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1. INTRODUCTION

Let BP be the Brown-Peterson spectrum for a fixed prime p. In [Rav86, §6.5],
the third author has introduced the spectrum T'(m) which has BP,-homology

BP*(T(m)) — BP*[th ...... 7tm],

and is homotopy equivalent to BP below dimension 2p™*! — 3. Then the Adams-
Novikov Fs-term converging to the homotopy groups of T'(m)

Ey"(T(m)) = Extpp, (pp)(BPs, BP.(T(m)))
is isomorphic by [Rav86] Corollary 7.1.3 to
EXtF(m+1) (BP*, BP*),

where
T(m+1) = BP.(BP)/ (t1,-.-,tm) = BP:[tm+t1,tmr2,s---]-

In particular I'(1) = BP,(BP) by definition. To get the structure of this Ext group,
we can use the chromatic method introduced in [MRW77].
Define the chromatic module M, by

s —1 0o [e's)
M =0,  BP./(p, v1, -+, Un—1, U0, =+, Upopg_1)

The third author acknowledges support from NSF grant DMS-9802516.
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and consider the chromatic spectral sequence converging to Extp(m,11)(BP./In)
with
st
E} :Exttr(m+1)(M,§).

Shimomura calls this Ext group the general chromatic F;-term. In this paper
we will determine the module structure of

EXt(ll(m-l—l)(MQl)'
The analogous result for m = 0 was obtained long ago by Miller-Wilson in
[MWT76], and is as follows.

Theorem 1.1. [Miller-Wilson] As a k(2).-module, Ext%(l)(MQI) is the direct sum
of

(a) the cyclic submodules generated by xi/vg(k) fork >0 and s € Z—pZ where

To = Us,
1 = vh — by,
and for k> 2 x { 33%71 1) i for k even
Th—1 7~ V2 vg for k odd
and
a(0) 1,
a(l) = p,
k22 o) = {0 e ok o
and

(b) K(2)./k(2), generated by 1/v) for j > 1.
Before this result was proved, the naive conjecture about this group would have
had the exponents a(k) being p* for all k > 0. It was clear that

spk

.

U?’pk € Extp ) (BP., My),
2

but the existence of “deeper” elements such as

2 3 2 2

3 3 2
D p°, —p~, D p°—1 p°—p°+1
T3 _ Vs — Uy Ug' Uy — Uy Vs
a(3) p3+p—1
Uy Vg

came as a surprise, as did the fact that the limiting value (as k — oo) of a(k)/p" is
(p?2 +p+1)/(p? + p) instead of 1.

Our result (Theorem 6.9 below) has the same form as Theorem 1.1 but with z,
and a(k) replaced by Ty (4.2, 6.4, 6.5, 6.6 and 6.7) and a(k) (4.1 and 6.3), and
with k(2). replaced by a larger ring 74\(2)* defined in (1.2). In order to avoid the
excessive appearance of the index m, we will use the following notation.

o~

Vi = Umdis i = s
K(n)«[vnt1,- - Vntml, hij = hmyij,
k(n)* = k(n)* [vn+17 e 7'Un+m]7 and w = pm

(1.2)

=)
S
*

Il
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In §7-10 we will define elements ), € vy 'BP,/I; and integers a(k) whenever
the condition 3 < 2(p — 1)(m + 1)/p of Theorem 2.1 is satisfied, and compute the
reduced right unit dy on Zj. These will depend on m.

Using these computations, we can obtain the structure of the target Ext group.
In particular, for large m we have
Theorem 1.3. Assume that p = 2 and m > 6 or that p > 2 and m > 5. As a
@(2)*—module, Extr(m1)(My) is the direct sum of

a) the cyclic submodules generated by T3 2 (k) fork >0 and s € Z—pZ where
k/ V2

U3 for k=0,
b — vgavg_pzﬁff — b -1 (pw Dp*os for k=3,
o ’x\5+v§p+1) ovg)_pW for k=6,
Tk = @187 ok 3a(6) o? b(6)X _ wéps*1)3(6)v§p3*1)3(6)+(p3wf1)p6§6 fork =9,
z for 3tk <8,
4+ va(k) alk—4) g(k) bk~ 4)AZ 1(xk 4a—Th_5) for k > 10;

(see Lemma 5.2 and Proposition 5.9 for definitions of W and X ) and

p" for 0 <k <2,
(p+1p k=1 for3 <k <5,
a(k) =q (0*+p+1)p+? for 6 <k <8,
p*a(6) +a(5) for k=09,
pF2(@9) —a(s)) +a(k —4) for k > 10;
and

b) K(2),/k(2 «, generated by 1 vl forj > 1.
2
O

This is a part of our main result (Theorem 6.9). In fact, we have determined the
structure of Extp(,4+1)(M3) for p=2and m >3, or p > 2 and m > 2.

In JAMI conference held at Johns Hopkins University in March 2000, Shimomura
reported that he extended our result and obtained the structure of

Ext%(m+1)(M3L,1) form>n2—n—1.

For n = 3, this result coincides to our Theorem 1.3. Recently he also determined
the structure of higher Ext groups ([Shi2]).

In the above case the assymptotic behavor of the exponents is given by

i ’d(k) _ i tp?
k—o0 p p4 -1

)

a slightly larger value than for the case m = 0. In addition, there is a new form
of periodicity in our statement with no precedent in Theorem 1.1, namely for all
k > 9 we have

-1 k—2 m—+k k—1 k—2 k—.
pE+pF T 4p p -
Ty — T}, = —vh Vg
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and

a(k) =p* +p" "+ PP Ak - 4).
(For lower m the period is 6 instead of 4.) A similar result for the chromatic module
M} is obtained in [NR] or [Shil], in which the period is 3 instead of 4.

2. PRELIMINARIES

For a I'(m + 1)-comodule M, consider the cobar complex {le(mH)M, Ok }4>0,
where
ClmyyM =T (m+1)®pp, -+ ®pp, T(m+1) ®pp. M

with n factors of I'(m + 1). Then Extp(m,41)(BPy, M) is the cohomology of this
chain complex. We will abbreviate Extp(,,41)(BPx, M) to Extp(p,41)(M) as usual.
By the change-of-ring isomorphism ([Rav86, Theorem 6.1.1]), we have

EXtF(m+1) (Mg) = EXth*(Bp) (MS ® BP*(T(m)))
= Extyg) (K(n)s, K(n).(T(m))).

