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Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y .

THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps,

and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Some topology

A standard problem is topology is the following:

Given topological spaces X and Y , classify continuous
maps f ∶ X → Y . THIS IS TOO HARD!

It is easier to classify them up to continuous deformation.

Definition

Two maps f0, f1 ∶ X → Y are homotopic, f0 ≃ f1, if there is a map

h ∶ X × [0,1] → Y with h(x , t) = ft(x) for t = 0,1.

Homotopy is an equivalence relation among such maps, and
we get a set [X ,Y ] of homotopy classes of maps from X to Y .



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Homotopy groups of spheres

Consider the m-dimensional sphere

Sm = {(x0, . . . ,xm) ∈ Rm+1 ∶ ∑
i

x2
i = 1} .

It turns out that the set

πmY ∶= [Sm,Y ] for Y path connected,

has a natural group structure, which is
abelian for m ≥ 2, and is called the mth ho-
motopy group of Y . It was first defined by
Witold Hurewicz in 1935.

A FUNDAMENTAL PROBLEM OF HOMOTOPY THEORY:
Determine the homotopy groups of spheres πmSn for m,n > 0.
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Homotopy groups of spheres (continued)

A FUNDAMENTAL PROBLEM OF HOMOTOPY THEORY:
Determine the homotopy groups of spheres πmSn for m,n > 0.

SOME FACTS ABOUT HOMOTOPY GROUPS OF SPHERES
known before 1940.
● πmSn = 0 for m < n.
● πnSn = Z (the integers) generated by the identity map

Sn → Sn. For n = 1, this figures in a topological proof of the
Fundamental Theorem of Algebra originally due to Gauss.
It also leads to the Ham Sandwich Theorem.
● πmS1 = 0 for all m > 1. This is the only sphere whose

homotopy groups are all known.
● (Freudenthal 1937) πn+k Sn is independent of n for

n > k + 1. It is called the k th stable homotopy group of
spheres or stable k -stem, denoted by πk S.

A FUNDAMENTAL PROBLEM OF STABLE HOMOTOPY
THEORY: Determine the stable stems πk S for k > 0.
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n > k + 1.

It is called the k th stable homotopy group of
spheres or stable k -stem, denoted by πk S.

A FUNDAMENTAL PROBLEM OF STABLE HOMOTOPY
THEORY: Determine the stable stems πk S for k > 0.
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Homotopy groups of spheres (continued)

Serre’s Finiteness Theorem (1953)

The only infinite homotopy group of a sphere besides πnSn is

π4m−1S2m ≅ Z⊕ finite abelian group

for each m > 0. In particular πk S is finite for all k > 0.

FUNDAMENTAL PROBLEM OF STABLE HOMOTOPY
THEORY: Determine the stable stems πk S for k > 0.

Here are some values of these groups for small k .
k 0 1 2 3 4 5 6 7

πk S Z Z/2 Z/2 Z/24 0 0 Z/2 Z/240
k 8 9 10 11 12 13 14 15

πk S (Z/2)2 (Z/2)3 Z /6 Z/2⊕ 0 Z/3 (Z/2)2 Z/2⊕
Z/504 Z/480

ARE WE HAVING FUN YET? Can you guess the next group?
We will come back to this.
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A geometric interlude: the Hopf Map

Homotopy theory is said to have begun in 1930
when Heinz Hopf constructed his map
η ∶ S3 → S2 as follows.

● Regard S3 as the set of unit vectors in C2 .
● Regard S2 as the one point compactification of the

complex numbers, C ∪ {∞}.
● Define η ∶ S3 → S2 by

η(z1,z2) = {
z1/z2 for z2 ≠ 0
∞ for z2 = 0.

Hopf showed that his map was not homotopic to the constant
map. It was the first known map from a higher dimensional
sphere to a lower dimensional one with this property. We now
know that it generates the group π3S2 ≅ Z.
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The Hopf map (continued)

Recall that η ∶ S3 → S2 is defined by

η(z1,z2) = {
z1/z2 for z2 ≠ 0
∞ for z2 = 0.

For any complex
number λ on the
complex unit circle,
η(λz1, λz2) = η(z1,z2).
This means that the
preimage of any z ∈ S2

under η is a unit circle in
S3. It is a good exercise
to show that any two such
circles are linked.



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

The Hopf map (continued)

Recall that η ∶ S3 → S2 is defined by

η(z1,z2) = {
z1/z2 for z2 ≠ 0
∞ for z2 = 0.

