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ABSTRACT. In this paper we detect invariants in the comodule consisting of
(B-elements over the Hopf algebroid (A(m + 1), G(m + 1)) defined in[Rav02],
and we show that some related Ext groups vanish below a certain dimension.
The result obtained here will be extensively used in [NR] to extend the range
of our knowledge for 7« (T'(m)) obtained in[Rav02].
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1. INTRODUCTION

In this paper we describe some tools needed in the method of infinite descent,
which is an approach to finding the Es-term of the Adams-Novikov spectral se-
quence converging to the stable homotopy groups of spheres. It is the subject of
[Rav86, Chapter 7], [Rav04, Chapter 7] and [Rav02].

We begin by reviewing some notation. Fix a prime p. Recall the Brown-Peterson
spectrum BP. Its homotopy groups and those of BP A BP are known to be
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polynomial algebras
7T*(BP) = Z(p)[’Ul, V2 .. ] and BP*(BP) = BP*[tl, t2 .. ]

In [Rav86, Chapter 6] the second author constructed intermediate spectra

S0 =T(0) —T(1) T(2) T(3) . BP

with T'(m) is equivalent to BP below the dimension of v,,11. This range of dimen-
sions grows exponentially with m. T'(m) is a summand of p-localization of the Thom
spectrum of the stable vector bundle induced by the map QSU(p™) — wSU = BU.
In [Rav02] we constructed truncated versions T'(m);) for j > 0 with

T(m) =T(m)@) —=T(m)q) —=T(m)@) —=++ —=T(m+1)
These spectra satisfy
BP,(T(m)) = m(BP)[t1,.-.,tm]
and BP.(T(m);) = BP.(T(m)) {th1:0<t<p}

Thus T'(m) ;) has p? ‘cells,” each of which is a copy of T'(mn).
For each m > 0 we define a Hopf algebroid

Pm+1) = (BP.BP.BP)/(h b, 1))
== BP*[th,_l,th’_Q,...]
with structure maps inherited from BP,(BP), which is T'(1) by definition. Let

A = BP.,
A(m) = Zy)vi,...,vm]
and Gm+1) = Am+1)[tm+1]

with t,,41 primitive. Then there is a Hopf algebroid extension

(1.1) (A(m +1),G(m +1)) — (A, T(m+1)) — (A, T(m +2)).

In order to avoid excessive subscripts, we will use the notation

Vi = Um+i, and ti = thri'

‘We will use the usual notation without hats when m = 0. We will use the notation

R ~ ~ 04
~ X
Vi = Umti,  ti =tmti,  Bijereo = —e and [, = —%.
; ) i/e1,e0 peo’l}il i/e1 p“}?

~

We will also use the notations B\i/el = Bi/el,l and B\;/el = ﬁlf/ehl for short. We will
use the usual notation without hats when m = 0.

Given a Hopf algebroid (B,T') and a I'-comodule M, we will abbreviate
Extp(B, M) by Extp(M) and Extp(B) by Extp. With this in mind, there are
change-of-rings isomorphisms

Extpp, (gp)(BP(T(m))) = Extp(,41)
and  Extgp gp)(BP(T(m)(;))) EXtp (i) (Tﬁf))
where TV = A{%:O§£<pj}.
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Very briefly, the method of infinite descent involves determining the groups

Extr(ni1) (Tv(nj)) and . (T(m)))

by downward induction on m and j.
To begin with, we know that

Ext%(m_H) (A{tfn_H: 0<l<p'})=A(m) {?If: 0<t<p}.
To proceed further, we make use of a short exact sequence of I'(m + 1)-comodules

Lo PO

(1.2) 0 BP, DY, ,—=E!, ,——0,

where DY | is weak injective (meaning that its higher Ext groups vanish) with ¢o
inducing an isomorphism in Ext’. It has the form

DY = A(m)[A1, A, ...] C Q® BP,
with

~

Ni=p !

Ui+
Thus we have an explicit description of E} 11, which is a certain subcomodule of
the chromatic module N! = BP,/(p>).

It follows that the connecting homomorphism J§p associated with (1.2) is an
isomorphism

s+1

Eth‘(erl) (E71n+1) — EXtI‘(m+1)

and more generally

o

Ext 1) (B © Ti)) —— Extif ) (Tod)

for each s > 0. The determination of this group for s = 0 will be the subject of
[Nak]. In this paper we will limit our attention to the case s > 0.

Unfortunately there is no way to embed E} _; in a weak injective comodule
in a way that induces an isomorphism in Ext” as in (1.2). (This is explained in
[NR, Remark7.4].) Instead we will study the Cartan-Eilenberg spectral sequence

for Extr(mi1)(Epy1 @ Tg)) associated with the extension (1.1). Its Fs-term is

EXNTY) = EXté(erl)(EXt%(erQ)(Tg) ® Ept))
s ()
(1.3) = EXtG(mH)(TWJL ® EXt?(erQ) (Ehtr))
WhereTE,{) =Am+1){tf:0<t<p'}

and differentials d, : E5* — E5™"""*'. Note that W = A ® A(m+1) Tfi). We use
the tilde to distinguish this spectral sequence from the resolution spectral sequence.
We did not use this notation in [Rav02].

The short exact sequence of I'(m + 1)-comodules (1.2) is also a one of T'(m + 2)-
comodules, and DY, is also weak injective over I'(m + 2) (this was proved in
[Rav02, Lemma 2.2]), but this time the map ¢y does not induce an isomorphism in
Ext’. However, the connecting homomorphism

00+ Bty 2 (B g @ TH)) — Extrl, o) (1)



4 HIROFUMI NAKAI AND DOUGLAS C. RAVENEL

is an isomorphim of G(m + 1)-comdules for ¢ > 0. Note that over I'(m + 2), T is
a direct sum of p/ suspended copies of A, so the isomorphism above is the tensor

product with Tff;) with

50 : EXttF(m_;,_z) (Egn—}-l) - EXtt‘i(»’:rl+2)

We will abbreviate the group on the right by U:n++11 Its structure up to dimension

(p? + p)|v2| was determined in [NR, Theorem 7.10]. It is p-torsion for all £ > 0 and
vy-torsion for ¢ > 0. Moreover, it is shown that each Ul for t > 2 is a certain
suspension of U2, below dimension p|0s|.
Let E},H_l = EXt?‘(m+2)(E71n+1)' For j = 0, the Cartan-Eilenberg Es-term of
(1.3) is
—1
ES’t(T(O)) — EXtE(mH)(E?HQ fort =0
S
ExtG(m+1)(Um+1) for t > 1.
While it is impossible to embed the I'(m+1)-comodule E}., | ; into a weak injective
by a map inducing an isomorphism in Ext, it is possible to do this for the G(m+1)-

comodule E:n +1- In Theorem 2.4 below we will show that there is a pullback
diagram of G(m + 1)-comodules

(1.4) 0—=Fy, ——Wni1 ——> By ——0
0—=Fppr — 07 Eppay — By /(07°) —= 0

where W, ;1 is weak injective, ¢; induces an isomorphism in Exto7 and B, 11 is the
A(m + 1)-submodule of Einﬂ/(vfo) generated by

0
2 :i>0p.
1pv]

The object of this paper is to study Bp,41 and related Ext groups. Since the ith
element above is 51/17 the elements of By,+1 are the beta elements of the title.