This object is already known by [Rav86] Corollary 6.5.6:
Theorem 2.1. Ifn < 2(p—1)(m +1)/p, then

Extr(m+1) (MY)) = K(n),®FE (71” 1<i<n,je Z/(n)) .

In particular, we have

(2.2) Extrms1) (M{) = K(3). @ E (ﬁm 1<i<3,je Z/(3)) .

From this information we can get the structure of Extp(,,41) (Mgl) using the
Bockstein spectral sequence.

Lemma 2.3. (cf. [MRW77] Remark 3.11) Assume that there exists a k(2),-submodule
Bt of Extfa(m+1) (M21) for each t < N, such that the following sequence is exact:

1/v v 5 1/v
0 —— Ext () (M5) 2 0 2 RBO Extf, 1) (M) ———
M v v Bl (M)

where § is the restriction of the coboundary map ¢ : Ext§(m+1) (M3) — Exttr*('yln_s_l) (M3).
Then the inclusion map iy : B! — Extf«(mﬂ) (M21) s an isomorphism between

k(2).-modules for each t < N.

Proof. Because Extr(,,, ;1) (M3 ) is a va-torsion module, we can filter B* and Extr,,, 1) (M3)
as

P(j) = {ac € B': viz = O} and Q(j) = {x € Ext%(mﬂ) (M) : vz = 0} .

Assume that the inclusion iy is an isomorphism for & < ¢ — 1 (the ¢ = 0 case is
obvious), and consider the following commutative ladder diagram:
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_ 5 1/v . v . )
pt-1 2 Exthg, (M) 23 Pt(?) 22, Pt(]'—1) = Extil, . (M3)
=~ [ | i i [
_ 5 1/v . v . S

Extiin iy (ME) = Extrgean (M3) == Qu(G) = QuG—1) = BExtif, ) (M3).

Using the Five Lemma, we can show that P;(j) is isomorphic to Q:(j) ( > 1)
by induction on j. O

In (4.2), (6.4), (6.5), (6.6) and (6.7) we will define elements Zj of vz 'BP,/I)
which is congruent to ﬁ;pk modulo (v2), and integers a(k) in (4.1) and (6.3) such
that each 7 /v§ is a cycle of Extop(mﬂ) (M3) for all 1 < ¢ <a(k).

Then the structure of B° is expressed as follows:

Lemma 2.4. Asa E(?)*—module,

B® = k(2). {f&) k>0,5s>0, and pfs } & K(2),/k2).,
Vg

is isomorphic to Ext MY), if the set
r(m+1) (M2

{5 (vg(kk)> : k>0,5s>0, and pfs } C Ext%(m+1) (M3)
2

is linearly independent, where § is a coboundary map in Lemma 2.3.

Proof. We will show that the following sequence is exact.

1/1}2 Vo

0 — Extpg, g (M) .

B° ExXtp (41 (M5)

The only part of this that is not obvious is that Ker § C Im vs. To show this,
separate the Z/(p)-basis of BY into two parts,

A=k . | >0,5>0, and pfs and
U;(k)

B:{ o k>0,5>0, pls, and1§€<6(k)} U {v;j:j>0}.

Then it is obvious that d(zy) # 0 € Ext}(mﬂ) (MYJ) for zy € A, and that
d(yu) =0 € Ext%(m+l) (M) for y, € B. Thus for any element z = Y, axzx +
> buyp of BY (ax, b, € Z/p), we have §(z) = >_, axd(z). The condition implies
that all ay are zero when §(z) = 0, and so va } 3, b,y,/ve = z. This completes the
proof. O
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3. ELEMENTARY CALCULATIONS

In this section we will introduce elements w, and ws, which we need to define
our Tp. First we recall the right unit on ;.

Lemma 3.1. Assume that p > 2 and m > 1. In T'(m + 1)/(p, v1) the right unit
map nr : A — T on the element v; is given by

n@) = v fori <2,
n(vs) = vs+ 11227172 - vé’“?h
n(vs) = Vgt U3Z€3 + UQ%)Z — vé"”tAl — Ug%tAz,

and n(vs) = U5+ 114?{4 + 03?‘2’3 + vgfff

o~ 2 o~ _ 3
—oi“ty — o “tg — vgﬂﬁg(p 1)?’1’ mod (v%pH)
(add v317 when (p, m) = (2, 1)).

Moreover, when p > 2 and m > 2, we have

5 4 3 ~ 2 o~ 3~
W) = T +uvsth +uvath +usth — bt — o “ty —of Y3 mod (vg).

Define elements w; for 4 < i <5 by

’1/1}4 = 1]3_151\4
_ 1 _ 1~(p—1)p ~
and W5 = vyl (05— va@h 4+ 0h" v:gp )pw4).

Then we have the following lemma.

Lemma 3.2. For any prime p, we have

3 2 1~ 2 g~
d@s) = & +oug'®h — ol —oh Yoty form > 1,
3 2 ~ 2,1~ oy 3 2 —p—
d(ws) = ?’27 +U2v3—1fg —vg_lvfptl —oh Y % — vhug P 11}4?127 +of P 11)4;571)
—2~(p—1 2 —2~(p—1)p
+ob 23 2115(5” )”?g — byl Qvép P% mod (vgp'H) form > 2

(add vivy 117 when (p, m) = (2, 1)).

Proof. d(wy) is easily computed using Lemma 3.1. For w5 we find that

4 3 2 ~ 2 (. 3
Ad(T5) = v+l +uath — BT — of U — B TIEEPTIET od <v§p+1>

(add v32}7 for (p, m) = (2, 1)).

