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§1. INTRODUCTION
THe EHP SEQUENCES in the homotopy groups of spheres arise as follows. A prime p is
fixed, and the spaces under consideration are to be localized at p. For each positive
integer n, there is the James map

h2n+l :Qsh-ﬂ —_— Qsznpﬂ‘
The homotopy fibre of hy,,; will be denoted $*". There is another James map
hy 1 Q8" —> QS

The homotopy fibre of h,, turns out to be S*"~’. Each of these fibrations gives a long
exact sequence of homotopy groups. Using the adjointness isomorphism 7,(2X)=
m,+1(X) to replace some of these groups, we obtain the two EHP exact sequences

(8 B mpn(S™Y) s (S s (8 S5 - (L))
e (8N s (87 Es g (820 Lo g (SPTHEs - (12)

We have given the homomorphisms in these sequences their usual names: E for
suspension, H for Hopf invariant, and P for Whitehead product. When the prime
p =2, it also happens that $*" = S?" and the EHP sequences provide a way of
calculating the groups =,(S"), inductive on the sphere dimension n, and on the stem
dimension g —n. When p is an odd prime, the space $?" (which has cells in each
dimension 2n, 4n,...,2n(p — 1)) replaces the even dimensional sphere in the EHP
induction. The homotopy groups of the even-dimensional spheres localized at p may
be obtained from the fibration

SZn-—l ) Qszn ) QSAA—I

which splits as a product.

In [4], we have constructed for each simply-connected CW space X, a spectral
sequence {E;'(X)} which is called the unstable Adams-Novikov spectral sequence for
X. This construction will be summarized in §5. This spectral sequence is constructed
from X using the Brown-Peterson spectrum BP (associated with the prime p), and
converges to the homotopy groups of X localized at p. In this paper, we shall show
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that there are long exact sequences for the E, terms as follows.

e —_— E;.t(SZn)___) E;”H(SZ"H)———) EE.HI(SanH)__‘;_) Eévl,l(ﬁZn)__, .. (13)

e > E;.r—l(sh—l) Eé,t(S‘vZn) Eé—l,t—l(anp—l) 7 Ei“‘"l(sz"_l) (14)

In [4, §6], a certain non-abelian category G is constructed (in [4], this category is
denoted M(G), and is called the category of unstable coalgebras over the BP
Steenrod algebra). For each CW space X, we denote the homology of X with
coefficients in the spectrum BP by H_(X; BP). In the literature, this is sometimes
denoted BP (X). If X is a CW space for which H (X; BP) is free over the
coefficient ring = (BP), then it is shown in [4, 6.17)], that

E3'(X)=~Exp§(H  (X; BP)) .

Here, and throughout this paper, we use the notation
Extg(—)
to stand for the sth derived functor of the functor
Homg(H (S'; BP), -).
In §2, we give brief exposition of the theory of [1, 2, 5] concerning derived functors on
non-abelian categories.
The sequence (1.3) is obtained from the James fibration

§2n Qsznﬂ Qsznp +1 .
The BP-homology of these spaces form an injective extension sequence of coalgebras
(see §3). By adapting the theory of Moore-Smith[12] and Bousfield[5] to this

situation, we show in §4 and §7 that this leads to a long exact sequence of Ext groups,
which when identified as the E, terms of the spaces in the James fibration becomes

. E;.l(SZn) E;,t(nsln-ﬂ) E;.t(ﬂsanH) 3 _— (1.5)
In §6, we use special properties of unstable BP -resolutions to show that
E;.t(ﬂsZnH) o E;.Hl(sznﬂ).

Using this isomorphism (for S>**! and for $***') to substitute into (1.5) gives the EHP
sequence (1.3).

The other EHP sequence (1.4) arises from a composite functor spectral sequence
(abbreviated CFSS) which will be constructed in §5. For each M in G, the CFSS in a
purely algebraic spectral sequence converging to Extg(M), and for which

EY =~ Ext/(R'P(M)).
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We are suppressing the second index t in these Ext groups. Here R'P stands for the
ith derived functors of the primitive element functor P on the category of coalgebras
(see §3 and [S]). U is the abelian category defined in [4, §7] (in [4, §7], U is denoted
A(U)). When M is in G, and is nice as a coalgebra (i.e. R'P(M) =0 for i > 1), the
CFSS has only two non-zero columns, and gives an exact sequence

- — Ext,(PM) — Exts (M) — Extj(R'PM) —> - - -, (1.6)

For the space $*", H,($*"; BP)= M is nice as a coalgebra; PM and R'P(M) are
easily determined. Using isomorphisms

Ext, (PM) = E,*(S§*"™)
Ext, '(R'PM) = E,*(§**")

to replace the terms in (1.6) gives (1.4).
In §8, we also use the CFSS to study the double suspension

. Ezs,t—l(szn—l) Ezs,H-l(San).
As a coalgebra H,(QS**'; BP) is nice, and we call
R'PH_(QS™"'; BP)= W(n).

