.7.8),
and also its finality. Now, as [p] € A varies, these final functors canonically organize as
a final functor 7 fitting into the diagram among oo-categories:

AP x Quiv(M') il AF(M)}QAT:OP

X vy

A°P

Because each of the canonical morphisms M, — M in M is a refinement (Lemma 3.7.3),
there is a (necessarily unique) factorization of the composite functor

A°P x Quiv(M') ---------- » Quiv(M)
nJ{ j . (3.7.9)
Ar(M)}%ﬁ:’op % Quiv;?\/[

The next technical result is key for excision of factorization homology, as developed
in the next section.

Lemma 3.7.4. Each of the functors

(3/

A% x Quiv(M') ——— Quiv(M) and Ar(M)IcAz:i: ESEIIN e,

is final.

Proof. The functor n constructed above was already observed to be final. Lemma 3.6.5
asserts that the right vertical functor in (3.7.9) is final. By the 2-out-of-3 properties of
final functors, the dashed filler in (3.7.9) is final if and only if (3.7.7) is final. We prove
the dashed filler in (3.7.9) is final.

Observation 3.6.3(3) supplies an identification Quiv(M) = Quiv(M") x Quiv(M’),
where M" := |I',|, which Lemma 3.7.3 ensures exists. With respect to this identification,
there is an identification as a product:

(AOP x Quiv(M") % Quiv(M)) ~ <A°p L, Quiv(M”)) x Quiv(M') .

We can therefore reduce to the case in which M’ = (), which is to say M, = I',. Using
that AP is sifted, we can reduce further to the case in which S is a singleton. As in the
proof of Lemma 3.7.3, there are then two cases to consider.

In the first case, I'y ~ S! LT, In this case, M = S*UT”, and by Observation 3.6.3(3)

there is a canonical identification Quiv(M) = Quiv(S') x Quiv(I). Through this iden-

(3.7.9
tification, the functor A°P LN Quiv(M) is a composite
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(37.9): A% (3.7.9) Quiv(s!) id x (I =5T)

Quiv(Sh) x Quiv(I) ~ Quiv(M) ,
involving the functor (3.7.9) applied to the case of Si. As I' is itself a quiver, Quiv(T")
has a final object, which is that selected by the second factor of the above composite.
Through the identification Quiv(S*) ~ A% of Observation 3.6.4(2), the finality of the
above composite functor is therefore implied by Lemma 2.4.5.

In the second case, I'q ~ [¢]® | | I". In this case, M ~ §(Ty) is in the image
67D1u6+D1

of QuiveP & M, where the quiver I'y is a pushout (3.7.2) in diGraphs'". Base-change in

Quiv of refinement morphisms along each of the morphisms in the diagram (3.7.2) exist,

and organize as a diagram among categories:

Quiv (Ty) ————— Quiv (T7)

| |

Quiv (0**) —— Quiv (0_D' 19, D?)

Furthermore, as a refinement of the quiver I'y is precisely a pair of refinements, one of
(< and one of I, this diagram is a pullback:

Quiv(M) =~ Quiv(Ty) — Quiv (0®) x Quiv (') .

7.
Through this identification, the functor A°P N Quiv(M) is a composite

(379) Aop (3.7.9) Q iv (@qD) id x ( Ind —>1“

Quiv(0®) x Quiv(l”) ~ Quiv(M) ,
involving the functor (3.7.9) applied to the case of [o]™. As I" is itself a quiver, Quiv(I")

has a final object, which is that selected by the second factor of the above composite.

We are therefore reduced to showing the functor A°P B9, Quiv(P®) is final. Now,

observe an identification Quiv(0®) c (A?¥/)°P as the full subcategory consisting of
those ) — [p] that are active and injective. In other words, Quiv(#®) is the opposite of

the category A" /™ i1 which an object is a finite linearly ordered sets with distinct
minimum and maximum, and a morphism is a map between linearly ordered sets that

preserves extrema. This identification supplies an identification between categories under
A°P:

<A0p (379) QuiV(Q)QD)) ~ <A0p [O] (Amdb/act,inj)op) .

Let (@“‘>1> [p]) e A"/ Consider the overcategory A, = A X
AQ)<1|> /act,inj)
( AP/ )/ As every morphism [¢] — [p] uniquely extends as an active mor-

<>

phism [¢]® — [p], restriction along [e] < [e]® defines an equivalence between
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categories: A/, = A /lp]- The overcategory A, has a final object, and therefore

its oo-groupoid-completion is contractible. Quillen’s Theorem A can therefore be ap-
QQD act,inj e e

plied to reveal that the functor A L> AP/ s initial. Therefore, the functor

A°P ﬂ Quiv(P®) is final, as desired. O

The simplicial object M, determined from an excision site, as in Construction 3.7.1
has a conceptual description as a cyclic bar construction.

Lemma 3.7.5. Let (f,S,g@,M') be an excision site.

(1) The composite functor

(=)

_\us
A: A% L5 QuiveP ——— Quiv®® < M, [p] — p(p)~°

s a category-object.
(2) The object T UM’ € M has the structure of a (A, A)-bimodule.

(8) The simplicial object A°P Moo N s the cyclic bar construction of A with coefficients
in the bimodule T' U M’.

Proof. The second functor in the definition of A is given by product with the finite set

S. Because products with a finite set preserve basic closed cover diagrams in Quiv (which

are certain pushouts in Cat(o 1)), this composite functor carries basic closed covers to

basic closed covers. Consequently, A is a category-object, which proves statement (1).
Consider the functor

F: (A/[l])Op — M

given as follows. Its restriction along both of the functors A = (A 10})%® < (A ;1))
and A%® = (A/13)%® < (Ay))° is the category-object A; its restriction along the
functor (A suif])°® < (A[1))°P is given by

(Ip) & 1) — AW () x (TUM) x A (1))

where S <~ I'U M’ — S are the two closed morphisms associated with the inclusion ¢,
and where A(c~1(0)) = A(Max(¢=1(0)) = S and A(c~1(1)) = A(Min(c—1(1)) = S.
These specifications define I’ on a subcategory of (A ;))°P that contains all objects and
all closed morphisms. Defining F' on the entirety of (A ;)°P can be achieved by hand,
using that Quiv®® is an ordinary category, or through a case-by-case analysis as in the
proof of Lemma 3.7.3. Evidently, F' carries (the opposites of) closed covers over [1] to
closed covers in M. As so, F' codifies a (A, A)-bimodule structure on TUM’ in M. This
establishes statement (2).
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For [p] € A, there is a canonical morphism in A from the join, [p] * [p] B okk = 1],
which fits into a commutative diagram in A:

[p] —— [Pl * [p] «—— [p]

| | |

{0} 1] {1}

in which the upper horizontal morphisms are the respective inclusions of the left and
right joinands. These data organize, as [p] € A varies, as a cospan in Fun(A, A )

([o] 4 {0}) — ([o] % [o] L [1]) — ([o] 4 {1}) -

Taking opposites then post-composing with the functor F results in a span in
Fun(A°P, M):

A F (o] x o] L[1) = 4,
using the defining identifications F ([e] | {0}) = A = F ([e] | {1}).

Inspecting the defining values of F, of A, and of M,, reveals that, for each [p] € A,
there is a canonical diagram in M,

w@——ﬁ—»A@D::;::F@hm¢m>, (3.7.10)

which in fact is — M applied to such a diagram in (diGraphs™")°P ¢ Quiv®® C M. Notice
that this diagram in (diGraphsﬁ")°p witnesses an equalizer, and the diagram (3.7.10) in
M is also witnesses an equalizer. The diagram (3.7.10) in M organizes as diagram in
Fun(A°P, M), which therefore also witnesses an equalizer. In other words, M, is the
cyclic bar construction of the (A, A)-bimodule codified by F. O

4. Factorization homology

In this section, we fix an oco-category X with the following properties.
(1) X admits finite limits.
(2) X admits geometric realizations.
(3) For each X € X, the functor X x —: X — X preserves geometric realizations.

We implement a purely combinatorial version of factorization homology | v € € X of
any category-object € in X over an object M € M. As Appendix §B, we show this com-
binatorial version of factorization homology agrees with the geometric version, defined
in [4].
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4.1. Factorization homology

Recall the Notation 1.2.9 of the functor A 2 Quiv, and the Definition 3.4.1 of the
functor Quiv°P 2 M.

Definition 4.1.1. Combinatorial factorization homology is the composite functor

/: fCat; [X] 2 Fun(Quiv?®, X) —2s Fun(M,X), €+ (Ml—> /e) ,
M

of right Kan extension along A% 2 Quiv®® followed by left Kan extension along
Quiv® 2 M. For C ¢ fCaty[X] and M € M, the combinatorial factorization homol-
ogy of C over M is the value

(€): I'=>Repe (T)
_—

/(3 = co||m Qwv/M foT—get>Quiv°p P DC) eX.

Observation 4.1.2. The assumptions on X ensure combinatorial factorization homology [
exists. Indeed, by Theorem 1.5.5, these assumptions ensure that the right Kan extension
psx exists; by Lemma 3.4.10, these assumptions ensure that the left Kan extension &
exists.

