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For a motivic spectrum E € SH(k), let T'(E) denote the
global sections spectrum, where E is viewed as a sheaf of
spectra on Smyg. Voevodsky’s slice filtration determines a
spectral sequence converging to the homotopy groups of I'(E).
In this paper, we introduce a spectral sequence converging
instead to the mod 2 homology of I'(E) and study the case
E = BPGL(m) for k = R in detail. We show that this spectral
sequence contains the A.-comodule algebra A.0g(m),F2 as
permanent cycles, and we determine a family of differentials
interpolating between A0 40y, F2 and A.04(m). F2. Using
this, we compute the spectral sequence completely for m < 3.
In the height 2 case, the Betti realization of BPGL(2) is
the Ca-spectrum BPr(2), a form of which was shown by
Hill and Meier to be an equivariant model for tmf;(3).
Our spectral sequence therefore gives a computation of the
comodule algebra H,tmfy(3). As a consequence, we deduce a
new (2-local) Wood-type splitting

tmf A X ~ tmfo(3)
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of tmf-modules predicted by Davis and Mahowald, for X a
certain 10-cell complex.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

The classical truncated Brown—Peterson spectrum BP(m) admits an action by the
cyclic group of order 2, via the complex conjugation action on complex bordism, MU.
The fixed points admit familiar geometric models for small heights m and give higher
height analogues of connective real K-theory ko. We give a spectral sequence converging
to the homology of these fixed point spectra by lifting the calculation to a simpler one
in the R-motivic stable homotopy category.

1.1. Motivation

The chromatic approach to stable homotopy gives a method to compute the stable
homotopy groups of spheres via a step-by-step procedure. This procedure comes from
the height filtration on the moduli stack of formal groups, mirrored in stable homotopy
by Bousfield localization. The chromatic convergence theorem of Hopkins—Ravenel [34]
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states that the p-local sphere spectrum may be recovered as the limit of its chromatic
tower

Sty = lim (- = L,S® = Ly 18% = - — LoS°)

where L,, denotes Bousfield localization at a height n Morava E-theory E(k,T'), for T a
height n formal group over a perfect field k of characteristic p. The spectrum L, S° is
built in finitely many steps from the K (i)-local spheres L K(i)SO for ¢ < n, via chromatic
fracture squares. The spectrum L K(n)SO, in turn, admits a description as a homotopy
fixed-point spectrum

Li(nyS° =~ E(k,T)"Cn

by a theorem of Devinatz—Hopkins [11], where G,, = Aut(T") is the Morava stabilizer
group. This, in principle, reduces many questions in stable homotopy theory to under-
standing the G,,-equivariant spectrum E(k,T).

However, this is not easy to access in practice, even at small heights. It was an ob-
servation of Ravenel [35] and Hopkins-Miller [36] that L (,,)S® is well approximated by
the fixed points of E(k,T") at finite subgroups of G,,, and that these theories are more
computable. These theories

EO,(G) := E(k, )¢

are known as the Hopkins—Miller higher real K-theories.

The EO, (G)’s have proven very effective at carrying rich information in an accessible
way. For instance, studying these theories led to the solution of the Kervaire invariant
problem, at primes p > 5 by Ravenel [35] and at p = 2 by Hill-Hopkins-Ravenel [19].
At the prime p = 3, they were used by Goerss—Henn—Mahowald-Rezk [13] to produce
an explicit finite resolution of the K (2)-local sphere, giving a conceptual framework to
the calculation of 7, L (2)S° by Shimomura-Wang [37]. We refer the reader also to the
introduction of [4] for a nice discussion of these theories and their history.

Connective models

Working with the EO, (G)’s in practice is limited by the size of these theories. The
EO,(G)’s are non-connective, and their mod p homology vanishes, making it impossible
to understand these theories directly from the point of view of the Adams spectral
sequence. Moreover, the homotopy groups of the EFO,,(G)’s are not degreewise finitely
generated, so passing to the connective cover does not give a substantial improvement.
A key feature of the study of the EO,,(G)’s is thus a search for good connective models
eo,, (G) with strong finiteness properties.

At heights h = 2" 'm with p = 2, the group G, contains a subgroup isomorphic
to G = Cyn, and Beaudry—Hill-Shi—Zeng defined and studied candidates for good con-
nective models of EOp(G) in this case via Real bordism [5]. These theories—known
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as the BP((G))(m>’s—are particularly accessible as they arise as the fixed points of a
G-spectrum whose action comes from geometry, as opposed to the action on E(k,T),
which is defined via obstruction theory. An important manifestation of this is that the
BPUS)(m)’s have a well understood slice filtration, in the sense of Hill-Hopkins-Ravenel
[19].

In upcoming work [9], the first and second named authors use the slice filtration to
establish the desired finiteness properties of the BP((G))<m>’S, showing that their fixed
points are fp spectra of type m|G|/2, in the sense of Mahowald—Rezk [29]. For explicit
calculations, however, we would like to know the comodules H,BP(%)(m)& and the
main aim of the present paper is to initiate such homology computations by exploring
the case G = Cs.

The G = Cy case

The cyclic group of order 2 is often used as a test case for computations in equivariant
homotopy in general and for the study of the EO,,(G)’s and BP{)(m)’s in particular.
Quite a lot is known in this case; for instance, the homotopy fixed point spectral sequence
computing m, FO,,(Cs) was completely computed at all heights by Hahn—Shi in [16]. Li—
Shi-Wang—Xu showed that a large class of elements in the homotopy groups of spheres
is detected by the EO,,(C3)’s [27]. The EO,,(C3)’s were studied extensively by Kitchloo—
Wilson; they used these theories to prove new nonimmersion results for real projective
spaces [25] [24], demonstrating that these theories are useful far beyond their role as a
test case.

For G = Cs, the connective models BP{(%) (m) were first defined by HuKriz [22] and
are also known as the BPg(m)’s, as they model the classical truncated Brown—Peterson
spectra BP(m) with their Cs-action via complex conjugation. At small heights m, the
BPg(m)’s and their fixed points admit familiar geometric models:

BPgr(m) BPr{m)°?

m

1 HF, HF,

0 HZ, HZ (3
1 k]R ko

2 tmf; (3) tmfo(3)

Here kg denotes connective Real K-theory in the sense of Atiyah [1], and tmf;(3) and
tmfo(3) are spectra of topological modular forms with level structure (see [20] and [21]).

R-motivic homotopy

For a real variety X, its set of complex points X (C) comes equipped with the complex
analytic topology, with respect to which the action of Co = Gal(C/R) is continuous. This
extends to a symmetric monoidal left adjoint

B:SH(R) — Sp°?
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from the R-motivic stable homotopy category to the category of genuine Cs-spectra,
called Betti realization. Real bordism and the BPg(m)’s lift along § to R-motivic ana-
logues, known as motivic bordism and the BPGL(m)’s.

Consequently, we lift the calculation of H,BPg(m)®? along 3 to a simpler and more
fundamental calculation in the R-motivic stable homotopy category, and it is in this
setting in which we do our computations. In the motivic setting, the role of fixed points
(—)¢2 is played by the global sections functor I' : SH (k) — Sp, the right adjoint to the
unique colimit-preserving symmetric monoidal functor

s : Sp — SH(k)

For E € SH(k), T'(E) may be computed as the mapping spectrum F(Spec(k)y, F) in
SH(k) and thus is the global sections of E, viewed as a sheaf of spectra on Smy, the
category of smooth schemes over Spec(k).

The advantage of working motivically is that we may discard the so-called negative
cone in our calculations. As we show in Section 6, the presence of the negative cone in
the Cs-equivariant homology of a point results in serious complications. In Section 2,
we give a method of comparing Cs-equivariant calculations of the kind studied here to
the corresponding R-motivic calculations, and we use this to show that the results must
agree in non-positive weights. In practice, this means we may discard the negative cone
and still recover the correct result in degrees a+bo for b < 0 and, in particular, in integer
degrees.

1.2. Main results

Section 2

We begin by defining the homological slice spectral sequence (HSSS) in Section 2.
This spectral sequence arises by smashing the slice tower of E € SH (k) with the motivic
spectrum i, HlFo, giving a spectral sequence of A,-comodules. We show that when F is
slice connective, this spectral sequence has strong vanishing lines and converges to the
comodule H,I'(E) (Proposition 2.6).

For our applications to the BPg(m)’s, we compare the global sections functor I' and
the genuine fixed points functor (—)°2, producing a natural transformation

L(E) — B(E)“
which we show to be an equivalence in many cases. In particular,
Proposition 1.1 (Corollary 2.20). For all m, there is an equivalence of spectra

['(BPGL(m)) — BPg(m)®?
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Section 3
In [6], Behrens—Shah lift the Tate square in Cy-equivariant homotopy along 8 to an
arithmetic square

E—— B[]

J !

E,[r'] —— B lr ]

for E € SH(R). In contrast to the Tate square, this is not usually a pullback, but we show
that it becomes a pullback after applying I'(—) in many cases. For E = i, HF3 ® BPGL,
we completely determine the effect of the arithmetic square on bigraded homotopy
groups; the result in weight zero is as follows.

Proposition 1.2 (Proposition 3.13). On homotopy groups, the arithmetic square of
1. HFs ® BPGL is given by

H.IT(BPGL) ———— A, &i
| J* I
Falz, xili > 1], —— Falz, xali > 1],[z7"] Xiz® T ximie!

with |z] = —1 and |x;| = 2(2" — 1).

This leads to a somewhat explicit description of the A.-comodule H,I'(BPGL) via
the associated Mayer—Vietoris sequence (Theorem 3.15). This corrects an error of Hu-
Kriz, who gave similar formulas in [23] (see Remark 3.9). The p-local part of this
arithmetic square is complicated by the following unexpected fact about the reduction
map BPGL — MTFs from the motivic Brown—Peterson spectrum to the mod 2 motivic
Eilenberg—Maclane spectrum.

Theorem 1.3 (Theorem 3.10). The composite

HFy ~T(BPGL[p~"]) = T(MF;[p~"]) ~ [ Z*HF,

i>0

has components Sq* : HFy — S'HF,.
Equivariantly, identifying @CQ(H&) with the connective cover of HIF;CZ, the compos-
ite

HFy =~ ®“2BPg — ®“2HFy ~ H Y HTF,
i>0

has components Sq* : HFy — Y HTF,.
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We prove Theorem 1.3 as an application of Mahowald’s theorem on HF5. The descrip-
tion of the map appearing here comes via comparison with the Tate-valued Frobenius of
Nikolaus—Scholze [31]. We expect this fact to be of independent interest.

Section 4
The HSSS for BPGL(m) has a straightforward Fa-page.

Proposition 1.4 (Corollary 4.5). The Es-page of the HSSS for BPGL(m) is isomorphic,
as an A,-comodule algebra, to

(A*D_A(O)*}Fz)[p7 T1,V1y.- ., ’Dm]
where
A0 ). F2 = H.HZ = F>[(3, (o, - . ]

The tridegrees are given as follows

where we use Adams trigrading (t — s, w, s), representing (stem, weight, filtration). The
classes p and v; are comodule primitives, and

Yla) =1 +6®p
Our main application of the results of Section 3 on the arithmetic square is to deter-
mine a large class of permanent cycles in the HSSS for BPGL(m). This comes via the
edge homomorphism

H.I(BPGL(m)) — H,I(P°BPGL(m)) = H,HZ

Theorem 1.5 (Theorem 4.18). In weight zero, the image of the edge homomorphism in
the HSSS for BPGL(m) is precisely

A0 4(m), F2 C A0 4(0), F2
The classes x1, p, and v; are all permanent cycles, so the subalgebra

(A*DA(m)*]FQ)[p7 L1, 1_}17 (R 71_)m]
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of F consists of permanent cycles. We use the arithmetic square to identify also a class
of permanent cycles in negative weights.

Proposition 1.6 (Corollary 5.19). The classes defined inductively xo = p, x1 the class
above, and

n—1

i
LTy = Z xiCn—i

=0

are permanent cycles in the HSSS for BPGL{m), for all n and m. The tridegree of x,,
is (2" —2,—1,2 — 2™), and the coaction is as follows

n

W) = Zg?”” ® T

Heuristically, the x,, classes may be thought of as indecomposable elements of the
form [&,p]. We determine a family of differentials in the HSSS for BPGL(m), which
may be expressed in terms of the x,,’s. The classes z,, appear as Massey products when
taking homology with respect to these differentials.

Theorem 1.7 (Theorem 4.16). In the HSSS for BPGL{m), we have the differentials

it1—j g X Ti_q
d21+1,1(<$ ]) :vip2 l(pjl (?aa#))

foralll <i<mand1l<j<i+1, where p; is the polynomial

gitl—j

G =pi&,...,&)

given by the inversion formulas in the Hopf algebra A..

The classes x,, are not divisible by p, but all of the p exponents appearing are nonneg-
ative when this expression is expanded. Using the heuristic z,, = [¢,p], this expression
may then be read more compactly as

Qitl—ij Qitl—j

dyiss () =2 1T

As each Cjzi+l_j supports a nonzero dsi+1_1, its square is a nonzero cycle on the next
page. This stops when ¢ = m + 1, thus interpolating between

AOu0).F2 = Fa[(F, G, ]

and

gm+1

A*DA(m)*FZ :FQ[ 1 7C2m7"'7 12n+1a<m+27"-]
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4 5 6 7 8 9 10 11 13 14

Fig. 1. The A(2).-comodule M.

Section 5

These differentials are explicit but complicated due to the inversion formulas in A,,
which makes computing homology with respect to these differentials quite difficult,
though purely algebraic. This limits our understanding of the behavior of this spec-
tral sequence in general beyond Theorems 1.7 and 1.5. However, we make the following
conjecture.

Conjecture 1.8. All differentials in the HSSS for BPGL{m) are generated under the
Leibniz rule by those in Theorem 1.7. In particular, the spectral sequence collapses on
E2m+1 .

Given Conjecture 1.8, computing H.I'(BPGL(m)) becomes the purely algebraic prob-
lem of computing homology with respect to these differentials, modulo comodule algebra
extension problems. In Section 5, we verify this conjecture for m < 3, and compute the
corresponding spectral sequences completely.

At height 1, this recovers the classical computation of H,ko, without the use of the
Wood cofiber sequence or knowledge of m,ko. At height 2, it is a theorem of Hill-Meier
that the Ca-spectrum tmf;(3) is a form of BPgr(2) [21], so our computation determines
the A,-comodule algebra H,tmf,(3).

Theorem 1.9 (Theorem 5.11). There is an isomorphism of A-comodule algebras
H*tmf0(3> = A*DA(?)*MQ

where My is the A(2).-comodule algebra given by the square zero extension Fo{1} @& M,,
and My is the A(2).-comodule is displayed below in Fig. 1.

