QUILLEN’S WORK ON FORMAL GROUP LAWS AND
COMPLEX COBORDISM THEORY

DOUGLAS C. RAVENEL

ABSTRACT. In 1969 Quillen discovered a deep connection between complex
cobordism and formal group laws which he announced in [Qui69]. Algebraic
topology has never been the same since. We will describe the content of [Qui69]
and then discuss its impact on the field. This paper is a writeup of a talk on
the same topic given at the Quillen Conference at MIT in October 2012. Slides
for that talk are available on the author’s home page.

1. QUILLEN’S CRYPTIC AND INSIGHTFUL MASTERPIECE: SIX PAGES THAT
CHANGED ALGEBRAIC TOPOLOGY FOREVER

ON THE FORMAL GROUP LAWS OF UNORIENTED
AND COMPLEX COBORDISM THEORY

BY DANIEL QUILLEN!

Communicated by Frank Peterson, May 16, 1969

Table of contents of [Qui69]:
Formal group laws.
The formal group law of complex cobordism.
The universal nature of cobordism group laws.
Typical group laws (after Cartier).
Decomposition of Q’("p). (The p-local splitting of Q@ = MU.)
Operations in QT*. (The structure of BP*(BP).)
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1.1. Enter the formal group law. Quillen began by defining formal group laws
just as we define them today.

Definition 1. A formal group law over a ring R is a power series F(X,Y) €
R[[X,Y]] with

F(X,0)=F(0,X) = X
F(Y,X) = F(X)Y)
F(X,F(Y,Z)) = F(F(X,Y),2).

For a thorough treatment of this topic, see Hazewinkel [Haz78]. For a shorter
treatment written with this application in mind, see [Rav86, Appendix 2].
Examples:
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e X 4+ Y, the additive formal group law.

e X +Y 4+ XY, the multiplicative formal group law.

e Euler’s addition formula for a certain elliptic integral, the power series
expansion of

XV1-Y*4+YV1- X4
1—X2y?2

€ Z[1/2][[X,Y]].

He then defined the formal group law of complex cobordism in terms of the first
Conner-Floyd Chern class (defined in [CF66]) of the tensor product of two complex
line bundles, just as we define it today.

Definition 2. Let Ly and Lo be complex line bundles over a space X with Conner-
Floyd Chern classes

Cl(Ll), Cl(LQ) S Q2(X) = MUQ(X)
Then the formal group law over the complex cobordism ring is

FQ(Cl (Ll), Cl(LQ)) =C1 (Ll ® LQ)

Quillen’s notation for the complex cobordism of a space or spectrum X was Q* X ;
today it is commonly denoted by MU* X.
His first theorem was

THEOREM 1. Let E be a complex vector bundle of dimension n, let
f: PE'—X be the associated projeciive bundle of lines in the dual E’ of
E, and let ©(1) be the canonical quotient line bundle on PE'. Then the
Gysin homomorphism fy: QUPE’)—Qe~2+2(X) is given by the formula

w(Z)w(Z)
€Y fx(u(§)) = res ——— -
I F(z, 1)
=1
Here w(Z)EQ(X) (2], £=c1(0(1)), w and I are the invariant differential
form and inverse respectively for the group law FS, and the \; are the
dummy variables of which ¢} (E) is the gth-elementary symmetric function.

The hardest part of this theorem is to define the residue; we spe-
cialize to dimension one an unpublished definition of Cartier, which
has also been used in a related form by Tate [7].

(This paper contains several snapshots from [Qui69], showing internal theorem,
equation and reference numbers, not to be confused with the ones used in this
paper. His [6] and [7] are [Nov67] and [Tat68].) He never defined the residue.
Fortunately this mysterious statement was only used to recalculate the logarithm
of the formal group law.
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Applying the theorem to the map f: CP*»—pt, we find that the
coefficient of X"dX in w(X) is P,, the cobordism class of CP* in
Q~22(pt). From (2) we obtain the

COROLLARY (MYSHENKO [6]). The logarithm of the formal group law
of complex cobordism theory is

Xntl
n

®) ) = T P

nz0

The logarithm ¢(X) of a formal group law is a power series defining an isomor-
phism (after tensoring with the rationals) with the additive formal group law, so
we have

UF(X,Y)) =0X)+Y).
It is related to the formal group law by the formula

1
V(X)= ———
( ) FZ (Xa O)
where F5(X,Y) = OF(X,Y)/0Y. The above Corollary identifies the logarithm for
the formal group law associated with complex cobordism theory.