It is shown in §3 that W(n) is a free = (BP)/(p)-module with generators in degrees
2np,2np?,2np?, .. .. The CFSS again has but two columns, which after identifying the
terms, becomes

Ezs,t—l(SZA—l) Ezs,t+l(52n+l) Ezs—l,t-l(W(n)) _a) B (17)

where 4 has a bidegree (2, 0). It follows easily that for (s, t) # (0,2n + 1), the groups
E*'(S*™*"), and thus all succeeding E,*'(S*"*"), have exponent p". We also use this
sequence to establish vanishing lines, zones of stability, and zones of exponent p" for
the groups E,*(§?™*"), and for the stable groups E,*(S°). These exact sequences are
used by one of us[18] to make extensive calculations in E,*(S*"*").

There are analogous EHP sequences for the unstable Adams E, terms based on
mod-p homology, which are obtained in [4,6,7] by somewhat special methods. We
leave it to the reader to see that each sequence may also be obtained by a suitable
CFSS. .

The notations and conventions of this paper are similar to those of [3, 4]. Space
means Hausdorff topological space with base point. The homotopy relation for maps
or for spaces is indicated by =. In an algebraic situation, a homomorphism is to
preserve the structure; isomorphism is indicated by =. For a space X, QX stands for
the loop-space. In any category, I stands for the identity functor; the identity map of
an object with itself is 1 or 1y when we wish to specify the object X. If : S—> T is a
natural transformation of functors, we write

0= 6x:S5(X)->T(X)

to stand for the natural map. Where the meaning is clear, we may omit parentheses.
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The ring of integers is denoted by Z, the rationals by Q, the field with p elements by
Z,, and the ring of integers localized at p is Z,,. We also occasionally abbreviate the
words “long exact sequence” by LES, and ‘‘composite functor spectral sequence’ by
CFSS.

§2. COTRIPLES AND DERIVED FUNCTORS
In this section, for the convenience of the reader, and to establish notation, we
summarize some facts from [1, 2, 5] about cotriples, triples, and non-abelian derived
functors.
A cotriple (F, 8, €) on a category C consists of a covariant functor F:C - C,
together with natural transformations 8: F— F? and e: F — I such that the following
diagrams commute.

F&E PP 2 F F -, F?
\ T / al lsF
F FZ T) F3

When (F, §, €) is a cotriple on C, an F-structure on an object X in C is defined to
be a map ¢: X — FX such that the following diagrams commute.

X -5 FX X -5 FX
x lf wl le
X FX—— F’X

A map f:(X, ¢)-> (X', ¢') between objects with F-structure is a map f: X—->X'in C
for which ¢'f = F(f)¢. The category whose objects are {(X, )} where X is in C with
F-structure ¢, and whose maps are maps of objects with F-structure will be denoted F
(in [4], this category is denoted C(F)). Notice that each object of the form FX has a
canonical F-structure, namely &: FX — F*X. The objects of the form (FX, §) will be
called the models in F. ’

We next observe that F is also the functor of a triple (F, u, 7) on F. That is, there

are natural transformations w : F>*— F and 5 : I -» F on F which are defined by
p = Fe:(F'X, §) —> (FX, 8)
n=¢:(X ) — (FX, 3).

It is easily verified that u and 7 satisfy the following commutative diagrams.

F-I FP&F Pl
x l“/ “Fl l"
F F2 —“—) F

These are the properties which assert that (F, u, i) is a triple on F.

In this situation, suppose that T is a functor from F to an abelian category A (it is
enough that T be defined on the full subcategory of models in F). Then the right
derived functors

RiTe:F— A
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are defined as follows. The triple (F, u, n) on F defines a functor Ky from F to the
category of augmented cosimplicial complexes over F: for each (X, ¢) in F, and for
each non-negative integer g, '

Kp(X)'=F"'X
The coface and codegeneracy operators in Kz(X) are given by
d'=F"qF : F'X — F*'X
s'=F"'uF : F*"X — F™'X
for each 0 =i =< q. The augmentation
dKp(X)" — Ke(X)°
is the map ¢:X —» FX. Let TKz(X) be the cosimplicial complex which results from

applying the functor T to each degree of the unaugmented cosimplicial complex
Kr(X), and to each coface and codegeneracy operator. The cochain complex

(ch TKg(X), 9)

is obtained by taking
o= (-1)yT(d.