In [NR] we construct a variant of the Cartan-Eilenberg spectral sequence con-
verging to Extp(m+1)(T,(,{)). Its Ej-term has the following chart:

t=2 0 Ext®(U%) Ext'(U?) Ext?(U%)
t=1 0 Ext’(U?) Ext'(U?) Ext*(U?)

t=0|Ext®(D) Ext®(W) Ext®(B) Ext'(B)

s=0 s=1 s=2 s=3
where all Ext groups are over G(m+ 1) and the tensor product signs and subscripts
(equal to m + 1) on Ut 50, W and B have been omitted to save space.
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Tensoring (1.4) with Tf,{% we also have the following diagram:

t=2 0 Ext?(TYU%) Ext!(TYU%) Ext2(TYU?)
(15) 4y 0 Ext® TV 0?) Ext!(TYV0U?) Ext*(TYU?)

t=0 | B (T)D) Bx'(TW) Ext°(T)B) Ext!(T)B)

m

s=0 s=1 s=2 s=3

The construction of B,,;+1 will be given in §2. After introducing our basic
methodology in §3, we determine the groups

Ext® (T © Byuyr)
for the cases j =0, j =1 and j > 1 in the next three sections. Here

Tg):A(m+1){tf,l+1:O§€<pj}.

In §7 we determine the higher Ext groups for j = 1 in a range of dimensions. Our
calculations require some results about binomial coefficients and Quillen operations
that are collected in Appendices A and B respectively.

2. THE CONSTRUCTION OF B, 11

Proposition 2.1. A 4-term exact sequence of G(m + 1)-comodules. The
short exact sequence (1.2) gives a 4-term exact sequence

Lo 1

~ po  —1 do
)| —FE

1
m+1 Um+1 0.

Let

Vine1 = Am)[p~'01]/A(m + 1)

A(m +1) {? i > 0} C BP,/(p™).

There is a short exact sequence of G(m + 1)-comodules

0——Vipy1 —— E}nﬂ Upis1 0

which is not split.

Proof. The comodule DY, ., was described explicitly in [Rav02, Theorem 3.9]. It
has the form

D%., = A(m)[\,...]Cp 'BP.
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with

— fori=1
62 i)\l’Ulw (ppil — 1)’[1165)
p p2 pP+1
—+... for i > 2

>
I
|

fori =2

and
3\\1 + %\1 fori=1
nr(A\i) = A+l + (PP = Doy Z p! <p>xlf_];f71 for i =2
R =N 0<j<p
Ai it for ¢ > 2
It follows that Extp,, y9)(D9,41) = A(m)[M] as claimed.

In order to understand the relation between E,ln 41 and U}, consider the fol-
lowing diagram of I'(m + 2)-comodules with exact rows.

0 BP, DY, Bl 0
0 BP. p~1BP, — BP,/(p>°) —=0
0 BP, Do Ento 0

The vertical maps are monomorphisms, and there is no obvious map either way
between DY, and DY, 5. The description of the U}, = Extr(,, ) above is in
terms of the connecting homomorphism for the bottom row. The element
U
j
is invariant and maps to the similarly named element in U}, ;. To describe its

image in terms of the cobar complex, we pull it back to v /pi € DY, , and compute
its coboundary, which is

d (h/pi) = (B2 + pta)’ —03) /pi = T3 o + ...

However, the element 0% /pi is not present in E}, . To see this, consider the
case i = 1. In p~'BP, we have

1
€ Em+2

@ _ 3 ﬁﬂ/{m (1 —ppil)’t)lﬁ]l?
p 2 prtl
_ /):2 B /\11}{)“} n (1 —pp_l)’l)l/\;ll)
p

¢ DY, = Am)Ai, e, ...

Instead of s /p, consider the element No itself. Tts image in E}, ,, is invariant, so

. .. o=l . . N
it defines a nontrivial element in F, ;. The computation of the image of (pA2)*/pi
under the connecting homomorphism gives the same answer as before.
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The right unit formula above implies that the short exact sequence does not
split. ([

Definition 2.2. Let M be a graded torsion G(m + 1)-comodule of finite type, and
let M; have order p® . Then the Poincaré series for M is defined by

(2.3) g(M) = ait'.
Given two such power series f1(t) and fa(t), the inequality f1(t) < fa(t) means that
each coefficient of f1(t) is dominated by the corresponding one in fa(t).

Theorem 2.4. Construction of B, 1. Let By41 C E;H/(vfo) be the sub-
A(m + 1)-module generated by the elements

i
T
i/t ipvt

for alli > 0. It is a G(m + 1)-subcomodule whose Poincaré series is

k+1 k
P 1—9yP
g(Bm+1) = gm+1(t) Z k«El )p’“ ’

where
y = ¢l
r = tl”ll,
z, =t fori>1
1
and  gmi1(t) = 11 IR
1<i<m+1

Let W41 be the pullback in the diagram (1.4). Then Wiy,41 is a weak injective
with EXtog(m+1)(Wm+1) = Extog(mﬂ)(F,lnH), i.e., the map E,ln_H — Wit induces
an isomorphism in Ext°.

Proof. To show that By, 1 is a G(m + 1)-subcomodule, note that

nr(2) = Ta+ut] — o]k mod p
50 nr(02)") = (@2 + Uﬁf — vfthl)p mod pi

~

and 77R(/6@I-/i) € Bnt1®Gm+1).