1.2. Show it is universal. Then he showed that the formal group law for complex
cobordism is universal.

THEOREM 2. The group law F® over Qe°(pt) is a universal formal
(commutative) group law in the sense that given any such law F over a
commutative ring R there is a unique homomorphism Qe*(pt)—R carry-
ing F%to F.

His proof used two previously known facts:

e Michel Lazard [Laz55|] had determined the ring L over which the universal
formal group law F is defined. The previous corollary implies that the
map L — Q°¥(pt) carrying F'* to F* is a rational isomorphism. The target
was known to be torsion free, so it suffices to show the map is onto.

e Milnor [Mil60] and Novikov|Nov67] had independently determined the struc-
ture of the ring MU.,. It is torsion free and generated by as a ring by the
cobordism classes of the Milnor hypersurfaces,

H™™ Cc CP™ x CP™.
H™™ is the zero locus of a bilinear function on CP™ x CP™.

These imply that it suffices to show that the cobordism classes of the H™™ can
be defined in terms of the formal group law. Denote the latter as usual by

F(X)Y) = Y ai;X'V/  wherea;; € MUsy 1)
i,7>0
with  P(X) = ZP,,X"
n>0
= /(' (X)  where ¢(X) is the logarithm
and  H(X,Y) = Y [H™"X"Y"

m,n>0
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These are related by the formula
H(X.Y) = P(X)P(Y)F(X,Y),

so the cobordism class of each Milnor hypersurface is defined in terms of the formal
group law. This was Quillen’s proof of his Theorem 2.

He proved a similar result about unoriented cobordism. Here there is a formal
group law defined in terms of Stiefel-Whitney classes instead of Chern classes. As
in the complex case, the cobordism ring is generated by real analogs of the Milnor
hypersurfaces. Unlike the complex case, the tensor product square of any real line
bundle is trivial. This forces the formal group law to have characteristic 2 and
satisfy the relation

F(X,X)=0.

1.3. The Brown-Peterson theorem. In 1966 Brown and Peterson [BP66] showed
that after localization at a prime p (although they did not use this language), Q2
(or MU) splits into a wedge of suspensions of a smaller spectrum now known as
BP and denoted by Quillen as Q7. This splitting is suggested by a corresponding
decomposition of H*(MU;Z/(p)) as a module over the mod p Steenrod algebra.
Their methods did not show that BP is a ring spectrum and gave little information
about its internal structure.

By using some algebra developed by Pierre Cartier [Car67], Quillen gave a much
cleaner form of the splitting, thereby showing that BP is a ring spectrum. A formal
group law F' over a ring R defines a group structure on the set of curves over R,
meaning power series with trivial constant term. Given a curve f(X) and a positive
integer n, let

(Fuf)(X) = Frxtm),
i=1
where the (; are the nth roots of unity, and the addition on the right is defined by
the formal group law F. Note that if we replace the formal sum by an ordinary one
and
FX)= f;X7, then  (Fof)(X)=n)_ fuX.
§>0 §>0
The curve f is said to be p-typical (Quillen used the term “typical”) if Ff =0
for each prime ¢ # p. In the case of ordinary summation this means that f has the
form .
f(X) = Zf(k)Xp :
k>0
The formal group law itself is said to be p-typical if the curve X is p-typical with
respect to it. Over a torsion free ring, this is equivalent to the logarithm having
the form above. Cartier showed that when R is a Z,)-algebra, there is a canonical
coordinate change that converts any formal group law into a p-typical one.
Quillen used this to define an idempotent map é on €, = MU, whose tele-
scope is QT = BP. This construction is much more convenient than that of Brown
and Peterson. This process changes the logarithm from

Z[Cpn]xn+1 i Z[CPPR*I]XP'C'

k
n>0 n+1 k>0 p

This new logarithm is much simpler than the old one.
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FIGURE 1. 210 dimensions worth of Adams Ext groups, as com-
puted by Christian Nassau [Nas| in 1999.

An analogous construction converts the unoriented cobordism spectrum MO to
the mod 2 Eilenberg-Mac Lane spectrum HZ/2.