For any complex
number λ on the
complex unit circle,
η(λz1, λz2) = η(z1,z2).
This means that the
preimage of any z ∈ S2

under η is a unit circle in
S3. It is a good exercise
to show that any two such
circles are linked.



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

The Hopf map (continued)

Recall that η ∶ S3 → S2 is defined by

η(z1,z2) = {
z1/z2 for z2 ≠ 0
∞ for z2 = 0.

For any complex
number λ on the
complex unit circle,

η(λz1, λz2) = η(z1,z2).
This means that the
preimage of any z ∈ S2

under η is a unit circle in
S3. It is a good exercise
to show that any two such
circles are linked.



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

The Hopf map (continued)

Recall that η ∶ S3 → S2 is defined by

η(z1,z2) = {
z1/z2 for z2 ≠ 0
∞ for z2 = 0.

For any complex
number λ on the
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η(λz1, λz2) = η(z1,z2).

This means that the
preimage of any z ∈ S2

under η is a unit circle in
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to show that any two such
circles are linked.
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The Hopf map (continued)

Here is a video by Niles Johnson.

https://nilesjohnson.net/hopf.html
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Here are the first few stable stems again.

k 0 1 2 3 4 5 6 7
πk S Z Z/2 Z/2 Z/24 0 0 Z/2 Z/240

k 8 9 10 11 12 13 14 15
πk S (Z/2)2 (Z/2)3 Z /6 Z/2⊕ 0 Z/3 (Z/2)2 Z/2⊕

Z/504 Z/480

Note the large cyclic subgroups in dimensions congruent to 3
mod 4. They are known to exist in all such dimensions. Let am
denote the order of this summand in dimension 4m − 1.

m 1 2 3 4 5 6 7 8
am 24 240 504 480 264 65,520 24 16,320

Does anybody recognize these numbers?
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Stable homotopy and number theory (continued)

Again, am is the order of a known cyclic summand of the group
π4m−1S.

m 1 2 3 4 5 6 7 8
am 24 240 504 480 264 65,520 24 16,320

This number has interesting arithmetic properties.
● It is the denominator of B2m/4m, where B2m, is the 2mth

Bernoulli number.
● It is the greatest common divisor of numbers nt(n)(n2m − 1)

for n ∈ Z and t(n) sufficiently large.
● For the Riemann zeta function ζ, ζ(1 − 2m) is known to be

a rational number with denominator am/2. Its numerator is
more mysterious, for example

ζ(−11) = −B12

12
= 691

32,760
= 2 ⋅ 691

a6
.

Why are these numbers in the homotopy groups of spheres?
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More abouut the stable stems

Here again are the first few stable stems.

k 0 1 2 3 4 5 6 7
πk S Z Z/2 Z/2 Z/24 0 0 Z/2 Z/240

k 8 9 10 11 12 13 14 15
πk S (Z/2)2 (Z/2)3 Z /6 Z/2⊕ 0 Z/3 (Z/2)2 Z/2⊕

Z/504 Z/480

THE STATE OF THE ART
We now know these groups for k ≤ 90. If we localize at an odd
prime p, we know them for roughly

k ≤ 2p3(p − 1).

They are very hard to compute. I do not expect them to be fully
determined in the lifetime of my grandchildren.
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k 8 9 10 11 12 13 14 15
πk S (Z/2)2 (Z/2)3 Z /6 Z/2⊕ 0 Z/3 (Z/2)2 Z/2⊕

Z/504 Z/480

THE STATE OF THE ART
We now know these groups for k ≤ 90. If we localize at an odd
prime p, we know them for roughly

k ≤ 2p3(p − 1).

They are very hard to compute. I do not expect them to be fully
determined in the lifetime of my grandchildren.
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More about the stable stems (continued)

The stable stems πk S are very hard to compute. I do not
expect them to be fully determined in the lifetime of my
grandchildren.

Since roughly 1980, research in this area has not been aimed
at raising the value of k , but an understanding the overall
structure of the groups.

We find ourselves exploring a very large mansion. Instead of
knowing what lies in the next room, we want to know what the
building looks like.

FOR THIS WE NEED A NEW ALGEBRAIC APPARATUS.
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The algebra that follows is related to the topology that
preceded it, as will be explained later.

Please be patient.

