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§1. INTRODUCTION

USING A mod-p version of the lower central series one of us recently [10] constructed a mod-p
version of the spectral sequence of one of the others [3] and showed that for every topological
space X there exists a spectral sequence {E'X, d'X'} with the following properties:

(i) E'X depends only on H(X;Z,),

(ii) for simply connected X the spectral sequence converges in the same sense as the
Adams spectral sequence [1].

Our concern here is mainly with a stable version of this sequence, for which we
1. explicitly calculate E* and d*
IL. show that, from E* on, this stable spectral sequence coincides with the Adams spectral
Sequence.

We will prove these results in detail for p = 2 and indicate in an appendix the changes
that have to be made for p an odd prime.

1.1. ConvenTtions. With the following exceptions the notation and terminology of [8]
and [9] will be used:

(i) For a spectrum (or set complex with base point) X we will denote by H, X and H*X
the (reduced) homology and cohomology with coefficients in Z,. _

(i) For a set with base point Y we will denote by AY the Z,-module generated by Y
with the base point put equal to 0. For every spectrum (or set complex with base point)
X we then have

e AX = H X

(iii) A spectrum X will always be assumed to be of finite type, i.e. the groups 7 X are’
finitely generated and vanish from some degree down. This implies that H,X and H"X
are also finitely generated and that H,X =Hom(H"X, Z,) for all n. Hence every element
T of the mod-p Steenrod algebra [12] operates on the right on H, X as follows

H,X = Hom(H"X, Z,) Hom'T:20), Hom(H"~'X, Z,) = H,_,X

where i = degree T.

+ Work on this paper was supported in part by U.S. Army Research Office (Durham), N.S.F. contracts
and N.S.F. fellowships.
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§2. THE MAIN RESULTS (FOR p = 2)

2.1. THE STABLE SPECTRAL SEQUENCE. We recall from [10] that the lower 2-central series
of a group G is the filtration

P r,.+1GC F,.G c e C FlG =G
in which each I',G is the subgroup of G generated by the elements

['yl, vees Vs 2'

where [,...,1={...[,], ..., the y,€ G and 5-2' > r. For a spectrum X we then denote
by {E'X, d'X} the spectral sequence associated with the homotopy exact couple of the
following filtration of the free group spectrum ([9], §4) FX

- @ TyuiFX cTyFX ¢ - < T,FX = FX.

2.2. COMPARISON WITH THE NON-STABLE SPECTRAL SEQUENCE. Note that, unlike in the
non-stable case, we do not use the whole lower 2-central series. This is because (as will

be proved later)
2.3. For every spectrum X
(U, )FX =0 if r# 2/ for some .

As a result of this reindexing our E’ for 1 <i < oo and our & are not the same as those
obtained by using the whole lower 2-central series. Of course our E! and E® differ from the

other only in their indexing.
We now state our main results.

2.4, THE STRUCTURE OF (E'S, d'S). Let S denote the sphere spectrum. Then

(i) (E'S, d'S) is the graded associative differential algebra with unit (over Z,) with
(i) a generator A, (of degree i) for every integer i > 0
(iii) for every m = 1 and n > 0 a relation

Ei+j=n(i -;j)li—umlj—uz,n =0
(iv) a differential given by
/1,,_1—>z,.+,.=n(ijj)zi_1z,._l nx2
2.5. THE STRUCTURE OF (E'X, d'X). Let X be a spectrum. Then

(i) (E*X, d' X) is a differential right (E'S, d*S)-module, where
(if) the module structure is given by

E'X = H,X ® E'S
(iii) the differential is determined by
a®1-%,4aSq ® 4y)
for allae H. X,
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2.6. COMPARISON WITH THE ADAMS SPECTRAL SEQUENCE. Let X be a spectrum. Then
{E'X, d'X} i=2
is exactly the Adams spectral sequence of X [1].

