A HYBRID EULER-HADAMARD PRODUCT FOR
THE RIEMANN ZETA FUNCTION

S. M. GONEK, C. P. HUGHES, and J. P. KEATING

Abstract

We use a smoothed version of the explicit formula to find an accurate pointwise
approximation to the Riemann zeta function as a product over its nontrivial zeros
multiplied by a product over the primes. We model the first product by characteristic
polynomials of random matrices. This provides a statistical model of the zeta function
which involves the primes in a natural way. We then employ the model in a heuristic
calculation of the moments of the modulus of the zeta function on the critical line.
For the second and fourth moments, we establish all of the steps in our approach
rigorously. This calculation illuminates recent conjectures for these moments based
on connections with random matrix theory.
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1. Introduction
An important theme in the study of the Riemann zeta function ¢(s) has been the
estimation of the mean values (or moments)

I(T) = %/OT \;(% + it)‘det.
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These have applications to bounding the order of {(s) in the critical strip as well as
to estimating the possible number of zeros of the zeta function off the critical line.
Moreover, the techniques developed in these problems, in addition to being interesting
in their own right, have been used to estimate mean values of other important functions
in analytic number theory, such as Dirichlet polynomials.

In 1917 Hardy and Littlewood [9] proved that

Li(T)~1logT

as T — oo. Nine years later, in 1926, Ingham [11] showed that

1
D(T) ~ 5 (log T)*,

There are no proven asymptotic results for I, when £ > 2, although it has long been
conjectured that

I(T) ~ c;(log T

for some positive constant ¢,. In several lectures starting in the late 1980s, Conrey and
Ghosh cast this in a more precise form, namely,

a(k)g (k)

log T)**
roe +nee

I(T) ~

where

N T+ k)2,

wouTI((- ) Sy
the product being taken over all prime numbers, and g(k) is an integer when k is an
integer. The results of Hardy and Littlewood and of Ingham give g(1) = 1 and g(2) = 2,
respectively. However, until recently, no one had formed a plausible conjecture for
g(k) when k > 2. Then, in the early 1990s, Conrey and Ghosh [4] conjectured that
g(3) = 42. Later, Conrey and Gonek [5] conjectured that g(4) = 24024. The method
employed by the last two authors reproduced the previous values of g(k) as well, but
it did not produce a value for g(k) when k > 4.

It was recently suggested by Keating and Snaith [14] that the characteristic poly-
nomial of a large random unitary matrix can be used to model the value distribution of
the Riemann zeta function near a large height 7. Their idea was that because the zeta
function is analytic away from the point s = 1, it can be approximated ats = 1/2 4 it
by polynomials whose zeros are the same as the zeros of ¢(s) close to 7. These zeros
(suitably renormalized) are believed to be distributed like the eigenangles of unitary
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matrices chosen with Haar measure, so they used the characteristic polynomial

N
Zy,0) = -, )
n=1

where the 6, are the eigenangles of a random N x N unitary matrix U, to model ¢ (s).

For scaling reasons, they used matrices of size N = log T to model ¢(1/2 + ir) when

t is near 7. They then calculated the moments of | Zy (U, 6)| and found that
GYk+1)

NT, 3

Ey [1Zy(U, 0)1*] GaE+)

where Ey denotes expectation with respect to Haar measure, and G(z) is the Barnes
G-function. When k = 1, 2, 3, 4, they observed that

G k+1) gk
GRk+1) Tk&*+1)

where g(k) is the same as in the results of Hardy and Littlewood and of Ingham and in
the conjectures of Conrey and Ghosh and Conrey and Gonek given above. They then
conjectured that this holds in general. That is, they made the following conjecture.

CONJECTURE 1 (see Keating and Snaith [14])
For k fixed withRek > —1/2,

(IS BNE G*(k+ 1) e
T/T ‘§(§+‘t>‘ It~ ab G toe

as T — oo, where a(k) is given by (1) and G is the Barnes G-function.

The characteristic polynomial approach has been successful in providing insight into
other important and previously intractable problems in number theory as well (see,
e.g., [16] for a survey of recent results). However, the model has the drawback that it
contains no arithmetical information—the prime numbers never appear. Indeed, they
must be inserted in an ad hoc manner. This is reflected, for example, by the absence
of the arithmetical factor a(k) in equation (3). Fortunately, in the moment problem it
was only the factor g(k), and not a(k), that proved elusive. A realistic model for the
zeta function (and other L-functions) clearly should include the primes.

In this article we present a new model for the zeta function which overcomes this
difficulty in a natural way. Our starting point is an explicit formula connecting the
zeros and the primes, from which we deduce a representation of the zeta function as a
partial Euler product times a partial Hadamard product. Making certain assumptions
about how these products behave, we then reproduce Conjecture 1. The representation
that we use is the following one.
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THEOREM 1

Lets = o +itwitho > 0and |t| > 2, let X > 2 be a real parameter, and let K be any
fixed positive integer. Let f(x) be a nonnegative C*°-function of mass one supported
on [0, 1], and set u(x) = Xf(X log(x/e) + 1)/x. Thus, u(x) is a function of mass one
supported on [e' VX e]. Set

U(z):/ u(x)E (zlog x)dx, “4)
0

where E|(z) is the exponential integral fzoo e " /wdw. Then

K+2
C(S)ZPX(S)ZX(S)<1+O<W>+0(X_G logX)), 5)
where
A(n)
Px(s) = exp =), ©)
(r;( n logn)

A(n) is the von Mangoldt function, and

Zx(s) = exp (—Z U((s — pn)log X)) @)
On

The constants implied by the O-terms depend only on f and K.

We remark that Theorem 1 is unconditional—it does not depend on the assumption of
any unproved hypothesis. Moreover, it can easily be modified to accommodate weight
functions u supported on the larger interval [1, e]. Finally, as is apparent from the
proof, the second error term can be deleted if we replace Px(s) by

Pre(s) = exp (32 Ly (ghsn/ e )
x nslogn

where v(t) = [ u(x)dx.

To clarify (5), we temporarily assume the Riemann hypothesis and take s =
1/2 + it. We denote the nontrivial zeros of ¢{(s) by p, = 1/2 + iy, ordered by their
height above the real axis, with y_, = —y,. Since the support of « is concentrated
near e, U(z) is roughly E,(z), which is asymptotic to —y — logz as z — 0. Here,
y = 0.5772... is Euler’s constant. Thus, for those ordinates y, close enough to ¢,
we see that exp (—U @it — yn) log X )) looks roughly like i(t — y,,) ¢ log X. We expect
the ordinates farther away not to contribute substantially to the exponential defining
Zx(s). Now, Px(s) looks roughly like HF<X(1 — p~*)7', and hence, our formula for
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¢(1/2 + ir) looks roughly like

[Ta-p7 [T (¢ = e logX). (8)
PsX =yl 21/ log X

This formula is a hybrid consisting of a truncated Euler product and (essentially)
a truncated Hadamard product, with the parameter X mediating between them. Near
height T we are approximating part of the zeta function by a polynomial of degree
about log 7'/ log X. The rest of the zeta function, which comes from the zeros we have
neglected, is approximated by the finite Euler product. Formally, when we take X
large, we reduce the number of zeros used to approximate zeta but make up for it with
more primes, and when we take X small, we approach the previous model (2). Note,
however, that in order for the error terms in (5) to be smaller than the main term, it
is necessary to work in an intermediate regime, where both the zeros and the primes
contribute.

To see how to use our formula to model the zeta function and as a test case, we
heuristically calculate I;(T'). The new model is more elaborate than the original one,
so more work is required. Nevertheless, the idea is straightforward. The 2kth moment
of |£(1/2 + it)| is asymptotic to the 2kth moment of | Px(1/2 + it) Zx(1/2 + it)|. We
argue that when X is not too large relative to 7', the 2kth moment of this product splits
as the product of the moments. We call this the splitting conjecture.

CONJECTURE 2 (Splitting conjecture)
Let X and T — oo with X = O((log T)>~). Then for k > —1/2, we have

1 2T 1 de 1 2T 1 2kd 1 2T 1 de
— —+ it t~\| = P (— t)‘ t —/ ‘Z (— t)‘ t).
T[T ‘§<2+1>‘ (TfT ‘ MURE >X<T .1

Our motivation for making the splitting conjecture is based on the following obser-
vation relating to (8). Px(1/2 + it) is approximately given by a product of terms
associated with primes p < X. Each of these terms is a periodic function of ¢ with
period at least 27r/log X. On the other hand, Zx(1/2 + it) vanishes at the nontrivial
zeros and so oscillates on the scale 27/ log |f|. If X = o(T), then Zx(1/2 + it) can
thus be thought of as oscillating much faster than Px(1/2 + it) (cf., e.g., Figures 2
and 3 in the appendix), and this separation of scales then suggests that they contribute
independently to the moments in the limit as 7 — oo. When k = 1 and k = 2, we can
prove this if X = O((log T)*~¢) (see Corollary 1).