Recall from Definition 3.6.2 the full co-subcategory Quiv(M) C Quw/M for each M €
M. The following is a direct consequence of Lemma 3.6.5, which states that this oco-
subcategory is final.

Corollary 4.1.3. Let C € fCaty[X] be a category-object in X. For each M € M, combi-
natorial factorization homology can be computed as the colimit indexed by Quiv(M): the
canonical morphism in X,

colim Repe(T) = coIim(Quiv(M) — Quiv P Jor9et QuiveP £=(€): DrrRepe (1) x)

ref
~ /G
M

r—M

is an equivalence.

Remark 4.1.4. The full co-subcategory Quiv(M) C Quiv(/’?w consists of far fewer objects,
and simpler morphisms, than its ambient co-category. In this way, Corollary 4.1.3 offers
a simpler colimit formula for [ € than the defining formula of Definition 4.1.1.

Remark 4.1.5. Remark 4.1.4 suggests that one might take the colimit formula of Corol-
lary 4.1.3 as the working definition of [,, €. However, while M Quivc/’g/l assembles
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a functor M — Cat( 1), the association M — Quiv(M) is not functorial in M € M.
The full functoriality of [}, € is therefore not (obviously) available were one to take the
formula of Corollary 4.1.3 as a definition of [ u G

After Lemma 2.4.5, the following is a direct consequence of Lemma 3.4.10, using the
assumed properties of X.

Corollary 4.1.6. Combinatorial factorization homology [ exists. Furthermore, it preserves
finite products in both variables:

/eé/ex/e and /exﬂé/ex/ﬂa.
MUN M N M M M

The values of combinatorial factorization homology are summarized as follows. Recall
the notation introduced in Definition 3.4.1.

Example 4.1.7. Let € € fCat;[X] be a category-object in X. Combinatorial factorization
homology of € takes the following values.

(1) For each finite directed graph I', the value
/ € ~ p(€)(T) =: Repe(D) .
5(I)

Indeed, this is the fact that the unit of the (dy,*)-adjunction is an equivalence,
which is so because ¢ is fully faithful (see Observation 3.4.3(4)).

(2) For each [p] € A, the value

Indeed, after the first identification is the previous point, this follows from the fact
that the counit of the (p*, p«)-adjunction is an equivalence, which is so because p is
fully faithful. In particular,

/G ~ Obj(C) and /G ~ Mor(C) .
Do D1
(3) The value on the oriented circle is Hochschild homology:

€ ~ HH(e) .
Sl
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Indeed, this follows from the fact that the functor A — Quiv‘;g1 is final (see
Lemma 3.4.10).

(4) Let M € M. Through Corollary 3.5.5 there is a finite set C' and a directed graph T’
together with an identification M ~ (S')“¢ UT in M. The value

/e ~ HH(€)* x Repe(T) .

Indeed, after the above points, using the assumption that products in X dis-
tribute over geometric realizations, this follows from the fact that AE{’ is sifted
(Corollary 2.4.6) and that the functor (AZ)*¢ — Quiv;‘(’gl)ucur is final (see
Lemma 3.4.10).

Example 4.1.7 reveals that the values of combinatorial factorization homology are all
familiar. What is novel is the functoriality among these values, and in particular the nat-
ural symmetries of these values, which combinatorial factorization homology succinctly
codifies. This is the subject of §4.3.

4.2. Excision

The next result is a version of excision for combinatorial factorization homology |-
It is a direct consequence of Lemma 3.7.4.
We have the following immediate consequence of Lemma 3.7.5.

Corollary 4.2.1. Let (f, S, ¢, M') be an excision site. Let C € fCaty[X] be a category-object
in X.

(1) The object [z ,,, € € X has the structure of a (€*5,C*5)-bimodule.

e
(2) The simplicial object A°P fM—'> X is the cyclic bar construction of C*5 with coeffi-

cients in the bimodule [z, C.

Proposition 4.2.2. Let € € fCaty[X] be a category-object in X. Let (T, S,, M') be an
excision site for an object M € M. The canonical morphism in X,

colim /e = /ei/e
[p]°€ AP

M, . M

is an equivalence.
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Proof. We explain how the diagram (3.7.6) fits into the diagram among co-categories:

ArORE" —— ArVD|ERY, —— ArV) I 2 Quiv® L5 1

l l }Vt = T . (4.2.1)

A°P < (Aop)b M, M

The squares in (4.2.1) are (defined as) pullbacks. By definition of factorization homology,
the inner lax-commutative triangle in (4.2.1) witnesses a left Kan extension. The right
vertical functor in (4.2.1) is a coCartesian fibration. Therefore, so are the other vertical
functors in (4.2.1) Using that left Kan extension along a coCartesian fibration is given by
fiberwise colimit, the other resulting lax-commutative triangles in (4.2.1) also witnesses

a left Kan extension. In particular, the left Kan extension to A°P, here, is the simplicial

e
object A°P [M—°> X. Because the cone-point in (A°P)” is final, the fiber Quiv5® = of the

/M
middle vertical functor over this cone-point is final in Ar(M)I?XZP;D. Therefore the left

Kan extension to (A°)" evaluates on the cone-point as [,, C, and the colimit of this left
Kan extension to (A°)” is this value [,, €.

Now, regard (4.2.1) as a diagram among oco-categories over X. Taking colimits in X
produces a diagram in X:

colim (Ar(f!\/[)‘Q“ivop LN DC) —— colim (Quivjjpw LN DC>

| Ao
l J . (4.2.2)
€] Ju€

The left vertical morphism is an equivalence because the colimit of a left Kan extension
is a colimit. The upper horizontal morphism is an equivalence because the functor
|Quive® ;
Ar(M)‘AL:,';' — Quivy,
is final (Lemma 3.7.4). The right vertical morphism is an equivalence by definition of fac-

torization homology. The 2-out-of-3 property of equivalences ensures the lower horizontal
morphism is an equivalence, as desired. O

Example 4.2.3. After Corollary 4.2.1, Proposition 4.2.2 is a local-to-global formula for
combinatorial factorization homology. It gives a method to compute the value || G of
combinatorial factorization homology on a general object M € M in terms of simpler
values. Here are some such examples.

(1) In the case that 'y = p([e]®), Proposition 4.2.2 implies the canonical morphism
given by the composition rule of €,
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o1

X e+ ~
o: |Mor(@)ob(®) — Mor(C) ,

is an equivalence. Taking fibers over (¢, d) € Obj(€)*? via the source-target morphism
Mor(€) — Obj(€)*? recovers the familiar identity: the coend of the left C-module
Home(c, @) with the right C-module Home (e, d) is the object of morphisms in € from
c to d:

Home (e, o)®Home(o,d) — Home(c, d) .
ecC

In the case that S = {a,b} and I is the disconnected quiver
{-a} — {+a} {0} {40},

Proposition 4.2.2 implies the canonical morphism given by the composition rule of
¢,

o: Hom@(o7 o/) ® Home(o/,o) i> HH(@) s
(e°,07)ECPXC

is an equivalence, which witnesses the (non-stable) Hochschild homology of € as the
coend of the identity (€, C)-bimodule € with itself.

In the case that I' of Construction 3.7.1 is the quiver
{-1} — {+1}

and S is a singleton, Proposition 4.2.2 implies the canonical morphism given by the
composition rule of €,

— HH(C) ,

o: |Repe(xa)

(2.4.2) (3.3.1)

A Quiv
evaluates on [p] as the cyclically-directed quiver whose (cyclically-directed) set of

is an equivalence. Here, the cosimplicial quiver xo: A

vertices is {0,1,...,p}.

4.8. Natural symmetries of Hochschild homology

tio

Example 4.1.7(4) suggests that the most interesting value of combinatorial factoriza-
n homology is that over the oriented circle, which is Hochschild homology. In this

subsection, we codify the natural symmetries of this value as a (non-stable) cyclotomic

object. Namely, the value HH(C) naturally has the structure of a proper-genuine T -

module that is fixed with respect to a natural N*-action on such. We refer the reader

to

Appendix A for definitions of these bolded concepts.
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Theorem 4.3.1.

(1) The Hochschild homology functor lifts:

Cycunst (x)
/,/‘/
//,/’ lforget .

In other words, for each category-object € in X, its Hochschild homology HH(C) ad-
mits the structure of a non-stable cyclotomic object in X; this structure is functorial
in C € fCaty[X].

(2) There is a canonical natural transformation Obj — HH between functors fCaty[X] —
X, which is invariant with respect to the above non-stable cyclotomic structure on
HH:

Obj — HH®* .