Prior to the work of Hill-Lawson [20], it was not known how to produce a spectrum
Tmfo(3) (and thereby a connective model tmfy(3) of the periodic spectrum TMF(3) of
topological modular forms with level structure) as the global sections of a derived stack.
In [10], Davis and Mahowald proposed several hands-on definitions that were suitable
for computation. In particular, they construct a certain 10-cell complex X [10, Theorem
2.1] and propose tmf A X as such a connective model.
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Our computation in Theorem 1.9 allows us to join this definition with the derived
algebro-geometric one of Hill-Lawson. We use the Adams spectral sequence to construct
a map X — tmfy(3), resulting in the following Wood-type splitting.

Theorem 1.10 (Corollary 5.13). There is a 2-local equivalence of tmf-modules
tmfp(3) ~ tmf A X

Rationally, X has rank 4, corresponding to the fact that the map of stacks My(3) —
My is a 4-fold cover. Base changing, this also gives the corresponding splittings for
Tmf((3) and TMF((3).

At height 3, there is no known familiar geometric model of BPg(3), but our computa-
tion extends the program of computing H.eo,(G) at p = 2 to height 3 for the first time,
while also demonstrating the staggering complexity of these computations at heights
> 2. We refer the reader to Section 5.3 for a description of the comodule algebra Ms.

Theorem 1.11 (Theorem 5.22). The E, page of the HSSS for BPGL(3) is isomorphic

to the square zero extension
(ADae). Ms) ® (A0 4. Ms)

for M3 an explicit A(3).-comodule algebra of dimension 165, where Ms - My = 0, and
Ms is the comodule of Theorem 1.9.

We could, in principle, go further to height 4 and beyond; we see no reason our
methods should not extend. However, we are unable to give a general description of a
comodule M, at height m, and already at height 3, it is a significant task to give a
proper account of the computation.

Section 6

We finish in Section 6 by defining and exploring the HSSS in equivariant stable ho-
motopy. Whereas the slice spectral sequence of Hill-Hopkins—Ravenel [19] has proven an
effective tool to compute the homotopy groups of the fixed points ES of a G-spectrum
E, this gives a way to compute the homology of E¢.

When G = Cs, the HSSS for BPgr(m) is closely related to the motivic spectral se-
quences studied in the body of the paper. However, the presence of the negative cone in
the equivariant homology of a point results in some unexpected differences. We show in
particular the that the RO(Cs)-graded HSSS of kg has an exotic differential of the form

d5(2uy, - (F¢2) = 07

This differential leaves a class in the negative cone and kills a class in the positive cone.
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1.4. Notation and conventions

(1) We work at the prime p = 2 in this paper, so homology H.(—) will always denote
mod 2 homology H.(—;F3) and our Steenrod algebras are the 2-primary versions.

(2) Smy denotes the category of smooth schemes over Spec(k), and SH(k) denotes the
category of k-motivic spectra. SH(k)cen denotes the cellular category, the localizing
subcategory generated by the bigraded spheres S°".

(3) X, (—) denotes bigraded homotopy groups for an R-motivic spectrum, where s
denotes the stem or topological degree, and w denotes the weight.

(4) MZ and MTs are the integral and mod 2 R-motivic homology spectra, so that
™ MZ = Z[p,7%/(2p) and 78 MF, = F3[p, 7] where |p| = (—1,-1) and |7]| =
(0,-1).

(5) A, denotes the classical mod 2 dual Steenrod algebra, so that

A* - F2[€17§2a' ]

where |¢;| = 2¢ — 1 are the usual Milnor generators, and ¢; denotes the conjugate of
&. A(m). denotes the quotient Hopf algebra

27n+1

A(m)*:]FQ[gla"-afm-H]/( 1 7"'7672n+1)
and
m+1 m
A*DA(m)*FQ = IFQ[ 12 a<2 JER) fn+17<m+25' ]

Dually, A denotes the mod 2 Steenrod algebra, A(m) the subalgebra generated by
Sq?' for i < m, and

A/JA(m) = A® a(m) F2

(6) AR denotes the R-motivic mod 2 Steenrod algebra, and we use the following notation
for generators

.A]E* = WE*MIFQ[E]_,E27 ey T0, Ty - ]/(Tz2 = Tfi+1 + pTit1 + pTOEi—H)
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where [£;] = (2(28 —1),2° — 1) and |7;| = (2(2° — 1) +1,2¢ — 1). We use the following
notation for the quotient Hopf algebra

55*(m) = WE*M]FQ[TO7 Ty ooy Tl /(T2 = pTig1)

Moreover, ¢(—) denotes Hopf conjugation in .A]E*.

(7) Sp denotes the category of spectra, and Sp® denotes the category of genuine G-
spectra. For a G-spectrum X, m,(X) denotes the RO(G)-graded homotopy groups
of X.

(8) We let i, : Sp — SH(k) denote the unique symmetric monoidal colimit-preserving
functor and I'(—) its right adjoint. 3 : SH(R) — Sp®? denotes the Cs-equivariant
Betti realization functor.

(9) Our spectral sequences are Adams trigraded, so that a class in tridegree (t — s, w, )
is in stem ¢ — s, weight w, and filtration s. All of the charts drawn in Section 5 are
in weight w = 0.

2. The slice spectral sequence for generalized homology

In this section we define the HSSS in motivic stable homotopy and establish its basic
properties. In Section 2.1, we work at the level of generality of SH(k), where k is a perfect
field, and we use the very effective slice filtration of Spitzweck-Ostveer [38]. This allows
us to have strong convergence in a wide generality, due to Morel’s connectivity theorem.
However, for the spectra we consider - namely, standard quotients of the algebraic cobor-
dism spectrum M GL - the corresponding slice towers for the effective, cellular effective,
very effective, and cellular very effective all coincide, as shown by Heard [17].

This filtration determines a tower of motivic spectra, and our spectral sequences
arise via smashing these towers pointwise with an ordinary spectrum, using that SH(k)
is tensored over Sp. This construction is analogous to one construction of the classical
Atiyah—Hirzebruch spectral sequence, where one does the same with the Postnikov tower
of a spectrum.

In Section 2.3, we specialize to SHcen(R), the cellular subcategory of R-motivic spec-
tra, where we use the results of Behrens and Shah [6] on Betti realization to compare
with Cs-equivariant stable homotopy.

2.1. General slice towers

We begin with the very effective slice filtration, a modification of Voevodsky’s slice
filtration [42], developed by Spitzweck—Ostveer [38] and further studied by Bachmann
[3]. The reader will notice we double the usual grading conventions, so that our slice
towers are run at half speed; we explain this below in Remark 2.2.

Following the discussion in [17, Section 3], we let

Ko = {ZQa’aEfX;a >t,X € Smy} C SH(k)
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and we set Koy 1 = Kot Letting SH(k)"Ve denote the full subcategory of SH (k) gen-
erated under colimits and extensions by KC;, we have a filtration

e C SH(k)t+1,ve1‘f C SH(k)t,veff C S/H(k,)tfl,veff C .-

of SH(k), and we say E is slice > t if E € SH(k)"V*f. Associated to any E € SH(k),
we have a natural cofiber sequence

P, .E - E — P'E
such that P,y 1 F € Ky, and
Map gy (r) (K, P'E) ~ x
for all K € SH(k)!*t1 Ve, We define the fiber P{E of the map
P'E — P 'E
to be the t-slice of E. The slice filtration gives a natural tower of spectra under E:
... = P'E— PUE .

The colimit is always contractible and the limit is F.

Now, given any K € SH(k), we can smash the slice tower for E with K to produce
a new filtered motivic spectrum K ® P*FE. Applying (bigraded) homotopy groups, this

gives a spectral sequence.

Definition 2.1. The K-homology slice spectral sequence for E is the spectral sequence
associated to the filtered motivic spectrum K @ P®*FE. We will generically denote this by

ESYHE: K).
In particular, the Es-term is given by
Ey"YE;K) = Ky (PLE).

We use Adams grading (¢ — s,w,s) so that the d, differentials change tridegree by
(—1,0,7’).

Remark 2.2. We have chosen to double the gradings to cohere with two closely related
spectral sequences when k = R: slice spectral sequences in equivariant homotopy and the
classical Atiyah—Hirzebruch spectral sequence. Applying Betti realization to the spectral
sequences we consider recovers the analogous slice spectral sequences in Cs-equivariant
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homotopy (see Section 6), and if one base changes to C and inverts 7, one recovers
a classical Atiyah—Hirzebruch spectral sequence. Our choice of gradings recovers the
standard grading conventions on these spectral sequences, in both cases.

Example 2.3. When K = S%9 is the sphere spectrum, this is the ordinary slice spectral
sequence of E. When K = S%0[p~1], this is the p-localized slice spectral sequence of E.

The ordinary slice spectral sequence converges strongly for any E, due to the Morel
connectivity theorem [30, Section 5.3]. When we smash with an arbitrary motivic spec-
trum K, this is no longer guaranteed. For the following result, cf. [38, Proposition 5.11].

Proposition 2.4. Suppose K is slice bounded below. Then, the K-homology slice spectral
sequence of E converges conditionally in the sense that the natural map

K ® E — lim(K ® P*E)
—

induces an isomorphism on bigraded homotopy groups, and colim(K ® P*E) ~ x.

If, in addition, E is slice bounded below, the spectral sequence converges strongly in
the sense that there are at most finitely many filtrations in which Eo is non-zero in any
given stem.

Proof. The spectrum colimP® E is contractible as the categories Iy form a set of compact
generators of SH(k). Smashing with K, we use that the smash product commutes with
colimits.

One has a fiber sequence

lim(K ® P E) —» K ® E — lim(K ® P'E)
— —

By assumption K is slice > n for some fixed n, so K ® P,y FE is slice > n+t+1
for all ¢. It follows from Morel’s connectivity theorem that if E € SH(k)"Ve then
TswE = 0 for s < t/2 + w. In a fixed weight w, therefore, 7 ,(K ® P,11E) vanishes
for s < w+ (n +t+ 1)/2. This vanishing range for s is strictly increasing in ¢, so the
bigraded homotopy groups of the limit vanish. If F is slice bounded below, then the same
connectivity constraints imply that, in a fixed weight, only finitely many slices contribute
to a given stem. 0O

Remark 2.5. Without the bound on K, the result is much more delicate, even when F
is O-connective, and the comparison map may fail to be an isomorphism. For example,
when K = EGL(n) = v,,'BPGL(n) and E = MGL, smashing the slice associated
graded for E with K gives the zero spectrum.

For our applications, both K and F will be slice connective, and this sharpens our
convergence results to give strong vanishing lines.
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Proposition 2.6. If £ and K are slice > 0, the K-homology slice spectral sequence of E
in weight zero is a right half-plane spectral sequence concentrated between the lines y = x
and y = —x. That is, the groups

Ey*'(B; K)
vanish if s >t —s ort < 0.

Proof. If E is slice > 0, then P{E ~ x for t < 0, which gives the lower vanishing line. The
upper vanishing line follows as above from Morel’s connectivity theorem, which implies
in particular that since K ® P/ E is slice > t, m_5 0(K ® P{E) vanishes for (t —s) < t/2.
This vanishing line is equivalent to (t —s) <s. O

The slice filtration is multiplicative, so we have the following.

Proposition 2.7. If K and E are both ring spectra, then this is a spectral sequence of
algebras.

In fact, we have more structure that we can consider from naturality in K. Since the
spectral sequence arises from a filtration of E that is completely independent of K, all
of the structure commutes with K-cooperations.

Proposition 2.8. If K is a flat homology theory, then the K-homology slice spectral se-
quence for any E is a spectral sequence of K, .K-comodules. If E is a ring, this is a
spectral sequence of K, K -comodule algebras.

Example 2.9. Let £ = R and K = M5, the motivic mod 2 Eilenberg—Maclane spectrum.
This gives a spectral sequence of A]E*—comodules converging to the bigraded motivic
homology of F with Fs-page the bigraded motivic homology of the slice associated graded
of E. If F is a ring spectrum, this is a spectral sequence of A]}S*—comodule algebras.

2.2. The homological slice spectral sequence (HSSS)

2.2.1. Global sections homology
There is an essentially unique colimit-preserving symmetric monoidal functor

ix: Sp — SH(k).
This functor admits a right adjoint
(=) :SH(k) — Sp

which sends a motivic spectrum E to the mapping spectrum
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F(S"° E)

Viewing E as a sheaf of spectra on Smy, since S%° = Spec(k),, we may think of this as
taking the global sections of E. We now define our main spectral sequence of interest.

Definition 2.10. For E € SH(k), the homological slice spectral sequence (HSSS) of E is
the spectral sequence Ey""*(E; i, HF3) of Definition 2.1.

That is, we tensor the slice tower of F with i, HF and take the spectral sequence
associated to the resulting tower. We begin with the following lemma, which follows
immediately from the adjunction i, 4 T.

Lemma 2.11. For E € SH(k), we have an isomorphism of abelian groups
TewE 2w, 0(Z0"VE)
When E is a ring spectrum, this is an isomorphism of bigraded rings.

Since the unit is compact in SH(k), i, preserves compact objects and hence I'(—)
admits a right adjoint. In particular I'(—) preserves colimits, and we deduce the following
projection formula.

Proposition 2.12. For any spectrum K and E € SH(k), we have
T, K @ E)~ K ®(E)
Applying Lemma 2.11 in the case that K = HF5, we have the following.

Corollary 2.13. For any E € SH(k), the homotopy groups of the spectrum I'(i, HFy ® E)
are the mod 2 homology groups of T'(F):

(i, HF3), oE = H,I'(E)

Since HTF; is an F.-ring spectrum, so is i, HF5. Since HFo ® HIF5 is a tensor product
of free associative algebras generated by spheres, the same is true upon taking ..

Proposition 2.14. We have an equivalence of associative i. HFs-algebras
Z*HF£®2 ~ i*HFQ[Cl, .. .L
where just as classically, the topological degree of (; is (28 — 1), and it is in weight 0.

In homotopy, the induced coaction on the (;’s is also the usual one, by functoriality.
Put another way, the motivic spectrum i, HlFy ® E records all of the information of the
mod 2 homology of I'(E), even with the dual Steenrod coaction.
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Corollary 2.15. The HSSS of E is a spectral sequence of bigraded A,-comodules that
converges to H,T'(X%~*E). If E is a ring spectrum, this is a spectral sequence of bigraded
A..-comodule algebras.

2.2.2. Global sections homology and motivic homology
The global sections functor is also lax monoidal, so given an E-monoid R in SH(k),
I'(R) is an E-ring spectrum. The counit of the adjunction i, 4 T gives an E-map

i.,[(R) = R.

It follows from Lemma 2.11 that when R = MZ or R = MT,, the motivic Eilenberg—
Maclane spectra, the global sections spectra are HZ and HIFy, respectively. We therefore
have canonical E.,-maps

i HZ — MZ and i, HFy — MT,

We will use these to identify the slice associated graded in many cases.
Applying the functor i, to ordinary homotopy groups, we have a canonical map of
algebras

A, = 7, (HFy @ HFs) 5 7, (1. HFy ® i, HF2) — m, . (MFz @ MFy) =: A*

If the latter dual Steenrod algebra is flat over 7r’,f7*(M]F2)7 we have a Hopf algebroid
structure, and our map of algebras is compatible with the coactions in the following
sense.