We can read off the fact that d(v4) =0 for m > 2 and d(v3) = 0 mod (vz) from
Lemma 3.1. We have
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4 3 _ 3
A0y @) = —os@ + oy PH — o IPE) mod (v} w) ,
_ ~ /\ _ 3 _ 2 1~
AP REP Vg = B TEETV@ 4B — 2 7) mod v§p+1) :
Summing these congruences and multiplying vy ' gives d(@s). a

4. d(Tx) FOR0O< k<5

For all p and m we can construct Zx (0 < k < 5) and compute differentials on
these one at a time (Lemma 4.3). Define integers a(k) (as in Theorem 1.3) and b(k)
for 0 < k <5 by

ak) = pk if0<k<2
o (p+1)pF—t if3<k<5 and
(4.1)
~ 0 if0<k<2
bk) = {—pk_l if 3<k<5.

Define elements (as in Theorem 1.3) Ty for 0 < k < 5 by

o = Us
= Ap7 P’ ~p® _ pP—1 (pw—1)p®~
(4.2) T3 = Ty —v5 Wy —Uy Uy Zo, and

zh_,  for k# 0 mod (3).

8
B
|

Lemma 4.3. Assume that p > 2 and m > 2. In the module M} @ T'(m + 1) we
have

. vg(k)f‘fk“ mod (vgkﬂw) for 0 <k <2,
Tr) = ~ -~ _

—Ug(k)vg(k)%k+l mod (,ng 3(173*17“1*1)) for 3<k<5.
In particular these equivalences hold modulo (v;+a(k)),

Proof. We obtain d(Zy) for 0 < k < 2 from ng(v3) (Lemma 3.1). For d(Z3), we
have

d(zh) = vgaffs mod (v§4w) )
d(~of @)
(4.4) = —vgg(?f + v§2v5p2%’4 - vépw*l)ﬁﬂ]z) mod (vépwﬂ)ps) ,
d(—ot " lP VP )
R g

Notice that
P+ pw — 1 < min{pw, (pw + 1)p*} = p'w
for all p and m. Summing congruences in (4.4), we have

~ 3 2 _ 2 4 3 _ —1 2 4
d(Ts) = —ob TP ogP @ b TP Pem DR 6d (vg w).
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Noticing that the inequality p® + pw — 1 > p> + p? holds only if m > 2, we find
that

3402 1 (p2—1)p2~ 3,2
&) W PP nod (W8P for m =1,
d 33 = 3,2 2.~ 4 3
- -1
—v TP Pl mod (v} TP ) for m > 2.

By assumption, we may consider only for the case that m > 2, and set a(3) =
p3 + p?. The formulas for 4 < k < 5 are obvious. O

To define Ty, for higher k, we will prepare some lemmas in the next section. The
definitions of Z) (k > 6) and computations of the chromatic differential dy on Z
are separated into 4 sections (§7-10) according to the value of m. The results are
stated in section 6.

5. SOME LEMMAS

Here we will prove some lemmas for later use. In the rest of this paper we will
treat Exth(mH)le whenever the condition in Theorem 2.1

(5.1) 3<2(p—1)(m+1)/p
is satisfied. This is equivalent to

m>2 forp>3
m >3 forp=2.

Lemma 5.2. There is an element W such that

5
dw) = B +of v B — o v ol d(@s)
4 o~
_vgw*pzflvépzw—l)p +p3wt1 mod (Ugl(p,m)) 7
where
(p® —1)p? if m=2
el(p7 m) = (p4 - 1)p2 Zf (pa m) = (2a 3)

(2p® + p? — 1)p?  otherwise.

Proof. We find the following congruences:
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7 Pt —piop _
4+ vb vg t3 —U3p p%p — vy
—vzdv( p=1p* p %’127

2)pt —2p (p—1)p®pS
_,_Uéer) 03 pvép )p%) .

d@t’) =

~ 4 5
dlvy " P vy " 0] 2y)
= 1)3_” P w%‘p
d(iv;a(?’)vép w—1)p*+p* )

2 4.4
— Uépw 1)17?27 _

2 2 4 3
—p2—1 -1 ~
1)12’“’ P Uép w—1)p°+p “B

5 ~ 4 4
p°—pa(5) —p I
d(—vy U3~ Uy 5)

— ,p° (=p=1)p" p*opT
= b vy vy Ty

4

=p
I
= _yWPre—p=pt pt?
= 1

—pa(2 w—p—1)p*
d(_%p ( )vép p—1)p WP p
U3 Uy
d(vép+1)P4*3(2)1}:(517“*2)17455)?*1)?553\2)

4 — NVt (p—1)p5 -t
vép-%l)p ,Uépw 2)p vgp 1)p Zﬁ’

Summing these congruences gives the desired formula.

the minimum exponent of vy in these indeterminacies.

Lemma 5.3. There is an element Y such that

diY) = Ugw(pgﬂ)a -

where

—1) for (p,
otherwise.

Proof. We find the following congruences:

(DRAFT VERSION) 9

(PPw—1)p*p*

ta

_\4 4.5
R
(p+1)p* | (pw—2)p* ~(p—1)p° 2p*
Vg U3 Us 51

mod (u§2p+1)”4) ,

mod( pw— l)p)
(v (p*w—p—1)p° ) 7
mod (,U(PW 1)p® )
mod (v po—1)p’ )
mod (v 2p+1)p*—p ) '
The integer e;(p,m) is
O

2 4 2 _ 3 ~ 3 o~
vh +1€§ +vh +16§p Dp d(Z3) +v8%v] “t;  mod ( (p’m)),

m) = (37 Q)a
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d(@y) = B +owy'th — ol mod (8™,
d(—v,"71) = _?173 mod Uépw*l)p),
d(vQUg—l—(pzw—l)Pz@]gZ)

=y W (%’5 T LA B L Y
*vggvg p=1)p* p? v +v§p2w—p—1)p visz?’
+U§p+2)p U;2p @(sp 1)1»3%72)4 _ vép+1)p2Uépw—Q)pzﬁép—l)pngf
mod (U;+(2p+l)p2> )
d(v;—a(‘l)U§3—1—(P2W—1)p2§4)
= —Uzvglf(p%fl)pzfgs mod ( 1+ (e p271)p) ,
vy 0 )
= vg_l_p%vff%(vgffz —5h),
Aoy T g )
= v§+p3v;1 (pw+1)p3v£2?1275 mod (U%Jr(pwfl)p)7
d(—vy Pog ! pgvpszl)
= —vzv;17p3v22%3 mod (v%“p‘”_l)p) ,
d(U§P+1)P2Ugsw(lfp)*1*P26§P*1)P3£0)
= 1};-5-(1)+1)z>2vg‘q’w(l—p)—1—172a(ap—l)pg’;gf2 mod <v§2p+1)p2> '
The sum of the right sides is
ob T 40h g _p4w£§4+v§p+2)p2+1v;17(p2w+1)p26§p71)p3%4—vngg) 1= wvﬁ “h.