1.4. Operations in BP-theory. In order to get the most use out of a cohomology
theory E* represented by a spectrum F, one needs to understand the graded algebra
AE of maps from E to itself. In favorable cases one can set up an E-based Adams
spectral sequence and wonder about its Es-term. This is usually some Ext group
defined in terms of the algebra of operations A¥. Finding it explicitly is often a
daunting task.

Here are some examples.

e For E = HZ/2 (ordinary mod 2 cohomology), the algebra A% is the mod
2 Steenrod algebra, which has proven to be a fertile source of theorems
in algebraic topology. The corresponding Ext group has been extensively
studied, first by Adams in [Ada58].

e For E = MU, A¥ was determined in 1967 by Novikov in [Nov67]. He found
a small but extremely rich portion of its Ext group, rich enough to include
the denominator of the value of the Riemann zeta function at each negative
odd integer!

e For E = BP, AF was determined by Quillen. The details are too technical
for this paper. He gave a precise description in less than two pages, with
little indication of proof. The resulting Ext group is the same as Novikov’s
localized at the prime p. The underlying formulas are easier to calculate
with than Novikov’s, once one knows how to use them. It took the rest of
us about 5 years to figure out how to do it.

2. COMPLEX COBORDISM THEORY AFTER QUILLEN

In those days the AMS Bulletin was a vehicle for announcements of new results.
Detailed accounts would typically be published elsewhere at a later date. Quillen’s
article was unusually long. He never wrote a detailed account of it because Frank
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Adams did it for him. In [Ada74] Part IT] Adams explained all the proofs with
great care. His book became the definitive reference for Quillen’s results.

He also introduced a very helpful but counterintuitive point of view. Instead
of studying the algebra AP one should compute in terms of its suitably defined
linear dual. As he put it,

Quillen’s formal variables ¢; are crying out to be located in BP,(BP).

This proved to be a huge technical simplification.

Quillen’s work was a bridge connecting algebraic topology with algebraic geom-
etry and number theory. Homotopy theorists have been expanding that bridge ever
since.

2.1. Morava’s work. In the early 1970s Jack Morava applied deeper results (due
mostly to Lazard) from the theory of formal group laws to algebraic topology.
While his work [Mor85] was not published until over a decade later, he had several
preprints in circulation. This author learned a great deal about them in private
conversations with him. They were so influential that his name appeared in titles of
several papers published before [Mor85] by other authors, such as [JW75], [MR77],
[Rav82], [RavT], [Rava], [RW8(], [Wil84] and [Yag80).
The deeper results included

e A classification of formal group laws over the algebraic closure of the field
F,. There is a complete isomorphism invariant called the height, which can
be any positive integer or infinity.

e The automorphism group of a height n formal group law is a certain p-adic
Lie group. It is now known as the Morava stabilizer group S, .

e He defined a cohomology theory associated with height n formal group laws
now known as Morava K-theory K(n).

He also studied the affine variety Spec(MU,) and defined an action on it by
a group of power series substitutions. It is now known as the moduli stack of
formal group laws; see [Goe04] and [Goel(]. After passage to characteristic p, the
orbits under this action are isomorphism classes of formal group laws as classified
by Lazard. The Zariski closures of these orbits form a nested sequence of affine
subspaces of the affine variety. The isotropy group of the height n orbit is the
height n automorphism group S,,, hence the name stabilizer group.

2.2. Chromatic homotopy theory. Morava’s insights led to the formulation of
the chromatic point of view in stable homotopy theory. In the late 1970s Haynes
Miller, Steve Wilson and I showed that Morava’s stratification of Spec(MU,) leads
to a nice filtration of the Adams-Novikov Es-term ; see [MRWT7] and [Rav86,
Chapter 5]. In the early 80s we learned [Rav84] that the stable homotopy category
itself possesses a filtration similar to the one found by Morava in Spec(MU.,). A key
technical tool in defining it is Bousfield localization, defined in [Bou79]. As in the
algebraic case, for each positive integer n, there is a layer of the stable homotopy
category (localized at a prime p) related to height n formal group laws. Roughly
speaking, its structure is controlled by the cohomology of the nth Morava stabilizer
group Si,.

