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Forp > 2, 6, € 7T2Sp272p72(50) is the first positive even-dimensional element
in the stable homotopy groups of spheres. A classical theorem of Nishida [Nis73]
states that all elements of positive dimension in the stable homotopy groups of

spheres are nilpotent. In fact, Toda [Tod68| proved 37 Pophl 0. For p =3 he
showed that 8¢ = 0 while 37 # 0. In [Rav86] the second author computed the
first thousand stems of the stable homotopy groups of spheres at the prime 5.
One of the consequences of this computation is that 418 = 0 while 317 # 0.

Our purpose here is to study the problem for larger primes. Our result is
the following.

2
Theorem Forp > 7, B 77" is nontrivial.

We do not know whether 7 “P is trivial or not.

We will prove our result by examining the Fs-term of the Adams—Novikov
spectral sequence (which coincides in our range of dimensions with the classical
Adams spectral sequence) for V(3), where all powers of 8; are nontrivial. We
look for elements that have the rights dimensions to support differentials killing
powers of 3;. We find that the first possibility lies in the dimension that would

kill g7 7.

Preliminaries.
Denote by BP the Brown-Peterson spectrum at the prime p and set ¢ =
2p — 2. We have

B]%,< = Z(p)[vl,v2,~ . } and BP*(BP) = BP*[tl,t2,~ . }

where the homological degrees of v; and t; are given by |v;| = [t;| = 2(p* — 1).
For any BP,(BP) comodule M, we will write

EXt*(M) = EXt*BP*(BP)(BP*”M)'

One method for calculating this Ext group is to use the the cobar complex.
Recall the Hopf algebroid (BP., BP.(BP)) come equipped with a right unit
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map 1 : BP, — BP,(BP) and a coproduct A : BP,(BP) — BP.(BP) ®pp,
BP,(BP). Given any BP,(BP)-comodule M with coaction ¢ : M — M ®pp,
BP,(BP), one has Ext* (M) = H*(Q*M,d) where the cobar complex Q*M is
the differential graded Z(,)-module with

QM = M(X)Bp* BP*(BP) ®Bp, - - ®BP, BP*(BP)
(t factors of BP,B) and differential d of degree +1 given by

mono on) = Lnionene o
t
+Z(71)zm®1’1®®xi®x;'®®xt
1

—(-D'mern @ - Qr®1

where Az; =Y z; @z and ym => m' @ m”.

Given any finite complex X, the Fs-term of the Adams-Novikov spectral
sequence converging to the stable homotopy groups of X at the prime p is given
by Ext*(BP.(X)). Let I, = (p,v1,...,un—1) be an ideal of BP,. Using known
formulae for A and 7, it is easy to show that 3; is represented in Q* BP, by b; o

where
p—1 1/ . _
o - ip p—1)p
bjyk = E » ( i )tj ®tj .
i=1

Smith-Toda V(n) complexes.

For n < 3 and p > 7, there are certain finite complexes called V' (n) con-
structed by Smith-Toda [Smi71][Tod71] with the property that BP.(V(n)) =
BP,/I,+1. Define V(—1) = SY and let V(0) be the mod p Moore space. V (n)
is constructed as the cofiber of certain v, self-map of V(n — 1) such that the
canonical map from V(n — 1) to V(n) induces the natural projection on BP,
homology. Toda showed [Tod71, Theorem 4.4] that V'(3) is a ring spectrum for
p > 11, and at p = 7 it is a module spectrum over V(2).

May spectral sequence for V(3).

The key idea for determining the nilpotence order of £; in 72 (S°) is to
consider the images of powers of 3; in the stable homotopy groups of V(3).
First we recall the computation by Toda [Tod71] of the Fs-term of a certain
May spectral sequence related to V(3). In the range we are interested in, we
have an isomorphism

Extpp, (pp)(BP:, BP.(V(3))) = Extp), (Z2/(p), Z/(p))
where P(3). is the Hopf algebra P(t1,t2,t3) whose coproduct is given by

Alt)) = 1ot +th®1
Alty) = 1@+t 0t +t,®1
Alts) = 1@t3+t @5+t @) +1301



Consider the dual of Steenrod’s reduced powers P, = P(t1,ts,---). We can
compute its cohomology using the modified form of the May spectral sequence
introduced in [Rav86, 3.2.5]. In it we have

E;™" = E(h; ;) @ P(bi;) with 4, : E2P" — petltu-r

where
1,2p7 (p'—1),2i—1
hij € B
2,2p7 T (pt—1),p(2i—1
bi; € El,p (p*—1),p(2i—-1)

for i > 0 and j > 0. We indicate May differentials by 4,. to avoid confusion with
Adams-Novikov differentials d,.