Multiplying —v} fotl gives the desired formula. The integer es(p, m) is the

minimium exponent of vy in these indeterminacies. (I

Now we define wg by

—pa(2)

e — v3 (U — vy vsTH + vy S By b(3)v4x3) for m > 3,
6 — 3

—1- 1) ~py p? —1—pw(p®+1) ~
(above expression) + vy ¥ vy P e LY P” TP DZEY for = 2,

Lemma 5.4. In the module vy *(BP, /I, ® F(m + 1)) we have

pu 1t

dwg) = t3 — vy "Bt — vy 114 Yty — 3 mod (va).

Proof. We find that

5 4 2 3~
d(i)\a) = U5%\Il) + ’04% + ’1)3;%) - ’U5t1 fl) wtg — ’Ug wtg
(5.5) mod (v2),

d(v;a(?’) 7b(3)v 4T3) = —1145’2’4 mod( po—p _1).
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Notice that nr(vs) = vs for m > 3, and so we have

d(—vy " PusEh) = —vy P (d(vs)Zh + n(vs)d(Th))
= —0; " usd(3)

(5.6) —v5f§’5 mod (ngwfl);ﬁ) .

Multiplying the sum of (5.5) and (5.6) by vs ! we obtain the desired formula for

2 3~
m > 3. For m = 2, we know that ng(vs) = ng(vs) = vs + ’1)2/?;‘[17 —vb t1, and so we
have

3

.3 _ 2 3~ 2 3~ 3.5
d(—vy" vs3y) = =" (0o —of BT+ (s + ol — ol B)E R))

_.3 2 PO 3 5
vy P ((02?’17 — o8 #)@ 4+ b vsth )

(5.7) = ol PR BB v mod (vs)

We also find that

3 _

(5.8) Ot s € B et 1
. 3
d(_Ug—PW(P +1)’1.\127}/')

—-3h mod (v3).

Multiplying the sum of (5.5), (5.7) and (5.8) by v; ! gives the desired formula for
m=2. O

Using this wg we define X by

~p* —a(2), —p* p°

R —a(3) —ptap? pSw~
X = wg —v, vy vy wngUQG( )’U3p+p vffwxg

2 3 3 6
—p>—1 (w—p)p°— 1
TP T TP e D ey,

Then we have

Proposition 5.9. For m > 3,

Proof. We find the following congruences
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d@y) =

d(v; * v "

%7 _ ,U3_p4vg5w£€4 _ 1}3_1741}26“}%72)4 _ U§p3w71)p4%\§4
mod (054) ,

V2 %,)

v§p4vgowi7l’4 mod (vépw*l)pQ) )

(5.10) d(—v;a(3)v§p4+p2v£6w53)

—a(3), —p*+p* puw a(3), —p?op* p+pw—1, (pw—1)p°7
U3 vy “(—vy Tug Tty + vy U3 t1)

_U2 2 2
mod (vép w=p=Lp ) ,

2 3 3 6
pw—p —1_ (w—p)p°—pw(p°+1) p°w
d(v§ Ug vy YY)

2 3 6
— ,pw—p =1 (w—p)p° p°wp pw
= o U3 vy “ty mod (v5)

Summing these congruences gives the desired formula.

In case that m = 2 we have the following analogy instead.

Proposition 5.11. For m = 2, there is an element X such that

Proof. Instead of the last congruence of 5.10 we find that

2 3 3 6
pw—p?—1_(w—p)p°—pw(p®+1) p°w
d(vh Vg vy “Y)

3 2 3 3 6 3 2 4
— PP =p=1 (w=p)p°—pw(p°+1) pw  pw(p’+1)3 P +17p
= 0 Vg vy “(vg ti—wvy "ty )

7 3 a4y dad 3 2 3 4.6 6 7 32
d(X):fg7 fv:gpw 1)"%737 — b vgw(p Pl p)vi wf‘g mod (v%p p 1).

2pw—p?—1
mod (vf“’ P ) .

This gives
dX) = ?1?37 - ”épsw_l)p4?§4 — vy vy
Then, define X by

X X o e gy,

This gives the desired formula.

Define integers a;(6) and b;(6) for ¢ = 1,2 by

a(6) = p'(p*+p+1),

az(6) = (p+1)p° +pw,

bi(6) = —(p+1)p?

b2(6) = —(p+1)p*+pw(p® —1)(p*+1).

and the element M by

5 2
M = FL 4oty Py 4 22O 1 ha(O)y

6 —p>—1_by(6)—pw(p®+1) p°
_vgz( )+pw—p 7)32( )—pw(p”+ )Ui wy

- 3_ 341 6 4 3_ .2
(w—p)p®—pw(p®+ )UZ wgg mod ('ng P 1) .
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Proposition 5.12. For m > 2, we have

a0 = o OO (B aa(es)) o OO (B - 3 a(E))
_'_,ng(6)+pwvg2(6)_pw(p3+1)visw (%}374 _ ggfld(fv\g)>
_v;z(6)+2pw—p2—1vgz(G)—pw(pngl)@Zp%tAl mod (vg(p»m)),

where

(pw —p* — 1)p*
e(p,m) = (p+1)p° +minq ey(p,m)
pw —p? — 1+ ez(p,m)

Proof. We find that

azt) = —vép_‘_l)psvgps%ﬂ mod (v§p3+pw_1)p3) ,
d(g I o W)

