Agenda: Information, Probability, Statistical Entropy

« Information and probability
simple combinatorics, stochastic variables.
Probability distributions, joint probabilities,
correlations
Statistical entropy

Stationary states defined by extreme statistical
entropy, asymptotic stationary states
Constraints: in particle number, total energy,...

The Boltzmann factor, probability distribution

« Partition of probability, thermodynamic connection

» Gibbs stability criteria, equilibrium
Canonical Observables, Free Energy A
Grand Canonical Observables, Free Energy G
Application to chemical reactions
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Reading
Assignments
Weeks 6 & 7
LN 1.1~ 11l.6:

Kondepudi Ch. 20
Additional Material

McQuarrie & Simon
Ch.3&4

Math Chapters
MC B, E




Open Systems: Grand-Canonical Ensembles
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Open system: Exchanges of energy and particles occur with
surrounding “Particle Reservoir” and "Heat Bath.”
- Combined, (system + reservoirs) = isolated system

- Conservation laws in mass and energy

Stationary macro-state is characterized by

N : constituent (particle) number, 0 < N < «©
T: temperature ~ mean internal energy per patrticle,

V : containment volume.

Differential energy change :

dE dE dE
de =15 ar+| %= v+ =] an
(deV,N +(dv]m +(d/vjv,r

. “chemical potential” energy gain per particle
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Grand Canonical Ensemble

Grand canonical ensembles: ustates (N, i) have different energies Ey;(V)
and different numbers N of particles > occupation probabilities {p,;}

Maximize entropy dS({le}) =0, boundary conditions (constraints)

=1 Ey: - py = (E), and N-p.. =(N) Sum over # of
/vz,:ile Nz, w P = (E) NZ, Pui = >particles:N:1,2,...

ustate #
# of particles

7 {_kB %’ Pym Ln(pMm)_ﬂ’l( QZI:W pMi]_ﬂ’Z( QZI:VI EMjPMj]_)@[ % MpMkj}ZO

2P M. m=1 M,i=1 M, el M k=1

Independent variation rel #of particles: 0 < N < «; ustate# 1<i<Q,

—k,(Ln(p,,) +1)— 4 - AE,~AN =0 for all {p,}

S=Smax

2
kB kB

; i
J— a J—

Ln(ﬁ/\m) - ki(_ﬂ’l o kB o len o 2’3N) — P, = eXp{_(i + lj__zENn - 13 N}

— _ — B.E — .
Maximizing entropy - Pnn = € “.e FEw - € 7N
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Grand Canonical Partition Sum
Occupation probabilities py, =e % -e /5. .e 7N

Define gc partition sum

Normalization (boundary): 1= Y py, = €XP

{~a}- Y exp{-B-Ey,—r-N}
Nn Nn
2(V, B,7) =expla
Grand canonical = (\// B, 7/) =Y exp {—,3 Enp =7 N}
partition sum Nn
Grand canonical partition sum over all energies and particle numbers
Parameter g =1/ks;T was determined, g remains to be determined
Grand canonical 5 = 5% {_ B E —y } 1 d
probabilities N = ( 3, 7) N
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S dE
Partition sum is generating function for microstate probabilities
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Average Properties of Grand Canonical Ensembles

partition sum

Grand canonical ensembles: wustates (N, i) have different energies E (V)
and different numbers N of particles > occupation probabilities {p,;}
Grand canonical

(E(V,B,7)) =

(1] | ~

2(V,B,7)=3% exp{-B-En, —7-Nj
Nn

0
% Enn -exp{-B-Ey,—7-N} = —(—Ln
n

<P(N/V/T)>=;1N2n[

OEn, (V)

oV j'eXp{‘ﬂ'ENn%’V}

(N(V, B,7)) =

[1] | ~

ZN-exp{—,B-ENn—y-N}:—(
Nn

E Ln Ej
Oy V,p
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Entropy and Heat in Grand Canonical Ensemble

Grand canonical partition sum E(V, B, 7/) =3 exp{—,B -Enp =7 N}
Nn

Internal energy @S =S

maxXx :
= Energy in its most randomized distribution over many states, all d.o.f.

= "Heat" energy TS =Kg-T-LnZ+(E)+(kgT)-y-(N)

Internal energy gain per particle @const T,V

Chemical potential : |= u = %M(T.s) — (kBT)'V m) |y = —

Statistical entropy (S..)1 S = kgLnE + <$> - %(N)
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Grand Canonical PF

Grand canonical partition sum |2(V,8,7) =Y exp{-B-En, -7 N}
Nn

_E +N,u E

E Nu _E + 1
=(V,N, T)=> o(E,N)-e “" .e »" =3 o(E,N)-e " .z": fugacity z=e "'
E,N E,N

Statistical entropy : S=S._. =kKkglLn= + <T£> - $<N>

Internal energy @S =S, i T-S=kg-T-LnE+(E)— - (N)
Additional d(E)=d(p-V) per particle @ const T, X (varied by pressure p)

Extensive state

Gibbs Free Energy|G = u-(N)=(E)-T-S+p-V| = o

p-V=kg-T-LNE —:»E:exp{pv}
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Grand Canonical PF: Application to Reactions

Gibbs Free Energy G =G (p,T,N)=pu-(N)=(E)-T-S+p-V extensive

N =(N
Chemical potential u = (ﬁj ;also V = (gj note : < >
oN p,T op T P = <,D>
System with multiple
G(PT.{N)), ;= X6 (P, T/N,), 7 = Xty

components {N;} :

Stationary state (Equilibrium), ; =5,

)
G at minimum —solve dG(p,T, {N,})pT =Y p-dN, =0

ax '
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Grand Canonical PF: Application to Reactions

Gibbs Free Energy |G =G (p,T,N)=(E)-T-S+p-V |extensive
N =(N)
p=(p)

ralso V = (ﬁj note :
op );

Stationary state (Equilibrium)T : vary pressure to find S =S, .,

p
G(p)-G°(py) de, V(p)dp - need EoS V(p)="7
0)
PO

Assumee.g.gasEoSp-V:N.kB.Tﬁg(p)_Go(po) N-kg-T- Ln[,:j
0

ﬂ(plT)_:UO( IT):kB'T'Ln(ﬁj p.\ljozrﬁ?é.T
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Grand Canonical PF: Application to Reactions

Apply to chemical reaction in gas phase (because of EoS used)
For EoS

,U(P/T) = p° (:P{:T)JrkB 'T'Ln[p%)j p-V = N-kg'T

va-A+vg - B=v--C+vp-D or vy-A+vg-B-v--C—-vp-D=0
Change in chemical potential (T = const.) :

i 0
ApL=Ve e —Vp - Up —Vp - Ha+Vg - g Similar for Ay~ (ps,...,Pp)

(Pc)“ (Pc)”
(Pa)” (Ps)*

A = Au® + kgT - LN

] all relative to p,

S=5__ - Au=0 — Al kB-T-Ln[(pC)V (Pc) ]kBT-LnKP
(Pa)” (Ps)"
Equilibrium - AP - Al || for v in
Constant Ny =S {_ K -T} Kp = exp {_R-T molels
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