Homotopy groups of objects in the nth layer tend to repeat themselves every
2pF(p™ — 1) dimensions for various k. This is known as v,-periodicity. The term
chromatic refers to this separation into varying frequencies.
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The first known example of this phenomenon was the Bott Periodicity Theorem
of [BotH9], describing the homotopy of the stable unitary and orthogonal groups.
It is an example of v-periodicity.

The motivating problem behind this work was understanding the stable homo-
topy groups of spheres. Research on them in the 1950s and 60s (such as [Tod62])
indicated a very disorganized picture, a zoo of erratic phenomena. It was seen then
to contain one systematic pattern related to Bott periodicity. The known homotopy
groups of the stable orthogonal group mapped to the unknown stable homotopy
groups of spheres by the Hopf-Whitehead J-homomorphism [Whi42]. Its image was
determined by Adams [Ada66]. It contained the rich arithmetic structure detected
by the Novikov calculation referred to earlier.

In the early 1970s some more systematic patterns were found independently by
Larry Smith [Smi77] and Hirosi Toda [Tod71]. The aim of chromatic theory was
find a unified framework for such patterns. It was very successful. A milestone
result in it is the Nilpotence Theorem of Ethan Devinatz, Mike Hopkins and Jeff
Smith [DHS88|. Of this result Adams [Ada92] page 525] said

At one time it seemed that homotopy theory was utterly without
system; now it is almost proved that systematic effects predomi-
nate.

A unified account of these developments can be found in [Rav92].

2.3. Elliptic cohomology and topological modular forms. For over a century
elliptic curves have stood at the center of mathematics. Every elliptic curve over a
ring R has a formal group law attached to it. This means there is a homomorphism
to R from MU,. It is known that the mod p reduction (for any prime p for which
the curve has good reduction) of this formal group law has height 1 or 2.

This led to the definition of the elliptic genus by Serge Ochanine [Och87] in 1984
and the definition of elliptic cohomology by Peter Landweber, Bob Stong and myself
[LRS95] a few years later. Attempts to interpret the former analytically have been
made by Ed Witten [Wit88] and [Wit87], and by Stephan Stolz and Peter Teichner
[ST04]. The proceedings of two conferences on this topic are [Lan88| and [MRO7].
A useful survey with many more references is [Lur09].

A deeper study of the connection between elliptic curves and algebraic topology
led to the theory of topological modular forms in the past decade. The main players
here are Mike Hopkins, Haynes Miller, Paul Goerss and Jacob Lurie. References
include [HM], [GoelQ] and [Beh].

Algebraic geometers study objects like elliptic curves by looking at moduli spaces
for them. Roughly speaking, the moduli space (or stack) M,y for elliptic curves
is a topological space with an elliptic curve attached to each point. The theory of
elliptic curves is in a certain sense controlled by the geometry of this space.

To each open subset in the moduli stack M,;; one can associate a certain com-
mutative ring of functions related to the corresponding collection of elliptic curves.
This collection is called a sheaf of rings Qg over M.

Such a sheaf has a ring of global sections T'(Ogy), which encodes a lot of useful
information. Elements of this ring are closely related to modular forms, which are
complex analytic functions with certain arithmetic properties that have fascinated
number theorists for over a century. They were a key ingredient in Wiles’ proof of
Fermat’s Last Theorem.
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FIGURE 2. The 2-primary homotopy of ¢mf illustrated by Andre

Henriques in [Hen|]. See also Bauer [Bau0§].

Hopkins, Lurie et al. have found a way to enrich this theory by replacing every
ring R in sight with a commutative ring spectrum E with suitable formal properties.
We can think of F as an iceberg whose tip is R. The one associated with T'(Ogy;) is
known as tmf, the ring spectrum of topological modular forms. This ring spectrum
s an iceberg whose tip is the classical theory of modular forms.

More recently this work has been generalized to a theory of topological automor-
phic forms by Mark Behrens and Tyler Lawson in [BLI0]. Here the elliptic curves
are replaced by more general abelian varieties classified by suitable moduli stacks.
While an elliptic curve has a 1-dimensional formal group law attached to it, an
abelian variety of dimension d has a d-dimensional one. In favorable cases it has a
one dimensional formal summand whose height could be as large as d — 1. In this
way one gets spectra similar to ¢tmf that give information about all layers of the
chromatic tower.

Quillen’s work on formal group laws and complex cobordism opened a new era in
algebraic topology. It led to a chain of discoveries that is unabated to this day.
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