In Section 3 we calculate the moments of P rigorously and establish the following
theorem.
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THEOREM 2

Let 1/2 < ¢ < 1,let e > 0, and let k > 0 be any positive real number. Suppose that
Xand T — oo and X = O ((log T)"/'=¢*9). Then we have

| 2T - :
T/T |Px(o + i) dt=“(""’)FX("’“)(1+0k(logx))

uniformly for ¢ < o < 1, where

ko =[T[(1- ) T4 ©)

p

14 m=0
and
Futh. oy = |§@ B ifo > 12,
’ (e” log X)X ifo =1/2.

Here, E| is the exponential integral, and y = 0.5772 ... is Euler’s constant.

Note that a(k, 1/2) is the same as a(k) in (1).

In Section 4 we conjecture an asymptotic estimate for fTZT |Zx(1/2 + it)|** dt
using random matrix theory. We introduce random matrix theory in the following
way. The statistical distribution of the ordinates y,, is conjectured to coincide with that
of the eigenangles 6, of N x N random unitary matrices chosen with Haar measure for
some N (see, e.g., [17], [18], and [15]). The choice of N requires consideration. The
numbers y, are spaced 27/ log T apart on average, whereas the average spacing of the
0, is 2w /N, and so we take N to be the greatest integer less than or equal to log T'.
We therefore conjecture that the 2kth moment of | Zx(1/2 +it)|, when averaged over ¢
around T, is asymptotically the same as | Zx(1/2 + it)|?* when the y,, are replaced by
0, and averaged over all unitary matrices with N as specified above. We perform this
random matrix calculation in Section 4 (see Theorem 4, which is stated there) and so
obtain the following conjecture.

CONJECTURE 3
Suppose that X, T — oo with X = O((log T)*~¢). Then for any fixed k > —1/2, we
have

1 2T 1 2% G*(k+1)/ logT \*
— Zx| = +it ‘ dr ~ .
T/r ‘ X(2+1) G(2k+l)(e1/10gX)

We actually expect Conjecture 3 to hold for a much larger range of X, but the correct
bound on the size of X with respect to T is unclear.
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‘We note that this asymptotic formula coincides with that in (3), where N is taken to
be on the order of log T'/e” log X. This is consistent with the fact that the polynomial
in (8) is of about this degree. Alternatively, the mean density of eigenvalues is N
divided by 27, and this is comparable to the mean density of the ordinates of the zeros
when multiplied by e” log X, as they are in (8).

Combining the result of Theorem 2 with the formula in Conjecture 3 and using
the splitting conjecture, we recover precisely the conjecture put forward by Keating
and Snaith [14]. Note that, as must be the case, all X-dependent terms cancel out.

In Section 5, we prove the following theorem.

THEOREM 3
Lete > 0,and let X and T — oo with X = O((log T)*>~). Thenfork = 1 and k = 2,
we have

1 27 /1 1 —12 G (k+1) / logT \¥
- — +it ) Px( = ’t) ‘ dr ~ ) )
T/T ‘§<z+‘> X(2+1 G2k +1) (eVlogX

Since ¢(1/2 +it)Px(1/2 +it)~' = Zx(1/2 +it)(1 + o(1)) for t € [T, 2T], it follows
from this that Conjecture 3 holds when k& = 1 and k = 2. Moreover, combining
Theorem 3 with our estimate for

1 2T » 1 ) 2% q

— - t t

T /T ‘ X (2 i )‘
from Theorem 2, we also see that Conjecture 2 holds for k = 1 and k = 2. Thus, we
obtain the following corollary.

COROLLARY 1
Conjectures 2 and 3 are true for k = 1 and k = 2.

Clearly, our model can be adapted straightforwardly to other L-functions (see [13]). It
can also be used to reproduce other moment results and conjectures, such as those given
by Gonek [7] and by Hughes, Keating, and O’Connell [10] concerning derivatives of
the Riemann zeta function at the zeros of the zeta function. We also expect it to provide
further insight into the connection between prime numbers and the zeros of the zeta
function. It would be particularly interesting to determine whether the model can be
extended to capture lower-order terms in the asymptotic expansions of the moments
of ¢(1/2 + it) and other L-functions (cf. [3]).

2. Proof of Theorem 1
We begin the proof by stating a smoothed form of the explicit formula due to Bombieri
and Hejhal [2, page 837].
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LEMMA 1

Let u(x) be a real, nonnegative C*°-function with compact support in [1, e], and let u
be normalized so that if

v(t) = /OO u(x)dx,
then v(0) = 1. Let
u(z) = /w u(x)x*"dx
0

be the Mellin transform of u. Then for s not a zero or pole of the zeta function, we

have
ISP . A ogniogxy N U= (s — p)logX)  u(l — (s — Dlog X)
§(S)_n§ ns v(e ) ; s—p + s—1

- i (1 — (s +2m)log X)

) 10
s+ 2m (10)

m=1

where the sum over p runs over all the nontrivial zeros of the zeta function.

This lemma is proved in a familiar way, beginning with

e

- dz
- (z+s)u(l +zlog X) —,
27T1 (c) { Z

where the integral is over the vertical line Re z = ¢ = max{2, 2 — Re s}.

The support condition on u implies that v(e!°"/1°2X) = 0 when n > X, so the
sum over 7 is finite. Furthermore, if [Im z| > 2, say, then by integrating u by parts K
times, we see that

) < manlu 0 | <+

emax{Re z+K,0}

—_— 11
(I+1zh¥ (4o

< max [u ()|

for any positive integer K. Thus, the sums over p and m on the right-hand side of (10)

converge absolutely, so long as s # p and s # —2m. This, in fact, is the reason we
require smoothing.

Next, we integrate (10) along the horizontal line from sy = og + ity to +o0,

where oy > 0 and |fy| > 2. If the line does not pass through a zero, then on the

left-hand side we obtain — log ¢ (s9). We choose the branch of the logarithm here so
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that lim, . log ¢(s) = 0. If the line of integration does pass through a zero, then
we define log¢(o + it) = lim€_>0+(l/2)(log§(cr +i(t + €)) + log¢(o +i(t — 6))).
Recalling the definition of U(z) in (4), we see that

/'°° u(l — (s —z)log X)

0 §=2Z

ds = /-oo u(x)E((so — z)log X log x) dx
0
= U((so — 2)log X), (12)

provided that sy — z is not real and negative (so as to avoid the branch cut of E/). If it is,
then we use the convention that U ((sp — z) log X) = lim€_>0+(1/2)(U((so —27)log X +
i€) + U((so — z2)log X — ie)). Note that the logarithms in (12) are both positive since
the support of u is in [1, e] and X > 2. It therefore follows from (10) that

= A(n) logn/log X
log ¢ (so) = ———v(e™® [log Xy _ U((so — p)log X)
Zznﬂlogn ;

n=.

oo
+U((so — 1) log X) —ZU((SO+2m)10gX). (13)

m=1
The interchange of summation and integration in the sums is justified by absolute
convergence. This representation holds for all points in Re s > 0 not equal to the pole

or one of the zeros of the zeta function.

Now suppose thatu(x) = X f(X log(x/e)+1)/x, where f is C*°, real, nonnegative,
has total mass one, and is supported on [0, 1]. Since max, | f®)(x)| is bounded and

independent of X, we see that max, |u®(x)| «<x XX*!. It therefore follows from

(11) that
N max{a,O}XKJrl
u@S) <<k ————————
) <K =R

From this, (12), and since |fy| > 2, we find that if r is real, then
Ul — (s —r)log X)
ds
s—r

XK+1 o] Xmax{rfa, 0}

K / - do
(log X)X Joy |0 — 1) +itg| K+

XI(+1+max{r—(rU,0} oo 1

(log X)¥ /o (o —r) + it K+1
XK+1+max{rfag, 0}

K Uso —rllog X)X

U((so —r)log X) :/

5o

<

0

<Lk

0

<

In particular, for any fixed positive integer K, we have that
XK+1+max{l—<70, 0}

Ul((so — 1) log X -z
((so — Dlog X) <k (ol Tog X0
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and, since o > 0, that

00
K+1 1

(log X)X 2 [so + 2m| ¥

> U((so +2m)log X) <k

m=1

XK+1

K Usollog XK

Inserting these estimates into (13) and replacing sy by s, we find that

K+2

A
log(s) =3 — 122,;”(61"“/ ") = 30 = plogX) + 0( log %)
p

n=2

foro > 0, |t| > 2, and K any fixed positive integer. Exponentiating both sides, we
obtain

- XK+2
;(S)ZPX(S)ZX(S)<1+O(W)>, (14)
where
D _ An) logn/log X
Px(s) = exp <; o logn v(e ))
and

Zx(s) =exp (—Z U((s — p)log X))
o)
We now show that replacing Py(s) by
_ A(n)
Px(s) = exp (; > logn>

only introduces a small error term into (14). To see this, note that v((e!°"/1°2 X)) = |
for n < X'~/ X because the support of u(x) is in [e!~!/X, ¢]. Therefore,

Px(s) _ exp( Z A(n) (v(elogX/logn) _ 1))

Px(s) [ n’logn
con( X L)
p o
Xl—l/X<n<X

<K exp (X7 log X).