Proposition 2.16. If E € SH(k), then we have a natural map
H,I(E) — H, ,(E; MF,)
When Afy* is flat, this is a map of .Af’*—comodules via the map
A — AL
2.8. Betti realization and the arithmetic square

In this section, we restrict our attention now to & = R and work in the cellular
context. That is, we work in the category SHcen(R), the localizing subcategory of SH(R)
generated by the bigraded spheres S®". Moreover, we implicitly work in the 2-complete
context everywhere, so that our SHcn(R) stands for S?—lcen(R);, and our Sp©? stands
for (Sp©?),.

There is a strong relationship between R-motivic stable homotopy and Cs-equivariant
stable homotopy, which comes via the Betti realization functor
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B:SH(R) — Sp

If X is a smooth scheme over Spec(R), its set of complex points X (C) can be equipped
with the complex analytic topology, and the action of Co = Gal(C/R) on X(C) is
continuous. The functor 3 is obtained by left Kan extension of X — XX (C) along the
canonical functor Smg — SH(R).

Pushing and pulling computations along the functor 5 have been incredibly fruitful
(see [12], [7], and [15] for example). There has therefore been an effort to make the
connection provided by f conceptually precise (see [12], [18], [2], and [6]). Behrens—
Shah combined and extended these results to characterize 3 as a localization functor on
SHeen(R). They showed, in particular, that after completing at a prime, the functor

Sing : Sp“2 — SHeen(R)

is a fully faithful right adjoint to 3, and we may therefore regard Sp°> as a reflective
subcategory of SHee(R) with reflection functor given by S [6, Theorem 1.12].

On the other hand, Sp® may be described in terms of pullback squares. For E € Sp©,
there is a commutative square

J !

F(ECy,,E) —— ECy® F(ECy,,E)

known as the Tate square of E, which is a pullback. Behrens—Shah [6, Theorem 1.10]
provided an extension of this construction to all E € SHcen(R), forming a commutative
square

E—— Bl

J !

E[r! —— B [r ]

which we call the arithmetic square of E. This square is not in general a pullback, but
the results of Behrens—Shah imply the following.

Proposition 2.17. E € SH.o1(R) is in the essential image of the fully faithful right adjoint
Sing : Sp? — SHeen(R)

if and only if the arithmetic square of E is a pullback. In particular, the functor B(—)
may be regarded as the endofunctor of SHeen(R) given by the pullback
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B(E) ——— E[p™"]

This, in turn, describes the genuine fixed points functor (—)“2 : Sp®2 — Sp as a
special case of the global sections functor of Section 2.2.1.

Proposition 2.18. The genuine fized points functor (—)%2 is equivalent to the composite
I o Sing.

The unit map for the reflection functor 5 gives a natural transformation

ni : D(E) = D(3(E))
We will show that ng is an equivalence in many cases of interest; that is, the arithmetic
square of E becomes a pullback after applying I'(—) in these cases. This follows by
induction up the slice tower of E, given the following base case.
Proposition 2.19. The map

D(X*YMZ) = T(Z%YB(MZ))

is an equivalence if w > —2. FEquivalently, the map

e, MZ — 7, B(MZ)
is an iso in weights < 2.

Proof. On one hand, this is immediate from Lemma 2.11 and the fact that 5 induces an
isomorphism

TR MZ — 72 HZ

in weights < 2 (see [12]).
However, we may argue directly. From Voevodsky’s computation [41]

T MZ = Z[7*, p]/(2p)

where |7| = (0,—2) and |p| = (=1, —1), one sees that applying bigraded homotopy groups
to the arithmetic square of MZ gives the square
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ZIr2, pl/(2p) — Fa[7?, p*]

| |

LIT*2,pl/(2p) —— Fa[r™2, p*]

The resulting Mayer—Vietoris sequence is exact in weights w < 2, and the result now
follows from Lemma 2.11 and Proposition 2.17. O

In particular, we also have that 7z is an equivalence when E is of the form X2%*M7Z
for ¢ > 0. If F is slice connective with slices of this form, a similar argument to that of
Proposition 2.4 gives the following.

Corollary 2.20. Suppose E € SHeon(R) has the property that, for allt >0,

PE ="Mz
I

and P3!E vanishes for t < 0. Then
[(X*YE) = D(X*"B(E))
is an equivalence for w > —2. Equivalently, the induced map
WE*E — ’R']E*B(E)

is an isomorphism in weights w < 2.
Corollary 2.21. Suppose E € SHean(R) is as in Corollary 2.20. Then

HI(X*YE) —» H.I(X%YB(E))
is an isomorphism for w > —2. Equivalently, the map

(i HFy ® E) = 72 (i, HFy ® B(E)) = 7%, (8(i» HF2 ® E))

is an isomorphism in weights w < 2.

In particular, combining Corollary 2.21 with Proposition 2.17, one may compute the
bigraded homology of I'(E') in weights w < 2 in terms of that of the motivic spectra

LB~  TE) (B ™)

by applying the Mayer—Vietoris sequence. We will apply this in Section 3 for £ = BPGL,
the 2-local summand of the algebraic cobordism spectrum.
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Recall there is a classifying map L — M GL]E* that is an isomorphism in bidegrees of
the form (2k, k), where L = Z[ay, as,...] is the Lazard ring, and |a;| = (24,4) (see [17]
for this isomorphism and [33] for the description of the Lazard ring). We say an MGL-
module is a standard quotient of MGL if it is equivalent to the quotient of M G L by some
collection of polynomials that are a; modulo decomposables. Standard quotients of M GL
satisfy the hypotheses of Corollary 2.20, by the following theorem of Hopkins—Morel and
Levine-Tripathi [26].

Proposition 2.22. Let I C L be the ideal generated by some collection of the a;’s. Then
the slice associated graded of MGL/I is

MZlay,as,...)/I := MZ|a;|i ¢ I]
Working 2-locally, M GL splits as a sum of shifts of the spectrum
BPGL := MGL/(a;|i # 2% — 1)

As is standard, we let v; := asi_;, and our computations with the HSSS will focus on
the truncated versions

BPGL{m) = BPGL/(Um+1, Um+2,---)
2.4. The edge homomorphism
For any E € SHeen(R), we have a natural map of motivic spectra
E — P*E,

and so we can consider the induced map of slice towers. Since we have a map of filtered
spectra, we have an induced map of spectral sequences. The slice spectral sequence for
P*E is exactly the truncation of the slice spectral sequence for E where we throw away
all classes in degrees (¢t — s, s) with ¢ > k.

There is a very important case of the truncated slice tower: the case £ = 0. For
standard quotients E of MGL, Proposition 2.22 implies that P°E ~ MZ. We therefore
have a map of HSSS’s

B (Byi HFy) — B! (MLZsi HF,).

The latter is concentrated on the line ¢ = 0, but recognizing that this comes from a map
of filtered spectra, we see that this gives the edge homomorphism

T (i, HFy ® E) — HY, (i.HF2; Z).
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Again, this map is a map of A]E*—comodule (algebras). By definition, every class in the
image of the edge homomorphism admits a lift along this map, so we have the following.

Proposition 2.23. The image of the edge homomorphism in the HSSS consists of perma-
nent cycles.

3. Homology of I'(BPGL(m)) via the arithmetic square

We have seen in the previous section that computing the homology groups H,.I'(E)
amounts to computing the motivic homotopy groups

(i HF2 ® E)
and that, when E is as in Proposition 2.22, this A,-comodule may be recovered from
the arithmetic square of i, HFo ® E. In this section, we explore this approach in the case
E = BPGL(m).

3.1. The arithmetic square of i, HFy @ BPGL(m)

3.1.1. The T-local part
In this section, we determine bottom row of the arithmetic square of i, HFy; ®
BPGL{m), namely the map
mx (i, HFy © BPGL(m)) [t7'] = w& (i, HFy ® BPGL(m)) [t~*,p7"]

The main advantage of applying the functor (—);[7_1} is that it converts i, HF5 homology
to MTFs-homology.

Proposition 3.1. The canonical map 1. HFs — M5 induces an equivalence
(i.HF> ® E) [r7'] = (MF2 ® E) [t ]
for any E € SHcen(R).
Proof. The map in question is obtained by taking the limit of the maps
i HF> ® E® C(p")[r™] = MF,® E @ C(p")[r "]

(see [6, Theorem 1.10]). By filtering C(p?), it suffices to show this map is an equivalence
when 7 = 1. By [6, Proposition 8.3], the map

C(p) = Spec(C)
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becomes an equivalence after applying 2-completion and cellularization. It therefore suf-
fices to show that the map

i HFy ® Spec(C)[r 1] = MTFy ® Spec(C ) [ !]
is an equivalence, for which it suffices to base change to C and show that
i HFo[171] — MFy[r7!]

is an equivalence in SH(C), by [6, Theorem 1.7]. Finally, by [6, Theorem 1.1], it suffices
to apply C-Betti realization, which gives the identity map of HF;. O

The motivic homology of BPGL(m) for —1 < m < oo is described similarly to the
classical case. We have the following computation of Ormsby [32, Theorem 3.8].

Proposition 3.2. The motivic homology of BPGL{(m) is

Folp, 7 ti, ()i > 1,5 > m + 1]

HR BPGL(m) =~ AR Ogr (, MFs, , =
’ ) ’ (c(15)? = e(Tjr)p + c(tjzr)T)

Corollary 3.3. The map
mx . (isHFy @ BPGL) [t7'] = mk, (i, HFy ® BPGL) [r7',p7!]

s given by the inclusion

Falp, 75,5, c(rj)li > 1,5 >m+1]  Falp, 7L,
)% =

e(r)li=1,j>m+1]
() = clra)p + clba)r) ,  (elr

c(mjr1)p + c(tjs1)T)

_1]

Proof. By Proposition 3.1, we may prove this claim instead for the map
T8 (MFy ® BPGL) [t7'] = m¢ (MFy @ BPGL) [t~*, p7 "]
which follows from Proposition 3.2. O

Remark 3.4. Ormsby’s computation may be recovered using the spectral sequence of
Section 2.1 with K = MFy and E = BPGL({m). This computation mirrors exactly the
classical computation of H,BP(m) using the Atiyah—Hirzebruch spectral sequence.

3.1.2. The p-local part

Corollary 3.3 determines the bottom row of the arithmetic square for i, HFy; ®
BPGL(m). The key input for this calculation was the fact that, working 7-locally, i, HF
homology agrees with MFs-homology. On the other hand, working p-locally, we have the
following [6, Theorem 1.2].
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Proposition 3.5. The functor
I: S’H(R)Ceu[pil] — Sp
is an equivalence of categories with inverse given by i.(—)[p~1].

The following is easy to obtain by appealing to Cy-equivariant homotopy and using
[6, Theorem 1.5] and [14, Proposition 4.9], or directly by simply adapting the arguments
of [14, Proposition 4.9] to the motivic setting.

Lemma 3.6. Under this equivalence, T' sends BPGL[p~™'] to HF,. Coning off
(Um+1, Uma2, - - ), we have T(BPGL{m)[p~1]) ~ HF, [y2m+1], as an HF5-module, where
lyl = 1.

This tells us that the gluing map in the arithmetic square for i, HF; ® BPGL
i, HFy ® BPGLlp™'| = (i.HF2 ® BPGL) [v*, p™]

is given on bigraded homotopy by some ring map of the form

Alp*] = Falp, 7,1, [0 7]
To determine this gluing map, we can embed both groups into
TR (MFy ® MFy) [r~", p7 "]

via the Thom reduction map BPGL — M5 and the canonical map i, HlFy — MIF,.
Understanding these embeddings reduces to understanding the composite

i.HF[p '] ~ BPGL[p~'] — MFy[p~ "]

Much of the subtlety in our computations comes from the observation that this map is
not homotopic to the canonical map of 2.2.2

i HF2[p™] = MF2[p™]

The two maps of course have the same effect in homotopy; we need to pass to homology
to tell them apart. The following allows us to describe the effect of the canonical map in
homology.

Proposition 3.7. Regarding the classical Milnor generators &; as elements of A]}S* via the

composite

A, = 7. (HFy ® HFy) 5 7% (i, HFy @ i, HF2) — 7%, (MF2 © MF;) = AR,



C. Carrick et al. / Advances in Mathematics 458 (2024) 109955 25

one has the recursion formulas
to =1
7 — — i—1
PPl =& (rop+ 1)+ Eip+ T

Proof. We appeal to Cs-equivariant homotopy, where the corresponding formulas were
computed by Hu—Kriz [22, Theorem 6.18]. The result follows R-motivically by the fac-
torization

A —s AR,

Nl

A
Let can denote the equivalence
can : HF,[y] = D(MTFy[p~ 1)
where HFs[y] is the free E;-HIFp-algebra on a class y in degree 1, and can is defined
by giving I'(MTF3[p~1]) an HFy-algebra structure via the canonical map of 2.2.2 and by
sending y to 7/p € mI'(MFz[p~1]).
Proposition 3.8. The map

can_

HF, = T(BPGLp™"]) = D(MFa[p™"]) “— HF,y
is not homotopic to the unit map n: HFy — HFs[y].
Proof. If it were, the composite
i HFy @i, HFy[p~ '] ~ i, HFy ® BPGL[p™'] — MFy ® MFy[p~!]
would be homotopic to the canonical map
i HFy ® i, HF3[p~ 1] — MFy @ MFy[p~!]

By Proposition 3.7, this map sends the class &1 to pt; + 79. This would imply that 7 is
in the image of the (injective) map

TriRi*(MIFQ & MZ);[T_17 p_l] — WE*(MFQ ® MIFQ);[T_la p_l}

since the reduction map BPGL — MTFs factors through MZ. Voevodsky’s relations
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77 = Tlis1 + pTip1 + pTotit

would then imply that all 7;’s are in the image of this map, so that it is an isomorphism,
a contradiction. 0O

Remark 3.9. In [23], Hu—Kriz compute the homology groups H. *BPﬂg % using the isotropy
separation sequence. By Corollary 2.20, this is the same as computing

mo(i.HFy ® BPGL)

Our computations differ from theirs, and this is related to what seems to be an error on
page 114, where they claim that ng(u; 1) is in the image of the reduction map

f:7m(ECy ® F(ECy,, HFy ® BPR)) — 7, (ECy @ F(ECy,, HFy @ HFy))

In their notation, the claim is that f(p) = nr(c). As in the proof of the previous proposi-
tion, this would imply that 7q is in the image of this map, which leads to contradictions.

The composite in Proposition 3.8 gives some ring map
HIFQ — H]FQ [y]

and we identify it by showing it is structured enough to apply Mahowald’s theorem on
HTy [28].

Theorem 3.10. The composite
—1 1 can~?! i
HF, ~ T(BPGL[p™"]) = D(MF[p']) <" HFa[y] ~ [ [ &' HF,
i>0

has components Sq' : HFy — L' HF,.
Proof. We note first that the map

HFy = T'(i, HFy[p~']) ~ T(BPGL[p™']) = T(MF3[p~])
is an F,, map since it may be factored as

D(i. HEs[p ")) ~ T(BPGLp™])  D(MGL()[p™]) = T(MF[p "))

The first map is the unit map HFy — MO, which is Ew, and the map MGL ) — M,
is Fuo.