Proof. Denote by (D, S') € M the full co-subcategory consisting of the objects D, St €
M. Note that the functor [q,: fCat;[X] — X factors:

/ CfCat[X] L Fun(M,X)
S1
restriction Fun (<ID)07 Sl>, x)

LestTIEOn , Fun (BEndae(SY), X) =: Modendy (st (X)

evSl

X .
Proposition 3.3.9 specializes as an identification (BW)? ~ (DO S!) under an
identification W ~ Endy(S'). Using this, Corollary A.0.8 gives an identification
Modgndae (s1)(X) =~ Modwer(X) ~ Cyc""(X). The first statement then follows from
identification [g, (€) ~ HH(C) of Example 4.1.7(3) for each € € fCat;[X].

The second statement then follows upon observing that the oo-category
Fun((BW°P)9 X) over Fun(BW°P X) =: Modwe(X) classifies a We°P-module in X
equipped with a W°P-invariant map to it. O

Remark 4.3.2. Theorem 4.3.1(2) can be interpreted as a non-stable cyclotomic trace map.
Appendix A. Non-stable cyclotomic objects

Here we introduce the notion of a (non-stable) cyclotomic object in X. The term non-
stable is used here to reflect that X is not assumed to be a stable co-category, and that
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its symmetric monoidal structure is understood as the Cartesian one. The notion of a
cyclotomic object in Sp is developed in [10]. The work [7] studies cyclotomic objects in

bX
some generality, and in particular explains how 8 —— Sp carries (non-stable) cyclotomic
objects to (stable) cyclotomic objects.
In this section, we introduce (non-stable) cyclotomic objects in X and establish a few
equivalent definitions of such (Corollary A.0.8).
Definition A.0.1.

o The poset N9V is that of natural numbers with partial order given by divisibility: the
relation 7 < s in N9 means r divides s. We also denote this as r|s.

o The proper orbit category (of T) is the oco-category Orbitfr of transitive T-spaces
with isotropy a proper (equivalently, finite) subgroup of T, and T-equivariant maps
between them.

o For X an oo-category, the oo-category of proper-genuine T-modules (in X) is
ModE (X) := Fun((Orbits)°P, X) .

The action N* ( N : T as a topological group determines an action on the proper
2.1.1

orbit co-category:

N* = (N)PAOmitF, e (TAT)=(T 22T AT) . (A1)
servation ol

Precomposition by this N*-action (A.0.1) defines an N* = (N*)°-action on the oo-
<
category Modf. (X).

Definition A.0.2. The co-category of non-stable cyclotomic objects in an oco-category X
is that of the N *-invariant proper-genuine T-modules:

Cyc"™(X) := ModE (X)"N" .

Remark A.0.3. Informally, a non-stable cyclotomic object in X consists of the following.
» A T-module (T ~ X) in X .

e For each r € N*| a morphism between T-modules in X:

r*(TmX) = (T %Trﬂ}X)C—W(TmX) .

[e3
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e For each pair s, € N* a 2-cell witnessing commutativity among T-modules in X:

r*s* (T mX) L> r* (T mX)

| k-
(sr)* (T mX) —_— (T mX)
o ST o7
e For each triple r, s,t € N*, a similar commutative cube among T-modules in X whose
faces are (possibly pulled back from) the above commutative squares.

o Etcetera.
Restriction along Orbit N x, which is evidently N*-invariant, defines a functor
triv: X — Cyc"™(X) .
Definition A.0.4. The cyclotomic fixed points functor is the right adjoint to triv:
(=) Cyc"™H(X) — X .
Observation A.0.5. There is a functor
Orbity — N9V | (T ~T) — |Ty ( forsometeT),

whose value on a transitive T-space T with proper isotropy is the order of the isotropy of
some element in 7. Exploiting that the codomain of this functor is a poset, this functor
is unique with the named values on objects. This functor has the following properties.

(1) Two subgroups of T with the same cardinality are identical. Therefore, the fiber of

this functor over r € N9V is the full co-subcategory of OrbitT on cl' It follows that

the fiber of this functor over r» € N9V is the co-groupoid B (clr) ~ BT. In particular,
this functor is conservative.

(2) The space of morphisms in Orbit} over a morphism r|s in N4V is

T
T Map (_a _> ’
CT\ Cr Cs %
with the source-map an equivalence. In particular, this functor is a left fibration.

(3) The straightening of this left fibration is the functor

B(%): NV .8
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characterized by the following values on objects and generating morphisms:

« the value of this functor on each r € N9V is the space BT ~ B(CE);

. B &
« the value of this functor on each morphism (r|s) in N9V is the map BT ()

BT.

(4) With respect to the (N*)°-action on the poset N4V given by 7°-d := dr, this functor
is canonically (N*)°P-equivariant.

Here is the main technical result in this subsection.

Lemma A.0.6. There is a canonical identification of the co-category of right-lax coinvari-
ants with respect to the action (A.0.1):

(orbitf) = Ar(BW)

r.laxN

where the codomain is regarded as a Cartesian fibration over BN wvia the composite
functor

Ar(BWP) 225 By 2P 3N (A.0.2)
Proof. Observe the unique functor between categories,
(BN — NW (xS w)d, (A.0.3)

whose value on each object is as depicted. Using that, for each d € N*, the map
NX 29 NX s a monomorphism between spaces, the functor (A.0.3) is an equiva-
lence.

Now, consider the diagram among oco-categories:

Ar(BWeP)IBT BT

T I

Ar(BWP) —== BWeP
(A.0.4)
(BN )"/ M Boro
\ Ar(Bproj) \
Ar(BN*) BN

By definition of co-undercategories, the bottom square is a pullback square. The def-
inition of the monoid W is such that the right square is also a pullback. It follows
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that the left square is a pullback. Because 28 W°P POl BN is a right fibration, so is

Ar(BWP) AP0 AL 9BN*). We conclude that the functor Ar(BWOP)BT s (BN*)*/
is a right fibration. By direct inspection, the straightening of this right fibration is the
functor

(Ndiv)op (A%ﬁ) ((%NX)*/)OP _.8

characterized by the following values on objects and generating morphisms:

« the value of this functor on each d € N9V is the space BT ~ B(%);

k
« the value of this functor on each morphism (d|k) in N4V is the map BT BEmel), gy,

By Observation A.0.5, there results an equivalence over N4V ~ (BN*)*/:
Orbity ~ Ar(BWeP)ET (A.0.5)

By direct inspection, this equivalence (A.0.5) is canonically (N*)°P-equivariant. This,
in turn, lends to a canonical equivalence between Cartesian fibrations over BN* ~
(BN *)oP:

(Orbit%) o~ (Ar(%WOP)lBT>

r.lax(N X )or rlax(Nx)or

The diagram (A.0.4) witnesses an identification (Ar(%W‘)p)'BT) () ~ Ar(BW°P)
r.lax(N > )op

as Cartesian fibrations over BN*. O

Corollary A.0.7. There is a canonical identification of the oo-category of coinvariants
with respect to the action (A.0.1):

(orbitg) > mWer.

hN X

Proof. Through Lemma A.0.6, the corollary follows upon showing the functor
Ar(BWP) =L B P

witnesses a localization on those morphisms in Ar(8BW°P) that are Cartesian with respect
to the composite functor (A.0.2). Certainly, this functor witnesses a localization on those
morphisms in Ar(BW°P) that are Cartesian with respect to the functor Ar(BWP) £,
BWP. Using that BT is an co-groupoid, thereby implying BW° — BN is conserva-
tive, this class of morphisms in Ar(BW®P) is precisely the class of morphisms that are
Cartesian with respect to the composite functor (A.0.2). O
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Corollary A.0.8. Let X be an oo-category. There are canonical equivalences among oo-
categories

Modqr(j)c)r.laxl\lX ~ Modwye (X) ~ MOdgT<(DC)hNX —: Cyc"™t(X) .

Furthermore, the equivalence Fun(BW X) =: Modwe (X) ~ Cyc""™(X) extends as a
canonically commutative diagram:

Fun(BW X) —~— Modyyer(X) —=— Cyc""™*(X)

(M s

2
X

Proof. The proof of the first statement is complete upon explaining the following se-
quences of equivalences among oo-categories:

r.laxN %

Modr (X)™N" ~ Fun(BT,X)" ~ laxN x5 X)

Fun(BT
n(%wp X) ~ Modye(X)
((
un(

1

12

un OrbltT hN X 5 DC)

1R

n(Orbity, ) ~ Mod%;(fJC)th .

The three equivalences that are not centered follow from the definition of Mod_(X), and
the Definition A.0.1 of l\/Iod%T< (X). It remains to prove the four aligned equivalences. For
the first aligned equivalence, recall that the N *-action on Mody (X) is pre-composition of
the N*-action on T. So the right-lax invariants by this N *-action on Mody (X) is functors
from the right-lax coinvariants, which explains the first centered equivalence. For the
second aligned equivalence, the definition of the monoid W := T x N* implies BW°P ~
BT, |axnyx - The third aligned equivalence is Fun(—, f)C) applied to Corollary A.0.7. The
fourth aligned equivalence identifies functors from N*-coinvariants as N*-invariants of
functors.