This completes the proof of Theorem 1, provided that s is not a nontrivial zero of
the zeta function. To remove this restriction, we recall the formula

m'm

Ei(z) = ~logz —y — Z
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where |arg z| < 7, log z denotes the principal branch of the logarithm, and y is Euler’s
constant. From this and (4), we observe that we may interpret exp(—U(z)) to be
asymptotic to Cz for some constant C as z — 0. Thus, both sides of (5) vanish at the
Zeros. O

3. Proof of Theorem 2
We prove Theorem 2 by first proving a couple of lemmas.

LEMMA 2
Let k > 0, let 1/2 < ¢ < 1 be arbitrary but fixed, and suppose that 2 < X <
(log T)/1=¢+9 ‘ywwhere € > 0 is also fixed. Then

L - 12k 1\ —1/24€
7/7 |Py(o +if)] dt:a(k,o)n(l—ﬁ) (1 4+ 0 (X~ 1/2%e))

pP<X

uniformly for ¢ < o < 1, where a(k, o) is given by (9).

Proof
Raising Px(s) to the kth power, where Px(s) is defined in (6), we have

Py(s) = exp (k Z nsAli)ng)n) - 1_[ €xXp (log(l —p ) F—k Z m;ms).
n<X X ™

P

pr>X
Thus, if we write

o0

Py = 3 B, (1)

ns
n=1

then we immediately see that B, (n) is a multiplicative function of n, 0 < Bi(n) < di(n)
for all n, where di(n) is the kth divisor function; By(p™) = di(p™) if p™ < X; and
Br(n) = 0if p | n for any prime p > X.

Let #(X) denote the set of X-smooth numbers; thatis, ¥(X)={n:p |n =
p < X}. We truncate the sum in (15) at 7%, where 6 is a small positive number to be
chosen later, and we obtain

Py(s) = Z ﬂ];l(f)+0< Z ﬂ/;(an)).
nes(X) nes(X)
n<T? n>T°
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For € > 0 fixed and o > ¢, the sum in the O-term is

< Z (ﬁ) dk(”) T €0 Z dk(”)

n>T° neﬂX)
nes(X)
— T7€9 l_[ (1 _ p€7c‘)7k — T7€9 exp <0<k Z p€C>>
P<X P<X

< T—e(? . O( kX]—c+e )
X —_— .
PN = e ologx

Now suppose that 2 < X < (log T)"/1=¢*€ with the same €. Then this is

k logT
< T~ exp O<L) < T2,
loglog T

Thus, we find that

Pt = 3 B o), (16)

nes(X)
n<T?
By the classical mean value theorem for Dirichlet polynomials, we see that

/ Y P a1+ o0y Y

n<T1? n<T?
nes(X) nes (X)

Br(n)?
20

Using the method above, we may extend the sum on the right-hand side to infinity
with an error again no larger than O, (T ~“%/?). Thus, taking 6 = 1/2, say, we find that

2T 2
Br(n) |2 Br(n) _
IE B e = ¥ B o),
n<T'/? nes(X)
ned(X)

Therefore, from (16) and the Cauchy-Schwarz inequality, it follows that
27 ,
—/ |Px(o + i) df = (1 + O(T~/%)) Z ﬂk(n)
nes(X) n*

Since the Bi(n) are multiplicative and satisfy 0 < Br(n) < di(n) and Bi(p™) =
di(p™) if p™ < X, we have

(> M)y Moy e,

p<X 0<m<N, nes(X) p<X m=0
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where N, = [log X/ log p], the integer part of log X/ log p. Observe that the ratio of
the left-hand side to the right-hand side is

ngNerl dk(l?m)zlfzam dk(pm)Z
1_[ (1 - Zm>0dk(pm)2p72am ) = l_[ (1 + 0( Z W))

p<X p<X m>=N,+1
= [T (1+ oprtiey), (17)
p<X

where we have used the bound di(n) < n¢/? and summed the geometric series. We
split the product over primes into two parts, depending on whether 2 < p < /X or
VX < p < X.In the first, we use the estimate N, +1 > log X/(log p), and in the
second, we use N, = 1. We conclude that (17) equals

[T (+ox ) x [ (1400 ) =1+0(x"7)
pP<VX VX <p<X
for o > 1/2. Hence,

2 0 my2
> B =TT (X S5h) 0+ oux ).

nes(X) p<X m=0

Writing the product here as

M(0-5) S 1 (--5) "
P<X

20 20
p<X p m=0 p

we note that the first of the two factors may be extended over all the primes because
foro > 1/2,

[ <(1 - ;)kzgdﬁfz) 2,,11 (1 + ok(%»

=1+ Ok(lng)'

Thus, by the definition of a(k, o) in (9), we find that

2
> B ko [1(1-5

nes(X) <X

)7" (14 0ux~1749)),

and this completes the proof of Lemma 2. O
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LEMMA 3
If k is a real number, then

(- p%)kz = Fu(k. o)(l + ok(loglx))

P<X

uniformly for o > 1/2, where

;—(20.)kze—k2E1((20—1)10gX) lf o> 1/2’

Fx(k,o) = { 5
(e” log X)K if o =1/2,

and E| is the exponential integral.

Proof
Mertens’s theorem asserts that

I1 (1 - %)71 — e logX(l + 0(@)).

p<X

Raising both sides to the k’th power establishes the result when ¢ = 1/2. When
o > 1/2, we see that

I1 (1 - %)4 - ;(2a)exp<21og(1 - p%))

P<X p>X

By the prime number theorem in the form 7 (x) = x/logx + O(x/(log x)*), we find

that
1 1 1
e (1= 30) =—;(ﬁ+o(ﬁ))
o0
- _/X <u%’ * 0<u%7)) I:guu * O<(1og1X)A>
= —E,(Q20 — 1)log X) + O(GOg;X)A).
Hence,

l_[ (1 B plzg)* = 20) exp( —k*E(((20 — l)logX))<1 + Ok<10g1X>>’

P<X

as asserted. O

The proof of Theorem 2 now follows immediately from Lemmas 2 and 3. |
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4. Support for Conjecture 3
In this section we give heuristic arguments supporting Conjecture 3, which we restate
as

I 1 2% G*k+1) ; logT \¥
__/1 ‘ZX(——+U)’ dr ~ G+ )( o8 )
T Jr 2 G2k + 1) \e” log X
as T — oo, where Zy(s) is given by (7).
We assume the Riemann hypothesis. Since Re E(ix) = — Ci(|x|) for x € R,
where

o0
Ci(z) = _/ cos w dw.
2 w

we find that

—1 o Z —1 +i de ——1 ’ Xp 2k eu Ci(|r — lo log X)dy)d
t t= | | t " t,

(18)

e!=VX ¢] and of total

mass one. Since the terms in the exponent decay as |y, — f| increases, this product is

where u(y) is a smooth nonnegative function supported on [

effectively a local statistic. That is, the integrand depends only on those zeros close
to ¢. In recent years, considerable evidence has been amassed suggesting that the zeros
of the Riemann zeta function around height 7" are distributed like the eigenangles of
unitary matrices of size log 7' chosen with Haar measure (see, e.g., the survey article
[15]). We therefore model the right-hand side of (18) by replacing the ordinates y,
by the eigenangles of an N x N unitary matrix and averaging over all such matrices
with Haar measure, where N = [log T']. Thus, the right-hand side of (18) should be
asymptotic to

o []f[l exp (2k /1 u(y) Ci(|6, | 1og y log X) dy)],

where the 0, are the eigenangles of the random matrix and Ey[-] denotes the expecta-
tion with respect to Haar measure. However, since the eigenangles of a unitary matrix
are naturally 27 -periodic objects, it is convenient to periodicize our function, which
we do by defining

o]

¢(0) = exp (2k/1 u(y)( Z Ci(|0 + 27 j|log y log X)) dy). (19)

j=—00

It follows from our proof of Lemma 5 that the terms with j # 0, which make the
random matrix calculation much easier, only contribute <; 1/log X to ¢(6) when
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—n < 0 < 7. Hence, they do not affect the accuracy of the model. Thus, we argue
that

L[ ) o~ e [ [Tow] @

The remainder of this section is devoted to the proof of the following theorem.

