SIMONS LAUFER
MATHEMATICAL

Hot Topics:
SCIENCES INSTITUTE Life after the
Telescope Conjecture

Why the Telescope Conjecture?

Early 70s

Doug Ravenel

Chromatic homotopy
theory

University of Rochester

The telescope conjecture

December 9, 2024

«0O0» «F» « >

<

it
v

22)CN(E



SLMath Hot Topics
Life after the
Telescope Conjecture
Why the Telescope

Conjecture?

1. Morava K-theory

Ay |

Doug Ravenel

Early 70s

Chromatic homotopy
theory

The telescope conjecture

22)CN(E



1. Morava K-theory

SLMath Hot Topics
Life after the
Telescope Conjecture
Why the Telescope
Conjecture?
In the early 70’s Jack Morava discovered the eponynumous
spectra K(n).

AN

Doug Ravenel

Early 70s

Chromatic homotopy
theory

The telescope conjecture

«O» «F»r <«

it
a
it



Three developments in the early 70s Lie ferthe

Telescope szjeLmre
Wh )

1. Morava K-theory
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listening to him explain their inner workings.

CWoine

}@ Haqf\

J-“F.____,L

AH "’H(BEH =
A nniditre £ - 4.

M UAC CRCOMTY

H HME H f’\)
Sumiiland 1§ QM
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Three developments in the early 70s

1. Morava K-theory

In the early 70’s Jack Morava discovered the eponynumous
spectra K(n). | was lucky enough to spend a lot of time
listening to him explain their inner workings.
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K(0) is rational cohomology. For each n > 0 and each prime p,

there is a nonconnective complex oriented p-local spectrum
K(n) with

m.K(n) =Z/p[vi']  where|v,|=2(p" - 1).
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where |v,| =2(p" - 1).

It is related to height n formal group laws,
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It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie

group and the automorphism group of a height n formal group
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Three developments in the early 70s (continued)

. K(n)=7Z/p[vi']  where|v,|=2(p"-1).

It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie
group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
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Three developments in the early 70s (continued)

. K(n)=7Z/p[vi']  where|v,|=2(p"-1).
It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie

group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
@ Identity: F(0,x) = F(x,0) = x.
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Three developments in the early 70s (continued)

. K(n)=7Z/p[vi']  where|v,|=2(p"-1).

It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie
group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
® |dentity: F(0,x) = F(x,0) = x. This means ag =0,
aio=4ao,1 = 1 and ajo = 0= ao,i fori>1.
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Three developments in the early 70s (continued)

. K(n)=7Z/p[vi']  where|v,|=2(p"-1).
It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie

group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
® |dentity: F(0,x) = F(x,0) = x. This means ag =0,
aio=4ao,1 = 1 and ajo = 0= ao,i fori>1.
® Commutativity: F(y, x) = F(x,y).
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Three developments in the early 70s (continued)

. K(n)=7Z/p[vi']  where|v,|=2(p"-1).

It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie
group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
® |dentity: F(0,x) = F(x,0) = x. This means ag =0,
aio=4ao,1 = 1 and ajo = 0= ao,i fori>1.
® Commutativity: F(y,x) = F(x,y). This means a;; = a;;.
@® Associativity: F(F(x,y),z) = F(x,F(y,2)).
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. K(n)=7Z/p[vi']  where|v,|=2(p"-1).

It is related to height n formal group laws, and K(n).(K(n)) is
related to the Morava stabilizer group G,. It is a p-adic Lie
group and the automorphism group of a height n formal group
law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power
series F(x,y) = ¥;;a;;x'y’ € R[x, y] satisfying
® |dentity: F(0,x) = F(x,0) = x. This means ag =0,
aio=4ao,1 = 1 and ajo = 0= ao,i fori>1.
® Commutativity: F(y,x) = F(x,y). This means a;; = a;;.
@® Associativity: F(F(x,y),z) = F(x,F(y,2)).
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Every complex oriented spectrum E has a formal group law
over 7, E associated with it. Here are two examples.