These results will be proved in §§3-7. Part (i) of Proposition 2.4 and parts (i) and (ii)
of Proposition 2.5 are proved (modulo 2.3) in §3; §4 deals with a Whitehead type lemma
which is used in §5, where we prove 2.3 and calculate the additive structure of £'S. Up
to this point we need, apart from general semisimplicial homotopy theory, only a connection
between the lower 2-central series and restricted Lie algebras and some elementary facts
about free restricted and unrestricted Lie algebras. In the remainder of the proofs of
Propositions 2.4 and 2.5 (§6) and in the proof of Proposition 2.6 (§7), however, we make use
of the mod-2 Steenrod algebra and its properties.

§3. PROOF [MODULO 2.3] OF 2.4 [i] AND 2.5 [i] AND [ii]
First we observe that in the notation of 1.1 (if)
(Ty/TF = A

and recall {10], [13] that if
L = Z,.> OLI'

is the functor which assigns to a Z,-module M the free restricted Lie algebra on M, then
3.1. There is a natural equivalence
T/ )F =LA r>0
and hence
(T, JFX o LAX r> Q.

Now let composition LL — L be the natural transformation which assignsto aZ,-module
M the unique restricted Lie map LLM — LM which is the identity on L, LM = LM. As AS
is the Z,-module spectrum freely generated by a single simplex in degree 0, this composition
LL — L induces a composition operation

HSL‘{AX X ntLrAS'_’"s+tLqrAX
and one readily verifies

3.2. The composition operation turns n,LAS into an associative graded algebra with unit
and . LAX into a right module over this algebra.

And as m L AX = n, AX = H, X part (ii) of Proposition 2.5 follows from 2.3 and
3.3. The right n LAS map
H, X ® ngaLAS—n,LAX

given by a ® 1 — a for all a, is an isomorphism.
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Proof. This is trivial if X has the homotopy type of the g-fold suspension $%S of the
sphere spectrum S for some integer — 00 < g < 0. For arbitrary X the proposition then
follows from the fact that 4X has the same homotopy type as £; AS%S for suitable values
of g;.

It remains to prove the statements about the differential in part (i) of Proposition
2.4 and 2.5. Assuming 2.3 let

oe nst.AX = ns(rzi/F2a+1)FX
ﬂ € ﬂ:,LZjAS = Ttt(r2j/F21+ 1)FS

Let b e I',,FS be such that dob ey, 1 FS,db = *fori +# 0 and projbe B. Then proj dyb € d*B.
Write b in the form B(Fi) where B is a formula involving only degeneracy operators and the
operations product and inverse and where i € S is the only non-degenerate simplex. Let
m be the largest integer for which B involves the operator s, and let k£ be an integer such
that 2k > ¢t + m. Then there exists a simplex ¢ € I',,FX such that d,;ae T, FX, dia=*
for i# 2k and proj ae« and hence proj dyaed'a. This implies that the simplex
B(a)e T, ,FX is such that proj B(a) € «f, proj d,B(a) € a(d'B), proj dy..B(a) e (d'oa)B
and d;B(a) = * for i # 0, 2k + t. Hence

d'(af) = (d'w)p + o(d"p).

§4. A WHITEHEAD LEMMA FOR SEMISIMPLICIAL LIE ALGEBRAS

J. H. C. Whitehead’s result that a map between simply connected spaces induces iso-
morphisms of the homotopy groups if it induces isomorphisms of the homology groups,
translates into group complex language as follows [7].

A homomorphism befween connected free group complexes induces isomorphisms of the
homotopy groups if its abelianization does so.

Here we will derive a similar statement for semisimplicial Lie algebras, which will be
needed in the computation of the additive structure of E*S (§5). In what follows all algebras
will be over Z,. First we define

4.1. FRreE s.5. Lie ALGEBRAS. A free s5.5. Lie algebra Y is an s.s. Lie algebra for which
there exist submodules B, = Y, with the properties

(i) Y, is the free unrestricted Lie algebra on B,, for all n.

(ii)ifbeB,and 0 <i<n,thensbeB,,;.