80 By,41 is a G(m + 1)-comodule.
For the Poincaré series, let Fj,B,,+1 C B,+1 denote the submodule of exponent
pk with FyB,,+1 = ¢. Then the Poincaré series of

FyBpy1/Fr-1Bmy1 = Am+1)/1 {Bipkfl/z'pkfl,pk tr> 0}
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is

k1l ip
9 (FxBui1/Fr-1Bmi1) = g(A(m+1)/1:) a™ 1 - y
>0
k -1
= gm+1(t) Z (l.lp _ (xpy)lp )
>0
= gm+l(t) Z (xip _ a,:Zkafl)
>0

" xgkﬂ
= gm+1(t) 1_ oo* - 1_ xgk-—l :

Summing these for all positive k gives the desired formula.
To show Extg;(m +1)(Wim+1) is as claimed it is enough to show that the connecting
homomorphism

1
EXt%(’rn+1)(Bm+1) - EXt%}'(m—i—l)(Em-i-l)

is monomorphic. Since the target group is in the Cartan-Eilenberg Es-term con-
verging to Extllﬂ(mﬂ)(E}nH), we have the composition

5
E Extg(m+1)(Bm+1) - EXt%‘(m+1)(Erln+1) — Eth%(erl)'

So it is sufficient to show that 7 is monomorphic. Since By, is in Ext(ll(m+2) (N?),
we have the following diagram

EXtP (1) (M) —— Ext,, 4 1) (N?) ——= Extr, 1) (V)

J

07 EX (1) EXt& (1) (Bm+1)

EXtF (1)

The right equality holds because Ext%(m +1y(M 9) = 0, and the top row is exact.
Since Extp,, ,1)(M") is the vy " A(m)-module generated by ¥} /ip the map 7 is
monomorphic as desired.

The Poincaré series of W,,, 11 is given by

1
IWii1) = 9(Eni1) + 9(Bms1) = 9(Vint1) + 9(Upi1) + 9(Bms1)
-y

Pj y9)

T Ty T
= ngrl(t) + § -+ E p :
l1-z j>01*I§] >0 (1*$p1+1)(1*x227])

i+1 j
P P

X
g +1() 17I+j§1_zpj+1 g +1()§1_IPJ

Extl
_ w by [Rav02, Theorem 3.17]
— T

g (EXtOG(m+1)(Wm+1)>
1—=x '
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This means that W, is weak injective by [Rav02, Theorem 2.6]. O

3. BASIC METHODS FOR FINDING COMODULE PRIMITIVES
From now on, all Ext groups are understood to be over G(m + 1).

Definition 3.1. [Rav04, Definition 7.1.8] A G(m+ 1)-comodule M is called j-free

if the comodule tensor product Tfi) ®A(m+1) M 1s weak injective, i.e.,
Ext™(A(m + 1), T @ gms1) M) =0
for n > 0. The elements of Ext® are called j-primitives.

We will often abbreviate Ext(A(m + 1), N) by Ext(N) for short. We will see in
Proposition 3.3 that it is enough to consider a certain subgroup L;(M) of M to

detect elements of ExtO(Tf,JL) ® M). Given a right G(m + 1)-comodule M and the
structure map ¥ : M — G(m+1) @ M, define the Quillen operationv; : M — M
(i >0)onz € M by Pp(z) =, 7i(2) @ ;. In this paper all comodules are right
comodules. In most cases the structure map is determined by the right unit formula.

Definition 3.2. The group L;(M). Denote the subgroup () ker7, of M by
L;(M). By definition, we have a sequence of inclusions

Lo(M)C Ly(M)C ------ CLi(M)cC-----
and Lo(M) = Ext’(M).

n>pi

The following result allows us to identify j-primitives with L;(M).
Proposition 3.3. [Rav02, Lemma 1.12] Identification of the j-primitives with
L;j(m). For a G(m+ 1)-comodule M, the map

(c®)phar : Lj(M) —— Ext™(TY) @ M)
is an isomorphism between A(m + 1)-modules, where ¢ is the conjugation map.

When we detect elements of L;(M), it is enough to consider elements killed by
Tpi (j = 0), as one sees by the following proposition.

Proposition 3.4. A property of Quillen operations. If the Quillen operation
Tpi on a G(m + 1)-comodule M is trivial, then all operations 7, for P <n<pitt
are trivial.

Proof. Since 7;7; = ("t7)7iy; [Nak, Lemma 3.1] we have a relation
Tp—piTpi = (;)?H. Observing that the congruence (;) = s mod (p) for
spl < no< (s+ 1)pd, (;) is invertible in Z(,) whenever p/ < n < p’*! and
the result follows. O

In the following sections we will determine the structure of Lg(B,+1) in Propo-
sition 4.2 and 4.4 and Ly (Bp,+1) in Proposition 5.1 and_5.4 in _all dimensions, and
L;(Bm41) (j > 1) in Theorem 6.1 below dimension [28 ™ /o'|. Then we need a
method for checking whether all j-primitives (j > 1) are listed or not.

The following lemma gives an explicit criterion the j-freeness of a comodule M.
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Lemma 3.5. A Poincaré series characterization of j-free comodules. Fora
graded torsion connective G(m+1)-comodule M of finite type, we have an inequality

(3.6) g(M)(1 —2”") < g(L;j(M))  where z =t

with equality holding iff M is j-free.
Proof. Let I C A(m + 1) be the maximal ideal. We have the inequality
9T, & M) < g(Ext"(T,,) & M) - g(Glm + 1)/1)

by [Rav04] Theorem 7.1.34, where the equality holds iff M is a weak injective.
Observe that

oI @ M) = g(M)=—,
oG+ /D) =
and  g(Ext®(To) ®@ M)) = g(L;(M)).

O

Lemma 3.7. A Poincaré series formula for the first Ext! group. For a
graded torsion connective G(m + 1)-comodule M of finite type, suppose

L;(M
M —g(M) = ct? mod ¢4+
1—ar’
Then the first nontrivial element in Extl(Tii) ® M) occurs in dimension d, and the
order of the group G = Extl’d(Tf,Jl) ® M) is p°.

Proof. Since the inequality of (3.6) is an equality below dimension d, M is j-free in

that range, so Extl(TEfl) ® M) vanishes below dimension d. Each element = € G is

represented by a short exact sequence of the form
OHT;{) QM—= M —=YA(m+1) —0.

If z has order p’, then we get a diagram

0—>T o M M S A(m 4+ 1) —— 0
0——>TY @ M —> M" —= S A(m+1)/(p') —>0

Since G is a finite abelian p-group, it is a direct sum of cyclic groups. We can do
the above for each of its generators and assemble them into an extension

0—7Y g M M S1G @y, A(m+1) —>0

with Ext¢,, 1) (M") = L;(M) through dimension d and Extg{ ., (M") =0, so

M"" is weak injective through dimension d.
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If |G| = p®, then we have

g(M") = g(TY & M)+ g(2G @z, A(m + 1))

g(M) (1 — ) + bt g (1)

1—=z

Since M"" is weak injective through dimension d, we have

g (EXt(c):(mH) (MW))

gM'") = - mod ¢4+
_ g(L;(M))
o 1—2z
1— ¥
= g(M) T + ct?
sob=rc. O

4. 0-PRIMITIVES IN By,41

In this section we determine the structure of Ext’(B,,1), i.e., the primitives in
B, +1 in the usual sense. We treat the cases m > 0 and m = 0 separately. The
latter is more complicated because vy is not invariant over I'(1). Recall that the
G(m + 1)-comodule structure of B, is given by the right unit map ng.