Definition

A formal group law over a commutative ring R is a power series
F(x ,y) ∈ RJx ,yK satisfying
● IDENTITY: F(x ,0) = F(0,x) = x
● COMMUTATIVITY: F(y ,x) = F(x ,y)
● ASSOCIATIVITY: F(F(x ,y),z) = F(x ,F(y ,z))

Algebraic motivation: In a 1-dimensional analytic lie group, the
multiplication could be described by a function of two variables
with similar properties. In that case the power series would
need to converge in some sense. Here we do not care about
convergence. This is what “formal” means.
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Formal group laws (continued)

Definition

A formal group law over a ring F is a power series
F(x ,y) ∈ RJx ,yK with F(x ,0) = F(0,x) = x, F(y ,x) = F(x ,y),
and F(F(x ,y),z) = F(x ,F(y ,z)).

examples:
● The ADDITIVE FORMAL GROUP LAW F(x ,y) = x + y .
● The MULTIPLICATIVE FORMAL GROUP LAW

F(x ,y) = x + y + xy .
note that (1 + x)(1 + y) = 1 + F(x ,y).
● The TANGENT FORMAL GROUP LAW

F(x ,y) = (x + y)/(1 − xy). recall the trig identity
tan(α + β) = F(tanα, tanβ).
● EULER’S ELLIPTIC INTEGRAL ADDITION FORMULA,

F(x ,y) = x
√

1 − y4 + y
√

1 − x4

1 + x2y2 ∈ Z[1/2]Jx ,yK.
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● The TANGENT FORMAL GROUP LAW
F(x ,y) = (x + y)/(1 − xy). recall the trig identity
tan(α + β) = F(tanα, tanβ).
● EULER’S ELLIPTIC INTEGRAL ADDITION FORMULA,

F(x ,y) = x
√

1 − y4 + y
√

1 − x4

1 + x2y2 ∈ Z[1/2]Jx ,yK.
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The Lazard ring L

Definition

A formal group law over a ring R is a power series

F(x ,y) = ∑
i,j

ai,jx iy j ∈ RJx ,yK

(so ai,j ∈ r )

satisfying with F(x ,0) = F(0,x) = x,
F(y ,x) = F(x ,y), and F(F(x ,y),z) = F(x ,F(y ,z)).

Formal group laws were studied by Michel
Lazard in 1955. He considered the ring
L = Z[ai,j]/(∼), in which the relations are
those implied by the three defining proper-
ties of the power series F(x ,y). This makes
F equivalent to a ring homomorphism
θ ∶ L → R. Hence L is the ground ring for the
universal formal group law.
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the Lazard ring l(continued)

Lazard’s ring L is Z[ai,j]/(∼), where the relations are those
implied by the three defining properties of a formal group law.
It is the ground ring for the universal formal group law G.

This
means that any formal group law F over any ring R is induced
from G via a ring homomorphism θ ∶ L→ R.

To describe L, is useful to give it a grading with
∣ai,j ∣ = 2(i + j − 1). He then showed that

L ≅ Z[x1,x2, . . . ] with ∣xi ∣ = 2i .

This means that the map θ and the corresponding formal group
law over the commutative ring r are determined by the
elements θ(xi) ∈ r for i > 0.
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Lazard’s classification in characteristic p

For a formal group law F and a natural number n, we define
power series [n]F (x), the n-series for F , recursively by

[0]F (x) = 0 and [n]F (x) = F(x , [n − 1]F (x)).

for example,

[n]F (x) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

nx when F is additive

∑
1≤i≤n

(n
i
)x i when F is multiplicative .

Of particular interest is the p-series [p]F (x) over R/p for each
prime p. when R/p is a field, [p]F (x) is either 0 or has the form

axph
+⋯ for some a ≠ 0.

The exponent h is called the height of F at p. When
[p]F (x) = 0, the height is defined to be∞. When R has
characteristic zero, we can speak of its heights at various
primes that are not invertible in it.
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∑
1≤i≤n

(n
i
)x i when F is multiplicative .

Of particular interest is the p-series [p]F (x) over R/p for each
prime p. when R/p is a field, [p]F (x) is either 0 or has the form

axph
+⋯ for some a ≠ 0.