Mahowald’s theorem on HF5 implies that there is a pushout square in Fs-algebras in
Sp
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Freeg, (S) -0 5

d |

S — HF,
which gives
moMap g, (HFs, T(MF2[p~"])) = mT(MF2[p~"]) = F2

There is thus a unique such Es-map not homotopic to the unit map n. We conclude by
observing that the Tate-valued Frobenius

@y : HFy — HF.®?
of Nikolaus—Scholze is an F., map that factors thru the connective cover
HFs[y] ~ T(MFy[p~']) ~ % HFy
and admits the above description by [31, IV.1.5]. O

3.2. The Mayer—Vietoris sequence for i, HFy @ BPGL

Theorem 3.10 may be used to describe explicitly the gluing map in the arithmetic
square for i, HFy ® BPGL. To determine its effect on homotopy, we need the following
lemma.

Lemma 3.11. The map induced on homotopy by

HF, ® HF, ~257s HF, ® S'HF,

is the cap product

18®(—,Sq¢°
1

_NSE A AL @ A, Ny

Proof. The map induced on homotopy by 1 ® S¢’ is an A,.-comodule map, and A._; is
a cofree A,-comodule. It suffices to show the composite

(1®S5q")«
0

A Ai S Foli]

coincides with the composite

A S A oA, 25 A S Ry
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where € : A, — s is the coidentity map in the Hopf algebra A,. Under the isomorphism
A = Homp, (A, Fa), the latter map corresponds to Sq‘. The same is true of the former
map as the pairing A, ®p, A — F; is induced by the map in Sp

(HFy @ HFy) @ gy, F(HFy, HFy) — HF, ® HFy % HF, 0O
Proposition 3.12. The map
me (i.HFy ® BPGL)[p~'] = 7%, (MF, ® BPGL) [r*, p~ "]
is given by the map
o+ Aupt] = Falr™, p, 8], [07"]
of Fo[p*]-algebras sending

21’71

p(&) = Pzi_lfi + (%)fifl

Proof. The diagram

(i, HFy @ BPGL)[p™'] ——— (MF, @ MFy)[p~]

| |

(MFy, ® BPGL),[v7!, p~'] —— (MF, ® MFs), [t~ p~!]
is given on bigraded homotopy by

Au[p*] ———— Adr,r(7), p7]

I |

Fa[p, Ti,fi]p[p_l] —_— A*[Ti,nR(T)ivp];[p_l]

A

Note that the top map is not a map of A,-algebras; this is the content of Proposition 3.8.
The bottom and righthand maps are injective, so it suffices to determine the top map.
Combining Theorem 3.10 and Lemma 3.11, this is the map of Fy[p*]-algebras sending

& ;)@i nSq)- ("RTET))j

Using the coproduct formula on A, and the fact that Sq¢’ is dual to f{, we have

nr(7)

G &+ &
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We conclude by applying the relations of Proposition 3.7 0O

We move now to weight zero and set y; := 7_21'_1@ and z 1= p/7 = y~ 1. We may
summarize the results of Section 3 thus far as follows.

Proposition 3.13. The arithmetic square of i, HFy ® BPGL is given by

H.I(BPGL) ———— A, &
| | |
Falz, xili > 1], —— Falz, xsi > 1],[z7Y] xiz2 " 4 xioaz7!

with |z| = =1 and |x;| = 2(2* - 1).
To compute the associated Mayer—Vietoris sequence, we establish the following.

Proposition 3.14. The arithmetic square of Proposition 3.13 satisfies the following prop-
erties:

(1) The map ¢ is injective.
(2) The map Falz, x;li > 1], ® A — Faz, xs|i > 1],[271] 4s injective in nonzero degrees.
(3) The maps
H.T(BPGL) — H,I(BPGL[p~']) = A.
and

H,D(BPGL) — 7%, (i HFy ® BPGL) [t 1]

are both zero in monzero degrees
(4) In positive degrees j, the following sequence is short exact

. ~ . ~r 14)
0= (Falz, xili = 1], )41 ® Aj1 = (Folz,x4li > 1].[7 1) 41 = H;T(BPGL) — 0

Proof. For (1), we have a diagram

R (i, HF; @ BPGL)[p~!] —— =& (i, HF, @ MF3)[p~!]

[+ |

R, (MFy ® BPGL),[r~',p~] —— 7R (MF, ® MFy) [r~1, p7"]

and the righthand and bottom maps are injective. We have seen the top map is induced
by the map
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101®ix (p2)
——

i1 HFy ® 1, HFo Z*HFQ(X)Z*HIFQ[]J]

@ differs from the unit map HFy - HF,[y] by an automorphism of HF5[y] and hence
is the inclusion of a retract.
For (2), since ¢ is injective, the map

FQ[Z’XZ'H > 1]; ® A — FQ[Z’Xi|i > 1};[Z71]

fails to be injective in degree j # 0 if and only if there exists a class 0 # x € A; such
that

o(x) € image (Fz[z,xm' > 1L o Bz, xili > 1];[z-11)

Note, however, that since ¢(&;) = z_l(xizQi + Xi—1), a monomial 311 . ff: is sent to

o( fll f:') =27 (X0, 2% A X ) (a2 A X))
= Z_(j1+"'+j")xﬁ_1 x4

where the omitted terms are of the form z™r(x;) with m > —(j1 4+ - -+ jn), where r(x;)
is some polynomial in the x;’s. In particular, for a polynomial

N .
Jk, Jk,n
ple) =S gl
k=1

in A,, let

M := max{jp1+ -+ jkn, : 1 <k < N}
q(&) = Z g g

Tk,ny
ket tien, =M
so that p(&;) = q(&) + r(&;) where
j j ,n
r(&) = ) PR
ks itk <M

Then

o(p(&)) = 2 Mg(xiz1) + - -

where the omitted terms are of the form z™s(y;) with m > —M, where s(;) is some
polynomial in the x;’s. Note that g(x;—1) # 0, so this sum cannot be in the image of the
bottom map in the arithmetic square, as M > 0. (3) and (4) are immediate from the
Mayer—Vietoris sequence. O
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This is already enough to describe H,I'(BPGL) as an A,-comodule. For the following
discussion, cf. [23]. Let K(p) be defined by the cofiber sequence

K(p) = 8% = §%[p™]
We have a long exact sequence of left A,-comodules
% HIY(BPGL ® K(p)) » HI(BPGL) —» A, % H,_\T(BPGL ® K(p)) — - --
Proposition 3.14 gives a splitting of left A,-comodules

H.I'(BPGL) =2 F2{1} & coker(9)

To describe coker(9), since our arithmetic square is a pullback in weight zero by Propo-
sition 2.17 and Corollary 2.20, we have a diagram

A, —2 5 H, \T(BPGL ® K(p))

l«» l:

Folz,xi].[z7"] —— H.1T(BPGL @ K(p))
Since Fa[2, i), — Fa[z, xi].[z~!] is an injection, we find that

SH,I(BPGL ® K(p)) = coker(Fa[z, xi], — Falz, xil.[z ™))
=TFalz xal{z7"}

Together with our explicit description of ¢, we conclude:
Theorem 3.15. H.I'(BPGL) splits as a left A.-comodule

H.T'(BPGL) = F2{1} & coker(9)
where 0 may be described as the map

0: Ay = X 2 vil{z 71}
g xiz? TN Gioiz !

which is to be understood as multiplicative on the generators &;, while in the result, all
nonnegative powers of y are set to 0. The map 0 is injective in positive degrees.

Remark 3.16. It is possible to describe the A,-comodule structure on coker(d) with ex-
plicit formulas. We omit these formulas, however, as we believe they are too complicated
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to be useful. By contrast, as we will see, the HSSS of BPGL describes H,.I'(BPGL) as
a subquotient of an explicit and straightforward A.-comodule algebra.

We remark that it is also possible to describe H,I'(BPGL(m)) as an A,-comodule
somewhat explicitly in terms of the boundary map in the isotropy separation sequence,
as in Theorem 3.15. Due to the complicated nature of these formulas, however, we again
prefer to use the HSSS to describe the global structure of homology.

3.8. The image of the edge homomorphism for BPGL(m)

We will see in Section 5 that in the HSSS for BPGL({m), the map Ey — Es[p~!] to
the p-localized spectral sequence is an injection on FEs, and this allows us to determine
the image of the edge homomorphism from that of the localized spectral sequence, using
our results on the arithmetic square.

The edge homomorphism is natural, giving a commutative diagram

R (i.HF, @ BPGL(m)) —— &, (i, HF2 @ BPGL(m))[p~"]

| |

7R (i.HFy @ MZ) —— & (i.HFy ® MZ)[p~]
In the lefthand side of this square, we have an isomorphism in weight zero
AOu0).Fo = HLHZ = 7l (i, HF, ® MZ)

coming from the canonical map i, HZ — MZ. On the righthand side, using the equiva-
lence

i HF2[y*" " 1[p™'] ~ BPGL(m)[p~"]

of Lemma 3.6, the righthand map becomes the canonical inclusion

2m+1

Ay 0] = Ay, 0]
Describing the bottom map in terms of these identifications therefore places us in the
context of Theorem 3.10, which determines two identifications

H.D(MF;[p~"]) = A.ly]

To be explicit, the canonical map i, HF[p~1] — MTFy[p~1] gives an equivalence HF5[y] ~
I'(MTF2[p~']), which determines an isomorphism of the above form denoted =,,. On the
other hand, the map i, HF3[p~1] ~ BPGL[p~'] — MTF3[p~!] determines an isomorphism
of the same form, which we denote =Zpp. Theorem 3.10 and the proof of Proposition 3.12
tell us how to translate between these identifications.
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Proposition 3.17. The composition
Auly] Zean H T (MF2[p™)) 2pp A.ly]

sends

y—y

7—1
G G+ Gy

Proof. Theorem 3.10 and Lemma 3.11 describe the inverse of this composite as a sum
of cap products. Using the congruence

(n=&""" mod (&,&,...)

one has that the inverse of this composite sends

m .

Cm = Z CiQQ -2

i=0
which implies the claimed description. 0O
Corollary 3.18. The image of the edge homomorphism in the HSSS of BPGL(m) contains
A*DA(m)*]FQ C H.HZ.
Proof. We claim that the image of each of the generators

2m,+1 m 2
1 7C2 7"'7<m+1ﬂ<.m+27"'3

of A,0a(m).Fo along the map E> — Es[p~!] is in the image of the edge homomor-
phism for the p-localized spectral sequence. Indeed, Proposition 3.17 implies that the
localization map sends

m+2—1 m+2—1 m+2—1 m—+1 .
Ci2 '_>Ci2 +CZ-2,1 y? fori <m-+2

G G4 Gy fori>m+2
277L+1]

C Es [p_l].
We show in Corollary 4.5 that Eo — Eo[p~1] is an injection, and it therefore suffices

so that each of these generators lands in the subalgebra A.[y

to show that each of the classes

2m+2—i 2'm+1

R for i <m +2

Ci + Ciflyziil fori>m—+2
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admits a lift along the map
e, (i.HF> ® BPGL(m)) — 7~ (i.HF2 @ BPGL(m))[p™"]

The Mayer—Vietoris sequence for the arithmetic square of i, HFs ® BPGL(m) implies
that it suffices to show that the image of each of these classes along the map

om 8, (i HF2 ® BPGL(m))[p~'] = 7¥,(i.HF, ® BPGL(m)),[r ", p~ ]
is in the image of the map
T, (i.HF> ® BPGL(m)),[r7'] = ¥, (i.HF2 ® BPGL(m)) [r 7, p7"]

The map ¢,, is described by Proposition 3.12 along with the fact that it sends y2m+1 to

(nr(7)/p)*"".

Embedding into the case m = —1, the map ¢ sends these classes back along the
inverse of the composition in Proposition 3.17, i.e. to the image of each of the generators
above along the map

it Av = TR (MFy @ MFs) [771, p7!]
The image of the map
me, (i HFy @ BPGL(m)) [t '] = mk (MF2 ® MTFs) [t~ ', p7 "]
is a sub-A,-comodule, so it suffices to show that its image contains
ix (Cmt2), i (Cmys), - -

Conjugating the relations [27, Theorem 2.12], one has

. 1 i—1 i
ix(G) = —(c(ria)ur(r) + p* c(m)
The result now follows from Proposition 3.2. O

Arguing similarly, we find the following classes in the image of the edge homomorphism
in weight —1.

Corollary 3.19. For all m > 0, the class p&,, admits a lift along the map
e, (i.HFy ® BPGL) — my, (i, HF2 ® BPGL)[p™]

Therefore any lift of p&m € Ealp™t] along Ex — Ea[p~!] is in the image of the edge
homomorphism.
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Proof. By Proposition 3.12, we have

m—1_

¢(pkm) = p* tm + 7" Tmor D
4. The HSSS for BPGL(m)
4.1. The slice E5 page
By Proposition 2.22, the HSSS of BPGL(m) has E, page
TR (1 HF2 @ MZ[D1,...,Um]) = mo, (i HF2 @ MZ)[01,. .., U]
We therefore proceed to calculate the bigraded homotopy ring
mx, (i, HFy ® MZ)

This has some unexpected multiplicative features; we first determine the additive struc-
ture.

Proposition 4.1. The map MZ — i, HFy, @ MZ determines an isomorphism of left A,-
comodules

(i HF2 © MZ) 2 (ADa0). Bl & P A7)
i20,5>0

Proof. Voevodsky’s computation [41] of 7rR7*MZ (see also [15]) implies that the HZ-

*

module
r ( EB zovsz>
beZ

splits as

P HZ{7 o @ HFAr*p'}

i>0 i>0,5>0

and the result follows upon taking homology. O

There are subtleties in computing the products in this ring, and these arise from the
following class.

Definition 4.2. Let z; denote the class [p(i] in bidegree (0,—1). We use brackets to
emphasize that x; is indecomposable in
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T (i.HFy ® MZ)
In particular, there is no class (1, as ¢1 & A.0 40y, F2, and x; is not divisible by p.
Most of the ring structure in WE*(i*H Fy ® MZ) is determined by the ring maps
m.(HF2 ® HZ) — 3, (i, HF; ® MZ)
and
T, (MZ) — 7R, (i, HFy ® MZ)

However, the class x; is not in the subalgebra generated by the images of these maps.
To determine products involving x1, we instead work p-locally.