If Ab denotes the functor which assigns to every Lie algebra R its abelianization

AbR = R/[R,R]
then we can now state
4.2. THE WHITEHEAD LEMMA FOR S.5. LIE ALGEBRAS. Let f: Y — Y’ be a Lie map between
connected free s.s. Lie algebras. If n,Abf is an isomorphism, then so is n, f.

Proof. For a Lie algebra RletI''R=Rand I'\R=[I',_R, R]for s > 1. The lemma
then follows by iterated application of the five lemma from the following two propositions.



THE mod-p LOWER CENTRAL SERIES AND THE ADAMS SPECTRAL SEQUENCE 335

4.3. Let Y be a connected frees.s. Lie algebra. Then T,Y islog, s connected for all
s> 1.

Proof. Let L* =X, ,L¥ be the functor which assigns to every Z,-module M the free
unrestricted Lie algebra on M. By the argument of [2], §5 it then suffices to prove proposition
4.3. for the case that Y = L*B for some connected s.s. Z,-module B. But in that case

Y =3, LiB
and the proposition follows from [2], §7.

4.4, Letf: Y= Y’ be a Lie map between free s.s. Lie algebras. If n,Abf is an isomorphism
then so is n (LT ) ffor all s = 1.

Proof. This follows from Dold’s lemma ([4], §1) and the fact that for a free unrestricted
Lie algebra R

(i) AbR is a (free) Z,-module,

(if) there are natural isomorphisms

(I'y/Ts+1)R =~ L{AbR.

§5. THE ADDITIVE STRUCTURE OF ES

In this section we prove 2.3 and compute the additive structure of E'S by calculating
the groups n,LAS. The latter is done non-stably by investigating the groups n,LAS,
(where S, denotes the semi-simplicial #-sphere [9, §2]) and their behaviour under suspension
and composition.

5.1. SUSPENSION AND COMPOSITION FOR THE GROUPS 7,LAS,. The groups n,LAS, are
connected by the suspension homomorphisms (4]

n LAS, 2% n,  \LAS,., n=0
and for each element « € n,L,AS, by the composition homomorphism (defined as in §3)
nyLAS, —*> m, L, AS,.

We will often use the same symbol for an element « € n,LAS, and its suspensions as well as
Jor the corresponding element of n,_,LAS. No confusion will arise as composition is com-

patible with suspension, i.e. the diagram

Susp «
Mgy 1 LAS, 4y —— 74 | LAS, .

Susp Susp
nyLAS, —=—— m,LAS,
is commutative for every o € n, LAS,.

Of course all this also holds for the groups n,L*4S, where L" is the free unrestricted
Lie algebra functor.

5.2. THe ELeMENTS Z,. For an s.s. Lie algebra Y (restricted or not) and simplices
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aeY,, be Y, define in the universal enveloping algebra of Y a simplex a® b by

a@®b =X(sg, - 55,5, *** 5,,b)

where the sum is taken over all permutations {o;,..., %, By, ..., B, of {O,....m+n—1}
for which o < - < a, and f; < --- < B, (if m = n = 0 this should be interpreted as a @ )
and put, for later reference, [a,b] =a@®b + b®a. For the n-dimensional generator
i,€ L AS, = AS, we then have i,®1i,€ L,AS, and in fact, for n > 0, i ®i,e L54S,. We
now denote by 1 e n,L,4S, and A, € n,,L,AS, the homotopy classes of i, and i,®i, and
formulate:

5.3. THE ADDITIVE STRUCTURE OF 7, LAS. The compositions

YRRy

Sor which k > 0 and i;,, < 2i; for j > 0, form a basis for n,LAS.

This together with 3.3 implies 2.3 and hence yields the additive structure of E'S.

