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2/+1 _ 2 a cause celebre in algebraic topology throughout the
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(i) Their answer was given in terms of the stable homotopy
groups of spheres, which remain a mystery to this day.
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For example, for » =1, 2, 3, ---, 18, it will be shown that the order of
the group ©, is respectively:
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1963.

For example, for » =1, 2, 3, ---, 18, it will be shown that the order of
the group ©, is respectively:

'n,|1234567891011121314 15 16 17 18

[@n]|11?1112828 6 992 1 3 2 16256 2 16 16.

They gave a complete classification of exotic spheres in
dimensions > 5, with two caveats:

(i) Their answer was given in terms of the stable homotopy
groups of spheres, which remain a mystery to this day.

(i) There was an ambiguous factor of two in dimensions
congruent to 1 mod 4. That problem is the subject of this
talk.

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Exotic spheres as framed
manifolds

The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant
Some theorems about
M,

Browder’s theorem
The quadratic operation
Wu classes
The Browder spectrum
The homotopy type of
Bromto



Exotic spheres as framed manifolds

Following Kervaire-Milnor, let ©, denote the group of
diffeomorphism classes of exotic n-spheres X".

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres

The Arf-Kervaire
invariant

The Arf invariant

The Kervaire invariant
Some theorems about
(M)

Browder’s theorem
The quadratic operation
Wu classes
The Browder spectrum
The homotopy type of
Bromto



Exotic spheres as framed manifolds

Following Kervaire-Milnor, let ©, denote the group of
diffeomorphism classes of exotic n-spheres ¥". The group
operation here is connected sum.
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Following Kervaire-Milnor, let ©, denote the group of
diffeomorphism classes of exotic n-spheres ¥". The group

operation here is connected sum. ooy
Browder's theorem and its
impact

Each X" admits a framed embedding into some Euclidean gy NS

space Rk, but the framing is not unique. Thus we do not Srg e e
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Exotic spheres as framed manifolds (continued)

Varying the framing on the standard sphere S” leads to a
homomorphism
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Exotic spheres as framed manifolds (continued) the Art Korvalre
invariant problem
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Varying the framing on the standard sphere S” leads to a
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Exotic spheres as framed manifolds (continued)

Thus we get a homomorphism

@n*>7rn/|mJ

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill

Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres

The Arf-Kervaire
invariant

The Arf invariant

The Kervaire invariant
Some theorems about
(M)

Browder’s theorem
The quadratic operation
Wu classes

The Browder spectrum

The homotopy type of
Brante



Exotic spheres as framed manifolds (continued)

Thus we get a homomorphism

@,,*Mr,,/lmJ

The bulk of the Kervaire-Milnor paper is devoted to studying its
kernel and cokernel using surgery. The two questions are
closely related.
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Exotic spheres as framed manifolds (continued)

Thus we get a homomorphism

@n*>7r /imdJ.

The bulk of the Kervaire-Milnor paper is devoted to studying its
kernel and cokernel using surgery. The two questions are
closely related.

e The map p is onto iff every framed n-manifold is cobordant
to a sphere, possibly an exotic one.
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Exotic spheres as framed manifolds (continued) e

the Arf-Kervaire
invariant problem
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Thus we get a homomorphism

@n*>7r /imdJ.
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

0—— bPp1

p

©n

75 /ImJ.
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

00— bP,q ©n—2—75/ImJ.

Kervaire-Milnor Theorem (1963)

e The homomorphism p above is onto except possibly when

n=4m+ 2 for m € Z, and then the cokernel has order at
most 2.
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Exotic spheres as framed manifolds (continued) the Art Korvalre
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Exotic spheres as framed manifolds (continued) the Art Korvalre
Hence we have an exact sequence

invariant problem
Mike Hill
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

p

00— bPpy+ ©n ﬂ,‘?/lm J.

Kervaire-Milnor Theorem (1963)

e The homomorphism p above is onto except possibly when
n=4m+ 2 for m € Z, and then the cokernel has order at
most 2.

e Its kernel bP,. 1 is trivial when n is even.

e bPysny, is a certain cyclic group. Its order is related to the
numerator of the mth Bernoulli number.
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

p

00— bPpy+ ©n ﬂ,‘?/lm J.

Kervaire-Milnor Theorem (1963)

e The homomorphism p above is onto except possibly when
n=4m+ 2 form € Z, and then the cokernel has order at
most 2.

e Its kernel bP,. 1 is trivial when n is even.

e bPysny, is a certain cyclic group. Its order is related to the
numerator of the mth Bernoulli number. The key invariant
here is the index of the 4m-manifold.
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

p

00— bPpy+ ©n ﬂ,‘?/lm J.

Kervaire-Milnor Theorem (1963)

e The homomorphism p above is onto except possibly when
n=4m+ 2 for m € Z, and then the cokernel has order at
most 2.

e Its kernel bP,. 1 is trivial when n is even.

e bPysny, is a certain cyclic group. Its order is related to the
numerator of the mth Bernoulli number. The key invariant
here is the index of the 4m-manifold.

e The order of bPsp.» is at most 2.
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Exotic spheres as framed manifolds (continued)
Hence we have an exact sequence

p

00— bPpy+ ©n ﬂ,‘?/lm J.