THEOREM 4
Let ¢(0) be defined as in (19). Then for fixed k > —1/2 and X > 2, we have, as
N — o0,

N 2 2
oo [l S5 (40

Remark 1

The random matrix model of Keating and Snaith [14] for the moments of the Riemann
zeta function involves the characteristic polynomial (2). Note that if we set M =
N/(e” log X), then by (3) we have

N(G(k+1))2< N )kz

Eu [1Zu(U, 0)*] G2k +1) \e? log X

which is the same answer we find in Theorem 4. This is easily explained by the fact
that in our model the eigenangles are multiplied by e” log X, and so their mean density
is M /2. Given that for random matrices the mean density is the only parameter in
the asymptotics of local eigenvalue statistics, it is natural that the result should be the
same as for unitary matrices of dimension M since their eigenangles have precisely
this mean density.

Proof
Heine’s identity [20] evaluates the expected value in (20) as a Toeplitz determinant

N
Ey [1_[¢(9n)] = det[¢; —jli<ij<n> 21

n=1

where

b4

1 —in6
b = —— ¢(O)e”"" do
2

-7
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is the nth Fourier coefficient of ¢(0). The Toeplitz symbol ¢(6) is singular since it
is zero when § = 0. Thus, the asymptotic evaluation of this determinant requires
knowledge of the Fisher-Hartwig conjecture in a form proved by Basor [1].

We factor out the singularity in ¢ (@) by writing

#(0) = b(0)(2 — 2 cos B),

where

b() = exp ( —klog(2 —2cos ) + 2k/ u(y)( Y Ci(l6 + 27| log y log X)) dy).
1 .
j=—00

(22)

As we see in the proof of Lemma 5, the logarithmic singularities in the exponent on
the right-hand side cancel. Thus, b(6) never equals zero. The asymptotic behavior of
the Toeplitz determinant with these symbols has been determined by Basor [1]. She
showed that if kK > —1/2, then

T

N
detlepi_jl1<i j<n ~ Eexp (2— / log b(6) d6 ) N* (23)
T Jx
as N — oo, where the constant E is given by
o0

1 (7 » 2 L GHh+1)
E:exp( n —/ log b(0)e "% do )b(O) k= — =
; (271' _7, ) Gk +1)

To evaluate E, we need to know b(0) and the Fourier coefficients of log b(6).
These are given by the next two lemmas.

LEMMA 4
Let b(0) be given by (22). Then

1 g ) 0 lf n = 0,

— | logh®)e " do = §

27 J_» _U(en/logX) ifn>1,

n
where
o(t) = / u(y) dy.
t

LEMMA 5

1-1/X

Let b(0) be given by (22), and let u(x) have total mass one with support in [e el.

Then

1
b(0) = exp (2k(loglog X + V))(l + Ok(logx))‘
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Before proving the lemmas, we complete the proof of Theorem 4. Since u is a

1-1/X

nonnegative function supported in [e , e] of total mass one, we see that

1 if r e mVX,
v(t) =
0 iftr>e,

and 0 < v(r) < 1ifr € [e, e!~/X]. Thus,

SHu(en(p)) = X teo( v b

n
n<(1-1/X)log X (1—1/X)log X <n<log X

The first sum on the right-hand side equals loglog X 4+ y 4+ O (1/log X), and the
second is O(X~!). Hence, we find that

<1 n 2 1
- " V) —loglog X 0(—).
nz_;nv<eXp(logX)> oglog X+ + log X

Using this and the value of »(0) given by Lemma 5, we obtain

) . (G(k + 1)) !
E = exp(—k (loglog X + V))M(l + Ok(logx))’

The proof of Theorem 4 is completed by combining this, the case n = 0 of
Lemma 4, (21), and (23). a

Proof of Lemma 4
We evaluate

1 (7 ‘
— | logh(d)e " do,
2

-7

where b(0) is given by (22). After some straightforward algebra, we see that this equals
—k T 2k e [ee) ]

- / log(2 — 2 cos 8) cos n df + — / u(y)(/ Ci(0 log y log X) cos nf de) dy.
T Jo T J1 0 24)

When n = 0, the first integral vanishes by symmetry, and the second vanishes
because

/ Ci(9)do = 0.
0
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This is a special case of the formula (see Gradshteyn and Ryzhik [8, page 645])

_ if A <n,
- 2n
f Ci(A@)cosnfdd =1 _ 7 o), (25)
0 4n ’
0 otherwise,

for A > 0, which we require in (27) as well. Thus, both terms in (24) vanish, and
Lemma 4 holds in this case.
When n is a positive integer, the first term in (24) equals

k 7 k (7 N,
—— log(2 —2cos@)cosnhdd = —— log4 + 2log (sm —) cosnf do
T Jo T Jo 2
4k (7
= —— / log(sin#) cos 2nb db
T Jo

. (26)

(see Gradshteyn and Ryzhik [8, page 584]). The second term in (24) is, by (25),

en/]ogX

% /e u(y)(/OO Ci(0 log y log X) cos nf dG) dy = —E/ u(y)dy
T J1 0 nJi
= S(v(e"/ ey —1). @D

Inserting (27) and (26) into (24), we find that for n > 0, an integer
T

1 : k
— | logh(@)e " do = —v(e"/ 108X,
27 J_» n

This completes the proof of Lemma 4. O

Proof of Lemma 5
We calculate b(0), where

b(9)=exp(—klog(2—200s9)+2k/ u(y)( Z Ci(le +27rj|10gy10gX)) dy).
1 .
j=—00

(28)

Using the expansion

Ci(x) =y +logx + 0%
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for x > 0, we find that the first term in the exponent and the j; = 0 term combined
contribute

—klog(2 —2cos ) + 2k/ u(y)Ci(|0|log y log X)dy
1
= 2k{ —log(16]) + O(6*) +/ u(y)(log(lf|log y log X) + y + Ox(6%)) dy}
1

= 2k{y + loglog X —l—/ u(y)loglog y dy + Ox(6*)}
1

since u(x) has total mass one. Moreover, u(x) is supported in [e!~!/X | ¢], so we have
¢ 1
/ u(y)loglogydy <« —.
| X
Therefore, we find that
gin% { —klog(2 — 2cosb) + Zk/ u(y) Ci(|0|log y log X)dy} (29)
g 1

1
= 2k(loglog X 4+ y) + Ok <}>

Now consider the contribution of the terms with j # 0 in (28). An integration by
parts shows that

o t i 1
Citx) = _/ cos df — sin x n 0(_2)
X t X X
for x positive and > 1. Thus, since (1 — 1/X)log X < logy logX <logX, X > 2,
and 0 € (—m, ], we see that

oo
Z Ci(|6 + 27 j|log ylog X)
j=—00

J#0

B 1 >\ sin(|0 + 27| log y log X) 0( 1 )
~ logylog X = |0 + 27| (log X)2/°
J#0

In a standard way (via Abel partial summation), one can show that the series on the
I=1/X "¢], except possibly in the
neighborhood of a finite number of points, and boundedly convergent over the whole

right-hand side is uniformly convergent for y € [e

interval. Moreover, the series may be bounded independently of 6 € (—x, 7]. We may
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therefore multiply by the continuous function u(y) and integrate to find that

/e o)( i Ci(16 + 27| log y log X)) dy < ! / “) 4 +0( ! )
u 1 T 0, (0]
1 Y A JIT0R Y08 J logX J; logy Y (log X)?

j=—00

J#0
1

< log X

uniformly for 6 € (—m, w]. Combining this and (29) with (28), we obtain

I
b(0) = exp <2k(loglog X+y)+ 0k<10g X))

1
— exp (2k(loglog X + »))( 1 + Ok(logX> .
This completes the proof of Lemma 5. O

5. Proof of Theorem 3
We begin with a lemma.

LEMMA 6
Define

and

5 T (1-=+-)

P
VX <p<X

2
Rx) = [] (1_F+

p<VX

Then for X sufficiently large, we have

1
Px(s)™! = Qx(S)<1 + 0(@)) (30)

and

]
Py(s) 2 = RX(s)(l + 0<@)> G1)

uniformly for o > 1/2.
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Proof
By (6), we have