Proposition 5.3 is an immediate consequence of

5.4. THE ADDITIVE STRUCTURE OF 7, LAS,. The compositions
li 1 b A’ikl
Sor which k 2 0, i, < nand i;,, < 2i; for j >0, form a basis for n,LAS,.
which in turn follows from the following two propositions
5.5. The inclusion map L*AS, — LAS, and the function‘‘composition on the right with o
induce isomorphisms
74 L,AS, ~ m,LiAS, r odd
n L, AS, & ny LiAS, + my L, 2 AS, r even
Proof. This follows from the fact that
(i) for a Z,-module M the inclusion map L*M — LM and the squaring map LM — LM
(given by m — m ® m for all m) induce a decomposition LM = L*M x LM of the under-
lying sets, and
(ii) the map on homotopy groups induced by the squaring map LAS,— LA4S, is
“composition on the right with 1,”.

5.6. Let n > 0. Then the suspension homomorphism Susp: n, . L*A4S,_; - n,L*AS, and
the composition homomorphism A, 1, JL"AS,, - n *AS, induce isomorphisms

e LiAS, ~ m,_LiAS,_, rodd
el AS, = nty_(L7AS, | + my L}, AS,, r even
Proof. For n=1 this follows from the results of [2], §6 and the observation that (if

J7is as in [2])
L'AS, = L{AS, + L%, J'AS))

For n>1 let W be the s.s. Lie algebra freely generated by simplices x, y and z in
dimensions n — 1, n and 2#n respectively, with faces d,y =x, d;y=*fori#nand dz=*
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for all i and let f: W — L"AS, be the Lie map given by y — i, and z — i,®£,. The complex
T = ker f then is a free s.s. Lie algebra which in every dimension is freely generated by the
simplices of the form (see [11])
I [5.,% 84,5008, V] r=1

1I [sul(y ® y - Z)a Sap Vs -ee ssa,.y] r=1
where the s, are iterated degeneracy operators, and 45T is an s.s. Z,-module on the same
generators. Let U < 4bT be the submodule generated by the simplices of the form I and
let V= (A4bT)/U. Then one readily verifies that n;U=Z, with generator [x,y,...,»]
whenever i = rn — 1 for some r > 1 and n;U = 0 otherwise and that =,V = Z, with generator
[(b®y — 2),y,...,¥] whenever i = rn for some r > 2 and n;V = 0 otherwise. However, in
AbT the generators in dimension >n - 1 kill each other, i.e.

drn[(y®y~z)’y""3y]= [x’ y!y""’y]

daly®y—2,5,...,y1=0 fori<rn

and thus =,_,AbT = Z, with generator x and n;4bT =0 for i#n—1. As n>1 the
Whitehead Lemma (§4) implies that the Lie maps g: L*4S,_, =T and h: W— L*4S,,
given by i,_; = x and z—/,, induce isomorphisms of the homotopy groups. As the
composition

incl

r'as, 12 w-t,r4s,,

is trivial it follows that T-"% W is trivial on the homotopy groups. The exactness of the
homotopy sequence of the fibre map f: W — L"4S, now yields the desired result.

§6. COMPLETION OF THE PROOFS OF 2.4 AND 2.5

Using some results on the mod-2 Steenrod algebra & we will prove part (iii) of Propo-
sition 2.5 and then deduce from this parts (iii) and (iv) of Proposition 2.4.

Proof of 2.5. (iii). As n,L,AS is generated by the 4, (5.3) and as the map

el AX = H X —d‘——> el AX = Hy X @ my L, AS
is natural it follows from the duality between H,X and H*X (1.1) that there are unique
elements T, € 4 (with degree T, = n) such that
di
a—- 2“n>0(aT;o ® }.,,_1)

for all a € H, X and we thus have to prove that 7, = Sg” for all n > 0. This we will do using
the fact that [5]
6.1. Sq" e L is the only non-zero element of degree n which vanishes on H,, AS,_,.