Proposition 4.3. There is an isomorphism of bigraded rings

Auly2, p¥] = 7R (1. HFy ® MZ)[p™"]
where |ya| = 2, and the localization map

¢ X (1. HF> @ MZ) — 7, (i, HF> ® MZ)[p~ ]
sends
2= pys z1 = Qp GGty G Gt Gyl
where (2, (; are regarded as the elements in the
(AD40).F2)[7%]

summand described in the previous proposition.
Proof. We define the map

Aulyz, p] = 7R (i HFy @ MZ)[p™']
via the map

A p*] = 7 (i.HF, ® BPGL)[p™ '] — 7%, (i, HF> © MZ)[p ]

by sending 2 to the image of 72/p? along the right unit map

W]E*(MZ)[p_l] — WE*(i*HIFQ ® MZ)[p™Y]
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This is an isomorphism as MZ[p~!] ~ i, HFs[y2][p~1].
For the claims about the map ¢, note that Proposition 4.1 implies that

mr, (i.HFy ® MZ)
is p-torsion free, so ¢ is an injection. The map
AO ). Fo 2 780 (1. HFy ® MZ) — mo (i HFy ® MZ)[p™'] = A, [yo]
is described by Proposition 3.17 since the left and right presentations come from the
canonical and BPGL HTFs-algebra structures, respectively. Now x; — p&; since p&; is
the only nonzero class in this bidegree. O
Corollary 4.4. In the ring WE*(i*H]Fg ® MZ), we have the relation
=G+
Proof. The map ¢ of the previous proposition is an injective ring map, and one has
OG0 +7%) = Ep” + y2p” +yop® = 9(af) O
Corollary 4.5. The map
(AO400). F2)[p, 21] — Wﬁ*(i*HIFQ ® MZ)
is an isomorphism of left A.-comodule algebras, where p is primitive, and
Y1) =10x +6Qp
Proof. The source and target of the map are bigraded FFa-vector spaces of the same
(finite) graded dimension. It therefore suffices to show the map is surjective, and this
follows from Corollary 4.4, which implies that 72 is in the image. O
4.2. Differentials on subalgebras of the Steenrod algebra
Corollary 4.5 gives a description of our Es-page
E;""(BPGL(m);i,HFy) & (A0 0. F2)[p, 1,71, ..., U]

The classes p,x1,71,...,0U, are all permanent cycles, and the subalgebra

A*DA(m)*FQ C A*DA(O)*]FQ
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consists of permanent cycles by Corollary 3.18. In this section, we describe a family of dif-
ferentials in this spectral sequence on A.[ 4(0), F2 that interpolate between A.0 4(0), F2
and A*DA(m)*]FQ.

For all i, A.04(—1),F2 is a free A.[J 4¢;), Fo-module given by

7 i—1
AO (-1, F2 = (AO40). F2) @ B(GT, G505 Gin)

We show that, for i < m each of these generators Cfiﬂfj supports a dgi+1_; (Theo-
rem 4.16). Each of the squares of these generators is then a cycle and we are left with
A.043:),F2 on Eyit1 along with various Massey products (see Definition 4.7) due to the
fact that the values of dyi+1_; on these generators are not algebraically independent. We
deduce from these differentials that the image of the edge homomorphism is precisely
A0 4(m), F2 (Theorem 4.18).

To determine these differentials, we use an inductive argument on m and Corol-
lary 3.18 to deduce that the differential dym+1_; must take classes in AL 4(—1),F2
to a p-torsion free part of Fom+1_1. The differential is then determined by the structure
of the p-localized spectral sequence, which we determine completely (Proposition 4.6).

In this section, we use the following notation for our HSSS’s.

EX**(m) := E***(BPGL(m); i, HF>)
B (m)|p~ o= Er(BPGL(m); i HF2[p™ )

4.2.1. The localized spectral sequence
We begin by determining the structure of the localized spectral sequence

E,[p~'] = E;**(BPGL; i, HF[p™ "))

The spectral sequence E,.(m)[p~!] for m finite can be read off from this by setting f; = 0
for i > m.

Proposition 4.6. In the spectral sequence E,.[p~], we have

(1) EQ[p_l] = A*[y27 flv f27 e Hpi]y where
o fo=p>" "0, so that |fm| = (2™ —1,0,2™ — 1)
o A, is the image of the edge homomorphism

A, = a® (i,HFy ® BPGL)[p~"] = 7%, (i, HFy @ MZ)[p~ "] = A.[y2]
and yo is the image of the class 72/p* along the map

W]E*(MZ)[p_l] — ﬂ]E*(i*HIE?z ® MZ)[p™ "]
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o Ifq € A;, the tridegree of q is (i,0,—1), and |y2| = (2,0, —2)

2 e differential di|p~"| = 0 unless k = 2 —1 form>1, an
(2) The diff I di[p™] less k m+l f d

Eomsi alp = A2, fons fnsrs - o]

(3) The differential dym+1_1[p~"] is determined by

27”71

dymsi_1lp™ (W5 ) = fm

Proof. The description of E[p~!] follows from Proposition 4.3. The image of the edge
homomorphism consists of permanent cycles, so the only algebra generator that is not a
permanent cycle is y2, and since the spectral sequence must converge to

me (i HFy @ BPGL)[p™'] = A.[p™]

each f; must be hit by a differential. For degree reasons, the claimed pattern of differ-
entials is the only possibility. O

Proposition 4.3 also gives us a description of the map Fy — E[p~!], and there are
important permanent cycles in E5""(BPGL; i, HF5) that lift the classes p,, along this

map.
Definition 4.7. Define 2y = p, 21 as in Definition 4.2, and inductively

m—1 )
_ 2°
Tm = § xiCm—'L'

=0

for m > 1. The tridegree of z,, is (2™ —2,—1,2 —2™) in E**(BPGL; i, HF3).

Proposition 4.8. The map Ey — E3[p~ 1] sends

2

G =+ G Gt Gioryl T > plm
Proof. The first two follow immediately from Proposition 4.3, and the claim
Ly > PEm
follows by induction on m. 0O

The fact that Ey — Fa[p~!] is an injection also gives us the coactions on these classes.
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Corollary 4.9. On Es, the classes x,, satisfy the following coaction formula
Y(z0) = 1® 70

Yem) =) & OTm—i
=0

4.2.2. Differentials on (A(m)//A(m —1))*

The cofiber sequences
»2C2"=12" -1 BPGL(m) > BPGL(m) — BPGL{(m — 1)

allow us to set up an inductive argument to determine a family of differentials in
E**(m). We first state a standard lemma on morphisms of spectral sequences.

Lemma 4.10. Suppose ES'(1) — E$'(2) is a morphism of spectral sequences with the
property that the map is an isomorphism for t < N when r = 2. Then

(1) The map E'(1) — E%(2) is an isomorphism whenever t + 1 < N + 2.
(2) The map E3t(1) — E$4(2) is an injection whenever t < N.

In our case, we have the following.

Proposition 4.11. For t < 2™+ — 2, the map
P'BPGL(m) — P'BPGL(m — 1)
is an equivalence.
Proof. We have a cofiber sequence of BPG L-modules
22" -02" -1 BPQL(m) 2= BPGL(m) — BPGL(m — 1)

The source of v,,-multiplication is slice 2(2™ — 1)-connective, and the result follows. O

We begin by showing that each of the classes C?Hlfj survives to Egit1_q.
Proposition 4.12. For m > 1, in E***(m),

d (27 =0

foralll<i<m,1<j<i+1, andr < 2tt —1.
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Proof. We proceed by induction on m. When m = 1, this follows from the fact that
dy = 0; in fact dor, = 0 for all k and m as the odd slices of BPGL(m) vanish. By
Proposition 4.11 and Lemma 4.10, the map of spectral sequences

B0t (m) — B3 (m — 1)

is an injection whenever ¢ < 2™ — 2. The classes C]zprlfj have t = 0, and thus the
i < m case of the proposition follows by the inductive hypothesis. The ¢ = m case then
follows in the same way from the fact that the classes Cjzmﬂfj are permanent cycles in
E***(m — 1) by Corollary 3.18. O

We know, therefore, that the first possible nonzero differential on Cf”l_j isadyiti_q.
We show that this differential is nonzero and can be read off from the corresponding
differential in the localized spectral sequence EX**(m)[p~1]. For this, we need to know
that the differential lands in an p-torsion free part of the spectral sequence, for which
we need the following lemma.

Lemma 4.13. In E;"""(m), for k < 2™t — 1, there are no differentials of the form

di.(z) = vmp(p, 21)q(Ci) + 7 (Vi p, 21)5(C:)

where

q(Gi), 5(G) € A a0, F2
p(p,x1) € Falp, 1]

T(Ehpv'rl) € ]FQ[,O,JH,@M <. 75171—1]
such that pq is nonzero.

Proof. Suppose to the contrary that, for some k& < 2™*! — 1, there is some nonzero
differential dy(z) = y for y of the above form, and let k£ be minimal with respect to this
property. It follows that y is p-torsion free; since y is p-torsion free on Fs, if we had
pNy = 0 € Ei, we must have a nonzero differential dy (2') = p™Ny for some k' < k,
contradicting minimality of k.

Since y € Ej is p-torsion free, its image in the localized spectral sequence
E; " (m)[p~'] is nonzero. By naturality, this determines a nonzero differential dj, in
the localized spectral sequence. This contradicts the description of the differentials given
in Proposition 4.6. O

Remark 4.14. In particular, letting rs = 0, it follows that the subspace

By =T - Sym? “H(Fy{p, x1}) - (A.0a0).F2)
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of Ey receives no differentials d,. for » < 2m+! — 1. In particular, the subspace of B,, of
di,...,d, cycles for r < 2™+ — 1 is a p-torsion free subspace of Eom+1_1, since B,, is
p-torsion free on Fj.

Proposition 4.15. In Eom+1_1(m), the composition

dom+1_
A*DA(mfl)*FQ — Fom+1_1 s Eom+1_4

lands in the subspace of
T - Sym®” ! (Fa{p, 21}) - (A a(0). F2)

that survives to Fom+1_1.

Proof. The class z := d2m+1,1(<i2m+1_i) may be written as a sum of monomials of the
form
b —
y = pzym(v;)q(Ci)
written as an element in a subquotient of Ey, where m(7;) is a monomial in [y [T1, -, Tm)

and ¢(¢;) is a monomial in A, 4(g),F2. Note that the class CEMH has t = 0, hence y
has ¢ = 2™+ — 2. Tt follows that T, - 7; does not divide m(v;) for any j < m.
We therefore have that z can be written as

Ump(p, ©1)q(Gi) +7(p, w1, 03)8(C)

as in the lemma. The class U,,p(p, 1)q((;) lies in

T - Sym® ! (Fa{p, 1}) - (AD 4(0). F2)

since z is in weight zero. Note that pq is nonzero by naturality and the fact that

2771,—1

dymir1[p7 (W5 ) = fm

by Proposition 4.6. We claim that r(7;, p, z1)s({;) = 0 € Fam+1_1, completing the proof.
If r(Ty, p, 21)8(¢;) # 0 € Eom+1_1, since

21n+17i

G € Epm (m —1)

is a permanent cycle, we must have that r(v;, p, z1)s(¢;) = 0 on Ey;)y (m —1). Hence
there must be a differential in the latter spectral sequence of the form

di(z) = r(Ts, p, v1)5(¢;)
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for k < 2™+l — 1. The class « lies in

omtl=i_1_go2mtl 1k
E, ” (m—1)

and by Lemma 4.10 (1), the map
omtl-i_q_go2mtl_1—k Ezm“*i—l—k,o,zmﬂ—l—k

K (m) = E (m—1)

is an isomorphism. Therefore, the differential dj(z) lifts to a differential in ;™" (m) of
the form

di(2) = Tmp'(p, 21)d (G) + 7' (p, 21,03)8(G:)
But we must have p'¢’ = 0 by Lemma 4.13, and E;"""(m) — E;’""(m — 1) sends
r'(p,1,:)s'(G) = 7(p, 21,7:)5(G:)

An argument similar to that of Lemma 4.13 shows that 's’ = rs € Ex(m). O

Theorem 4.16. In E;"" | (BPGL(m);i,HF3), we have the differentials

i+1—j _ i_ T1 Ti_1
d2i+1_1(C2 ) = Uin 1<p'—1 (_7"'7 . )>
J T\ p p

foralll1 <i<mand1l<j<i+1, where p; is the polynomial

git+1—j

G =pi&,---,&)
given by the inversion formulas in the Hopf algebra A,.

Proof. We know from Lemma 4.13 and Proposition 4.15 that these differentials land in
an p-torsion free part of the spectral sequence, so we use naturality and Proposition 4.6.
In particular, the map Ey — E3[p~!] sends

gitl—j oitl—j 9itl—j oi—1
G = G +Go1 v

and

_ it1—j itl—j oi—1 itl—j
dyi a[p )G TGS Ty ) =Gl i O

Remark 4.17. There is another way to view these differentials. The composition

doit1_y

A*DA(i,l)*FQ — Foit1_1 —— YFyit1_1 — ZEQiJrl_l[p_l]
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lands in LA, - f; & A,_qi, and the last map in the composition is an injection on
d2i+1 1 (A*DA(i_l)*Fg)

by Lemma 4.13 and Proposition 4.15. The formulas given in the theorem tell us this map
coincides with the A,-comodule map

— 2t
A*DA(i,I)*]FQ ﬂ) A*,Qi

Indeed, we have

i+1—j i+1—j i+1—j+1
AT =N ¢ e

I+k=j
it1—j k1 oitl—j+l
=Y ¢ eE YT e A @A/ (8.6, )
I+k=j
i+1—3 i+1 i+1—741
=Y ¢ Teg T cA A ()
l+k=1i

where we have used the congruence

Ck = %k_l mod (§2a§37' . )

The righthand tensor factor is 5%1 if and only if [ = 5 — 1, so pairing on the right with
Sq?" gives CJZ:PJ.

Theorem 4.18. The image of the edge homomorphism in weight zero in
E5 " (BPGL(m);i.HF)
is precisely A« o(m), Fa.

Proof. We proceed by induction, where the case m = 0 is clear. By induction, Proposi-
tion 4.12, and Lemma 4.10 (1), we see that a class x € A0 4(0),F2 is a da, ..., dom+1_o-
cycle if and only if z € AL g(n—1),F2. As in Remark 4.17, the restriction of dom+1_; to
A0 4(m—-1), F2 may be identified with the map

_ 2’777/
A0 4(m-1), F2 SO L Ay g

The kernel of this map is precisely A g(m), F2 because ALl 4y, F2 is dual to the
quotient A//A(m), and A(m) is the subalgebra of the Steenrod algebra generated by
the classes

{Squ:OSiSm} O
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5. The homology of I'(BPGL(m)) for m < 3

In Section 4, we determined the E5 page of the HSSS for BPGL(m), the image of the
edge homomorphism, and a family of differentials. Modulo comodule algebra extension
problems, this reduces the computation of H,.I'(BPGL(m)) to two problems:

(1) Show that the differentials of Theorem 4.16 are all the differentials in the HSSS for
BPGL{m). In particular, show that this spectral sequence collapses on Egm+1.
(2) Compute homology with respect to these differentials.

We know of no way to solve problem (1) except by way of our knowledge of the image of
the edge homomorphism from Section 3.3 and sparseness arguments afforded by solving
problem (2) for small values of m. Problem (2) is purely algebraic; however, the compu-
tation quickly becomes very complicated as m grows, and it requires the use of algebraic
Bockstein spectral sequences.