5 5.7 6 IR Y-
= ngJrl)P U3—P %721 + ,Ugl(G)Ugl(G) Gg? _ 65’17 p d(l‘5)>
_ng(ﬁ)—pQ—lvgpzw—p—1)p4+p “T

mod

)

(U§p+1)p5+e1(p>m)>

a: 6 —1)2—1 b 6
d(’l)22( ) 1]32( )) )
U;lz (6)*P2*1U1372(6)+PW(P3+1)%\1

-~

4 VS - 3
71};2(6)1122(6) (%737 76:())17 1)p d(xg)) +USZ(6)+PUJ P 1,032(6),027 Y%
mod (052(6)*p2*1+62(p,m)>
2 _ 3 3
d(*U32(6)+pw p 11}[3)2(6) pw(p +1)UZ Wy)
= —v‘212(6)+pw7p271v§2(6)v53wf1
_ 3 3 4 p— 3
+U;2(6)+pwvgz(6) pw(p +1)y£ v %75 —v:(,)p Dp d(1‘3)>
_Ugg(6)+2puﬁp2*1v§2(6)*Pw(P3+1)Uip3wa

mod (ng(6)+pwfp2fl+ez(p,m)> _

Summing these congruences gives the desired formula. O

6. d(Zg) FOR k > 6

Define integers ¢; and d; for ¢ =1, 2 by

e
Co = Q2 +a(3),
(6.1) dy = bi(6)+b(5),
ds bo(6) + b(3),

and integers £(i) for i = 1, 2 by
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B 1 if a1(6) < aq(6),
(1) = { 2 if ai(6) > az(ﬁ);

(6.2)
o 1 if C1 S Co,
(2) = { 2 if¢1 > co.

Then we define a(k) and g(k) for k > 6 (they were defined for 0 < k < 51in (4.1))
by

pk_ﬁaz(l)(G) for allm and 6 < k < 8,
alk) = (p* —1)a(6) + co2) for all m and k =9,
) PF%@09) —a5)) +a(k—4) for m > 5 and k > 10,
pF=2@@(9) —a(3)) +a(k —6) for 2 <m <4 andk > 10;
pk_6b£(1)(6) form >3 and 6 < k <8,
(6.3) (p® = 1)b(6) + (pPw — 1)p° + dy(2)

form >3 and k =9,
s ] PO (P 1yt frm=2and6<k<T,
(k) =9 12b,(6 for m =2 and k = 8,

P2b(6) + (PPw — D)p* +b(3)  form =2 and k =9,
p*=2(b(9) — b(5)) + b(k —4)  for m > 5 and k > 10,
p"9(b(9) — b(3)) +b(k —6) for 2<m <4 and k > 10;

Define g; for 1 <i <4 by

G1 = —ob" O 2O yp? (07136 01RO R -1 5
3_1\o 5 3_1\h, 30—1)p®—+bo(6)—(p3w—1)p* _~ (7Y~
Gy = Uéz; Da(i)fa (6) (P* = DBO) (- )p+b2(0)— (P w—1p" ( _=a(T) =By
U = v} a(6)vg b(6)X,
3_1\a 3_1\h 3u—1)pt ~
o EON G EORCER e

For m > 5, define 7}, € v3 ' BP, for k > 6 by

MP e for 6 <k <8,
T+ for k =9 unless (p, m) = (2, 5),
(6.4) Tr=1_ TE4+7+7 ~ fork=9and (p, m) = (2, 5),
G N = R )
for k£ > 10.

For m = 4, define Z, for k > 6 by
Mre for 6 <k <8,
/x\g+@\1+@\2 fOI'k:97

~p a(k)—a(k—6) b(k)—b(k—6) ~ap—1 /1~ ~p
o — vy Vg Ty _o(Th—6 —7T4_7)

for k£ > 10.
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For m = 3, define Zj, for k > 6 by

M — u§(6)v§2(6)’@3“”1>”4X for k =6,
zy ] for k =7,
(6.6) Tp={ MP for k = 8,
Z/L'\§+§1+:/y\3 fOI‘kZQ,

§7_ | @0-Tk=0) B0 -0 gp-1 (5 ap s 10,

For m = 2, define Zj, for k > 6 by
(M — Ug(ﬁ)vg(fi)—(pe‘w—l)p“)?)(l n U§3U§W(p2—p3—l—p6)vgﬁw)

for k = 6,
~p
) T for k=7,
(67) 2k = Mr for k =8,
T+ Ua for k=9,
&) — vy Sk =(k- O (@ g—ab_,) for k> 10.

Then we have

Lemma 6.8. Assume that p and m satisfy (5.1). Modulo <v§+a(k)) , the differential

on Ty (k > 6) is expressed as

BAOMION & form >4 and 6 <k <8,
B O A A P gy B e &
O s )tg O S Uh form =3 and k =8,
g(k)vg( )%737“1 form=2and 6 <k<7,
_ ;(k)vg(k)%’ﬁ form =2 and k = 8,
Ug(k)—a(k—4)v§(k>—3(k—4>w*1d(gk 4) form >5 and k > 9.
3R =Ak=6), bl —B(k~ O30~ Ld(Zh_e) for2<m <4 andk>9.

O
We will prove this lemma in Sections 7, 8, 9 and 10. Then our main result is

Theorem 6.9. As a E(Q)*—module, Extr(mi1)(My) is the direct sum of

(a) the cyclic submodules generated by Ez/vg(k) for k >0 and s € Z — pZ,
where Ty, and a(k) are elements defined in section 4 and this section.

(b) I/(\’(Q)*/E@)*, generated by 1/v) for j > 1.

7. PROOF OF LEMMA 6.8 FOR m > 5
Notice that the exponent e(p, m) in Proposition 5.12 is

5 : (pw N p2 N 1)p3 5 4 2
(p+1)p” +ming (2p+1)p* —p* 5= (p+1)p° + (2p+1)p* - p*,
pw + 2p% — 1

which is always larger than

a1(6) +a() +p* +p+2=(p+1)p° + (@ +2p" +p* +p+2)
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for all primes p. By Proposition 5.12 we have

Gy = | OO @) o O OR i (pm) = (2,5)
Te) = a1(6), b1 (6) 7p° _ ~p—1 g~ :
vy gt (b — a8 d(Ts)) otherwise,

mod (ygl(ﬁ”a“)*p?’“’”). In particular, we have
d(zg) = vg(ﬁ)vg(ﬁ)fg(s mod (vg(6)+a(5))

in both cases. For d(Zy) we find that
2P = P (6), pPB(6) p*(@(6)+a(5))
(7.1) d(zg) = vy vy Uty mod (112 ) .