Px(s) = Hexp( Z jl. ),

p”
p<X 1SN,

where N, = [log X/ log p], the integer part of log X/ log p. The primes VX <p<X
have N, = 1, so a straightforward calculation shows that

PX(S)QX(S)=6XP< > 2 Jp,y 2. (%—i}(%—ﬁy))

p<VXJ>Np VX <p<X

The argument of the exponential is clearly
1
< Z a(N,,+1) Z F
p<f VX<p<X
Since N, + 1 > log X/ log p, we have pMrtl > X Thus, for o > 1/2, this is
—1/2
<y Y el
P<VX f<p<X

It follows that
1
Px()0x() =1+ 0 (1),

which is equivalent to (30).
To prove (31), we square Qx(s) and note that for X large enough,

1 1 \2 2 2 1
[ (-p+gm) = T (=55 +0Gx))

VX<p<X VX<p<X

=105

VX<p<X

(
T2 2N olit)

VX <p<X

The approximation in (31) now follows.
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We now prove Theorem 3 when k = 1. In this case, G*(k + 1)/G(2k + 1) =
G*(2)/G(3) = 1, and by Lemma 6 we may replace Px(1/2 +it)~! by Qx(1/2 + it).
Thus, it suffices to show that for X — oo with X <« (log T)>~¢,

/2T +r 0 ( + t)‘zdt log 7 1+0( ! )
— 1 1 = .
X e’ log X log X

Let (X)={n:p|n — p < X} be the set of X-smooth numbers, and write

| -1(n)
QX(§+lt): Z :1/1—2_:1”,

nes(X)

where a_;(n) = u(n), the Mdbius function, if n € L (VX), a_1(p) = u(p) for all
p < X,and a_1(n) K d(n) for all n € ¥ (X). As in (16), if the € above is sufficiently
small, then we find that

1 S\ a_i(n) —0e/10
0x(5 +ir) = <ZT O, (32)
e (X)

(The exponent 1/10 in place of 1/2 is accounted for by the slight difference between
the conditions X < (log T7)>~€ and X « (log T)"/(1/2¥9) ) Now for m and n coprime
positive integers, we have the formula

[ e+l G =i e ) 27 1) 0fmnr™oa )

(see, e.g., [12, Corollary 24.5]). Using this and the main term in (32) with 6 = 1/20,
we find that

2T 2 a_i(n)?
_/ +1t ‘ Z /2

n< T2
nes(X)
_ _ T 2
- a1<m>“1_m>(m,n){log(ﬂ>+zy_l
m n 2mmn
m,nng/zo
m,ned (X)
+0(—T—‘/9(1ogT)6)}, (33)
(m,

where (m, n) denotes the greatest common divisor of m and n. The O-term contributes

< T PaogTy( Y d(n))2 < T7(log T,

n<T1/20
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Grouping together those m and n for which (m, n) = g, replacing m by gm and n by
gn, and then using the inequality d(ab) < d(a)d(b), we find that

2
Z a_i(m) (Ll(n)(m’ n)<10g ((m, n) ) +2y — 1)
m n 2rmn

m,ngTe
m,neS (X)
1 d(gm)d(gn)logmn d(g)z( d(n)logn>2
< E P E P < E P E . .
ges(X) m,neS(X) geS(X) nes(X)

(m,n)=1

If we write f(0) = 3, com dmn™ = [],cx(1 = p~°)72, then the sum over n
is — £'(1), which, by logarithmic differentiation, is 2f(1)ngx logp/(p — 1) K
f(DHdog X) <« (log X)3. We also have dey()() d(g)lg ' « Hpgx(l -pH*«
(log X)*, and so the expression above is < (log X)!°.

Thus far, then, we have

L Gl 5 s

2

n<T
nes(X)
a_1(m)a_i(n) 10
=logT § ——————(m,n)+ O((log X)'*). (34)
m’nng/zo n
m,neS(X)

Since 3, #(g) = n, the remaining sum here is

o_1(m) a_y(n) #(g) o_1(gn)\?
I (Y ew) = Y FE( Y )L 6
m,nng/zo m n glm g<T1/20 8 nng/zogfl n
mned (X) gln ges (X) nes(X)

We extend the sums on the right-hand side to all of &(X). For this, we use several
estimates. First,

> e ca ¥ o[ (1-5) < deniog

n
nes(X) nes(X) p<X

Second,

lo—1(gn)| d(n) T2\ -1/4 d(n)
> oy 3 iU T

n>T1/20g-1 n>T"0g1 nes(X)
nes(X) nes (X)
1/4—1/80 1\
Ld(@g T [1 (1 - W)
p<X

< d(g)g1/4T—1/soeloxl/4/1ogx & d(g)g1/4T_l/100,
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say. From these it follows that the square of the sum over n in (35) is

( Z o[_l(gn)>2+O(d(g)zgl/ZT—l/ZOO)' (36)
n

nes(X)

Similarly, we find that

Z ¢>(g)d(g)2 <« 7-1/100

7 < Tl/4()0 and

gesS(X) g>T1/2°
ges(X)

)3 (g)d(g)?
gZ

Using these and (36), we find that the right-hand side of (35) equals

( Yoy )¢(g) ( 3 0571158”)) ( a0 3 ¢(g)5§g)2)

geS(X) g>TV? g nes(X) <TI0
gL (X) S0
geS(X) nes(X) n

Combining this with (34), we now have

_/27 u ‘ ’ a_1(n)|?
1/20 nl/2H
nE;(X)
2
oT Z ¢(g)< Z ‘X_IT(gn)> +0((]0gX)10)_ 37
€S (X) nes(X)

Since «r_; and ¢ are multiplicative functions, we may expand the entire sum into the
Euler product

(PHa_1(p/ a1 (p*t)
n(zzzw”";ﬂi‘”’ )

pP<X

Recall that o_1(n) = u(n), the Mdbius function, if n € #(VX), a_ 1(p) = u(p) for
all p < X, and o (n) < d(n) for all n € ¥ (X). Thus, the product equals

109 1 (-3+0G)-T10-3) 1T (1+03)

p<VX VX <p<X VX <p<X

R 1+0( 1)
~evlogX logX/)




532 GONEK, HUGHES, and KEATING

Since log X « loglog T, it now follows from (37) that
ZT MO log T 1
_/ +it ‘ ) “1/‘2(+”it) _ ¢ <1+0(—)). (38)
/2 n e’ log X log X
ne V(X)
Rewriting (32) (with § = 1/20) as Qx(1/2 +it) = Y_ + O(T~</?), we see that

_/2T + it Qx< +1t>‘2dt

2T
_ _/ +1r ‘ ‘Z+O(T‘€/2()°)‘ dt
2T 1 2T 1 ) 2
z_/ +U\zmm+ogﬁmﬁﬁ\45ﬂquzm@
+of—2 /ZT( (1 +'t)‘2dt
—_— - 1 .
T1He/100 | 4 2

The final term is O(T~</?%) since the second moment of the zeta function is

O(T log T). Also, by the Cauchy-Schwarz inequality and (38), the second term is

<grm( [ G Zf o [ oG+ )

1 T? log” T\1/2
—€/400
rrvemn ( log X ) <Te

1/2

<

From these estimates and (38), we may now conclude that

+] +1 = +
e’ IOgX IOgX

for X = O((log T)>~¢). This completes the proof of Theorem 3 in the case k = 1.
We now prove Theorem 3 for k = 2. By Lemma 6, we may replace Py(1/2+it)~2
by Rx(1/2 + it). Furthermore, G*(3)/ G(5) = 1/12, so it suffices to show that

PG () o= pueon(Gg) o

for X <« (log T)*>~. By (16) (see (32) also and the comment following it), we have

Rx<% + it) -y @2 o p-eo/10),

nl/2+i
n<T?
nes(X)
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say, where a_,(p) = —2 for all p < X, a_»(p?) = 1if p < VX, a_r(p?) = 2 if
VX < p < X, and a_»(p’/) = 0 otherwise. In particular, we note that |o_»(n)| <
d(n).

In carrying out the proof of splitting for this case, we gloss over some of the
less important steps as these are handled analogously to those for the k = 1 case. In
particular, by an argument similar to the one at the end of the proof of the case k = 1,
one can show that

P
= (1+0(o) )5 [ oG +i) re(z +i) [
= (1 olg))r [ o) X e
n<yY

dt, (40)
nes(X)

where Y = T and e¢; = 1/log X.