E = MU, the complex cobor-
dism spectrum. In 1969 Daniel
Quillen showed that its for-
mal group law has a universal
property first studied by Michel
Lazard in 1955, defined over

.MU = Z[x; : i > 0] with |xj| = 2i.
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Every complex oriented spectrum E has a formal group law
over 7, E associated with it. Here are two examples.

E = MU, the complex cobor-
dism spectrum. In 1969 Daniel '

mal group law has a universal
property first studied by Michel
Lazard in 1955, defined over

.MU = Z[x; : i > 0] with |xj| = 2i.

@ E = K(n), the nth Morava K-theory. The formal group law
is characterized by its p-fold formal sum, [p](x) = v,x?".
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Three developments in the early 70s (continued)

Every complex oriented spectrum E has a formal group law
over 7, E associated with it. Here are two examples.

E = MU, the complex cobor-
dism spectrum. In 1969 Daniel '

mal group law has a universal
property first studied by Michel
Lazard in 1955, defined over

.MU = Z[x; : i > 0] with |xj| = 2i.

@ E = K(n), the nth Morava K-theory. The formal group law
is characterized by its p-fold formal sum, [p](x) = v,x?".
This means that its height is n.

Quillen showed that its for- W"‘i
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Three developments in the early 70s (continued)

Every complex oriented spectrum E has a formal group law
over 7, E associated with it. Here are two examples.

E = MU, the complex cobor-
dism spectrum. In 1969 Daniel ﬁ

mal group law has a universal
property first studied by Michel
Lazard in 1955, defined over

.MU = Z[x; : i > 0] with |xj| = 2i.

@ E = K(n), the nth Morava K-theory. The formal group law
is characterized by its p-fold formal sum, [p](x) = v,x?".
This means that its height is n. Height is known to be a
complete isomorphism invariant for formal group laws over
the algebraic closure of Fp.

Quillen showed that its for- %‘“’
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Three developments in the early 70s (continued)

Formal group laws
with [p](x) = x*’
were constructed
for all n and p
in 1970 by Taira
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| learned the following from Jack in 1973 and
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long lost copy of his unpublished AMS Bulletin
announcement of it in my archive.
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Three developments in the early 70s (continued)

2. Morava’s vision
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Let V denote the “vector space” of ring homomorphisms
0:L—1IF, where L =7,MU, and let G be the group of
functionally invertible power series in 1 variable over Fp,.

* Each point ¢ € V induces a formal group law over F.
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Three developments in the early 70s (continued)

2. Morava’s vision

| learned the following from Jack in 1973 and J ‘

have never forgotten it. You can find a ‘l :
long lost copy of his unpublished AMS Bulletin 5‘ 3
announcement of it in my archive. L g <

Let V denote the “vector space” of ring homomorphisms

0:L—1IF, where L =7,MU, and let G be the group of

functionally invertible power series in 1 variable over Fp,.
* Each point ¢ € V induces a formal group law over F.
* V has an action of G. For v(x) € G,

F(x,y) =y (F((x),7(1))),
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Three developments in the early 70s (continued)

2. Morava’s vision

| learned the following from Jack in 1973 and 1 ‘_ “

have never forgotten it. You can find a
long lost copy of his unpublished AMS Bulletin e
announcement of it in my archive. L » «

Let V denote the “vector space” of ring homomorphisms
0:L—1IF, where L =7,MU, and let G be the group of
functionally invertible power series in 1 variable over Fp,.

* Each point ¢ € V induces a formal group law over F.
* V has an action of G. For v(x) € G,

F(x,y) =y (F((x),7(1))),

which is a formal group law isomorphic to F.
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Three developments in the early 70s (continued)

2. Morava’s vision

. . I! S "
| learned the following from Jack in 1973 and ¥ '- Y
“" —

have never forgotten it. You can find a
long lost copy of his unpublished AMS Bulletin -
announcement of it in my archive. L ‘ «

Let V denote the “vector space” of ring homomorphisms

0:L—1IF, where L =7,MU, and let G be the group of

functionally invertible power series in 1 variable over Fp,.
* Each point ¢ € V induces a formal group law over F.
* V has an action of G. For v(x) € G,

F(x,y) =y (F((x),7(1))),

which is a formal group law isomorphic to F.