Lemma 4.1. An approximation of the right unit. The right unit map
nr : A(m + 2), — G(m + 2) on the Hazewinkel generators are expressed by

nr(t1) = O+ ph,
nr(2) = 0o+ vl?lf — U{Ma mod (p)
where w = p™.
Proof. These directly follow from [MRW] (1.1) and (1.3). O

For a given integer n, denote the exponent of a prime p in the factorization of
n by vp(n) as usual. In particular, v,(0) = co. When the integer is a binomial
coefficient (Z), we will write v, (Z) instead of v, ((Z))

Let /f\Lj be the 1-dimensional cohomology class of ?17].

Proposition 4.2. Structure of Ext’(B,,.1) for m > 0. Form > 0, Ext’(B,,11)
is the A(m)-module generated by

{pkﬁf@pk/t: i>0,5>0,k>0,0<t<p* and v,(i) < vp(s) }
The first nontrivial element in Ext'(By,41) is

3031 c Extl’Q(”+1)(”‘“_1)(Bm+1).
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Proof. We may put s = ap’ and i = bp’ with p/ b and a > 0. Observe that

0 04k ¢ pFopk1 k41 ¢
~ap® ~bp ~ap® /~p P T Wik \ b
Ut Uy _ Y (v2 +ob B — b i)’ . b
(4 bl iyt = [ E since pf
/] /]
L4k
= 1 2 ___ gince P
t —
bptr ol

and so the exhibited elements are invariant. On the other hand, we have nontrivial
Quillen operations

-k
Ssaipt —1 ~s— lAlp
~ 050 s Uy
(ks A _ 1Y 1 Uy . .
M 0B ) = Lkl T T if v (s) < wp(2)
1 1
E)\sApk(i*l)
I . &
and  Tpee1 (p” vlﬁzpk/t) = —E—— if ¢ > p",
pvy

where the missing terms in the second expression involve lower powers of ¥ in the
numerator or smaller powers of vy in the denominator.
k533 zpk/t with v,(s) < v,(i) supports a nontrivial 71,
the targets of which are hnearly independent. Similarly, each such monomial with
t > p¥ supports a nontrivial Tpe+1. It follows that no linear combination of such
elements is invariant, so Ext® is as stated

For the second statement, note that ho and ﬁl are the first nontrivial elements
in Ext' and Ext® (Bym+1) respectively, so if their product is nontrivial, the claim

This means each element p"v

follows. It is nontrivial because there is no & € By, 41 with 71 (x) = Bl. O

We now turn to the case m = 0.

Lemma 4.3. Right unit in G(1). The right unit ng : A(l) — G(1) on the
1

1\ t4+k—1\ (=t)*
() S (0 p

k>0

Note that this sum is finite because a chromatic fraction is nontrivial only when
its denominator is divisible by p.

Proof. Recall the expansion

_ k
W1y>t=(x+y)—f - x—f<1+y/x>‘t=x‘tz(kt)y

and the formula ng(v}) = (vy + pt1)" by Lemma 4.1. O

Proposition 4.4. Structure of Ext®(B;). For m = 0, Ext®(B;) is the Z -
module generated by

{P Bl 150,82 0,0 <t<p* and v, (5) < vyp(t) }.
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The first nontrivial element in Ext'(By) is

hoB1 € Eth’Q(pz_l)(Bm+1)

Proof. When i and t are as stated, we may set ¢t = ap’ and i = bp® with p| b and
a > 0. Observe that

vgpuk k ko k41 K1k b
(i) = (T )
Py
S (T
"0 n bpe+1fnvtlwz+n

For n > 0, the binomial coefficient is divisible by p‘*'1=" by Lemma A.3 below, so
the expression simplifies to

bp€+k' pk pk pk+1 pk+1 pk b ¢
nR ) _ (vg +v7 8 —v g )*
Y4 - Y4
041,,0P
bpt*lu]

and pkﬂgpk Jt is invariant by an argument similar to that of Lemma 4.2. On the
other hand if either of the conditions on ¢ and ¢ fails, we have nontrivial Quillen
operations

ipF—1 ip®

v t vl
k ! 2 2 . .
r / = - - = if v,(7) > v, (t
1 (p ﬁzp’“/t) plik’Ui_p i ’UiJrl P( ) p( )
U(ifl)p"'
or Tkt (pkﬁl’.pk/J = 2t7,pk if t > p .
pyy

The rest of the argument, inclduing the identifation of the first nontrivial element
in Ext!(By), is the same as in the case m > 0. O

5. 1-PRIMITIVES IN B,

In this section we determine the structure of Li(B;,+1), which includes all el-
ements of Ext’(B,,;1) determined in the previous section. By observing that
?1(51@’,) = Bp and 7, (ﬁl@’,) = 0 for j > 1, the first element of the quotient
Li(Bit1)/Lo(Bm+1) is ﬁl@g for m > 0. In general, we have

Proposition 5.1. Structure of Li(B,,+1) for m > 0. For m > 0, L1(By,+1) is
isomorphic to the A(m)-module generated by pkﬁf@{pk/t, where 1 >0, 5s>0, k>0
and 0 < t < p*, and the integers i and s satisfy the following condition: there is a
non-negative integer n such that s =0,1,...p —1 mod (p" ™) and v,(i) < n + p.

Note that the description of Lq(By,41) differs from that of Lo(B,,+1) given in
Proposition 4.2 only in the restriction on ¢ and s. In that case it was 1v,(i) < vp(s).
If v,(s) =n+1 (ie, s =0 mod (p"T')), then an integer i satisfying v,(i) <n+1
also satisfies v, (i) < n + p. Hence we have Lo(By,41) C L1(Bm+1) as desired.



14 HIROFUMI NAKAI AND DOUGLAS C. RAVENEL

Proof. In Proposition 4.2 we have already seen that p* B;pk Jt is invariant iff 0 < ¢ <
pP. If follows that

2 = ¢ef s ¢ i}ipk
Apz(pki)\iﬂz{pk/pk) = ?Pé(i)\ls) .pkﬁz{pk/pk = pl) ( e)i}\;p T 2pk'
p Uy
Since we are dealing with 1-primitives, we can ignore the case £ = 0. For ¢ = 1,
this is clearly trivial if s < p. When s > p, choose an integer n such that p™ | (;)
By Lemma A.4 this means n = 0 unless s is p-adically close to an integer ranging
from 0 to p — 1. Then 7, is trivial if v,(i) < n + p. We can show that all Quillen

operations 7,¢ for £ > 1 are trivial under the same condition since

w(r(5) =2 (7 ()

qvp (p”e (i)) = p+1l+als—p")—als)
by Lemma A.2

which follows from

' —p+a(s—p") —a(s—p)

I
B
o,
<)
| —
@t
N
3
~
N
D oo
Y
~
N~~~
|
ﬁt
N
3
]
N
" ®»
N
~
| I
Il

a(p’ —p) +a(s —p") —a(s — p)
0.