Definition (2.1). For each (X, ¢) in F and each non-negative integer q, the right
derived functors are defined by

RT(X) = Hch TKg(X), 3).

As it will be of use to us later, we give the fundamental property of derived
functors: namely, that they may be computed from more general resolutions as
follows. ‘

Definition (2.2). For X in F, a cosimplicial resolution of X by models consists of
an augmented cosimplicial complex Y .over F such that

MHyY'l=Xx
(2) For each ¢ =0, Y? is a model in F.
(3) For each model M in F, the chain complex

Homg,(ch*(Y), M)
is acyclic. Here F” refers to the category whose objects are the same as those of F,
and whose maps are to be formal finite sums of maps in F.
We remark that if the cosimplical complex Y is a cosimplicial complex of abelian

groups, then condition (3) may be replaced by

(3') The cochain complex (ch(Y), 8) is acyclic
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THEOREM (2.3). If Y is a cosimplicial resolution of X by models, then
RT=(X)= H%ch TY, 3)

The proof is in [1, 5].

§3. COALGEBRAS AND PRIMITIVES

In this section we recall the theory of Bousfield [5] and Moore-~-Smith[12] concern-
ing the primitive element functor P and its right derived functors R'P on the category
of coalgebras. At the same time, we make some minor modifications so that the theory
applies in our situation. We then use this to make calculations of R‘P(C) for certain
coalgebras C which will occur later.

Let A be a commutative ring with a unit element. In the applications, A will be the
coefficient ring A = 7 (BP). Let M be the category of positively graded A-modules
which are free of finite type. For each M in M, let S(M) be the cofree coassociative
cocommutative coalgebra without counit generated by M. S is the functor of a
cotriple (S, 8, €) on M. A module M with an S-structure will be called a coalgebra.
Equivalently, a coalgebra M is a module M in M with a diagonal map

AM— MM

which makes M a coassociative cocommutative coalgebra (without counit) in the
usual sense. Using the notation of §2, § will denote the category of modules in M
with S-structure; in other words, S is the category of coalgebras over A.

For each coalgebra C in S, the group of primitives P(C) is defined by

P(C)=kerA:C— C®, C.

Thus P is a functor from S to the category of abelian groups. The theory of [1, 5]
which was summarized in §2 yields right derived functors R'P on S. Our situation
differs from that of [5] in two ways. The first difference is that [5] considers
coalgebras over a field k, while we consider coalgebras which are free of finite type
over the ring A. This causes no change in the theory. The second difference is that [5]
considers connected homology coalgebras B with counit (that is, there is a counit map
€: B - A with €: By= A). For such a coalgebra with counit, the primitives are defined
by

PB)={x in B:A(x)=1@x+x&® 1}.

On the other hand we consider positively graded coalgebras C without counit (that is,
C,;=0), and the primitives are taken to be ker A. The two theories are seen to be
equivalent as follows. Let S, be the category consisting of connected homology
coalgebras over A, which as A-modules are free of finite type. There are natural
equivalences of categories

as follows. For C in S, let a(C) = A@ C, where the extra A-summand is given degree
zero. For B in S,, let B(B)=ker e. Then « and B are easily seen to be natural
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equivalences of categories. Furthermore, for C in S, B in S,

P(a(C) = P(C)
P(B)=~ P(B(B)).

We also observe that the canonical cosimplicial resolutions of §2 in the categories S
and S, are related by

Ks(a(0) = aKs(C)
Ks(B(B)) =~ BKs(B).

Therefore, we also have
RPs(C) = RPs(a(0)).

We may suppress the subscript S or S; and write simply R?P(C) for these derived
functors. We also note from [5, (3.2)] that

R°P(C)= P(C).
Following [5], we adopt the definition:

Definition (3.1). An injective extension sequence is a sequence of maps in S
Cl f 3 C £ 3 Cn

such that
(1) g is an epimorphism (of A-modules).
(2) The map f is the inclusion

CO-A— C

(Here O stands for cotensor product.)
(3) C is injective as a C"-comodule.

PROPOSITION 3.2. Let C'= C— C" be an injective extension sequence in S. Then
there is a long exact sequence of abelian groups:

0 — P(C') — P(C) —> P(C) —> -+
.~ R'P(C') — R'P(C) —> R'P(C") > - -

where & raises derived degree i by 1.
Proof. Using the natural equivalence of S'with S,, the proof is exactly as in [5].