The second statement follows upon observing that the functor X — Modwye (X) given
by restriction along BW — x is identified through the above sequence of equivalences
with the functor triv: X — Cyc"™*(X), then using that right adjoints are unique. 0O

Remark A.0.9. A proper-genuine T-module in an co-category X consists of a considerable
amount of homotopy coherence data, and the structure of being N *-invariant consists of
yet more. Hence, one might expect it to be impractical to explicitly construct an object
in Mod%; (DC)hNX. To the contrary, Corollary A.0.8 states that the requisite homotopy
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coherence data actual cancel each other out, in a certain sense: an N *-invariant proper-
genuine T-module in X is simply a W-module in X (which entails substantially less
homotopy coherence data).

Appendix B. Agreement of factorization homologies

The main result in this section is Theorem B.3.7, which articulates a precise sense in
which combinatorial factorization homology as in Definition 4.1.1 agrees with the geomet-
ric version of factorization homology, as defined in [4]. To make these two constructions
comparable, we first identify Quiv®® with cDisks™ and M with cMfdS".

B.1. Recollections from other works

We summarize some notions from [5] & [4].

(1) Constructed in §6.3 of [5] is the oo-category cBun, which classifies proper con-
structible bundles between stratified spaces. This is to say, for K a stratified space,
the moduli space of proper constructible bundles over K is identical with the space
of functors to cBun from its exit-path oco-category, Exit(K) — cBun. So, an object
in cBun is a compact stratified space; a morphism from X, to X; is a proper con-
structible bundle X — A! (where the codomain is understood with the two strata
A% and A\ A{%) equipped with identifications Xo & X|x10y and X1 = X|a01).

(2) Constructed in §6.4 of [5] is the oo-category c&xit, equipped with a functor

c&Exit — cBun. For K a stratified space, and for Exit(K) 2R Bun classifying

a proper constructible bundle, there is a canonical identification of the base-change
cExit|exie(r) =~ Exit(X) over Exit(K). In particular, the fiber of cE€xit — cBun over
K € cBun is the exit-path co-category Exit(K).

(3) Introduced in §2.1.2 of [4] is the co-category cVect™. An object in cVect'™ is a finite-
dimensional R-vector space; the space of morphisms from V' to W is the Stiefel space
of injections from V to W.

(4) Constructed in §2.1.3&2.1.4 of [4] is a functor cExit = cVect™. Its value on = €
Exit(X) is the R-vector space T,X, which is the tangent space at x of the stratum
of X in which x € X belongs. More generally, for X — K a proper constructible
bundle, the resulting composite functor Exit(X) — cExit = cVect™ evaluates on
r € Exit(X) as the vertical tangent space Tf®X at x of the constructible bundle
X = K.

(5) Defined in §2.4 of [4] is the co-category

MIfdS™
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which is characterized by declaring, for K a stratified space, the datum of a functor
Exit(K) — cJV[fdslfr to be that of a proper constructible bundle X — K equipped
with a (fiberwise) solid 1-framing, which is a lift

inj

cVect JR1

-1
7 lforget :

Exit(X) ——— cVect™
T x

Forgetting the solid 1-framing defines a functor
MfdS™ — cBun .

So, an object M € cJ\/[deif'r7 termed a solidly 1-framed stratified space, is a compact
stratified space X equipped with an injection T, X < R” foreach x € X compatibly.
In particular, for M = (X,¢) € cMfdS™ an object, the dimension of each stratum
of X is bounded above by 1. Consequently, an object in cf!\/(fdifr is a finite disjoint
union of oriented connected graphs and oriented circles.

The oo-category cMf iﬁ admits finite products, which are given by disjoint unions
of solidly 1-framed stratified spaces. Keeping with Notation 3.4.6, for M, N €
cMIfdS™, we denote their categorical product in cMfdS"™ as M U N € cMfds™.

Constructed in §1.4 of [5] are surjective monomorphisms between oco-categories,
Cylr: (cStrat”®)P — cBun +— cStrat™ : Cylo ,

where c8tratP ! is an oo-category in which an object is a compact stratified space and
a morphism is a proper constructible bundle, and where cStrat™f is an co-category
in which an object is a compact stratified space and a morphism is a refinement.
Base-change of these monomorphisms along the forgetful functor cf!\/(fdffr — cBun
define co-subcategories

M MFd™ C cMFdi ! C cMFd)" D cMfdy "

consisting, respectively, of the images under Cylr of the proper constructible em-
beddings, of the surjective proper constructible bundles, of the proper constructible
bundles, and the image under Cylo of the refinements.

Introduced in §3.4 of [4] is the notion of a closed cover, which is a diagram in
c¢Bun that is the image under Cylr of (the opposite of) a finite colimit diagram in
cStratPem C cStratP P! the oo-subcategory of proper constructible embeddings. A
closed cover in cMfdS™ is a diagram that lies over a closed cover in cBun. Closed
covers are, in particular, limit diagrams.
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Defined in §3.5 of [4] is the full co-subcategory
cDisks™ < eMfds™ |

which is the smallest full co-subcategory that is closed under the formation of closed
covers and that contains the closed disks D? and D! as they are endowed with their
standard solid 1-framings. In particular, an object in c@iskslfr is a finite oriented
graph. Consequently, Exit(D) is a finite poset of depth 1. For each object D €
cDis ifr, assigning to each point d € D the closure Dy of the stratum in D containing
d € D defines a functor

Exit(D)*®® —s (cDiski)?/ | (de D) (D <5 Dy) . (B.1.1)
The adjoint of this functor (Exit(D)”)°° —s cDisk$™ is a closed cover of D. Lastly,

contractibility of the space Aut.pigcsr (DY) ~ Dif f(D!) ultimately implies cDisks"
is an ordinary category.

Constructed in §3.8 of [4] is the cellular realization functor

(=): AP — cDiskS™
whose value on [p] is D% if p = 0 and is D! if p = 1 and for p > 1 is a refinement of
D! with a total of p + 1 0-dimensional strata two of which are the boundary points.
Lemma 3.51 of [4] proves that the cellular realization functor (—) is fully faithful,

and carries (the opposites of) Segal diagrams to closed covers.
Consider the restricted Yoneda functor along (—):

(cDiski™)* — PShv(A) , D — Hom pger (D, (=) -

The above implies this functor is fully faithful, and factors through Cat(, 1) C
PShv(A),

¢: (cDiski")P — Cat(oo 1) »

such that the diagram among co-categories

St
<—>l Ly, (B.1.2)

(€DISkE™ ) — Catioey

canonically commutes.
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(10) Factorization homology is defined in §4.3 of [4] as the composite functor

li /
/ : Cat(oo,1) ~25 Fun(cDisks™, 8) L Fun(cMfdS™,8) |, Cr—s (M — / e),
M

given by is right Kan extension along the cellular realization functor (—) followed by
left Kan extension along the fully faithful inclusion cDisks™ % cMfdS™. Explicitly, for
C an (00, 1)-category, and for M a solidly 1-framed stratified space, the factorization

homology of € over M is the colimit

/
. . forget .
/G ~ collm(cﬂlsk‘f;M oreen, cﬂlsksl‘cr
M

D»—)Homcet(oc_l) (e(D),e) S)

/!

Notation B.1.1. In [4], factorization homology is simply denoted as [, €, without the
In this section, we use the notation [ 1(4 C for geometric factorization homology defined
in [4] in effort to distinguish it from the combinatorial version of factorization homology
(Definition 4.1.1) defined in the body of this work. The main theorem of this section
(Theorem B.3.7) articulates a precise sense in which that these two versions of factoriza-
tion homology agree. Therefore, this notation || jlw €, in place of [ 1 G, can be understood
as temporary.

Definition B.1.2. Let M € cMfdS™ be a solidly 1-framed stratified space. The full oo-
subcategory

Disk(M) C cDiski,, = cDisk™ x  cMfd),,
cMfds

consists of those objects (D — M) that are refinements.
We record a technical result concerning the oco-category chdslfr.
Lemma B.1.3. For each object M € chdslf', the canonical functor
Disk(M) — cDisk3,,
is final.
Proof. We first reduce to the case in which M is connected. Suppose M = M_ U M, is

a product in cMfdS". Taking products in cMfdS™ defines the bottom horizontal functor
in the solid diagram among co-categories:
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cDisky (M_) x cDisky (M) ----- » cDisky (M_ U M)

| |

cDiskslf/'M7 X cDiskif/'MJr Y CDiSkif/rM,uM+

Refinement morphisms in cJ\/[fdsfcr are refinement morphisms of underlying stratified
spaces. Products in cJ\/[fdslfr are disjoint unions of underlying stratified spaces. So prod-
ucts of refinement morphisms are again refinement morphisms. This observation supplies
the filler, which is necessarily unique, in the above diagram among oo-categories. Now,
for (D o, M_uUMy) € cDisky (M_UM, ), consider the active factors (Dy — My ) of the

composites D refy M_UM, Py M. In terms of stratified spaces, Dy = (M_UM)NMy
is the intersection of the refinement D of M_ U M, with the union of components
My C M_ U M,. In particular, the active morphisms (D1 — M) are, in fact, refine-
ments. The assignment (D — M_ U M) — ((D— — M_),(Dy — M,)) is an inverse
to the top horizontal dashed functor above. In particular, the top horizontal functor is
final. Next, because cDiskslFr has finite products, the bottom horizontal functor is a right
adjoint. Therefore, finality of the left vertical functor implies finality of the right vertical
functor. Using that every object in cJ\/[fdsifr is a finite product of connected objects, the
lemma is implied by its case in which M is connected.

