
Thermodynamics: Phenomenology & Applications
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• Work and other forms of energy

• Fundamental Laws of Thermodynamics

• Ideal-gas laws and simple processes

Technological applications, cyclic engines

• Real gases equation of state

Technological applications

• Phase equilibria, solutions

• Transport phenomena

Reading Assignments

Weeks 13&14

LN V-VI:

Kondepudi Ch. 3.5-3.7, 

6 & 7 

Additional Material

McQuarrie & Simon

Ch. 5 & 6
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Real Substances

Ideal gas approximation good: V > 5L/mol 
(diatomic), V > 20 L/mol (complex)

→ Real gas molecules interact with each 
other → motion is more or less free 

depending on density, pressure,  
temperature 

→ Different phases of substances:
Low density → gas
High densities (small distances) → liquid or 

solid behavior.

→ Coexistence of different phases in 

specific regions density-temperature
Phase transitions can be sudden (fast)

→ EoS non-monotonic → liquid-gas 

instability, different solid crystal structures.
Different mutual interactions:
Coulomb repulsion of atomic nuclei
Coulomb attraction of ions
Dipole-dipole interactions (both, qm)
Vander Waals interaction of atoms

12 6

V(r ) 4
r r

 


    
=  −    

    
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Effective Density of Real Gases

High densities = small distances) → excluded volume

Blocked volume DV : not available for another particle 
DV → Rblocked=2·R  → 23 times the specific volume,

R

Excluded Volume 

Hard-sphere interactions

2R


 D =  =  34

8 with 
3

V R

→ = −  Effective volume for  particles: 8effN V V V N

( ) =  −   1 8effV V V

( ) ( )




  

=

= =
−   −  

Effective density of real gas:

1

8 1 8

eff eff

eff

N V

N N

V N V

( )


  

 
= → = 

−  1 8
eff

N

V
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Effective Pressure of Real Gases/ vdW EoS

Without interaction: <E>=(1/2)kBT per d.o.f.→ K=(3/2)kBT

Long-range part of L-J potential= attractive force, retards the 

motion of the particles→ K < (3/2)kBT→ preal < pIG

 

 →D  → D  −  

2

2
2 2

2

Effective interaction rate volume for  particles:  

with  0

N

N
p p a a

V

Observed pressure for real gas pmeas < pIG. 

( ) ( )1 8

meas IG

B IG eff meas

p p p

Nk T p V p p V 

= − D

=  = − D   −

( )
2

B

N
p a V Nb Nk T

V

  
 +  − =    

van der Waals EoS

for real gases

Use experimental observables/parameters: p, V

for fits to vdW EoS

T=300K

T= 700K

·-·- spinodal

Tcrit= 2890C
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Internal Energy of Real Gases

Compressibility factor a

( ) ( )
→

⎯⎯⎯→, , , ,IGV
U n V T U n V T

( )



  
= −

− 

 
→  =  

 

2

2

2

2

n R T n a
p

V n b V

n
potential energy term a a

V

van der Waals EoS (linear function of T)

2

0
 

= −  = + 
  

, ,V V IG V IG

n
C C a C

T V

Heat Capacity

= ,
vdW
V V IGC C

( )2a → − =  p V TC C V TvdW EoS

( ) ( ) ( )
2

 
= −    

 
, , , , , ,IG IG

n
U n V T U n V T a V U n V T

V
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Parameterization of Real Gases

Ideal gas approximation good: V > 5L/mol (diatomic), V > 20 L/mol (complex)
Real-gas EoS non-monotonic → liquid-gas instability.

