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The EHP sequence for p =2

The EHP sequence is a recursive method for com-
puting the homotopy groups of spheres. It has a
p-primary version for each prime p. It is easiest to
describe at p = 2, but we will concentrate later on
the case p = 3.

At p = 2, for each n > 0 there is a 2-local fiber
sequence

Sn _E> an+1 i) 95271—{—1

leading to long exact sequences of homotopy groups

E H P
e Tk (™) — Tk (™) — = M1 (SPH) —— k1 (ST) —— -

These can be assembled in to an exact couple, which
leads to a spectral sequence that we will say more
about later.



Results of James, Serre and Toda

James defined the kth reduced product (or James
construction) J; X for a pointed space X to be the
quotient of the k-fold Cartesian product of X ob-
tained by allowing two adjacent coordinates to be
interchanged if one of them is the base point. Thus
we get maps

X=JX— )X — J3X —.--
and we can define J, X to be the direct limit.

He then constructed a map J,oX — QXX and
proved that it is a weak equivalence. He also showed
that there is a splitting

ST X ~ \/ > x 0
1<i<k
where X denote the i-fold smash power of X.
For X = §" this means that
QS ~ J 8"
and the splitting leads to projection maps
YOS ghntl for each £k > 0

which are adjoint to maps
QSH+1 & QSkn—l—l

known as the James-Hopf maps. The construction
of the EHP sequence depends on determining the
fibers of these maps in certain cases.
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Theorem 1. (i) The fiber of the James-Hopf map
QS2n ﬂ Qs4n—1

is S?"1 and there is an odd primary equiv-
alence (due to Serre)
QS ~ 2 QST
(ii) The p-local fiber of
Q52n+1 ﬁ) Qs2pn+1
18 Jp_152n.
For p = 2 this gives us the fiber sequences men-
tioned at the start of the talk.
For p odd, (i) says that the homotopy groups of an
even dimensional sphere can be expressed in terms

of those of odd dimensional spheres, so even dimen-
sional spheres are uninteresting. It is useful to re-

place S*" by R
S = Jp_152”.
Then (ii) gives us a p-local fiber sequence
§2n —E> Q52n+1 i Qs2pn—|—1
The odd primary replacement for the fibration
g2n—1-L£,con iy () gin—1
is the fibration
Qs2n—1 L Q2§2n _ Q2 SQpn—l

constructed by Toda.



Mahowald’s master diagram at p = 2

The 2-primary fibration can be rewritten as
QTLSTL SN Qn+1sn+1 SN Qn—l—l S2n—|—1

and this fits into the following commutative diagram.

RP"! RP" S
. . |
O(n) O(n+1) gn
J J
Qngn Qn+1sn+1 - Qn+1 52n+1
OR P! OR.P" QS"

QRPN T)—QXRP" AN J)—Q>®(S" A J)
The top row is a cofiber sequence, and every other
row is a fiber sequence. The vertical maps p, 7 and
s are the reflection map, the map inducing the J-
homoorphism, and the Snaith map respectively.

Each of the bottom four rows leads to a spectral se-
quence of homotopy groups. The ones for the third
and fourth rows are called the EHP spectral se-
quence and stable EHP spectral sequence respec-
tively, with the latter converging to the stable ho-
motopy of RP*. The one for the bottom row is
explicitly known, and this gives us a lot of informa-
tion about the EHP sequence.
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The odd primary master diagram

For odd primes there is no known analog of the sec-
ond row, and we need to replace the real projective
spaces above by suitable skeleta of the p-localization
of BYJ,, the classifying space of the symmetric group
on p letters. We will denote this space simply by B.
It has one cell in each dimension congruent to 0 and
—1 modulo ¢ = 2p — 2. There are two diagrams de-
pending on the parity of the dimension of the sphere.
They are

BIn—1q Bqn—l Sqn—l

Q2n—1s2n—1 - Q2n§2n N Q2n52pn—1
s s

QBqn—q QBqn—l QSqn—l

Q(BI=1 A J)—— (BT A J) QX (S7L A )

and

Bqn—l B San

02 §2n — s ()2ntlg2ntl 5 ()2n+1 G2pnt]
S S

QBqn—l QBqn QSqn

QX (BM=LA J)——Q>(B™ A J)—Q>(S™ A J)



The EHP spectral sequence for p =3

Theorem 2. For each prime p there is a spectral
sequence converging the the the homotopy of the

p-local sphere spectrum with

Ef’QmH = Tr2m+1 (S
and
Ef’zm = Mhrom (S
with

. mkn k—1n—r
d,: E" — B
there s a similar spectral sequence converging to

W*(S&)) if n is odd and 77*(589)) if nis even, with

Ef’j:Oforj >n.



Here is a picture of the E-term modulo torsion in
low dimensions.

E 1012345678910 11|12
SY] n=1|Z
gi] n =2 ZZ

n=23
[SH] n=4 Z
[S¥] n=5 Z
(SY] n=6 Z
(S¥)] n=7 Z

Here are some simple observations.

e [n the row for n = 1, we have Ef’l = 0 for
k > 0 since we know all of ,(S?).

o Ef " = 0 when k is small in relation to n due to
the connectivity of the sphere indicated on the

far left of each row.
e The differential

. gm,2m—+1 qm—1,2m

is multiplication by p.

From these we can deduce the following groups in
the 3-stem:

7T4<Sl) =0
7T5<§2) =/
Tonsa( SN = moi5(S?) = Z/(3)  forn > 1.

The surviving generator is aq, and it follows that it
appears in each row of the Fi-term for n > 1.



[S1]

[S°]

[S7]

[S']

[$19]

[S'7]

[S19]

Generator

Stem

L i a2 51 as
0 1 2 3 4 5 6 7 8 9 10 11
Z

A3 [e%] a2

)\7 dl

The following higher differentials and group exten-
sions occur in this range. They can all be inferred
from the bottom row of the master diagram.

da(N7) = Az
di(Ai1) = Az
3 - )\7&1
3 - )\8041

)\3042

AgQio
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