* Each G-orbit is an isomorphism class of formal group laws
over Fp.
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Three developments in the early 70s (continued)

2. Morava’s vision

| learned the following from Jack in 1973 and ¥ ’ ‘u

have never forgotten it. You can find a
long lost copy of his unpublished AMS Bulletin -
announcement of it in my archive. L ‘ «

Let V denote the “vector space” of ring homomorphisms

0:L—1IF, where L =7,MU, and let G be the group of

functionally invertible power series in 1 variable over Fp,.
* Each point ¢ € V induces a formal group law over F.
* V has an action of G. For v(x) € G,

F(x,y) =y (F((x),7(1))),

which is a formal group law isomorphic to F.

* Each G-orbit is an isomorphism class of formal group laws
over Fp. Hence there is one orbit for each height.
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Let V denote the “vector space” of ring homomorphisms

0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over F.
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Let V denote the “vector space” of ring homomorphisms

0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over F.

® For each 6 ¢ V, the isotropy or stabilizer group
Go={y¢G:7(0) =6}
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Let V denote the “vector space” of ring homomorphisms
0:L—1IFy, and let G be the group of functionally invertible
power series in 1 variable over F.

® For each 6 ¢ V, the isotropy or stabilizer group

Gy ={y€G:~(0) = 6} is the automorphism group of the
corresponding formal group law.
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
¢ There are G-invariant finite codimensional linear
subspaces
V= V1 2 VgD V3D---

where V,={0eV:0(vy)=--=60(vp_1)=0}.
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
¢ There are G-invariant finite codimensional linear
subspaces
V= V1 2 VgD V3D---

where V,={0€e V:0(vy)=--=60(vp_1) =0} We know now
that this filtration of V is related to the chromatic filtation of
the stable homotopy category.
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
¢ There are G-invariant finite codimensional linear
subspaces
V= V1 2 VgD V3D---
where V, ={0¢e V:0(v1)=--=60(vp_1) =0}. We know now
that this filtration of V is related to the chromatic filtation of
the stable homotopy category.
* The height n orbitis V, - V1.
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
¢ There are G-invariant finite codimensional linear
subspaces
V= V1 2 VgD V3D---
where V, ={0¢e V:0(v1)=--=60(vp_1) =0}. We know now
that this filtration of V is related to the chromatic filtation of
the stable homotopy category.

* The height n orbit is V, - Vp.1. It is the set of Fp-valued
homomorphisms on v, L/1,.
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Morava’s vision (continued)

Let V denote the “vector space” of ring homomorphisms
0:L—TFp, and let G be the group of functionally invertible
power series in 1 variable over Fp.
* For each 6 € V, the isotropy or stabilizer group
Go = {7 €G:~(0) = 0} is the automorphism group of the
corresponding formal group law. When 6 has height n, this
group is isomorphic to the Morava stabilizer group G..
¢ There are G-invariant finite codimensional linear
subspaces
V= V1 2 VgD V3D---
where V, ={0¢e V:0(v1)=--=60(vp_1) =0}. We know now
that this filtration of V is related to the chromatic filtation of
the stable homotopy category.
* The height n orbit is V, - Vp.1. It is the set of Fp-valued
homomorphisms on v, L/1,.
* The height oo orbit is the linear subspace

N Vo

n>0
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MU, V(n) =.'U,:/(vo =p,Vvi,...Vp) forO<n<3andp>2n+1.