Kervaire-Milnor Theorem (1963)

e The homomorphism p above is onto except possibly when
n=4m+ 2 for m € Z, and then the cokernel has order at
most 2.

e Its kernel bP,. 1 is trivial when n is even.

e bPysny, is a certain cyclic group. Its order is related to the
numerator of the mth Bernoulli number. The key invariant
here is the index of the 4m-manifold.

e The order of bPsp.» is at most 2.

e bPsym.o is trivial iff the cokernel of p in dimension 4m + 2 is
nontrivial.
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Browder’s work on

Exotic spheres as framed manifolds (continued) the Arf-Kervalre
invariant problem
Hence we have an exact sequence

Mike Hill
Mike Hopkins
p Doug Ravenel
00— bPpy+ ©n ﬂ,‘?/lm J.
Kervaire-Milnor Theorem (1963) Background and

history
Browder’s theorem and its

e The homomorphism p above is onto except possibly when e

Some early homotopy

n=4m+ 2 form € Z, and then the cokernel has order at s ot s
most 2.
e Its kernel bP,. 1 is trivial when n is even. Tho Afenvait
nvari
e bPysny, is a certain cyclic group. Its order is related to the Treatinarant
numerator of the mth Bernoulli number. The key invariant e e
here is the index of the 4m-manifold. R —
e The order of bPyy.» is at most 2. Moo "
. « . . . . . . The Browder spectrum
® bPuim.2 is trivial iff the cokernel of p in dimension4m+2is e -
nontrivial. o

We now know the value of bP4n,. 2 in every case except
m= 31 . 1.23



Exotic spheres as framed manifolds (continued)

In other words have a 4-term exact sequence

0 —> Oumiz —> 75, o/IMJ —>2/2 —> bPyp. — 0
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Exotic spheres as framed manifolds (continued)

In other words have a 4-term exact sequence

0 —> Oumiz —> 75, o/IMJ —>2/2 —> bPyp. — 0

The early work of Pontryagin implies that bP, = 0 and bPs = 0.
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Exotic spheres as framed manifolds (continued)

In other words have a 4-term exact sequence

0 —> Oumiz —> 75, o/IMJ —>2/2 —> bPypip — 0

The early work of Pontryagin implies that bP, = 0 and bPs = 0.

In 1960 Kervaire showed that bPyo = Z/2.
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Exotic spheres as framed manifolds (continued) e

the Arf-Kervaire
invariant problem
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The Arf invariant of a quadratic form in characteristic 2

Back to the 1940s
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The Arf invariant of a quadratic form in characteristic 2

Back to the 1940s

Cahit Arf 1910-1997
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The Arf invariant of a quadratic form in characteristic 2
I

Back to the 1940s

Cahit Arf 1910-1997

Let X be a nonsingular anti-symmetric bilinear form on a free
abelian group H of rank 2n with mod 2 reduction H.
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The Arf invariant of a quadratic form in characteristic 2
v

Back to the 1940s

-

Cahit Arf 1910-1997

Let X be a nonsingular anti-symmetric bilinear form on a free
abelian group H of rank 2n with mod 2 reduction H. It is known
that H has a basis of the form {a;, bj: 1 < i < n} with
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The Arf invariant of a quadratic form in characteristic 2

Back to the 1940s

-\

Cahit Arf 1910-1997

Let X be a nonsingular anti-symmetric bilinear form on a free
abelian group H of rank 2n with mod 2 reduction H. It is known
that H has a basis of the form {a;, bj: 1 < i < n} with

/\(a/, a,-/) =0

Abj,by)=0 and X, b)) =4,
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The Arf invariant of a quadratic form in characteristic 2 e ArtKervaire

the Arf-Kervaire

(Conti n ued) invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

In other words, H has a basis for which the bilinear form’s
matrix has the symplectic form SN

history

Browder's theorem and its
— - impact
1 Some early homotopy
theory
0 Classifying exotic spheres
Exotic spheres as framed
manifolds

0
1

—- O
o —

The Arf-Kervaire
invariant

The Kervaire invariant
Some theorems about
M)

Browder’s theorem
The quadratic operation

- O
o =

Wu classes

The Browder spectrum
The homotopy type of
Bromto



The Arf invariant of a quadratic form in characteristic 2

(continued)

A quadratic refinement of \ is a map g : H — Z/2 satisfying
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The Arf invariant of a quadratic form in characteristic 2 e ArtKervaire
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A quadratic refinement of \ is a map g : H — Z/2 satisfying
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The Arf invariant of a quadratic form in characteristic 2

(continued)

A quadratic refinement of \ is a map g : H — Z/2 satisfying

a(x +y) = q(x) +q(y) + \(x,y)

Its Arf invariant is

Arf(q) = > g(a)a(b) € Z/2.
i=1
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The Arf invariant of a quadratic form in characteristic 2
(continued)

A quadratic refinement of \ is a map g : H — Z/2 satisfying

a(x +y) = q(x) +q(y) + \(x,y)

Its Arf invariant is
n
Arf(q) =) " q(a))q(b) € Z/2.
i=1

In 1941 Arf proved that this invariant (along with the number n)
determines the isomorphism type of q.
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Bill's election year definition of the Arf invariant (1968)
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Into the 60s
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The Kervaire invariant of a framed (4m + 2)-manifold

Let M be a 2m-connected smooth
closed framed manifold of dimension
4m+ 2. Let H = Hope1(M; Z), the ho-
mology group in the middle dimension.
Each x € H is represented by an em-
bedding iy : S2™1 — M with a stably
trivialized normal bundle.
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The Kervaire invariant of a framed (4m + 2)-manifold

Into the 60s
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Here is a simple example. Let M = T2, the torus, be embedded

in S® with a framing.