(AVARIYS

O

Note also that the condition on ¢ and s in Proposition 5.1 is automatically
satisfied whenever ¢ < pP, which means that we may set n = 0. Since

s 5\ s
7p(01) _PP< )”1 g
p
and pP kills all of B,,,+1 below the dimension of B\pp Jpr, U1 is effectively invariant in
this range, making B, +1 an A(m + 1)-module.

Corollary 5.2. Poincaré series for Li(B,,+1). For m > 0, the Poincaré series
for Li(Bpm+1) below dimension pP|vs] is

k

2P
.
(5‘3) gm+1(t) Z 1_ xpk- )
k>0 2

and in the same range we have
Li(Bms1) = A(m + 1) {pk@pk/t; i>0,k>0and0<t<ph }

Proof. As is explained in the above, we may consider Lq(Bp,+1) as an A(m + 1)-
module in that range. To determine the Poincaré series g(L1(B+1)), decompose
Ly (Bp+1) into the following two direct summands:

(1) So = A(m +1)/1I {Bg:wo}
(2) S, =A(m+1)/I, {pk@pk/t: i>0and pF—t <t <pF } for k>0



ON B-ELEMENTS IN THE ADAMS-NOVIKOV SPECTRAL SEQUENCE

The Poincaré series for these sets are given by

D
4
9(S) = gmn(t) 1=y Y vy '—25
1—x
n>0
k 1 n+k—1
y P Ay P xh
and g(Sk) = gm-i-l(t) . (1 - y) Z 1_ ) 2 prth—1
n>0 Yy 1 2
n+k
_ .k k-1 x
= gm+1(t)Z(y Pr—yP ) = Tk
n>0 1- 2
which gives
9(L1(Bm+1)) 1 o N
D DL A |~ DR R P
gm+1(t) r;) 1-— Ig O<;§n 1-— Ig
n p’VL
_ T _n x
= > )Y T -y )
n>0 L=z 1% L=
p7L
1 T2 _pn To
= —1 + pe_1 —=
(y T=m > )17%
n>0

AR
p’ﬂ,
"s0 1— a5

which is equal to (5.3).

15

O

Now we turn to the case m = 0, for which we make use of Lemma 4.3 again.
Observing that 71(3,) = —B,/2 and 7,,; (3,) = 0 for j > 1, the first element of the

quotient Ly (Bm+1)/Lo(Bm+1) is ﬁ;. In general, we have

Proposition 5.4. Structure of Li(B;). For m =0, L1(By) is isomorphic to the
Z,)-module generated by pkﬂgpk/t, where k > 0,1 >0 and 0 < t < p* satisfying the
following condition: there is a non-negative integer n such that —t =0,1,...,p—1

mod (p"*1) and pPT") i.
Proof. We have

-k
Ulp k k _k+1 k+1 k. t+7«_1 (_pt1)7-
o(i) = o ey ()

syt
1pv r
pul = ipvy

in which there are terms

- k k+1 . k  k )
ol P S S ) R AT A S
t,pk b t?pk-f-l a. p V4 . t+p£ or — °

pUy pU; p 1Py

Since t < p*, the first and the second are trivial, which gives

K
t+pt— 1) v
p* z'pv?'pz

?p[ (pkﬁipk/t) = (_p)pe<
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n

Choose an integer n such that p (Hf;l), which occurs iff

—t = 0,1,...,p — 1 mod (p"™') by Lemma A.4. Then 7, is trivial if pP*"/ .
We can also observe that all the higher Quillen operations 7, (¢ > 1) are trivial

since v, (p” (”271)) <, (p”lZ (tﬂ;i_l)) (see the proof of Proposition 5.1). O

Corollary 5.5. Li(B;) as an A(1)-module. For m =0, we have

L(B) = AQ1) {pkﬁgpk/t; i>0,k>0and0<t<pk }
below dimension pP|vs|. The Poincaré series for Li(Bi) in this range is the same
as (5.8).

Applying Lemma 3.5 and 3.7 to the Poincaré series (5.3), we have the following
result.

Corollary 5.6. 1-free range for B,, 1. Form >0, B,,+1 is 1-free below dimen-

sion p(p + 1)|v1], and the first element in Extl(Tii) ® Byt1) 18 Bp/pﬁl.

Here we use the notation Bp/p for its image under the map (c®1)vyp,, ., (cf. (3.3)).

Proof. By comparing ¢g(B,+1) and g(L1(Bp,+1)) and using Lemma 3.7, we see that
the first nontrivial element of Ext’ (TSL) ® Bpm41) occurs in the indicated dimension,

where the group has order p. The fact that Bp /ph1 is nontrivial in Ext! follows by
direct calculation. O

6. j-PRIMITIVES IN B,,;; FOR j > 1

In this section we determine the structure of L;(Bp,41) for j > 2 and m > 0
(See [Rav04] Lemma 7.3.1 for the m = 0 case). The first element of the quotient
Lj(Bmt1)/Lj—1(Bmy1) is Bpi-241/pi—241, which has nontrivial Quillen operation

~

?p;‘fl (ﬂpj*2+1/pj*2+1) = fi.
In general, we have
Theorem 6.1. Structure of L;(B,,+1) in low dimensions for j > 1.
(i) Below dimension p’™ 0|, Lj(Bym41) is the A(m + 1)-module generated by

{@/t: 0<t< min(@pj*l)}u{@apub/t: pPl<t<pl,a>0and0<b <pj’1}.

.
(ii) Bpmt1 s j-free below dimension Wf] V.
(iii) The first element in Ext' is the p-fold Massey product
(Bitpi-1/pi-1, b1, .-, hag).
—_——
p—1

For the basic properties of Massey products, we refer the reader to [Rav86, Al.4]
or [Rav04, Al.4]
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Proof. (i) The listed elements are the only j-primitives below dimensions p/*! 7|
by Proposition B.3, and the first statement follows.

(ii) To show that B,,4+1 is j-free below the indicated dimension, we need to
compute some Poincaré series. This will be a lengthy calculation.