Assume that (p,m) # (2,5). For d(y1) we find that

3~ 37 9 3 6.~ 6
_,pa(6), p b(ﬁ)(gg _vép w—1)p gg )

= '1_)2 1)3
mod (1£70)
(7.2) . SN
d(_wgps*1)a(6)vz())p3*1)b(6)+(p3wfl)p6§6)
37, 3 6 6
§O e @ — 3 (@5))

3~
p~a(6)
—Uy Us

mod (430701

(Notice that the second formula fails if (p,m) = (2,5)). This gives

~

P30 P HO | pT0) O+ e 1r o1y

(7.3) dig)) = —ub
. Summing (7.1) and (7.2), we obtain

( E(9)+p3+p+2)
@(9)+p°+p+2
mod (vg() PP )

mod (v,
d(Fg) = gD OO EIE g
unless (p,m) = (2,5). We will see that a similar congruence holds even for (p, m) =

(2,5) after an appropriate change of Zg.
Define integers n(k) by
pPP+p+2 fork=1(4),
) (p+2)p for k =2 (4),
n(k) = (p+2)p*> for k=3 (4),
(p+2)p* for k=0 (4)
Instead of (6.3), we may define integers a(k) for k > 9 inductively on k by
pa(k — 1) +p° +p* for k=1 mod (4),
a(k) =14 pa(k—1)+p* for k =2 mod (4),
pa(k — 1) for k =0 and 3 mod (4).
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This suggests that we may compute d(Z) modulo (vg(k”n(k))

Assume that the congruence

inductively on k.

(7.4) d(Fp_1) = ng_lo(a(f’)*a(f)))vg’“‘m(b(9)fb(5))§z ld(xk 5)

holds modulo (vg(k_lHn(k_l)). For 10 < k < 14 it follows by direct calculations.
Moreover, this gives d(Z)) whenever 11 < k =0 or 3 mod (4), since Z, = 7}, _;. In
other cases we denote T, — Z% | by Zx. Notice that 2, is related with Z,_4 by

2 :vg(k)—a(k 4) b(k) b(k— 4)“;2 izk .
Then d(zy) is
d(z) = oSO (g )
= f IO (g (F7) Za o (FL) A Bia))

Notice that zj_4 divided by a(k —4) —a(k — 8), so that we can ignore d(fv\g:}l),
because

a(k) +n(k) — (alk) —a(k —4)) — (a(k — 4) —a(k — 8))

I
=
o
+
E\)
oyl
|
Nt

Thus we have

(7.5) d(G) Evg(k)fa(k 4) b(k) b(k— 4)Az ld(zk 2) mod( ()+n(k))

On the other hand, by assumption (7.4) we have

e k=9(@(9)—a(5 k=9(5(9)—b(5)) ~(p—1 ~
d(ﬂ?Zq) = (@(9)—a(s)) § (6(9)—0(5)) (p )pd(xi,g))
(7.6) = @’”‘“’“ 4) b(k) bk~ 4)32 1d(xi 5) mod (vg(kH”(k)).

Summing (7.5) and (7.6), we obtain
d(F) = vg(m—a(k_%g(k)—b(k_4)§£:id(5k_4) mod (vg(’“””(’“))
as desired. (]

Now we consider the (p,

m) = (2,5) case. We have the following congruence
instead of the second one in (7.2):

—

d(—v 3—1)a(6) ép —1)b(6)+(p3w—1)p6§6)

[V

- 71)]293?1\(6)v§3b(6)+(1)3w—1)p6 (%6 o lﬂi’\gild(lx\gj)
(7.7) o VRO ea(6), (O 017

mod <v§(9)+p3+p+2>
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Define 7> by
Gz = v’ TDAOe2(6) 0° DBOH PP 0P +b2 (O Pw—1p* (<87, SH D)7y

We see that the differential on X — vz_a(7)v;b(7)§7 is expressed as

d(X — vy "D M) = —vép3w71)p4f§4 mod (U§4) .

This gives

(7.8) d(gs) = —v§p3—1)5(6)+a2(6>v§p3—1)b(6)+(p3w—1)p6+b2(6)%4

mod (v§p37l)a(6)+a2(6)+p4). Summing (7.7) and (7.8), we have the same one as the
second of (7.2). O

8. PROOF OF LEMMA 6.8 FOR m = 4

Notice that the exponent e(p, m) in Proposition 5.12 is

) (p° —p* = 1)p° o
(p+1)p° +min (2p+ 1)p* — p? =(p+1p’+p°+ 2 —1,
p5 + 2p3 -1

which is always greater than or equal to

az(6) +aB3) +p+1=@+1)p°+p° +p* +p* +p+1
for all primes p. By Proposition 5.12 we have

d(@e) = v Oup OB — o OO — (@)

a2(6)+a(3)+p+1

mod (v, ). In particular we have

d(zg) = vg(ﬁ)vg(ﬁ)fgﬁ mod (v§2(6)).

for any prime p. For d(Z9) we have
8.1 A(F0) = o 80) O mod (02 @)
8 2 3 3 2

Instead of (7.2) we have

(8.2) i) = _0536(6)7}5%(6)%}59 + Ug(g)*a@)vg(g)*b@)(gg‘* _ ft\g_ld(ii\g))
mod (vg(g)ﬂgﬂ). Moreover, as same as (7.8) we have

(83)  d(@) = —of O T OLOTOR neq (1070,

Summing (8.1), (8.2) and (8.3), we obtain
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d@) = —vg VPO G mod (v ).

for any prime p.
Define integers n(k) by

p+1 for k=3 (6),
(p+ 1)p2 for k =4 (6),
) LCR AT S
(p2 —p+ Q)p for k = (6)a
(P2 —p+2)p?* for k=2 (6).