The exponent h is called the height of F at p. When
[p]F (x) = 0, the height is defined to be∞. When R has
characteristic zero, we can speak of its heights at various
primes that are not invertible in it.
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Lazard’s classification (continued)

As for our previous examples,

● the ADDITIVE FORMAL GROUP LAW has infinite height at all
primes,
● the MULTIPLICATIVE FORMAL GROUP LAW has height 1 at

all primes,
● the TANGENT FORMAL GROUP LAW has infinite height at

p = 2 and height 1 at all odd primes, and
● EULER’S FORMAL GROUP LAW over Z[1/2] has height 1 or

2 depending on whether p is congruent to 1 or 3 mod 4. Its
height at p = 2 is not defined since 2 is invertible.
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Lazard’s classification (continued)

Lazard proved that two formal group laws over
Fp are isomorphic if and only if they have the
same height.

This was later understood to have
profound implications for homotopy theory. This
latter insight is due to Jack Morava.

In addition
● Lazard described the automorphism group in each case. It

is a compact p-adic Lie group now known as the Morava
stabilizer group Sh.
● We now know there are elements vh ∈ L with
∣vh∣ = 2(ph − 1) such that the height of a formal group law
induced by θ ∶ L→ R is the smallest h with θ(vh) ≢ 0 mod p.
● Consider the ideal Ih = (v0,v1, . . . ,vh−1) ⊂ L, where v0 = p.

Then the ascending chain of ideals

I1 ⊂ I2 ⊂ I3 ⊂ ⋯ ⊂ L

leads to the chromatic filtration of the stable homotopy
category. We will say more about this later.
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profound implications for homotopy theory. This
latter insight is due to Jack Morava.
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Lazard proved that two formal group laws over
Fp are isomorphic if and only if they have the
same height. This was later understood to have
profound implications for homotopy theory. This
latter insight is due to Jack Morava.

In addition
● Lazard described the automorphism group in each case. It

is a compact p-adic Lie group now known as the Morava
stabilizer group Sh.
● We now know there are elements vh ∈ L with
∣vh∣ = 2(ph − 1) such that the height of a formal group law
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Lazard proved that two formal group laws over
Fp are isomorphic if and only if they have the
same height. This was later understood to have
profound implications for homotopy theory. This
latter insight is due to Jack Morava.

In addition
● Lazard described the automorphism group in each case. It

is a compact p-adic Lie group now known as the Morava
stabilizer group Sh.
● We now know there are elements vh ∈ L with
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induced by θ ∶ L→ R is the smallest h with θ(vh) ≢ 0 mod p.
● Consider the ideal Ih = (v0,v1, . . . ,vh−1) ⊂ L,

where v0 = p.
Then the ascending chain of ideals

I1 ⊂ I2 ⊂ I3 ⊂ ⋯ ⊂ L

leads to the chromatic filtration of the stable homotopy
category. We will say more about this later.



What is the telescope
conjecture?

Doug Ravenel

Some topology

Homotopy groups of spheres

The Hopf map

Stable homotopy groups and
number theory

More about the stable stems

Some algebra

Formal group laws

The Lazard ring L

Lazard’s classification in
characteristic p

The Landweber-Novikov
groupoid

Morava’s interpretation of
Lazard’s classification

Bringing the algebra to
the topology

Complex bordism

The chromatic filtration

Telescope and periodic
families

The telescope conjecture

Lazard’s classification (continued)
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Fp are isomorphic if and only if they have the
same height. This was later understood to have
profound implications for homotopy theory. This
latter insight is due to Jack Morava.

In addition
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latter insight is due to Jack Morava.

In addition
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Lazard’s classification (continued)
Formal group laws
with [p](x) = xph

were constructed
for all h and p
in 1970 by Taira
Honda.

Hence all
heights occur.
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The Landweber-Novikov groupoid

For a commutative ring R, the set of power series

γ(x) = b0x + b1x2 + b2x3 +⋯ ∈ RJxK

with b0 invertible

forms a group ΓR under functional
composition.

Given a formal group law F over R induced by θ ∶ L→ R and
such a power series γ(x), we get a new formal group law Fγ

defined by
Fγ(x ,y) = γ−1 (F(γ(x), γ(y)))

which is isomorphic to F . It is induced by another map
θγ ∶ L→ R.

Roughly speaking, this leads to an action of the group Γ ∶= ΓL
on L itself. Stating this precisely requires the language of
groupoid schemes and Hopf algebroids, which is beyond the
scope of this lecture.
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Morava’s interpretation of the classification

For each prime number p, we have prime ideals
Ih = (p,v1, . . . ,vh−1) ⊆ L for each h > 0,

which are
related to formal group laws of height at least h.
In 1973 Peter Landweber showed that they are
the only prime ideals in L that are invariant under
the action of Γ.