Nevertheless we solve both problems for m < 3, completely determining the E., page
of the HSSS as a comodule algebra. Moreover, we solve all comodule algebra extension
problems for m < 2. We can solve the extension problems for m = 3 case by case in an
ad hoc manner, but the number of such extensions is very large, so we do not attempt
to include such a computation here.

When m = 1, kgl is a form of BPGL(1) and I'(kgl) ~ ko, so this gives a quick
computation of H,ko that does not require knowledge of m.ko or the Wood cofiber
sequence. When m = 2, we have an equivalence

I'(BPGL(2)) ~ BPr(2)“*

by Proposition 2.18, and it is a theorem of Hill and Meier that tmf;(3) is a form of BPg(2)
[21]. Since tmf(3)C2 ~ tmf(3), we give a complete computation of the comodule algebra

which is new (Theorem 5.11). We use this to deduce a Wood-type splitting of tmf-
modules

tmf A X =~ tmf(3)

where X is a certain 10-cell complex that was predicted by Davis and Mahowald [10].

When m = 3, it is not known if I'(BPGL(3)) even admits a ring structure. However,
we may use the ring structure of BPGL and the fact that the HSSS of BPGL(3) is a
module over that of BPGL.
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5.1. The homology of T(BPGL(1))
Combining Corollary 4.5, Theorem 4.16, and Corollary 3.18, we have the following.

Theorem 5.1. There is a spectral sequence of A.-comodule algebras with Ea-term given
by

E;’*’* = ]F2[<127C27 .. ‘][p,xla’[)l}

that converges to H,I'(BPGL(1)). We have d3-differentials

ds(CF) = poy d3(C2) = 2101

and the subalgebra generated by

= 4 2
pax1a$2>vlaC1,<2aC3w"

consists of permanent cycles.

We display the F5 page of this spectral sequence in Fig. 2. The black dots represent
classes in the dual Steenrod algebra, and brown dots represent classes divisible by v;.
Brown structure lines represent multiplication by pvy, which detects n € 71.5° (see [27]),
and we have drawn the vanishing lines of Proposition 2.6 in green. It is straightforward
to compute homology with respect to these differentials.

Corollary 5.2. In the HSSS of BPGL(1), we have

FQ[C%7 §225 C37 .. ] [p7xlvx2761]

Eyo=FE4=— — —
> (p’l}l,xl’l)l,IQUl,x%+p2<22+1'%<-i1)

In weight zero, the relations imply that there is no contribution on E., from the
generators in nonzero weights, and we recover the classical computation of the homology
of ko (displayed in Fig. 3). Each nonzero stem has exactly one nonzero filtration, so there
are no nontrivial comodule algebra extensions.

Corollary 5.3. There is an isomorphism of A,-comodule algebras
H. (ko) = A0 a0).F2 = F2[(1, (3, G5, - -]
5.2. The homology of T'(BPGL(2))

We move to height 2, and we display the F; page of the HSSS in Fig. 8. As before,
black dots represent classes in the dual Steenrod algebra, and red dots represent classes
divisible by #;. Orange structure lines represent multiplication by p3v,, which detects
v € 138°, and we have drawn the vanishing lines of Proposition 2.6 in green.
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Fig. 2. The E3 page of the HSSS for BPGL(1). (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

Theorem 5.4. There is a spectral sequence of A-comodule algebras with Es-term given

by
By =TFs[CF, o, - Jp, w1, 01, o]

that converges to H,I'(BPGL(2)). We have differentials

d3(¢F) = pin d3(C2) = 7101 d7 (¢ = pPy
d7(¢3) = paivy d7(¢3) = (2] + pa2)vy
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TS

oo

Fig. 3. The E., page of the HSSS for BPGL(1).

The subalgebra of Eo generated by the classes
P, 1, T2, T3, 01, 02, (T, €3, G55 Cas - -
consists of permanent cycles.
The formulas for d3 imply that, as a dga, one has an isomorphism
E3;""(BPGL(2);i.HFs) & E3™*(BPGL(1);4.HF5)[vs]
and we deduce the following.
Corollary 5.5. The E4 = E7 page is given by

IFQ[Cilv C225 <37 i ] [p7x17x2761a 1_]2]
(pf)lv merlv £E21717 l’% + p2<22 + "E%Cf)

Computing homology with respect to d; is much trickier as - unlike F3 - E7 is not
p-torsion free, and hence there are a number of Massey products one must take into
account. For example, we have the dr-cycle

171(11 € <1_}17p371_}2>

We are interested primarily in the computation in weight zero, however, and none of
these classes can contribute to stems of weight zero. Indeed, we observe the following.

Proposition 5.6. The map of dga’s

Fa[¢Y, (3,3, - - ps 21, @2, Uo]

E; — E7/(v1) =
R E )
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is an isomorphism in weights < 0.

Proof. The relations pv; = 197 = z2v; = 0 imply the map is an isomorphism in weights
< 0. It is a map of dga’s because the ideal (v1) C E7 is contained in ker(d7). O

We therefore instead compute the homology of the simpler dga (E7/(v1),d7). We
claim that ker(d7) is the subalgebra of E7/(v1) generated by the classes

Py T1,T2,T3, @27 C?v Cél, C.??v C4, cee
It follows that we have the presentation

F2[<187<§a<§7<45 .. 'Hpaxthax:ﬁ;l_}Q]
(3 + p*G + 21, 23 + p2(F + 231G + 23¢F)

ker(d7) =

Writing our differentials in terms of this description of the kernel, we have

d7(¢Y) = p*va d7(G3) = privy
d7(G3) = (2 + pPa2) v dr(C1C3) = pa3vs
d7(C1¢s) = (w125 + p*a3)vy d7((3G3) = (afwy + 23) 02
d7(CiC3G) = (afwalt + w3as + p*21(3) 02

Letting I5 be the ideal in ker(d;) generated by this list of relations, it follows that

)) FQ[C17<§7C37<47" ][p7x17$27x37@2]

Er
HoBr/(O0) = a1 pich + o1C0 02 + 72C2 + 22C8 + 2300)

It remains to verify that the claimed list of elements indeed generates ker(d;). We
achieve this by running the p-Bockstein spectral sequence, which converges since E;/(v1)
is (graded) p-complete. We begin by computing the associated graded of the p-adic
filtration.

Proposition 5.7. The Ey-page of the p-Bockstein spectral sequence is given by

IFQ[C%7 C22a 437 . ] [p7x17x2762}
(@3 + 23¢H)

This spectral sequence converges to the homology of Er/(v1). We have differentials
So(Gs) = aiva  01(G3) = paiva 83(¢)) = P02

The annihilator ideal of do(¢3) in Ey is trivial, so dp does not create any Massey
product cycles. We conclude the following.
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Proposition 5.8. The Ej-page of the p-Bockstein spectral sequence is given by

FQ[C%a <227 c??v <47 R 'Hp7xl7x2762}
(23 + 23¢], 2902)

To compute the Es-page, we note that the class x3 is a cycle in E;/(v1) and therefore
it projects to a permanent cycle in the p-Bockstein spectral sequence. We also denote its
projection

w1(3 + walt
by z3.
Proposition 5.9. The Es-page of the p-Bockstein spectral sequence is given by

F2[<f7 <§7 <§7 <4a R ][pa Z1,T2,T3, 1_}2]

Proof. The kernel of §; is generated as an algebra by the classes
paxlax27627<f7<§7<327<47 ...
and (2 - anng, (pz3vy), and we claim anng, (pr2v2) = (z1). To see this, let

o FQ[C%? <223 C327 <4a .- ][pa T1,T2, 172]
- (23 +21¢7)

R:

There is a surjection 7 : R — R/(x3v,) = Fy, so if
7(r) - privg =0

then rpx3v, € (2302) C (23) in R. Using that R is of the form T'[p, 2] for T an x1-torsion
free ring, it follows that r € (z1).
Therefore, the map

— FQ[C%&C%vC;%th'"][paxlvx%x(%@ﬂ
(23 + 3¢ + 27¢3, 23 + 27, 209, (2723 + 23)02)

— ker(dl)
is surjective. To see that it is injective, note that the map

S = S/ (Y + (3, 1y + @3 + 22(T)

is injective, and the latter is easily identified with E; by setting y = (3. Now, im(d;) is
the ideal in S generated by pz3vs, and the result follows. 0O
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Proposition 5.10. The E4 page of the p-Bockstein spectral sequence is given by the quo-
tient of

FQK??C&%C%?C& . .][p,ZEl,:L'Q,:Z?g,”DQ]

by the ideal generated by the elements

2 2 4 2,8 4 4,8 3~
r3 + x50 + 27( Ty + 21y U2
2- 3 2 3\
PE] V2 p° Vo (x5 + 25)02
2 - 8.2 - 2 - 2-
T5x309 + (Tx]T202 TPV T1X502

Proof. The kernel of 03 is generated by the classes
Py 1, T2, 3, 02, (7, Gy G G-
and (} - anng, (p>v2), and we claim anng, (p>vs) = (22). To see this, set

_ FZ[C%,Célv C§,<47 - ] [p7x17x27x37@2]

R:
(73 4+ 23¢5 + 25T, 23 + 23¢})

We have a surjection
7 R — R/(pxivg, 2300, (2323 4 23)02) = E3
So if 7(r) - p3vg = 0, then
rp*va € (pria, a10s, (vix + 23)02) C (27)
in R. Using that R is of the form T[p,vs] for T an x;-torsion free ring, we see that
r e (z2).

In particular, we do not pick up any new Massey product cycles as x2(f = 3, and
therefore the map

S = F2[<187§§a<§7<4a .. -][,0,.131,.%‘2,.%‘3,172]/J — ker(a7)

is surjective, where J is the ideal generated by the list in the statement of the proposition,
with the element p3v5 removed. To see that this map is injective, note that the map

S = S[yl/(y* + ¢, 2ly + 23)
is injective, and the latter is easily identified with E3 by setting y = ({. O

The remaining algebra generators are all permanent cycles, and so the p-Bockstein
spectral sequence collapses on Fj. This verifies the discussion following Proposition 5.6.
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5.2.1. The homology of tmfy(3)
Moving to weight zero, we have the subalgebra A.[J 4(2), F2 along with the following
ten elements

1€ Hy pzl‘ﬂ_}g € Hy p2$2’l_)2 € Hg
pPT1ToVy € H; .13%1‘2’(_12 € Hg p2$352 € Hq
pl’l.’Eg@Q € H11 (E%ZL’g’f)Q € H12 pl‘gl’g@z € H13

T1T22302 € Hiy

These form an A(2),-comodule algebra M5 of dimension 10 with coactions determined
by Corollary 4.9 and the fact that p and vy are primitive. We display M> in Fig. 1, where
we have omitted the unit class as it generates a trivial comodule summand.

Theorem 5.11. The homology of tmfy(3) ~ T'(BPGL(2)) is isomorphic as an A.-
comodule algebra to

A 42), Mo
where My is as in Fig. 1, and the multiplication in My is square zero.

Proof. The description follows for the E., page of the HSSS for BPGL(2) by the dis-
cussion following Proposition 5.6. This page is displayed in Fig. 9.

It suffices now to observe that there are no nontrivial comodule algebra extensions in
the HSSS. Indeed, each class in M5 is in the highest filtration in its respective stem so
the projection H,.tmfy(3) — My is a map of A(2),.-comodule algebras, which is adjoint
to an isomorphism of A,-comodule algebras

H*tmf0(3) — A*DA(Q)*MQ O

Prior to the results of Hill-Lawson [20], it was not known how to construct a connec-
tive model tmf((3) of the periodic spectrum TMF(3) via a derived algebraic geometry
approach. Nonetheless, computational aspects of such a spectrum were studied in detail,
and Davis-Mahowald proposed several definitions of such a spectrum. In particular, they
constructed a certain 10-cell complex X and considered the spectrum tmf A X as a good
connective model. They give an explicit construction of X, but we show that it exists by
Toda obstruction theory.

Proposition 5.12. Let N be the A-module with one generator in each dimension
3,5,6,7,9,10,11, 12,13, where the following Steenrod squares are nonzero on the gener-
ator g of dimension 8

Sa?,8q”,Sq*,Sq"Sq?, 84°Sq”, Sq°Sq” = Sq®, Sq°Sq?, Sq"Sq?
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and Sq° (9) = 0. Then there exists a unique 2-complete bounded below spectrum Y with
H*Y = N. Moreover, there is a map Y — S° extending 2v.

Proof. Toda obstruction theory (see [8, Theorem 3.2] or [39]) implies that it suffices to
show that the —2 stem in

Ext’*(N, N)

is trivial. This is easily checked using Bruner’s software, and we display the chart in Fig. 4.
The —1-stem contains no classes in filtration higher than 1, so uniqueness follows. The
existence of the map ¥ — S° may also be checked directly from the Adams spectral
sequence, and this is the argument used in [10, Theorem 2.1(b)]. O

It is easy to check that the A-module N has the property that its restriction to A(2)
is dual to the A(2).-comodule £ ~1M,. We conclude the following.

Corollary 5.13. Let X be the cofiber of the map Y — S° constructed in Proposition 5.12.

There is a 2-local equivalence of tmf-modules

tmf A X — tmf((3)

Proof. The homotopy groups of tmf and tmf,(3) are degreewise finitely generated, so
it suffices to produce a 2-complete equivalence, which follows from the existence of any
map X — tmfy(3) that induces the map of A.-comodules H, X — A0 4(2), M2 adjoint
to the identity map of the A(2).-comodule Ms.

For this, it suffices to show that in the Adams spectral sequence

Exta, (H. X, Hitmfo(3)) = Ext 4(2), (M2, M2) = [X, tmfo(3)],

the identity map ¢ is a permanent cycle. By Proposition 5.12; the 4-skeleton of X is the
2-cell complex C(2v). Since 2v = 0 € m3tmfo(3) (see [21] or [27]), the unit map S° —
tmf(3) extends over C'(2v), which implies that the map of Adams spectral sequences

Ext. (H, X, Hotmfo(3)) — Exta. (H.C(2v), Hytmfo(3))

sends ¢ to a permanent cycle.

We use Bruner’s ext software to produce the former in Fig. 5 and the latter in Fig. 6a.
The map is an isomorphism in bidegrees (0,0), (—=1,2) and (—1,3), sending ¢ to the
generator of the lefthand hg-tower in Fig. 6a. It follows by naturality that ¢ does not
support a d«y in Fig. 5. We claim the generator of the righthand hg-tower in Fig. 6a
supports a nontrivial dy. Given this, the nontrivial ds lifts to Fig. 5, and it follows from
ho-linearity that the —1 stem is then trivial on the FE3-page.
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Fig. 5. Ext_a_(H,. X, H,tmf((3)).

(A) Exta, (H.C(2v), H,tmfo(3)) (B) Exta, (H.C(2v), H.S°)

Fig. 6.