Cell diagram for V(2) at p = 5, where |v4| =8 and |v;| = 48:
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Three developments in the early 70s (continued)

3. Smith-Toda complexes

_ " In 1971 Larry Smith and Hirosi Toda
I independently constructed the p-local
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Three developments in the early 70s (continued)

3. Smith-Toda complexes

In 1971 Larry Smith and Hirosi Toda
independently constructed the p-local

finite spectrum V(n), a CW-complex
having 2™ cells with

MU, V(n) = MU, /(Vo = p, V4, va) for 0 < n<3and p > 2n + 1.

Cell diagram for V(2) at p =5, where |v4| =8 and |v;| = 48:
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Three developments in the early 70s (continued)

3. Smith-Toda complexes

In 1971 Larry Smith and Hirosi Toda
independently constructed the p-local

finite spectrum V(n), a CW-complex
having 2™ cells with

MU,V (n)=MU,/(Vo=p,V1,...Vy)forO<n<3and p>2n+1.
Cell diagram for V(2) at p =5, where |v4| =8 and |v»| = 48:

aq B Qi
_— P — P
o—o o — o

1 9 10 49 50 58 59

The first 2 cells comprise V(0), the mod p Moore spectrum.
The first 4 cells comprise V(1), and V(2)/V(1) =¥V (1).
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Three developments in the early 70s (continued)

3. Smith-Toda complexes (continued)

In 1971 Larry Smith and Hirosi Toda
independently constructed the p-local
finite spectrum V(n), a CW-complex
having 2" cells with

MU,V (n)=MU,/(vo=p,Vi,...Vp)forO0<n<3and p>2n+1.

There is a cofiber sequence

svlv(n-1) —~ V(n-1) — V(n).
We know that K(n).V(n—-1) =0
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Three developments in the early 70s (continued)

3. Smith-Toda complexes (continued)

In 1971 Larry Smith and Hirosi Toda
independently constructed the p-local
finite spectrum V(n), a CW-complex
having 2" cells with

MU, V(n) = MU, /(vo = p, i,

...Vp)forO<n<3andp>2n+1.
There is a cofiber sequence
svlv(n-1) —~ V(n-1) — V(n).

We know that K(n).V(n-1) =0 and that w, is a
K(n)-equivalence.
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forO<n<3andp>2n+1. We know that K(n).V(n-1) 0 Early 705
and that w, is a K(n)-equivalence.

These lead to the construction of the v,-periodic families aka
Greek letter elements
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Qt € Ty, |-1S

forp>3
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Three developments in the early 70s (continued)

There is a cofiber sequence

svlv(n-1) —~ V(n-1) — V(n)

forO<n<3andp>2n+1. We know that K(n).V(n-1) =0

and that w, is a K(n)-equivalence.

These lead to the construction of the v,,-periodic families aka

Greek letter elements

(7S 7Tt|v1|—1S
Bt € Ttjvy|-2pS

Yt € Tt|vs|-2p2-2p+1 S

ot is the composite

gvl 1 sivly(0)

t
W

forp>3
forp>5
forp>7
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The Adams-Novikov spectral sequence
Qg € 7Ft|v1|—1S
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The Adams-Novikov spectral sequence

Ot € Ty, =15 forp>3
Bt € Ttjvy|-2pS forp>5
Yt € 7TI|V3|—2p2—2p+1S for P2 7

These are nicely displayed in the E,-term the Adams-Novikov
spectral sequence. In it there are similar families for all n.

In 1977 Haynes Miller, Steve Wilson and | constructed the
converging to this Eo-term.

Annals of Mathematics, 106 (1977), 469-516

Periodic phenomena in the Adams-

Novikov spectral sequence

By HAYNES R. MILLER, DouGLAS C. RAVENEL,
and W. STEPHEN WILSON
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Algebraic patterns

The Adams-Novikov spectral sequence

Ot € Ty, =15 forp>3
Bt € Ttjvy|-2pS forp>5
Yt € 7TI|V3|—2p2—2p+1S for P2 7

These are nicely displayed in the E,-term the Adams-Novikov
spectral sequence. In it there are similar families for all n.

In 1977 Haynes Miller, Steve Wilson and | constructed the
converging to this Eo-term.