Morava’s vision

Let V denote the “vector space” of ring homomorphisms
θ ∶ L→ Fp.
● Each point in V corresponds to a formal group law over Fp.
● V has an action of Γ = ΓFp

for which each orbit is an

isomorphism class of formal group laws over Fp. Hence
there is one orbit for each height.
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Morava’s vision (continued)

Again let V denote the vector space of ring homomorphisms
θ ∶ L→ Fp.

● For each x ∈ V , the isotropy or stabilizer group
Γx = {γ ∈ Γ ∶ γ(x) = x} is the automorphism group of the
corresponding formal group law. When x has height h, this
group is isomorphic to the Morava stabilizer group Sh.
● There are Γ-invariant finite codimensional linear

subspaces
V = V1 ⊃ V2 ⊃ V3 ⊃ ⋯

where Vh = {θ ∈ V ∶ θ(v1) = ⋯ = θ(vh−1) = 0}. We will call
this the Morava filtration of V .
● The height h orbit is Vh −Vh+1.
● The height∞ orbit is the linear subspace

⋂
h>0

Vh.
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Bringing the algebra to the topology

COMPLEX BORDISM

Four Fields medalists

Work of Rene Thom, John Milnor, Sergei Novikov and Dan
Quillen in the 50s and 60s

showed that there is a way to
associate to each topological space X an L-module MU∗X , the
complex bordism of X , with something like an action of Γ
compatible with its action on L described above.

This is a big story that I do not have time to go into.
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Bringing the algebra to the topology (continued)

COMPLEX BORDISM

This association of an L-module MU∗X with a space X is
natural in the following sense.

For any continuous map
f ∶ X → Y , we get Γ-equivariant L-module homomorphism

MU∗X
MU∗(f) // MU∗Y .

This algebraic structure can be used to compute homotopy
groups. The details are too technical for this lecture.
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natural in the following sense. For any continuous map
f ∶ X → Y , we get Γ-equivariant L-module homomorphism
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The chromatic filtration

It turns out that π∗S,

and more generally the category where
one does stable homotopy theory, each have a structure similar
to that of Morava’s filtration of V . It is called the chromatic
filtration.

The portion of the p-component of π∗S analogous to the height
h orbit of V consists of vh-periodic families.

The simplest example is the alpha family for an odd prime p,
which is v1-periodic. We know that for each t > 0 there is an
element αt ∈ πt ∣v1∣−1S of order p. (Recall ∣v1∣ = 2p − 2.) These
elements are linked to each other in a certain way by v1
multiplication. For p = 2 there is a similar family of elements
occuring every 8 dimensions linked by v4

1 .

The “height 1 orbit” of π∗S consists of this family and similar
ones linked by vpj

1 for various j .
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The chromatic filtration (continued)

Similarly for p ≥ 5, there is the v2-periodic beta family consisting
of elements βt ∈ π∣v2∣t−2p.

(Recall ∣v2∣ = 2p2 − 2.) It is part of the
analog of Morava’s height 2 orbit. For p = 5 these occur every
48 dimensions, while the alphas occur every 8 dimensions.

We now know that all of the stable homotopy groups of spheres
can be organized into such periodic families.

This understanding was a long time coming. It started with
Morava’s work in the early 70s and culminated with theorems
of Ethan Devinatz, Mike Hopkins and Jeff Smith in the 80s and
90s.
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Similarly for p ≥ 5, there is the v2-periodic beta family consisting
of elements βt ∈ π∣v2∣t−2p. (Recall ∣v2∣ = 2p2 − 2.) It is part of the
analog of Morava’s height 2 orbit. For p = 5 these occur every
48 dimensions, while the alphas occur every 8 dimensions.
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analog of Morava’s height 2 orbit. For p = 5 these occur every
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of elements βt ∈ π∣v2∣t−2p. (Recall ∣v2∣ = 2p2 − 2.) It is part of the
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The chromatic filtration (continued)

Similarly for p ≥ 5, there is the v2-periodic beta family consisting
of elements βt ∈ π∣v2∣t−2p. (Recall ∣v2∣ = 2p2 − 2.) It is part of the
analog of Morava’s height 2 orbit. For p = 5 these occur every
48 dimensions, while the alphas occur every 8 dimensions.
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The chromatic filtration (continued)

WHY “CHROMATIC?”