Let X be the spectrum such that X, = 4S5,_; and X, is the ¢g-fold suspension of X,
for g = 0. Then we have a commutative diagram
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. di
Hpuo 1 Xo =g o(T{/T)CX g — 75, 5(T/T3)GX g = Z(H X, ® Ton-3LaAS; 1) +u

= g
Hypo X = map— (T T)FX 4, Ton—o(D2/T)FX = Z(H,X @ mpy_ 5 _;L,AS)

where G is as in [6] and f and g are induced by the “inclusion” X, < X. The upper left
equality is proved as in [6] and implies that f: H,, X, - H,, ;X is the isomorphism
induced by the “inclusion”. The upper right equality is a consequence of 5.4; as cross
effects are killed by suspension ([4], §5) one can choose the direct summand U in such a
manner that it is killed by g. And as on Z(H, X, ® m,,-3L2A4S;_,) the map g is the map
induced by the “inclusions™ X, = X and S;_; < §it follows (5.4) that an element b ® 4,_;
is in the image of g only if b = 0. Thus a7, = 0 for all a e H,,_, X and therefore also for
all ae H,,_, X, and it thus (6.1) remains to show that 7, # 0. In order to do this we take
a closer fook at the spectral sequence for AS. First we recall from [12].

6.2. H,AS is a polynomial algebra on generators &, of degree 2'—1(i = 0) with one
relation &y = 1. The Sq" operate on the right on H,AS according to the formulas

&Sq=&+ & where Sq =X Sq"
(6€)Sq = (£Sq)(&'Sq)  for all £, &' e HyAS.

Now T; = 0 would imply that 1 ® 4, € E*AS, which would contradict the convergence
of the spectral sequence [10]. Thus T, = Sg'. Similarly 7, = Sg* (because otherwise 1 ® A,
orl® A + &1 ® A, is in EXAS).

Therefore assume inductively that T, = Sq" for n < 2k (k = 1) and suppose T, ., were
0. Then a simple calculation (using 6.2) yields that d'd'(£,£%) is a polynomial in the &, with
coefficients in n,L,4S of which the constant term is 4,A,,_;. But as d'd' = 0 this would
imply A.l,_; =0, in contradiction to 5.3. Thus Ty, = Sq***'. Applying the same
argument to £2£% we get also that T, , , = Sg?**2.

Proof of 2.4 (iii) and (iv). Using 6.2 and 2.5 (jii) one can write d'd* (&%) (m = 1)asa
polynomial in the &; with coefficients in 7,L4AS of which the constant term is

i+ j
Z:i<!~j=n< i )li——1+m/lj-l+2m'

Asd'd' = 0 this constant term vanishes and thus yields a relation between the ;. Moreover,
it follows readily from 5.3 that there can be no more relations than these. Thus part (iii)
of Proposition 2.4 is proved.

Part (iv) of Proposition 2.4 is obtained likewise by calculating the constant term in
dta‘er.

§7. PROOF OF PROPOSITION 2.6

In order to prove Proposition 2.6 it suffices [1] to show that the map
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H*r2j+ FX = ﬂ*Ar2j+ IFX

H,T,,FX = myAT,,FX

induced by the inclusion I'y,., = T',;, is trivial. But as 4 andI',F are defined dimension wise
it follows from [9], 15.4 and the naturality of that result, that there is a commutative diagram

ﬂ*Ar2j+1FX I H*ArszX

~ ~

n*r2j+|FAX _— R*rszAX

where the horizontal maps are induced by the inclusion T'y;.. = I'y; and the vertical maps are
isomorphisms. We thus must show that the bottom map in'7.1 is trivial for all X, or
equivalently

7.2. The spectral sequence collapses for spectra of the form AX, i.e. if X is a spectrum,
then

E?AX = E*AX.

Proof. 1Tt suffices to prove this if X = S. In view of 2.4, 2.5 and 6.2 E'AS is freely
generated by the elements

6?1 éikiil }»i,,.

Jor whicha; 2 O for all i and i;,, < 2i; for all j > 0. Moreover, astraightforward calculation,
using 6.2, yields

7.4. AUE o Bl e by ) = e E Ak e by A D ER BB A

where j = o271 ... + oy — | and where the sum is taken over certain generators with
the property that

(0’ Olgs o+ aaZ) < (ﬁk’ ’ﬂl) < (aka ,OCI)
in the lexicographical ordering.