Let M be a 2m-connected smooth
closed framed manifold of dimension
4m+ 2. Let H = Hope1(M; Z), the ho-
mology group in the middle dimension.
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Let M be a 2m-connected smooth
closed framed manifold of dimension
4m+ 2. Let H = Hope1(M; Z), the ho-
mology group in the middle dimension.
Each x € H is represented by an em-
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closed framed manifold of dimension
4m+ 2. Let H = Hope1(M; Z), the ho-
mology group in the middle dimension.
Each x € H is represented by an em-
bedding iy : S?™+1 — M with a stably
trivialized normal bundle. H has an an-
tisymmetric bilinear form \ defined in
terms of intersection numbers.

in S® with a framing. We define the quadratic refinement

as follows. An element x € H;(T?;Z/2) can be represented by
a closed curve, with a neighborhood V which is an embedded
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Here is a simple example. Let M = T2, the torus, be embedded

Into the 60s
a third time

Let M be a 2m-connected smooth
closed framed manifold of dimension
4m+ 2. Let H = Hope1(M; Z), the ho-
mology group in the middle dimension.
Each x € H is represented by an em-
bedding iy : S?™+1 — M with a stably
trivialized normal bundle. H has an an-
tisymmetric bilinear form \ defined in
terms of intersection numbers.

in S® with a framing. We define the quadratic refinement

as follows. An element x € H;(T?;Z/2) can be represented by
a closed curve, with a neighborhood V which is an embedded

q:Hi(T2,2/2) — 2/2

cylinder. We define g(x) to be the number of its full twists
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The Kervaire invariant of a framed (4m + 2)-manifold

(continued)

For M= T2 c S®and x € H;(T?;Z/2), g(x) is the number of
full twists in a cylinder V neighboring a curve representing x.
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

For M= T2 c S®and x € H;(T?;Z/2), g(x) is the number of
full twists in a cylinder V neighboring a curve representing x.
This function is not additive!
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The Kervaire invariant of a framed (4m + 2)-manifold
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For M= T2 c S®and x € H;(T?;Z/2), g(x) is the number of
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This function is not additive!
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The Kervaire invariant of a framed (4m + 2)-manifold

(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2,
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The Kervaire invariant of a framed (4m + 2)-manifold

(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m+ 2, and let H = Hopmy1(M; Z).
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € His represented by an embedding S?™+' — M.
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € H is represented by an embedding S?™' < M. H has an
antisymmetric bilinear form A defined in terms of intersection
numbers.
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € H is represented by an embedding S?+' < M. H has an
antisymmetric bilinear form A defined in terms of intersection
numbers.

Kervaire defined a quadratic refinement g on its mod 2
reduction H in terms of each sphere’s normal bundle.
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € H is represented by an embedding S?+' < M. H has an
antisymmetric bilinear form A defined in terms of intersection
numbers.

Kervaire defined a quadratic refinement g on its mod 2
reduction H in terms of each sphere’s normal bundle. The
Kervaire invariant (M) is defined to be the Arf invariant of q.
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € H is represented by an embedding S?+' < M. H has an
antisymmetric bilinear form A defined in terms of intersection
numbers.

Kervaire defined a quadratic refinement g on its mod 2
reduction H in terms of each sphere’s normal bundle. The
Kervaire invariant (M) is defined to be the Arf invariant of q.

Recall the Kervaire-Milnor 4-term exact sequence

0 —> Oumiz 4> 78, ,/IMJ —>Z/2 —> bPypm o — O
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The Kervaire invariant of a framed (4m + 2)-manifold
(continued)

Again, let M be a 2m-connected smooth closed framed
manifold of dimension 4m + 2, and let H = Hop11(M; Z). Each
x € H is represented by an embedding S?+' < M. H has an
antisymmetric bilinear form A defined in terms of intersection
numbers.

Kervaire defined a quadratic refinement g on its mod 2
reduction H in terms of each sphere’s normal bundle. The
Kervaire invariant (M) is defined to be the Arf invariant of q.

Recall the Kervaire-Milnor 4-term exact sequence

0 —> Oumiz 4> 78, ,/IMJ —>Z/2 —> bPypm o — O

Kervaire-Milnor Theorem (1963)

bP4mio = 0 iff there is a smooth framed (4m + 2)-manifold M
with (M) nontrivial.
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Some theorems about ¢(M)*m+2

What can we say about $(M)?
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Some theorems about ¢(M)*m+2

What can we say about $(M)?

For m = 0 there is a framing on the torus S' x S' ¢ R* with
nontrivial Kervaire invariant.
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Some theorems about ¢(M)*m+2

What can we say about $(M)?