Instead of (6.3), we may define integers a(k) for k£ > 9 inductively on k by

pa(k —1)+p® —pt+p3 +p? for k =3 mod (6),
a(k) =< pak—1)+p* for k =0 mod (6),
pa(k — 1) for k # 0 mod (3).

This suggests that we may compute d(Z) modulo (vg(k)Jm(k))

Assume that the congruences

inductively on k.

(8.5) d(Tp_1) = _U:gk_m(5(9)*5(3))1)%71“_10(b(9)*b(3))§z:$d(§k_7)

holds modulo (vg(k71)+n(k71)). For 10 < k < 16 case it follows by direct calcula-
tions. Moreover, this gives d(Z;) whenever 10 < k # 0 mod (3), since T, = 7% _;.
In other cases we denote Zj, — Z}_; by Zj. Notice that 2}, is related with Z,_g by

gk _ 7v§(k)—a(k—6)Ug(k)—b(k—ﬁ)zv\ifl/\

_6”k—6-

Then d(zy) is expressed as
A(E) = —f WO (g )
—ug A0 0 L g (5070) B+ (F5) d (B |-

Notice that Z,_g is divided by vg(k_m_a(k_u), so that we can ignore d (Eﬁié),

because

a(k) +n(k) — (a(k) —a(k —6)) — (a(k — 6) —a(k — 12))
= n(k)+alk—12)
< a(k—6).
Thus we have

(8.6) d(%) = _Ug(k)fﬁ(kfﬁ)vg(k)fb(kfﬁ)aj\i:(sd(gk%) mod (Ug(k)+n(k)) .
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On the other hand, by assumption (8.5) we have

~ a(k)—a(k—6) b(k)—b(k—6)~(p—1 ~
A@y_,) = *”;( J-al )03( )= )xl(cp—7 )pd(ﬂfi—ﬁ
(8.7) = —vg(k)_a(k_ﬁ)ug(k)_b(k_ﬁ)EZ:éd(fz_ﬁ mod (vza(an(k)) .

Summing (8.6) and (8.7), we obtain
d(Zy) = —vg(k)fa(k%)vg(k)7b(k76)§§:éd(§k,6) mod (vg(k)Jrn(k))
as desired.

9. PROOF OF LEMMA 6.8 FOR m = 3

Notice that the exponent e(p, m) in Proposition 5.12 is

(p* —p* - 1)p*
(p+1)p° +min{ g(p,3) = (p+1)p° +p* +2p* - 1,
pt +2p% —1

which is always greater than or equal to

az(6) +a(3) +p+1=(° +p° +p") + (0* +p*) +p+1
for all primes p. By Proposition 5.12 and 6.8 we have
dn) = o O OB @O @ - a5 d(@))
mod (v;2(6)+a(3)+p+1)
(9.1) d(_U‘QD(G)ng(6)*(p3w*1)p4X)
= _Uga(fi)vgz(fi)—(p%—l)p“ (%’:1377 _ véﬁw—j)p“ggj
mod (v;(GHp ) )

This gives
d(Zg) = 1}1211(6)1)31(6)%)6 + vgz(ﬁ)vg2(6)§§—1d(§3) . U;IQ(G)Ug2(6)*(103&1*1)174%‘:;7
mod (v32(6)+a(3)+p+1). In particular we have
R a N 6 (p3w— 4.7
d(zg) = 1}2(6) (02(6)?3) _ ,ng(ﬁ) (pPw—1)p ’t737 )
mod (vg(GHa(?’)). Using the first congruence in (9.1), we find that

. 2~ 2/5 8 2b 6
d(@s) = of “OsOE — o O
mod (vgz(a(6)+a(3))). For d(Z9) we have

d(zh) = Up3a(6) (v

37 3
= oF p b(G)ggg P 172(6)%17)

3 3
P30 P HOP | 50)-50) FO-50) @' _ 5p-14(5,))

) Us
mod (03(9)+P+1) )

mod (u5 (#0430

/\
©
b

S~—

U
=
<)
=

Il
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Moreover, we find that
(9.3) d(y3) = vgsa(ﬁ)vsz(ﬁ)(fg - vépgw_l)p4?§4) mod (v§33(6)+”4) )
Summing (9.2) and (9.3), we have

d(@g) = -3 ILOEz155) mod (v§<9>+p+1).

for all primes p.
Define integers n(k) by

p+1 for k = 3 (6),

(p + 1)p2 for k=4 (6)7

(9.4) n(k) = ](f; o g Z - Egg
p4 for k = (6)7

p° for k=2 (6).

Instead of (6.3), we may define integers a(k) for k > 9 inductively on k by

pa(k — 1) +p3 +p? for k=3 mod (6),
a(k) =< pa(k—1)+p* for k=0 mod (6),
pa(k — 1) for k # 0 mod (3).
This suggests that we may compute d(x) modulo (vg(k)Jrn(k)) inductively on k.

We can prove this proposition in the same fashion as in case that m = 4. ([l

10. PROOF OF LEMMA 6.8 FOR m = 2
Notice that the exponent e(p, m) in Proposition 5.12 is
(p® — p? — 1)p?
(p+1)p° +ming (p* — 1)p?