To estimate the right-hand side, we use an analogue of (33) due to Jose
Gaggero Jara [6]. Let A(s) = any a,n—*, where the a, are complex coefficients
and Y = T? with 6 < 1/150. Gaggero’s formula is

(10l 3 o #) a3 )

! ce(m, n)ay,a, YT (m,n) T(m,n)
=k=1{ Z mn (m,n)(logk< 2wmn >+10gk< 2rY ))}

m,n<Y
a,,a, (m,d)(n,d) Y 1 1
- LR (—) o - -
DT ST (WESIVIIND SRS SR
m,n<Y O<d<Y/4 v<V, u<U,

(ngu,mgyv)=1

min (m,d)(n, d) 1 1
o e CIC R b

n
mn<Y O<d<mn/4Y v<V/ u<Uj

(ngu,mgyv)=1
Here,
CYT CYT
1 = 9 1 = 9
dl’ld dn’ld (41)
_ CmnT . CmnT

/

U/ - N, 7 - )
! ded ! Ydmd
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C = 2/m, B is an arbitrary positive number, and for integers n and d we write
n/(n, d). Also, c4(m, n) = (1/4w2)8(m,,)8(n,,), where

_ a—-1/p)
5(n) = [H[ (1 T 1/p))’

ng

and cj(m, n) < |cs(m, n)|(loglog 3mn)*~/ for j = 1,2, 3.
To estimate the right-hand side of (40), we take a, = o_»(n) and Y = T in this
and obtain

<1 n 0(1oglx)>%/rﬂ ’;(% +it>2RX(% +it))2dt

1 4 a_o(m)a_s(n)é(m/(m, n))é(n/(m,n))
= (55 + 0ten) log* T Zq - (m. n)
m,nyef;’(X)
a_r(m)a_r(n m,d)n,d Y
B Z 2(m)a_»(n) Z ( 6)1( )<log<ﬁ>+0(l)>
mn<Y mn 0<d<Y/4
m,nes (X)
1 1 oo (m)a_»(n)
I
v<Vj v u<U, u m,n<Y mn
(ngu,mgv)=1 m,ned (X)
(m,d)(n,d) mn 1 1
S P (1og (— ) + 0 - -
x Z d Og(4dY>+ M) Zv Z u
O<d<mn/4Y v<V/ u<U,
(ngu,mgyv)=1
=T\~ T2~ T, (42)

say.
Let us denote the sum in 7 ;| by §;. Grouping together those terms for which
(m, n) = g and then replacing m by mg and n by ng, we obtain

1 o_2(gn)d(n) oo (gm)d(m)
S = - —( —) 43
EIEDIE DI @)
gy n<Y/g m<Y/g
ges(X) nes(X) (m,n)=1
mes (X)

Let P =[] p<x P- Since a_, is supported on cube-free integers, the g’s we are
summing over may be restricted to numbers of the form

5 P
g=2818, Whereg |P, g | (g—)-
1
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Note that this representation is unique and that (g;, g») = 1. The summation over g in
(43) may therefore be replaced by the double sum

2 X

ISY e (/g2
silP " gol(P/g1)

In the sum over n, we group terms together according to their greatest common
divisor with ¢ = g; g5. Observe that we may assume that (n, g2) = 1; otherwise, a
cube divides g g% n, and o_,(gn) vanishes. If we then write (n, g) =r andn =rN,
we may replace the sum over n in (43) by

2. 2

rigr N<(Y/rgig3)
Nes(X)
(N.(g1/r)g2)=1
Ignoring the restriction (m, n) = 1 for the moment, we may similarly write the
sum over m in (43) as

2 2

slgr M<(Y/sg183)
MeZ(X)
(M. (g1/5)82)=1
Instead of (m, n) = 1, we now have (sM, rN) = 1 or, equivalently, (M, N) = (r, s) =
(N,s) = (M,r) = 1. We may impose the condition (r,s) = 1 by replacing s | g;
in (5) by s|(g1/r) since g; is square-free. Furthermore, since (N, g;/r) = 1 and
s|(g1/r), we automatically have (N, s) = 1. Thus, the coprimality conditions on
M are (M, (g1/s)g2) = (M, N) = (M, r) = 1. The first condition implies the third
because r | (g1/s). Thus, we need only require that (M, N(g1/s)g2) = 1. The sum
over m may therefore be written

2. X

slgr/r M<(Y/sgi1g3)
MeS(X)
(M,N(g1/5)g2)=1

‘We now have

2,2
S, = Zgil 3 iz ) % )3 % 3 aa(r gzN;gl/r»wN)

Gy P g (v/gn)'? 82 g st/ N<(Y/rgi183)
silpP &I(P/g1) NeZ(X)
(N.(g1/r)g2)=1

5 Z oc_z(szg%M(gl/S))fs(SM).

5 M
M<(Y/s8183)
Me(X)
(M, N(g1/5)g2)=1
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Note that if N and r have a common factor, then oe_z(rzg%N (g1/r)) = 0 and similarly
for M and s. We may therefore replace the coprimality conditions in the sums over N
and M by (N, g1g2) = 1 and (M, Ng,g2) = 1, respectively. The new conditions then
imply that «_»(r*g3N(g1/7)) = a_2(r})a_a(8)a—2(N)a_(g1/r). 8(rN) = 8(r)8(N),
and similarly for a,g(szggM(gl/s)) and §(s M). Hence,

S, = Z a-a(g1) Z a-2(g3)’ fo—z(f”z)(?(r) Z a-2(s1)3(s)

2
oa_(r)r a_r(s)s
@<y o<y 82 a 2 @2
gilP 821(P/g1)
a_2(N)S(N) a_(M)S(M)
x > — X
N<(Y/rgig3) M<(Y/58183)
Nes(X) MeS(X)
(N,g182)=1 (M,Ng1g2)=1

We next extend each of the sums here to all of .#(X). The error terms that this
introduces are handled as they were in the case k = 1, and they contribute at most
“little 0” of the main term. Observing also that M and N may be restricted to cube-free
integers, we obtain

sl=(1+o(1))2&gl>2 3 a72<g§)2za72(r2>5(r) 5 a2 (s2)8(s)

2
ar 8 e 82 m e aals)s
a_>(N)S(N) a_r(M)5(M)
x a2l Q2R 44
b b o (44)
N|(P/g182)* M|(P/Ngig)

We now define the following multiplicative functions:

Ay = Y 22D (1+a_2(p)8(p)+n_+w)’

Y pelin P 4
_ N 220d)id) aa(p)dp) | aa(p?)é(p?)
B =3 "Gaa = L0+ 550+ g )
a-2(d*)8(d) a2(p*)8(p)
coy= Y XD | 4 a2y
dl(;,) a_(d)d ,,|1(n_,[1>)( a(p)p )

o2 (d2)S(d) a2 (p)3(p)
D(n) = LA | 4 Z2PAP) N
W= —a@eaa= 11 0+ oe_z<p)C<p>p>

d|(n,P) pln,P)
3 a o d)? a_o(p?)?
B = dz|: A(d*)B(d*)d*> l[,_u[ (1 * A(p?)B(p?) pz)’

and

F(n) = Z OLZ(d)ZC(d)D(d) _ l—[ (1 " OLz(p)ZC(p)D(p) )

A(d)B)E(d)d A(p*)B(pH)E(p)d

dln pll
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Using these definitions and working from the inside out in (44), we find first that
the sum over M is A((P/Ngig2)*) = A(P?)/A(N*)A(g?)A(g3). The contribution of
the sums over M and N together is then (A(P?)/A(g?)A(g3))(B(P?)/B(g?)B(g3)).
Thus, so far, we have

a_x(g1)? Z a_»(g3)?

2 2 2
&1(P/g1) 82A(82)B(g3)

Si = (14+0())APHB(PY) Y ——°
1= (14 o(1) AP B( )é%g]A(g%)B(g%)

y Za—z(r2)5(r) Z Ol—z(SZ)S(S).

e @m2(r i aals)s

The sums over r and s contribute C(g;)D(g;), and the sum over g is then E(P)/E(g).
Thus, we see that

2
Si = (14 o(1))A(PY)B(PYHE(P a—2(81)°C(g1)D(g1)
= (L oA BN ) DB D E )

= (1+0(1)) A(P*)B(P*)E(P)F(P).

Using the expression for F(P) as a product, we see that this is the same as

2
5= (1+o) [T (Ap?BGM Ep) + T2PEDREN g
plP
By the definitions of C and D, we see that
aa(pHS(p)y | @-2(p*)8(p)
C(p)D(p) = (1
(PDw) ( * a—2(p)p ) a(p)p

2
| e2(pB(p) )

p

since a_»(p) = —2 for p dividing P. Similarly,

242
A(pY) B(PY) E(p) = A(p®) B(pY) + Olzp#

It is clear that A(p?) = A(p?) = - - . Therefore,

a_2(p)3(p)  a_a(p?)8(p?)
pA(p?) p*A(p?)