‘We conclude this section with some calculations of R'P(C) which will be of use
later. A prime number p is fixed and Z,, refers to the ring of integers localized at p.

TOP Vol. 21, No. 4D
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BP is the Brown-Peterson spectrum for the prime p, and A = 7 (BP), which is the
polynomial algebra

A= Z(,,)[v,, Vay o .]

with degree (v;) =2(p‘ — 1). We shall consider certain coalgebras over A, for which we
need some notation. First, let M(n,, n,,...) stand for the free A-module with genera-
tors of degree ny, n,y,....

(1) For each positive integer m, let C(x,,) be the coalgebra which as an A-module
is freely generated by x,,, and with x,, primitive. Evidently PC(x,,) =~ M(m).

(2) For each positive integer n, let D(x;,) be the coalgebra which as an A-module
is freely generated by {x,,:, s = 1}. The diagonal map A is given by

AXns) = D Xopi @ Xonpe

i+j=s

It is immediate that PD(x,,)= M(2n). The coalgebra D(x,,) is the A-dual of the
polynomial algebra on a generator of degree 2n; thus D(x,,) is cofree as a coalgebra.
D(x,,) also has a Hopf algebra structure; as an algebra D(x,,) is a divided power
algebra, which explains the notation.
(3) For each positive integer n, let T(x,,) be the coalgebra, which as an A-module
is freely generated by {x,,,, s = 1}. The diagonal A is given by
YOWED N

itf=s

) X20i @ X2nj-

Then PT(x,,) = M(2n). T(x,,) also has a Hopf algebra structure, the algebra structure
being that of a polynomial algebra on one generator x,,.
(4) For each positive integer n, let T\(x,,) be the sub-coalgebra of T(x,,), which as
an A-module is freely generated by {x,,, 1 <s=<p—1}. Then also PT(x,,) = M(2n).
(5) For each positive integer n, let B(x;,) be the coalgebra of the bipolynomial
algebra over A defined as follows. As an algebra, B(x;,) is the polynomial algebra
over A generated by {x,,,s, x = 0}. For each s =0, the element

X3+ P(X2pp) 00 4 P Xagps

is to be primitive. It can be verified (see [10]) that this well-defines the map A making
B(x,,) a Hopf algebra. The A-dual of B(x,,) is another Hopf algebra of the same form
which explains the notation. From the definition

P(B(x2,))= MQ2n,2np, ...,2np°...)

ProposITION (3.3). For these coalgebras, the right derived functors R'P are as

follows.
(i) R'PC(x20-)=0

(ii) R'PC(x,,)= M(4n)

(iii) R'PD(x;,)=0

(iv) R'PT(x,,) = MQnp,2np?,..)R:2Z,

(v) R'PB(x;,)=0

(vi) R'PTi(x;,) = M(2np)

Also, each of these coalgebras C(x,), D(x:,), T(xs,), B(x,,) is nice; that is, R'P
vanishes for i > 1.
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Proof. First, D(x,,), B(x;,) and C(x,,-;) are cofree as coalgebras (because their

A-duals are free (anti-commutative) algebras). For C(x,,), there is an injective
extension sequence:

C(x;,) =15 D(y;,) —5> D(zan)

where f(52,) = Y2n and g(¥2n5) = Zzp; for s even. Then the LES of (3.2) becomes a four
term exact sequence:

We have
PC(x,,) = M(2n)
PD(y;,) = M(Q2n)
PD(z,,) = M(4n).
Hence

R'PC(x,,) ~ M(4n)
R'PC(x,,) =0, fori>1.

For T)(x,,), there is an injective extension sequence:
Ti(x2,) =5 D(y2,) —&> D(2,,,)

where f(x2,) = Yan, and g(¥anps) = 23, for s = 1. The LES of (3.2) becomes a four term

carmIaAnA

00— PT,(XZH) > F D(_‘;’zn) — 7 D(ZZﬁiz) -_— RlPT,(wzﬁ) — 0
We have
PTY(x,,)= M(2n)
PD(y,,)= MQ2n)
PD(z;,,) = M(2np).
Hence

R'PTi(x,) = M(2np)

RPT,(x;,) =0, fori>1.

o)
Tvin

For T(x,.), there is an injective extension sequence:

T(x2n) » B(yZu) — B(‘an)
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where f(X3,) = Y20, and g(y25p5) = Znps for s = 1. The LES of (3.2) becomes a four term
sequence

0 — PT(x;,) —{*> PB(y,,) —%> PB(z;,,) —> R'PT(x;,) — 0

We have

PT(x2,) =~ M(2n)
PB(y:) = M(Q2n,2np,2np?,...)
PB(z,,,) = M(2np, 2np*, 2np’, . . ).