( )

2

2

:

n R

van de

T n a
p

V n

r Waal

b

s EoS

V

  
= −

−  ( ) ( )

2

:

1n R T n a
p

Redlic

V nb V V

h Kwo oS

nb

ng E

T

 
= − 

− +

Useful Parameterizations

Van der Waals Parameters

For higher compression, real (vdW model) gases tend to collapse (p decreases with 
decreasing V) → liquifaction

Correct the EoS for instability (unphysical for single phase): Maxwell Construction



Real-Gas Equation of State

p=0

( )
2  

+  −  =       
ideal volume

ideal pressure

n
p a V n b n R T

V

van der Waals: effects  taken into 
account

a) average volume taken by gas 
particles → available volume 
reduced.  → parameter b

b) collisions between particles reduce 
the actual pressure, attractive 
interactions.

→ Ncoll ∝ (density)2,
→ scaling parameter a

p=0

Artificial structure at low V: due to binning effects



Transitions of Phase

0

Large V, high T: vdW gas → ideal gas small V,    
low T: vdW gas   → real gas

Shaded: negative 
pressures, substance 
does not exist as gas, 
liquefaction, liquid-gas 
coexistence, freezing to 
solid.

 

solid 

 p (atm) 

373.1

5 

 T (K) 

 1 

 610
− 

273.15 273.16 

liquid 

vapor 

Tc= 

647.6 

pc = 

218.3 

Phase Diagram for Water 

T 

C 

A 

B 

6.10-3
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Compression Factor: Virial Expansions

Related:

300K

Attractive molecular forces 
→ gas more compressible 

p/nRT < 1

Repulsive molecular forces 
→ gas less compressible 

p/nRT > 1

(van der Waals model)

250K

350K

p V
Z

R T


=



Ideal 
Gas 2

1

1



a

a



 
= −  

 

 
=  

 

− =  

:

:

T

T

p

p V
T

Isothermal compressibility

V

V p

Volume expansio

Heat capaciti

T

n coefficient

V

V T

es

C C V

( )

( )

( )

0

1

0

2

2

( ) ( )
1 ... :

1 ( ) ( ) ... :

:

@ :

:

n

n
n

n

n
n

c T
Virial expansion of compression factor

V

Volume of re

p V B T C

al gas p V p R T

Alternative exp

T

R T V V

p V
B T p C T p

R T
ansion c

Z

Z

T pZ



=

−



=

=

=   

=


= + + + =




 = + + + =






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Law of Corresponding States

( )2

,

3
3 1 8

:

r r r

r

According to van der Waals any gas

Law of Corresponding States

p V T
V

 
+  − =  

 

( )
2

2

2

2

2

: , : , :

0

8
, 3 ,

2727

T const T n

r c c r c

co st

c c c

p p p V V V T T T

reduced EOS for all vdW gases

n a
p V n b n R T

V

p p

V V

a a
p V nb T

bRb

= =

 
+  −  =   

 

   
= =   

  

= = =

→

 

→ = = =

Critical Point

Industrial and Engineering 
Chemistry, Vol 38, ACS 1946

Compressibility Factor Z(Pr ,Tr)

---Maxwell 
Construction

Volume

dp/dV instability → condensation
→Coexistence of phases
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Isotherms of Nuclear MatterReal Gas of Nucleons

Compression leads to 
liquefaction.

“Tie-line” pressure 
from Maxwell 

construction: +A=|-A|

Spinodal

V2

 p

 V
 V1 V3

 T=const

 Maxwell Construction

 ptl

+A
-A
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Tc=5.8MeV/kB
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Steam: Driving Gas for TD Engines

To use steam as driving gas for thermal 
engines, energy has to be transferred to 
water at Tl (e.g., 250C)

1) to heat it to (1000C)
2) to evaporate H2O (@ 1000C) , 
3) to heat the vapor 1000C → Th

Heat 
transfer

Liquid Gas

Phase Diagram H2OT

S

After Andrews & Jelley

p = 1 atm (bar)= 101.33 kN/m2

→ Water boils @ at 1000C
→ Need 419 kJ/kg H2O to heat water 
from 00C to T= 1000C.