Decompose L;(By,+1) into the following three direct summands:

Soqp = A(m+1){@/t:0<t§z‘<pj*1},
So2 = A(m+1) {@/t: 0<t<pt Si},
S = A(m-ﬁ-l){aapub/t:pj_l<t§pj,a>0and0§b<p7_1}.

We will always work below the dimension of B\ij Jpi» which is |ﬁfj+1ﬁg |. This means
that in the description of S; above, the only relevant value of a is 1.
Observe that

/\ipk71

v - ke . -

5071: U A(m—l—l)/IQ{k?pk_l_eO§E<2pk 1,0<Z<p] k},
0<k<j pruy

SO

1 k

9(So1) = g(A(m+1)/L) Z Z (1 -y ) (aP)?

1—
0<k<j0<i<pi—Fk Yy

= g Y Y @ )

0<k<jO<i<pi—Fk

9(So1)  _ 3 (afk(l—-(xpkyﬂk_l)__ mgk_l(l——(xgk‘lyﬂk_1)>

t 1 _ xpk B pkfl
g?rH-l( ) 0<k<j 1 To
K J k—1 -1
P _ P p _ P
_ Z <$ X . LEQ 1'2
1 _ pk o pk:fl
0<k<j . 1=y

For Sp.2, we have

_ 0} . i1 i1
SQQ—A(m—Fl) 71—174'0S€<p] 1> s

ipv?

which is the quotient of

Aiplc—l ‘

k>0 Py
Aipk—l

by | Am+1)/L -2 0<t<plo<i<p iy
prop

0<k<j
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Hence the Poincaré series of Sp o is

9(S02) = g(Am+1)/I5)- (L—y” Dy "

I-y
k—1_. k—1_.
p (2 V4 7
E E (932 ) — E E (1'2 )
k>0 i>0 0<k<j 0<i<pi—k
o) _ -yt )
gm+1(t)
k—1 k—1 k—1_ i g
D p p i—k_1
Z Lo _ Z zy  (L—(ay )P )
pk 1 pk—l
koo 1 — 5 0<k<j 1—ay
prt k—1 j—1
i1 x T —T
= (y P - 1) E 2 k1 E 2 k21
1—ab 1 4
E>0 2 0<k<j 2
k—1 1
D
j—1 x X
= (y P - 1) § 2 k1 E 2 k=1
1—ab 1—ab
k>j 2 0<k<j 2
i j—1
z? — xh

in our range of dimensions.
Adding these two gives

9(S01US02) _ 9(S01) +9(S.2)
gm+1(t) gm+1(t)
_ Z (l’pk — 1‘pj B $§k71 — (ESJ1>
k k—1
0<k<j 1—aP 1- 5512)

0<k<j 1= 1=
i1 J
+Hy P - )b
- > L—a”) @ —af ) o —a
k—1 j—1
0one; (L—a?)(1—ab ) 1—af
YU )

‘We also observe that

9(S;)

Il
Ne
—
~
+

A
~—
\
S
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Summing these three Poincaré series, we obtain

g(So,l U 5072 U S])
gm+1(t)

9(S0,1) + 9(So,2) + 9(S5;)
Im+1 (t) )

. (1—a”) (" —ab ) —al
k

J—1
0<k<j (1—ar )(1_952 ) l-x p
; i j—1
+xpj+1( ap’ ! p7)+xp]+l(1_yqp] 1)(1—$I; )
1—.%‘2
i k k—1 i j—1
S (L—a?)(a" —af ) +_$p]—‘$§
— V - =
oSt —ar)(1-ab ) 1-ab
. - .
Ly T el T ) (1)
1—.’1’52

1—a? )@ — ) o — b
— Z 2 + 2

(1—ar)(1—2a2" ") 1—ab

0<k<j

J+1 J—1 j—1 pi—1 J g1 J
P P
P (1—zy  +y® zh  —yP —zy® 4 xyP)

1—.272

> U ) o
(1—ar*)(1—a2" ") 1—ab

0<k<j

R S N Tt S e A D))

1-— T2
On the other hand, Theorem 2.4 gives
& k-1
9(Bmt1) — Z aP” —af
- k—1
gmirlt) o (a1 =)
AP L A B AR o
= Z . P —2 vEr j+12
ohe; (=2 )1 —ab ) (I—aP)l-ay ) 1-aP
below dimension \xpjﬂxgj [, so
Bpy1)(1 — 2?’ A A TS B S
9 + _ :E: 2 2
gm+1(1) oGty —a)( -8y 1—af

27 (1 -y (1 —a?)
1 _ l,pj+1 N
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This means

9(S01USp2US;) —g(Brmy1)(1 — mpj)

gm-‘rl(t)
I S et S R D))
1— To
(1= ) (1= )
- 1— op ™
- 2 (L =y =y (1 - 1)) _ 2" (1= y? =y + zay?
- 1— 29 1- 112)
below dimension |6f] (p+1)|
2P (1 -y’

1—1’2

By Lemma 3.5, this means that B,,+; is j-free in the range claimed and that
the first nontrivial Ext! has order p.

(iif) To show that the generator of is Ext' the element specified, we first show
that the indicated Massey product is defined.

For j > 1 and 1 < k < p we claim

d(Brprpi—1 Jkpi—1) = (Brapi—1jpi—1s hig, -5 hig).
—_——
k—1

This can be shown by induction on k£ and direct calculation as follows. Let
s=1% - e Tfi) c G(m+1).

It follows that w = T, — vy s is invariant. Note that its p’ ~'th power does not lie in
Tfi). Then we have

~kp? 1
~ V' w
R (51+kpj—1/kpj—1> = 1R (kpjl
bvy

. j—1

RN w g

= > i) T ©F
0<L<k pyy

gpi—t
- 3 () Ereo
7

0<t<k Py
k\ ~ (k—0)pi—!
= Z p Britepi-1/epi-1 @ 8
0<t<k
= (Brapirypi—ts by oy hag).
—

k—1

This means that our p-fold Massey product is defined.
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We claim the first element in Ext! is represented by

1/p\~» i1
Z (€>ﬂl+ezﬂ‘1/f}ﬂ‘1 ® sPOP

0<t<p
1/p\5 J =1 (1) —1\ P
= > p<£)61+€pj1/€pjl ® (Zlf —of PO )

0<t<p

1 P\ > J(p—f

- Z <g)ﬁ1+4p"1/fpjl®?1)(p )
0<l<p

~ j
= 51+qu*1/qu*1®?1] +---

The only element in B,,+1 in this dimension is ﬁlﬂjj /pi» which is primitive, so this
element in Ext! is notrivial. O