In our range we need only consider h; ; with i+ j < 3 and b; ; with i+j < 2.
The first differentials are given (up to sign) by

o1(hij) = Dock<i Mk jhizk itk
Sp(b1;) = 0 for all r (1)
Or(b2o) = 0O forr<2p—1

dop—1(b2o) = higbio— hi1bis

The modified May Es-term is P(b1,0, b1,1, b2,0) tensored with the cohomology
of the complex
(E(hzj . ’L+] S 3),(51)

This cohomology is easy to compute in our range of dimensions. An additive
basis for it is shown in Table 1. The 24 generators are listed in order of dimen-
sion. They are divided into four groups of six according to the number of factors
of the form hy, 3_j. For future use we indicate the dimension of each generator
modulo that of by g. This computation was described by Toda in [Tod71], and
we adopt his notation for these elements.

Proof of the theorem.
Let i3 be the composite of the following natural maps

S° = V(0) - V(1) — V(2) = V(3).
Denote by ez the least positive integer such that iz.(3{*) = 0 in 72 (V(3)). By
Toda’s result, e3 < p>—p+1. Since bf?) is non-zero in the Es-term of the Adams-
Novikov spectral sequence for V(3), it must be killed by some differential in the
spectral sequence. Similarly, let p be the structure map for the V(2)-module
spectrum V (3):
w:V(@2)AV(3) — V(3).
Then the same is true of the element hlbif‘o since we have p.(hy Aizo 37%) =0
in 7 (V(3)) where hy € 73 (V(2)).
In our range the Adams-Novikov Ea-term is isomorphic to Extp, (Z/(p), Z/(p)),
which is a subquotient of



Table 1: The cohomology of E(h; ; : i+ j < 3)

Element (s, t/q) t — s mod |b1 0]

1 (0, 0) 0
ho = hl,O (1, 1) 2p -3

hl = h171 (1, p) 1
go = h10hay (2, p+2) dp—4

ko = h11hay (2, 2p+1) 2p
h()ko (3, 2p + 2) 4p -3
ha = hio (1, p?) 2p—1
hoha (2, p*+1) 4p —4
g1 =hi,1ho (2, p* +2p) 2p+2
ll = hl,ohg’ohgyo (3, p2 + 2p + 3) 8p -5
l2 = hl,lhg,ohg,l (3, p2 + 3]) + 1) 4p +1
hlll (4, p2 —|—3p—|—3) 8p—4

k1 = hi2h21 (2, 2p° +p) 4p
l3 = hl}ohlyghg)o (3, 2])2 +p+ 2) 8p -5
hiky (3, 2p* +2p) 4p+1
halq (4, 2p% 4+ 2p + 3) 10p—6

m1 = hy,1haoho1hso | (4, 2p° +4p + 2) 8p
homy (5, 2p* +4p + 3) 10p — 3
l4 = h1,2h271h3,0 (3, 3p2 + 2p + 1) 8p —1
holy (4, 3p* +2p+2) 10p — 4

hily (4, 3p2+3p+1) 8p
dola (5, 3p* +3p+3) 12p -5
koly (5, 3p* +4p +2) 10p — 1
hok‘ol4 (6, 3p2 + 4p + 3) 12p —4

H*(E(hij)) ® P(b1,0,b1,1,b2,0).

Recall the ANSS differentials respect the V' (2)-module structure map p and 3 is
also a homotopy element in 72 (V(2)). Therefore in order to consider all possible
differentials killing a power of by ¢ or its product with h;, up to multiplication

by powers of by o it is sufficient to consider only those of the form

dp(xb7'i'b5%) = b
de(2'b1'by%) = hab§

(2)

where x and x’ are generators listed in Table 1. The dimension of the source

b7 by%’ must be congruent to 1 modulo the dimension of by g, i.e., modulo

2p% — 2p — 2, and that of x’bilil b;%“ must be congruent to 2. For by ; and ba g
we have
|b1’1| = 2p — 2 and |b270‘ = 2p



Toda’s computations (as explained in [Rav86, page 290]) imply that
-1 2 _p+1
d(pfl)qul(hObIl),l )= bzlj,o e

so e3 < p? —p+1 and we need not consider instances of (2) in dimensions higher
than this. In particular we need only consider those cases where e; 1 + ez <
p—1.