So assume M is connected. Then M € cDisk$™ or M = S'. In the former case, the
identity morphism determines a final object in both Disk(M) and cDiskslf/rM, which is
preserved by the inclusion. Thus, it remains to consider the case that M = S*.

Now by Quillen’s Theorem A, it suffices to show that for any object (D — S!) €
CDiSkif/rS17 the oo-groupoid completion of the co-category

cDisk; (SY)  x  (cDiskiigy) P8/ (B.1.3)

H ]
chska'/Sl

of factorizations

e (B.1.4)

(where D" € D) is contractible. Observe that in diagram (B.1.4), the closed-active fac-
torization of the downwards morphism D — D’ must compose to the closed-active
factorization D <% Dy 2% ST of the (chosen) horizontal morphism, since such factor-
izations are unique. So taking closed-active factorizations defines an equivalence between

the category (B.1.3) and the category

cDisk; (S1)  x  (cDiskifig, ) (Po=8D/™ (B.1.5)

H fr
chsksl/Sl
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of factorizations

(where D’ € D). Thus, it suffices to show that the groupoid completion of the category
(B.1.5) is contractible.

To check that the groupoid completion |(B.1.5)| is contractible, it suffices to check
that its homotopy groups vanish, and for this it suffices to show that any map to it from
a sphere is freely nullhomotopic. We check this using the theory of stratified spaces.

Observe first that any map

S§4=1 5 |(B.1.5)] (B.1.6)

of co-groupoids is represented by a functor

Exit(S41) =5 (B.1.5)

of co-categories, where we abuse notation by also writing S9! for the (d — 1)-sphere
(thought of as a manifold) equipped with some stratification (e.g. a triangulation).’*
There exists a unique extension of this stratification of S?~! to a stratification of D9
in which the interior is a single stratum; we likewise abuse notation by simply denoting
this again by D<.

Now, observe that the stratified space C(D?) — the cone on D? — has the property that
Exit(C(D?)) ~ Exit(S¢1)®: the cone point over D¢ corresponds to the left cone point,
while the interior of the disk corresponds to the right cone point. Hence, the functor X

is equivalent data to a functor
Exit(C(D?)) ~ Exit(S9™1)® — M,

equipped with certain additional structures and satisfying certain conditions, which
amount to the following on the corresponding proper constructible bundle X | C(D?):

e its fiber over the cone point is identified with D,

24 This can be seen through the model of (00, 1)-categories as quasi-categories. There, the oco-groupoid
completion appearing as the codomain of (B.1.6) can be presented as Ex°° applied to the quasi-category
(B.1.5), which is the directed colimit of finite-fold iterations of Kan’s Ex functor. Meanwhile, the domain
of (B.1.6) can be presented by the simplicial set S¥~! associated to any triangulation of the (d — 1)-sphere.
Using that such a triangulation is finite, the domain of (B.1.6) is a finite simplicial set. Therefore, such a
map (B.1.6) factors through Ex™ (B.1.5). Using that sd and Ex are adjoint to one another, the morphism
(B.1.6) is therefore presented by a map between quasi-categories sd™¥ (S71) — (B.1.5). Finally, note that
the (nerve of the) poset sd™ (S¥71) is the exit-path (oo, 1)-category associated to the N-fold iterated bary-
centric subdivision of the triangulated sphere S~ 1.
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o its fiber over the interior of D? is identified with S?,

e its restriction to any exiting path starting at the cone point is an active morphism,
and

e its restriction to any exiting path from S9! to the interior of D? is a refinement
morphism.

We will use this proper constructible bundle to construct a nullhomotopy of the original
map (B.1.6).

So, consider the link Link p(X) of D in X; this admits a composite proper constructible
bundle map

Linkp(X) — D x X|pa — D x D* .

We then form the “D%parametrized reversed cylinder” of this map, namely the pushout

D x D* —— Cylr (D x D% +— Linkp (X))

J l (B.1.7)

D Y

of stratified spaces, where the upper map is the injective constructible bundle given
by the inclusion of the fiber over A%} ¢ A! and the left map is the projection. By
construction, the pushout square (B.1.7) maps to the defining pushout square

A0} x D s Al x DA

| |

A (DY)

by proper constructible bundles, and hence in particular we obtain a proper constructible
bundle map Y | C(D?). Also by construction, we see that Y comes equipped with a
canonical morphism Y — X of proper constructible bundles over C(D%); unwinding the
definitions, we see that the natural transformation

Y
Exit(C(D%)) M
\/

that this classifies determines a natural transformation
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/L\
Exit(94-1) ¥ (B.1.5)
V
X

to our originally chosen functor X representing our chosen map (B.1.6).

We complete the proof by constructing a nullhomotopy of the map S%* m> [(B.1.5)]
of spaces. For this, observe first that the map Linkp(X) — X|pa of stratified spaces is a
refinement, so that the map Y — X is as well. We take the open cylinder Cylo(Y — X)
of the latter, and then take the pushout

D x Al —— Cylo(Y — X)
l | (B.1.8)
VA

D——

of stratified spaces, where the upper map is the inclusion of the fiber over A0} x Al
(where A%} © C(D?) denotes the cone point) and the left map is the projection. By
construction, the pushout square (B.1.8) maps to the pushout square

A0 s AT —— (D) x AT

! !

Al (D x AY)

by proper constructible bundles, and hence in particular we obtain a proper constructible
bundle map Z | C(D? x A'), which is classified by a functor

Exit(C(D4 x A1) — M . (B.1.9)

We now construct three maps C(D?9) — C(D? x Al) of stratified spaces:
« we write i for the inclusion of C(D? x A{0}),
e we write i1 for any map that carries the interior to the interior, and whose restriction

to C(S471) ¢ C(D?) is the composite map

C(s 1 — ¢(d%) ¥ c(p? x Al

in which D° & D? x A selects an interior point, and

« we write i for any inclusion which extends the inclusion of C(S?~1 x Af%}) and takes
the interior of D? into the interior of C(D? x Al).
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On exit-path co-categories, these evidently participate in a diagram

Exit(i1)

Exn(zo)

Exit(C Exit(C(D4 x Al))

\/

Exit ()

of natural transformations; unwinding the definitions, we see that this precomposes with
the functor (B.1.9) to determine a span of diagrams

/\

Exit(S9-1) Y
W
X
in which the upper functor is constant. This completes the proof. O
Lemma B.1.4. There is a canonical identification between continuous monoids:
WP — Endeygrs (S') - (B.1.10)

Proof. The underlying stratified space of S! € cJ\/[fdsl'cr has a single stratum, which has
dimension 1. It follows that each endomorphism S* — S! in cJ\/[fdslfr is a idle morphism.
By definition of idle morphisms, this is to say that the continuous monoid Enchfdslfr(Sl)
is the opposite of that of framed proper fiber bundle maps S — S! and composition be-
tween such. This latter monoid is evidently equivalent with that of oriented self-covering
maps of S!. Reporting the degree of a self-covering map therefore defines a morphism
between continuous monoids:

degree: Enchfdslfr(Sl) — N . (B.1.11)

For r € N*| the fiber over r is thusly identified as the space Cov>(S!,St) of degree r
oriented self-covers of S!. Precomposing by oriented diffeomorphisms, Dif f°(S1)°P ~
Cov' (S, St) is a torsor.

Now, the morphism (B.1.11) between continuous monoids admits a standard section:

its value on 7 € N* is the self-cover S* 22+ S!. Together with the rotation action

T ~ S!, the section extends as a morphism between continuous monoids

WP = N* x T — Endepasr (S') (B.1.12)
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over N*. For r € N*| the fibers of this morphism over r is the map between spaces
T — Cov(Sh,Sh)

selecting the T-orbit (via precomposition) of the rotation action on the domain S*. Such
rotation action defines a map T — Dif fo(S!). It is routine to verify that this map is
an equivalence. It follows that the map (B.1.12) is an equivalence between continuous
monoids. O

B.2. Comparing c@iskslfr and Quiv
The cellular realization functor A% - cDiskS™ restricts as a functor A;pl o,

c@iskildl’Sfr. Using §B.1(8), together with compactness of objects in c@iskslfr, the associated
restricted Yoneda functor factors through presheaves of finite sets:

(cDisk"*")°> — diGraphs™ C PShv(A<1), D= T'p i=Hom_ g s (D, ([o]) -
(B.2.1)

Lemma B.2.1. The functor (B.2.1) is an equivalence between categories. In particular, it
carries (the opposites of) closed cover diagrams to colimit diagrams.