It remains to show the claimed dy in Fig. 6a. This follows by naturality via the map

Exta, (H.C(2v),F2) — Exta, (H.C(2v), H.tmf((3))
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12

0 1 8 12 16 20

Fig. 7. EXtAﬁ (]F27 H*tmfo(?)))

and we display the former F5 page in Fig. 6b. Since
D(C(2v)) £ S~*v S§°

the class in bidegree (0,0) must support a differential. It follows easily from the long
exact sequence in homotopy that 7_1D(C(2v)) = m3C(2v) = Z/2, which implies the
claimed dy. O

Corollary 5.14. The Adams spectral sequence for tmfy(3) does not collapse on Es. In
particular, we have do(x) = hohg, where x is the nontrivial class in bidegree (4,0).

Proof. The claimed ds follows by naturality via the map C(2v) — tmf((3), where the
Adams spectral sequence for C'(2v) supports the nontrivial dy discussed in the proof of
Corollary 5.13. We display the Adams Es-page for tmfy(3) in Fig. 7. O

Remark 5.15. Corollary 5.14 stands in contrast to the motivic Adams spectral sequence,
which collapses for BPGL(m) for all m (similarly for the Cs-equivariant Adams spectral
sequence for BPg(m)).

5.83. The homology of T(BPGL(3))

We follow arguments similar to the m = 2 case to compute the HSSS for BPGL(3).
The Ej5 page is displayed in Fig. 10, with conventions as before, where vs classes are
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Fig. 8. The E7 page of the HSSS for BPGL(2).

represented by blue dots, and blue structure lines indicate multiplication by p”v3, which
detects o € m7.5°.

Theorem 5.16. There is a spectral sequence of A.-comodule algebras with Fo-term given
by

E;’*’* = F2[C127 <27 o '][pumla 77171—)271—)3]

We have differentials
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0 2 4 6 8 10 12 14 16
Fig. 9. The E, page of the HSSS for BPGL(2).
2 - I 4y _ 3=
1) — - 1) —
d3((1) = poa d3(C2) = z101 d7(Cr) = p o2

d7(¢3) = prive d7(G) = (25 + pPx2)t2 dis(¢?) = 0 U3
di5(C2) = p°x10s  di5(C3) = (paf + p°23)vs  dis(Ca) = (2] + p @122 + p'w1as + pous)vs

The subalgebra of Eo generated by the classes
P,$1,Z’2,Z’3,Z’4,@1,172,173, C1167 CS’Cgv Cz’c& cee

consists of permanent cycles.
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Fig. 10. The E;5 page of the HSSS for BPGL(3).
The formulas for d<7 imply that, as a dga, one has an isomorphism

B}y (BPGL(3);i, HF,) & Ei**(BPGL(2); i, HF)[0s]

The ideal (U1,72) C E15 is contained in ker(dys), and we have maps of dga’s
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E15 — Ei5/(01,73) — E15/(01,02)

There is nothing in weight 0 contributed by 7; because of the d3’s, and there is nothing in
weight 0 contributed by 72 because of the d;’s. In fact, the first map is an isomorphism in
non-positive weights, and the second map is surjective with square zero kernel consisting
of dis-cycles (for degree reasons). Using this, it is not difficult to recover the F16 page
from H,.(F15/(v1,72)), and we have an isomorphism

FQ[C?) C§7 C??a C47 .. ] [p7$17$27$3,53]

Eis/(U1,09) &
15/ (01, %2) = Ca sty ot a2 + Gl 4 el 1 )

with di5 determined by the four explicit differentials given above.
We claim that ker(dys) is the subalgebra of F15/(01,02) generated by the classes

16 ~8 +4 2 _
1 7(2a§37<4a§57~-~7P71'171'271'375547U3

It follows that we have the presentation

ker(d15) = F2[¢1%, 63, ¢35, 2, G, - - Jlp, @1, 2, 3, T4, V3]
T O BT R [ R G R R o s T R o)

Writing our differentials in terms of this description of the kernel, we have

d15(CT) = p"s
di5(G3) = pPxivs
d15(C3) = (paf + p°3)Ts
di5(Ca) = (] + pPaiaws + plaral + pOus)vs
di5(¢7¢a) = p a30s
di5(CC3) = (P2 + patas)vs
d15(¢Ca) = (zizs + p*a3 + ptaia + pPra) s
d15(C3G5) = (paial + pasd)vs
di5(C3¢) = (2523 + 2125 + pPaley + p2adas)vs
di5(C3Ca) = (wd + 282y + lwon? + 232523 + ptaday + phad)vs
d15(CF6G3) = (praws + paiad(l® + p°2i(3)vs
di5(CF¢aC) = (wranas + afa3()® + pPaswa + p*xiasl® + p*2iCS + p°wa(l)vs
di5(CF G5 C) = (2fasmy + xda] + 21230 + plajas + p*adws((® + pataaly
+ pPa1(3)vs
di5(C2C3¢e) = (w13wy + a5z + 3] + 2a3ws (0 + (2fw2 + plates + p'ad) (3
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+ P27 03
d15(CY6aC5¢) = (wamima + xi23¢5 + afadea(i® + 2123¢1° + 2823(]° + p*w125¢3
+ platrals + pteaxi(d)vs
Letting I3 be the ideal in ker(dis) generated by this list of relations, it follows that
H,(E15/(v1,02)) = ker(dis)/Is. It remains to verify that the claimed list of elements

indeed generates ker(d;5). We achieve this by running the p-Bockstein spectral sequence
as before, and our arguments follow closely those of the m = 2 case.

Proposition 5.17. The Ey-page of the p-Bockstein spectral sequence is given by

IF2[C187C§aC§7<47" ][,071‘]_71’2,333,?73]
(3 + (Fat, 23 + (a3 + Gad)

We have differentials
80(Ca) = =103 81(¢3) = patfvy 33(Cy) = p*x10s 57(¢F) = p" 03

The annihilator ideal of 69({4) in Ep is trivial, so dp does not create any Massey
product cycles. We conclude the following.

Proposition 5.18. The E1-page of the p-Bockstein spectral sequence is given by

]FQ[Clsa<§7C§ CZ? ][p71317$27133,53}
(xQ+<1x1>x3+C1x2+<2$1,$7'U3)

The annihilator ideal of §;(¢3) in Ey is (1), which gives our Massey product 4.

Proposition 5.19. The E5-page of the p-Bockstein spectral sequence is given by the quo-
tient of the polynomial ring

FQ[CISa <§7C§a <Z)C57 .. } [pvxlax2a£3a'r4a{}3]

by the ideal generated by the elements

xz"’Clmlv $3+<1$2+C2x1a
2 -8 2,16 7~
T3 + 235 + 23¢5 + 23¢1°, 103,
7 6 4. .2 2 4. \= 6=
(x4 + 2iws + 2]T225 + 2TT573) Vs, pPT1U3.

Proof. The description of anng, (pz§v3) implies that the map

- F2[<§7C§a<§7gfa<57 .. .][p,$1,$2,$3,$4,’l_13]/:] — ker(dl)



C. Carrick et al. / Advances in Mathematics 458 (2024) 109955 61

is surjective, where J is the ideal generated by the list of elements in the statement of
the proposition, with pxv3 removed. To see that it is injective, note that the map

S = Slyl/(y* + G5, 21y + 2G5 + 23} + 24)
is injective, and the latter is easily identified with E; by setting y = ¢3. O

Proposition 5.20. The E7-page of the p-Bockstein spectral sequence is given by the quo-
tient of the polynomial ring

FQ[Clsa C287 Céa Cf» <5a .. .][p,$1,12,$3,x4, 173]

by the ideal generated by the elements
w3+ (i, o+ (1%5 + (fad,
o+ i+ 30 + 3G, 2],
(23 + 28wy + 2izeal + 2ixh23)v3, privs,
pPaivs, (125 + 2125)0s,
(prix3 + pxd)vs, (ziz3zs + 2504 + 2523 + v1wirs(1C + 2822 C3)vs.

Proof. We claim that annp, (p*z1v3) = (2%). To see this, let

_ FQ[C?,C?,C;%,CE,~«~][p,$1,$2,$3,$4,173]
(23 + (Pl @3 + (o3 + Gat, o + 235 + 2365 + 23¢°)

There is a surjection

™1 R — R/(2103, pafvs, (2] + o{w4 + 212225 + 2i0323)03) = B3
So if 7(r) - p3xtvs = 0, we have

rpPaivs € (x]vs, prSvs, (v + 2lzy + 2iaen? + 2ixdr3)vs) C (29)

Using that R = T[p,v3] for T an z;-torsion free ring, it follows that rz} € (2§) and
therefore r € (2). Since x2(5 = 23 + (§z2, this creates no new cycles.
It follows that the map

S =F[¢}, 65,65, G. Gy - - Jlpy w1, w2, 3, T4, T3] /T — ker(d3)

is surjective, where J is the ideal generated by the list of elements in the statement of
the proposition, with p3x}v3 removed. To see that it is injective, note that the map

S = S[yl/(v* + 3, 2Ty + 25¢] + 23)

is injective, and the latter is easily identified with E3 by setting y = (3. O
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Proposition 5.21. The Eg-page of the p-Bockstein spectral sequence is given by the quo-
tient of the polynomial ring

F2[ 1163 4-287 Cgla Cga C5a .. ][pa X1,%2,T3,T4, 173]
by the ideal generated by the elements

8 16,..8 4 16,.4 8,4
ry + Gy, T3+ G @y + Gy,
2 24 2 +8 216 7=

.T4+-Z'1C3 +$2<2 +.T3<1 5 V3,

7 6 4. .2 2.4\~ 6~
(x5 + 224 + TiT2x5 + T1T523)03, P03,

PP, (aFaF + 2125)Ts,

(pxias + pad)vs, (z12324 + 2924 + 2325 + 210303(L° + 20220503,
p" s, P30,

(p°a3 + paiw3)vs, (z}x5 + p°ad + para3 + pOz4)0s,

(praal + priz5Ci® + p°ai(3)vs.
(z12523 + 232310 + pPogwy + pgx‘llxgg“lw + p*a3C8 + pPra (s
(xixywy + ada3 + ﬂc‘llngllﬁ + p4ﬂc§x4 + p4x§x3C116 + p%%acgcg + p6x1C§)173
(z3x3my + 23255 + x%w%m(lw + 2123l 4 283 + pPrasls + p4m%x4§28 + p4mgx§§28)173

Proof. We claim that anng, (p"v3) = (21). To see this, let

FQ[C?»CS? C:?»Qi <. 'Hp7x17x27x37x47@3]
(x5 + ¢¥xt, 23 + (%25 + (ol 23 + 27(5 + 43¢5 + 23¢{°)

There is a surjection 7 : R — R/I = F; where I is the ideal generated by the elements

7 7, .6 4,02 2 4\
x10Us, (x4 + xixq + 2005 + TTT5T3) U3,
65 3, 45
px{v3, p’ w103,
5,2 6Y7 4,2 6\
(w723 + 2122)0s, (pzias + pxy)vs,

4.2 6 4.3 4.2 +16 6. 8\~
(2725324 + 2924 + Tou5 + xi2523¢° + 2322(5)Us.

So if 7w(r) - p’v3 = 0 € Ey, then rp’v3 € I. It is not hard to check that I C (z7), so
since R is of the form T'[p, v3] for T an x1-torsion free ring we have r € (z1). Arguing as
before, we arrive at the claimed presentation. O

The remaining algebra generators are all permanent cycles, and so the p-Bockstein
spectral sequence collapses on Eg. This verifies the discussion preceding Proposition 5.17,
so that H.(E15/(v1,02)) has the claimed description as an A,-comodule algebra. In
weight zero, we have

H.(Ey5/(v1,02)) = A g3y, M3
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and machine computation gives the following basis of the A(3).-comodule algebra Ms,
which has dimension 165.

1€ Hy ple”Dg € Hg p5x%173 € Hy
6 = H 43— H 5 =~ H
p TaU3 € Hig p xiV3 € Hio P T1T203 € 11
4.2 - 2 5- 5 92—
p xixav3 € Hyo p xiv3 € Hia p’x5v3 € Hys
3,3, ~ 6, - 4 2
p xixav3 € Hyg p x3v3 € Hiy prx1x5v3 € Hyy
p2x41‘x2173 € Hyy p5a:1x3173 € His p?’x%xgﬁg € His
5 = 4.2 - 43—
priToUs € His prriTavs € Hig pryvs € Hig
2 3 2- 6,. - 5 =
p riTyvs € Hig 12203 € Hig p’roxsvy € Hir
3,3, ~ 3, 3~ 4.2
prirsvs € Hip priTyv3 € Hiy priT5v3 € Hyy
4 - 2 4 - 2 2 3-
prx1x92303 € Hig p riravs € Hig p riTyvs € Hig
5.2~ H 3.2 —~ H 5 ~ H
TIT5V3 € 1118 P T{T2T3V3 € Mg pPTIT3V3 € M9
3,3~ 4.2 - 2.3 -
pxiryvs € Hig prrsr3vs € Hyg p riTexsvs € Hyg
2. A 6,. - 4. 3=
P T1xTV3 € H20 T1X3V3 € H20 T{x5V3 € H20
5 2- 3 2, = 4 -
p 303 € Hop prirsx3v3 € Hoy priTox3Us € Hoy
6,, — 4 2 2.2 2 -
p xav3 € Hoo p x12303 € Hog p rirsxsvg € Hog
25— H 5 — H 5 — H
P TyU3 € Ig2 T1T2X3V3 € I122 P T1T4V3 € Hag
3.2 2- 3,3, ~ 3,2 . ~
priTsvs € Hog p xox3v3 € Hag prix5x303 € Hos
5 4.2 - 4 2
pr1T5U3 € Hog prriTaV3 € Hoy P Tox3U3 € Hoy
2 3 2- 2 3, 4.2 -
piriTsvs € Hoy peT1T57303 € Hoy T125x303 € Hoy
2,5~ 5 = 3,3, -
T12503 € Hoy p°xox4V3 € Hog priTav3 € Hos
3 2- 4_2- 2 3 =
pT1T275V3 € Has priT303 € Has pTiTHT3V3 € Hos
4 = 2 4 - 2.2 2
P T1T2T4V3 € Hog P T{T4V3 € Hog P TTIT2T3V3 € Hog
2.4 — 5, 2~ 3,3, ~
P THx3V3 € Hog TiT303 € Hog TiTHT3V3 € Hog
3,2 . 3,2 2- 5.
priToxrsvs € Hoy p rox303 € Hoy priTav3 € Hoy
3 2= 4. = 4. 3=
prixox3vs € Hoy PT1Tox3V3 € Hoy p 503 € Hog
2.3 - 2 2, 2- 6,. -
periTorsVs € Hog p 1252503 € Hog 212403 € Hog
13%1’213%173 € Hog I%Z’%I:ﬂ_}g € Hog p4503$453 € Hog
3 2, — 5 -~ 3, 3~
P x1x524V3 € Hog p° 31403 € Hog p r1T303 € Hog
4 — H 2 2 2-— H. 5 — H
PT{T2T4V3 € o9 PTITHT3V3 € Hog PToT3V3 € Hog

2.2 2 4 - 2 2 3-
prriTaTaUs € H3g p x1T3x4v3 € Hyg p rizyvs € Hsg
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2,..3,..2-~
p x2x3'l]3