For m = 0 there is a framing on the torus S' x S' ¢ R* with
nontrivial Kervaire invariant.

Pontryagin (19305)
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Some theorems about ¢(M)*m+2

What can we say about $(M)?

For m = 0 there is a framing on the torus S' x S' ¢ R* with
nontrivial Kervaire invariant.

Pontryagin (19305)

Pontryagin used it in 1950 (after some false starts in the 30s)
to show 7y, 2(S¥) = Z/2 for all k > 2.
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Some theorems about ¢(M)*m+2

What can we say about $(M)?

For m = 0 there is a framing on the torus S' x S' ¢ R* with
nontrivial Kervaire invariant.

Pontryagin (19305)

Pontryagin used it in 1950 (after some false starts in the 30s)
to show 7y, 2(S¥) = Z/2 for all k > 2. There are similar
framings of S® x S® and §7 x S7.

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history
Browder's theorem and its
impact
Some early homotopy
theory
Classifying exotic spheres
Exotic spheres as framed
manifolds
The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant

Browder’s theorem
The quadratic operation
Wu classes
The Browder spectrum
The homotopy type of
Bromto

1.33



Some theorems about ¢(M)*m+2

What can we say about $(M)?

For m = 0 there is a framing on the torus S' x S' ¢ R* with
nontrivial Kervaire invariant.

Pontryagin (19305)

Pontryagin used it in 1950 (after some false starts in the 30s)
to show 7k, 2(S¥) = Z/2 for all k > 2. There are similar
framings of S® x S® and S7 x S7. This means that bP,, bPs
and bP;4 are each trivial.
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Some theorems about ¢(M)*™+2 (continued) ST

the Arf-Kervaire
invariant problem

Kervaire (1960) showed it must vanish when m = 2, so et
bPig =12/2. 7
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Some theorems about ¢(M)*™+2 (continued) ST

the Arf-Kervaire
invariant problem

Kervaire (1960) showed it must vanish when m = 2, so T
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Some theorems about ¢(M)*™+2 (continued)

Kervaire (1960) showed it must vanish when m = 2, so

bPio = Z/2. This enabled him to construct the first example of

a topological manifold (of dimension 10) without a smooth
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Some theorems about ¢(M)*™+2 (continued)

Kervaire (1960) showed it must vanish when m = 2, so

bPio = Z/2. This enabled him to construct the first example of

a topological manifold (of dimension 10) without a smooth
structure.

Topology circa 1960: Kervaires example

N
.
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\

X = N/oN

(a triangulable manifold)

This construction generalizes to higher m, but Kervaire’s proof
that the boundary is exotic does not.
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Some theorems about ¢(M)*™+2 (continued)

Ed Brown Frank Peterson
1930-2000

Brown-Peterson (1966) showed that it vanishes for all positive
even m.

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres
Exotic spheres as framed
manifolds
The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant

Browder's theorem
The quadratic operation
Wu classes
The Browder spectrum
The homotopy type of
Blantz

1.35



Some theorems about ¢(M)*™+2 (continued)

Ed Brown Frank Peterson
1930-2000

Brown-Peterson (1966) showed that it vanishes for all positive
even m. This means bPgy» = Z/2 for { > 0.
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Browder’s theorem

Browder’s Theorem (1969)

The Kervaire invariant of a smooth framed (4m + 2)-manifold
M can be nontrivial only if m = 2/=1 — 1 for some j > 0. This
happens iff the element hj2 is a permanent cycle in the Adams
spectral sequence.
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happens iff the element h/? is a permanent cycle in the Adams
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Browder’s Theorem (1969)

The Kervaire invariant of a smooth framed (4m + 2)-manifold
M can be nontrivial only if m = 2/=' — 1 for some j > 0. This

happens iff the element h/? is a permanent cycle in the Adams
spectral sequence.

This means that bPsm2 = Z/2 unless m+ 1 is a power of 2,
and bP,;;1_, vanishes only under the condition stated above.
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Browder’s theorem

Browder’s Theorem (1969)

The Kervaire invariant of a smooth framed (4m + 2)-manifold
M can be nontrivial only if m = 2/=1 — 1 for some j > 0. This
happens iff the element h/? is a permanent cycle in the Adams
spectral sequence.

This means that bPsm2 = Z/2 unless m+ 1 is a power of 2,
and bP,;;1_, vanishes only under the condition stated above.

Recall that the Kervaire invariant associated with a framing F is
defined in terms of a quadratic map

H2m+1 M = H2m+1 (M; 2/2) Y 2/2

which Browder interprets this as follows.
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Browder’s theorem

Browder’s Theorem (1969)

The Kervaire invariant of a smooth framed (4m + 2)-manifold
M can be nontrivial only if m = 2/=1 — 1 for some j > 0. This
happens iff the element h/? is a permanent cycle in the Adams
spectral sequence.

This means that bPsm2 = Z/2 unless m+ 1 is a power of 2,
and bP,;;1_, vanishes only under the condition stated above.