P’ —p* =1+ f(p,2)
which is larger than

az(6) +a(3) +2 = (p+ 1)p° +p* + (> +p?) +2
only if p > 2. We define N by
N=M— ’U;Q(G)’U?(G)i(p:;w*l)pél)?.
By Proposition 5.12 we have

d(M) = _U<212(6)U§2(6) (%»g‘l _ i'\g_ld(i/fi%)) mod <U§2(6)+a(3)+2)
d(_U¢212(6)ng(ﬁ)f(pg’wfl)p‘i)’z)
(10.1) B

,.p7 (p3w71)p4"p4 pS pw(p27p3717p6) pr,«p7
(t3 —wvs3 ty — vy U3 vy “ty )

mod (45701727 +11)

This gives
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dN) = ot OE @)
az(6) ba(6)—(p°w—1)p w(p?—p>—1— w
_22()2()(17 )(fg Ugvg(pp p)p %73)
mOd( a2(6)+a(3)+2)

Then it is easy to see that

d(Zg) = v32(6)v§2(6) (:?gild(fg) — v;(p3w71)p4f§7) mod (v;2(6)+a(3)+2>

for p > 2. In particular we have
d(zg) = —03(6) b6 )fg mod (vg(GHa(?’)).

for p > 2. Using the first congruence in (10.1), we find that

d(7s) = —v§26(6)v§2b2(6)?§6 mod (v§2(a(6)+p3)> )

For d(Z9) we have

)

d@) = —of OO y o)

mod (v

SN am-ae®), (9) b(3) (~p—1 —(pPw—1)p*p”
(10.2) d@) = v (3 d(@s) - v; %)
mod ( a(9)+2)

Summing (10.2), we obtain
d(@y) = 71}5(9)—5(3)02(9)—5(3)§§*1d(§3) mod ( p3a(6)+a(3)+2)

for p > 2.
Define integers n(k) by

2 for k=3 (6),

2p for k=4 (6),

) 2p* for k=5 (6),

(10.3) n(k) = p?  for k=0 (6),
pt  for k=1 (6),

p>  for k=2 (6).

Instead of (6.3), we may define integers a(k) for k£ > 9 inductively on k by

pa(k — 1) +p3 +p? for k=3 mod (6),
a(k) =< pa(k—1)+p? for k=0 mod (6),
pa(k — 1) for k % 0 mod (3)

This suggests that we may compute d(x) modulo (vg(an(k)) inductively on k.

We can prove this proposition in the same fashion as in case that m = 4. (Il
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11. PROOF OF THE MAIN THEOREM

Here we will prove Theorem 6.9. First we consider the case that m > 5 (Theorem
1.3 included).
By Lemma 2.4 it suffices to show that the set

{(5 (f‘k/vg(’“)) : k>0, s>0and pfs } C Ext%(mﬂ) (M3)
in linearly independent over

k(2)s/(v2) = Z/(D)[v2, - . ., v, T

It follows from (2.2) that this group is the free K (2),-module on the nine classes
represented by

~ 2~ 2~ 2
(111) {tla%le)7?17 at25?12)7?2) 7t37Z§a%\g }

In I'(m + 1) /I3 we have

3 ~
() = a+usth — b,
4 3 o~ 2 o~
( 5) = Vs —+ "04?11) —+ 1)3?12) — ”intl — ’Ug wtg,
5 4 3 o~ 2 o~ 3 o~
and nr(Ts) = To+usth +vath +usth —vBh —of Yt — b “ts.

so in Ext%(m+1) MY) we have

3 RPN
o= o,
/pf} p2w71/\ -1 pw ,})4
t, = w3 to vy~ (vy €1 —waty |,
3 3,1~ _ 2~ ~ 4 5
and o= Wy gt (vfl’ “ty + 0Bt — vgthy — vsth ) .

This means that for m > 2 we can replace the I?(Q)*—basis of Ext! of (11.1) with

2 3 4 4 5 6 6 7 8
@owey g ey

1 ’

so its basis over k(2)./(ve) is
a2t p® ot pt ot e S e p® T S
{U:a?i) ST AN N AN G AN A AN AN AR e )

Now define integers ¢(k) for k > 0 by

~ _J0 for0<Ek<8
k=Y p-1pFt + 2k —4) for k> 9.

For k > 4, write k = ko + 4k, with 5 < kg < 8. Then the above is equivalent to

(11.2) am=@—nw(¢h‘ﬁ.

pt—1
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Then Lemmas 4.3 and 6.8 imply that

%’Hk for0<k <2
?‘SHk for3<k<4

Sy T w° =
(@) = ivg(k)vg(k)ﬁg(k) ts, for k>4 and k =1 mod 4

o

v fork>4and k=2mod 4
7
th for k>4 and k=3 mod 4
8
A for k > 4 and k =4 mod 4.
modulo (U;Jra(k)). This and the multiplicative property of the right unit imply
that
24k
for0<k<2
T for3<k<4

=)

for k >4 and k=1 mod 4
for k >4 and kK =2 mod 4
for k>4 and £k = 3 mod 4
for k > 4 and k = 4 mod 4.

(11.3) ¢ (;&)) - isvg(k)aés—npuak)
3

9

0

SR SV SR S 6V W

By Lemma 2.4 it suffices to show that these elements (with k¥ > 0 and s > 0
not divisible by p) are linearly independent over E(l)* The ones for 0 < k < 4 are
clearly independent of those for k > 0, so it suffices to consider the exponents of v3
above for k > 4, i.e., to show that the set

(11.4) {@(,f*”pk*g(’“): k>4,5>0, pJ(S}

is linearly independent over %(2)* /(v2). For a fixed value of k, the exponents
appearing in (11.4) are congruent to ¢(k) modulo p* but not congruent (since pfs)
to —p* + ¢(k) modulo p**t.
Now (11.2) implies that for k > 4,
(p—1)p*

ok = k d k+1
) = - T med ()
N — 1)pho
S0 (s —1)pF+28k) = sp*— (pp4_)117 mod (pk+1) .
Hence our condition is that the exponents associated with k are congruent to
(p—1)p*0
-l
exclusive for differing k. O

modulo p* but not modulo p*+!, and these conditions are mutually

Proof for 2 <m < 4. The argument is the same subject to the following changes.
The integers ¢(k) are defined by

o) = 0 for 0 < k <8,
1 (p—1)pF 8 +2E(k—6) fork>09.
For k > 2, write k = kg + 6k with 3 < kg < 8. Then the above is equivalent to
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o0 = - ot (221

Then (11.3) gets replaced by

?1’2% for0<k<2

. _ -
5 Zh ) = L lWpe-nrtae) | itk

t5 for 3 < ky <5 and

v?i(k) ro
fg for 6 < ky < 8 and

(Notice that there is another term for m = 3 and 6 < k < 8. We can ignore it
because it is linear independent with the above coboundary.) We can argue for
linear independence as before.
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