$1$g$3@3
3,.2,. ~
p£11‘2£41}3
3.3, 75
P ToX4aU3
2 3. 5
P T1ToT4V3
x%x%vg
3 —
P T1T2X3T4V3
2 3~
PL1T2T3V3
5 —
T1X3T4V3
2.4, =
P TolgU3
2,35
p$1$2$3’03
4 —
T1X2T3T40V3
2 2 =
P T1XoX3T4V3
5 —
PLol4V3
l‘?x%l'gl‘;;’ljg
2,3 =
P ToX3T4V3
3 —
PL1ToXT3T4V3
$%£%1‘3£4Q_}3
2 2, ~
PL1T2XT3T4V3
4 —
T1ToT3T40V3
2,2, ~
PL1TT3T4V3
5 —
ToX3T4V3
3,.2,. ~
p$2$3$4’l}3
x1x§x§x463
5,.3,..3
pPatasaiod

2,3, &
p$2$3$4’03

Note that multiplication in M3 is not square zero, as there are five generators divisible

€ Hsg
€ Hsg
€ Hz;
€ Hs
€ Hso
€ Hyo
€ Hsj
€ Hss
€ Hsy
€ Hsy
€ Hss
€ Hsg
€ Hsg
€ Hsy
€ Hsg
€ Hsg
€ Hsg
€ Hyo
€ Hy
€ Hyp
€ Hys
€ Hyy
€ Hys
€ Hyg
€ Hyy

S ]149

x?x2x4@3

3,.2 =

P T1T3T40V3

3,.35

px1$31}3

4 —

P T2X3T4V3

2 35

P T1X2T3V3

P2l

4 —

PL1T3T4V3

2. .2 ~

P T1X2X3T4V3

x?x§x4@3

3 —

PLLT2L3T4V3

3.2 -

P ToX3T4V3

m%x§x4@3

3 2, =

P T1X3T40V3

3,.35

p$2$31}3

5 —

T1ToT4V3

3 2, =

P T2X3T4V3

2 2, =

P T1T2T3T4V3

£g$4@3

4 —

PLoT3T4V3

2,22, =

P TT3T4V3

2 3,. 5

P T1T3T4V3
6,.3,..2,.35

plriasasvs

2 3,. 5

P T2X3T4V3

6,.2,.3,3-2

P T1ToT3U3

x%x2x§x463

xlnggac4173

€ Hs
€ Hsz
€ Hj;
€ Hs
€ Hszp
€ Hsp
€ Hss
€ Hszy
€ Hsy
€ Hass
€ Hss
€ Hsg
€ Hay
€ Hsy
€ Hsg
€ Hsg
€ Hyo
€ Hyo
€ Hy
€ Hyo
€ Hyy
€ Hyy
€ Hye
€ Hyg
€ Hyg

S E&O

1‘?.@31‘%@3 € Hsg
p3x2x§173 € Hs;
pxlxgxgﬂg € Hs
p2xﬁx3x4@3 € Hso
m%x%xmg € Hss
xgngxg € Hso
prxgxﬂ?g € Hsj
p2$%$§@3 € Hsyy
l’?.’bgl’%@g € Hsy
po:lzvgasu_}g € Hsy
p4m§x4173 € Hsg
1‘%.%%‘%‘3173 € Hsg
pI%iL’g.’E:;ZC;{Dg € Hsy
pzx%mgmﬂg € Hsg
x1x§x§@3 € Hsg
pl‘?xgl‘;l’f}g € Hsg
$%$§$4T}3 € Hyg
pPairsaivs € Hy
$%$2$§$4@3 € Hyo
p3x§x4173 € Hys
x%x%m%x;ﬂ}g € Hyy
px%x%xﬂ?g € Hys
.Z‘?.Tgl‘;ﬂjg € Hyg
pxlxgxgxwg € Hyy
pGx?mgx;},uEg € Hyg

3,3, ~
THx5x403 € Hso

by v2. For example, there is the nontrivial product Hg @ Hzy — Hyg

3 3,.3,.2-2
p 1‘1’03 l‘1$2$3113 — p $11‘2$3U3
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However, all products in M3 are determined by the relations in the discussion preceding
Proposition 5.17. The coactions follow from Corollary 4.9 and the fact that p and v3 are
primitive.

For the following, we refer to Fig. 11. Here we use rectangles in a given bidegree if it
has rank > 3.

Theorem 5.22. The HSSS for BPGL(3) collapses on E1g, and there is an isomorphism
of A.-comodule algebras (in weight zero)

B = (ADu3), Ms) ® (A0 a0y, M2)

where the latter is a square zero extension with Ms - My = 0, where M; denotes the
augmentation ideal in M;.

Proof. We run the vs-Bockstein spectral sequence to calculate Fyg, using that we have
an isomorphism in weight zero

Ei6 & H,(E15/(v1,73))
The description of the di5’s implies that, on E5
image(di5) N (v2) = 0

and so this spectral sequence collapses. All of the relations in H,(E15/(v2)) hold in Eig
again by the differentials given in Theorem 5.16, and the claimed description follows for
Eyg.

It remains to show that the HSSS collapses on Fs, and the only classes on FEig
that are not in the subalgebra of permanent cycles described in Theorem 5.16 lie in the
subspace

V. E(Clgv Céa Cgv <4)

where V' is the subspace of F14 generated by classes divisible by v, which lie on the line
of red dots (the line y = 6 — x) in Fig. 11. It suffices therefore to show that the subspace

1_]2 : E(<185<§7C§5<4)

of FEy consists of permanent cycles. Since this is a spectral sequence of A,-comodules,
the coproduct formulas imply that it suffices to show the class

172(?45149?44

is a permanent cycle. It follows for degree reasons that the only possible differential on
this class is a do3 with target a sum of monomials of the form
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(=R =
'3

—12 L] L

—14 L] L

—16 L] L

—18 s ] T e e T I e B B s e

—20 L] L

—22 L] L

—24 L] n

—26 ¢ L] n

—28 L] L

-30 ¢
-32 ¢
—34 ]

IS

—36 L
—38 L]
—40 =

—42 L

—44 L
—46

—48 L

—50 }

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50

Fig. 11. The E., page of the HSSS for BPGL(3).

p(()pxhv3

written as an element of E,. It is straightforward to compute the v3 part of Eig in
this weight following closely the computation above, from which a machine computation
shows there is no class in the required degree on E15. O

Remark 5.23. Modulo comodule algebra extension problems, this describes

H,T(BPGL(3))
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Unlike the m = 2 computation, there is room here for nontrivial comodule algebra
extensions. We can resolve these case by case using ad hoc restriction and transfer
arguments, but we do not include this, as the size of M3 makes this prohibitively lengthy.

For the same reasons, we do not include a schematic for the comodule M3, although
all of its structure may be determined from the coactions on the x,,’s described in
Corollary 4.9.

6. The HSSS in equivariant homotopy

In the equivariant stable homotopy category Sp® for a finite group G, Hill-
Hopkins—Ravenel [19] constructed a filtration analogous to Voevodsky’s slice filtration.
Later, Ullman [40] constructed a filtration with better multiplicative properties called
the regular slice filtration. To fix notions, we work with Ullman’s filtration, though for
the spectra we consider, the filtrations coincide.

Most of our results on the arithmetic square and the HSSS for BPGL(m) apply
without change in the equivariant setting for BPgr(m) by applying Betti realization
and using Corollary 2.20. As in Section 2, we can smash the slice tower of E with any
G-spectrum K, obtaining a spectral sequence. The proofs in Section 2 go through in
this setting essentially verbatim, so we omit details. Whereas the slice spectral sequence
gives a very powerful tool to compute the homotopy groups of the fixed points E“ of a
G-spectrum, our spectral sequence computes the homology of EC.

Computations in R-motivic homotopy and Cs-equivariant homotopy often differ due
to the presence of the negative cone in the equivariant homology of a point. We fully com-
pute the RO(C3)-graded HSSS for kg and we find an exotic differential (Corollary 6.9)
of the form

ds(2uy, - (3Go) = 0F

This differential, in particular, originates in the negative cone and lands in the positive
cone. We deduce this differential from the following fact.

Proposition 6.1. The map
T BPr — T (i. HF3 ® BPR)
sends T2, 0.
Proof. By Theorem 4.16, we have a differential
dymsr 1 (¢F) = a3 "0

on Eom+1_1(BPR;i.HF3). There is nothing in higher filtration in this stem, so we have
the relation
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a2" %, =0 € n,(i.HFy, ® BPg)

By induction, we may assume that agm_iﬁfn =0 for 1 <4 < 2™, which implies that the
2™ —(i41) i

class ay U is in the image of the transfer. Since the restriction of 7, is zero, the

Frobenius relation implies that a?,mj(iﬂ)ﬁqu[l =0. O

m

Remark 6.2. Note that the map
7.BPr — 7, (HF; ® BPR)

sends v, — 0, since the latter is a constant Mackey functor in degrees *p, and v, = 0
in H,(BP;Fsy). However, it is not hard to see from the HSSS that

U # 0 € (i, HFy ® BPR)
It seems likely that 2™ is the minimal nilpotence degree for all m.
The computation of the Es-page of the homological slice spectral sequence in the
equivariant setting follows in the same way, where now we include the negative cone. We

recall Stong’s computation of 7, HZ.

Proposition 6.3. The RO(C5)-graded homotopy m,HZ is the square zero extension of the
ring Zlay, uss)/(2a5) by the module

NC := Z{eans|n > 0} & Fo{e(ani1)o/alln > 0,5 > 0}
where ey, = tr(u;*). The module structure on NC' is determined by the relations
oCle = U25€20 = U25€35, = 0
and
U20€Cko = E(k—2)o
for k> 4.
Proposition 6.4. There is an isomorphism of RO(Cy)-graded rings
T (i« HFy @ HZ) = (A.D 4(0),F2)[a0, 21] ® NC

where the latter ring is a square zero extension of the ring (A0 4(0),F2)[as, x1] by the
module

NC := (A*DA(O)*FQ){e(2i+1)O'/aQJ)-7xl : e(2i+1)a’/ag— > 17,7 > O}
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defined by the relation
ry - (21 - e(2i+1)0/ag‘) =(7- 6(2i+1)o/af7_2 + e(zi—l)a/af,
and the usual relations in 7, HZ.

Proof. This follows from Proposition 6.3 and the isomorphisms

Ade@iro/al} = (ADa0). F){e@irne/a)} ® G - (ADaw). F2){e@ir)o/al}
= (A*D.A(O)*FQ){e(2i+1)U/a'g-} Sz - (A*DA(O)*F2){e(2i+1)cr/ag—+1}’

and
(A0, F2){e2i0} = (AL 4(0). F2){z1 - e@it1)o}
For the latter, we are using that
T1 " €(2i4+1)0 = €2ic

as follows from the Frobenius relation and that x; restricts to u,. The relations (and the
fact that NC' is square zero) then follow from the fact that

o HZ — m,(i.HFy @ HZ)
is a ring map, along with Corollary 4.4. 0O
Corollary 6.5. We have an isomorphism

E;’*(BPR(m>; i*HFg) = <(A*DA(0)*F2)[GU,.W1} ) NC) [51, - ,ﬁm]

An element p € (A0 4(0),F2)i has bidegree (i, —i), and we have the following bidegrees

7] = ((2° = 1)p,0)
|ag| = (—0,1)
21| = (1 — 0,0)
leit1yo/ab] = (—(2i +1) + (2 + j + 1)o, —j)

Proposition 6.6. In the spectral sequence
E"*(kr;i.HFs)

the subalgebra
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<(A*DA(1)*F2)[%, 1] D NC’) 01, 0m]
of the Es-page consists of permanent cycles.

Proof. This follows from Corollary 3.19, Theorem 4.18, and the fact that the negative
cone in m,HZ consists of permanent cycles in the slice spectral sequence for BPg. O

By Theorem 4.16, the first differentials we see are

d3(C12) = aqV1
d3(C2) = 2171

and d3 vanishes on the rest of the algebra generators by Proposition 6.6. This gives the
following.

Proposition 6.7. E; " (kgr;i.HFs) is the subalgebra of

((A*DA(O)*IFQ)[%, 1] ® NC) 1]

(o1, x101)

generated by

<(A*DA(1)*]F2)[%, 1] @ NC> [71]

(aoT1,x101)

Ty = 11C} + ayCo € (ay, 01, 71)
Yn = enUCl2 = tr(u;n<12)

€_30
al’ G2

Zm = T1 -
W= egr (Pl = tr(uy 2(Ees)
form>2andm>0
The subalgebra

((A*D A0).F2) (a0, 71] @ NC> 1]

(o1, x101)

consists of permanent cycles, zo is a permanent cycle by Corollary 3.19, the y,’s are
permanent cycles since they are transfers of permanent cycles, and we show that the
zm's are permanent cycles for degree reasons.
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Proposition 6.8. The classes z,, are permanent cycles for all m > 0.
Proof. For this, note that
|zm| = (1 + (m +2)o,—3 —m)
So that
|dr-(zm)| = (M + 2)0,—3 —m + 1)
Using our description of Fy, and the relations
V1To = V1Yp = U12m = 01w =0

the target d,.(z,,) can be written as a sum of monomials of the form

€(2i+1)o
m((z) ' 'Ti ’ j
Ao
written as elements in a subquotient of Fs, for ¢ = 0,1 and m(({;) a monomial in

A0 400y, F2. If m € (A0 4(0), F2)x, this monomial has bidegree
(k,—k)+ (—(2i+1—-€e)+(2i+1—€+j)o,—])

It follows that k¥ = 2i + 1 — € so that the filtration is —(2¢ + 1 — ¢ + j). On the other
hand, looking at the o degree, we have

2i4+1—€e+j=m+2
This is a contradiction, as r > 4 tells us the filtration must be at least 1 —m. 0O

Corollary 6.9. The differential ds is determined by

Proof. By Proposition 6.8, the only algebra generator of E4 that is not a permanent
cycle is w. By Proposition 6.1, there must be a differential killing ©%, and for degree
reasons, the stated differential is the only possibility. O

Corollary 6.10. The spectral sequence E**(kgr;i.HF2) collapses on Fg, which is the sub-
algebra of

<(A*DA(O)*F2)[%, 21] & NC) 1]

(aaﬁl ) 101 ) E%)
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generated by

<(A*D . F)lag, 71] @ NC’) 1]

(aagl ) mlﬁl 9 ﬁ%)

and the classes T2, Yn, zm for n > 2 and m > 0.

Proof. There are no new cycles because

w2=aaw:uaw:wzm:wyn:wx2=0€EG

since these relations hold on F,. The generators are all permanent cycles, so Eg =
Es. O

Remark 6.11. In this section, we relied heavily on ad hoc degree arguments to control
the algebra generators of the RO(Cs)-graded HSSS for BPr(1). For larger values of m,
it becomes harder to determine when classes coming from the negative cone in the HSSS
for BPr(m) are permanent cycles, so it seems that one needs additional input in these
cases. However, by Proposition 6.1 there must be some pattern of differentials leaving
the negative cone that kill powers of vy,.
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