→ @ 101.33 kN/m2) and 1000C 
Specific enthalpy H2O: 

hwater(1000C) = 419 kJ/kg.
Specific enthalpy of evaporation: 

hevap(1000C)= 2,257 kJ/kg
(not needed for ideal gas):

Total heat required at p=const. to convert H2O to steam @1000C : 

hsteam(1000C) = (419 + 2,257)kJ/kg = 2,676 kJ/kg = 2.676 (MJ/kg) = 0.74 kWh/kg

L-G mixture hs (x) = (1-x)· hwater + x· hsteam Extensive

Similar:             us(x) = (1-x)·uwater + x· usteam Quantities (U, H, S,..)

0x =

0x = 1x =

1x =

1x =
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Critical TD Parameters for Real Gases
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Internal Energy of Real Gases

Effect of interaction on internal energy URG(n,V,T). 
What to expect?
Evaluate: use knowledge 

( ) ( ) ( )


→

 
= − ⎯⎯⎯→ 

 
, , , , , ,IG IGV

TV

U
U n V T U n V T dV U n V T

V

( )

22
2

2

V

p n R n a p n
T a

T V n b V T VT V

     
= − → =    

−      

2    
=   

    

.

T V

Helmholtz Eq

U p
T

V V T

( ) ( )
→

⎯⎯⎯→, , , ,IGV
U n V T U n V T

( ) ( ) 2
  

= −  
 

, , , ,IG
VV

p
U n V T U n V T T dV

V T

van der Waals 
EoS

See later and
Kondepudi, Ch.5

Generic 
real-gas EoS

Express in terms of 
EoS→ {V, p, T}
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Internal Energy of Real Gases

Effect of interaction on internal energy URG(n,V,T). 
Use knowledge ( ) ( )

→
⎯⎯⎯→, , , ,IGV

U n V T U n V T

( ) ( ) ( )
2

 
= −    

 
, , , , , ,IG IG

n
U n V T U n V T a V U n V T

V

2

2

 
= −  

 
,V V IG

V

p
C C T

T




V

dV
2

  
= −  

  
,V V IG

VV

p
C C T dV

T V T

Heat Capacity

( )

22
2

2

V

n R T n a p n
p T a

V n b V T VV

      
= − → =    

−     

van der Waals EoS (linear function of T)

2 2  = →:v o pdW E S T 0 = ,
vdW
V V IGC C

( )2a → − =  p V TC C V TvdW EoS
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Free Energy of Real Gases: V and p Dependence

Use asymptotic equivalence 
of real and ideal gases, e.g.,

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0

0



→

→

= + − ⎯⎯⎯→

= + − ⎯⎯⎯→





, , , , , ,

, , , , , ,

IG IG IG

IG

p

IG I

V

G

V

p

A n T A n V T p p dV A n V T

G n T G n p T V V dp G np p

V

T

( )

( )

= − 

= − 

, ,

, ,

Helmholtz free energy

A n V T U T S

Gibbs free energy

G n p T H T S

( ) ( )
→

⎯⎯⎯→

 
= − 

 

, , , ,

and

IGV

T

A n V T A n V T

A
p

V

van der Waals EoS

solve A for S

Generic real-gas EoS

( )

( )
( )

2

2

2

2

:
vdW

vdW IG

n R T n a
Insert vanderWaals Eo p

V n b V

n b n a
p p n R T

V V n

s

b V

  
= −

− 

  
− =   − 

 −  

( ) ( )

( ) ( )( )

2

0

1

1

   
= − −    −   

   

 =  − =  +  +  −  

, , , ,vdW IG

vdW vdW vdW V

n n b
A n V T A n V T a n R T Ln

V V

S A U n s C LnT R Ln V n b n
T

n moles/
particles
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Chemical Potential of Real Gases: p Dependence

Use asymptotic equivalence of real and ideal gases, 
G(p,T)→

( ) ( )
( )

( ) ( )
( )

1

0

00

0

1

1

 

 

− −
=    → = +  

  − 
= +   +    

  



,

: , ,

,

IG

IG
I

p

p

G

Z
V Z R T p p T p T R T dp

p

Zp
p T

One mol

p T R T Ln R T dp
p p

( )
( )


 

= 
  ,

,
,

p T

Chemical potential

G p T
p T

n

Virial coefficients B' and
C' from fit of Z to EoS.