Proof. Right away, observe that the composite functor A< Q) (c@iskild"Sfr)Qp ﬂ)
diGraphs™ is identical with the Yoneda functor. Therefore, for each I' € diGraphs'™", the
canonical functor

((A<1)/r,)” — diGraphs™ (B.2.2)

is a colimit diagram.
Let D € cDisk'*". Consider the functor

EXit(D) — (ASI)/FD (B23)

that is uniquely determined by declaring its value on the object d € Exit(D) to be the
canonical closed morphism from D to the closure of the stratum in which d € D belongs,
post-composed with the unique isomorphism

D -, D; =5 D = ([i]) .
Observe that the functor (B.2.3) is fully faithful, with image consisting of those idle
morphisms D — ([§]) that are, in fact, closed morphisms. In particular, the functor
(B.2.3) is final. Next, notice that the functor (B.2.3) canonically fills the commutative
diagram
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(me)l J(I;zz)

1 idl,sf - fin
(cDisky =")ep T diGraphs
By way of §B.1(9), it follows that the functor (B.2.1) carries the (opposite of the) limit
diagram (Exit(D)°P)? — cDisk' ™" to a colimit diagram.
We now prove the functor (B.2.1) is fully faithful. Let D, E € chisk'ld"Sfr. We must
prove the map between sets,

(B.2.1)

HomCDiskifl,sfr(D, E) HomdiGraphsﬁn (FE,FD) s (B24)

is a bijection. Via the functor Exit(E)> — (cDisk®*M)°P of §B.1(9), this map fits into a
commutative diagram among sets

(B.2.1)

Homchiski{“"Sﬁ (D’ E) HomdiGraphsﬁ" (PE7 FD)

! l

eeE'LT(E)HomcDiskf"Sf’(Da Ee) (B.2.1) eeEli{i?(E)HomdiGraphsﬁn (FE’ FD)

Because Exit(E)” — (cDisk*M)oP is a colimit diagram, the left vertical map is a bijec-
tion. Established at the start of this proof is that the right vertical map is a bijection as
well. Therefore, the upper horizontal map is a bijection if and only if the lower horizontal
map is a bijection. For each e € Exit(E), there is an isomorphism E, = D 2 ([i]) for
1 = 0,1. Therefore, the lower horizontal map is a bijection provided the map (B.2.4) is
a bijection in the cases that E 2 ([i]) for ¢ = 0, 1. In the case that E = ([i]), bijectivity
of (B.2.4) is an instance of the Yoneda lemma.

We now prove the functor (B.2.1) is surjective on objects, which will complete this
proof. Let I' € diGraphsfin be a finite directed graph. Its geometric realization |I'| is
equipped with the structure of a 1-dimensional CW complex. Regard |I'| as a strati-
fied space, in which a 0-dimensional stratum is a 0O-cell of this CW structure, and a
1-dimensional stratum is the interior of a 1-cell. The direction of the edges of I supplies
this stratified space with the structure of a solid 1-framing. In this way, we regard |T|
as a solidly 1-framed stratified space: |I'| € cMfdS™. Furthermore, as each stratum is a
Euclidean space, |T'| € cDisk$™ ¢ <Mfd5™. Consider the morphism I' — [ip in diGraphs™
given as follows. It is the natural transformation I'([e]) — Hom gy gyt (IT], ([e])) whose

value on a vertex v € I'([0]) is the canonical closed morphism |T| LN {v} = ([0]), and

whose value on a (possibly degenerate) edge e € T'([1]) is the canonical idle morphism
T d, Tl 4 Dl ([1]). By inspection, this morphism I' — I'jp in diGraphs™ is an
isomorphism. Therefore, the functor (B.2.1) is surjective on objects. O
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Lemma B.2.2. The diagram among oo-categories

(CDiskils.cr,sfr)op inclusion (C@iskslfr)Op

(B.Q.I)l l@

diGraphs™™ — o Catoy)

canonically commutes. In particular, for D € cDiskS", the value ¢(D) ~ Free(I'p) is the
free category on the finite directed graph I'p.

Proof. Consider the natural transformation (B.2.1) — (Qf o inclusion) ,, between
<1

functors from (cDisk{**)°P to PShv(A<,) given by the canonical monomorphism

Hom_pygscoss (= {[6))) = Homepugese (= (o)) -

By definition of €, and using that Free is (the restriction of) a left adjoint, this supplies a
natural transformation Freeo (B.2.1) — €oinclusion. We will show it is by equivalences
in Cat(oo,l).

Let D € cDisk{™*". Using that the functor Cat(s, 1) <+ PShv(A) ZLestriction,
PShv(A<1) is conservative, we need only show the map between spaces

Homcas ..., (2] Free(T'p) ) — Homeas.. ., (1], €(D) ) = Homeaiaege (D (1) )

(B.2.5)

is an equivalence for p = 0, 1. Note that every morphism D — D° = ([0]) is a closed

morphism, which is Cylr applied to an inclusion D? <+ D of a 0-dimensional stratum

of D. This, together with inspection of the space of objects of the values of Free from

Corollary 1.2.11, reveals that this map (B.2.5) is an equivalence in the case that p = 0.

It remains to show (B.2.5) is an equivalence in the case that p = 1. Note that ([1]) = D?!

is the solidly 1-framed 1-disk. Let D LD bea morphism in c@iskiﬁ. Given the p=10

case above, we can assume this morphism does not factor through D° 4 D!, the unique

morphism from the 0-disk. By inspection of the spaces of morphisms of the values of
Free from Corollary 1.2.11, we must show the following:

Claim. The morphism f uniquely factors

Cylr(m)

D

in cDisk{" in which L X D' is a solidly 1-framed refinement map between solidly
1-framed stratified spaces and D <~ L is a solidly 1-framed proper constructible
bundle map between solidly 1-framed stratified spaces with the property that =
carries 1-dimensional strata to 1-dimensional strata.
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We first establish the existence of such a factorization. By definition of the co-category
c@iskslfr, the morphism f is represented by a proper constructible bundle X — Al
equipped with a fiberwise solid 1-framing, together with identifications as solidly 1-
framed stratified spaces of the fibers: D = X5 and D! = X|at1y. Consider the link
L = LinkX

A0} (X). By construction, it fits into a span among stratified spaces

’ ’
D 2X|A{U} I 7—>X\A{1} ~ ! ,

in which +/ is a refinement map and 7’ is a proper constructible bundle map. Consider
the solid 1-framing on L’ pulled back along + from the given solid 1-framing of D®.
The fiberwise solid 1-framing on X — A! supplies a solid 1-framing structure on 7',
which is to say an identification, for each 1-dimensional stratum D, C D, of the solid
1-framing pulled back along 7’ from D, to that on each (necessarily 1-dimensional)
stratum of L’ over D,. Next, consider the stratified space L := L’/ ~ obtained from
L' by collapsing each connected component of a preimage by 7’ of a 0-dimensional
stratum in D. By construction, L inherits a solid 1-framing from that of L’. Also, there
remains a refinement morphism L 2, D! and the map 7’ factors through L as a proper
/g duetient, g D, both of which retain the structure of being
solidly 1-framed. This supplies the existence of the sought factorization.

constructible bundle:

It remains to establish the uniqueness of such a factorization. Let D < K % D! be
another such factorization. We must show there is a unique isomorphism K LNy S together
with identifications hox ~ Cylr(7) and y ~ Cylo(y) o h. Because A°P 2, cDiskS™ is fully
faithful, and A°P is gaunt, if such an isomorphism h exists then it is unique. Because
cDiskS" is an ordinary category, if such identifications hox ~ Cylr(r) and y ~ Cylo(v)oh
exist then they are unique.

Now, the origin 0 € D! can be regarded as an object 0 € Exit(D?!) ~ Exit(X|a) C
Exit(X) in the exit-path co-category of the total space of the proper constructible bundle
X — A! underlying the given morphism f. With respect to the fully faithful functor
Exit(D) =~ Exit(X|a(0)) <> Exit(X), consider the oc-overcategory Exit(D) 0. The condi-

om0 D1 are such

tions on each of the factorizations D = K % D' and D
that each of the resulting canonical functors over Exit(D),

Exit(([q])) ~ Exit(K) — Exit(D);0 and Exit({[p])) ~ Exit(L) — Exit(D) ,
are equivalences. Consequently, p = ¢q. Because the cellular realization functor A°P Q
cDiskS™ is fully faithful, there exists a unique isomorphism K M Lin cDisks™ which lies

over D' (ie, y = Cylo(y) o h). Finally, because the equivalences Exit(K) — Exit(D) o <—
Exit(L) lie over Exit(D), it follows from Lemma B.2.1 that hox = Cylr(7). O

Corollary B.2.3. The functor (cDiskS™)oP LN fCat(se,1) carries (the opposites of) closed
covers to colimit diagrams.
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Proof. Observe that the functor (B.2.1) carries (the opposites of) closed covers to
pushouts in diGraphs™ ¢ PShv(A<1). The result follows from the fact that the functor
Free, being a left adjoint, preserves colimits. O

Proposition B.2.4. There is a canonical identification
cDisk§" = Quiv®
between (00, 1)-categories under A°P.