The chromatic filtration is so named because it separates π∗S
into periodic families of varying periods or “colors.”

It is like a spectrum in the sense of astronomy.
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The chromatic filtration (continued)

WHY “CHROMATIC?”

The chromatic filtration is so named because it separates π∗S
into periodic families of varying periods or “colors.”
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Telescopes and periodic families

WHAT IS A TELESCOPE?

Suppose we have a sequence of topological spaces and
continuous maps

X0
f1 // X1

f2 // X2
f3 // ⋯

Let I = [0,1] be the closed unit interval, and form a cylinder
Xi × I for each i ≥ 0. The mapping telescope, known to experts
as the homotopy colimit, of this diagram is a topological
quotient of the disjoint union of these cylinders.

We form this quotient by using the maps fi to glue the cylinders
together end to end. For each i > 0 we identify the points

Xi−1 × I ∋ (xi−1,1) // (fi(xi−1),0) ∈ Xi × I

the right end of one cylinder the left end of the next one
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Telescopes and periodic families (continued)

X0
f1 // X1

f2 // X2
f3 // ⋯

Unlike any telescope you can hold in your
hand, our mapping telescope has infinite
length.

Its “eyepiece” is the initial space X0,
but that is only its beginning.

For each p and h there is a choice of spaces and maps leading
to a space Tp(h) we call the vh-periodic telescope. Its
homotopy groups consist of the vh-periodic families of π∗S and
nothing else.

Computing its homotopy groups is a daunting task, but far less
so than finding π∗S. One approach is to use the complex
bordism/chromatic machinery described earlier in this lecture.
The answer it gives is related to the group cohomology of the
Morava stabilizer group Sh.
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but that is only its beginning.
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homotopy groups consist of the vh-periodic families of π∗S and
nothing else.
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The answer it gives is related to the group cohomology of the
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Unlike any telescope you can hold in your
hand, our mapping telescope has infinite
length. Its “eyepiece” is the initial space X0,
but that is only its beginning.

For each p and h there is a choice of spaces and maps leading
to a space Tp(h) we call the vh-periodic telescope. Its
homotopy groups consist of the vh-periodic families of π∗S and
nothing else.

Computing its homotopy groups is a daunting task, but far less
so than finding π∗S.

One approach is to use the complex
bordism/chromatic machinery described earlier in this lecture.
The answer it gives is related to the group cohomology of the
Morava stabilizer group Sh.
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f1 // X1

f2 // X2
f3 // ⋯

Unlike any telescope you can hold in your
hand, our mapping telescope has infinite
length. Its “eyepiece” is the initial space X0,
but that is only its beginning.

For each p and h there is a choice of spaces and maps leading
to a space Tp(h) we call the vh-periodic telescope. Its
homotopy groups consist of the vh-periodic families of π∗S and
nothing else.

Computing its homotopy groups is a daunting task, but far less
so than finding π∗S. One approach is to use the complex
bordism/chromatic machinery described earlier in this lecture.

The answer it gives is related to the group cohomology of the
Morava stabilizer group Sh.
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The telescope conjecture

The problem with this approach is that we do not know if the
chromatic answer is correct.

The vh-periodic telescope Tp(h) is
not among the spaces the chromatic machinery is known to
work for. The telescope conjecture says that the chromatic
answer is correct. It is known to be true for h = 1 but still
unknown for larger heights. Some evidence suggests that the
correct answer for h ≥ 2 could be wildly different from the
chromatic one.

The height one case was
proved around 1980 by Mark
Mahowald for p = 2 and Haynes
Miller for odd primes.
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The telescope conjecture (continued)

FULL DISCLOSURE

I first made the telescope conjecture for all heights in the late
’70s and published it in 1984, when the height one case was
already known.

In the fall of 1989
there was a ho-
motopy theory pro-
gram at MSRI in
Berkeley.
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The telescope conjecture (continued)

Something happened there that led me to think I could
disprove the conjecture for h ≥ 2.

San Francisco earthquake of October 17, 1989
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The telescope conjecture (continued)

The disproof fell through a few years later.

In 1999 I wrote a paper about
it with Mark Mahowald and Paul
Shick.

DISCLAIMER: Having bet on
both sides of this question, my
credibility now stands at ZERO.
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THANK YOU!
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