
Agenda: Probability and Partition Function

• Probability distributions, & generating functions, 

• Phase space probability, canonical gas

 Maxwell-Boltzmann distribution

 Probability and partition function

 Quantal modifications

 Mean values and fluctuations,

• Microscopic structure and macroscopic effects,
 Quantal d.o.f & energy microstates

 Constrained statistical entropy,
 Free energies, chem potentials, heat capacities,

 Gibbs stability criteria, equilibrium 

• Canonical and grand canonical partition functions
 Partition functions for different degrees of freedom
 Rotational, vibrational d.o.f. 
 Applications, illustrations
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Thermal Stability of Canonical System
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Q: Do small thermal T fluctuations make the total 
system more stable or less stable? Driving force 
expected toward more stable configurations (S≈Smax)

Is stationary system with max entropy stable ? 
Consider thermal fluctuations  T about extremum S ≈ 
Smax small disturbance #1 inside large system #2

maxS
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E
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Thermal Stability of Canonical System

Is stationary system with max entropy stable ? 
Consider thermal fluctuations  T about extremum S ≈ 
Smax small disturbance #1 inside large system #2
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Also: mechanical stability if  >0. →  S=Smax → stable, “equilibrium” state
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Canonical Stability and Free Energy

Is stationary system with max entropy stable ? 
Consider thermal fluctuations  T about extremum S ≈ 
Smax small disturbance #1 inside large system #2

W. Udo Schröder 2025 Gran Can PFs 4

T
E

1

2

B B

B

E
S k LnQ E k LnQ

T

S k LnQ ETT

=  +  =  +

 =   + →

minA

( )A T

T Helmholtz free energy A(N,V,T) represents a driving 
potential, driving system to maximum stability →  
→ S = Smax → stable, “equilibrium” state
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Summary Canonical/Canonical PF

Partition function = generating function for 

the probability distribution of all macroscopic 

thermodynamic observables in equilibrium. 

Expectation values for the internal energy (E 

or U), pressure, entropy, and free energy can 

be derived from Q with differential operators. 

Closed-form expression derived for Q in terms 

of a macroscopic Free Energy A and  

temperature T. 

 For a microcanonical ensemble, 
 degeneracy (E) directly determines 

expectation values for all observables. 
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Statistical = Thermodynamic Entropy
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n

:

number of accessible states

Shown here that and hence Ln are maximum

at equal partitions corresponds to constant p ,

i.e. flat probability distributions

Thermodynamic Entropy S k Ln

 =
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=   Boltzmann
1877

Ludwig Boltzmann
1844-1906

S ke =
S k S ke 2 = 

Information, entropy and number of states are essentially given by 
 the number of bits       or the number of nats  2Log  Ln

States with maximum entropy are stationary (dyn. equilibrium), 
no driving force exists toward different {pn}

max0 S S 



Agenda: Probability and Partition Function
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• Probability distributions, & generating functions, 

• Phase space probability, canonical gas

 Maxwell-Boltzmann distribution

 Probability and partition function

 Quantal modifications

 Mean values and fluctuations,

• Microscopic structure and macroscopic effects,
 Quantal d.o.f & energy microstates

 Constrained statistical entropy,
 Free energies, chem potentials, heat capacities,

 Gibbs stability criteria, equilibrium

• Canonical and grand canonical partition functions
 Partition functions for different degrees of freedom
 Rotational, vibrational d.o.f. 
 Applications, illustrations
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Open Systems: Grand-Canonical Ensembles
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Open system: Exchanges of energy and particles occur with 

surrounding “Particle Reservoir” and ”Heat Bath.”

→ Combined, (system + reservoirs) = isolated system

CV : heat capacity at V=const., p : internal pressure 

 =chemical potential = energy gained per captured particle
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State Probability: Grand Canonical Ensemble
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Grand canonical  ensembles:   states (N, i) have different energies ENi(V) 
and different numbers N of particles → occupation probabilities {pNi}
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State Probability: Grand Canonical Ensemble
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Grand canonical  ensembles:   states (N, i) have different energies ENi(V) 
and different numbers N of particles → occupation probabilities {pNi}
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Grand Canonical Ensemble: Entropy, Heat, and Work 
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Grand Canonical Ensemble: Entropy, Heat, and Work 
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Grand Canonical PF: Gibbs Free Energy 
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Grand Canonical PF: G(p,T,N)
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Grand Canonical PF: Mixtures and Reactions
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Grand Canonical PF: Application to Reactions
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For EoS  p·V = N·kB·T

Apply to chemical reaction in gas phase (because of EoS used)
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Grand Canonical PF: Application to Reactions
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For EoS  p·V = N·kB·T

Apply to chemical reaction in gas phase (because of EoS used)

( ) ( ) ( )0
0 0, ; : 101ii iBp T T k T Ln p p p kPa = +   =

Generic Chem. Reaction Total # of particles in system

A B C DA B C D    +   + 
i A B C D

i

N A B C D   =  +  +  + 

( ) ( )i i
i i

N const. Changes as reaction proceeds N f  → = 

Extent of

reaction obse

(

r

progres

vabl

s)

e : = C D A B

dC dD dA dB
d ( 0 : forward)

   
= = = − = − 

( ) ( )A A B B C C D D i
i

Affinity of reaction

weighted average
: A A       


=  +  −  +  = 

( ) ( )A BT dS dE p dV A B d    = +  −  + 

( ) i i
i

d G N A d 0=  = →



W. Udo Schröder 2023 Gran Can PFs 19


	Slide 1: Agenda: Probability and Partition Function
	Slide 2: Thermal Stability of Canonical System
	Slide 3: Thermal Stability of Canonical System
	Slide 4: Canonical Stability and Free Energy
	Slide 5: Summary Canonical/mCanonical PF
	Slide 6: Statistical = Thermodynamic Entropy
	Slide 7: Agenda: Probability and Partition Function
	Slide 8: Open Systems: Grand-Canonical Ensembles
	Slide 9: State Probability: Grand Canonical Ensemble
	Slide 10: State Probability: Grand Canonical Ensemble
	Slide 11: Grand Canonical Ensemble: Entropy, Heat, and Work  
	Slide 12: Grand Canonical Ensemble: Entropy, Heat, and Work  
	Slide 13: Grand Canonical PF: Gibbs Free Energy 
	Slide 14: Grand Canonical PF: G(p,T,N)
	Slide 17: Grand Canonical PF: Mixtures and Reactions
	Slide 18: Grand Canonical PF: Application to Reactions
	Slide 19
	Slide 20: Grand Canonical PF: Application to Reactions