Proof. By Definition 1.2.4, the oo-category Quiv C Cat(o, 1) is a full oo-subcategory

fin Free

on the image of the functor diGraphs™ —— Cat(, 1). By definition, the inclusion

cDiskS's " s cDisks™ is surjective on objects. Therefore, Lemma B.2.2 implies Quiv is
precisely the full co-subcategory of Cat(, 1) on the image of the functor (cDisks™)op LN

Cat(oo,1)- This supplies a functor,
¢: cDiskslfr — Quiv®® |

which is surjective on objects. Lemma 1.2.8 and commutativity of (B.1.2) together imply
this functor is canonically under A°P. So the proof is complete upon showing this functor
(cDiski™)°P % Cat(ag 1) is fully faithful.

So let D, E € cDisks™. We seek to show the map

Homepigesr (D, E) —— Homear, ., (€(E), €(D)) (B.2.6)

is an equivalence between spaces. Using the limit diagram E(E) — (cDisk§")®/ of (B.1.1),
this map (B.2.6) fits into a commutative diagram among spaces:

Hom,piger (D, E) ———S——— Homcar_,, (€(E), €(D))

(R.].])l l

eeELii??E)W Hompiger (D, Ee) —5— eeELii{?E)op Homcat . ,, (¢(E.), €(D))

Because closed covers in cDisk"ifr are, in particular, limit diagrams, the vertical map on
the left is an equivalence. Through Corollary B.2.3, the fact that the diagram (B.1.1) is
a limit diagram also implies the vertical map on the right is an equivalence. Therefore,
because each value of the diagram E(E) — (cDisk$")E/ of (B.1.1) is ([p]) for p = 0 or
p = 1, the horizontal map on the top is an equivalence provided it is in the case that
E ~ ([p]) for some p > 0.

So let p > 0 and assume E = ([p]). In this case, the map (B.2.6) is identical with the
map
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¢(D)([p]) == Homepigr(D; ([p)) = Homecar .. ., (€(([p])), €(D)) -

An instance of the commutativity of the diagram of (B.1.2) implies this map is an
equivalence, as desired. O

Observation B.2.5. Through the equivalence of Proposition B.2.4, the opposite of the full
oo-subcategory A C Quiv of Observation 2.2.2 is identified with the full oo-subcategory of
c@isk‘ifr consisting of those objects whose underlying stratified space admits a refinement
morphism to a circle.

B.3. Comparing cMFdS™ and M

Consider the full co-subcategories
cDisk?™s™ < Disks™  and ML < cvfds™

respectively consisting of those objects whose underlying stratified space is connected.
Recall the full co-subcategories Quive®" C Quiv and M®" € M from Notation 3.2.1 and
Definition 3.3.1/Observation 3.4.5. Note the factorizations:

A 5 Quive" € Quiv and A® cDisk$*™*" < cDisks™ .

Proposition B.2.4 evidently restricts as an equivalence
cDiskS™s" = (Quiveen)oP (B.3.1)

between oco-categories under A°P.
Consider the full co-subcategory

.1, con,sfr
A = A (VS Sk C Ar(cMFdP )

|%Enchfd<ion,sfr (Sl)

consisting of those arrows in cJ\/[fd‘iO"’s'fr that are refinements to a circle from an object
in cDisk$™" C cMFd™*". Evaluation at source defines a functor

A —s cDiskems (B.3.2)
to the full co-subcategory cDisk ™" ¢ cMFAS™™; evaluation at target defines a functor

.A — %Enchfdxion,sfr(Sl) (B.3.3)

to the full co-subcategory of cMFd™™ consisting of the circle ST € c<MFA™". The
definition of the parametrized join as a colimit therefore supplies a canonical functor

c@isk?”’s'c':%EndCMf goonse(S1) — MFAE™ (B.3.4)
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Lemma B.3.1. The functor (B.3.3) is a coCartesian fibration.

Proof. To see that the functor (B.3.3) is a locally coCartesian fibration, we must show
cach solid diagram in cMfd$°™",

D-—--5E
refl iref ;
Sl Sl

admits an initial filler in which the vertical morphism on the right is a refinement, as
indicated. Now, the endomorhpism 7 is necessarily a idle morphism. Via Definition 1.24
of [4], the space of idle morphisms S! — S in <MFS™™ is canonically identified as
the space of oriented covering maps S! < S! (in fact, which reverses the source and
target, as indicated). A sought filler is then supplied via pullback of the downward
disk-refinements along the covering map corresponding to w. The universal property of
pullbacks implies this filler is initial among all such fillers. We conclude that (B.3.3) is a
locally coCartesian fibration. Finally, because taking pullback is associative, such locally
coCartesian morphisms are closed under composition. Therefore, the functor (B.3.3) is
a coCartesian fibration, as asserted. O

Lemma B.3.2. The functor (B.3.4) is an equivalence between oo-categories.

Proof. Observe that each object in cMfdS®™™ is either equivalent with S or an object
in cDisk®™" c MFdS™*". Therefore, the functor (B.3.4) is surjective on objects.

It remains to show (B.3.4) is fully faithful. Clearly, the restriction of (B.3.4) to
c@iskion’Sfr and to BEnd dclon,sfr(Sl) is fully faithful. Next, observe that
Hom gy rse (S, D) = 0 for each D € cDisks™ ¢ cMfdS™. Indeed, for X — A a proper
constructible bundle, if its fiber over A% c A! has no 0-dimensional strata, then its
fiber over any point in A' has no 0-dimensional strata. Therefore, since S' has no 0-
dimensional strata while each object D € cDisk$®™*" has at least one 0-dimensional
stratum, there are no proper constructible bundles X — A! for which X INUE St and
Xiam € cDiskS®™*". It remains to show that, for D € c¢Disk™*", the map between
spaces of morphisms induced by (B.3.4),

1 1
HomcDiSkxion,sfr*;BEnd Mfdcon‘sfr (Sl) (D7 S ) — Homchdion,sfr (D, S ) 5 (B.3.5)
A eMIdy

is an equivalence. By construction of the parametrized join, the domain of this
map (B.3.5) is the oo-groupoid-completion of the oo-overundercategory A?S/l'

Lemma B.3.1 implies the canonical functor (.A‘Sl)D /= A?S/I is a right adjoint. There-
fore, the map (B.3.5) is an equivalence provided the resulting composite functor

(.A‘SI)D/ —).A/Ds/l — Hom D,Sl) s

|
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witnesses an oo-groupoid-completion. Equivalently, for each point (D i> St) in the

codomain of this functor, we must verify that the fiber ((\A‘SI)D/ )I f has contractible

oo-groupoid-completion. Now, recognize this co-category ((.A‘Sl)D/)lf ~ Disk(S1)// as
the oo-undercategory with respect to the canonical functor Disk(S!) — cDis slfr/sl.
Through Quillen’s Theorem A, Lemma B.1.3 ensures that this co-undercategory indeed
has contractible classifying space. 0O

Lemma B.3.3. The functor (B.3.2) is fully faithful. Its image consists of those objects
D € cDisk$®™ " that admit a refinement morphism D — S in cMFdS™".

Proof. Such objects are clearly all of the objects in the image of (B.3.2). It remains to
show this functor is fully faithful. We first show the induced map Obj(A) — Obj(cDisk$™)
is a monomorphism.

Let D € cDisks™ be in the image of (B.3.2). Using that refinement morphisms in
c?\/[fdslfr are, in particular, homeomorphisms between underlying stratified spaces,
observe that the post-composition witnesses the space HOmCMfdrlef,sfr(D,Sl) as

an Authfdclon,sfr(Sl)—torsor. Therefore, there is a unique object (D o, D) e

ref re
(%Enchfdslfr(Sl))D/ C (MF™)D/™ Tt follows that Obj(A) — Obj(cDisks™)
is a monomorphism.