Next observe that

if |2/ 2kp+2 then |w’b1$1b’27)627k| = 2

if |z|] = 2kp+1 then |xb1,1b§52_k| = 1,

if |2'| = 2kp then |x’b‘;’51_k| = 2,

if |z] = 2kp—1 then |xb’2’51_k| = 1, (3)
if |z|] = 2kp—3 then |xbf7_11béfok| = 1,

if |2'| = 2kp—4 then |2/b]’b3.f| = 2

if |x] = 2kp—5 then |xb]f7_12b§,_ok = 1 and

if |2'| = 2kp—6 then \x'b’ffb%ik = 2

This accounts for all the odd values of |z| and even values of |2’| in Table 1 and
all of the acceptable values of the exponents of by 1 and ba o in (2). Note that
in the last four cases of (3), there are upper bounds on acceptable values of k.

With this in mind, inspection of Table 1 shows that the only possible sources

of (2) are
byo' with t—s=1+]|hi|+ (p*—1)[brol, (4)
hob ' with ¢t —s =1+ (p*> —p+1)|brol, (5)
hibyibho®  with ¢ —s=1+p?biol, (6)
gobf 7> with t—s=1+ |he|+ (p* — 2p+ 1)|by,ol, (7)
kobb” with t—s =1+ |hi|+ (p* — p)lbrol, (8)
habho? with ¢t —s =1+ (p* —1)|biol, (9)
hohabh > with ¢ —s =1+ [hi|+ (p® — 1)[by,ol, (10)
gibiabh o’ with t—s=1+|hy|+ (p* — 1)[brol, (11)
laby byt with t—s =1+ (p? —p)[biol, (12)
knbho? with t—s =1+ |hi|+ (p* — 2)|brol, (13)
hikibrabh ! with t—s=1+ (p* —1)|brol, (14)
m1b§55 with t—s=1+|hy|+ (p* —2p — 1)]b1,0]s (15)
l4b]2355 with t—s= 1+(p2—p—2)\b1’0|, (16)
hilgbh o’ with t—s=1+|h|+ (p* —p—2)[brol, and (17
kolabl o® with t—s =1+ (p* —2p—1)|b1o- (18)



Of these possible sources, (4), (6), (9), (10), (11), (13) and (14) can be discarded
because their dimensions are too high. We can elminate two more by using the
May differential d2,—1 of (1). In the modified May spectral sequence we have
the following differentials, up to nonzero scalar multiplication.

52p71(m1b12))?)5) = m1b127,66(h1,2b1,0 —hi1b11) = kol4b1,0b§56, (19)

Oap-1(labh o) = 1abh o (haabio — huabia) = halsby1bh . (20)

These imply that the elements of (15) and (16) are not present in the Es-term
of the Adams—Novikov spectral sequence.
Hence we have reduced the list (4)—(18) to the following.

hobi7h with ¢t —s=1+(p? —p+1)[brl,
gobi > with £ —s =1+ ||+ (p* —2p+ 1)|brol,
kobso? with t—s=1+|hi|+ (p* — p)|brol,
lgbl 1b12)764 with t—s=1 + (p2 7p)|b1,0|,
h1l4b§55 with ¢t —s=1+ ||+ (p> —p—2)|b1o
kolabh o® with ¢ —s=1+ (p? —2p — 1)|by,ql.

(21)

, and

From (21), it follows immediately that es is at least p?> — 2p — 1. Since h; is
a homotopy element in 77 (V(2)) and the ANSS differentials are module maps

over 2(V(2)), the last differential in (21) can now be eliminated since otherwise

there would be a differential killing h; bfi; *»~1 which is a contradiction to (21).
Now this by itself does not imply that es > p? — p since it is conceivable that
kol4b{70b§56 kills bf?o_Qp 7 for some j > 0. However this latter possibility can
not happen by (19).

It now follows that the source of the first differential killing a power of 3 is
either l2b17lbg’64, lgbl71b170b‘12’764 or hobzl’jll, s0 the nilpotence order is either p> —p
orp? —p+1.
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