The map g, is easily seen to be multiplication by p on the primitives of degrees 2np,
2np?,.... Hence

R'PT(x;,) = M(2np, 2np?,.. )R Z,
In §8, we shall write W(n) for R'PT(x,,).

§4. THE UNSTABLE ADAMS-NOVIKOV SPECTRAL SEQUENCE

In this section, we summarize the results of [4], which gives the construction and
properties of the unstable Adams-Novikov spectral sequence {E’*(X; BP)} for a
space X. When H _(X; BP) is free over the coefficient ring = (BP), the Ej)-term is
isomorphic to an Ext group in a certain non-abelian category G. We show that an
injective extension sequence in G gives rise to a long exact sequence of Ext groups.
In §7, this will be used to give one of the EHP sequences.

As in §3, BP refers to the Brown-Peterson spectrum for a fixed prime p, and
A= 7 (BP) is the coefficient ring. For each space X, the (reduced) homology of X
with coefficients in the spectrum BP is denoted H (X; BP). We consider spaces X
for which H_(X; BP) is A-free of finite type. The category of positively graded free
A-modules of finite type will be denoted M. Of great importance to the theory in [4] is
the construction of a certain cotriple (G, 8, €) on M. As in §2, the category of modules
in M with G-structure will be denoted G (in [5], this category G is denoted M(G),
and is called the category of unstable I'-coalgebras, where I is the BP-analogue of the
dual of the Steenrod algebra). Let A[t]= H _(S'; BP) which is the free A-module on
one generator of degree t, considered in the category G, with the trivial G-structure.
As in §2, the derived functors of Homg(A[t], —) will be denoted Ext;* (—). One of the
main theorems in [4] is the following.

THEOREM (4.1). Let X be a simply connected CW space which is p-local. Then there
is a spectral sequence E>'(X; BP) which converges to w (X). If H (X; BP) is A-free
of finite type, then

E,;*(X; BP) = Exts"(H (X; BP))

The proof is in [4,§6]. This spectral sequence is called the unstable Adams-
Novikov spectral sequence for X, and for the remainder of this paper we simplify the
notation to E,*(X), with BP understood.

It sometimes happens that we are led to consider groups Exty (M), where U is a
simpler (abelian) category as follows. For each M in M, let U(M) = PG(M), where
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the functor G is as above, and P is the primitive element functor as in §2. In [4], U is
shown to be the functor of a cotriple (U, 8, €) on M which is then extended to a
cotriple on the abelian category A of all positively graded A-modules (free or not). On
A, U is an exact functor. The category of modules in A with U-structure will be
denoted U (in [4], this category U is denoted A(U), and is called the category of
unstable I'-comodules). We also note from [4], that if M is in G, then M is in
particular a coalgebra, and the group of primitives P(M) is in U. Thus P may be
considered as a functor from G to U. Another of the main results of [4] is the
following.

ProposITION (4.2). Let M be in G, with M cofree as a coalgebra. Then
Exts”' (M) = Ext,*(PM)

This is proven in [4, §7] by means of the CFSS, which will be discussed more fully
in §5 of this paper.

We also point out for future reference that for M in U, the groups Ext}*(M) may
be computed as the homology groups of the unstable cobar complex C¥*(M) which is
the cochain complex of the cosimplicial complex

Homy(Alt], Ky(M)).
Thus, for each pair of non-negative integers (q, t),
C/' (M) = U%(M)..

We proceed with a general result concerning Extgs(—) groups, which is very
analogous to (3.2) and to [5, (3.6)].

THEOREM 4.3. Let C'5> C5 C” be a sequence of maps in G, which, considered as a
sequence in S (coalgebras), forms an injective extension sequence. Then there is a long
exact sequence:

. —_— EXtGM(C') L) Extcs.t(c) B8y Extas,l(cn) 2, ...

where 3 has bidegree (1,0).

Proof. We prove this theorem by adapting the theory of [5] and §2 to the category
G. First, we construct a category G, naturally equivalent to G, just as S, is naturally
equivalent to S. The objects in G are to be of the form A@ M, where M is in G; the
generator of the summand A is given degree zero. Observe that if both M and M’ are
models in G, then so is M @, M'. Also, if M is a model in G, then the diagonal map
A:M-> M@, M is amap in G,. Thus, the theory of [5] applies. Let f:X - Y be a map
of cosimplicial objects over G,. Then the mapping cone M(f) is the cosimplicial object
over G, defined by the formulas of [5,(3.7)]. Using also the notation of [5, §3], we
obtain a sequence of mapping cones

M(n)->M(Kj)->M(a)=KC.