(A(pH - 1)

B(ph) =1+

1
=1
s
_ b
A
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and

252
A(p*) B(p») E(p) = 2A(p») — 1 + a—zp#_

We use this, (46), and «_,(p) = —2, and we obtain

a_2(p)*C(p)D(p)

A(PHB(PHE(p) +
2)2 2y2
—2a(ph) - 1420 4 A )
P P
2 (P8 (p? _o(p?)? o (p?)?
o1 = 2 ey e 2 e )
p p p D P
_ L A0 | aa(p@a(p?) — 4 a(p)Sp) +26(p%)
- p * P> .

Recall that 8(p") = 1 4+ r((1 — 1/p)/(1 + 1/p)), so that 8(p) = 2/(1 + 1/p) and
8(p*) = 28(p) — 1. Also recall that a_»(p?) = 1 if p < +/X. Thus, for p < /X, the
last line is

4—45(p) 1—48(p)+2Q8(p)—1) 4—48(p) 1
+ 2 =l+—-—
P P P p
4 8 1 a-1/pP a-1/p)*
p p+1l p2 1+1/p  1-1/p*°

=14+

On the other hand, if VX < p < X, then a_»(p?) = 2, and the last line is

Combining these results in (45), we find that

(1—1/p)* (1—1/p)* 1
S1 = (1 +0(1)) 1_[ (1_—1/1’;2) 1_[ (1_—1/; + 0(—))

P<VX VX<p<X p2
(1—1/p)*
= (1+0(1) ,,g( (1_—1/22> ﬁ];[gx (1 4 0(%))
_ (1 _,_0(1))[)@ (1 _ %)41:[ (1 _ #)—1

2
(1 —i—o(l))%(ey log X)™*.
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Since
” 1
1= Sl (2 5 + 0(61)) IOg T

and €; = 1/log X, we now see that

T, = (1—12 +o(1))(%)4. 47)

O
To treat the second term on the right-hand side of (42), 7 ,, we require two lemmas.

LEMMA 7
Suppose that a and b are positive integers with (a, b) = 1. Then for b < x, we have

Z 1 w log x + O(loglog2b).
n

Proof
Since (a, b) = 1, the condition (an, b) = 1 is equivalent to (n, b) = 1. Thus, the sum
is

ST LD IS S SES S (W0 Rt

n<x n<x dln d|b m<x/d d|b
(n,h):l d|b

Now, Y, 1(d)/d = $(b)/b and

dylogd  ¢(b) 1 b
Z u(d)log _ d(b) Z ogp < ¢ )loglogzb < loglog2b.
dlb d b plb p-1 b

Furthermore,
lu(d)] H ( 1 b
Y == 1+ —) < —— < loglog2b.
T olb ) ()
Thus, we find that

1
Z - = ? logx + O(loglog 2b). O
n

n<x
(an,b)=1
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LEMMA 8
Let k(n) = len(l + 1/p)~', and let U, V be either Uy, Vi or U{, V| as defined in
(41). Ifm,n,d <Y < T and (ng, my) = 1, then

1 6
Z Z -=— k(my) k(ng)logU log V + O(log T loglog T).
u

u<V
(ndu md v) 1

Proof
The conditions (nyu, myv) = 1 and (ny, my) = 1 are equivalent to (v, n;) = 1 and
(u, mgv) = 1. Hence, by Lemma 7, the double sum equals

Z Z =logU Z <¢(md )+ 0(10g10g(de)))

(v, ”rl) 1 (u mdv) 1 (v, nd) 1

eU Y (¢(m"v)) +0(ogTloglogT).  (48)
(vund) 1
By denoting the sum on the right-hand side by ), we have
B I« W) sl 1
PO DD Dt Dl DiS
rimgv r<mgV v<V

v<V
(v,ng)=1 (v,nq)=1
rlmgv

Now set (my, r) = g, and write r = gR. Then (m,/g, R) = 1, and we find that

EDIED I S I

8|’"d R<mqV/g v<V
(mq/g,R)=1 (v.ng)=1
Rlv

If we set v = Rw, then w < V/R, and (Rw, ny) = 1 is the same as the two conditions
(R,nyg) =1 and (w, ny) = 1. Thus, using Lemma 7 and the observation that the inner
sum vanishes unless R < V, we obtain

Y-, ¥ MRy L

g\md R<myV/g w<V/R
(ma/g,R)=1 (w,ng)=1
(nq,R)=1
n@gR) (png) V
_ g: Z s (nd logE+O(loglog2nd)>.
mq

(md/g R) 1
(nq,R)=1
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We may assume that (R, g) = 1; otherwise, u(gR) = 0. The coprimality conditions
on the sum may then be written (m4n,4, R) = 1, and we find that

T - Zu(g) ) M(R)<¢S;d) K+O(loglog2nd))

R2
glma (Rimam)=1
¢(nd) M(g) w(R)
gV == Z e

glma (R, mdnd) 1

log R
<loglog2ndz ln(g)l Z og )
glmy R<V

Since )., ln@l/g = [l,.,(1 + 1/p) <K loglog2myg, the error term is <
(loglog2m, loglog2n,). The main term is

¢(nd> Vzu(g) ( i M(R) + o)

glmq R=1

(R,mang)=1
_ | ‘¢(nd) u(g) log V l(g)l
=) ,,|1m_[< p) o g%: ; +o(=% ; p )
6 1 \—1p(my) q)(nd) log V loglog 2m,
Bz ( - p_> gV + 0( % )

plmana
By hypothesis, (m4,nq) = 1. Furthermore, [],,(1 = 1/p*)~"(¢()/1) = [],,(1 +

1/p)~" = k(). Thus, combining our estimates, we obtain

6
Z = —k(mq)k(ng)log V 4+ O(loglog2mg loglog2ng).
T
Since m, n <« T'/13°, we obtain from this and (48) that

1 1 6
Z - Z — = —«(mg)k(ng)logUlog V + O(log T loglog T). o
u

v<V u<U
(ngu,mqv)=1

Returning to .77, in (42) and using Lemma 8, we have

L6 o_a(mlar_a(n) (m.d)n.d) (¥
=D mn 2 d (log(4d)+0(l)>

m,n<Y O<d<Y/4
m,neS (X) des(X)

X (K(md) k(ng)log Uy log Vi + O(log T log log T)),
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where Uy = CYT/dny, Vi = CYT /dm,, and Y = T¢'. By interchanging the order of
summation, we find that

Ty = % > é(log (1) + 0(1)) » aa(ma_o(n)(m, d)(n, d)

4d mn
0<d<Y/4 mn<Y
deS(X) m,nes (X)

X (K(md) k(ng)logU; log Vi + O(log T loglog T)).
Since x(n) < loglog3n, the expression in the last parentheses is
=k(my)k(ng)(log Uy log Vi + O(log T loglog® T))=(1+0(e)))k (mq) k (ny) log® T.

Thus,

6
T, = — (1 + 0(61)) log2 T
T

(log(Y/4d) + O(1)) ao(n)(n,d)x(n/(n, d))\?2

O0<d<Y/4 n<Y
des(X) nes(X)

(49)

n

Denote the inner sum by S(d). By extending the sum to all of .(X), as we did,
for example, after (35), we introduce an error term that is o(1) times the main term.
Thus, grouping together terms in S(d) for which (n, d) = e, say, we obtain

S@=(1+om)Y e Y L2t/

eld nes(X) n
(n,d)=e
a_2(eN)k(N)
= (o) Yy, Y ),
eld Nes(X)
(N,d/e)=1

Since «_; is supported on only cube-free numbers in .#(X), we may assume that
e | P2. Therefore, e | (d, P?) = D, say. Now D may be written uniquely as D = D, D%,
where Dy | P and D, | (P/D,), so that, in particular, (D, D,) = 1. Furthermore, we
may write any divisor e of D as e = elegeg, where e | Dy, e; | D2, and e3 | (D3 /e3).
Note that this means that the e; are pairwise coprime. The condition (N, d/e) = 1 is
now (N, (Dy D3 /ejeze3)) = 1. Also,a_»(eN) = a_s(ejere3 N), so we may assume that
(N, e3) = 1 and therefore that (N, (Dng /e1e2)) = 1. Observe, moreover, that e; | D,
implies e, | (D3/e2). Thus, (N, (D1 D3/e1e3)) = 1 is the same as (N, (D D> /e;)) = 1.
It follows that N and e; can have a common factor, but N and e, or e3 cannot. We may
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therefore write a_(e1e263N) = a_s(e1 N)ar—s(e2)ar—(e3) and

