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The Taylor Expansion 

 

The Taylor Expansion of a function f(x) about a point x = a 

is a scheme of successive approximations of this function, in 

the neighborhood of x = a, by a 

power series or polynomial. The 

successive terms in the series in-

volve the  successive derivatives 

of the function. As an example, 

one can consider the distance 

d(t) covered by a slow particle in 

times t not too far from time t=0.  

 

To zeroth order approximation, 
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for values of x ≈ a. In the example, the distance d(t) ≈ d(0).  

This approximation is exact only, as long as f(x) is a constant 

and good enough, if the rate of change  f xb g  0 . In the 

example, the particle velocity is very small, i.e., 

v t d t( ) =  b g 0 . The next better approximation to f(x) in the 

vicinity of x = a involves the rate of change of the function, 

 

  
f x f a

f

x
x a

x a

( ) ( ) +
F
HG
I
KJ  −

=




b g

         (2) 

  

where the partial derivative  f xb gshould be evaluated for 

x = a (insert a for every x in the expression for this deriva-

tive). In the example, the calculation of the distance traveled 
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includes now the finite velocity of the particle: 

d(t)=d(0)+v(0)· t.  
 

The first-order Taylor approximation (2) is exact, as long as 

the derivative of f does not change, i.e., as long as 

 2 2 0f xc h  . In the example, this requires that 

   v t d tb g c h= 2 2 0 .  The next better approximation 

accounts for the change in the first derivative, i.e., the second 

derivative. In the example, the latter accounts for the finite 

acceleration. Then, one has in second order, 
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The distance traveled in time t by the particle in the example 

can now be written as 

d t d v t a t( ) ( ) ( ) ( ) +  + 0 0
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where a(0) is the acceleration at t = 0. One can continue this 

scheme to higher and higher order in the difference in the ar-

gument, until the desired accuracy is reached. The general ex-

pression for the Taylor series up to a power of N in the differ-

ence is 
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The uncertainty in this approximation is the of the order N+1 

and higher. 

 