Recall that the Kervaire invariant associated with a framing F is
defined in terms of a quadratic map

H2m+1 M = H2m+1 (M; 2/2) Y 2/2

which Browder interprets this as follows. An element in H" X is
the same thing as a map from X to the Eilenberg-Mac Lane
space

K, =K(Z/2,n).
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A sketch of Browder’s proof
Now consider the diagram

?:sz+1

L=

Fomia Koms2

2m+2

Kamya
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Here the map i is adjoint to the equivalence Ko 1 — QKomao,
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A sketch of Browder’s proof
Now consider the diagram

ZK2m+1

L=l
*

i
£ 2m+2

Komi2

Fomia

Kamya

Here the map i is adjoint to the equivalence Ko 1 — QKomao,
Sg?™+2 is the Steenrod squaring operation
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A sketch of Browder’s proof
Now consider the diagram

ZK2m+1

L=l
*

i
£ 2m+2

Komi2

Fomia

Kamya

Here the map i is adjoint to the equivalence Ko 1 — QKomao,

Sg?™+2 is the Steenrod squaring operation and Fop, 5 is its
fiber.
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A sketch of Browder’s proof
Now consider the diagram

}:K2m+1

L=l
*

i
P 2m+2
Komi2

Fomi2 Kamya

Here the map i is adjoint to the equivalence Ko 1 — QKomao,
Sg?™+2 is the Steenrod squaring operation and Fop, 5 is its
fiber. This operation vanishes on the suspension of a

(2m + 1)-dimensional class, so Sg™2i is null and i lifts to
Fomye.
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A sketch of Browder’s proof
Now consider the diagram

}:K2m+1

L=l
*

i
o Sq2m+2
Komy2

Fomia

Kamya

Here the map i is adjoint to the equivalence Ko 1 — QKomao,
Sg?™+2 is the Steenrod squaring operation and Fop, 5 is its
fiber. This operation vanishes on the suspension of a

(2m + 1)-dimensional class, so Sg™2i is null and i lifts to
Fomye.

The space Fom.2 has two nontrivial homotopy groups,

Z/2 forn=2m+2
Z/2 forn=4m+3
0 otherwise.

TnFomiz =

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres
Exotic spheres as framed
manifolds
The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant
Some theorems about
M,

Browder’s theorem

Wu classes

The Browder spectrum
The homotopy type of
Bromto

1.37



A sketch of Browder’s proof
Now consider the diagram

> Kom1
i
P 2mt2
Sq
Fomia Koms2 Kamya

Here the map i is adjoint to the equivalence Ko 1 — QKomao,
Sg?™+2 is the Steenrod squaring operation and Fop, 5 is its
fiber. This operation vanishes on the suspension of a

(2m + 1)-dimensional class, so Sg™2i is null and i lifts to
Fomye.

The space Fom.2 has two nontrivial homotopy groups,

Z/2 forn=2m+2
Z/2 forn=4m+3
0 otherwise.

TnFomiz =

The map7is an equivalence thru dimension 4m + 3 and

7T4m+2+kaK2m+1 = 2/2 for k > 0.
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

Pr X
S4m+2+k Zk M+ ):k K2m+1 ,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

am+2+k _ PF k x
SHmt+2+ M,

K
> Komit,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely

TamiokZ Komy1 = Z/2.
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

am+2+k _ PF k x
SHmt+2+ M,

K
> Komit,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely

TamiokZ Komy1 = Z/2.

Browder showed that its value is the quadratic operation (x).

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres
Exotic spheres as framed
manifolds

The Arf-Kervaire
invariant

The Arf invariant

The Kervaire invariant

Some theorems about
M,

Browder’s theorem

Wu classes

The Browder spectrum
The homotopy type of
Bromto

1.38



A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

Pr X
S4m+2+k Zk M+ ):k K2m+1 ,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely

TamiokZ Komy1 = Z/2.

Browder showed that its value is the quadratic operation (x).
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

am+2+k _ PF k x
SHmt+2+ M,

K
> Komit,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely

TamiokZ Komy1 = Z/2.
Browder showed that its value is the quadratic operation (x).

Browder’s strategy:

Find the most general possible and simplest situation
in which the Kervaire element can be defined
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A sketch of Browder’s proof (continued)

A framed embedding of M in R“*4™+2 and a class x € H>™t' M
yields a diagram

am+2+k _ PF k x
SHmt+2+ M,

K
> Komit,

where the Pontryagin map pge depends on the choice of
framing F. The composite map represents an element in the
homotopy group we just calculated, namely

TamiokZ Komy1 = Z/2.
Browder showed that its value is the quadratic operation (x).

Browder’s strategy:

Find the most general possible and simplest situation
in which the Kervaire element can be defined and then
study the place of framed manifolds in this situation.
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Wu classes

This most general and simplest situation involves Wu classes.
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Wu classes

This most general and simplest situation involves Wu classes.

Given a vector bundle ¢ over a space X, let w(¢) denote its
total Stiefel-Whitney class

w(E) =1+ w().

i>0
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Wu classes

This most general and simplest situation involves Wu classes.

Given a vector bundle ¢ over a space X, let w(¢) denote its
total Stiefel-Whitney class

w(g) =1+ wif).
i>0
Let Sq denote the total Steenrod squaring operation

Sq:1+ZSq'.

i>0
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Wu classes

This most general and simplest situation involves Wu classes.