Now, let D i> FE be a morphism in cDisksifr between two objects that are in the im-
age of (B.3.2). To show (B.3.2) is fully faithful, we must show there is a unique lift
along (B.3.2) of this morphism to A. Using that Obj(A) — Obj(cDisks™) is a monomor-
phism, this is to establish a unique filler in the diagram in chdifr:

D1, E
ref ref - (B36)
Do B

Using that refinement morphisms in cMf ifr are, in particular, homeomorphisms between

underlying stratified spaces, any such filler must be unique. So we need only ensure such

a filler exists. By definition of chdSiﬁ, the composite morphism D EN RN SN

implemented by a proper constructible bundle X — A! with a fiberwise solid 1-framing,
together with identifications X|p0) ~ D and Xapy = F in chdslfr. Consider the

link L := Linky (X). By construction, it fits into a span among stratified spaces

|a{0}
ONG! L X|at in which 7 is a proper constructible bundle and v is a refinement.
Pulling back the solid 1-framing of X5y =~ E along v supplies a solid 1-framing on L
for which the maps 7 and ~ are solidly 1-framed, and as so they factor the composite
DL B B in coMfds™
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o

ef -

—

D
Cylr(ﬂ')l
L

ey

Cylo(7)

Using that 7 respects solid 1-framings, for each 0-dimensional stratum d € D < D,
each connected component of the constructible closed subspace 7~*(d) C L admits a
framed refinement onto DY or D!. Collapsing to a point each such component that
refines onto D! results in a solidly 1-framed stratified space L', still fitting into a span

among solidly 1-framed stratified spaces D <i L’ i> E in which ~' is a solidly 1-framed
refinement and 7’ is a solidly 1-framed proper constructible bundle with the feature that
i-dimensional strata are carried to ¢-dimensional strata. By construction, these data fit
into a diagram in cMfdS":

— 1 L E
Cylr(n’ )J lref .
E
Cylo(y")

Using that Obj(A) — Obj(cDisk$™) is a monomorphism, there is an identification L/ = E
in MfdS™ under L’ from the underlying framed 1-manifold of L’. Now, being a con-
structible bundle, the map 7’ restricts over each 1-dimensional stratum of D as a framed
covering space. Because 7’ is solidly 1-framed, it follows that it restricts over a neighbor-
hood of each 0-dimensional stratum as a solidly 1-framed local homeomorphism. Since
7’ is proper, we conclude that 7’ is a solidly 1-framed covering space. In other words, 7’
is the base-change of a framed covering space, necessarily from L to D: there is a filler
among solidly 1-framed stratified spaces

1

witnessing a pullback. The filler in this diagram among solidly 1-framed stratified spaces

ref I:
[)

determines a filler in the diagram in cMfdS™:

L’ ref -
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The desired filler in (B.3.6) is the bottom horizontal composite. O
Lemma B.3.4. The identification (B.3.1) extends as an identification
sfr o
CMfdion str ~ MCOH
between (00, 1)-categories under A°P.

Proof. We explain the diagram among oo-categories:

.1 con,sfr evy evy 1
C®|Sk1 (B4342) A %Enchfdclon,sfr(S )

] { 10

cDisk ™" ¢ Ay ———— BW®

w0 i |

(Quivcon)op KOP (2.5.7) BVYoP

inclusion localization

(B.3.7)

The top-right square is defined as a pullback. Lemma B.1.4 states that the func-
tor (B.1.10) is an equivalence, which implies the upward functor Ajpwe — A is
an equivalence. As noted earlier in the body, Proposition B.2.4 implies the functor

B.3.1
cDisk o™ B3D, (Quive®™)°P is an equivalence. Lemma B.3.3 thereafter implies the

composite functor A — cDisk&™s" B3D, (Quiv®°™)°P is fully faithful. Lemma B.3.3

con

implies the image of this fully faithful composite functor is A C Quiv™" the cyclically
finite directed graphs. This establishes the equivalence A|qyyor = (X"p)q, as indicated.
Finally, inspecting the construction of the morphism N* x T = W©P = Enchfdclon,sfr(Sl)
over N* and under T reveals that the bottom right square canonically commutes.
Reading (B.3.7) as a (vertical) span by equivalences of (horizontal) spans, we obtain
equivalences among parametrized joins as in this diagram among oco-categories:

B.3.4)
conr (S1) — 2 cvtrcon s
1

cDiske™ g BWP ———— Dk A BEnd
A <M |

A |z wop fd

|
|
|
|
X
|

|

|

|

|
v

NN

(Quivcon)op * BWOP
A°P

(3.3.4)
Proposition 3.3.9 states that the functor (3.3.4) is an equivalence. Lemma B.3.2 states
that the functor (B.3.4) is an equivalence. We conclude a unique dashed filler, which is
necessarily an equivalence.

To finish the identification cMfd™*" ~ M" indeed lies under A% because, by con-
struction, it extends the identification cDisk™*" ~ (Quive")°P of Proposition B.2.4. O
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Proposition B.3.5. The identification of Proposition B.2./ extends as an identification
MFdS" ~ M
between (00, 1)-categories under A°P.

Proof. Corollary 3.5.4 states that M is freely generated from its full co-subcategory
M" C M via categorical products. Using that coproducts of underlying stratified spaces
sfr

implements products in ¢MfdS", the full co-subcategory cMfdS™ ™ c M freely
generates via categorical products. The result is therefore implied by Lemma B.3.4. O

Notation B.3.6. Denote the equivalence of Proposition B.3.5 as

(=): MFdS™ — M, M— M.
We can now articulate, and prove, the sense in which combinatorial factorization
homology agrees with factorization homology.

Theorem B.3.7. Let X be an oco-category that admits finite limits and geometric real-
izations such that, for each X € X, the functor X x —: X — X preserves geometric
realizations. The diagram among co-categories,

fCaty [X]

ST
Fun(cMfdS™, X) e Fun(M, X)

canonically commutes. In particular, for each category-object C in X, and each solidly
1-framed stratified space M, there is a canonical identification in X:

!
/6:/6.
M M

Proof. Proposition B.2.4 and Proposition B.3.5 supply a commutative diagram among
oo-categories:

AP — " L Quiv? — M

I =) (Ga)

A°P T> C@isksifr —L> CMfdslfr



D. Ayala et al. / Advances in Mathematics 466 (2025) 110170 115

in which the vertical functors are equivalences. Applying Fun(—, X) to this diagram gives
a commutative diagram among oo-categories

Fun(A%, %) «—" Fun(Quiv®®,X) +—2" Fun(M, X)
I )" (Gl
Fun(A°P, X) o Fun(cDisks™, X) — Fun(cMfd5™, X)
in which the vertical functors are equivalences. Taking right adjoints of the left horizontal

functors, and left adjoints of the right horizontal functors, results in a commutative
diagram among co-categories

Fun(A%, X) —2 5 Fun(Quiv®®, X) . Fun(M, X)

Il =) ()"
Fun(AOP;x) T FUn(C@iSkslfr,X) ﬁ FUﬂ(CMfdifr,fX:)

in which the vertical functors are equivalences. The result follows by Definition 4.1.1 of
the functor [ and by the definition of the functor [*. O

Recall from Terminology 3.7.2 the notion of an excision site. The next explains how
excision for factorization homology works intrinsic to chdifr.

Proposition B.3.8. Through Proposition B.3.5, an excision site (f, S, ¢, M") corresponds

to a pair (M,S) in which M € MFdS™ and S ¢ MW is a finite subset of its 1-
dimensional strata. Furthermore, such a pair (M, S) determines a simplicial object

AP Moy nMfdST

whose colimit |[M,| ~ M, and such that each canonical morphism M, — M is a re-
finement. Moreover, for C € fCat1[X] a category-object in X, the canonical morphism in

X,
/eé/e,

. M

s an equivalence.
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Proof. Let (f, S, @, M') be an excision site in the sense of Terminology 3.7.2. Take M :=
colim (A°P M, M) € M as in Lemma 3.7.3. Through Proposition B.3.5, this object in

sfr

M corresponds to an object M € cMfd]", which we give the same notation. The object
ToLM' € M corresponds to an object M € cMfdS™, which is equipped with a refinement
M — M. The site of this refinement is a finite subset S C M. In this way, an excision
site in the sense of Terminology 3.7.2 determines a pair (M, S) as in the statement of
the proposition.

Next, let (M,S) be as in the statement of the proposition. Consider the coarsest
refinement M —s M such that there is containment r—1S C M(© in the subset
of 0-dimensional strata. Because refinements are homeomorphisms between underlying
topological spaces, the map r 1S L Sisa bijection. So let us simply denote r 1S = S.
Now, consider the blow-up BIS(M ) of M at S — it is a stratified space with boundary
Links (M) C Blg(M), which fits into a pushout diagram among stratified spaces,

Linkg (M) ——— Blg(M)

|

S M,

in which the downward maps are proper constructible bundles. As so, Blg(M) inherits
a solid 1-framing. Observe LinkS(M) >~ (SHHS is a disjoint union of S°, one cofactor
for each element in S. Let D C BIS(M ) be the union of those connected components
that contain LinkS(M ). By design, each stratum of D contains a 0-dimensional stra-
tum in its closure. Therefore D € c@iskiﬁ. Let T' € Quiv correspond to D € c@isk‘ifr
through Proposition B.2.4. Let (S°)"% 2T correspond through Observation 4.1.2 to
(SO)IS = Linkg(M) < Blg(M). Let M’ € M correspond to Blg(M)\ D € cMfdS"
through Proposition B.3.5. Then (IN“, S, , M') is an excision site.

Observe that the composite association (M, S) — (I, S, ¢, M') — (M, S) is the iden-
tity. Observe that the composite association (f,S, o, M) — (M,S) — (f’,S,ap,M”) is
not necessarily the identity. However, the simplicial objects A°® — M determined by
(f, S, @, M") is identical with that determined by (f’, S, ¢, M"). This justifies the first
statement of the proposition.

The second statement follows through Proposition B.3.5 from Lemma 3.7.3. The third
statement follows through Theorem B.3.7 from Proposition 4.2.2. O
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