After application of the primitive element functor P: G — U, we obtain a short exact
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sequence of cosimplicial objects over U:
0 — PM(n) — PM(Kj) — PKC — 0.

The functor Homy (A, —) applied to this sequence gives another sequence which is
also short exact because PM(n) is injective in U. Using the isomorphism

Homg(A, -) =Homy (A, P(-))
we then obtain a short exact sequence of cosimplicial abelian groups:

0 — Homg(A, M(7)) — Homg(A, M(Kj)) —> Homg(A,KC) — 0
H*(ch Homg(A, M(n))) = Extg ™' (C")
H*(ch Homg(A, M(Kj))) = Ext(C")
H*(ch Homg(A, KC)) = Ext&(O).

Passing to the homology groups of the chain complexes of the cosimplicial groups in the
short exact sequence above, and using these isomorphisms, we obtain the long exact
sequence of (4.3) as asserted.

§5. THE COMPOSITE FUNCTOR SPECTRAL SEQUENCE
As noted in §5, if M is in G, then the group of primitives P(M) is in U, and

Homg(A, M)~=Homy(A, P(M)).

Thus the functor Homg(A, —) from G to the category Ab of abelian groups factors as
the composite

G Homg(A ) ‘Ab

\ /U(A, -)
g .

Let A be the category of positively graded A-modules, not necessarily free. As will be
shown below, the functor U is an exact functor on A, and the category U is an
abelian category. By construction, the models in U (that is, the objects of the form
U(M) for some M in A) are injective in U. Therefore, for each M in G, there is a
composite functor spectral sequence (abbreviated CFSS) converging to Extg(M), and
for which

Ezp'q = EXtU”(RPPG(M))

In each of these Ext groups, the notation Ext*'(—) refers to the s-th right derived
functor of Hom(A[¢t], —). For convenience, we suppress the second index t.

For completeness, and because our situation has some special features not present
in the general case, we show how the CFSS comes about.

First, we show that U is an exact functor on A. To see this, let

00— M M M" 0
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be a short exact sequence in A. Then
00— F®AM' —_— F®AM — F®A M'— 0

is also short exact, because I' is flat over A. Here I' = % (BP A BP) is the BP
analogue of the dual of the Steenrod algebra. In [4], it is shown that U(M) is
isomorphic to a certain subgroup of I'® 4 M in such a way that

0— UM)— UM)— UM")—> 0

is also short exact.
Next, we form a double complex D**(M) as follows. For each p =0, ¢ =0, let

D> (M) = UPG"*'(M)
= U™ G*(M).

The latter equality occurs because U = PG. For each fixed g =0, we have
D*4(M) = U‘P(K¥M))

which gives D*(M) the structure of a cosimplicial complex. For each fixed integer
p =0, we also have

D**(M)~ CHUG"M)

which gives D?'*(M) the structure of a cosimplicial complex. The differentials of
D**(M) and D"*(M) commute, and D**(M) becomes a double complex. There are
two spectral sequences converging to the homology of the total complex of D**(M).

(1) Filter D**(M) by the first index p. Using the exactness of the functor U9, we
have

EP? = URPPs(M).
Then for each fixed integer p =0,
(E%*, d)) = (CHR°P(M)), 9)
and therefore,

E;"% = Ext*(R”Ps(M)).

(2) Filter D**(M) by the second index q. This spectral sequence will be dis-
tinguished from (1) by tildes. From the fact that UG*(M) is injective in U, we have
EP=0, forgq>0
EP = G*(M).

Then
(E**, d)) = (ch Homs(A, K&M), 9)
= (CtM), 9)



386 M. BENDERSKY et al.
and therefore
E»* = Ext (M).

From the second (tilde) spectral sequence, we conclude that the homology of the
total complex of D**(M) is Ext} M). The first spectral sequence (1) is called the
composite functor spectral sequence.

Remark (5.1). As noted in ([4], §7), each model in G is cofree as a coalgebra, and
so is a model in S. Therefore, a cosimplicial resolution by models in G is a fortiori a
cosimplicial resolution by models in S. Thus, by (2.3), for each M in G,

RPPs(M) =~ R*Ps(M)

and we may write R°P(M) unambiguously for these derived functors.
THEOREM (5.2). (i) Let M be in G, and suppose that M is cofree. Then
Exts" (M) = Ext (P(M))

(i) Let M be in G, and suppose that as a coalgebra, M is nice (§2). Then there is a
LES

.+ — Ext,*(PM) —> Extg* (M) —> Exty“(R'PM) ——> - - -

where 9 has bidegree (2, 0).