Given a vector bundle ¢ over a space X, let w(¢) denote its
total Stiefel-Whitney class

w(g) =1+ wif).
i>0
Let Sq denote the total Steenrod squaring operation
Sqg=1+ Z Sq'.
>0

Both w and Sq are invertible, and we define the total Wu class
V(&) by

v(€) = (Sq'w(e)
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Wu classes

This most general and simplest situation involves Wu classes.

Given a vector bundle ¢ over a space X, let w(¢) denote its
total Stiefel-Whitney class

w(g) =1+ wif).

i>0

Let Sq denote the total Steenrod squaring operation
Sqg=1+ Z Sq'.

>0
Both w and Sq are invertible, and we define the total Wu class
V(&) by 1

v(€) = (Sq~'w(¢))

Hence v, (&) for each n > 0 is a certain polynomial in the
Stiefel-Whitney classes.
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Wu orientations

V() = (Sq~'w(©) .
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Wu orientations

V() = (Sq~'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle.
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle. It is known that for
x € HAmt2=ipg,

Sq'x = vix € H*™2 M.
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wau class of its normal bundle. It is known that for
x € HAm2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle. It is known that for
x € HAmt2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram
M

*

L)

174

- T Vom+2
B(Vamy2) BO

Kom+2
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle. It is known that for
x € HAmt2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram
M

B O Vom+2

L)

*
£

B(vom.2)

Kom+2

where BO is the classifying space of the stable orthogonal
group O,
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle. It is known that for
x € HAmt2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram

M
z ’ Vomy2
B(vom.2) BO Komy2

where BO is the classifying space of the stable orthogonal
group O, v is the map inducing the normal bundle,
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wu class of its normal bundle. It is known that for
x € HAmt2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram

M
z ’ Vomy2
B(vom.2) BO Komy2

where BO is the classifying space of the stable orthogonal
group O, v is the map inducing the normal bundle, and
B{Vom.2) is the fiber of the map vop 2.
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wau class of its normal bundle. It is known that for
X € HAm+2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram

M
“ - Vom+2
B(vom.2) BO Komy2

where BO is the classifying space of the stable orthogonal
group O, v is the map inducing the normal bundle, and
B{Vom.2) is the fiber of the map vo,,2. Then the composite
Vom2 - v is null so the indicated lifting exists, but not uniquely.
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Wu orientations

V() = (Sq'w(©) .

For a (4m + 2)-manifold M we define vi(M) € H'M to be the ith
Wau class of its normal bundle. It is known that for
X € HAm+2=ipg,

Sq'x = vix € H*™2 M.

This implies via Poincaré duality that v;(M) =0 for i > 2m+ 1.

Consider the diagram

M
“ - Vom+2
B(vom.2) BO Komy2

where BO is the classifying space of the stable orthogonal
group O, v is the map inducing the normal bundle, and
B{Vom.2) is the fiber of the map vo,,2. Then the composite
Vom2 - v is null so the indicated lifting exists, but not uniquely.
Browder calls 7 a Wu orientation of M.
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The Browder spectrum

Komit1 — B{Vomy2)

)
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The Browder spectrum

M

Vomy2
BO Koms2

We now consider the Thom spectra associated the universal
bundle over BO and its pullbacks.

L)

*
2
Komy1 — B(Vomy2)
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The Browder spectrum

M

Vomy2
BO Koms2

We now consider the Thom spectra associated the universal
bundle over BO and its pullbacks. The diagram becomes

L)

*
2
Komy1 — B(Vomy2)

T(vm)

TU .
\LTV
A —

P
Kom41 — Brapmo —— MO
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The Browder spectrum

M

BO Vomy2

L)

*
2
Komy1 — B(Vomy2)

Kom2
We now consider the Thom spectra associated the universal
bundle over BO and its pullbacks. The diagram becomes

T(vm)

TO .~
RO \LTV
-

P
Kom41 — Brapmo —— MO

where T(vy) is the Thom spectrum for the normal bundle of M,
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The Browder spectrum

pa

Komy1 — B(Vomy2)

L)

Kom+2

We now consider the Thom spectra associated the universal
bundle over BO and its pullbacks. The diagram becomes

P
Kom41 — Brapmo —— MO

where T(vy) is the Thom spectrum for the normal bundle of M,
Kom1 here denotes the suspension spectrum of the space

Kom1
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The Browder spectrum

pa

Komy1 — B(Vomy2)

L)

Kom+2

We now consider the Thom spectra associated the universal
bundle over BO and its pullbacks. The diagram becomes

P
Kom41 — Brapmo —— MO

where T(vy) is the Thom spectrum for the normal bundle of M,
Kom1 here denotes the suspension spectrum of the space
Kom+1 and Bromao, the mth Browder spectrum, is the Thom

spectrum associated with B{vop2).