7. HIGHER EXT GROUPS FOR j =1

In this section we exhibit some calculations of Exts(Tgi) ® Bpmt1) for s > 0.
Recall the small descent spectral sequence, constructed in [Rav02, Theorem 1.17],

which converges to Ext(i(i) ® Bpy1) with
Ey* = E(hy) ® P(b) © Ext(T " @ Byuy)

with iAzj e EY and Bj e E?° and d, : E>' — Estt=m+1 In particular, d; is

induced by the action of 7,; on B,,41 for s even and 7,; for s odd. The case

m = 0 has already been treated in [Rav04, Chapter 7], so we may assume that

m > 0. We examine the simplest case, 7 = 1. Recall that B,,41 is 2-free below
2 2 J—

dimension |5 ! /o?"| and ExtO(TS) ® Bpyy1) is the A(m + 1)-module generated

by

(7.1) {B\;/t:O<tSmin(i,p)}u{@,z/t:p<t§p2}

by Theorem 6.1. Then the spectral sequence collapses from F5. We can compute
dy on elements (7.1) using Proposition B.2: The action of 7, on ExtO(Tg) ® Brt1)
is given by 7, (@/el) = B\i,l/el,l and 7, <3pi/81) = 0, and the action of 7, is
obtained by composing 7, up to unit scalar. In order to understand the behavior

of dy, the following picture for p = 3 may be helpful.

(7.2) 52/2 AB{’)/Q 53/2 AB4/2 )
N AN

By 53/3 34/3 55/3
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Here each arrow represents the action of the Quillen operation 73 up to unit scalar.
For a general prime p, the analogous picture would show a directed graph with
2p components, two of which have p vertices, and in which the arrow shows the
action of the Quillen operation 7, up to unit scalar. Each component corresponds

to an A(m + 1)-summand of the Fs-term, with the caveat that pﬂ ﬂp/el and
V1 ﬁi Je = ! Je1- Notice that the entire configuration is v5-periodic. Corresponding

to the diagonal containing Bl in (7.2), the subgroup of E; generated by

{Br. Boja By} © Blhra) © P(o1a)

reduces on passage to Es to simply {Bl} Similarly, the subset

{Ez, Bé/z} ® E(h1,1) ® P(b11)

reduces to {52, @)/2%71} ® P(/I;M), where

55/2/}{1,1 = O\ll,la ﬁ1,17 BZ)

and  hi1(Byphia) = hua(hig, higs Ba) = (higs hag, haa)Be = biafBa
These observations give us the following result.

71

Prop051t10n 7.3. Structure of Ext(T,,

0" or’|, Ext(T

® Bm41). In dimensions less than
® Bmt1) is a free module over A(m + 1)/I5 with basis

R R R R {ﬁé)ﬂ-s; ﬁpier/s; 6[)2/[}
{Bleria Bptpis ﬂp2/k} @ Pb11)® @
hl 1 {sz—i-p/t’ ﬂpz-i—r/pa ﬁpQ/Z}

where 0 < i <p, 1<k<p?—p+1,pP—p+2<l<p? 2<s<p 1<t<
and p < u < 2p — 2, subject to the caveat that v18,/c = Bpje—1 and pﬁz’)/e =

In particular Ext’ (Tf,ll)

p—1
ﬁp/e

® Bt1) has basis

{ﬂi-&-pi: CE ]/)+pi; ﬂp-i—pi/pa cee aﬂp+pi/1; 6;)2/;027 s aﬂpQ/l} .

Note that for m > 0, this range of dimensions exceeds p|vs|.

APPENDIX A. SOME RESULTS ON BINOMIAL COEFFICIENTS
Fix a prime number p.

Definition A.1. a(n), the sum of the p-adic digits of n. For a nonnegative
integer n, a(n) denotes sum of the digits in the p-adic expansion of n, i.e., for
n=3qap with 0 < a; <p — 1, we define a(n) =3 ;5 a;.

As before, let v,(n) denote the p-adic valuation of n, i.e., the exponent that
makes n a p-local unit multiple of p*»(™. When the integer is a binomial coefficient

(;), we will write v, (;) instead of v, ((j)) Then we have
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Lemma A.2. p-adic valuation of a binomial coefficient.

qvp (Z) =ak) +a(n—k) —a(n)
where ¢ = p — 1. In particular,

() =1+ aln =) — o).

Proof. Recall that qu,y(n!) =n — a(n), and observe that

w(y) = o (om)

4 () = vy ((n — )1 = v ()
= n—an)—(n—k)+an-—Fk) —k+ ak)
= —a(n)+aln—k)+ ak)
|

Using this lemma we can determine the number how many times a binomial
coeflicient is divisible by a prime p. For example, we have

Lemma A.3. Divisibility of a binomial coefficient. Assume that pf a and
0 < n < {. Then the binomial coefficient (ap“;"*l) is divisible by p'T1—".

Proof. Since a # 0 mod (p), we have a(a — 1) = a(a) — 1. Let m = v,(n) and
n =n'p™. Then a(n’ — 1) = a(n’) — 1, and we have

ap’ +n—1 ap’ +n'p™ —1
avp n - n'p™

(n'p™) + alap’ — 1) — afap’ +n'p™ — 1)

() +ala—1)+q¢l —a(ap*™™ +n/ —1) — gm
(n)+ala—1)+ gl — ala) —a(n’ —1) — gm
= ql—-m)>q(l+1—-n).

= «

|
Q2

|
Q

O
We consider this type of binomial coefficients in Proposition 4.4. The other types
we need are the followings:

Lemma A.4. Divisibility of another binomial coefficient. Assume that p
is a prime and that a positive integer s is expressed as s = sip* + so > 0 with
0 < so < p*. Then we have V;D(;g) = vp(s1). In particular, we have p" | (;g) iff
s=0,1,...,p° — 1 mod (p"**).

Proof. Observe that

() = et +ats—p)—al

14 a((s1 — 1)p* + s0) — a(s1p” + o)
= a(l)+als; —1) —a(s)
= qup(s1).
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This implies that v, () = n iff s = so mod (p"*+*). O

In Appendix B it is required to know how many times the binomial coefficient
(pj’,_ll_l) is divisible by p.
For 0 < i < p/~! it is clear that (pji,_llil) = 0. For i > p’~!, the number

Vp (pffiI) can be determined explicitly in the following results.

Proposition A.5. A third divisibility statement. For i > p’~!, define non-
negative integers ig and i1 by

(A.6) i=i1p P 4ig (ip>0and0 <ip<pTl).

Then we have
(1) (pji,_ll_l) is divisible by p iff ig # 0;
(2) More generally, (pjﬂﬁal) is divisible by p’ =% (0 < k < j) iff

(A.7) Vplio) < k — 1+ vp(in).

or equivalently ig # 0 and pFtv»()) 4y,
In particular, the inequality (A.7) is automatically satisfied if v,(i1) > j —k — 1.