For every integer ¢ > 0 let F* be the submodule generated by the generators of the form
7.3 for which k + m > ¢ where k is the largest integer for which ¢, > 0. By 7.4 y € F* implies
d'y e F* and hence Q' = F//F'*! is again a differential module. Now for fixed ¢ and s < ¢
let G° = Q' be generated by the generators of the form 7.3 for which either m > s or m = s
and i; < a,-2*+--- 4+ ;2 — 2. Then R® = G*/G**! is again a differential module and it
follows readily from 7.4 that H,R® = 0 for all s, which implies that H,Q* = 0 for all > 0.
Again using 7.4 a standard argument now yields that E24S = Z, and therefore E>AS = E*AS.

7.5. REMARK. Proposition 2.6 could also have been proved more directly (i.e. without
the use of [9], 15.4) as follows. Let {E'X, d'X} denote the spectral sequence associated with
the homology exact couple of the filtration of 2.1. Then one has to show that E>?X =E*X
for all X. Again it suffices to prove this for X = S which is done by observing
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(i) that (E'S, 4'S) is a left differential module over (E'S, d15)
(i) that E'S = E'S® H,AS
(iii) that d'S is given by a —» £(A,_, ® Sq"a) for all a € H,AS, where the Sq" operate
on the left on H,AS according to the formulas
Sqéi =&+ &4
5q(&&) = (Sq&)(Sq&’) for all £, &' € H AS

and then applying an argument similar to the one used above.

APPENDIX
§8. CHANGES NEEDED IF p IS AN ODD PRIME

All of 1.1 and most of §2 carries over without any difficulty. The only non-trivial
change is in propositions 2.4 and 2.5 which become:

2.4'. THE STRUCTURE OF (E'S, d'S).
(i) (E'S, d'S) is a graded associative differential algebra with unit (over Z,) with
(ii) a generator A,_, (of degree 2i(p — 1) — 1) for every integer i > 0 and a generator
Ui, (of degree 2i(p — 1)) for every integer i > 0,
(i) for every m = 1 and n = 0 the relations

i+j
Ei+j=n( i )li_”m)‘i—lﬂm:()

i+j
zi+j=n( i )(Ai—1+ml"'j—1+pm_ui—1+mlj-1+pm)=0

and for every m > 0 and n = O the relations

i+j
Zi+j=n( i )Hi—1+m’lj+pm =0

i+
2i+j=n( i )#i—1+mﬂj+pm=0
(iv) a differential given by
d' 21 =Zisjmn (l -:j)'li—lj'j—l nx2

i+j

d'p, = 2i+j=n( ; )(li—1lij—1 — Mi-1A;-1) nx1

d'(a7) = (—1)¥¢"(d'o)t + o(d'7) o,t1€E'S

2.5". THE STRUCTURE OF (E'X, d'X).
(i) (E'X, d' X) is a differential right (E'S, d*S)-module where
(ii) the module structure is given by

E'X = H X  E'S
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(iii) the differential is determined by
d'@®1) =Zio(@P' @ 4i—1) + Zin o(aBP ® ;)
Jorallae H.X.

The proofs of 2.4’ (i) and 2.5’ (V) and (ii) are as in §3 (modulo of course the analogue
of 2.3) and the Whitehead Lemma remains valid; but the additive structure of E'S is more
complicated than for p = 2. One has

5.4'. THE ADDITIVE STRUCTURE OF 71,LAS,,.
Topi-1L,ASy = Z,  fori>0
MplyASy = Z,  fori=0

and if

”1{—1 € nzpinASZi i = O
are arbitrary but fixed non-zero elements, then the compositions
vy e v 1 (v=24"oryu")

for which k20, iy<n—1 and ijy, <pi;+p =2 if v, =4, i;;, <pi;+p—-1if
v, = py, for j > 0, form a basis for n,LAS,,

and, obviously, the corresponding result for 7, LAS.