Proof. (i) If M is a cofree as a coalgebra, R‘'P(M) =0 for i>0, so the CFSS
collapses, and (i) follows.

(ii) The condition that coalgebra M be nice means that R'P(M)=0 for i> 1. In
this case, the CFSS has only two columns; that is, E,* =0 for i# 0, 1. The abuttment
of the CFSS to Exts**(M) gives the LES as asserted.

In §7, for M = H*(Sz"; BP), this LES will be interpreted as one of the EHP
sequences. In §8, for M = H (QS***'; BP), this LES will be used to study the double
suspension.

§6. E,(Q2S**")
In this section, we prove the following theorem for the E,-terms of the unstable
Adams-Novikov spectral sequences.

THEOREM (6.1). For each odd-dimensional sphere S***',
Ezs.l-l(stl-H) ~ Ezs.l(sln-ﬂ)‘

Proof. We shall show that a complex which computes E,(S**") is also a complex
which computes E,(QS5**"). Let M = M(2n + 1) be the free A-module on one genera-
tor X,,.; of degree 2n + 1. We also regard M with the trivial U-structure as an object
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in the category U. Recall that from §5 and §2

Ep**(S*"*") = Exty**(M)
~ H*(CH*(M))

where C¥*(M) is the canonical cobar complex for M in U (see §4).

For each module N in M, let o~ '(N) denote the isomorphic A-module, but with
degrees shifted downward by one: ¢ '(N), = N,.;. The results of Wilson[17] imply
that if N is a free A-module on odd-dimensional generators, then

o {(U(N))= QG(c™(N))

where Q(—) stands for the indecomposables under the *-product (i.e. loop-product). It
then follows that for M = M(2n + 1),

o (UYN)) = QG(a' UT'(N))

for each positive integer g.
From (4.1) we also know that

E*(QS™") =~ Ext*(H ,(2S*""; BP)).
Recall that
H,(QS**'; BP) = T(x,,)
where T(x;,) is the Hopf algebra over A, which as an algebra is the polynomial

algebra over A generated by x,,, with x,, primitive. Let Y be the cosimplicial complex
where for each g =0,

Y= G(e ' U M))
Y is augmented by

T(x,) = Y™'— Y° = G(o™ (M)

where € is the algebra homomorphism which sends x;, in T(x;,) to o '(X3,41) in
G(o™'(M)). Then € is also a coalgebra map, and is a I'-comodule map; by ([4], (7.3)),
€ is a map in G. By construction, each Y? is a model in G. To show that Y is a
cosimplicial resolution of T(x,,), it remains only to show that the cochain complex of
Y is acyclic. Note that each Y7 is an algebra under the *-product, and the coface
operators are algebra homomorphisms. Each Y is filtered by powers of its aug-
mentation ideal, and the quotients of this filtration are denoted Ey(Y?). Then

E(Y") = T(Q(c"'U'M))
=~T(c'U"'M)
Thus E(Y)= T(c7'Ky(M)).

That i1s, Ei(Y) is the result of applying the polynomial algebra functor T(-) to the
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acyclic cosimplicial complex o 'K, (M). Hence E(Y) is acyclic, and then Y itself is
acyclic also.

§7. THE EHP SEQUENCES OF E,- TERMS
THEOREM (7.1). For each positive integer n, there are long exact sequences:

(l) e e——y Ezs,t(S‘vZn)___) sz.l+l(szn+l)___) Ezs.t+l(S2np+l)___a_> E2s+1.t(§2n)_) .

(ll) ... 5 Ezs.t—l(shl-l) Ezs.t(S'Zn) 3 Ezs—l,t—l(sblp—l) é E;H.!—l(sh—l) e
Proof. For (i), we consider the fibration
§2n i 052n+l h QSZMH-I

where h = h,,., is the James map as in §1, and i is the inclusion of the homotopy fibre
of h. The BP ,-homology of these spaces are as follows.

H*(SZ") = T1(Xz4)

H,(QS™") =~ T(x;)

ha
H, QS =~ T(x,,,)

where Ti(xz,), T(x,) and T(x,,,) are the coalgebras of §3. The maps i, and A, are
induced from maps of spaces, and are therefore maps in G. Considered as maps in S,
i, and h, form an injective extension sequence (recall (3.1)). Hence by (4.3), there is a
LES

(7.2) - - - = Extg"(Ty(x24)) —> Ext6* (T (x24)) —> Extg" (T (xpp,)) —> * *

From (4.1) and (6.1), we have

Exts" (T(xz,)) = E*(Q25"")
=~ Ezs.t+1(s2n+l).