Found in tables or can 
be calculated from EoS
parameters. 

( )
( )

00

1
1

→

− 
= 

 
=Pressure equivalen Fugaci :tyt " " f : ;

p

p Zf
Ln dp p

p p
fLim

Virial expansion
of real-gas EoS

( ) ( ) 21

2

 
   +  + → 

 
...

f
Ln B T p C T p

p

( ) ( ) ( ) ( ) 2
0

1

2
 

 
  +    +  

 
, ,IGp T p T R T B T p C T p

( ) ( ) ( )
0

  = + −, ,I G

p

G Ip T p T V V dp

=" " :Activity a f p
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Chemical Potential of Real Gases: T Dependence

Calculate chemical potential of real gases from relations to ideal gases @p0,T0

( ) ( )
( )

0 0

0

1
 

  − 
= +   +    
   

, , IG
p

IG

Zp
p T p T R T Ln R T dp

p p

Tabulations are normally as Gibbs energies of formation  
@ → need to scale up.  Since  → G(p,T):

( )0
0 0D = ,fG p T

0 01 298 15= =, .p bar T K

( )

2 2

1

 
= −  = +   

 

 
→ − + = − 

 

,
p

p

G
Per mol G p T H T S H T

T

G G H

T TT T

Gibbs-Helmholtz Equation

2

  
= − 

  

G H

T T T

( )0 0 ,p T ( )0 ,p T

( ) ,p TSequence for 
calculation
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Parameterizing the Chemical Potential

Calculate chemical potential of real gases from relations to ideal gases @p0

( ) ( )
( )

0 0

0

1
 

  − 
= +   +    
   

, , IG
p

IG

Zp
p T p T R T Ln R T dp

p p

( )0 0 ,p T ( )0 ,p T

( ) ,p TSequence for 
calculation ( ) ( )

( )

( ) ( ) ( )

0
0 0 0 2

0 0

0

0

 

 


= − 



 = +





,
, ,

, , ,

T

T

p

p

H p TT
p T p T T dT

T T

p T p T V p T dp

( ) ( )
0

 = ,
T

pH p T C T dT

( ) 2 3 2−= +  +  +  + Molar heat capacity p A B T C T DC T TT E

NIST 
Data Base

2

  
= − 

  

G H

T T T



Effective Pressures of Liquids and Solids

Non-ideal behavior of gases (at high 
pressures) and of solutions.

Effective quantities simulating pressure of an 
ideal gas and all the associated laws.

0

: ( ) ln( )

( ) 1

/1

1

( / )

: 1

:

oActivity a G a G nRT a

G G standard state M

ideal gas a p atm

real gas a p activity coefficient

pure solidsor liquids a

solutions a c c concentration mol L

standard state like dilute solutions

solvent a

 





= + 

=

=

=  =

=

=  =

=

x x mole fraction=  =

c

a

real 

gas,
solution

Std. State

extrapol.

1

1

( )

0

1

1

 

− 
= → = 

 



 

"Fugacity" f: ;

:

:

k

k k k k

p

k

R

mo

d

le f

p

ra

e

c

l

t

d

i

a

o

d

n

i

x

Zf f
eal gas a Ln p

p p

Pur so i s n l qu

activity co

d

h efficid ent

i s a

Solutions wit an a x

a

p; c
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Gibbs Energy in Chemical Reactions

( )

0

0

1

1

=

− 
= → = 

 





Meaning of activity : nominally replaces pressure in TD relati

, : ;

"Fugac

s

ity" f: ;

:

onk

k
k

p

k

k

p
Ideal gas partial pressure p a

p

y

Zf f
Real gas a Ln dp

p p p

Pure solid

S m

i

o

u

l

d

e

l

f

d

r

a
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