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres
Exotic spheres as framed
manifolds
The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant
Some theorems about
M,

Browder’s theorem
The quadratic operation
Wu classes

The homotopy type of
Brante



The Browder spectrum (continued)

L o i/TV
47 5
Y*Komit —> Bropip —— MO
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The Browder spectrum (continued)

The Spanier-Whitehead dual of T(vy) is Z~4""2M,, so we

have a map

Y Komi1 —> Bramgz — P . mo

DBromyp —= T=4m=2)f, .
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The Browder spectrum (continued)

The Spanier-Whitehead dual of T(vy) is Z~4""2M,, so we

have a map

Both of these spectra have no cells in positive dimensions and

T(vm)

TU .
R i/TV
L -

Y Komi1 —> Bramgz — P . mo

DBromyp —= T=4m=2)f, .

Sg?™+2 maps trivially to HO.
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The Browder spectrum (continued)

The Spanier-Whitehead dual of T(vy) is Z~4""2M,, so we

have a map

Both of these spectra have no cells in positive dimensions and
Sg?™+2 maps trivially to H°. Now suppose we have an element

T(vm)

TU .
R i/Tz/
L -

Y Komi1 —> Bramgz — P . mo

DBromyp —= T=4m=2)f, .

x € H?M 1M with n*(x) = 0.
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The Browder spectrum (continued)

T(vm)

TU .
I i/Tz/
L -

Y Komp1 —> Bromio — P . mo
The Spanier-Whitehead dual of T(vy) is Z~4""2M,, so we
have a map
DBromyp —= T=4m=2)f, .
Both of these spectra have no cells in positive dimensions and

Sg?™+2 maps trivially to H°. Now suppose we have an element
x € H?™ 1M with n*(x) = 0. Stably we have

DBropmip — = T—4M=2\[,

i/x

X Z_4m_2K2m+1 ——K
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The Browder spectrum (continued)
Let g =2m+ 1, so our diagram reads

DBrg 1 ——> ¥ 24M,

| )

g _
X T 2K, ——
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The Browder spectrum (continued)
Let g =2m+ 1, so our diagram reads

DBrg 1 ——> ¥ 24M,

\Lx

|
X YK, ——K

Consider the following diagram with exact rows in black:

0 I Lq X!
H-9X 2 H-9K < HA(K, X) < H-'-9X

\quqﬂ \quqﬂ i/o
H'K < H/ (K, X) HOX <2 — HOK

0<——5q%4

0 <~——18q9 o =<——11)(X)
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The Browder spectrum (continued)
Let g =2m+ 1, so our diagram reads

DBrg 1 ——> ¥ 24M,

\Lx

|
X YK, ——K

Consider the following diagram with exact rows in black:

0 I Lq X!
H-9X 2 H-9K < HA(K, X) < H-'-9X

\quqﬂ \quqﬂ i/o
H'K < H/ (K, X) HOX <2 — HOK

0<——5q%4

0 <~——18q9 o =<——11)(X)

The diagram chase is shown in red.
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The Browder spectrum (continued)
Let g =2m+ 1, so our diagram reads

DBrg 1 ——> ¥ 24M,

\Lx

|
X YK, ——K

Consider the following diagram with exact rows in black:

0 I Lq X!
H-9X 2 H-9K < HA(K, X) < H-'-9X

\quqﬂ \quqﬂ i/o

H'K < H/ (K, X) HOX <2 — HOK

0<——5q%4

0 <~——18q9 o =<——11)(X)

The diagram chase is shown in red. The element ¢(x) is
independent of the choice of a.
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The Browder spectrum (continued)
Let g =2m+ 1, so our diagram reads

DBrg 1 ——> ¥ 24M,

\Lx

|
X YK, ——K

Consider the following diagram with exact rows in black:

0 I Lq X!
H-9X 2 H-9K < HA(K, X) < H-'-9X

\quqﬂ \quqﬂ i/o

H'K < H/ (K, X) HOX <2 — HOK

0<——5q%4
0<——18q9 "o <——9(x)
The diagram chase is shown in red. The element ¢(x) is

independent of the choice of «. Browder shows that the
operation v is quadratic.
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The Browder spectrum (continued)

If the manifold M has a framing F we get
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The Browder spectrum (continued)

If the manifold M has a framing F we get

[ R— T(vm)

l To
P D

> *®°Komiy — Bromio

A

MO
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The Browder spectrum (continued)

If the manifold M has a framing F we get

[ R— T(vm)

TU .
\L e i/TV
“'p

Y Komy1 — Bramy2 MO

This means we can replace X = DBr,,, 2 by S°, so the next
diagram becomes

0 PF_ s—4am-2 M,
H I
S0

—4m—2
—X Kom1

Browder’s work on
the Arf-Kervaire
invariant problem

Mike Hill
Mike Hopkins
Doug Ravenel

Background and
history

Browder's theorem and its
impact

Some early homotopy
theory

Classifying exotic spheres
Exotic spheres as framed
manifolds
The Arf-Kervaire
invariant
The Arf invariant
The Kervaire invariant
Some theorems about
M)

Browder’s theorem
The quadratic operation
Wu classes

The homotopy type of
Brante



The Browder spectrum (continued)

If the manifold M has a framing F we get

[ R— T(vm)

l To
L i/TV
“'p

Y Komy1 — Bramy2 MO

This means we can replace X = DBr,,, 2 by S°, so the next
diagram becomes

S0 PF_ s—4am-2 M,
H e
SO o Z—4m—2K2mJr1

This is Browder’s interpretation of the quadratic operation 1
described earlier.
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The homotopy type of Broy,. 2

A framed (4m + 2)-manifold M with nontrivial Kervaire invariant
represents, via Pontryagin’s isomorphism, a nontrivial map
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The homotopy type of Br2m+2 Browder’s work on

the Arf-Kervaire
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The homotopy type of Broy,. 2

A framed (4m + 2)-manifold M with nontrivial Kervaire invariant
represents, via Pontryagin’s isomorphism, a nontrivial map

S4m+2 4 5 SO.