S(d) = S(D)

S (o) Y Ve Y aaeh Y AN

ei1|Dy e2| Dy e3|(D2/e2) NeS(X)
(N,(D1Dz/er))=1

—(rom) Y Y POV S @) Y wsten.

e1|Dy Nes(X) e3| Dy e|(D2/e3)
(N,(D1Dz/er))=1

The innermost sum is

Yo oane)= [] (1+eap)= [] a-2

ex|(D2/e3) pl(D2/e3) pl(D2/e3)
D,
= M<e_> = pu(Da)u(es).
3

‘We also have

> ueaaed) = [T (1 —aa(p?).

e3| Dy plDy

At this point, it is convenient to define numbers

P1=l_[P and P, = l_[ p.

p<VX VX<p<X

Notice that P = P, P,. Since a_»(p?) = 1 if p| P; and a_,(p*) = 2 if p | P,, the sum
over e3 equals zero unless D, | P», in which case it equals w(D,). Thus, if D, and P,
have a common factor, S(D; D%) = 0, whereas if D, | P,, then

ap(etN)k(N)

Sd)=S(D1D3) = (1+0(1) > Y N

alDr NeZ(X)
(N,(D1Dz/er))=1

From this point on, we therefore assume that D, | P;.
Now set (N, e;) = r, and write N = r M. Then we have

Soip)=(1+o) Y Y ezaMEd)

e1|Dy rle; NeS(X) N
(N,e))=r
(N, (D1Dz/er)=1

1 _ 2M M
=(tom) 323~ X a-a(r <elM/r)>x(r )

e1|Dy rle; Me¥S(X)
(M,e;/r)=1
(rM (D1 Dy /e1))=1

We may assume that (M, ) = 1 and (r, ¢;/r) = 1 since, otherwise, a_>(r>M(e; /1)) =
0. Actually, (r, e;/r) = 1 is automatically satisfied because r | ¢; and ¢ is square-free.
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It follows that k(rM) = k(r)x(M) and, since we also have (M, e;/r) = 1, that
a_2(r’M(ei/r)) = a_»(r*)a_y(M)a_s(e;/r). The coprimality conditions in the sum
are now seen to be equivalent to the conditions (M, r) = (r,e1/r) = (M, e1/r) =
(M, (D1Dy/ey)) = (r, (D1 Dy /e1)) = 1. As we have already pointed out, the second of
these is automatic. Similarly, so is the last. The remaining conditions are equivalent
to (M, D1 D) = 1, so we find that

() (r) Z a_o(M) k(M)

S(D1D3) = (1 +0(1) > asle) ) e i

e1|Dy rle Me(X)

(M,D;Dy)=1

The sum over M equals

2 (2
p\(Pl/_D[102) 1+ a_Z(l;)K(p) - a_Z(pp)ZK(p )> - G(D1PD2)’ 0
say. Hence,
S(DyD2) = (1 + o(1)) ( ) > a Z(el)zarirz)(:ir)'
e|Dy rle
The double sum equals
2 2
S X e = o) T R
= w00 [T (1 + aa(p(p)2p)
pID:
= (D) H(Dy), (5D
say. Thus,
S(d)=S(D:D3) = (1 + o(l))G(P)%, (52)

provided D; | P,; otherwise, S(d) = 0.
We use this in (49). Recall that for each d < Y/4, we had set (d, P?) = D, D3
with Dy | P and D, |(P/D;). Recall also that P = P, P, and Y = T¢'. We therefore
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see that
6 log(Y/4d) + O(1
7= (i o@)ogr Y, CETADEOM g
T O<d<Y/4
de(X)
6
( +0(61) log T Z o2
Dy | P> 2
S(D,D3)? (log(Y /(4D D38)) + O(1))
<y 22w : .
Dy|(P/Dy) 0<8<Y/4D, D}

(8.(P\ Py)?/ D D})=1

The coprimality condition in the last sum is equivalent to (8, P, P,/D,) = 1. Thus,
using (52), we find that

6 1 H(D;)
T2 == (14 0@E))GPPlog T Y ———0 3" 2
P bap, P26 D), G, DIG(DY)

X

Z (log(Y/(4D1 D38)) + O(1))
2 8 .

0<8<Y/4D Dy

(8, P1 P/ Dy)=1

By Lemma 7, the sum over § is

1 P) D
L logY Z B @(j)(—;)IngY
0<8<Y /4D, D} 2
6. P1 P,/ Dy)=1
Thus,
1 H(D/)?
72« PR RS TR S e Y o

Dapy 20(D2)G(D2) by P (D1)

If we denote the innermost sum by /(P /D,), then

P H(p)?
I(Fz) _ pl(];[Dz) (1+ pr’p)z), (53)

and we find that

1
Dy¢(D2)G(D1)*1(D>)

T2 < G(P) I(P)¢( )log Tlog’y Y

Dy | P>

1
2G(PI(P 1 T 2d(D)G(P21(p))
L eG(P)I( ) og’ H( p¢(p)G(p)21(p))
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Now, by the definitions of G, H, and [ in (50), (51), and (53), we have G(p) =
1—=2/p+01/p», H(p) =1+ O(1/p), and I(p) = 1+ 1/p((1 + O(1/p))/(1 —
2/p + 0(1/pz)))2 =1+ 1/p + O(1/p?). From these estimates, it is clear that the
product over p dividing P, here is ]_[ﬁqu(l + 0(1/p%) <« 1. Thus,

¢(P)
<or' ] (1=2+0(5))(1+0(2)))

114 log T \4
<<61210g4T]_[(1——) <<612( o8 )
oIP P log X

The treatment of .7 5 is almost identical and leads to the same bound. Thus, by
combining our estimates for 7 (see (47)), 7 », and .7 3 with (42) and noting that we
may take €; > 0 as small as we like, we obtain (39). This completes the proof of the
case k = 2 of Theorem 3 and, thus, the proof of the theorem. O

T2 L eG(P)’1(P) log* T

Appendix. Graphs

To illustrate Theorem 1, in Figures 1 —3 we have plotted | Zx(1/24ir)| and | Px(1/2+
it)| for ¢ near the 10'th zero for two values of X, and we have compared their product
with the Riemann zeta function. The values of X used are X = 26.31 ~ log yo»
and X = 1000. Though the functions Py and Zy depend on X, when multiplied
together the X dependence mostly cancels out, and we have an accurate pointwise

1 2 3 4 5
Figure 1. Graph of [£(1/2 + i(x + 1))| (solid) and | Px(1/2 4 i(x + 19)) Zx(1/2 + i(x + 1))| with
to = V1012440, X = log 1y (dots), and X = 1000 (dash dots)
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/e
Y
4+ \
/ A
/’/l'l \:‘\
T
/ \y
1’11:7 \\“‘\
2L A \
= "/ §
\__\,\— / \
1 AN [N
) LN
\\\ ------------ /. N. -~
1 2 3 4 5
Figure 2. Graph of | Px(1/2 4 i(x + 1))| with o = yg12449, X = logty (dots), and X = 1000
(dash dots)
6 .
’| Foo
i P
41 fil B
A ,’l‘ |
* P P
’ A ,' I
. :'}\‘\ no ,-;\ I i i
2 AN O R R R A o " ion , Ve
/\\i!’\ AN Ao RN \l,,\lll'\
R RN R AR T O A N O R AR RN
'\l"i'\ ‘,Q"{. | N l,\l"- SRR
AR YIRY R VYA T A AT RN
AR TRTEE N ER E A AT
| I R A Voo e Ly IR T
P LYY Y N W WY Y
1 2 3 4 5

Figure 3. Graph of |Zx(1/2 4 i(x + t9))| with fy = 12449, X = log 1t (dots), and X = 1000

(dash dots)

approximation to the zeta function. The actual functions plotted are

‘PX<% +i(x + to))‘ = exp (g Alm) cos((x + fo) log n)>

logn/n

and

N+100

1
‘zx(5 +itr+10))| = [T exp(Cillx + 10 — yullog X)),
n=N+1
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where 7y = yjo12440. The values of the zeros of the zeta function came from Andrew
Odlyzko’s table [19]. The functions were plotted for x between O and 5, a range
covering the zeros between yjgi 49 and yjgi,¢9. Note that the function Zy that we
have plotted is an unsmoothed, truncated form of the function Zx that appears in
Theorem 1. Note also that Zx(1/2 + it) oscillates more rapidly than Px(1/2 + it), as
asserted in our motivation for the splitting conjecture, Conjecture 2.
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