7), 469-516

Periodic phenomena in the Adams-

Novikov spectral sequence

By HAYNES R. MILLER, DouGLAS C. RAVENEL,
and W. STEPHEN WILSON
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Algebraic patterns

Life after the
Telescope Conjecture

The Adams-Novikov spectral sequence

Qt € Ty, |-1S for p>3 A
ﬂt S 7Tt|V2|*2PS for P >5 Doug Ravenel
VYt € 7Tt|V3|—2p2—2p+1S for P2 7 Carty 708
Morava K-theory
These are nicely displayed in the Ex-term the Adams-Novikov Hora' ision
. . . e Smith-Toda complexes
spectral sequence. In it there are similar families for all n. p—
theory :
In 1977 Haynes Miller, Steve Wilson and | constructed the et e
Converging to this E2_term. Enter the telescope conjecture

The Hopkins-Smith periodicity
theorem

The telescope conjecture

Periodic phenomena in the Adams-

Novikov spectral sequence

By HAYNES R. MILLER, DouGLAS C. RAVENEL,
and W. STEPHEN WILSON

It organizes things into layers so that

. The structure of this nth layer is controlled by the
cohomology of the nth Morava stabilizer group G
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forO<n<3andp>2n+1. Since K(n).w, is an isomorphism,
all iterates of w, are essential. This means that the homotopy
colimit of the following is noncontractible.

Chromatic homotopy
theory

V(n-1) 2 s-ly(n-1) 2 s-2vly(n-1) 2 .

The telescope conjecture

We call this the v,-periodic telescope w,' V(n-1), often
denoted by T(n). The telescope conjecture says it is
LknyV(n—-1). T(n) is more closely related to the homotopy

groups of spheres, while Lx ) V(n-1) is more computationally
acccessible.
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The theorem implies that the cofiber of w has type n+1. As
before we can form a v,-periodic telescope w='X =: T(n). Itis
independent of the choice of w and the corresponding e eescoe comectire
localization functor Ly is independent of the choice of X.
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Let X be a p-local type n finite spectrum. Then for some d > 0
(and divisible by |v,|) there is a self-map

Early 70s

w:roX > X where K(n).w is an isomorphism. Chiramaticomotopy

theory

The theorem implies that the cofiber of w has type n+1. As
before we can form a v,-periodic telescope w='X =: T(n). Itis
independent of the choice of w and the corresponding e eescoe comectire
localization functor Ly is independent of the choice of X.

V(n-1) is an early example of a finite spectrum of type n.

Again the telescope conjecture equates the geometrically

appealing telescope w~' X with the computationally accessible

Bousfield localization Ly n)X.
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When | stated the telescope conjecture in 1984, it was known
to be true forn=0and n=1.

The height one case was proved
around 1980 by Mark Mahowald for
p = 2 and Haynes Miller for odd
primes.

Thus the statement for n > 1 seemed to be favored by Occam’s
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When | stated the telescope conjecture in 1984, it was known
to be true forn=0and n=1.

The height one case was proved
around 1980 by Mark Mahowald for
p = 2 and Haynes Miller for odd
primes.

Thus the statement for n > 1 seemed to be favored by Occam’s
razor. However, while | was visiting here in 1989,
that led me to believe it is forn>2.
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The telescope conjecture (continued)

This is now a
theorem of Robert Burklund, Jeremy Hahn, Ishan Levy and

Tomer Schlank. Their proof is the subject of this workshop.

W | v . J.
Jeremy, Tomer, myself, Ishan and Robert
at Oxford University, June 9, 2023.
Photo by Matteo Barucco.
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The telescope conjecture (continued)

This is now a

theorem of Robert Burklund, Jeremy Hahn, Ishan Levy and
Tomer Schlank. Their proof is the subject of this workshop.

NS, -
Jeremy, Tomer, myself, Ishan and Robert
at Oxford University, June 9, 2023.

Photo by Matteo Barucco.
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