Browder shows that the composite map to the Browder
spectrum

g4m+2 4 S0

must also be nontrivial.

Bromio
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The homotopy type of Broy,. 2

A framed (4m + 2)-manifold M with nontrivial Kervaire invariant
represents, via Pontryagin’s isomorphism, a nontrivial map
_—

S4m+2 4 SO

Browder shows that the composite map to the Browder
spectrum

g4m+2 4 S0

must also be nontrivial.

Bromio

He analyzes the homotopy type of Brop,.2 and gets a diagram
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The homotopy type of Broy,. 2

A framed (4m + 2)-manifold M with nontrivial Kervaire invariant
represents, via Pontryagin’s isomorphism, a nontrivial map
_—

S4m+2 4 SO

Browder shows that the composite map to the Browder
spectrum

g4m+2 4 S0

must also be nontrivial.

Bromio

He analyzes the homotopy type of Brop,.2 and gets a diagram

(4m+ 2)-
Bromio < Bromso!") < Bromso® <— | connected

R

MO Komi1 A MO Kams2
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l \ (4m + 2)-
Brom o < Bromio" <— Brom:2® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l \ (4m + 2)-
Brom o < Bromio" <— Brom:2® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2

Here each horizontal map is the inclusion of the fiber of the
following vertical map.
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l v (4m +2)-
Brom o < Bromio" <— Brom:2® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2

Here each horizontal map is the inclusion of the fiber of the
following vertical map. We know that MO is a wedge of
suspensions of mod 2 Eilenberg-Mac Lane spectra.
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l v (4m +2)-
Brom o < Bromio" <— Brom:2® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2

Here each horizontal map is the inclusion of the fiber of the
following vertical map. We know that MO is a wedge of
suspensions of mod 2 Eilenberg-Mac Lane spectra. This
means that Brop, 2 is a 3-stage Postnikov system in the
relevant range of dimensions.
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l v (4m +2)-
Brom o < Bromio" <— Brom:2® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2

Here each horizontal map is the inclusion of the fiber of the
following vertical map. We know that MO is a wedge of
suspensions of mod 2 Eilenberg-Mac Lane spectra. This
means that Brop, 2 is a 3-stage Postnikov system in the
relevant range of dimensions.

It follows that # must be detected by an element on the 2-line of
the Adams spectral sequence.
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The homotopy type of Bro,,. > (continued)

0 4 g4m+2

l v (4m +2)-
Bromiz < Bromso!") < Bromso® <— | connected

\Lﬁ lh ik fiber

MO Komy1 A MO Kamy2

Here each horizontal map is the inclusion of the fiber of the
following vertical map. We know that MO is a wedge of
suspensions of mod 2 Eilenberg-Mac Lane spectra. This
means that Brop, 2 is a 3-stage Postnikov system in the
relevant range of dimensions.

It follows that # must be detected by an element on the 2-line of
the Adams spectral sequence. An explicit description of the
map k rules out all elements other than h?,
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The homotopy type of Br2m+2 (continued) Browder’s work on

the Arf-Kervaire
invariant problem
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Here each horizontal map is the inclusion of the fiber of the N ——
following vertical map. We know that MO is a wedge of e e e
suspensions of mod 2 Eilenberg-Mac Lane spectra. This The ArfKervaire
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means that Brop, 2 is a 3-stage Postnikov system in the The A invarlart
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It follows that # must be detected by an element on the 2-line of ~ eers erem.

the Adams spectral sequence. An explicit description of the s
map k rules out all elements other than h?, which is shown to

detect the Kervaire invariant in dimension 2/+1 — 2.




The homotopy type of Br2m+2 (continued) Browder’s work on

the Arf-Kervaire
invariant problem

0 4 4m+-2 ike Hil
S S
\L Doug Ravenel
v (4m+ 2)-
Bromiz < Bromso!") < Bromso® <— | connected
_ fiber
\Lp \L h l/ k Background and
history
MO K2m+1 A Mo K4m+2 iErSrr‘g:cd(er's theorem and its
Shome early homotopy
. . . . . theor
Here each horizontal map is the inclusion of the fiber of the N ——
following vertical map. We know that MO is a wedge of e e e
suspensions of mod 2 Eilenberg-Mac Lane spectra. This The ArfKervaire
. . . invariant
means that Brop, 2 is a 3-stage Postnikov system in the The A invarlart
relevant range of dimensions. o

Some theorems about
M,

It follows that # must be detected by an element on the 2-line of ~ eers erem.

the Adams spectral sequence. An explicit description of the s
map k rules out all elements other than h?, which is shown to

detect the Kervaire invariant in dimension 2/+1 — 2.

This completes the proof of the theorem. @
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