Proposition 5.4’ follows from the analogue of 5.5 and the following modification of
the argument used in the proof of 5.6. Let the operations @ and [, ] be defined in the
obvious manner, i.e. involving suitable signs, let W be the s.s. Lie algebra freely generated
by simplices x, y and z in dimensions 2n — 1, 2r and 2pn respectively, with faces d,,y = x,
d;y =*for i <2n and dz = * for all i, let f: W— L"AS,, be the Lie map given by y — i,,
and z -+ ,,® ---®1i,, and let T = kerf. Let R be the s.s. Lie algebra freely generated by
simplices r; in dimensions 2ni — 1(1 < i < p) with faces d_, r,=2,,(Z)[r,, r;-.] and
djr;=*for j < 2ni — 1. Then the Lie maps g: W — L*4S,,, and h: R— T given by z > i,
and r; - [x, y,...,»] induce isomorphisms of the homotopy groups and hence the map
T2, W is homotopically trivial. Similarly let W’ be the s.s. Lie algebra freely generated
by simplices u; in dimensions 2ni — 2(1 < i < p) and v; in dimensions 2ni — 1(1 <i < p)
with faces d,,;—v; = u; for 1 <i<p, dp; =* otherwise and du; = * for all j and i, let
f': W — R be the Lie map given by v;—r; for 1 <i<pand u,~X(¥}]) [r,r,—;] and
let T" = ker f*. Then the Lie maps g’': W' — L*4S,,,_, and #': L*AS,,_, - T’ given by
t, = iypn—o and iy,_» — 4, also induces isomorphisms of the homotopy groups and hence
T’ -2, g is also homotopically trivial. The proposition now readily follows.

To complete the proofs of Propositions 2.4" and 2.5" one needs instead of 6.1 and 6.2:

6.1'. If Te s/ has degree 2n(p — 1) and vanishes on H,,, 1 AS,,_; then T = ¢,P" for
some integer ¢,. Similarly if T € o/ has degree 2n(p — 1) + 1 and vanishes on H,,,AS,,_,,
then T = n,BP" for some integer 1,,.
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6.2". H,AS is the tensor product of a polynomial algebra on generators £(i > 0) of
degree 2p' — 2 with one relation &, = 1 and an exterior algebra on generators ti > 0) of
degree 2p' — 1. Moreover f§ and the P" operate on the right on H,AS according to the formulas

EP=¢+ &, where P =1 P"
wP=14+1-,

(pp" )P = (pP)p'P)  for all p, p' € HyAS
¢Ep=18=0 fori>0

=1

(pp")B = (=1)82p(p’'B) + (pP)p’ for all p, p' € H AS

From this one derives (as in §6) formulas similar to 2.4' (7ii) and (iv) and (2.5") (iii). In fact
they only differ from these in that every 4;_, and p;_, is replaced by &4;_; and nul_,,
where the ¢; and 7, are suitable integers s 0 (mod p) which come from 6.1’. Thus 2.4’ and

2.5 follow merely by putting
A1 = (e)hi—y i>0

Bioy=/nduio, i20.

Finally the analogue of Proposition 2.6 is proved as in §7 using the fact that application
of d* to a generator of E'AS
5?1 ee C:ktgo vee Tl?kvix e Y,

im

(v=Aorp, ¢;=0or 1) yields an expression of the form

e @ b 4 B1,,, ghugio .,
Cll... k-lT01 .o Tklilvjvil vim + 2 fll ékktoo rk"'lkvjo vjm

wherej = (o + @ )P "+ + (@ + ¢y) — 1, v; =4;if ¢ =0, v;= p;if po = 1 and where
the sum is taken over certain generators with the property that

(0’ ¢k1 sd’l’ 0’ Ols - 3“2) < (‘pb J/’O! ﬂk’ AN 9ﬁ1) < (¢k’ s¢0’ Oxs "-sal)

in the lexicographical ordering.
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