Proof. Observe that

(i ly) = () - n

= (j—1)4+v(i1) — { I(/Z,(i(j + (i) ﬁ ;g 4 8 by Lemma A .4
{ 0 if ig =0

j—l—‘—l/p(il)—up(io) if io 7£O
If 39 # 0, then we have j — 1 + v,(i1) — vp(ip) > 0 since vp(ip) < j — 2, and so
the binomial coefficient is divisible by p. Since i = 0 is equivalent to p’~! | i, the
statement (1) follows.

The condition p/=* | (pjifll_l
and if we suppose that j — k > 0 then this inequality gives (A.7).

Note that (A.7) is always satisfied if v,(i1) > j — k — 1 since v,(ig) < j — 2 by
definition. d

! )>.]_ka

) is equivalent to the inequality v, (pffl_l >

The following is the obvious translation of Proposition A.5.

Corollary A.8. A fourth divisibility statement. Let ig and iy be as in (A.6)
and assume that pPP =1 < i < p!~1T™ . Then, we have p? " | (p_]-l_jl_l) for0<k<jy
if

Vp(io) <k-1+4 Up(il) with 0 < Vp(il) <m.

Proof. The given range p’~! < i < p/=!'™™ means that 0 < v,(i1) < m and the
result follows from Proposition A.5. (]
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APPENDIX B. QUILLEN OPERATIONS ON (3-ELEMENTS

In this section we discuss the action of the Quillen operations 7,; for j > 0 on
the (-elements.

First we consider the following easy cases.

Proposition B.1. Primitive (-elements. For i > 0, the elements B\i/t are
primitive if 0 < t < p*»(  je., it satisfies ?g(@/t) =0 for all £ > 0.

Proof. Set v,(i) = n and i = i'p™. By direct calculations we have

~i /\p" p71/73n+1 pn+1w/\pn Z., ~i
(%)_(Uz top ty —vp TH) Vs

Py pvi

For the other cases, the Quillen operation 7,; is computed as follows:

Proposition B.2. Quillen operations on g-elements. When j > 0, we have
~ 1— 1\ 4 o
ij (ﬁ;/t) = (pj_1>ﬂfg_pj—l/t_pj—l fOT’t < p] 1 +pm+2

Proof. First assume that m > 0. Observe that

UR(Bg/t) = 7R <z§i§) _ (V2 +v1§v; oPt)
- B e
0<k<0<i Py
SRR CD [
0<k<l<i (i — £)pv; P

~

Since 7 (5; ;) is the coefficient of %Ilﬂ in the above, we need to consider the terms

satisfying p(¢ — k) + k = p/. Note that k must be divisible by p and that we may
set k = pn. Thus we have

p = p(—pn)+pn.
Now let
(n) = £ =p t4gn where g =p —1
and g(n) = t—0+k—pwk

t—p "t —qn+pn—p"in

= t—p =@ 1)

Then we have

w0= & (i) ()

0<n<pi-1 np 0(n))pvi™
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Given our assumption about ¢, the only value of n satisfying g(n) > 0 is n = 0,
which gives
1
N i—1 D
70 (5 = , 2 .
p’ (/Bz/t) pj_l (Z _p] 1)p1]t pi—1
The proof for m = 0 is more complicated. Observe that

I\N/O\[t+r—1 Ui—étp(é—k)+k+r
k+r r
@o= ¥ e () () e

0<k<l<ir>0 é)pv

which shows that 7, (3] ,) is equal to

)DRND DICVE] (P )(W)*)(W%)W
r)il npfr*]. r (np_,r)pvgl](nﬂ‘)’

0<n<pi—1 0<r<np

where {(n,r) = pP~ ' +ng—r and g(n,r) =t —p' L —n(@P* - 1) +r(p+1). If
p" | (np — r) for a positive r, then we may put r = sp and n > p**~! + s for a
positive s and the exponent of vy is not positive since

-1

gln,r) < t—p/ ' —(p® +S)(p2*1)+sp(p+1)
t—p " =+ )" —pP " )
< t—p =+ 1) —pp‘ -1
< t-p Tt =(p*-1).

Thus, the nontrivial term arises only when r = 0. We can see that it is also required
that n = 0 by the same reason as the m > 0 case, and the result follows. (]

To know the condition of triviality of 7,; in Proposition B.2, we need the re-
sults on the p-adic valuation of binomial coefficients obtained in Appendix A. In
particular, we have

Proposition B.3. Some trivial actions of Quillen operations. Assume that
Pl <i <pitloand t < pP7! + p™ 2. Then we have the following trivial Quillen
operations:
(1) 7 (Bl,) (€= j) for 0 <t < min(i,p/~1);
(2) Tt (Bapi 1) (€= ) for pi=' <t <pl and 0 < b < pi=1.
Proof. We will show the following Quillen operations on p ﬁ i) are trivial:
(a) Tpe (0> j) for 0 <t < min(i,p’ ") and k > 0;
(b) Tpe (€= j) for p? =t <t < pl,i=ap’+bp* withp[a, p/ band 0 < k < j—1;
(c) ?p (0>0)for pt<t<pli=ap’ withO<a<pandj=k.
For the case (1), note that

-~ Enpr oy _ i—1 i]\; ?
Tpi (0" Biye) = P 1) kP
by Proposition B.2, which is clearly trivial when 0 < ¢t < pJ H< p~Y). Even if
Pl < t <4, it is trivial when the binomial coefficient (p o1 1) is divisible by p/ %,

or equivalently when the inequality (A.7) holds.

j—1
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When 0 < k < j, by the assumption we have
P <iap T i < p
(where v, (ip) < j—1 by definition) and v, (i1) < 2. Note that if k¥ > 0 and p*| i then
P~ B s itself is trivial and that we may assume that 1,(7) > k. These observations
suggest that the only case satisfying the inequality (A.7) is (v, (i1), v (40)) = (1, k),
which gives the case (b).

When j = k, the Quillen operation 7, (pjﬂ:/t) is clearly trivial and pjﬂg/t is
nontrivial only if p? | ¢, which gives the case (c).

For the case (b) and (c), observe that the Quillen operation ?pj+1(pk67/;/t) is a
unit scalar multiple of 3;_p; /4, and pkﬂg/t is not in L;j(B,+1), which means that
the condition ¢ < p? is required. Conbining (b) and (c) gives the case (2).

Note that no linear combination of (-elements can be killed by 7,; since the

Tpi-image has different exponents of vy or vy if B\gl/tl + BI’.Q/tZ. O
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