Similarly,

Exth.lT(xznp) ~ Ezs.Hl(Szan)
and
Extg*(T(%24)) = Ep*'($™).
Using these isomorphisms to replace the groups in the sequence (7.2), we obtain the
first of the EHP sequences (7.1(3)).

For (7.1(ii)), we consider H *(Sz"; BP) in the category G, and as a coalgebra. As a
coalgebra,

H (S, BP)= Ty(xy,) ,
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From (4.1) we also have

Exts* (T(x,)) = E*(QS™")
= Ezs,x+l(s2u+l).

Using these isomorphisms to replace the terms in (8.2) gives the sequence (8.1).

Remark (8.3). In [18], it will be shown that the U-structure (that is, the unstable
I'-coaction) on W(n) is the following. Let h; be the elements of I" defined in [3, (2.9)].
Then, the coaction

¥: W(n)— UW(n)
is given by
k .
W0 =2 PR, @ 3
=

This formula for the unstable I'-coaction in W(n) will not be needed in this paper.
An abelian group is said to have exponent m if mx =0 for each element x in the

group.
COROLLARY (8.4). For (s,t) #(0,2n +1), the group E5'(S*"*" has exponent p".

Proof. The group W(n) has exponent p. Then the cobar complex for computing
Extt*(W(n)) has exponent p, and thus Ext;*(W(n)) has exponent p also. From the
exactness of (8.2), both the kernel and cokernel of double suspension have exponent
p. The statement of (8.4) follows from the fact that E,*'(S') =0 for (s, t) # (0, 1), and
simple induction on n.

Let functions f(s) be defined as follows. For each positive integer k,

fQk)=2(p - Dpk
fQRk+1)=2(p — 1)pk +1).

COROLLARY (8.5). The double suspension may
sz.t—l(szn—l) s Eé,t+l(szn+l)
is an isomorphism for t < f(s —2)+ 2np, and is onto for ¢t < f(s — 1)+ 2np.

Proof. Recall from [3,(5.8)] that for m =2p — 1, Ext;*(M(m)) has a vanishing
line:

Exty*(M(m))=0, fort<f(s)+m.
If M is any module in U with M;=0 for i<2p—1, then Ext,(M) also has a
vanishing line (from the lower non-zero degree in M). In particular, W(n); =0 for
i <2pn, so

Ext;~(W(n))=0, for t<f(s)+2np.

The assertions in the corollary then follow from the LES (8.1).
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which is nice; that is, R‘PT(x,,) =0 for i > 1. From §3,
PT\(x;,) = M(2n)
R'PT\(x22) = M(2np).
In this case, the LES of (5.2) becomes
-« — Exty* (M (2n)) — Extg* (T (x2,)) —> Ext/ ""(MQ2np)) — - - - (7.3)
From [4], we have isomorphisms

Exty™(M(2n)) = Ext,* " (M(2n — 1))
=~ Ey*(8™7).
Similarly,
Exty " (MQ2np)) = E; (7).

Substituting these terms into the LES (7.3) gives the second EHP sequence (7.1(ii)).

§8. THE DOUBLE SUSPENSION
THEOREM (8.1). For each positive integer n, there is a long exact sequence:

e — Ez.v,t-l(sh—l)____) Ezs.x+l(sln+1)__)ExtUs—l.t( W(n))—a> ...
where W(n) = R'PT(x,,). The boundary homomorphism 3 has bidegree (2, 0).

Proof. We consider (5.2(ii)) applied to M = H,(QS*"*'; BP) in the category G. As
a coalgebra, in the notation of §3,

H, (QS5*"; BP) = T(xy,).
Recall from (3.3) that
PT(x;,) = M(2n)

RIPT(XZn) = W(n)
RPT(x;,) =0, fori>1.

Here, W(n) is the free A®ZZ,-module generated by elements y, of degree 2np*, for
k=1,2,.... By (5.2(i1)), we have

- - — Ext* (M2n)) — Ext* (T(x24)) —> Exty” " (W(n)) — - - - (8.2)

From [4, (8.6)], (4.1) and (4.2), we have

Ext,*(M(2n)) = Extg* ' (MQ2n — 1))
=~ Exts '(M(2n — 1))
~ Ezs.l-—l(SZn—l).
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COROLLARY (8.6). For 2n+1# t <f(s—1)+2kp +2n + 1, the group E,*'(S*"*") has

exponent p*. Also, for the stable groups (indexed in the usual way: t—s = stem
degree) the group E,*'(S®) has exponent p* for 0 # t < f(s — 1)+ 2kp.

16.
17.

18
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